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Abstract

We consider a system of interacting fermions on the three-dimensional torus
in a mean-field scaling limit. Our objective is computing the occupation number
of the Fourier modes in a trial state obtained through the random phase approxi-
mation (in its collective bosonization formulation) for the ground state. We prove
that the trial state’s momentum distribution has a jump discontinuity, i. e., a well-
defined Fermi surface. Moreover the Fermi momentum does not depend on the
interaction potential (it is universal). Our result shows that the random phase
approximation in the mean-field scaling limit is in principle sufficiently precise to
identify a non-trivial Fermi liquid phase.

1 Introduction and Main Result

We consider a quantum system of N spinless fermionic particles on the torus T? :=
[0, 27]3, which may be understood as a simple model of a metal. This system is described
by the Hamilton operator

N N
j=1

1<j

acting on wave functions in the antisymmetric tensor product L2(T*N) = AN, L*(T?).
As the general case with N ~ 10?3 is too difficult to analyze, we will consider the
asymptotics for particle number N — oo in the mean-field scaling limit introduced by
[31], i.e., we set

h:=N"5, and X:=N1, (1.2)

The ground state energy of the system is defined as the infimum of the spectrum

Exy :=info(Hy)= inf (¢, HyY) .
YELZ(T?N)
lll=1
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Any eigenvector of Hy with eigenvalue F is called a ground state. In the present paper
we analyze the momentum distribution (i.e., the Fourier transform of the one—particle
reduced density matrix) of the random phase approximation of the ground state.

In the non-interacting case of interaction potential V' = 0, the ground states are
given by Slater determinants comprising N plane waves with different momenta k; € Z3
of minimal kinetic energy |k;|% i.e.,

N

V(T1, T, .., TN) = \/%det <(27T1>3/26““j'“) R (1.3)

Ji=1

This is (up to a phase) unique if we impose that the number of particles exactly fills a
ball in momentum space; i.e., if

N =|Bgp| for Bp:={k€Z:|k|<kp} withsome kp>0. (1.4)
This means that the Fermi momentum kg scales lik

kp = kN3 with k= (41) +O(N3) . (1.5)
7r

The set of momenta By is called the Fermi ball. We also define its complement
BS = 7%\ By .

As a first step towards including the effects of a non-vanishing interaction poten-
tial V' one may consider the Hartree—Fock approximation. In this approximation, the
expectation value (1, Hyt) is minimized over the choice of N orthonormal orbitals
{p;:j=1,...,N} C L*(T?) in the Slater determinant

N

1
(21, 29, ..., 2N) = Vo det (p;(2:)) =1 -

(This is to be compared to the general quantum many-body problem, in which also
linear combinations of Slater determinants are permitted.) In general, the Hartree-
Fock minimizer will not have plane waves as orbitals. However, with our particular
assumptions on the potential, the scaling limit, and the particle number, one can show
[4, Appendix A] that (I3)) is also the (unique up to a phase) Hartree-Fock minimizer.
Thus in the Hartree—Fock approximation the momentum distribution remains the trivial

0 for ¢ € Bf

(1.6)
1 for ¢ € By .

<w7a2aqw> = {

It is highly non-trivial to understand if this jump in the momentum distribution
survives the presence of an interaction potential when going beyond Hartree—Fock theory,
and if it does, how its location and height are affected by the interaction. In physics,
it has become known as Luttinger’s theorem that the “interaction may deform the FS

In [], & is defined as (%71’)%, so in that notation x = hkr(1 + O(R)).
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[Fermi surface], but it cannot change its volume. In the isotropic case, where symmetry
requires the F'S to remain a sphere, its radius must then remain kp (the Fermi momentum
of the unperturbed system)” [30]. In other words, the Fermi momentum is conjectured
to be universal, i.e., independent of the interaction potential V. This is in contrast to
the height of the jump, called quasiparticle weight Z, which generally depends on V.
As discussed, the Hartree-Fock approximation predicts that kp is independent of V,
but also that the quasiparticle weight is Z = 1 independent of V. So to observe any
effect of the interaction, we have to employ a more precise approximation for the ground
state. In [3, 4, 6, (10, 11, 12, 14, 13] it has been shown that the ground state energy
can be approximated to higher precision using the random phase approximation, in its
formulation as bosonization of particle-hole pair excitations. In fact, there it was shown
that the ground state energy in the mean-field scaling limit has an expansion as

Ey = BYF 4 ERPA L O(N~1/3-) (1.7)

for some o > 0. Here ENF is the expectation value of the Hamiltonian in the Slater
determinant of plane waves (L3)); it is a sum of three terms called the kinetic, direct,
and exchange term, of orders N, N, and N° respectively (unless V is taken as the
Coulomb potential). The correction ERF* to the Hartree-Fock energy is given by an
explicit integral formula [3, 4, 6] of order N=/3. (The validity of the expansion to the
order of EXF was proven much earlier by [24]; Hartree—Fock theory has moreover been
derived as the leading-order approximation of the dynamics in [7, 2] and with mixed
states as initial data in [I].) In [5] it was shown that bosonization approximates well
the dynamics of collective pair excitations near the Fermi surface.

Our goal in this paper is to exhibit the prediction of the random phase approximation
for the momentum distribution. We will take a trial state constructed by bosonization
and compute the deviation of its momentum distribution from (L),

S (1, agaqw for ¢ € B
“ 1 — (¢, a;a.) for ¢ € By .

Our trial state is the same as in [3, [4, [6]. Trial states of a similar form have been used
in [12, 14] for mean-field Fermi gases, as well as for dilute Fermi gases in [17, 2], 22} 23].

To obtain sufficiently sharp estimates we use a technically complicated bootstrap;
to avoid mixing up different complications in this paper we only consider interaction
potentials V' with compactly supported Fourier transformﬁ. We expect that this can be
generalized to potentials satisfying Vern (Z?) using a cut-off as in [6, Theorem A.1]
to define the shell around the Fermi surface and decouple neighbouring patches, but at
the cost of obscuring the exposition of the main concepts of the paper. (For the ground
state energy even the Coulomb case has been covered [I3], but this would require much
more effort to adapt to the present problem.) So to state our main theorem, we assume
that supp(V) € Bg(0) for some R > 0. Further, we adopt the convention that C' is
a positive constant (in particular not depending on N, V', or ¢) but whose value may
change from line to line.

(1.8)

2TheA interaction V (z—y) being a two-particle multiplication operator, we use the convention V' (z) =
> pezs Vee™ for its Fourier transform. This is in contrast to wave functions, whose Fourier transform

is defined to be L2-unitary, ¢ (z1,...,2x) = (27)" 2 D ey knEZd Ok, ..., ky)elkrertothyan),

.....
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Theorem 1.1 (Main Result). Assume that the Fourier transform V of the interaction
potential is non-negative and compactly supported. Then, there exists a sequence of trial
states Yy € LE(T3N) with particle numbers N corresponding to completely filled Fermi
balls as in (L4) such that

e the sequence of trial states is energetically close to the ground state up to the
precision of the random phase approximation (see (7)) in the sense that there
exists some o« > 0 such that

(bn, Hyon) — Ey < ON757% (1.9)

e and for any € > 0 and all momenta q € Z* such that]

q¢ {p € 7Z* | 3k € Bg(0) : % € (0,6)} (1.10)

the trial states’ momentum distribution n, can be estimated as

2 Vi 1 [~ (p*— >\2,k)(M2 + )\z,k)_2
0<n,<Ns Z 2!1\/5\;/ d @ a4 dpu+ €&, (1.11)
keDINZ3 0 1+ Q" (1)
where
|k - qf 0 : ( (1))
Ak i= —— , =2mkVy | 1 — parctan | — ,
D {k € Br(0) : ¢+ k € B} if ¢ € By '
{k € Br(0) : ¢ — k € Br} if ¢ € By .
The error term &£ is bounded by
€| < Ce !N~ 12 . (1.13)

In the trial state vy which we construct in Section[d, for “most” q € Z3, the upper bound
in (LII) is an equality. Due to the technical details of the trial state construction, we
defer the precise definition of “most” to Proposition[2.1.

The theorem is proven in Section [I0, based on the sharpened bosonization strat-
egy explained in Section [Bl A key role if played by the bootstrap of the bosonization
approximation, which justifies the use of the quasibosonic picture for n, as a “point-
wise” observable compared to the earlier results on the random phase approximation
concerning only the ground state energy in which the properties of the state enter only
“averaged” over the entire range of momenta.

One can also obtain a series expansion for n, in terms of Friedrichs diagrams [29, [§].

The bosonized momentum distribution ngb) arises by restricting to a subset of diagrams.

3This restriction is a technical assumption needed for the step from the bosonized momentum dis-
tribution ([B2)) to the explicit integral in (ILTT]), compare to the estimates of (I03]). The justification
of the bosonization, Theorem [3.1] is valid independently.
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The next-smaller diagrams render contributions of order N7t to be compared to the
error bound ([I3) of order N~3-12. However, no convergence of the diagrammatic
expansion was established. Establishing convergence is a common difficulty with per-
turbative expansions requiring significant effort, whereas in our present analysis it is
proven rather easily (see the proof of Lemma [B1]).

As as a measure for the height of the jump at the Fermi surface we define the
quastparticle weight as

Z :=1— sup ng — sup n, .
qEBp q€BE

(Note that in our convention (L)), n, only represents the excitations with respect to the

non-interacting Fermi ball.) As a corollary of our main theorem, we obtain an estimate
for Z.

Theorem 1.2 (Jump at the Fermi Surface). Under the assumptions of Theorem [I]],
the trial states 1y € LE(T*N) exhibit a jump at the Fermi surface, in the sense that

wln

+

-
sl

Z>1-CN- (1.14)
This does not depend on ¢, nor is there any restriction like in (LI0). The proof is

given in Section [[0L We expect that the sharp bound is of the form Z > 1 —- CN _5, as

proposed in the physics literature [15] extrapolated to the mean-field scaling limit.

The presence of a jump in the momentum distribution is characteristic of the Fermi
liquid phase. Fermi liquid theory was phenomenologically introduced by Landau [2§],
who argued that the interaction becomes suppressed due to correlations between parti-
cles, resulting in a system that on mesoscopic scales appears to be composed of extremely
weakly interacting fermions (which share the quantum numbers of the electrons but have,
e.g., a renormalized mass). Bosonization as a microscopic justification of Fermi liquid
theory was suggested by [25], 0].

A rigorous proof of Fermi liquid theory has been undertaken in a series of ten papers
surveyed in [19] in spatial dimension d = 2. This program used multiscale methods of
constructive field theory to construct a convergent perturbation series. To suppress the
superconducting instability, an asymmetric Fermi surface was assumed; an example was
constructed in [I§]. The case d = 3 was partially analyzed by [16]. In this framework,
Salmhofer’s criterion [32] was formulated as a more precise characterization of the Fermi
liquid phase; however, it makes reference to positive temperature, which we believe
unnecessary in the mean-field scaling limit.

Our results concern a trial state, not the actual ground state. It is one of the fun-
damental problems of mathematical condensed matter theory to understand if similar
statements hold for the ground state. This is a very subtle question. It is expected
that due to the Kohn—Luttinger instability the ground state always has a supercon-
ducting part which smoothens out the discontinuity. However, we conjecture that the
Kohn—Luttinger effect changes the momentum distribution only on a scale which is
extremely close to the Fermi surface, well separated from the scale on which we ob-
serve the characteristic Fermi liquid behavior. A rigorous proof is challenging because
a-priori bounds through the ground state energy would have to be of extremely high
precision; in fact, a single pair excitation aja; may change the momentum distribution

>
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from (Y, arayby) = 0 to (Yn,ayapn) = 1 at a kinetic energy cost as small as or-
der h? = N~2/3; this has to be compared to the resolution of the ground state energy
(CT) that is only AN~ = N=3-*. Nevertheless, we believe our result is interesting for
two main reasons. First, it shows that the random phase approximation in the mean-
field scaling limit is sufficient to identify a Fermi liquid: it is neither trivial (as the
Hartree-Fock approximation), nor do we need higher orders of the expansion in N~/
Second, our trial state (Z3]) being given in terms of unitary transformations S8 and T
as RTQQ, it is natural to study the transformed Hamiltonian T*R*HyRT to obtain a-
priori estimates on the deviation of the momentum distribution from its random phase
approximation formula. It remains very difficult to push this approach to the precision
obtained for the trial state and which would prove Fermi liquid behavior, but some
rough statements for sufficiently wide averages in momentum are possible; a discussion
of the obtainable estimates shall appear elsewhere.

1.1 Comparison with the Physics Literature

The physics literature [15], 26, 27] considers the system in the thermodynamic limit,
where sums over momenta become integrals. Our estimates are not uniform in the
system’s volume, but we can formally extrapolate (LII]) to the thermodynamic limit.
To do so, we rescale the torus T3 to the torus LT® = [0,27L]®>. The corresponding
momentum space is L~ 'Z? and we can replace sums over Z3 by sums over L~'Z?. The
number of momenta in the Fermi ball Br := {k € L7'Z> : |k| < kp} is now

47

kL . (1.15)

We consider L — oo followed by the high density limit kg — oo. The density is

N K
(2rL)3 672

p = (1+0ks'L7h) . (1.16)
Setting h := k', we can define Q\” (1) via (LIZ), and the r.h.s. of (LII) becomes

ng(kp, L) =

1 O 0 2 )\2 2 4 >\2 -2
Z Vi (u q,k)(ﬂ q,k) . (1.17)

peparigs T 2heN k| Jo 1+ Q}(€0) (1)
In Appendix [B] we compute the large-volume limit of (LIT) and obtain (B.G). For
comparison, in Appendix [C] we extrapolate [15]’s result to short-ranged interaction po-
tentials and obtain (C.9) for the momentum distribution outside the Fermi ball. In
the high-density limit kr — oo, ([C9]) converges to half our result (B.6). In view of this
remaining discrepancy we have moreover verified that our result agrees with the formula
that can be obtained from [I4, Theorem 1.1] through a formal Feynman-Hellmann ar-
gument. Unfortunately we have not been able to pin down the origin of the discrepancy
in [I5], presumably due to their only outlined adaption of the result of [20], where the
latter also do not specify the choice of units or the Hamiltonian used.
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2 Construction of the Trial State

The definition of the trial state 1 uses second quantization. That means, we extend
the N-particle space L2(T3Y) by introducing the fermionic Fock space

F = éELi(T?’”) :

To each momentum mode ¢ € Z3, we assign the plane wave
fo€ LAT),  fylw) = (2m) 2"
and the respective creation and annihilation operators on Fock space

ay = a*(fy) ag = a(f,)

which satisfy the canonical anticommutation relations (CAR)

{ag,ay} = 0q.q, {ag, a0} = {ay,a,} =0 for all ¢,q' € Z* . (2.1)
The number operator on Fock space is defined as

N = Z anag (2.2)
q€Z3

and the vacuum vector is Q := (1,0,0,...) € F, which satisfies a,Q2 = 0 for all ¢ € Z5.
The trial state As a trial state vy € LZ(T*) C F for Theorem [T, we use the

state constructed by means of the random phase approximation (in its formulation as
bosonization of particle-hole excitations) in [3 (4.20)], i.e.,

Y = RTQ, (2.3)

with a particle-hole transformation R : F — F and an almost-bosonic Bogoliubov
transformation 7' : F — F that are both defined below. According to [3] 4], 6], the
state (Z3)) is energetically close to the ground state, i.e., (1y, Hyty) = ENF + ERPA 4
O(N~3577) in agreement with (7).

The particle-hole transformation The particle-hole transformation is the unitary
operator R : F — F defined by its action on creation operators

Ra;R = x(q € By)a; + x(q € Br) aq, Vq € Z° (2.4)

and its action on the vacuum
wQ= [] o Q.
k’jEBF
The latter product is (up to an irrelevant phase ™) uniquely defined and one easily
verifies that it is a Slater determinant of plane waves as in (L3]). We have 5R* = 9R.

7
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Figure 2: Close-up of a patch: in (ZI7), ¢
is an included momentum, whereas g, and
g3 are excluded.

Figure 1: Patches on the Fermi ball in
momentum space, with patch B, in-
cluding gq.

Particle-hole pair operators The key observation [3, 4 [6] motivating the choice of T’
is that after the transformation R, the Hamiltonian H becomes almost quadratic in some
almost-bosonic operators ¢* and c¢. For their definition we use a patch decomposition of
a shell around the Fermi surface. The requirements for that decomposition are described
in the following; an example of such a patch decomposition was given in [3]. We divide
half of the Fermi surface dBg := {k € R : |[k| = kp} into a number M/2 € N of patches

P,,, cach of surface area o(P,) = 4mk2/M. The number of patches M is a parameter
that will be chosen as a function of the particle number N, subject to the constraint

1
N? « M < N2 where 0 <6 < . (2.5)
We assume that the patches do not degenerate into very long and narrow shapes as
N — 00, or more precisely we assume that always

diam(P,) < CN3M "= . (2.6)

Inside each P,, we now choose a slightly smaller patch P, such that the distance between
two adjacent patches is at least 2R, that is, twice the diameter of the support of V. By
radially extending P,, we obtain the final patches B, with thickness 2R (see Figure [I)):

Ba::{rqERg:qua,re 1_£’Hk_i]}' (2.7)

The patches are separated by corridors wider than 2R. To cover also the southern
hemisphere, we define the patch B, M by applying the reflection k — —k to B, .

The center of patch B,, a vector in R?, will be denoted w, € P,, with associated
direction vector @, = w,/|ws|. For any k € Z* N Br(0), we define the index sets
i ={aec{l,...,M}:k-©y > N},
I, ={ae{l,....M}:k-©, < —N’}, (2.8)
I, =1, UL .

Visually speaking, 7). excludes a belt of patches near the equator of the Fermi ball (if
the direction of k is taken as north).
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Generally, we assume all momenta k,p, h to be in Z* and do not write this con-
dition under summations. Moreover, we adopt the following convention: whenever a
momentum is denoted by a lowercase p (“particle”), then we abbreviate the condition
p € B&N B, by p: a. Likewise, for a momentum denoted by h (“hole”), the condition
h € By N B, is abbreviated as h : a. For k € Z* N Bg(0) and o € Z,", we now define
the particle—hole pair creation operator

b (k) = — Z Op btk @y = —— Z ayas . (2.9)

n n
k) ha Ok ppeBENB,

p—kEBrNBg

with normalization constant n, ; defined by

nie =Y Sner=y_ L. (2.10)

ph:a p:pEBENBqy
p—kEBrNBgy

Observe that if o € Z,", then b% (k) will usually be an empty sum, in which case we
understand it as the zero operator. (Strictly speaking near the equator the sums may
still contain a small number of summands. The index set Z;" is defined such that for
a € I,/ the sum (ZI0) contains a number of summands that grows sufficiently fast as
N — oo; see Lemma [6.21) Therefore we introduce the “northern” half-space

Hnor::{k€R3:k3>00r(k3:0andk2>0)or(k3:k2:Oandk:1>O)},
as well as the half-ball
e .= H™ N Z*N Bg(0), (2.11)
and then, for £ € I'™", define

cr (k)=

{b;(k) for o € Z,f (2.12)

b (—k) fora € 7, .

In Lemma we are going to show that these pair operators satisfy approximately the
canonical commutation relations (CCR) of bosons

[ca(k),cs(O] =0, [ealk), c5(0)] % dap0k.0 -

The almost-bosonic Bogoliubov transformation The almost-bosonic Bogoliubov
transformation is the unitary operator on fermionic Fock space T : F — F chosen such
that it would diagonalize an effective quadratic Hamiltonian

het = > heg(k)

keTmor

her(k) = ) ((D(k’) + W (k))asch(k)ea(k) + 5 W (k) (ca(k)ch(k) + Cﬁ(k‘)ca(k‘))) ,
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if the ¢* and c operators would exactly satisfy the CCR of bosons (see [4, (1.47)]). Here,
D(k), W(k), and W (k) are symmetric matrices in RZ*/*IZl given in block form

D) — (d(ok) d(()k>) W= (b(gc) b((;f )) . W(k) = (b& ) b(és)) :

with the smaller matrices d(k) and b(k) in R% *IZc| given by

~

a) = 30 e-aul o)l MR = Y gnama )8l (219

€Ll o,BETF

where |«) is the a—th canonical basis vector of RZ| (and k := k/|k|). We are going to
define T' by the explicit formula which was given in [3] 4 [6] as

T=e9% §:= —% > K(k)aps(ch(k)es(k) —he.) . (2.14)
kel'mor o BeTy,

The operator S is anti-selfadjoint (i.e., S* = —S) and the matrix K (k) € RZ>*IZl g
defined via

K (k) = log|Si(k)"] . N (2.
S1(k) == (D(k) + W(k) — W(k))2 E(k)"2 , (

|
N[

1
1
E(k) := ((D(k) + W (k) = W(k))H(D(k) + W (k) + W (k) (D(k) + W (k) = W(k)* )"

This concludes the construction of the trial state.

2.1 Optimality of the Main Result

The upper bound (III) in our main result is sharp if the momentum ¢, satisfying
(LIQ), is located in the interior of a patch. The precise statement is as follows, proven
in Section 10l

Proposition 2.1 (Optimality). Under the assumptions of Theorem [, whenever q is
in the interior of a patch B, in the sense that

for q € By we have Bgr(q) N By C B,, ,

(2.17)
for q € Bp we have Bg(q) N B C B, ,
(this is represented in Fig.[2) the upper bound (LII)) becomes an equality:
f/ 1 0 2 )\2 2 4 )\2 -2
ng = N—3 Z 5 kk: —/ (1 q’k)('lzo) o) du+ €&, (2.18)
keCanz3 klkl T Jo 1+ Q" (1)
where £ is bounded as in (LI3), and the set of allowed momentum transfers is
Br(0)NH™ N ((Bf —q)U(Bg+q))  forqe Br.

The set C? is obtained from DY in (LI2]) by reflecting all & in the lower to the upper
half-space (i.e., k — —k whenever k ¢ H"").

10
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3 Strategy of Proof of the Main Theorem

The statement (I.9) in Theorem [[.1l that vy replicates the ground state energy, was
proven in [3, 4, [6]. So we need to establish (III]) for the momentum distribution.
Computing the expectation value of n, is non-trivial for two reasons: first, n, is a
fermionic observable that does not have a bosonic representation in terms of the ¢ (k)-
and ¢, (k)-operators; and second, because n, is typically of order N =2/3 i e., extremely
small, it necessitates very precise bounds on the errors. To obtain these sharp error
bounds, we employ a bootstrap which is novel to the bosonization context. This should
be compared to the earlier works on bosonization, where error terms could be controlled
by integrated quantities like the expectation value of N (so the sum of n, over all
momenta ¢), which was estimated much less precisely as being overall of order one.

The Bootstrap We aim to show that n, can be approximated by a bosonized ngb).

Whenever ¢ is not inside some patch B,,, n, vanishes, so we will set ngb) = 0 in that
case. For all other ¢, we will see that n, amounts to a sum over contributions depending

on the momentum exchange k. As explained in Lemma .2 define

Br(0O)NH™ N (((BFrNBa,) —q)U(— (BrNB,,)+4q))  forqe B
0 Nk : k- @a,| > N}
Br(0O)NH™ N ((BENBa,) —q)U (= (BgNBa,)+q))  forqe By
N{k : [k @g,| > N}
(3.1)
Note that C? agrees with C?, defined in (ZI9), up to the exclusion of k such that

|k - @a,] < N7° and the restriction to B,,. In the exactly bosonic approximation the
momentum distribution can be computed explicitly to be

n® ::% 3 nj (cosh(2K (k) 1), - (3.2)

kelanzs  Cak

The rigorous justification that n, ~ n((lb) is given by the next theorem.

Theorem 3.1 (Bosonized Momentum Distribution). Assume that V is non-negative
and compactly supported, and let § € (0, %) be the parameter from (2.8) and 2.8). Then

Ing —n{”| < CNTH2 (3.3)
The proof of Theorem B1] is given in Section [§, but let us explain the interplay of

bosonization and the bootstrap. We expand n, in the trial state ¢y = Re %O as

* — - 1 n/ x
ng = (€2, eSaqaqe 5Q) = Z E<Q’ adg(aga,)S?) (3.4)

n=0

where ad’y(B) := [A,...[A, [A, B]] .. .] denotes the n—fold commutator, with S as defined
in (ZI4). In the exactly bosonic approximation we assume that the operators ¢*, ¢

11
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satisfy canonical commutation relations. Then for n > 1, the form of adg,(b) alternates
between adj 1,y ~ ¢*¢* — cc for n odd and ady 4,y ~ c*c + const for n even. The only
non-vanishing contribution to the vacuum expectation value is for even n due to the
const-terms, which sum up to a cosh-series and render ngb) in (32). The difficulty in
the proof of Theorem B.1]is proving that the deviation from exactly bosonic canonical
commutator relations (the term & in (LH)) has small effect. Here the bootstrap is
crucial: by Duhamel’s formula, we express |n, — ngb)\ in terms of expectation values in
the parametrized states

& =e 0, tel[-1,1]. (3.5)

Employing the lemmas of Sections [@ and [7] we bound these expectation values using
(&, azaqés). The bootstrap is then based on Lemma Bl Initially we know that 0 <
(&, azagés) < 1, which we write with r := 0 as

(&, ana48) = O(N™") . (3.6)
Using this bound within Duhamel’s formula, Lemma 1] provides us with
[ng — | = (&1, agasét) —nd| = O(N™) (3.7)

for r’ = % — %5 + 5. The same holds if the trial state Me 5 is replaced with SRe Q.

Together with the observation (8.8) that n((lb) = O(N —519) (and the same if the trial
state is replaced by its t—dependent version), we obtain that (3.0]) is valid for r = % — %(5 )
Plugging this again into (B.7) yields r = % — ¢, which is the optimal exponent. Then 7’
is the claimed error exponent from Theorem B.11

From the bosonized momentum distribution to (I.I1I) We evaluate the hyper-
bolic cosine of the matrix K (k) in ([B:2]) by functional calculus, which brings us close to
the final form (LIT]). The result is the next proposition, proven in Section

Proposition 3.2. If ¢ € B,, for some 1 < oy < M, then

LT (=02 (A2 ,)
b): Z k (:u q,k)(:u q,k> d,u (3.8)

e 2N g 1+ Qrl0)

with A

I Vi _
)\a,k = Vf : Wa‘ ) Qk(ﬂ) = h/ﬁ]\]f€|k:| Z ni,k(#2 + Aik) 1)‘a,k . (3-9)

ozEI;r

Finally we approximate the sum within @Q(u) by a surface integral over the half-
sphere, which renders Qx(u) ~ Q,(f’ (1). We arrive at a formula resembling (LII]), but
with C¢ instead of C4. Eq. (LII) then follows by bounding the contributions from
k € (C7\ C9%) NZ> These computations are done in Section [T

12
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4 Generalized Pair Operators

Recall the definition (2.I2)) of the bosonized pair creation operator ¢ (k). It will be
convenient to use more general pair operators, similar to the weighted pair operators
from [0, Lemma 5.3]. For a function g : Bf x Br — C, we define

c*(g) = Z 9(p, h)ayay, c(g) = Z g(p, h)aya, . (4.1)

PEBE pPEBE
heBr h€Br
We may then identify
1 . N
(5p7h+kn—x(p, h:a) if a € 7}
cr (k) =c"(dak), where dai(p,h):= ' (4.2)
6p’h_kn—X(p’ h:a) ifaeZ,
a,k

and
X(p, b s @) == XBenBa (P)XBenBa () -

In the following we adopt the shorthand notation

k if T —k if T
T . tash (4.3)
—k ifael, +k ifacl,
So ]
da,k(p7 h) = p,hikn—kX(p7 h Oé) . (44)

The generalized pair operators satisfy the following commutation relations.

Lemma 4.1 (Generalized approximate CCR). Consider g, g : B x Bp — C. Then

[c(9),c(9)] = [c"(9), " (@] =0,  [c(9),c" ()] = (9.9) +E(9,9) (4.5)
where () is the inner product on (*(B& X Br), and where
8(97.&) = Z g(pa hl)g(pa h2)a22ah1 - Z g(plah)g(p27h)a;2ap1 . (46)
pEBL P1,p2€BE
h1,h2€Byp h€Bp
Proof. Direct computation using the CAR, (2.1]). O

The following lemma is central for the computation of the fermionic momentum dis-
tribution from the bosonized theory: though aja, cannot be directly expressed in terms
of bosonized operators, its commutator with a pair operator is again a (generalized) pair
operator. So thinking of series expansion in nested commutators, we can expect that
from the second order on, it is computable in terms of bosonized operators. A similar
observation has been exploited already in the bosonic context in [33, Section 4].

13
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Lemma 4.2 (Occupation number of a single mode in ¢ (k)). Let k € I, o € I}, and
q € By, for some 1 < ay < M. Then, we have

. . 0 if @ # «
[Coz(k>’ aq%] = % I !
—c*(ggr)  ifa=qy
with )
9ak(D; h) = pihitk kX(Pa h:ag)(Ong + 0pg) - (4.7)

In particular, [c}(k), ajaq] = 0 whenever oy & Iy,

Proof. Direct computation using the CAR, (2.1]). O

Lemma E2 motivates the definition of C? in (3.1, chosen such that [c%(k), aja,] does
not vanish:

e For k ¢ ™" = H™" N Z*N Bg(0), this commutator would not even be defined.

e The condition |k - &y, > N~ ensures o € Z;, as otherwise [cf,(k), ata,] = 0.

e For ¢ € By, the condition k € ((Br N Ba,,) —q) U (— (Bp N By,) + q) guarantees
that the factor x(p,h : o) in g, x(p, h) does not vanish. Analogously, for ¢ € B,
the condition k € ((BENBa,) —q) U(—(BENB,,)+q) guarantees that x(p, h : o)
does not vanish.

The simplest case of Lemma (1] are the approximate CCR from [3, Lemma 4.1].
Lemma 4.3 (Approximate CCR). Let k,¢ € I'™ and a € Iy, € Z,. Then we have

. 0 if o # B
fealk), c5(0)] = rer (43)
Ok + Ea(k, 0) ifa=p
with the deviation operator E,(k,0)* = E,(L, k) explicitly given by
_ Ony pekOha pt . OnprFkOhpr Tt .
ga(k’,g) = - Z WahQCth — Z Wam%l . (49)
p,hi,ho:a ’ ’ p1,p2,h:a ’ ’
Proof. Follows from (4.2) with g = d, and g = dg,. O
To compute ad§" (aja,) = [S, ad§(aa,)] the following commutator is useful.
Lemma 4.4. Let k., € I, a € Iy, oy € Iy, q € B, and gq e as in [@ET). Then
0 if o # «
[ca(k), € (gq,0)] = , I (4.10)
' Srepar+EL (k0 ifa=a,
with
P n;ikx(q:Fk € BrNB,,) if ¢ € B (4.11)
" \natix(at k€ BeNB,,)  ifq€ Br '

14
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and with the operator £ (k, k)* = 9 (k, k) explicitly given as

)
1 qFkEBrNBayg * qFLEBrNBa, %
T Tag AMag.t <X <q:|:€€BpﬂBaq GyzeQq¥k = X\ qFttk€BENBa, ) YqUaFiLk
y C
q \M ) qFLEBLNBa qHteBENBa
- Beng. | AnQ — c B | Qg
Mg kgt \X\aHlFkeBenBa, ) Yqlattrh = X\ gtke BgnBa, | Yqretath
L qu S BF .
(4.12)
k€BrMBa - .
By x ZLG BonB q) we denote the characteristic function of the set of all ¢ € Z?
g

satisfying both q ¥ k € Br N B, and q F ¢ € By N B,,,, with the sign of £k and ¥k as
defined in (£.3).

5 Momentum Distribution from Bosonization

Recall that the exact momentum distribution, according to (3.4)), is given by

[e.e]

ng = Z %(Q, adg(aga,)S2) . (5.1)

n=0

The evaluation of multi-commutators adg(aja,) results in a rather involved expression.
However, the dominant contribution is obtained pretending that bosonization was exact,
i.e., if we drop &,(k,¢) in the approximate CCR (Z.S).

For n = 0, we choose ad27(b) = aya, = ad%(a;aq), so bosonization is exact.

For n > 1, the bosonized multi-commutator ady 4, is expressed using six types of
terms (A, B, C, D, E, and F). If ¢ € B,, for some 1 < ay < M, we define

n—1

2" 'A, + B, + B+ Y (") Cormm if n is even
m=1 m
LN (1 —~ (n if 7 is odd,

If g is not inside any patch we set ady 4, := 0. With p, . from (@II)) the terms are

adZ(b) = (52)

A= > (KW, .pk €C,

keCanz3

B, = Z Z (K(k’)n>aq7al " (gq,)Car (K) (5.3)

keCanz3 on€ly
!

Cogr = Y > (KE)™), o (KE™), o pak oy (k)eas (B)

keCinz3 o1,2€Ly

15



AlP
Publishing

i

2

and

D= 3 0 (K™, (KR)™) oo con (K)o ()

keCanz3 o1,a2€Ty

Eo= 3030 (KO, (0, () (5
keCanz3 a1€Ly

Fowr= Y 30 (K™, o (KO)™), . pux cha (), ()

keCinz3 o1,a2€Ly

Since p, is real, and since K(k) is a real and symmetric matrix, we have

A=A, C.w=Cum, (5.5)

Dm,m/ = Dm’,m s Fm,m/ = Fm’,m 5 D:;@,m’ = Fm’,m . (56)

Replacing adg(aza,) by ady ) in (5.0 yields the bosonization approximation n: 1If
q € By, for some 1 < ay < M, the

o o0 (e e}

1 " 22m—1 22m—1 .
D (e ® =D G As) = > s DL (KR, 0 P
n=0 m=1 m=1 keCanzs
1 1
=5 2. nz—k(COSh(QK(’fD ey =" - (5.7)

keCinzs o

Otherwise, ady ) = n{® = 0. Both agrees with B2).

6 Controlling the Bosonization Error

In this section we compile the basic estimates required to control the bosonization.

Lemma 6.1 (Bound on Powers of K). Suppose that V is non-negative. Then there is
C > 0 such that for all k € ™", a, B € I}, and n € N, we have

(K (k)")asl < (CVi)"M ™" (6.1)
Proof. This follows using [6, Lemma 7.1], which states that |K (k) < CViM~'. O

Lemma 6.2 (Bounds on ngy). Let 6 € (0,3) be the parameter from 23) and (Z8).
Then for all k € T and o € Iy, we have

[SIES
N

M-

ol

Nak > Cn for  n:=N (6.2)

Proof. This is just [3, Eq. (3.18)]. (In [3] it is assumed that M = N3%< with ¢ > 0. We
only assume M > N? but the proof remains true.) O

“Note that k € C? N Z? enforces o, € Iy, so the denominator nimk does not vanish.
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By (7)) we conclude that n — oo as N — 0o at least as fast as n > CN&.

Next, we compile estimates on the deviation operators &,(k, ¢) defined in (4.9) and
£ (k, 0) defined in (AIJ), which are partly based on [3, Lemma 4.1].

Lemma 6.3 (Bounds on &, and £9). Let k, ¢ € T™, a,a, € Ty N Ly, and q € By, -
Then for all v € F we have, for all choicedd of € {-,*},

1€, 05| < NV, @k, O < ———|¥]|,  (6.3)

a,klbal naq,

and

C .
> stk 0PI < SN Ey? (6.4)

BELLNLy

Note that 5(59 ) (k, 0)* satisfies a sharper bound than &, (k, £)*, not requiring the number
operator A/ on the r.h.s. because (£I2)) does not contain any sum.

Proof. The first bound in (6.3]) was already given in [3| Lemma 4.1] for &,(k,¢). The
statement then follows for &,(k,¢)* = &,(¢, k). For the bound on Pk, 0 in ©3),
recall the definition (L12) of £ (k, 0) and use the operator norm bound ||a§, lop < 1. It
remains to establish (6.4]). Eq. (4.9) renders

k€BrNB
S oEkOUIES Y 5 (HZ (i)t (69)
BETRNI, ,BEIk NZy B,k""B,¢
h+keBLNBs « 2
T H Z <hié§Bchﬁ>ahﬂahik¢H ) .

Let us introduce the set Sg:={p: 8 |pFk € BrNBg and pF ¢ € Br N Bs}. The first
term in (G.5]) then becomes

nﬁ kT M H Z ap¢£apqik¢“ ( Z ||ap¢£ap¢k¢||>
6EI;C s

< Z < Z 1) < Z ||a;q:zap¢k¢||2) Z Z ||apq:zap¢k¢||

nﬁ,knﬁ ¢

661-ka[ 6k /B£ p655 pESB 661' ﬂI /Byk /87 peSg
C . .
2 L2
Yo D el < SN
BELNIy pGSﬂ
where we used the Cauchy-Schwartz inequality, 3° .5, 1 < min{n3 ,,n%,} < ngpngy
and ||a ||,p < 1. The second term on the r.h.s. of (63) is bounded analogously and the
proof for Eg(k, 0)* = E3(¢, k) works the same way. O

5The meaning of # as “adjoint” or “non adjoint” may vary between every appearance of the symbol,
even within the same formula; we mean that the statement holds for all possible combinations.
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In the trial state & € F from (B.H), the estimate (6.3) for (K, 0) is far from
optimal: Hag,HOp < 1 means that we bound the g-mode as if it was fully occupied. This

yields the initial bootstrap bound (&, ajaé;) = O(N™") with r = 0. It turns out below
that we can improve the exponent up to r = % —9.

Lemma 6.4 (Bootstrap Bounds on £9). Let k,¢ € ™", aqg € I NZy, and q € B,,.
Assume that there is v > 0 such that for all t € [—1,1] and all ¢ € Z* it is known that
(with C' independent of t,q’)

(& apagé) < CNT. (6.6)
Then (with § € {-,%}) for all t € [—1,1] we have
C

naq ,knaq N4

1E9 (K, 0)°¢,]| < N7, (6.7)

Proof. From ([fI2) and using ||a}, [lop = 1 we have

||a2¢éaq¢k5t|| + ||a2aq¢€ik5t|| < llageréell + |lagrerél|

1€ (R, 0)&| < < (6.8)

Nag kMayg,l Nag,kMag.b
By the bootstrap assumption, |lay&| = (ft,az,aq/&ﬁ < CN~z, which renders the
desired bound for [|E (k, 0)&,||. Analogously one estimates ||\ (k, 0)*&,]|. O

We also need to bound the ¢*- and c-operators.

Lemma 6.5 (Bounds for ¢*,¢). Let k € I'"" and consider a family of bounded functions
(9" ez, with g : Bf x By — R such that

supp(9®) € {(p.h: ) :p=h+k}.

Then for all f € (*(Zy) we have

| 3 a6 00| < 112 max (raallg® oc) [V + 130

a€Ly
. 1 (6.9)
| > Faclg ]| < 1 max (na g™ o) IA7H01
In particular
| 3 facs®)e| < IAIANV + D30l || D fecalw| < IV (6.10)
acly a€Ty

Proof. For (6.9) see [4, Lemma 5.4] (note that in [4], a factor of n;}g is included in the
definition of c*(g) instead of the weight function g). The bounds (6.I0) follow setting
g = d 1, defined in (E4). O
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Analogous bounds could be derived for the operators ¢*(g, 1), which just differ from
cf;q (k) by an additional factor of (J,, + 0q), see (7). However, these Kronecker deltas
significantly reduce the number of summands, from ~ n,, j to ~ 1. Accordingly the
following lemma provides sharper bounds. In particular, applied to & one achieves an
even better bound depending on (&, a;,aq/§t>, which is also used in the bootstrap.

Lemma 6.6 (Bootstrap Bounds on c*,c). Let k € I™, ay € Iy, and q € B,,,. Let gy
be defined as in ([@T). Then for ally € F and any choice § € {-, %} we have

(g9l < —— (6.11)

g,k

Further, suppose there isr > 0 and C > 0 such that for allt € [-1,1] and all ¢’ € Z3
we have

(& apagl) <CNTT. (6.12)
Then there exists C > 0 such that for all t € [—1, 1] we have
¢
le(ggr)éell < NI (6.13)

We caution the reader that a bound like (613 does not hold for ¢*(g,x)-
Proof. Statement (G.IT)) follows from definition ([7T) and [|a}]|o, < 1: For ¢ € B, e.g.,

1 1 1
* < - * ok < — .
e i)l < o llejaeesil < el = o

(6.14)

Concerning the stronger bound (G.13)), in case ¢ € B, we use ;.1 < 1 to get

1 1
Hc(gq,k)gtH S ||a'q:Fkaq§t|| S ’fl— <€t,a;aq€t> S n—k\/ CN— . (615)

ag,k o,k
The same arguments apply to ¢ € Bp. O
Finally, we also need to bound combinations of ¢*—, ¢—, and &,—operators.

Lemma 6.7 (Bounds on Combinations of ¢*, ¢, and &,). Let k,{ € T, a € I;, 8 €
T NIy and suppose that V' is non-negative. Then there is C > 0 such that for all
n,m € N and all choices of § € {-,*} we have

|52 Ry s (O i 08k, 0| < NV e gy
6Et, 0,

o (6.16)
| S 0 a0 st 0768 0] < CNTD gy
6Et, 0,
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Proof. To establish the first bound, we use the fact that Ez(k, £)* commutes with N:

| S 0 KOst O, 00

6T,

< >l aq6|HZ ™) a5k (0Es(k, ) ¢H

BELLNI, a€ly

©I0)

S I gl (X 1Ol NN + 136500050

BELLNIy a€Zy

©I) ~ ~ 2 1

< (VO MTE S €k PN + DFY
BELLNLy

< vt ) (0 Iest 0+ i)’
BELNLy BELLNLy

=TT MW+ 1 (6.17)

For the second line of (G.I6), we start with

|30 (R0 s RO sslh 0

(6.18)

D2 () s (O s €k 0%, (O]

The first term is bounded by (6.I7). The commutator can be explicitly evaluated:
[Es(k, k), Ca(k")]

()
Z fk k', k” ahik”ahik’q:k - Z ghk,’k,, (p)ap¢k//ap¢k/ik ,

na KMo k' Mooy K (

P
with
h£k" € BoNBE pTk" €BaNBr
(€9 a
,5,2, wr(h) = x| hek'eBanBg , g,(C ]3, w(p) ==X | PFKEBanBr . (6.19)
Y hdk'FkeBaNBr o pFk'LkEBaNBE

The three commutators for different choices of § € {-, %} can easily be deduced via
Es(k, 0) = E3(0, k) and [Es(k, 0)*, ca(0)*] = —([E5(k, L), ca(f)])*. If in both instances
f = % is chosen, we can bound

| 30 (KW KO slsth 010
SR,
< H Z EE) oyl aa<sz” ahﬂ;kahﬂ ngw p:péika;¢e>¢“-

n n
a€LNZy ok a,l
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Recall the following elementary bounds for f € (*(Z* x Z?*) from [7, Lemma 3.1]:
| > st k)ag, ]| < 207161V + 1))

b1kt 1 (6.20)
| > s kag ey | < IflINEYI
k1, ko €23
Introducing the functions
X(h : Oé) n m «
fraegor() = 37— E e (K (K)o (K (K)o fir (h)
a€T,NT, a,kTba, k! oo k!
N (6.21)
Grsesn(p) = D e (K (R) (K (K)o (P)
o, kMo k! Moy k'
a€T,NI, & ) )
we estimate
| >0 () ) s (O™ plEs ke, 0)" ca (O
a€ely
BELLNIy
P . (6.22)
< Z fk,ﬂ,é(h)ahﬂ;kahiW + Z gk,é,f(p)ap:peikap:FW
h€Br pEBS

1
< 2(|| freellz + Ngreell2) [N + 1) 2],

where in the last line we used ([6.20) with f(h+lFk, h+l) = froe(h), so || flla = || fr.eell2,
and f(p FLxk,pFL) = gree(h), so [|fll2 = [|greell2- To estimate || fxecll2, note that

«a m - - —_ _
LM <1 = | freeB)] < (CV)MOV)™ ™3 M2 (6.23)

Further, the support of fis, only contains holes with a distance < R to the Fermi
surface 0By, whose surface area is of order N 5. Thus

| fueellz < (CVR)™ (CVe)™n > M~2|supp( fi )2
< (CV)"(CV)™ 3 M2N3 = (CV;)(CVy)™ n "M N3+ |
The same bound applies to ||gxee||2. Therefore, the second term on the r.h.s. of (G.I8)
for § = x is bounded by

| >0 (K s (KOsl k, 0)", ca(O]|
stit, (6.25)
< (V)" (CVe)"n ' MTINTS 2N + 120
Since § < 1 < L and (M +1)7 < (N + 1), this is smaller than the required bound in

the second line of (G.I6). So we established the second line of ([6.I6]) for § = * in both
places. The bound for the three other choices of § € {-, *} is obtained analogously. O

(6.24)

The following lemma was already proved in [4, Lemma 7.2], using Gréonwall’s lemma.

Lemma 6.8 (Stability of Number Operators). Assume that V s non-negative and
compactly supported. Then for allm € Ny there ezists Cp, > 0 such that for allt € [—1,1]

N+ 1)me S < Ot N 4+ 1) (6.26)
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7 Controlling the Bosonized Terms

We now use the bounds from the previous section to derive estimates on the expectation
values of adj ), defined in (£.2)), and on the commutation error

Eng =15, adg’zbl] ady ) neN. (7.1)

Lemma 7.1 (Bound on the Commutation Error). Suppose there is r € [0, 2] such that
for allt € [-1,1] and ¢’ € Z3 we have (with C independent of t,q’)

(6 alyagl) < N (72)

Further, suppose that V s non-negative and compactly supported, and let § € (0, é) be
the parameter from (Z3) and (28). Then there exists a constant € > 0 such that for
alln,N € N and t € [—1,1] we have

(1, Engls)| < Epelltl N=5+30-5 (7.3)

(We use the symbol € instead of a generic C' to emphasize that the exponent is the only
n-dependence on the right hand side of the estimate. This is important for ensuring that
sums over n converge in the proof of Lemma[81.)

Proof. If q is not inside any patch, then the statement is trivial since ad”™ ! oy = 0= ady
thus also &, , = 0. So we may assume that ¢ € B,, for some 1 < q, < M. Recall that
ady 4 is given by A, B, and C (for even n) or D, E and F' (for odd n) as defined in
(B2) to (B4]). We observe that [S, A,] = 0 and moreover define

gP) =1[9,B,] — Dy — Eniy

£ =15 Crnmm) = Do mirm — Frmmi

EL) =15 Do) — Anit = Co it — Coonm i1 (7.4)
EF) =[S, En] — Apy1 — Cny — Bua

E =15 o] = Anit = Coumvtm — Conmt1 -

(In the proof of Lemma [A.T] we will see that the subtracted terms, such as D,, 1 + E, ;1
for £B), are the bosonization approximation of the commutator at the beginning. So

&(LB E,Eme are the deviations from the bosonization approximation.) Then we
may express the commutation error for n > 1 as
n—1 n
EB) L (gBN* 4 Z ( )5,§Cmm for n : even
gn—i-l q ms:1 n S (75>
EP (&) &P el . forn:odd,
where n = 25 + 1 for odd n. For n = 0, we have & = 0, since ad;,(b) = [S,aa,] =

[S, adg,(b)] (see also Appendix [A]).
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Bounding £®): Recall that K (k) is symmetric and that k € C? implies o, € Zy. For this

proof, let us adopt the convention that ), denotes a sum over k € Ci1NZ?* and Do a
sum over all £ € I'™" such that o, € Zy,. A straightforward computation starting from
the definitions (5.3) and (5.4) and using Lemmas and (4] renders

(&, EP)E)| = Z D K () sy (K (B))ag.on

k,k" o€y,
[e%1 EIk

X (&, (ca(K)EL (K k)cay (k) + EL (K, k) ca(K)a, (k) &)

%2 > K(K)ap(K (k)" )ays

k,k" o€y
BELKNL,,

X (&0 (" (ga)ca(KNEs(k, k) + ¢ (gq0)E(k, K )l (K) &) | -

By the Cauchy—Schwartz inequality

(€ £8P < (IP) + (D) 4 (ITP)) + (V) | (7.6)
where
I(B ZH Z K(k aqaC gt ) Z aqalg(g (k/ k)cay (F)&l|
k.k' o€l
(1) ZH Z K (K)o, o (K)ED (K, k)€, ‘Z )y e Con ()|
k,k"  a€Z
() = 23" e qu&H) S K)o (K (B) oy scn(K)Es(k, K&
i 5T
(V) Zn (9G] D0 ER)as (K (k) ) salk K ) (W)
5T

We start with bounding (II®)), which is slightly easier than (I®)). By Lemma

() ZHK woll2 N+ DZEDE B &\ (K E) o, 12 |N2&]| . (7.7)
kK’
Lemma yields

I e = (S Dal?) < (T 02) < (CTrart. (19
The second factor containing A is controlled using Lemma
INZE|” <(Q, €SNV + 1)e 50 < (9, N + 1)) = M (7.9)
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In the first factor containing A in (Z7), we apply Lemma [6.4] together with n,, x > Cn
to get, for an arbitrarily small € > 0 and some c¢. > 0 depending on ¢,

1 1 celt] r
[+ 0. Rye| = NP 06+ e (e < O N5 (710)

where we used that 5(59 )(k;’ , k) preserves the particle number. So finally, choosing a fixed
e > 0 small enough, there exists ¢. (independent of r,¢,¢" and n) such that

(II®)) < el Z(ka)”(CVk/)ﬂ_2M_1N_%+g . (7.11)
N

(The e-dependent estimates turn out to be subleading to the other error terms, so that
the dependence on ¢ does not show up in the statement of the lemma.)
In (I®), using Lemmas [6.1] and [.5], the first norm can be bounded by

| 3 Kb,k

aGIk/

<K (K)o, 2NV + 128 < CVe M2V (7.12)

For the second norm in (I¥)), we have

| 32 )y EO K ), (06 (7.13)
aleIk
< || 32 K0 ayanan (ED 1] | D2 ) g [E2 (8, ), o (]
a1 €Ly a1 €Ly
The first norm on the r.h.s. is bounded just as the second norm in (H(B)) by
H D (K (k)" oy Can (R)EL (K K)& H < e OV 2 M2 N5 e (7.14)

a1 sz

For the second norm on the r.h.s., in order to control the commutator term, we use the
explicit form of & (g)(k’ k) as in (IZ:I:ZI) We restrict to the case ¢ € Bf (¢ € B can be
treated analogously) and use that [8 (k’ k), ct (k)] = 0 whenever o # ay:

|32 (0 g [ (8 B s ()| < (CVRI M EL (K B, o, (W)€

(CV)" M \ \
< (M@ sqsr s aperap)&ll + [ahagzrir aprrapléell)

naqvknaq’kl p:Qyq

CVi) M1 N
- (2L (lager agsell + lagerewaqenéell) < (CVi)™n M. (7.15)

naq ,knaq 7k,

)

By definition ([B2) of n, (ZI5) scales like n=3M~! = n=2M 2 N~3%2, whereas (7.14)
scales like n"2M 2 N~5%¢. Since r < 2, remembering the factor (ZI2) and fixing some
€< g, we have the common bound

I < S (CV)M OV )n 2 M N545 (7.16)

kK
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Concerning (ITI'®)), the second norm is bounded by Lemma 6.7 as

| > KOap (B () sn(K)Eath, K
aGIk/
ﬁEIkﬂIk/

< (CV)"(CVe ™ MW + D&l -

Estimating the first norm in (III®)) with (6I3), we obtain

(IIP)) <D (CV)"(CVi M IN72 [(N + 1)l - (7.17)

ook
By Lemma 6.8 we have ||(NV + 1)&“2 < O, (N +1)2Q) < el Consequently

(II®) < M (CV)"(CVir)n M ' N2 (7.18)
b,k

The term (IV®) is bounded analogously by

(V) < MY (CV)" (CVi)n M ' N2 (7.19)

e,k
We add up all four contributions to &P and get
(€, EPEN] < eSS (CV)MCVi)n 2 M IN"3F5 (7.20)

kK

The same bound applies to [(&, (S,gB V)| = |<§t, §t>|
Bounding £(©): As before, from definitions (5.3) and (5.4)), using Lemmas and [£.4]

we obtain

|<§t7 n— mmgt I_ Z Z K k)n_m)aqﬁ(K(k)m)aq,(mpq,k

kk"  a€Zy
a9 sz
BELLNLy,

X <§ta (Ca(k/)gﬁ(k,> k:)cocz(k:) + 85(]{5/, ]{?)C ( )Cocz( ))§t>
F3 S KW )as K)o (K)o

kk o€l
a1€Ty
BELLNL,,

X (&e: (cay (R)eo (K)Es(k, k) + ¢, (k)Es(k, k) (K)) &) | -

By the Cauchy—Schwarz inequality
(€, €9 60| < (19 + () 4+ (1) 4 (V)

where
p k —m k %k m
(1) o= 37 P S R s K ()" (K ) (K| 2 (™ e (R
kk’ €y, €Ly
BELLNLy,
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() 5= 52| 3 KOs (K" s (KE K16 || 32 ()™ ()6
k.k acl;, ag €Ly
ﬁEIkﬂIk/
() 5= 37 || 5 (R 9o V& [| 32 K (0D B ) s (K e
k.k a1 €Ly acl;,
ﬁEIkﬂIk/
(V) = 3PS (K0 (R ||| D2 R s (6 ()™ s KN (K|
kK a1 €Ly acl;,

ﬁEIkﬂIk/

In contribution (I(¢)), the first norm is bounded by Lemma 6.7 and the second norm
as the second norm of (II'?). We end up with

(1) < 7M™ py i (CVR)™(CVi ™ M2 (7.21)
kK’

The term (I1?) is bounded analogously and the last two terms are identical to the first
two, under the replacement of m by n — m. Thus we have the three bounds

(1), (1), (V@) <MY py b (CVI)(CVen M2 (7.22)
kK’

From the definition ([@II)) of p,; and from (62)), and recalling that k£ € C? implies
oy € 1y, it becomes clear that

pak <n2 < On2. (7.23)

Adding up all contributions renders (independent of the bootstrap assumption)

(6, E )| < MY (CV(CVin M2 (7.24)

kK

Bounding £P): Again, from (5.3) and (5.4)), using Lemmas and .4 we obtain

(€& = | 2P DT K s (K ()™ g (K (R) a5

kK’ a€l,,
a1 €Ty
BELLNL,,

X (&4, (Con (R)E (K, K)CL(K) + o, ()5 (K)Es (K, ) 1)
+Z% S KR)as (K (5)™ ™)y s (K (K)o o

aEIk/
ag€Ty
BELLNL,,

X <£t7 (CZ(k/)gﬁ(kv k/)COrQ(k) +5ﬁ(k7k/>c ( )COQ( ))£t>
+quk 3 K (K)o (K ;) ™)y (5 ()™ aya € Ealk, K)E)]

a,BEL;
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By the Cauchy—Schwarz inequality

(6, E2 0 mad| < (IP) 4+ (P)) + (ITP)) 4 (IVE)) 4 (V)

where
(1P = % Z(K(k)"‘m)aq,mcil(k)& ‘ Z KK Yag (K (k)™)ay 585k, )l (K),
kK’ ay €Ly €Ly
BELLNL,,
p7 n— m / * / /
(H(D)) = %k Z (K(k) aq a1 Oq gt ) Z k ocﬁ ) )aqﬁca(k )gﬁ(k’k)gt
k,k’ a1 €Ly, €Ly
,BEIkﬂIk/
p7 / n—m 1\ * / m
(AP s= 30225 R s (B ()™ g s ) B | SO )™ ()6
k,k! €y, €Ly
6EIkﬂIk/
p / n—m / 1 * m
(V) = 7 > K)o s (K ()" )a pea(k)Ea(k, k)& | D_(K (K)o 0ca (K)&
acly €Ly
6EIkﬂIk/
(V) = pa|| D (k)" s (B (R)™ ) 55 (R, k)| [I1E0]] -

k BELy

The first four contributions are exactly bounded as the four contributions of &S?’mm
For (VP)), we use p,r < Cn~2, ||&]| = 1 and apply the Cauchy-Schwartz inequality:

)=C Z ”_QH D E R oy s (K ()" )ay 5E5 (K, k)

BETy
, 3 3
<oy (z ) s KR ) (z e w)
BELy, BELy
1
2 1
<Y (Z cvk>2n+2M—4> (n2iae)”
BELy
S ec‘tl Z CVk n+1ﬂ_3M_% S €C|t‘ Z(Cvk)"(CVk/)n_SM_%
k k. k!
where we used Lemmas [6.1] and in the third line. Thus
(& Ex2 )| < TS (CV)M(CVin =M (7.25)
ko k!
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Bounding £®): Finally, again from (5.3) and (5.4)), using Lemmas @3 and E4] we obtain
(& EP6)| =

1 / n / / * / APR ]

S S KK i (KR Y (o (e KEL (K R () + £ K. Rk, () 0)

k,k' o€y,
a1€Ty

* % D D KK)ap(K (k) )ays (& (¢ (gg0)cal(K)E(K', ) + ¢ (g0.)Ea (K K)ealk) )

k,k' acl;,
BELy mZk/

+ZMZK o s (K (B)") 500, Eak, K)ED| .

BELy

By the Cauchy—Schwarz inequality

(&, EP€)] < (1)) + () 4 (1) + IV + (VD))

where
I(E ZH Z K aaq a k/ gt ‘ Z aqoq q (k/ k) . (k)ft
kk!  a€l
(11 ZH Z K (K)o, (K )ED (K k)€, ) Z Jarg.on o (K
kk!  a€l
() o= =S el 30 K )as (K () sk )EsH s
k:k’ Q€T
ﬁEIkﬂIk/
(V) = 25 el 30 KR )as(K () 55K, RealR)Es
k,k! Q€L
6EIkﬂIk/
=2 s > K (ke s (R) o 55 (R, R[]

BETy

The first four contributions are bounded like the four contributions of E,QB). The fifth
contribution is bounded by the same steps as (V(P)):

) < OZW( S K (K)o s >aq,ﬁ}2)%(2 |5k, k)gtnzf

BETy BETLy
) 1 1 R R
<3 (V)M (n_2||./\/5§t||2) T < SOV OV M
k kK’

Recalling n = Né_%M_%, the final bound for |<§t, ftﬂ (and its adjoint) is thus

(&, EEN| < eSS (CV)" (CVi)n 2 M IN"5F5 (7.26)

kK
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Bounding £): Since S* = -9, F = Dym A, = A, and C}, ., = Cpy p, We
obtain from (7.4]) that (S(F) )= Sr(,f)z_m, SO

n—m,m

(€0, €S0 )| = (&, E el < TS (V)" (CVi)n M5 . (7.27)

k&

Summing up the bounds: Consider again (TH). If n is even, then there are 1 + 1 +
S () =3 (1) = 2" terms to bound. Since r < 2, and Y, runs over finitely

m=1 \m m=0 \m 37
many elements, we have, for some fixed €; > 0, the bound

(€, Envrgbe)| < 27D (CV)" Von 2 M INTEFS < @pleClINT3+3075 | (7.28)
kK’

This is (7.3), which we wanted to prove. If n = 25+ 1 is odd, then the number of

occurring terms is 1+ 1+2%° (7)) =3" _ (") =27, and (Z.28) still holds. O
The second bound required to prove Lemma [8.1]is the following.

Lemma 7.2 (Bound on the Bosonized Commutator). Suppose that V ois non-negative

and compactly supported. Suppose there is v > 0 and C' > 0 such that for all t € [—1,1]

and all ¢ € 73 we have
(& apag&) < CNT". (7.29)

Then there exists € > 0 such that for alln, N € N\ {0}, g € Z3 and t € [-1,1]
(&, adg ) &)| < €5 (7.30)

(We use the symbol €, instead of a generic C' to emphasize that the exponent is the only
n-dependence on the right hand side of the estimate. This is important for ensuring that
sums over n converge in the proof of Lemma[81.)

It becomes clear from the proof that we could also obtain the stronger bound
(€, ad? )| < CreCmax{N-575+2 N5} (7.31)
However, for applying Lemma in (83]), any bound not growing with N is sufficient.

Proof. Recall (5.2). If ¢ is not inside any patch, then adg,(b) = 0, so the statement is
trivially satisfied. We may therefore assume that ¢ € B,, for some 1 < oy < M. We
use the convention ), = ", 5-zs. By Lemma [61] and by (Z23)) we obtain

(& A =D (K (k) ayagpar < D _(CVR)"M ™02 =Y (CV)"N=3H . (7.32)
K K K
For B,, we use Lemmas [6.5 and [6.G] to get

€ Bu)] < 3 llelgan)&ll|| D2 (K ) s (R

a1€L,

(7.33)

c o, 1
<> N72||[(K (k)" ), l2INZE] -
k

Nag k
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Now, by Lemma 6.2, we have n,,; > Cn (recall that k € C% implies ay, € Z;,), and (Z9)
allows us to bound [N 2&]|| < eIl so together with (Z8) we obtain

)

(€, Bue)| < e (CV)TINTEM Y = ec\tlz (CVp)"N~573%3 (7.34)
k

The same holds for the adjoint. The bound on C,,_,, ., is obtained by the same steps,

together with (7.23):
|<§t? n— mmft ‘ < quk ) Z n m aq alca1 St ‘ Z aq,azcaz(k)ft
a1 €Ly

Squ,kH ()" e 2]V 2 ] ()™ )aq,.!\al\N§€t||
k

< MICPM I = R TCTINTES L (73)
k k

For Dy, m, since D,,_p, n, is obtained from C,,_,, ., by replacing cq, (k) by ¢, (k), so
we only need to replace [|[N2&]|2 < el by [[(V +1)2&)2 < el yielding

(€t D) < MY (CV)PNTEH (7.36)
k

Since F,,_,, . = Dy n_m the same bound also applies to [(§;, Fnn-m&e)|-
Finally, E, is obtained from B,, by replacing c,, (k) by ¢, (k). So again

(€0 )] < ec't‘z (CVi)"N~375%% (7.37)
The total number of terms involved for even n is now 2" ' +1 + 1 + S (::1) =

277t 4 2m < 27 while for odd n =2s+ 1, it is 1+ 1+ > _ (") + >0 1( ) = 2",
So in any case, With >, running over finitely many elements, we have

1 [

(& adg 1) €e)| < €C|t‘22 (CVi)" max{N~ 3__+2,N_§+5} .

As the exponents on N are negative, this implies (Z.30). O

8 Proof of Theorem [3.1]
(b)

In this section we prove that the bosonized excitation density ng "’ is a good approxima-
tion for the true excitation density n,. The proof employs the bootstrap.

Lemma 8.1 (Bootstrap Step). Suppose that Vs non-negative and compactly supported,
and let § € (0, 5) be the parameter from [235) and Z). Suppose there isr € [0,2) and
C' > 0 such that for allt € [-1,1] and ¢’ € Z* we have

(& agagpé) < CNTT L (8.1)
Then, for allt € [—1,1] and all g € Z* we have

(&, azaqéy) Z (Q,ady 1, )| < CeClIN=5+20-5 (8.2)
0"
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Proof. If q is not inside any patch the bound is trivial since then ady )y = 0 and

(&, a3a,8:) = 0. So we may assume that ¢ € B, for some 1 < o, < M. Without

loss of generality ¢ > 0. We use the abbreviations (A>¢ = (Y, AY), ady = adg(aza,),

and denote the scaled n—dimensional simplex by tA™ = {(t;,...,t,) : 0 <t, <t,1 <
. <ty <ty <t}. Recall that &, , =[S, adg’zbl] ady . We expand

T

etSa*aqe tS § _adn + § / tnS€n7qe—tnS
n= 0

" (8.3)

+ / dtl P dtn*+1 €t"*+1S[S’ adn*‘(b)]e_tn*+ls )
tA("*+1) q,

This expansion can be checked inductively: The case n, = 0 is just the Duhamel formula

eBe ¥ = B + fot dt; e"9[S, Ble "% with B = ado ) = aaq. For the induction

step from n, to n, + 1 we write [S, adg*(b)] dZ*(Jbrl —|— En.+14- Then, we apply the
na+1 ni+1 nx+1 ni+1
Duhamel formula to adq’(f;) and use [ (1 dty ... dt, ad’ (Jbr = (ZT ady’ (Jbr Now,
using & = e, this expansion renders
* - tn n
<§t7 aqaq5t> - Z E(Q adq,(b)Q>
n=0
= 3 St Y [ 6, (84)
n= n*—l—l )
nx+1
+ / JUBI R e ((adq,(g) Ve, + <8n*+1,q>&n*+l> .
Applying Lemmas [T and [[.2] as well as [, ., dt;...dt, 1 =55, we obtain
* - tn
’<§ta aqaq€t> - Z n <Q a“dq (b) Q>‘
n=0
= f: M+e@§:MN—§+ga-g Lo (t€)" 4 (1€ NS
B n=nx+1 n' n=0 n' (n* + 1)
o n nx+1
< CtN~ 2436-3 + Z (t€2) + eCt (t€2) ] (8.5)
n! (n. + 1)!
n=ns+1
The last line vanishes as n, — oo, completing the proof. O

Proof of Theorem[31l. For t € [—1, 1], we introduce

* * tn
= (Q,eaa,e50) = (&, akak) . ) Z (9, ad7 ) 9) (8.6)

nO

S0 Ny = ng1. First, note that the statement in Theorem B.lis trivial if ¢ is not inside any

patch, since then n, = néb) = (. So we can assume that ¢ € B, for some 1 < oy < M.

Lemma BTl (the bootstrap step) provides us with
Ings —n\)| < CN—5%20735 (8.7)
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whenever the bootstrap assumption (&, ajyaqg&) < CN™" holds for all ¢’ € Z°.

By ||ai,|\op = 1, it is obvious that (;, a;,ay&) < 1, so the bootstrap assumption is
initially fulfilled for r = 0.

Using (5.7) and applying the estimates (G.I)) and (Z.23]) we obtain

> 22m—1

b m m

M =D Gy 2o (TR o
m=1 " kelanz3
oo 92m—1 (8.8)
CrN2mog =12 —-245
<) Z (zm)!(cvk) M2 =0(N"5%9).
m=1 geCanz3
Thus . ]
Mgt = Mgt — nébt)‘ + n((;;)t) < CON75+29°5 L ON75190 (8.9)

We now do two bootstrap steps: First, plugging » = 0 into (89) for any ¢ = ¢, we

see that (8I) holds with r = 2 — 25, Second, using this improved r in (89) yields

ngt < CN ~3+ with optimal coefficient r = 2 — 4. Using this again in (87) yields

}nq — ngb)} < ON"H2 O

9 Proof of Proposition

Proof of Proposition[3.2. Starting from (B:2]), we have to compute the diagonal matrix
elements of cosh(2K(k)) — 1. Recall the definition of Si(k) from (2I6). We use the
identities [6 (7.4)], where in all the proof we suppress the k—dependence:

Stl+1sT1

T T|—1
COSh(K) — | 5 ’ Sl ‘ |Sl ‘

sinh(K) = | 5 , (9.1)

This yields
1
cosh(2K) — 1 = 2sinh(K)? = 5(|51T|2 -2+ 5772 . (9.2)

The |Z| x |Z|-matrices |ST|> and |ST |72 can be diagonalized following the steps in [6)
(7.7)] and thereafter: We introduce

U= % G _HH) | (9.3)

with T being the |Z%| x |Z7| identity matrix, and obtain

UT|STIRU = (d%(d%(d+2b)d%)—%d% 1 0 o )
! 0 (d + 20)z((d + 2b)2d(d + 2b)%) "2 (d + 2b)z
U570 = d=2(dz(d + 2b)dz)2d 2 1 0 . 1
! 0 (d+2b)~2((d + 2b)zd(d + 2b)z)z (d + 2b) "=
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with the matrices d and b defined in (2.13). The diagonal matrix element of (9.2)) is

(cosh(2K) — 1)ay0, = i

1

+ (o (d + 2b) 2 ((d + 2b)2d(d + 2b)2) "2 (d + 2b)2 |ovy)
+ (0g|d™2 (d3 (d + 2b)d?)2d "% |ay) (9.4)
o+ {agl(d+20) 3 (d + 20)5d(d + 20) 1)} (d + 2) Fay) )

:;i(—4+(A)+(B)+(C)+(D))7

1 1 11
(= 4+ (aglab (@b (d + 20)a3) 2 dba)

with |o,) € (ol denoting the canonical basis vector corresponding to the patch B, if
ag € T or to the patch opposite to By, if oy € Z~. Using ([B.9) we can write

d= Y Xla){e|,  therefore d’la)=\i|a) Vs€ER;
o€t
v (9.5)
b= g|n)(n| with |n) = Z Nela) and g := ShnNTH
aclt
To evaluate (A)—(D), we use the identities (valid for any symmetric matrix A)
1 2 (% 2 _1
A2 = = 1— d , 2 , 9.6
7T/o ( A+u2) : A+u a (56)
and the Sherman—Morrison formula, for all vectors v, w € C'Iﬂ,
A7 o) (w]|A™1
A . R A 9.7
(A+ o) ) D 97)
Evaluation of (A): Applying ([@.3]) we get
(A) = A, (g|(d2 (d + 20)d2) "2 |arg) = Ao, (| (d® + 20) 72 |ry) (9.8)
with the rank-one operator
b:=dzbd> = gd|n)(n|d> = g|7i)(n| where |fi): =y N Snala). (9.9)

aclt
Applying the integral identities ([@.6]) and the Sherman—Morrison formula, we obtain

o2 d
(d?+2b)" % = —/ B
™ Jo ,U,2+d2+2b

9.10
Lo 2 [B ) 10
™ Jo 1+ 2g(n|(p* +d?)~"[n)
Taking the expectation value with |a,) and multiplying by A,, renders
2 [ 2000, |0l (1 + @)V
A) = Ao, (agld Yay) — = et d
( ) q<aq‘ ‘aq> T A 1 + 29<ﬁ"(,U2 + d2)_1‘ﬁ> :U (9 11)

™

2 /°° 2gma A% (12 +2,) 77
B o 14293 crem2(p2+A2) Ay
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Evaluation of (B): By means of the integral identities (0.6) we get

; N2 [T du
:g/ ((d+2b)% (d+ p?(d +2b)71) (d+2b)§>_1du.
Thus .
(B) = {agl(d+20)* ((d+20)kd(d +20)}) 7 (d +20)% o)
(9.13)

= ;/Ooowq\ (d+ p2(d+2b)71) " ay) du .

To compute the integrand, we use the Sherman—Morrison formula twice. First

2gd~n)(n|d™!
1+ 2g(n|d=Yn)

(d+20)" = (d+ 2gln{nl) ! = d~! -

and in the second step

-1 _ 2g14° _ A
(d+p*(d+2b)7") = (d+u2d 1 1+zg<n\d—1\n>d Yn)(n|d 1)

294 (d® + i)t n) (n|(d® + pi?) "
14 2g(n|d~"[n) — 2gp*(n|d="(d* + p2)~"|n)”
Using this in (@.I3]) and using the integral identities (9.6]) for the first summand, we get

= (d+ptd )+

_ 2
® =2 [ 5t [ 291 (oal( @ + 1) )| a
T Jo s, t 1 Y rJo 142g(n|d "t n) — 2gp2{n|d=1(d% + p2)~tn) H
2 fe'e) 2 ngl 2 2+)\gl -2
:1+—/ Iriagh (Ut + Aa,) du | (9.14)
Ty TH 29SS 2 A8

This agrees with (A) up to a replacement of —2gn? A’ by 2gn? p* in the numerator.
Evaluation of (C): As in (A) we use (@.5) to write

(C) = Aol {agl (2 + 2)2 |ay) - (9.15)
Applying the integral identities ([@.6]) and the Sherman—Morrison formula, we obtain

(d2+2”’)%=3/m(1— e ) dp
™ Jo %+ d? + 2g|n) (7

9.16
Cav D [l B il 10
7 Jo L+ 2g(n|(p* + d*)~'n)
Plugging this into ([@.13)) yields
) 2 1%, 2g){ag|(u? + &) YA
C) =\ Nay,|d|a +—/ Ty i ~
(O = Aagtaaldloa + 2 1 TSyl + @) ) 017,

o e 2gn2 (4 A2)?
:1+—/ g qu(u2 , q)2 — du=(B).
™ Jo 1+292a€I+na(:u +>\a>_ >\Of
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Evaluation of (D): As for (B), we will make the factors of (d+2b)2 cancel. Let this time
A:=(d+2b)2 and B := d. Then

2 [ 2
d + 2b)zd(d + 2b)2)? = ABAl:—/ - =) d
e A G e KN
2 [ '
= —/ ABA(ABA + pi*) ™' dp .
T Jo
Now, using Y X'V = (Y7'1XY~1)~! for any matrices X and Y, we get
ABA(ABA + 1i?)~' = ABA ((ABA)? + ;i*(ABA)) ™' ABA 9.16)
= AB (BA’B+ 1i*B) " BA=A(A*+ i’ B1) A, '
Thus
1 1 1.1 1 2 &
(d+2b) 3 ((d+ 2b)2d(d + 2b) )3 (d + 2)+ = —/ (A2 4 2B dy
T Jo
S G VR o (R N 102 ) VU
) 2y “r), \@2ra 1+ 29(n| (12 + d2)Ld|n) a
_q1_2 /°° 2g(p? + d*) " d?|n) (n] (* + d?) " q
Tk TRl @) tdny
In the expectation value of |a,) we obtain
2 [ 2gng AL (WAL
D)=1-- E— 1 du = (A) . 9.20
(D) 7T/0 29 % g 22 2 Th, 4 ) (9-20)
Plugging (O.11)), (O.14), (OI7) and ([@20) into (@) results in
1> 2gn2 (1° = A% ) (1 + A7)~
h(2K) — 1)y o = — ‘ ‘ ___qy. 9.21
(COS ( ) ) q,%q ’/T/(; 1+292a61+ ni(,UQ“')‘g)_l)\a H ( )
Proposition now follows by inserting this expression into (3:2). U

10 Conclusion of the Proof of Theorems 1.1 and

With Theorem B.Tland Proposition[3.2lat hand, it remains to show that the replacements
of Qr(p) by Q,(CO)(,u), of Ao,k by Agr, and of C? by C? only produce small errors. We
start with the following estimate.

Lemma 10.1. Let 6 € (0,¢) be the parameter from (ZF) and (2Z8). Let Qy(p) as
defined in (B9) and Q,ﬁo)(u) as defined in (LI12). Then

Qi) = QY (1) + O(M2N"5%0 4 M2 N + N7%) |

with the error estimate being uniform in p € [0, 00).
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Proof. Recall that with a different convention than [3], in the present paper we chose

gk = #Nuq ~ N~3. According to [3, Proposition 3.1 and (3.17)] we have

Qi) = 2gulk[kE ) % o (Pa) <1+O<M%N—%+5)).

ozI+

Here o(p,) = 4n M~ + O(N_%M_%) is the surface measure of the patch p, := k_lP

on the unit sphere. (In [3], Ao is called u, (k)2 Moreover it was assumed that § < i 5

with € € R being the parameter in the choice M = N3te, As pointed out already in
[4, Lemma 5.1], this constraint is superfluous.) As in [3, (5.15%(5.17)], we understand
Qr(p) as the Riemann sum of an integral over half of the unit sphere. This integral is

cos? 6 1
— dfdp =2 1— t — .
/S2 o0+ pt W( e (u))

The claimed error bound is then the same as following [3], (5.17)]. O

We can now establish the following proposition, which is almost our main result,
except that we still have C? (3.]) in the place of C? (2.19).

Proposition 10.2. If Vs non-negatwe and compactly supported, and if ¢ € B,, for
some 1 < ay < M, then

- )(M + A7
= 9l = Ny dp+ €, (10.1)
keCanzs3 / 1 +Qk ( )

where
1

€| < Ce !N~ 12 . (10.2)

Proof. With n{” as defined in (38), the error can be decomposed into three terms as

s / gr(p? — )(M2+)‘iq,k)_2 du'

€] < Ing = n| + |n

kecorzs 1+ Q" ()
Z / (gk PN )W A DT g = AL (W Aﬁ,ﬁ”) dﬂ‘
1+ QP 1+ Q¢ ()
=&+ &+ & - (10.3)
Theorem [B1] already shows that
E < ONT2 (10.4)
To express the other two error terms more compactly we define
fl) = g = N2 ) (P A2 )7 O = g = N ) (P AL )7 |
1+ Qr(p) 14 QY ()
FO (1) = gr(1® = AL (1 + A3 ) 7 (10.5)

1+ QY ()
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According to Proposition B.2] we can write

> [0 - £760) 0 (10.6)

keCanz3

EII —

while the error & becomes

€HI -

> 2 [0 - 0w du‘ | (10.7)

keCanz3

To estimate &y, we use that according to Lemma [0l we have Qp(p) — QI(CO)(M) =
O(M2N-51 4 M~2N° 4+ N=9) uniformly in p € [0,00). Therefore

Mook Qi) — QY () '
En = g - dp
2 I £, >2<1+@k<u>><1+@$’<m>
< ) 9’“/ ‘u +A S| du O(MEN"3" 4 M7INS 4 N7O) . (10.8)

keCanz3

Here we used Qg(p) > 0 and Q\”(n) > 0. Since (p2 — A2 ) (1? + AL )% has the
antiderivative —u(u? + A3 )7, the integral is found to be )\;ql,k. Further, the opening
angle of a patch is of order M3 < Aag ks SO

Nag = 1+ @a, | = k- 1(1+ OM2)) = A\i(1+ O(M2)) . (10.9)

The condition (ILI0) from Theorem LTl implies A} < e and A}, < e '. We have

gL~ N ~% and the sum over k is finite, so we obtain
En=e¢'NSOMIN"5 4+ M 3N° 4 N9 . (10.10)

Now we turn to &r. We define the function h, : R — R by

2 2
_ -z

Recalling that Q,io) (u) > 0 for all p € [0, 00), and using the Fubini theorem, we obtain

2 2 2 2
ue = )\aq, H = A
Em = Z / . <(M2 . )\2 k)2 B e )\Qq,k>2> d,u'
keCanz? + Q 0.k
ag, k ah
— dxd
> o[ o / O (1 u'
keCanz3 L+ Q Ag k Oz
gk Bh
< Z Ik / / )| dedp = gk/ / )| dpdx .
keC‘ZOZ3 >\ ik kect]mzfi q k
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Since aah“( )= 295( )3 we conclude that

x/\/§32_$2 © 9,2 _ 2

s © %l [ G e [ ) 4
keCanz3 Aak 0 g @/v3 \HT T T

An antiderivative of (3u* — 22)(u? + 2?)™2 w.t.t. p is given by —u(u? + 22)~2. Thus

)‘a k
ge [reot |z[9de }Aqk Aoyt
2L w/A ity DI ‘

~ kA
keCanz3 keCanz3 AaykAg

From (I09) we get, with a constant C' > 0 independent of k, M, and €, the bound

‘)\q,k _ )\aqvk}

-1 _1 —1 _1
)\aq,k)\ozmk S Aq’kO(M 2) S CE M

Since g ~ N =% and the sum over k has finitely many summands, we conclude that
Em < e 'O(NTSM2) (10.11)
So collecting the estimates (I0.4]), (I0.10), and (I0.I1]), we conclude that
IE| < CNU2 4 T IN“SO(M2N"5H 4 M2 N° 4+ N79) .
1

Choosing the parameters 6 = 1; and M = N 3 yields the claimed bound. O

Proof of Theorem[I1. By [6l, Thm. 1.1} the ground state energy satisfies
info(Hy) = ENF + ERPA 4 O(N~579) | (10.12)

where B and ERPA are explicit constants (the Hartree-Fock ground state energy and
the Random Phase Approximation of the correlation energy) and o > 0. On the other
hand, in 3 Sect. 5.5, the energy expectation in ¥ was computed as

(Un, Hyon) < ERF + ERFA + @

where the error term € was bounded by
€| < C (N '+ M '+ NM) +Ch (M%N—%+% +N"E 4 M—%N%) .

The second term, of order M !, resulted from the bound on the linearization of the
kinetic energy operator by M~*N in [3, Sect. 5.3] and required a choice of M > N 5
This is not optimal; if instead of linearizing the kinetic energy operator directly we
linearize only its commutator with a pair operator as in [4, Lemma 8.2], its contribution
to & can be improved from M~! to h(M~Y2 + MN~5%) as in [4 Lemma 8.1]. With
this improvement, the dominant terms in the error bound are

€| < Ch (N-%+5M +NTE M-%N%) .
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With the choice § = 1—12 and M = N3 from the proof of Proposition [I0.2] we obtain

(Yn, Hytoy) < BSF 4+ ERPA 4 O(N—5731) . (10.13)

This establishes (9).

It remains to establish (LTI]). Note that the sum in k is symmetric under reflection
k — —k, so we may replace D? (LI2) by C? (219). Then, (ILI1)) follows from Proposi-
tion if we can show that extending the sum from k € C? to k € C? never decreases
the result by more than Ce'N—i712. In fact, since (LI0) implies A\, x > €, the same
arguments as in the proof of (I0.2) apply for any k € C?\ C%, so recalling (5.7) we get

0o 2 )2

l/ gr(p Aq,k)E,u +)‘ ) d,u—nf]b)

T Jo 1+Q ( )
1 [ PN (P4 A 1

_ _/ gr(p )Eu) D Qi — — (cosh(2K(K)) = 1), (10.14)
™o 1+ Q0 () ™2, =

@.3) 2 1

< En+&m<Ce N5 1z,

Since cosh(2K) — 1 is a positive matrix, we have (cosh(2K(k)) —1)_ > 0. Since the
number of momenta k € (C?\ C?%) N Z? is bounded by |Bg(0) N Z3| ~ 1, we conclude

- + A2 )
O e L R
recngzs QW)

&l

O

Proof of Theorem[L.2. By definition of 1)y, we have n, = 0 whenever ¢ is not inside some
patch B,,. So we may focus on the case ¢ € B,, for some 1 < ay < M. Theorem [B.1]
and Proposition combine to

Ik )‘(21 B+ A2 k) 1495
<y / e d+ CN1H2 (10.15)

keCanz3

Since Qg (1) > 0, for an upper bound the denominator of the integrand can be dropped;
the integral is then the same as in (I0.8]), found there to be A;;k. For k € C1NZ3, the

definition (B of C¢ entails
Aoy = [l - @0, |7F < RN?. (10.16)

The sum over such k is finite and g, ~ N3, so the leading order in (1013 is

ge [ (W =X )W+ A% )7 245
> / O dp < CN7540 (10.17)

keCanz3

Since § < 2%, the error in (I0.15) is subleading. The optimal common upper bound is
ng < CN~3™ where § = :5. This bound is uniform in ¢ € Z°. O
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Proof of Proposition[21. Comparing (I0.1I), which holds due to Proposition [0.2, and
([2I8), which is what we want to show, it suffices to bound the contributions from
k€ C?\ C? by

2+)\2 -2 1
Z / gr(p qk)( ak) du < CeIN—5 15 (10.18)

ke(Cca\Ca)NZ3 L+ Qk ( )

Comparing the definition (ZI9) of C? and the definition (BI)) of CY, we observe that
k€ C?\ C? can occur only if the momentum ¢ + k is outside the patch B,,, or if
|k - @q,| < N7°. The first case is ruled out by (2.I7). The second case can be ruled out
via (LI0) which implies A\, > €, and |k| > 1, as

- @ay| = [kl = ka1 + O(M™3)) > e(1+ O(M %)) .

In that case, the sum on the 1. h.s. of (I0.I8)) is empty. O

A Bosonization Approximation

In this section we show how ady ), defined in (5.2)), arises from a bosonization approx-
imation. We replace the almost-bosonic operators ¢*(g), ¢(g) defined in (ZI) by ex-
actly bosonic operators ¢*(g), ¢(g). Lemma [A.T] then shows that the multi-commutator
adg(agza,) becomes ady ) with ¢*, ¢ replaced by ¢*, é.

The exact bosonic operators ¢*, ¢ can be defined as elements of an abstract *—algebra
A. More precisely, we define the free *~algebra generated by

{a;,,, - q€Z°,p € B, h € Br} . (A.1)

In this algebra we form the x-ideal generated by the (anti-)commutator relations

{C:Lq7 C:LZ’} = 5(1 q > [517 hy 5:7,’}":] = 5p,p’5h o, (A2)
{aq> aq’} = {aq’ q’ } [CPJH Cp’,h’] = [Cp hs € ’h’] =0,
and the relation
[é;h’ &Z&q] = _5;,h(6h,q + 0pq) - (A.3)

(The latter can be understood as Cpp behaving like a pair creation operator.) Taking
the quotient of this free x-algebra with respect to the indicated ideal we obtain A.
In analogy to ([&Il), for g : B x Bp — C we define ¢*(g) := Zzegg g(p, h),
€DF

and &(g) = > pens g(p, h)éyp; moreover in analogy to (@), for o € T, we define
hGBF

e (k) == ¢ (dayx) with doi(p, h) = 5p,hik X(p,h : ). The statement of Lemma

«

then holds true also for the modified operators with g, as defined in (£L7):

[6Z(k)’&;dq] = _5a,aq6*(9q,k) . (A.4)
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The approximate CCR from Lemmas A.7] and 4] become exact, i.e., with p, as
defined in (ZII) we have

[©(9), ()] = (9:9) s [Calk), E5(0] = dapdre,  [Calk),E(9g.0)] = Oaa,OkePqk - (A.D)

Accordingly in (ZI4]) we replace ¢ and cx by ¢ and ¢* to obtain S. Thus we obtain
an exactly bosonic equivalent ad%(a;a,) of adg(aja,). To compare it to the bosonized
multi-commutator ady ) defined in (5.2), we introduce an exact bosonic equivalent

—n o
ad, ), given for n = 0 by ad, , := @;d, and for n > 1 by

n—1
YA, 4 B+ B+ (") Ern if 1 is even
—~n m
adq7(b) s n m=1 s n f ) dd (A6>
T " T- T I ni1s o s
En+ B, + m)Dn—mvmjL > (m)Fm,n_m n=2s+1,
m=1 m=1

where A, B, C, D, E, and F are defined by replacing ¢! by & in (5.3) and 4.
Lemma A.l1. Under the replacements of a* by a* and c* by &, the multi-commutator
ad§(aja,) becomes

ad2(ard,) = [S,....[S,a5a,) .. ] =ad, ) - (A7)

This motivates the definition of ad; 1, we used in Section [

~0
. . . Az .. . 0 /=~ \ _ ~x~
Proof. We use induction in n. The case n = 0 is trivial, since adg(a;a,) = a;a, = ad, ).

—~1 - ~ %
Step from n — 1 to n for n = 1: Here, in ([A.G) we have s =0, so ad, 4, = E1 + E;. On
the other side, using (A4) and K (k) = K(k)T, we get

adl(a2d,) = 5,44, :-% S S K(Raslei (k) — he. a4,

kermer o, BTy

— Z Z K(k)aa,Ca(k)E (gqr) + h.c. - B, +E,.
keCanz3 o€l

Here, we were able to restrict to C¢ N Z? since gq.k = 0 otherwise.

For the rest of this proof, we adopt the convention that ), runs over k € Ccinz?
while ), over k' € I'™".

Step from n — 1 to n for even n: On the 1. h.s. of (A7) we have
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where s = n/2 — 1. The CCR (A5) render

S, E,_ Z D K (K)as(K (k)" aga [Calk)Es(K), & (g0.)7, (k)]
kk a8, (A.8)

a1 sz

= én—l,l + Bn + An .

C’m/,m, AZ = An = A, and S* = —5’, which implies

It is easy to see that C’:mm,
S,E, ]=Ci..1+B,+A,. (A.9)

Likewise, and using D:mm/ = Fm/,m, we compute

[S, Do)

(S, Fon 1]

Wesumall 1+30 ("N +3>0 ("1 +1=2"" commutators and get

O}z

n—m,m + Cm—i—l,n—m—l + An )

C
ém n—m + én—m—l,m—i—l + An

CQz

ad%(@éfiq) =2""1'A,+ B, + BZ + él,n—l + én—l,l
/n—1\ - ~ ~ ~
+ 2_:1 < m ) (Cn—m,m + Cm—i—l,n—m—l + Cm,n—m + Cn—m—l,m-i—l)
n—1 n
n—1 4 r = ~ —mn

Step from n — 1 to n for odd n > 3: The 1. h.s. of (A7) is

n—2
- - o 1
ad(aya,) = 2" 2[5 Ay 1]+ [S, Bu1] + [S, B |+ <n ) S Chm Lm) -

m=1

Since A,,_; € C we have [S, An_l] = 0. Using the CCR as above, we get

[ga Bn—l] :Dl,n—l + En 5 [ga é’n—m—l,m] :Dn—m,m + Fm—i—l,n—m—l

and |5, :;_1] = 1:"”_1,1 +EZ. Putting all terms together and using Dmm/ = f)m,m and
—1 .

I:"mm/ = Fm’,m completes the induction step with s = *5=:
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B Formal Infinite Volume Limit

In this appendix we take the limit of the formula describing the momentum distribution
as the size of the torus L — oo. This is formal in the sense that we do not control
the error terms in the derivation of the momentum distribution uniformly in L. For
simplicity we assume that V' and thus also V are radial. As long as the side length L of
the torus is fixed, the proof of Theorem [I[LT] carries through unchanged, so

W(u? = 22, A2
ng(L)~ Y /gu q)(MJr 1) dpe . (B.1)

keCanL—12Z3 1+Qk’ (1)
Still g, = %ﬁf\kl’ and (LI0) renders 75 = 8mdp = 4ﬂk T (1 + O(N73)), so
) 3V iy [ = AL (4 A
ng(L) ~ L3 Z s (L + O(kg ))/ ’ 7
keCanL—123 SRk |k|x 0 L+ Q](CO) ()

Note that A,z = |k - 4| and Q,(f’ (1) both depend on k, but not on L. So we are able to
take the limit L — oo, in which the Riemann sum L= Y", becomes an integral

304 o (P = N2 ) (1 N2
1 q7 q’ . .
n, /dk787r2hk3|k| (14 O(ks ))/0 R (B.2)

For the approximate evaluation of this integral, we assume that the Fermi surface is
locally flat and that ¢ keeps sufficient distance to the boundary of its patch, so C? = C4.
The integral is then evaluated in spherical coordinates, as shown in Fig. Bl We consider
only the case ¢ € B, as ¢ € By can be treated analogously. The integrand is symmetric
under reflection k — —k, so we can replace C? by D?, see (ILI2]). The radial integral
over |k| starts where the sphere of radius |k| touches the Fermi surface, which is at

Ry = llal — kel (B.3)

The integral over |k| runs up to the maximal momentum transfer R glven by the diameter

of suppV The integration over # runs from 0 to 6., with cos 0.« &~ qu =: Amin- Thus

’ Omax o0 2 29 d
nq%/ d|k:||k:|223L§/ df sin 0 27r/ ,u2 COS2 5 ,uO
Rq hki k| o (K +cos?0) 1—1—@,2)(#)

dp
= dlk|lk dX .
/"”'4hw /  / AL+V 14+ QY ()

Since the potential is radial, Qk (1) depends only on |k| and not on A, so we may
compute the integral over A explicitly to be

(B.4)

1 2 2 1 1
12—\ A 1 R, k|
dy= | ——— = — B.5
/mxu+w% [M+%4Mm T+ 2 RK[2 + 22 (B:5)

The final result is

R 0o 9 -1
3 1 Ry |k d
%/Rd\ka\ ; ( _ Tl ) L (B

o dmhkis \1+p?  RZK[2+pu2) 14 Q" ()
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Figure 3: Left: Reflecting part of C? renders D?. Right: The integration range for a
fixed |k| in spherical coordinates.

C Comparison with Daniel and Vosko

The standard reference for the momentum distribution in the random phase approx-
imation is [15]. Daniel and Vosko use a Hellmann-Feynman argument to obtain the
momentum distribution from a derivative of the ground state energy with respect to an
artificial parameter in a modified Hamiltonian, where the energy is computed by the per-
turbative resummation of [20]. This approach may not very reliable because the change
in occupation numbers that the Hellmann-Feynman argument tests for corresponds to
changes in the energy of order A2, which is beyond the energy resolution that the rigor-
ous results provide. But at least formally we may compare (B.6]) to Daniel and Vosko’s
momentum distribution, given for the Coulomb potential and in the thermodynamic
limit in [I5, Eq. (8)] for ¢ € B§ a

\k| la|*—kZ

lg|+kr
n(DV,out) _ a d|k||]{}| ‘Q| B 2|I;’\
! lal Jig—x 0 Ik’\ 2,9 a2~k 29
ke (1ol - & +kFu (“et) + k22l

-1
< (IkPR:2 + 0 Q™ () ap,

with coupling constant o = % and

L} 2,2
kR(1 4 p2) — HE g (kF+ ) e

2kl (ke = 4) "+ ke (©2)

14+ AEL 1 — &L
— parctan e ) jLarctan 2hr .
fu [

6The variables ¢, k and u from [I5] correspond to Lkl, Li and g in our notation.
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Due to the long range of the Coulomb potential, there is a separate formula [15, Eq. (9)]
for momenta inside the Fermi ball:

ngDV,in) (C3)
o kp+\q\d|k||k| ) |q\ + |k\ k%2_\lllq|2 i
= — _ 5 -

k k
W+% I | du

+— [ d[k|[K| ( : ) .
(DV)
IQ\ k-t 0 (|q\ + "f‘) + k2 (—";' —~ |qD v k22 [RPRE? + aQy (1)

We take a short-range approximation of (CI)) and (C.3)) by cutting off the interaction
at some R independent of N, so that in particular |k| < R < kp. This allows for

simplifying Q,(CDV) (w); in fact, its contributions can be approximated as

RAL+ ) — B2 21402+ 0(1)  ke(1 +p2)

= = 1 k2 4
ilir 2\l g Ok (O
and
k || 2 k2,2
log <F+7>+_WL —kg(%a+u%+m%wumn)_mmu+0@;»
2 - 2 -
(@—@) F k22 k(14 p?) — kplk[ + O(1) ke (1 + p?)
and

jrarctan (1 i %> _ jarctan (%(1 + O(kzgl))) — parctan (%) Lo . (C5)
(

Thus, with (SR) indicating the short-range approximation,

1
QJ(CDV)(M) = Q(SR (1) + O(kg')  with Q(SR (n) :=4m (1 — parctan (;)) . (C.6)
Then outside the Fermi ball and with R, as in (B3], (CI) becomes

(DV,SR) _ /d|k|osz °°(1+(9(k:§1)_Rq\k\‘1+(’)(k§1)) du
q i L+ REZPH2 ) 1y alk Q0 ()

A comparison with (B.6) and (II2]) shows that Q,(f’ () should be identified with the
(SR ()

n

quantity a|k|2k3 , which corresponds to the following choice of the potential:

3V _9,9 - 8mrhky o 8ked, hkE
= a|k| kg4 &S V= k|7 = —— C.7
Tl MR ¢ ol# 3|k ]2 (C7)
With this identification, the V;dependent factor in (B6) amounts to
3Vk _ 26%oul _ 2c0 ' (CS)

Anhkdr — w2kplk]?  |k]?
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As % =1+ O(kg'), we can equivalently write

n

(ovsm) _ /Rd|k| [k[3V, /°° (1 +O(kg')  Rylkl™ + O(kzgl)) (L+O(ks")dp
Ry 2rhkir J, 14 p? R2|k|=2 + p? 1+ Q](CO) (1)

(C.9)

Inside the Fermi ball, considering n((,DV’in) in ([C3)), the second of the two integrals

over |k| vanishes in the short-range approximation |k| < R as soon as kr large enough.

The first term is identical to ngDV’in) up to a replacement of |¢| — @ by |q| + @ in two

places, of |q| — kr by kr — |g| in the integral limits, and of |q|?> — k% by k2 — |¢|? in

two other places. Thus, the expansion of ngDV’in) in the short-range approximation is

identical to n"VS™ | again agreeing with half our result (B.4) as kr — 0.
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