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Abstract

Achieving unit fidelity in quantum state preparation is often impossible in the presence of
environmental decoherence. While continuous monitoring and feedback control can improve
fidelity, perfect state preparation remains elusive in many scenarios. Inspired by quantum speed
limits, we derive a fundamental bound on the steady-state average fidelity achievable via
continuous monitoring and feedback control. This bound depends only on the unconditional
Lindblad dynamics, the Hamiltonian variance, and the target state. We also adapt the bound to the
case of Markovian feedback strategies. We then focus on preparing Dicke states in an atomic
ensemble subject to collective damping and dispersive coupling. By imposing additional
constraints on control Hamiltonians and monitoring strategies, we derive tighter fidelity bounds.
Finally, we propose specific control strategies and validate them using reinforcement learning.
Benchmarking their performance against our theoretical bounds highlights the relevance and
usefulness of these bounds in characterizing quantum feedback control strategies.

1. Introduction

Quantum state engineering plays a fundamental role in both theoretical and applied quantum science. From
a theoretical standpoint, it provides a platform to investigate key questions in quantum physics, particularly
the preparation of states that exhibit non-classical behavior. On the practical side, it serves as a cornerstone
for developing future quantum technologies, including quantum communication, computation, and
metrology. Quantum control theory offers techniques for deterministic state preparation in idealized closed
quantum systems [1]. However, in real experimental scenarios, environmental noise is inevitable. Unless a
target state is inherently robust to such noise, achieving deterministic preparation of the desired state
becomes challenging. In this work, we focus on the framework of quantum feedback control [2], where
continuous monitoring of the environment enables real-time adjustments to the system based on acquired
information. This approach has been shown to be effective not only for driving a system toward a specific
quantum state [3—18]-which is the central objective of this work-but also for enhancing desirable quantum
properties such as entanglement and squeezing [19-30], and, more recently, to optimize quantum
thermodynamics protocols [31-33]. Experimentally, feedback-based state engineering has been successfully
demonstrated across various platforms, including circuit-QED and quantum optomechanical

systems [34—44].

While optimal control strategies can be analytically determined in specific cases, finding an optimal
feedback strategy in general is a complex challenge. This difficulty is underscored by recent proposals
leveraging deep reinforcement learning (DRL) techniques [45-47] to address quantum state engineering (see
for example [13, 15, 16, 18, 27]). Motivated by this, we aim to answer the question: What is the maximum
fidelity that can be achieved with a given target state using these protocols? Answering this question not only
provides a benchmark for assessing the performance of existing feedback strategies-whether derived

© 2025 The Author(s). Published by IOP Publishing Ltd
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analytically or numerically-but also offers insight into the fundamental controllability limits of a given
quantum dynamics.

Inspired by quantum speed limits (QSLs) [48], we derive an upper bound on the fidelity rate that applies
universally to feedback-based state engineering protocols. This leads to a tighter upper bound on the
steady-state fidelity, improving upon the result previously established by Kobayashi and Yamamoto [49].
Crucially, calculating this bound does not require any simulation or optimization, it can be calculated using
only the Lindblad jump operators, Hamiltonian variance, and target state. Beyond presenting the general
properties of the bound, we also specialize it to the case of Markovian feedback [50], analyzing its
dependence on the time resolution of the feedback strategy.

We then apply our findings to the problem of preparing Dicke states [51] in systems subject to collective
damping and dispersive coupling. Dicke states naturally arise in many experimental platforms, particularly
in ensembles of N two-level atoms. Moreover, they serve as important resources for quantum information
processing. For example, the highly entangled Dicke state || = N/2,m = 0) is valuable for quantum
metrology [52], and is known to exhibit robustness against particle loss [53, 54]. The Dicke state
|l=N/2,m = N/2) corresponds to the maximally excited state and is relevant for quantum battery
applications [55]. For this control problem, we derive two additional, tighter bounds by imposing constraints
on the control Hamiltonian and the monitoring strategies. Finally, we propose control protocols designed to
prepare the aforementioned specific Dicke states, benchmarking them against our fidelity bounds and further
validating their optimality by comparing them to numerical strategies obtained using DRL algorithms.

The manuscript is structured as follows: in section 2 we introduce the quantum state engineering
problem and provide a step-by-step derivation of an upper bound for the steady-state fidelity between a
given target pure state and the state obtained via a generic quantum control protocol based on continuous
monitoring and feedback. In particular, section 2.5 discusses modifications to this bound when restricting to
Markovian feedback strategies. In section 3 we apply our fidelity bound to the problem of preparing Dicke
states under collective damping and dispersive coupling, deriving large N scaling results. In section 4 we
place additional contrictions on the control Hamiltonian and derive two additional, tighter bounds.

Section 5 focuses on the optimal control problem: inspired by the inequalities used in deriving our bounds,
we propose specific control strategies, compare their steady-state fidelities against our upper bounds, and
numerically validate their optimality by benchmarking them against DRL-based strategies. Finally, section 6
concludes the paper with final remarks and future outlooks.

2. Bounding the average fidelity for feedback control protocols

2.1. Setting the scene: measurement-based feedback control protocols
We are interested in a quantum system whose dynamics is described by a Markovian master equation in the
Lindblad form

PO i)+ Dla]e m

J

where D[A]p = ApAT — (ATAp + pATA) /2 is the standard Lindblad dissipator, and H is the Hamiltonian that
we will discuss later in more detail. Each operator ¢; identifies a noisy channel that can be potentially
monitored continuously in time. We now in fact assume that continuous homodyne detection is performed
on the corresponding output channels, leading to a conditional evolution for the quantum states p(<), which
are typically referred to as quantum trajectories [2, 56]. This evolution is described by a diffusive stochastic
master equation of the form

dp® (1) = i [H@ , p<ﬂ dr+ > D5 pdr
j
+ Y VIt (5] p9dw;, (2)
j
conditioned on the corresponding homodyne photocurrents, whose increments read
dy; = /e [ p (&+¢] ) | dr+ dw. (3)
In equation (2) we have introduced the non-linear superoperator H[A]p = Ap + pAt — tr[p(A + AT)]p, that

represents the update in our knowledge of the system state based on the measurement result, while the
parameters 7); quantify the measurement efficiencies of each homodyne detection. The quantities {dw;},
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which connect the measured photocurrents in (3) and the stochastic quantum evolution in (2),
mathematically correspond to uncorrelated stochastic Wiener increments, satisfying the Ito’s lemma formula
dwjdw = d;dt, and whose stochastic average is zero, i.e. E[dwj] = 0. Utilizing this last property one can
easily prove that by considering E[dp(?)], that is averaging the conditional evolution over all the possible
measurement outcomes and thus over all the possible quantum trajectories, one obtains the unconditional
master equation (1).

The Hamiltonian H(© = Ho + H,(f) (t) consists of a bare Hamiltonian, Ho and a control Hamiltonian
H&C) (t). We will consider the so-called state-based control scenario, that is, while we denote a
time-dependence of the control Hamiltonian, it will actually depend on the measurement results obtained
up to time ¢, and thus in the best-case scenario, on the conditional state of the system p(©) at time . To
simplify the notation, we will use an overbar to denote trajectory-averaged quantities, e.g. 7 = E[p(9)].

We would like to emphasize that once a Lindblad master equation of the form in equation (1) is
given-possibly with an explicitly time-dependent Hamiltonian H) (¢) as defined above-it always defines a
completely positive and trace-preserving dynamical map. This guarantees that the evolution is physically
valid for any such time-dependent Hamiltonian. Accordingly, from a purely fundamental point of view, the
analysis we will provide in this manuscript is applicable to any dynamics governed by such a master equation,
regardless of the specific time dependence in H(9)(¢). It is however true that adding a time-dependent
Hamiltonian into a Lindblad equation risks violating the assumptions under which the Lindblad form was
originally derived: this can be done as long as one can consider the bath as delta-correlated [57], thus
implying that the time-dependence in the Hamiltonian must evolve on a timescale slower than the bath
correlation time. For this reason, given a certain experimental scenario and a given control strategy, one will
have to carefully address this potential issue, for example by smoothing the corresponding control protocol
to ensure consistency with Lindblad dynamics.

The fidelity, F = (if1|p(9|ti1), to a pure target state is a ubiquitous measure of success in quantum
control problems. Physically, it quantifies the probability that the system will be found in the target state
when measured in a suitable basis. In the presence of continuous monitoring, the fidelity becomes a
stochastic quantity. We will focus on bounding the average fidelity F = E[(1)r|p() |[v01)] = (¥1|p|tir). On the
one hand this quantity quantifies on average how good is our feedback-control quantum state engineering
protocol, in the scenario where one has knowledge of the measurement outcomes obtained during the
continuous monitoring, and thus on the particular quantum trajectory p(9) prepared in each single run of the
experiment. On the other hand, because of the linearity of the average, we have F = (¢|p|t), that is, it also
corresponds to the fidelity between the target state |¢)) and the average state 5 = E[p(9)]; this observation thus
extends the operational meaning of F to the scenario where the measurement apparatus and the feedback
controller operate in a black-box, and thus one has no knowledge of the measurement outcomes, and of each
single quantum trajectory p(; the output of such protocol is indeed fully described by the unconditional
state p obtained by averaging over all the possible measurement outcomes. To improve readability, |¢r) will
be denoted simply as |¢)) throughout the manuscript, and this symbol will exclusively refer to the target state.

An obvious place to start is to look at the behavior of the fidelity with time, by considering its stochastic
increment dF = (1|dp(?|4)), which can be written as

dF = (% p)ydt+ (2p)ydt+ (#p1),, {am}- (4)

Here we have defined the unitary term

(% p9) = =i (W] A, 1), 5)
the noisy term
(70 =D WID[5] 0 10), (6)
J
and the stochastic term
0Dy fawy = D (IR [E] P ) . (7)
;

We start by considering (.77 p(©) )4, {dw;}- As we will be interested in the average fidelity F and thus on its
average increment dF, we take its stochastic average and observe that,
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)y fan) =E > @M [g] p |v) dw;

J

B |30 17 [6] 4 ) | E [dw] o,

J

where we have exploited the fact that the Wiener increments dw; and the conditional states Pl are
independent. We have thus proven that the stochastic term (7) is giving an average-zero contribution to the
average fidelity increment and we will thus end up with the unitary term (5) and the noisy term (6) only,
obtaining

iF
A <%l)>¢ + <9P>¢ : (8)

In the following, we separately derive upper bounds for both terms.

We finally remark that these bounds hold for all possible unravellings of the Markovian master
equation (1): one can easily show that (7 p(9)) ¥, {dw;} €N be always replaced by a different stochastic term
that will still give no contribution on average. This clearly includes quantum jump unravellings due to
continuous photodetection.

2.2. Bounding the unitary term via the quantum speed limit (QSL)

To derive a non-trivial bound on the fidelity, we must impose restrictions on the strength of our
Hamiltonian. Here we look to the QSL literature to determine a suitable measure for comparing the strength
of different Hamiltonians [48]. Many different measures have been suggested but the simplest and most
common is the Mandelstam-Tamm bound which puts a limit on the variance of the Hamiltonian,

IR N2 .
(AH9) = @I (H9) 1) - @A) < (AB). 9)
AE is a constant that restricts the maximum value of AH() (one can find more details on its physical and

mathematical meaning in section 2.4). The Mandelstam-Tamm bound [58] can be derived by applying
Robertson’s uncertainty relation [59] to the Schrédinger equation, leading to

(% p)y = =i (] [H, 0] jp)
< wI[f©, 0] 1)

AN (1) — (010 )2

<
<2AENF — F2, (10)

where in the last line we exploited the inequality (9| p(f)2 [9) < (1]p9|¢h) = F. By taking the average over
all the trajectories we find

(@), <2AEE [\/I—P]
<2AEV F - F? (11)

we have applied Jensen’s inequality to the concave function g(F) = F — F2. The fact that AE is constant
allows us to ignore it when we take the average over trajectories, as we have done above.

2.3. Bounding the noisy term
We can now focus on bounding the noisy term in equation (6). Since we are deriving a bound, we can
consider the best-case scenario where each trajectory is described by a pure conditional state p() =
(D) () ; this is obtained whenever one considers an initial pure state and unit-efficiency detection 7; = 1
for all the homodyne measurements.

We can write any pure quantum state in the form

[6©) = VFIg) + €4 VI=F ). (12)
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Substituting this into equation (6) the result is (the full expansion and calculation can be found in
appendix A)

(Dp)y < —F (A8 + (1 - F) A© +BOVF_F2 (13)

where
(A& = Z (2g)*
—Z(wqw [wlst)). (14)

:Z| (WOl )P, (15)
j
]wL%}j(*w)wm—cq)wﬁ (16)

(Ac)? captures the rate at which the environment removes population from the target state. On the other
hand, A governs the rate at which the environment brings population from the orthogonal subspace into
the target state. B() is an interference term that does not have such a clear interpretation. Before averaging
over trajectories we must optimize the upper bound in equation (13) over the orthogonal state |)(9)) that
we introduced in equation (12). In general, it is not possible to simultaneously maximize both A() and B()
terms independent of . Therefore, we will maximize each individually, denoting them A* = max,,. A
and B* = max,,1 B (©), which can be calculated given |¢) and {c;} only. Thus we obtain quantities that do
not depend on the conditional state [©(?)). By taking the average over trajectories, and by applying Jensen’s

inequality once again to the function g(F) = +/F — F?2, we obtain an upper bound on the noisy term
Dp), < ~F (A& + (1-F) A +BVF - (17)

A* and B* can be calculated explicitly and take the form

A" = ||QXAQ”op (18)
B* = AXp (19)

Where ||O]|op represents the operator norm of O and Q = 1 — [1) (1/| is the projector onto the orthogonal
subspace. X 4 and Xp are defined as

> )l (20)
j

K=" (ze}|¢><¢|ej —a}aj). (21)

J

A full derivation can be found in appendix A.

2.4. Deriving and interpreting the fidelity upper bound
We can now sub equations (11) and (17) into equation (8) and use the fact that dF = d.F to get an upper
bound on the rate of change of the average fidelity

F o,

o SBTF2AE)VF - F - F(A +(1-F) A~ (22)

This inequality provides a bound on the rate of change of the instantaneous average fidelity, 7 (t), and thus
takes the form of a QSL in the presence of continuous monitoring and state-based feedback, and we can thus
refer to it as a QSL for feedback-based quantum state engineering protocols. It is worth noting that this QSL
is still useful in cases where the dynamics considered allow unit fidelity at steady-state; in such scenarios,
equation (22) bounds the rate at which unit fidelity can be approached. In general, given some initial state
fidelity, we can integrate this inequality to get an upper bound on F(7) at a later time, 7. Alternatively, we

5
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can set dF /dt = 0 and solve equation (22) to obtain an upper bound on the average steady-state fidelity, F,
independent of the initial state,

247 (A7 +(A¢)°) + (B* +24E) <(B* +2AE) + /447 (2 + (B + 2AE)2>

Fss < Bas. = 3 (23)
2 <(A* + (Aé)z) + (B + ZAE)Z)
We will refer to this bound as the QSL-bound. A simplified, but also illuminating form of the bound is
obtained when A* = B* = 0, yielding
_ 1
Fos < BasL = 5 (24)

1+ [(A&)*/ (2AE)

where the competition between the environment and the Hamiltonian is clear. Notice however, that as we
will see in the examples provided in the next section, this condition is not in general satisfied.

We remark how Hqg1. depends only on the target state [¢)), the Hamiltonian strength AE, and the
Lindblad operators {¢;}. As regards to its other properties, we observe that

%QSL =1 < (Aé)z =0. (25)

Given that each individual term in (A¢)? is non-negative, (A¢)? = 0 implies |4)) is an eigenvector of all {¢;},
and thus corresponds to a steady-state of the noisy dynamics [60]. Finally we observe that the bound is
monotonically increasing with AE, A*, and B*, while it is monotonically decreasing with (Ac)? (these
properties can be understood by looking at the QSL in equation (22)).

It is now worth taking a moment to understand the kind of control strategies we allowed in deriving the
upper bound g As we explained in section 2.2, restrictions must be placed on the Hamiltonian but
determining exactly what those restrictions should be is not always obvious. This difficulty is perhaps most
clearly exemplified in the zoo of different QSLs that have been derived [61-68]. There is always a trade-off
between the tightness of a bound for a specific problem and the applicability of that bound to a large class of
problems. The bound Ay, allows for significant freedom in the choice of control Hamiltonian: it holds for
any Hamiltonian H( (¢, p) that satisfies

AHY (,p) AE Vit,p, (26)

for a given maximum strength AE. The first thing to note is that a restriction on the variance is very different
from a restriction of the form HH ©(t,p) || < [|E], because the variance (9) is taken with respect to the target
state. Equation (26) does, in fact, allow for arbitrarily large control strength, but only within the subspace of
states orthogonal to the target state. This has both a positive side, because we allow for a larger class of
Hamiltonians, and a negative side, since, if needed, such high-strength Hamiltonians may be unrealistic.
When the target state is an eigenstate of the bare Hamiltonian, as is very common in control problems, the
variance, unlike the norm, does not depend on the bare Hamiltonian, that is AH®) = AI:I,(f).

Another advantage of using AE as a constraint, is that the Hamiltonian that saturates equation (10) is
known and for a pure state |<p(c) >, decomposed as in equation (12), it takes the form [69]

A (t,

AE / . )
(o) _ i(¢p—m/2) i —i(p—m/2)|,,,L
v >)_fﬂ (/D) | +e Dty (wl). (27)

When A and B are maximizable by the same orthogonal state, |1)), we can immediately derive a control
strategy that saturates equation (22) (up to Jensen’s inequality): we apply infinite control strength in the
orthogonal subspace to ensure that [¢)1) is the optimal orthogonal state and simultaneously we apply the
optimal Hamiltonian from equation (27). This tells us that, in practice, the bound will be tightest when
|4)1)™ is easy to stabilize and our Hamiltonian can transfer population from [¢)1)" to |¢) at the QSL.

As we anticipated in the introduction, Kobayashi and Yamamoto [49] derived a similar bound under the
same assumptions, we label that bound Hxy. In appendix B we prove that our bound is always tighter, that is
PBast, < Pxy and we also show that there is a non-negligible gap between the two bounds for the examples
(target states and dynamics) we are going to consider in the next sections.

Another advantage of our bound with respect to the one derived in [49] is that it directly highlights the
optimal control strategy under the corresponding constraints. As we will see in the next section, it is possible
to derive tighter bounds for certain classes of problems; however, these bounds involve placing additional
constraints on the control strategy and the interaction with the environment.

6
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2.5. Deriving the upper bound for Markovian feedback

In state-based feedback, we can condition our control Hamiltonian on the full measurement record up until
time t. This is more general than Markovian feedback where the control Hamiltonian depends only on the
most recent measurement result [50]. However, Markovian feedback protocols have been proposed that can
stabilize the target state even when (Aé)2 # 0 [4, 39, 70, 71]. In this section, we will clarify this apparent
contradiction and derive a bound on state stabilization for Markovian feedback. We will consider Markovian
feedback of the form

HY = Hy +FI(1), (28)

where F is fixed and I(¢) = dy/dt is a homodyne photocurrent described by equation (3). For simplicity we
will assume that |¢)) is an eigenstate of H, and therefore does not contribute to AH). It becomes clear that
this feedback strategy violates our bounds since E[|I(1)|] ~ ﬁ is unbounded. In practice, the measurement
current must be recorded over a finite time interval At, the measured signal will then be

t

t t
Ay, :/ dyy :/ de’\/mtr [p(c) (E—i—ET)] —|—/ dw. (29)
t t—At t

—At —At

Under this assumption, we prove in appendix C that it is not possible to stabilize target states with
(A¢)? # 0. We derive an equivalent bound to equation (22) with

1 .
AE — | ||e+éf +> AF, 30
(1e+ lap+ 2 30

where ||O]|op denotes the operator norm. Additionally, we show that when ||¢ + &f||op is finite, stabilizing a
state with 1 — F < ¢ for small € requires a vanishing measurement window

N2
At<€<(2AAéI):2> , (31)

and a diverging average Hamiltonian strength

E[Aﬁ#d]>,/;%(Aef. (32)

We confirm this scaling behavior by analyzing the stabilization of a qubit in the excited state, in the scenario
where spontaneous emission can be continuously monitored [39] (see appendix C for details).

3. Applying the bound to Dicke state preparation

We consider an ensemble of N two-level atoms, described by collective spin operators ji => WOin /2, with
i = {x,y,z} and where &; , denotes the ith Pauli operator of the nth atom. In particular, we will be interested
in the preparation of Dicke states |I,m), that is the common eigenstates of

J|Lm) = 1(141) |I,m) (33)
jz\l,m) =m|l,m), (34)

where J2 = J2 + E + J2. We will assume that the unmonitored evolution is described by a Lindblad master
equation of the form

% - [H(C) (t),p} +KD [ p+~D[J-] p, (35)

where J_ =", 6_ ,, with 6_ = (6, —i6,)/2. From a physical point of view, the first dissipative channel,
formally described by the jump operator ¢ = /], corresponds to a quantum non-demolition (QND)
interaction that can be obtained by dispersively coupling the atoms to a cavity mode, allowing the QND
monitoring of the operator J, [3, 20, 29, 72—75]; the second channel, described by the jump operator

6= \ﬁf _, corresponds to a collective damping channel, and approximately describes a two-level systems
uniformly coupled to a single, lossy electromagnetic field mode (in the case of a single atom, N =1, it
describes its spontaneous emission). As for the dispersive coupling, in order to experimentally observe such
dynamics, one can place the emitters in a cavity where they share the same electromagnetic mode [76, 77],

7
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but it has been recently realized also in free space [78, 79]. Remarkably such dynamics allows to observe a
non-equilibrium superradiant phase transition in free space [78-83] corresponding to a boundary
time-crystal [84, 85]. In what follows, we will assume that both environmental channels can be continuously
monitored. Additionally, we apply a state-based control Hamiltonian gy (t) (in what follows we can safely
consider no bare Hamiltonian Hy = 0, as it will be removed going into the interaction picture respect to the
free Hamiltonian of the atoms). We consider two possible control Hamiltonian operators; we will refer to the
first as the optimized-phase (OP) control Hamiltonian,

HY (8) = (1) (cosB(£) Jx +sinf (1) ) , (36)

where we allow optimization over not only the Hamiltonian coupling parameter u(t), but also a phase
parameter 0(t); we will, in turn, refer to the second as the fixed-phase (FP) control Hamiltonian, which reads

A () =u(0)],, (37)

where one can only optimize the strength u(t), while allowing rotations only around the y-axis of the spin.
We remind that, as we are dealing with state-based feedback control, in the Hamiltonians above the strength
u(t) and 6(t) are optimized given the full knowledge of the conditional state p) which is continuously
updated during the dynamics, given the full photocurrents outputs. The maximum variance AE for a given
target Dicke state |¢)) = |Ir, mr) is the same for both Hamiltonians, yielding

AE I (ly +1) — m., (38)

_u
V2
where @ > |u(t)| is an upper bound on the control Hamiltonian coupling u(¢). We remind here that, as we
discussed in section 2.4, in terms of the bound Zqg.. the constraint above still allows infinite-strength control
Hamiltonians that have support orthogonal to the target state. As we will see in the next sections, this
assumption will be important to interpret the bound’s achievability and to derive bounds tighter than B
Let us now calculate the terms in equations (14)—(16). By exploiting the definition of Dicke states, in
particular the fact that they are eigenstates of J,, we immediately obtain that the jump operator ¢, = v/kJ,
does not give any contribution to (Dp),,. The jump operator ¢, = \ﬁf_, satisfies the following property,

J_|Lm) = hyy |bp,mp—1). (39)

where h,, = /(I—m)(I+ m+ 1). It follows that

(Aé)z — fyhzm._l , (40)
Regarding the term
AO Z | (] s o) 2 (42

clearly the optimal orthogonal state is |1)=) = |Ir,m1+1) as it is the only Dicke state that makes any
contribution. We thus obtain

A* =h, . (43)

One can then sub these results into equation (23) and obtain an expression for the bound %, for a generic
Dicke state; as the corresponding general formula is cumbersome and not particularly informative, we will
provide such results only for specific and relevant target states in the next section of the manuscript. We can,
however, discuss some of the main properties of this bound: as we highlighted above the J, channel does not
give any contribution and thus the bound does not depend on the dispersive coupling «; as a consequence,
for collective damping, v = 0, one finds %qs;. = 1, thus placing no restriction on the steady-state fidelity F.
This aligns with previous results presented in [5, 8], where multiple control strategies have been derived that
can deterministically prepare at steady-state any Dicke state using homodyne detection on the J, channel and
state-based feedback.
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3.1. Special cases

We will now calculate Zqg;, for two specific Dicke states and discuss the results. We start by considering the
Dicke state 1)) = [N/2,N/2), corresponding to the maximally excited state (I = mr = N/2). The
corresponding bound becomes

— 1
Fo S BosL = ———-
TNy

(44)
Here, A* = 0, this tells us that no infinite-strength Hamiltonian is required, making the bound more likely to
be accurate. As expected, the bound is decreasing as a function of the ratio -y /ii. We also observe that if we
consider the large N limit, at fixed values of vy and i, the maximum achievable fidelity will tend to zero,
meaning the system is completely uncontrollable.

The second case we will consider is the highly entangled Dicke state, |[N/2,0), i.e. Ir = N/2 for even N
and mp = 0. The corresponding bound becomes

fssgt@QSL:l+ 1 >
\/4+2N(N+ 2)(2)

(45)

2

As in the previous case, we observe the expected monotonous behavior as a function of the ratio /1.
Moreover, in the large N limit, it results in a bound for the fidelity of 7 < 1/2, hinting at the fact that
IN/2,0) may be easier to prepare than [N/2,N/2), and could be engineered with a non-zero average fidelity
in the large N limit. However, as we discussed in section 2.4, to achieve this bound it is necessary to stabilize
the orthogonal state in |N/2,1) using an infinite-strength Hamiltonian (we remind that this kind of
Hamiltonian would satisfy the constraint posed by equation (11)). We will see in the next section that when
one restricts the control Hamiltonians to (36) and (37) alone, [N/2,0) cannot be stabilized when N > 1.

4. Tighter bounds for generation of Dicke states via monitoring and feedback

4.1. Restricting the allowed Hamiltonians
As mentioned earlier, one signature feature of %y is that it allows for a huge family of control
Hamiltonians. Of course, in practice, we are often restricted to a small family of control Hamiltonians.
Unless this family happens to line up with the optimal strategy proposed in section 2.4 it is unlikely that
PBs1, will be close to achievable. In this case, it would be valuable to derive a new bound that takes the
features of the allowed control Hamiltonians into account. The Hamiltonian operators in equations (36)
and (37) have an important property, population transfer can only occur between Dicke states with
neighboring values of m. Additionally, the master equation terms corresponding to the noisy evolution in
equation (35) also generate transfer solely between neighboring states. Similarly, the evolution preserves the
value of J; for this reason, we will always assume that the initial state of the system belongs to the same
subspace of the target state, i.e. it is a superposition of Dicke states with [ = I. This assumption is
particularly reasonable for It = N/2 as one can typically assume that the initial state is prepared in a coherent
spin state, that is, a state obtained via a rotation around the Bloch sphere of the Dicke state [N/2,—N/2), and
that corresponds to a product state where all the atoms have spin aligned along the same direction.

Under this assumption we can write the conditional pure state | () ()) at time ¢ in the Dicke basis as

Ir
290)= 37 O \/a, @lim). (46)

mzflT

where {a,,(t)} and {¢,,(f)} are real numbers that correspond respectively to the population of the state
|Ir, m) and to the corresponding relative phase parameter. By plugging this conditional state into the most
general stochastic master equation (2) corresponding to an unraveling of equation (35), one can obtain a
stochastic differential equation for the populations that will have the form

day (t) = Tpdt — Ty dt +dS,,, (47)

where T, denotes the deterministic transfer rate into the level m from the level m + 1, while dS,,, denotes a
sum of stochastic terms which are all linearly proportional to the Wiener increments that appear in

equation (2) to describe the backaction due to homodyne continuous monitoring. When we employ the
optimized-phase Hamiltonian Hop in equation (36), the transfer rate has the form (see appendix D for more
details on their derivation)

T = /@11 €08 () By + Yam i1 2, (48)

9
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where we have defined «,, = 0(t) — (¢, — dms1) — /2. Assuming the existence of a steady-state for the
unconditional dynamics, in the long time limit E[da,,| = 0 for all values of m. Since E[da_;| = E[T_;|dt =0,
following a cascade reasoning we obtain E[T),] = 0 for all m. Explicitly
0=TFE[T,]
= [u\/@pmap i1 08 () Bon] + Yamy 1 H, (49)

For now we will focus on the states with m < mr, to maximize the transfer rate fowards the target state we
must minimize T,,. T, is minimized when ucos(«,,) = —1, it follows that

0 *ljlhmE [\/amam_H] +’Yﬁm+1hzn

— i\ Gy + Va1 B, - (50)

In the final line, we have applied the Cauchy—Schwarz inequality. Rearranging, we can solve for a,,:

>
2

mr—1 2
> (h”> . (51)

1= am
m:—lT
mr
> ).
mzfl'[
mr—1 mr—1 h ’y 2
_ k
>, |14 Y H(u) : (52)
m=—Ir k=m

In the second line, we truncated the sum at m = m and in the third line, we exploited the inequality in (51).
By reminding ourselves that a,,, = F, and by rearranging equation (52), we obtain a bound for the
steady-state fidelity with a generic Dicke state target

ﬁmT:?ssgggD: ) " 3 (53)
mr— mr—
1+ S T ()

which we will refer to as the Dicke-Bound. Remarkably, the populations of the states with m > mr are
irrelevant to the derivation of %p.

This bound is tighter than the one presented in the previous section, i.e. Zp < Hqsr, as it does not allow
infinite strength control Hamiltonians that change the Dicke state populations; moreover, it can be easily
evaluated once v and u are specified.

Furthermore, we can see that when Iy = N/2 and m1 > —N/2, the sum in the denominator of %,
contains terms that scale as (h;)?. As a consequence, one obtains a vanishing average fidelity F in the limit
of a large number of atoms, N > 1. We can thus conclude that with a Hamiltonian such as the ones in
equations (36) and (37), which are linear in the spin operators J;, one cannot prepare at steady-state any
Dicke state |N/2, mt) (except mt = —N/2), unless «y or # are functions of N. For this reason, we will choose
to consider a dissipative parameter scaling inversely with the number of atoms, i.e. v = /N where now § is a
fixed constant. Under this assumption, one can indeed obtain finite values for the average fidelity bound in
the large N limit. Remarkably, this choice is equivalent to considering a well-behaved master equation in the
thermodynamic limit [86—88], showing a non-trivial connection between controllability and the existence of
a well-defined thermodynamic limit of the open system dynamics.

We remark that the same reasoning about the thermodynamic limit of the open system dynamics would
also apply to the dispersive channel corresponding to the jump operator ¢, = \/kJ,. However, since #p is
independent of , we consider both constant x and inverse scaling k = £/N and we will investigate the
corresponding effect on the optimal control strategies in section 5.

10
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4.2. Specifying the monitoring strategy

Despite additional restrictions on actual control Hamiltonian, the bound %), is still very general. The bound
still holds under the addition of arbitrary strength Hamiltonians that preserve the Dicke state populations
{a;}, enabling individual control of the relative phases {¢,, }. Additionally, it encompasses all the possible
unravellings of the master equation (1). We can now restrict ourselves to a particular monitoring strategy,
one that is relevant both for experimental and theoretical reasons, and whose evolution is described by the
following stochastic master equation

dp (1) = L' dt+H [Vi].] pOdw.

+H {ML} pOdw, +H [imq P dw, (54)

The first term £p'©) (¢) dt denotes the unconditional evolution in equation (35), the second term
H[\/k].)p'9 dw, describes the backaction due to the QND measurement of the operator J,, corresponding to
the homodyne photocurrent

d)/gz) = 2\/ET1“ |:p(6) (t)jzi| dt+ dWZ; (55)

while the last two terms describe the back-action due to the heterodyne measurement on the collective
damping channel, corresponding to the double-homodyne photocurrents

(x) \/>TI' |: (c ]x:| dt+ dWx7 (56)
dy = /2y Tr [0 (1)), di -+ dw,. (57)
Three inequalities were used to derive Zp. The first one, exploited in equation (52), is Zm, I Gm < Lt

this implies that populating states with m > mr is not beneficial. In equation (50) we used ucos(am) > —u
this tells us the optimal configuration of the relative phases ¢,, for m < mr,

Ay, = Om — (z)m-i-l =0 +7T/2- (58)

We thus conjecture that the optimal average steady-state fidelity is achieved when we saturate these two
inequalities, and thus for states having the following form

o (0) = Z e (94 ) |ip, m) (59)

mzfl—r

The third and final inequality applied is the Cauchy—Schwarz inequality. The tightness of this inequality
is related to the distribution of a,, and therefore depends sensitively on the control and measurement
strategies implemented.

In appendix E we calculate dS,,, the measurement-induced change in a,, when the conditional state takes
the form in equation (59). The result is,

dSm = \/5(\/ amaerlhm —am | <I?> 0pt,t|) dw_
+ 2\/Eam (m - <jz> opt,t) sz- (60)

with

(=) opt.e| = ’<S%pt ‘L ‘@opt >’ Z Vi hi, (61)

k=—Ir

Je| el 0)| = 5 ak, (62)

k=—Ir

<jz>opt,t: ’<<Popt( t)

and where dw_ = cos(6(t) 4+ 7/2)dw, + sin(0(t) + 7 /2)dw, is a new independent Wiener increment,
obtained via a combination of those from the heterodyne monitoring.
As a result, we have obtained a system of coupled stochastic differential equations da,,(f)

= (—ﬁ./amamHhm + ’Yﬂm+1hfn) dt
- (fﬁ, [Om—10mh— + ’yamhzm_l) dt+dS,,, (63)

11
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that depend solely on the current population levels {a; } and are independent of the control parameter 6(t).
Therefore, the solution to the quantum control problem with the control Hamiltonian from equation (36)
and the optimal state from equation (59) corresponds to the solution of a classical stochastic master
equation. By numerically simulating this equation, we obtain the values of the corresponding populations at
each time {a,,(¢)} and then, by taking the average over the stochastic realizations and the long time limit, we
can then obtain a conjectured bound for the steady-state average fidelity

?

fss < %DS = tlirgo]E[amT (t)} . (64)

We will refer to this as the Dicke-stochastic bound. We remark again that %pg is just a conjecture, based on
the assumption that at steady state the optimal conditional state has the form in equation (59). We believe
that this is indeed the optimal scenario, at least in the long time limit, and we will present numerical evidence
in the following sections supporting this conjecture.

Now we have a hierarchy of bounds, each has different levels of generality and computational complexity,

2
Fss < Bps < Bp < Bst.- (65)

Pps holds for the control Hamiltonian in equation (36), the monitoring strategy in equation (54) and a
specific value of v and k. Zp additionally holds as well for the control Hamiltonian in equation (36), but
also for any value of « (even if it is conditionally controllable), and for any monitoring strategy that unravels
the master equation (35). Finally, Zqs;, holds for any Hamiltonian that satisfies equation (38) and for any
monitoring strategy (both diffusive and jump-like unravellings). Similarly, the problems get computationally
more challenging as we tighten the constraints.

5. Optimal control strategies

In this section, we consider specific control strategies and compare them to the bounds from the previous
section. In all examples, the system evolution is described by equation (54). We will start with the
paradigmatic example of the preparation of a qubit state. We will then move to the preparation of Dicke
states for N atoms, focusing on the preparation of both the maximally excited state and the maximally
entangled Dicke state.

5.1. The qubit case

For simplicity, we start by analyzing the preparation of the excited state of a qubit, thus corresponding to the
choice It = mp = N/2 = 1/2. Simultaneous monitoring of both the o, and o_ channels has recently been
experimentally demonstrated [89]. The key property that makes the qubit case simple is that there is only a
single relative phase difference A¢ and therefore, the conditional state is always in the optimal form.
Therefore, if we consider the optimized-phase control Hamiltonian Hop(f) we can always choose

0(t) = A¢ + /2 and we will always saturate equation (10). Additionally, since there is only a single
orthogonal state the QSL upper bound and the Dicke upper bound coincide, i.e. Bqs. = Ap. If we instead
consider the fixed-phase control Hamiltonian Hgp(£), it is not always possible to prepare the optimal
conditional state |<p‘(,2t(t)> at each time #. One possible strategy would be to optimize the rate of change of the
fidelity locally. For example, if we fix §(t) = 7 the corresponding coupling strength is

u(t) = —sgn (Tr {p(c)&xD i. (66)

As we will argue in section 5.5 this does appear to be the optimal control strategy for Hgp(t). We can see our
analysis confirmed in figure 1: the optimal control strategy with the Hop(t) corresponds exactly to the tighter
bound #ps. Additionally, Bqs and Ap are equal and closely track the behavior of the exact solution.
Therefore, the bound indicates the parameter range in which we can reach our desired fidelity without the
need for simulation. Finally, we see that phase control is important for obtaining the optimal strategy. The
control strategy employed for Hpp(t) performs significantly worse than the optimized-phase one, especially
for small v /u as it is not possible to simultaneously optimize the relative phase and drive in the direction of
the target state.

We remark here that, according to the the control strategy described by equation (66), the control
strength u(t) switches instantaneously between +ii and —ii, depending on the sign of Tr[po,] and similar
behavior will be obtained also in the examples we will address in the next sections. This kind of bang—bang
control protocol, characterized by abrupt switching between extremal values of the control field, is actually

12
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Figure 1. Steady-state fidelity to the excited state of the qubit as a function of v for OP and FP control along with the hierarchy of
bounds in equation (65). The results are averaged over 2000 trajectories. Parameters: k/ii = 0.4, N =1, mr = %

quite common in the quantum control literature, especially in the context of time-optimal or
resource-limited strategies. However, as we commented in section 2.1, while theoretically efficient, such
protocols may challenge the assumptions underlying Markovian dynamics, as the control modulation
happens on timescales comparable to or shorter than the bath correlation time. In such instances, one will
thus need to smooth the control protocol to ensure consistency with a Lindblad dynamics.

5.2. Optimal control for Dicke states preparation

As we move to the general N atoms case, the control problem becomes more complicated. This is because we
now have N relative phases to deal with and, even with the optimized phase control Hamiltonian Hop(f),
only a single phase control parameter 6(#). As a consequence, unless the phases are all aligned, such as in the
case of the optimal state, the bounds will not be achievable. A common technique to identify a good control
strategy is to pick a cost function and locally minimize it, i.e. minimize its time derivative [5]. An example of
a cost function we could choose is simply the infidelity, C = 1 — F or since we have a control Hamiltonian
connecting only neighboring Dicke states, we could employ a Euclidean distance measure such as

C=Zam|m—mﬂ. (67)

The rate of change of this cost function due to the control Hamiltonian Hop(£) is

dc
= dan] gl — |

— uRe |ei(0=%) Zs(m) 1/amaer]e*iAWhm (68)

where [da,,]; is derived in equation (D.4) and s(m) = sign(m — my + 1/2). We can locally minimize this cost
function by fixing the coupling strength u(#) = # and setting the phase to

0(t)= —% —arg Zs(m) \/amamHe_iA%‘hm . (69)

m

For the fixed phase Hamiltonian, Hgp(£), § = /2 therefore the minimization occurs when

u(t) = —sign | Re Zs(m),/amam+1e_iA¢’”hm i. (70)

m

A similar cost function, C = Y, aZ (m — mr)?, was employed in [5] to solve the Dicke state preparation
problem in the absence of collective damping (v = 0). However, we have numerical evidence that the cost
function we introduced in equation (67) performs slightly better in practice. In the next sections, we will
compare the performances of the optimized OP- and FP-strategies proposed in equations (69) and (70) with
the bounds derived in the manuscript for the two paradigmatic examples of Dicke states: the maximally
excited Dicke state |N/2,N/2) and the maximally entangled Dicke state |N/2,0).
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Figure 2. Steady-state fidelity, F, averaged over 2000 trajectories, as a function of /i for OP and FP control with N = 4 along
with the hierarchy of bounds in equation (65). In (a) and (b) the target state is the maximally excited state m = N/2 compare to
mr = 01n (c) and (d). The J, monitoring strength is kept low at x /7 = 0.4 in (a) and (c) vs /@ = 2.0 in (b) and (d). The
markers represent the steady-state fidelity achieved by the reinforcement learning (RL) agent with access to Hop (red, circle) and
Hyp (purple, square) control Hamiltonians.

5.3. Preparation of maximally excited Dicke state

Let us now focus on the preparation of the maximally excited state |[N/2,N/2), that is corresponding to

Iy = my = N/2. In the top panels of figure 2 we show the average steady-state fidelities, F, of the OP and
FP control protocols specified in the previous section. In all numerical simulations, we first evolve the
system along many trajectories until the unconditional state reaches a steady state. We continue the evolution
and sample fidelities, averaging over both time and trajectories to enhance precision by leveraging system
ergodicity. These numerical results are compared with the hierarchy of bounds introduced in section 2 and
plotted as a function of /i for two values of /4 with N = 4. Remarkably, we observe that using the
optimized-phase Hamiltonian Hop(£) one is able, at least approximately, to simultaneously drive towards the
target state and keep the relative phases aligned, saturating %ps. However, as expected, this is not possible for
the fixed-phase control Hamiltonian Hgp(t), as shown by the noticeable gap between the two curves. For
larger values of k (e.g. x/ii = 2.0) we observe a small gap forming between the OP average fidelity and the
Dicke-stochastic bound %ps. This can be understood from the fact that monitoring J, generates
spin-squeezing [20], and thus entanglement which is unwanted in this case since |N/2,N/2) is a separable
state. Additionally, in the large  limit the conditional state quickly collapses onto a particular Dicke state
resulting in a quantum Zeno effect.

We can now study the behavior of the two strategies as a function of the number of atoms N, for a fixed
value of Ny/ii = 0.8. The corresponding steady-state fidelities are plotted in figure 3(b) for a fixed value of
k/4 = 2.0, and in figure 3(a) where we consider the thermodynamical-limit inverse scaling for the dispersive
constant, Nk /i = 0.4. The control problem revolves around maintaining relative phase alignment and
driving toward the desired state. We find it impossible to do both simultaneously with fixed phase control. In
figure 3(b) the large values /i hurt the OP control as discussed above. Larger values of x can benefit FP
control because it realigns the relative phases. We also observe that all the bounds capture the scaling
behavior of the OP control strategy as N increases with varying degrees of tightness according to the
hierarchy in equation (65).

If we now focus on the FP control strategy, we do observe in both cases a wide gap between the average
steady-state fidelity and all the three bounds we derived; for the larger value of &, the average fidelity also
exhibits a non-monotonous behavior as a function of the number of atoms N, while for  scaling inversely
with N, it seems to decrease monotonically towards a finite (but rather small) value.

5.4. Preparation of the maximally entangled Dicke state
We can now analyze the performances of our strategies for the generation of the maximally entangled Dicke
state [N/2,0) (corresponding to It = N/2 and mr = 0).

We start by looking at the behavior of the average steady-state fidelities for the two strategies, along with
the bounds, as a function of 7/ for fixed values of k with N = 4 (figure 2). We here observe that, even with
the OP control strategy, it is not possible to control the relative phases fully as shown by the gap between the
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Figure 3. Average steady-state fidelity, F, as a function of N for OP and FP control with N—ﬁ'y = 0.8 along with the hierarchy of

bounds in equation (65). In (a) and (b) the target state is the maximall% excited state m1 = N/2 compare to mt = 0 in (c) and
K

(d). The J, monitoring strength is small and scales inversely with N at = =04in(a) and (c) compared to a large constant value

of k/ii = 2.0 in (b) and (d). The markers represent the steady-state fidelity achieved by the reinforcement learning (RL) agent

with access to Hop (red, circle) and Hpp (purple, square) control Hamiltonians. The results are averaged over 1000 trajectories in
(a) and (c) and 500 trajectories in (b) and (d).

average fidelity and the bound Zs. We also find that there is a smaller improvement gained by allowing the
additional phase control. Looking at the plots of the average fidelities as a function of the number of atoms N
for k fixed (right panel of figure 3) or for x scaling inversely with N (right panels of figure 3), we find
non-trivial and interesting behavior. A notable feature we find is that when & scales inversely with N there is
a negligible amount of entanglement generated in the system, leading to a maximum steady-state fidelity
equal to the overlap with the |+) coherent state in the large N limit. This is why the two control curves in
figure 3(c) are identical and so far away from the bounds. Optimizing over « we find that /i = 2.0 allows us
to generate sufficient entanglement to prepare [N/2,0) while avoiding the Zeno effect seen at large . The
result, in figure 3(d), is an approximately constant steady state fidelity as a function of N. Unfortunately, in
the true thermodynamic limit /4 cannot remain constant. We are still unable to approach even the %pg
bound for the simple fact that it is impossible to avoid populating the states with angular momentum

m > mr when we only have access to collective control Hamiltonians. The necessity of a large /i and the
fact that it is not easy to stabilizing [¢)*) in [N/2,1) cause the large gaps to % and Pqsy. respectively.

5.5. Validation of optimal control strategies via RL

In section 5.2 we derived control strategies for both the OP and the FP control Hamiltonians by locally
minimizing a cost function C. In this section, we will exploit DRL algorithms [90, 91] to look for better,
non-local strategies, or, as will be the case, validate the optimality of the local strategies. We refer to
appendix F for a brief introduction to DRL, its applications in quantum technologies, and more details on
the algorithms we employ.

We start by analyzing the qubit case, where we already know that the OP strategy is indeed optimal, thus
allowing us to investigate the effectiveness of our DRL algorithms in finding such an optimal strategy (or at
least a different strategy with the same performance). Indeed, as we observe in figure 1, the DRL strategy
devised by the neural network attains the same values of steady-state average fidelity of the optimal
OP-strategy, and thus also saturates Zps. These results clearly show the effectiveness of DRL in finding the
optimal strategy. Remarkably, we observe similar results for the FP strategy: the DRL optimized strategy once
again attains the same values of fidelity as the locally optimized strategy described in section 5.1; we remark
that this is the first example where we had no previous analytical nor numerical evidence that our strategy
was optimal given the constraint of the Hamiltonian. This allows us to conjecture the optimality of the local
strategy, implying that no significant advantage can be gained by following a more complicated (non-locally
optimized) control strategy.

We can now analyze the scenario with a larger number of atoms (N > 1) and thus the results shown in
figures 2 and 3 by first considering small values of x. As regards the generation of the maximally excited state
IN/2,N/2), we can make observations analogous to the ones done for the qubit case: our OP strategy is
indeed already optimal (in terms of the steady-state fidelity), as it approaches the bound Aps, and the
DRL-optimized strategy attains the same optimal values. This supports the conjecture that Zpg is a valid
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bound. At the same time, the DRL-optimized results validate our FP control strategy, attaining again the
same performance. Similarly, for the maximally entangled Dicke state [N/2,0), when & is small the DRL
algorithm achieves very similar results, reinforcing the idea that the steady-state fidelities achieved by the OP
and FP strategies are close to the optimal ones.

Although the DRL agent is unable to beat the OP and FP strategies at steady state, our numerical
simulations show that the DRL-optimized strategy is in general able to approach the steady-state solution
faster than the locally optimized strategies described in the previous sections, particularly when the relative
phases of the initial state are unaligned. This is because the reward function values fidelity averaged over the
entire trajectory. A different example where the DRL strategy beats OP and FP is seen in appendix G where
we analyze the v — 0 limit. In this scenario, the OP and FP strategies fail to converge to the maximally excited
state although, convergence can be restored by choosing a different cost function. The DRL strategy sacrifices
some fidelity at early times to focus on maintaining phase alignment. Interestingly, the presence of collective
damping helps keep the phases aligned and allows many choices of cost function C to approach the optimal
steady-state fidelity.

If instead, we consider larger values of x, we find that the DRL fails in finding optimal strategies, as the
corresponding average fidelities are well below our OP and FP strategies. We believe this is because the
dephasing term dominates the evolution on a single trajectory level, making it difficult for the DRL agent to
extract the reward data from the noise. A different approach that evaluates reward functions beyond the
single trajectory level would be more effective in high-noise domains. The totality of the DRL analysis allows
us to conjecture the approximate optimality of both the OP and FP strategies for maximizing steady-state
fidelity across a wide parameter range.

6. Conclusions

In this work, we derived a QSL-inspired upper bound on the fidelity achievable through continuous
monitoring and feedback control protocols for quantum systems governed by Markovian master equations.
Our results demonstrate that this bound is tighter than previously established bounds in the literature,
offering deeper insights into optimal control strategies capable of achieving maximal fidelity. We also
extended the bound to incorporate Markovian feedback where the control Hamiltonian strength is
statistically unbounded.

Focusing on the preparation of Dicke states in an ensemble of N two-level atoms, we established a
hierarchy of increasingly tighter bounds on the steady-state fidelity under collective damping and dispersive
coupling. By comparing these bounds to two classes of control strategies-those optimizing the control
Hamiltonian phase and those without phase optimization-we highlighted the critical role of phase control,
especially in preparing maximally excited states. In the thermodynamic limit (N — o), we identified a
fundamental limitation: achieving high fidelity requires the collective damping coupling to scale inversely
with system size, highlighting a fundamental connection between quantum controllability and
thermodynamic-limit descriptions of open quantum dynamics.

Our theoretical framework also informed the development of practically implementable optimal control
strategies via local cost-function optimization. We validated these strategies using DRL, which consistently
converged to similar control strategies and achieved steady-state fidelities comparable to those obtained via
our locally optimal approaches. This demonstrates not only the validity but also the practical utility of our
bounds in guiding optimal quantum control.

Our methods are broadly applicable to other quantum state engineering problems. Looking ahead,
several promising research directions emerge. Since we have derived a QSL for fidelity-bounding its local rate
of change-it is straightforward to extend these bounds to the time-averaged fidelity. While this would
introduce dependence on the initial state, it would also lead to a family of differential equations, both
stochastic and deterministic, governing the evolution of the time-averaged fidelity. Another intriguing
avenue is the extension of our approach to bound quantities beyond fidelity, particularly those that are linear
in the quantum state, such as expectation values of observables. Higher-order moments [92] and
first-passage [93] times are two more areas of interest that could benefit from the ideas presented in this
paper. Finally, in the view of actual experimental implementations of the optimal control protocols we have
identified, it will be also useful to study how to smooth the bang—bang control protocols, in order to ensure
consistency with a Lindblad dynamics, and to perform a quantitative assessment of how this smoothing
affects control performance.
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Appendix

This appendix is organized as follows: in appendix A we show the details needed to bound the noisy term
(Zp)y as in equation (13); in appendix B we show how our QSL-bound g, is tighter than the one derived
by Kobayashi and Yamamoto in [49]; in appendix C we modify the QSL-bound gy, to include the case of
Markovian feedback, and show its usefulness in assessing the performance of a protocol recently proposed

in [39]; in appendix D we derive the transfer rates T, appearing in equation (48); in appendix E we derive the
stochastic terms dS,, in equation (60); in appendix F we give a brief introduction to DRL, to its applications
in quantum technologies and we give more details on the algorithms we have exploited to optimize our
control strategies; in appendix G we investigate Dicke state preparation for the special case of v =0.

Appendix A. Bounding the noisy term (Zp),;,

We remind ourselves that every (pure) conditional state can be written in the form |<p(‘)> =VF )+
e T—F |41} (from now on, to make the equations easier to read, we will omit the (c) superscripts).
Given the fact that (p|1) = (1]¢) = V/F we have

<me=§jlwéMWV—ff(meuo+n0 (A1)

j

By expanding the first term we obtain
(1E1e))* = FIGIGHR)I + (1= F) [ [)
+VF=F2 (7 e [0) lglv) + he)
while the second term yields

vF ((elgfg10) +he) (A2)

2
VF —F?

= F(leglv) + ==

(7 "I g) +hec.) (A3)
Putting these terms together and then maximizing over ¢ we get

(Dp)y = —F (A&)° D Y [y

) .
j

<-F (AP +(1-F) S 1wt )2
j

#VE=F 15 (i - o) 1|

= —F (A& +(1—f)Af>+B<f VF—F2, (A4)

where (A¢)?, A© and B are defined respectively in equations (14)—(16).
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To take the average over trajectories we must maximize .A() and B(9) over all orthogonal states. We can
explicitly perform this optimization to obtain a closed form for A* and 5*. We introduce the operator
Q=1 — [4)(¢)| that satisfies Q|¢)) = |1)) and Q* = Q. We can write A in the form

AT = max} | (] Qgf )
j
=max (¥HQ | D_gl)wlg | Qv
j
=[1Q | > el wle | Qllop. (A.5)
j

Where ||O||op represents the operator norm of O. The following inequality holds as a consequence of
Cauchy—Schwarz

(@ |O1) [P = [ (1 QOL)
< (He*) (0TQ0)
= (010)y — [(O)4|?
:(AO) (A.6)

and is saturable when [+) oc QO |4)). It simply follows that

B = max (155 (2 vl - i) )
= AXp ] (A7)
where
X =3 (28]l vl - ) (A8)

i

This means we now have closed for expressions .A* and B* that depend only on the target state and the jump
operators.

Appendix B. Relationship with Kobayashi-Yamamoto bound

We can rewrite by using our notation the Kobayashi and Yamamoto bound on the fidelity rate derived in [49]
as follows

% < — (88’ +20EV1 - F +4/2(1-F) Xj:<ajej>w+ <(Jc]) " (B.1)

From now on we will suppress 1 in the expectations for readability. To show that our bound is tighter we
must show that the RHS of the inequality above is larger than the RHS of equation (22). Due to the tighter
QSL-inspired inequality we apply to our Hamiltonian term, it is strictly smaller than the corresponding term
in equation (B.1), therefore we can cancel these terms. Next, we add (A¢)? to the each side. The RHS of
equation (22) is now in the form

(1-F) ((Aé)2 +A*) +B*\/7(1 ~-F) < J(l ~F) ((Aﬁ)2 +A” +B*) : (B.2)

The RHS sides of both equations (B.1) and (B.2) have the same /1 — F prefactor so our new inequality we
want to prove is

((Aé)2+A*+B*)<\f2 > (el + <(a}ej)2> (B.3)
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Applying equation (A.6) to each term in .4 we find that

A< Y i) - 1@ =Y (ad) (B.4)

i j

To tackle B* we will split it up into two terms and apply equation (A.6) to each
- |13 (i -g) )]
j

< Z]wﬂzeﬂwwwﬂw ] n \ <w|e}e,~|w>\
j

< ZZ AGT) (&) +V2 <(c c,)2> G (B.5)

In the final line, we used the inequality \/x? — 32 < v/2x — y. Each term is now a sum over j so we just have to
prove the following inequality for a single j:

(86)"+ (ad) +2(ag) 1)+ vy ((5)) ~ (e
<ﬁ<<@-é}>+ (&) >) (B.6)

We can cancel /2 ((c ¢)?) on each side of equation (B.6). We also see that (A¢j)* — <EJTE]> = —|(&)|*
Combining everything together we can restate the inequality we need to prove in the form

(86" +2(8g") I(6)] ~ &) < v2(64) .
or equivalently
(86" +2(ag1)1E)1 - 1@)F < V2 (A7) + 1)) (8.7)
Moving all terms to the right-hand side, we observe that a perfect square can be reconstructed
0< (V2-1) (A61) ~2(a6") @)+ (Va+1) |&)

:<\/\E( ) - \f+1|<c]>|>, (B.8)

and thus finally proving that our bound is always tighter than the KY-bound. The main technique that results
in the improved tightness of our bound is performing the explicit maximization over |¢J—> instead of relying
on norm-based inequalities.

Appendix C. Markovian feedback bound

We will derive a bound on the steady-state fidelity when Markovian feedback is employed as in equation (28)
when the current, I() is measured over a finite time At. To do this, we start by bounding the Hamiltonian
contribution in an identical manner to equation (10)

Up)y = =i Wl [H,p9 | [v)
<l [89, 5] 1)
<2I(t) |AEVF — F2 (C.1)
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The problem remains that |I(#)] is correlated with F. We will tackle this by splitting the current into its two
components and bounding each individually,

1 t
7/ dt' /i tr [p@ (e+af)} < e+ & lop.- (C2)
At Jias

We remark that if ||¢ + ¢T|op is infinite, a more sophisticated approach will be necessary that accounts for the
structure of the feedback Hamiltonian. This is now uncorrelated with F, so we can average over v F — F?
using Jensen’s inequality as in equation (11). The second component takes the form

1 /[ 1 1 Aw

Aw and p(9 are still correlated because the conditional state at time ¢ depends on the measurement record.
However, we can get around this by first applying Cauchy—Schwarz followed by Jensen’s inequality

E[|AwlVF = 72| < VE[AWPIEF - 77
<VAWF -7 (C4)

Combining everything, we obtain the bound

_ 1 R

Up), <2 l|le+¢f +) AFVF — F? (C.5)
i, <2 e+ elop+ = ) ARV
The rest of the analysis in section 2 also applies to the Markovian case, therefore we can derive an analogous
bound to equation (22) with

1 .
AE— [ |lé+éf +> AF. C.6
(n oo+ 2= (C6)

However, we are interested in state stabilization so we will focus on the regime where At is very small
compared to other timescales in the dynamics. In this limit, we can approximate the steady-state fidelity
bound as

(897

¢

FeS1- = | At+0(A7). C.7
< (m) (a%) ©)
Therefore, achieving an average stabilization 1 — F < € requires a vanishingly small measurement window

~ 2
A
A((A)) )

and a diverging average Hamiltonian strength
E [Aﬁ(f)} —2E[|I(t) || AE
2 .
> —E[|Aw||AF
~E[Aw]

2 .
=24/ ——AF
V 7w At

2

e

> (Ae)® (C.9)

We illustrate the scaling behavior of this bound by attempting to stabilize the excited state of a qubit in
the presence of damping using the method proposed in [39]. The Stochastic master equation takes the
following form

dpl9 = [H p(c)} 1 4DI6_]p + rrH 6] pO dw (C.10)
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Figure 4. The steady state infidelity (orange, dashed), averaged over 2000 trajectories for stabilization of a qubit in the excited
state in the presence of damping. The state is stabilized using Markovian feedback control where the measurement current is
averaged over a time interval At. This control strategy is compared to the bound derived in equation (C.14), (blue, solid).

The authors prove that when 1) = 1 choosing F = —\/70y results in the unconditional dynamics of the system
stabilizing in the excited state. The relevant terms for our bound are

AF=2\/7A0, =2,/7 (C.11)
VA (G- +61)llop =V (C.12)
(A€)2 =7 (C.13)

Since A* = B* = 0 we can use equation (24) to find

— ~yAt

1 _]:ss 2
4+ 8y/yAt+5vAt

(C.14)

In figure 4 we compare the bound with a numerical simulation of the Markovian feedback specified above
with a finite measurement window. Remarkably, despite the additional inequalities applied in the derivation
of this bound, it accurately captures both the magnitude and scaling behavior of the protocol, particularly in
the small A¢ limit.

Appendix D. Derivation of transfer rates T,

Assuming a pure conditional state p() = ‘w(”)> <<p(c) | as in equation (46), the contribution given by the
OP-control Hamiltonian to da,, can be written as

[day|y = —i(l,m| [Hop,p] |1, m)

— —ie=®nJan (I, m| Hop (¢<f>> Yhe. (D.1)
By rewriting the Hamiltonian I:IOP as
Hop = g (efiajJr + eiej—) (D.2)
we can easily prove that
({1, m|HOP ’go(c)> — g (ei(¢m‘l_9)hm_1M+ ei(¢m+1+9)hm\/m) (D.3)

and finally,

[da,|g = g (eio""w/amam_Hhm - eio"’“‘,/am_lamhm_l) +h.c
= U (\/ At 1 hm €08 () — \/Am—1Amhm—1 €08 (Q—1)) (D.4)

where o, = 0(t) — Ay, — /2 and Ay, = b — Gmp1-
As the operator J, has no effect on a,, on average, the contribution from the noisy term can simply be
obtained by calculating

[dam]D = (ILm|D ["Yj—] p|l,m)dt. (D.5)
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The first term in the Lindblad superoperator gives

v{Lm|_pli|l,m) =~ |(Lm|]_ )
=Yapn 1 h2, (D.6)

while for the second term, we can use the fact that J, J_ = J* — J> +J, and thus

(Lm|J* =2+ T.ple) (pll,m) + h.c
yamh?,_ | . (D.7)

2 ({mlfJ—plt.m) + (Lo ] |1,m))
_7
2

Combining the two results we get

[dan|p = Yy b2 dt — ya,h2,_dt. (D.8)

m—1
As a consequence, by adding the Hamiltonian term and the noisy term we obtain the differential equation
da,, = [da,) g + [dawm]p + dS,

= (u. /A1 €OS () By + vamﬂhﬁl) dt
— (U/Am—1m €08 (Qm—1) Bn—1 + Yamhy,_,) dt + dS,, (D.9)

where dS,, represents the terms coming from the stochastic part of the evolution, and where we have
highlighted the fact that the deterministic terms allow transfer only between neighboring Dicke states; we can
thus identify the transfer rate into the level m from the level m + 1 as

Ty = Un/AmGmy1COS () by + ’yam+1hfn . (D.10)
Appendix E. Derivation of stochastic terms dS,,

We derive here the stochastic terms dS,, corresponding to the monitoring strategy described by the
stochastic master equation (54). We start by considering the contribution given by the first term due to the
heterodyne detection, i.e.

[dan] ot = (mlH [\/5720-] ) dow
—\/>( AmOmt1 €08 (Ady) by —amRe[(j_M])dwx. (E.1)

where A¢y, = ¢ — Gpt1,and (J_), = <¢(‘) | J_ |¢(C) ). The second term corresponding to heterodyne
measurement is

(danlory = (Ll [iv/7720-| 911, m) dw,
—\/»( Vamlm1 50 (Ady,) by +am1m[<j_>¥,])dwy. (E.2)

Following the analysis in section 4.2 we assume the conditional state is always in the form found in
equation (59), therefore, we have

mTl

J-)p = 5N Ve = (=) optr- (E.3)

k=—1

Since in this state A¢,, = () + 7, we can combine the two contributions above and exploit the properties
of the two independent Wiener increments, to get a term that is independent of 6(¢)

[d‘lm]het = [d“m]het X [dam]het RY
=/2 (\/amamﬂh
where dw_ = cos(6(t) 4 7/2)dw, + sin(6(t) 4 m/2)dw, is a new independent Wiener increment.

Similarly, we can derive the contribution due to the continuous homodyne measurement of the J,
channel, which yields

< ~)opt, t|) dw_, (E.4)
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[dam]hom,z = <lam‘rH [\/E]z] p(C)IZ, ﬂ’l> dw,

= 2\/Eam (m - <jz> Opt,t) dw,. (E.5)
where
Fopte = (£ 0|1 [ o (0) = 3 ek (E6)
k=—Ir

We can thus finally write the stochastic contribution to the evolution of the Dicke populations a,, as

dS,, = [dam|her + [dam)pom

= \/27')/(\/ amam+1hm — am |<]—> 0pt,t|) dw_
+ 2V Kkay, (m - <jz> oth) dw,. (E.7)

This means that we are left with a classical stochastic master equation in terms of the Dicke state populations,
{am}, that can be simulated at finite time or solved via the Fokker—Planck equation for a steady state solution.

Appendix F. DRL for quantum state engineering

Machine learning has attracted increasing attention owing to its powerful computing capability and has been
applied in various quantum tasks in recent years. In particular, RL [90] offers a considerable advantage in
controlling systems without prior knowledge about the system model. DRL, which combines RL and deep
learning, has been recognized as a universal data-driven tool for complex systems [91] and has achieved
efficient control of different quantum systems [13, 15, 16, 27, 46, 94—105] (see in particular [13, 46, 47] for
an overview on this topic). proximal policy optimization (PPO) [106] has emerged as one of the most
powerful DRL variants and has widely applied to different quantum control tasks [15, 16, 27, 99—-103].

Finding optimal feedback strategies for continuously monitored quantum systems is the perfect
playground for RL. The stochastic nature of the problem, combined with the presence of feedback
mechanisms, results in a double-exponential growth of the space of possible strategies as the number of time
steps increases. This complexity places the task beyond the reach of standard optimal control and supervised
learning techniques. However, it aligns naturally with the RL paradigm, where an agent explores the problem
space through random experiments while simultaneously learning an optimal policy.

RL learns as follows: an agent observes its environment, takes an action based on that observation (state),
and receives a scalar value reward from the environment. The mapping from state to action is defined as the
control strategy, known as a policy [90]. At each time step, the state is denoted as s;, the action as a;, and the
reward as r;. The goal of RL is to maximize the expected accumulated reward across different trajectories,

defined as Gr =E [Z;O fyfrt} , where T is a final time step, v € [0, 1] is the discount factor that controls the

trade-off between immediate and future rewards [90]. Policy-based RL methods directly define the policy as
a, = 7(s;) (known as an actor). By contrast, value-based RL methods optimize value functions e.g. Q(s;,a;)
or V(s;) (known as a critic), and the optimal policy can be obtained from the value function, e.g.

af = argmax, Q(s,a). Furthermore, the actor-critic approach combines value-based and policy-based
methods by learning both the value and the policy function, contributing to more stable and efficient
learning.

In our case, we want to control the quantum system based on the results obtained via continuous
monitoring. The goal is to prepare some desired quantum state and stabilize it against noise, e.g. from
measurement backaction itself and from external decay or decoherence. Hence, the environment is modeled
using a simulation of the physical time evolution following the SME in section 2. We use the measurement
record to evolve the quantum state according to the SME as was done in [16, 27]. We then feed the output of
the SME, the density matrix p(©) (¢) or in this case the conditional state {go(c)> as the state of RL. The state was
parameterized into a vector containing the real and imaginary part of each Dicke state amplitude.
Meanwhile, the action is represented by a, = [u(t),0(t)], that is by both the control strength u(t) and the
phase 0(t) for the OP-control strategy, and simply as the control strength a(t) = [u(¢)] for FP-control. The
procedure of finding the optimal control fields that drive the quantum system towards a target state using
PPO is summarized in figure 5. The environment (the bottom box) is simulated using SME, and the agent
(the top box) contains an actor that suggests an action based on the state and a critic that predicts the value
which is utilized to obtain the advantage function. In particular, at each time step ¢t with quantum state as
P (£) (with p{9(0) = p(0) = [tho) (¥hy|), the actor suggests an action a(t) = 7, (s;) with £; denoting the
parameters in the actor network. Meanwhile, the critic evaluates the V¢, (s;) with &, denoting the parameters
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Figure 5. RL pipeline for optimal control of an open quantum system. The bottom box represents the state evolution of the
quantum system, and the top box acts as an agent to suggest good control based on current knowledge of the quantum state. At
timestep f, the density matrix of a quantum state p(t) (in this case the conditional state |t,p<f>>) is represented as state. Then, the
actor T outputs a suggested action as a, = m(s;), and the critic evaluates V(s;), which is utilized to obtain the advantage function
A =G — V(s¢). The control field u(t) originating from a; is performed to evolve the state and the measurement process further
evolves the quantum state towards the conditional state p(©) (¢ 4 df). Reward signals are obtained based on fidelity evaluation of
current states, which is utilized to optimize both the parameters of actor and critic.

in the critic network. V(s;) is useful for computing the advantage function A =G, — V(s;) [106]. To avoid
big policy updates, PPO employs a constrained loss function to update the parameters, defined as

[P0 (¢,) = E, [min (pt (€) Arclip (pr (€1),1 — €1+ e)At)} , (E1)

e, (st

where p;(&;) = o (atls,)) , &/ are the weights of the policy before the update and e is a hyperparamter to

control the update of the policy.

The reward function is a critical choice in RL scenarios. It encourages the RL agent to find a robust policy
that, in our case, drives the physical system to the desired target state. In this work, we chose an
instantaneous reward function of the fidelity F(t), computed between the current density matrix p(°) (£) and
the target state, with

re=—log,, (1 —F(1)). (E2)

Many stochastic trajectories (or ‘episodes’), starting from random coherent states, are run in parallel. Then,
two networks ¢, and V¢, are optimized simultaneously. Please refer to [106] for detailed information. The
neural network used is a multi-layer perceptron with two hidden layers of size 16 and 8, respectively. The
reward decay is set as y = 0.99. The clip parameter is set as € =0.2.

Appendix G. Dicke state preparation in the absence of damping

In section 5 we demonstrated that the control strategies proposed in equations (69) and (70) are close to the
optimal control strategies for maximizing F for OP and FP control respectively. This is further reinforced
by the fact that in figure 3(a) the optimal control strategy approaches Zps. Such convergence tells us that it is
simultaneously possible to maximize the cost function in equation (67) and keep the relative phases aligned
as in equation (59) (at least for mp = N/2 and small ). However, such alignment is lost in the y — 0 limit.
This problem has been investigated before and multiple control strategies have been proposed [5, 8].

In figure 6 we plot the average fidelity as a function of time for the control strategy in equation (69)
compared with the DRL model and %ps(t) which we define as the finite time solution to equation (63)
which in the long time limit is equal to Zps. We initiate our system in a random coherent state and attempt
to prepare the maximally excited state with N = 4. We see that the OP strategy fails to converge to unit
fidelity. This is because the relative phases lose their alignment and some trajectories become frustrated and
fail to converge. The DRL on the other hand adapts by sacrificing some fidelity at early times to ensure that
phase alignment remains sufficiently high to converge to the target state at later times. There are many ways
to modify the control strategy to improve convergence, in figure 6 the line labeled ‘OP local’ is obtained by
choosing 6 to locally minimize the cost function C = 1 — F. %ps(t) by construction always maintains perfect
driving efficiency and therefore can always maximize driving speed towards the target state. We can see that
the OP strategy follows Zps(¢) for early times but eventually the alignment diverges. Zps(t) also beats the
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Figure 6. The fidelity, F(t), averaged over 10 000 trajectories, to the maximally excited Dicke state as a function of time in the
absence of collective damping (v = 0). The system is prepared in a random spin-coherent state. Zps(t) (blue, solid) represents
the solution to the classical stochastic master equation in equation (63). OP (orange, dashed) is calculated by applying the control
strategy that locally minimizes the cost function in equation (67), OP local (green, dash-dotted) instead locally maximizes the
fidelity. Finally, OP RL (red, dotted) is the strategy found by the DRL model. Parameters: N =4, x/ii = 0.4, mp = N/2.

other strategies at all times, suggesting that it may also provide a bound on the control problem for finite
times, not just the steady state as conjectured in the main text.
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