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Abstract

We consider a system of interacting fermions on the three-dimensional torus
in a mean-field scaling limit. Our objective is computing the occupation number
of the Fourier modes in a trial state obtained through the random phase approxi-
mation (in its collective bosonization formulation) for the ground state. We prove
that the trial state’s momentum distribution has a jump discontinuity, i. e., a well-
defined Fermi surface. Moreover the Fermi momentum does not depend on the
interaction potential (it is universal). Our result shows that the random phase
approximation in the mean-field scaling limit is in principle sufficiently precise to
identify a non-trivial Fermi liquid phase.

1 Introduction and Main Result

We consider a quantum system of N spinless fermionic particles on the torus T3 :=
[0, 2π]3, which may be understood as a simple model of a metal. This system is described
by the Hamilton operator

HN :=
N∑

j=1

−~
2∆xj + λ

N∑

i<j

V (xi − xj) (1.1)

acting on wave functions in the antisymmetric tensor product L2
a(T

3N ) =
∧N
i=1 L

2(T3).
As the general case with N ≃ 1023 is too difficult to analyze, we will consider the
asymptotics for particle number N → ∞ in the mean-field scaling limit introduced by
[31], i. e., we set

~ := N− 1
3 , and λ := N−1 . (1.2)

The ground state energy of the system is defined as the infimum of the spectrum

EN := inf σ(HN) = inf
ψ∈L2

a(T
3N )

‖ψ‖=1

〈ψ,HNψ〉 .
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Any eigenvector of HN with eigenvalue EN is called a ground state. In the present paper
we analyze the momentum distribution (i. e., the Fourier transform of the one–particle
reduced density matrix) of the random phase approximation of the ground state.

In the non-interacting case of interaction potential V = 0, the ground states are
given by Slater determinants comprising N plane waves with different momenta kj ∈ Z3

of minimal kinetic energy |kj|2, i. e.,

ψ(x1, x2, . . . , xN ) =
1√
N !

det

(
1

(2π)3/2
eikj ·xi

)N

j,i=1

. (1.3)

This is (up to a phase) unique if we impose that the number of particles exactly fills a
ball in momentum space; i. e., if

N = |BF| for BF := {k ∈ Z
3 : |k| ≤ kF} with some kF > 0 . (1.4)

This means that the Fermi momentum kF scales like1

kF = κN
1
3 with κ =

(
3

4π

) 1
3

+O(N− 1
3 ) . (1.5)

The set of momenta BF is called the Fermi ball. We also define its complement

Bc
F := Z

3 \BF .

As a first step towards including the effects of a non-vanishing interaction poten-
tial V one may consider the Hartree–Fock approximation. In this approximation, the
expectation value 〈ψ,HNψ〉 is minimized over the choice of N orthonormal orbitals
{ϕj : j = 1, . . . , N} ⊂ L2(T3) in the Slater determinant

ψ(x1, x2, . . . , xN) =
1√
N !

det (ϕj(xi))
N
j,i=1 .

(This is to be compared to the general quantum many-body problem, in which also
linear combinations of Slater determinants are permitted.) In general, the Hartree-
Fock minimizer will not have plane waves as orbitals. However, with our particular
assumptions on the potential, the scaling limit, and the particle number, one can show
[4, Appendix A] that (1.3) is also the (unique up to a phase) Hartree–Fock minimizer.
Thus in the Hartree–Fock approximation the momentum distribution remains the trivial

〈ψ, a∗qaqψ〉 =
{
0 for q ∈ Bc

F

1 for q ∈ BF .
(1.6)

It is highly non-trivial to understand if this jump in the momentum distribution
survives the presence of an interaction potential when going beyond Hartree–Fock theory,
and if it does, how its location and height are affected by the interaction. In physics,
it has become known as Luttinger’s theorem that the “interaction may deform the FS

1In [4], κ is defined as (34π)
1

3 , so in that notation κ = ~kF(1 +O(~)).
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[Fermi surface], but it cannot change its volume. In the isotropic case, where symmetry
requires the FS to remain a sphere, its radius must then remain kF (the Fermi momentum
of the unperturbed system)” [30]. In other words, the Fermi momentum is conjectured
to be universal, i. e., independent of the interaction potential V . This is in contrast to
the height of the jump, called quasiparticle weight Z, which generally depends on V .
As discussed, the Hartree–Fock approximation predicts that kF is independent of V ,
but also that the quasiparticle weight is Z = 1 independent of V . So to observe any
effect of the interaction, we have to employ a more precise approximation for the ground
state. In [3, 4, 6, 10, 11, 12, 14, 13] it has been shown that the ground state energy
can be approximated to higher precision using the random phase approximation, in its
formulation as bosonization of particle–hole pair excitations. In fact, there it was shown
that the ground state energy in the mean-field scaling limit has an expansion as

EN = EHF
N + ERPA

N +O(N−1/3−α) (1.7)

for some α > 0. Here EHF
N is the expectation value of the Hamiltonian in the Slater

determinant of plane waves (1.3); it is a sum of three terms called the kinetic, direct,
and exchange term, of orders N , N , and N0, respectively (unless V is taken as the
Coulomb potential). The correction ERPA

N to the Hartree–Fock energy is given by an
explicit integral formula [3, 4, 6] of order N−1/3. (The validity of the expansion to the
order of EHF

N was proven much earlier by [24]; Hartree–Fock theory has moreover been
derived as the leading-order approximation of the dynamics in [7, 2] and with mixed
states as initial data in [1].) In [5] it was shown that bosonization approximates well
the dynamics of collective pair excitations near the Fermi surface.

Our goal in this paper is to exhibit the prediction of the random phase approximation
for the momentum distribution. We will take a trial state constructed by bosonization
and compute the deviation of its momentum distribution from (1.6),

nq :=

{
〈ψ, a∗qaqψ〉 for q ∈ Bc

F

1− 〈ψ, a∗qaqψ〉 for q ∈ BF .
(1.8)

Our trial state is the same as in [3, 4, 6]. Trial states of a similar form have been used
in [12, 14] for mean-field Fermi gases, as well as for dilute Fermi gases in [17, 21, 22, 23].

To obtain sufficiently sharp estimates we use a technically complicated bootstrap;
to avoid mixing up different complications in this paper we only consider interaction
potentials V with compactly supported Fourier transform2. We expect that this can be
generalized to potentials satisfying V̂ ∈ ℓ1(Z3) using a cut-off as in [6, Theorem A.1]
to define the shell around the Fermi surface and decouple neighbouring patches, but at
the cost of obscuring the exposition of the main concepts of the paper. (For the ground
state energy even the Coulomb case has been covered [13], but this would require much
more effort to adapt to the present problem.) So to state our main theorem, we assume
that supp(V̂ ) ⊂ BR(0) for some R > 0. Further, we adopt the convention that C is
a positive constant (in particular not depending on N , V , or q) but whose value may
change from line to line.

2The interaction V (x−y) being a two-particle multiplication operator, we use the convention V (x) =∑
k∈Z3 V̂ke

ik·x for its Fourier transform. This is in contrast to wave functions, whose Fourier transform

is defined to be L2-unitary, ψ(x1, . . . , xN ) = (2π)−
3N
2

∑
k1,...,kN∈Z3 ψ̂(k1, . . . , kN )ei(k1·x1+...+kN ·xN).
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Theorem 1.1 (Main Result). Assume that the Fourier transform V̂ of the interaction
potential is non-negative and compactly supported. Then, there exists a sequence of trial
states ψN ∈ L2

a(T
3N ) with particle numbers N corresponding to completely filled Fermi

balls as in (1.4) such that

• the sequence of trial states is energetically close to the ground state up to the
precision of the random phase approximation (see (1.7)) in the sense that there
exists some α > 0 such that

〈ψN , HNψN 〉 −EN ≤ CN− 1
3
−α ; (1.9)

• and for any ǫ > 0 and all momenta q ∈ Z3 such that3

q /∈
{
p ∈ Z

3 | ∃k ∈ BR(0) :
|k · p|
|k||p| ∈ (0, ǫ)

}
(1.10)

the trial states’ momentum distribution nq can be estimated as

0 ≤ nq ≤ N− 2
3

∑

k∈Dq∩Z3

V̂k
2κ|k|

1

π

∫ ∞

0

(µ2 − λ2q,k)(µ
2 + λ2q,k)

−2

1 +Q
(0)
k (µ)

dµ+ E , (1.11)

where

λq,k :=
|k · q|
|k||q| , Q

(0)
k (µ) := 2πκV̂k

(
1− µ arctan

(
1

µ

))
,

Dq :=

{
{k ∈ BR(0) : q + k ∈ Bc

F} if q ∈ BF

{k ∈ BR(0) : q − k ∈ BF} if q ∈ Bc
F .

(1.12)

The error term E is bounded by

|E| ≤ Cǫ−1N− 2
3
− 1

12 . (1.13)

In the trial state ψN which we construct in Section 2, for “most” q ∈ Z3, the upper bound
in (1.11) is an equality. Due to the technical details of the trial state construction, we
defer the precise definition of “most” to Proposition 2.1.

The theorem is proven in Section 10, based on the sharpened bosonization strat-
egy explained in Section 3. A key role if played by the bootstrap of the bosonization
approximation, which justifies the use of the quasibosonic picture for nq as a “point-
wise” observable compared to the earlier results on the random phase approximation
concerning only the ground state energy in which the properties of the state enter only
“averaged” over the entire range of momenta.

One can also obtain a series expansion for nq in terms of Friedrichs diagrams [29, 8].

The bosonized momentum distribution n
(b)
q arises by restricting to a subset of diagrams.

3This restriction is a technical assumption needed for the step from the bosonized momentum dis-
tribution (3.2) to the explicit integral in (1.11), compare to the estimates of (10.3). The justification
of the bosonization, Theorem 3.1, is valid independently.
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The next-smaller diagrams render contributions of order N−1, to be compared to the
error bound (1.13) of order N− 2

3
− 1

12 . However, no convergence of the diagrammatic
expansion was established. Establishing convergence is a common difficulty with per-
turbative expansions requiring significant effort, whereas in our present analysis it is
proven rather easily (see the proof of Lemma 8.1).

As as a measure for the height of the jump at the Fermi surface we define the
quasiparticle weight as

Z := 1− sup
q∈BF

nq − sup
q∈Bc

F

nq .

(Note that in our convention (1.8), nq only represents the excitations with respect to the
non-interacting Fermi ball.) As a corollary of our main theorem, we obtain an estimate
for Z.

Theorem 1.2 (Jump at the Fermi Surface). Under the assumptions of Theorem 1.1,
the trial states ψN ∈ L2

a(T
3N ) exhibit a jump at the Fermi surface, in the sense that

Z ≥ 1− CN− 2
3
+ 1

12 . (1.14)

This does not depend on ǫ, nor is there any restriction like in (1.10). The proof is

given in Section 10. We expect that the sharp bound is of the form Z ≥ 1− CN− 2
3 , as

proposed in the physics literature [15] extrapolated to the mean-field scaling limit.

The presence of a jump in the momentum distribution is characteristic of the Fermi
liquid phase. Fermi liquid theory was phenomenologically introduced by Landau [28],
who argued that the interaction becomes suppressed due to correlations between parti-
cles, resulting in a system that on mesoscopic scales appears to be composed of extremely
weakly interacting fermions (which share the quantum numbers of the electrons but have,
e. g., a renormalized mass). Bosonization as a microscopic justification of Fermi liquid
theory was suggested by [25, 9].

A rigorous proof of Fermi liquid theory has been undertaken in a series of ten papers
surveyed in [19] in spatial dimension d = 2. This program used multiscale methods of
constructive field theory to construct a convergent perturbation series. To suppress the
superconducting instability, an asymmetric Fermi surface was assumed; an example was
constructed in [18]. The case d = 3 was partially analyzed by [16]. In this framework,
Salmhofer’s criterion [32] was formulated as a more precise characterization of the Fermi
liquid phase; however, it makes reference to positive temperature, which we believe
unnecessary in the mean-field scaling limit.

Our results concern a trial state, not the actual ground state. It is one of the fun-
damental problems of mathematical condensed matter theory to understand if similar
statements hold for the ground state. This is a very subtle question. It is expected
that due to the Kohn–Luttinger instability the ground state always has a supercon-
ducting part which smoothens out the discontinuity. However, we conjecture that the
Kohn–Luttinger effect changes the momentum distribution only on a scale which is
extremely close to the Fermi surface, well separated from the scale on which we ob-
serve the characteristic Fermi liquid behavior. A rigorous proof is challenging because
a-priori bounds through the ground state energy would have to be of extremely high
precision; in fact, a single pair excitation a∗pa

∗
h may change the momentum distribution
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from 〈ψN , a∗papψN 〉 = 0 to 〈ψN , a∗papψN〉 = 1 at a kinetic energy cost as small as or-

der ~2 = N−2/3; this has to be compared to the resolution of the ground state energy
(1.9) that is only ~N−α = N− 1

3
−α. Nevertheless, we believe our result is interesting for

two main reasons. First, it shows that the random phase approximation in the mean-
field scaling limit is sufficient to identify a Fermi liquid: it is neither trivial (as the
Hartree–Fock approximation), nor do we need higher orders of the expansion in N−1/3.
Second, our trial state (2.3) being given in terms of unitary transformations R and T
as RTΩ, it is natural to study the transformed Hamiltonian T ∗

R
∗HNRT to obtain a-

priori estimates on the deviation of the momentum distribution from its random phase
approximation formula. It remains very difficult to push this approach to the precision
obtained for the trial state and which would prove Fermi liquid behavior, but some
rough statements for sufficiently wide averages in momentum are possible; a discussion
of the obtainable estimates shall appear elsewhere.

1.1 Comparison with the Physics Literature

The physics literature [15, 26, 27] considers the system in the thermodynamic limit,
where sums over momenta become integrals. Our estimates are not uniform in the
system’s volume, but we can formally extrapolate (1.11) to the thermodynamic limit.
To do so, we rescale the torus T3 to the torus LT3 = [0, 2πL]3. The corresponding
momentum space is L−1

Z
3 and we can replace sums over Z3 by sums over L−1

Z
3. The

number of momenta in the Fermi ball BF := {k ∈ L−1Z3 : |k| ≤ kF} is now

N = |BF| ≈
4π

3
k3FL

3 . (1.15)

We consider L→ ∞ followed by the high density limit kF → ∞. The density is

ρ :=
N

(2πL)3
=

k3F
6π2

(1 +O(k−1
F L−1)) . (1.16)

Setting ~ := k−1
F , we can define Q

(0)
k (µ) via (1.12), and the r. h. s. of (1.11) becomes

nq(kF, L) ≈
∑

k∈Dq∩L−1Z3

1

π

V̂k
2~κN |k|

∫ ∞

0

(µ2 − λ2q,k)(µ
2 + λ2q,k)

−2

1 +Q
(0)
k (µ)

dµ . (1.17)

In Appendix B we compute the large-volume limit of (1.17) and obtain (B.6). For
comparison, in Appendix C we extrapolate [15]’s result to short-ranged interaction po-
tentials and obtain (C.9) for the momentum distribution outside the Fermi ball. In
the high-density limit kF → ∞, (C.9) converges to half our result (B.6). In view of this
remaining discrepancy we have moreover verified that our result agrees with the formula
that can be obtained from [14, Theorem 1.1] through a formal Feynman–Hellmann ar-
gument. Unfortunately we have not been able to pin down the origin of the discrepancy
in [15], presumably due to their only outlined adaption of the result of [20], where the
latter also do not specify the choice of units or the Hamiltonian used.
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2 Construction of the Trial State

The definition of the trial state ψN uses second quantization. That means, we extend
the N–particle space L2

a(T
3N ) by introducing the fermionic Fock space

F :=
∞⊕

n=0

L2
a(T

3n) .

To each momentum mode q ∈ Z3, we assign the plane wave

fq ∈ L2(T3) , fq(x) := (2π)−
3
2 eiq·x

and the respective creation and annihilation operators on Fock space

a∗q := a∗(fq) , aq := a(fq)

which satisfy the canonical anticommutation relations (CAR)

{aq, a∗q′} = δq,q′, {aq, aq′} = {a∗q, a∗q′} = 0 for all q, q′ ∈ Z
3 . (2.1)

The number operator on Fock space is defined as

N :=
∑

q∈Z3

a∗qaq (2.2)

and the vacuum vector is Ω := (1, 0, 0, . . .) ∈ F , which satisfies aqΩ = 0 for all q ∈ Z
3.

The trial state As a trial state ψN ∈ L2
a(T

3N ) ⊂ F for Theorem 1.1, we use the
state constructed by means of the random phase approximation (in its formulation as
bosonization of particle–hole excitations) in [3, (4.20)], i. e.,

ψN := RTΩ , (2.3)

with a particle–hole transformation R : F → F and an almost-bosonic Bogoliubov
transformation T : F → F that are both defined below. According to [3, 4, 6], the
state (2.3) is energetically close to the ground state, i. e., 〈ψN , HNψN 〉 = EHF

N +ERPA
N +

O(N− 1
3
− 1

27 ) in agreement with (1.7).

The particle–hole transformation The particle–hole transformation is the unitary
operator R : F → F defined by its action on creation operators

R
∗a∗qR := χ(q ∈ Bc

F) a
∗
q + χ(q ∈ BF) aq , ∀q ∈ Z

3 (2.4)

and its action on the vacuum
R

∗Ω :=
∏

kj∈BF

a∗kjΩ .

The latter product is (up to an irrelevant phase eiπ) uniquely defined and one easily
verifies that it is a Slater determinant of plane waves as in (1.3). We have R

∗ = R.
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Figure 1: Patches on the Fermi ball in
momentum space, with patch Bαq in-
cluding q.

q1
q2

q3

BF

Bc
F

∂BF

Bα1

Bα2

R

Figure 2: Close-up of a patch: in (2.17), q1
is an included momentum, whereas q2 and
q3 are excluded.

Particle–hole pair operators The key observation [3, 4, 6] motivating the choice of T
is that after the transformationR, the HamiltonianH becomes almost quadratic in some
almost-bosonic operators c∗ and c. For their definition we use a patch decomposition of
a shell around the Fermi surface. The requirements for that decomposition are described
in the following; an example of such a patch decomposition was given in [3]. We divide
half of the Fermi surface ∂BF := {k ∈ R3 : |k| = kF} into a number M/2 ∈ N of patches
P̃α, each of surface area σ(P̃α) = 4πk2F/M . The number of patches M is a parameter
that will be chosen as a function of the particle number N , subject to the constraint

N2δ ≪M ≪ N
2
3
−2δ , where 0 < δ <

1

6
. (2.5)

We assume that the patches do not degenerate into very long and narrow shapes as
N → ∞, or more precisely we assume that always

diam(P̃α) ≤ CN
1
3M− 1

2 . (2.6)

Inside each P̃α, we now choose a slightly smaller patch Pα such that the distance between
two adjacent patches is at least 2R, that is, twice the diameter of the support of V̂ . By
radially extending Pα, we obtain the final patches Bα with thickness 2R (see Figure 1):

Bα :=
{
rq ∈ R

3 : q ∈ Pα, r ∈
[
1− R

kF
, 1 +

R

kF

]}
. (2.7)

The patches are separated by corridors wider than 2R. To cover also the southern
hemisphere, we define the patch Bα+M

2
by applying the reflection k 7→ −k to Bα .

The center of patch Bα, a vector in R3, will be denoted ωα ∈ Pα, with associated
direction vector ω̂α := ωα/|ωα|. For any k ∈ Z

3 ∩BR(0), we define the index sets

I+
k :=

{
α ∈ {1, . . . ,M} : k · ω̂α ≥ N−δ} ,

I−
k :=

{
α ∈ {1, . . . ,M} : k · ω̂α ≤ −N−δ} ,

Ik := I+
k ∪ I−

k .

(2.8)

Visually speaking, Ik excludes a belt of patches near the equator of the Fermi ball (if
the direction of k is taken as north).
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Generally, we assume all momenta k, p, h to be in Z
3 and do not write this con-

dition under summations. Moreover, we adopt the following convention: whenever a
momentum is denoted by a lowercase p (“particle”), then we abbreviate the condition
p ∈ Bc

F ∩ Bα by p : α. Likewise, for a momentum denoted by h (“hole”), the condition
h ∈ BF ∩ Bα is abbreviated as h : α. For k ∈ Z3 ∩ BR(0) and α ∈ I+

k , we now define
the particle–hole pair creation operator

b∗α(k) :=
1

nα,k

∑

p,h:α

δp,h+ka
∗
pa

∗
h =

1

nα,k

∑

p:p∈Bc
F∩Bα

p−k∈BF∩Bα

a∗pa
∗
p−k (2.9)

with normalization constant nα,k defined by

n2
α,k :=

∑

p,h:α

δp,h+k =
∑

p:p∈Bc
F∩Bα

p−k∈BF∩Bα

1 . (2.10)

Observe that if α 6∈ I+
k , then b∗α(k) will usually be an empty sum, in which case we

understand it as the zero operator. (Strictly speaking near the equator the sums may
still contain a small number of summands. The index set I+

k is defined such that for
α ∈ I+

k the sum (2.10) contains a number of summands that grows sufficiently fast as
N → ∞; see Lemma 6.2.) Therefore we introduce the “northern” half-space

Hnor :=
{
k ∈ R

3 : k3 > 0 or (k3 = 0 and k2 > 0) or (k3 = k2 = 0 and k1 > 0)
}
,

as well as the half-ball
Γnor := Hnor ∩ Z

3 ∩BR(0) , (2.11)

and then, for k ∈ Γnor, define

c∗α(k) :=

{
b∗α(k) for α ∈ I+

k

b∗α(−k) for α ∈ I−
k .

(2.12)

In Lemma 4.3 we are going to show that these pair operators satisfy approximately the
canonical commutation relations (CCR) of bosons

[cα(k), cβ(ℓ)] = 0 , [cα(k), c
∗
β(ℓ)] ≈ δα,βδk,ℓ .

The almost-bosonic Bogoliubov transformation The almost-bosonic Bogoliubov
transformation is the unitary operator on fermionic Fock space T : F → F chosen such
that it would diagonalize an effective quadratic Hamiltonian

heff =
∑

k∈Γnor

heff(k)

where

heff(k) =
∑

α,β∈Ik

(
(D(k) +W (k))α,βc

∗
α(k)cβ(k) +

1

2
W̃ (k)α,β

(
c∗α(k)c

∗
β(k) + cβ(k)cα(k)

))
,
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if the c∗ and c operators would exactly satisfy the CCR of bosons (see [4, (1.47)]). Here,

D(k), W (k), and W̃ (k) are symmetric matrices in R
|Ik|×|Ik| given in block form

D(k) =

(
d(k) 0
0 d(k)

)
, W (k) =

(
b(k) 0
0 b(k)

)
, W̃ (k) =

(
0 b(k)
b(k) 0

)
,

with the smaller matrices d(k) and b(k) in R|I+
k |×|I+

k | given by

d(k) :=
∑

α∈I+
k

|k̂ · ω̂α| |α〉〈α| , b(k) :=
∑

α,β∈I+
k

V̂k
2~κN |k|nα,knβ,k |α〉〈β| , (2.13)

where |α〉 is the α–th canonical basis vector of R|I+
k | (and k̂ := k/|k|). We are going to

define T by the explicit formula which was given in [3, 4, 6] as

T := e−S S := −1

2

∑

k∈Γnor

∑

α,β∈Ik

K(k)α,β
(
c∗α(k)c

∗
β(k)− h.c.

)
. (2.14)

The operator S is anti-selfadjoint (i. e., S∗ = −S) and the matrix K(k) ∈ R|Ik|×|Ik| is
defined via

K(k) := log |S1(k)
T | , (2.15)

S1(k) := (D(k) +W (k)− W̃ (k))
1
2E(k)−

1
2 , (2.16)

E(k) :=
(
(D(k) +W (k)− W̃ (k))

1
2 (D(k) +W (k) + W̃ (k))(D(k) +W (k)− W̃ (k))

1
2

) 1
2

.

This concludes the construction of the trial state.

2.1 Optimality of the Main Result

The upper bound (1.11) in our main result is sharp if the momentum q, satisfying
(1.10), is located in the interior of a patch. The precise statement is as follows, proven
in Section 10.

Proposition 2.1 (Optimality). Under the assumptions of Theorem 1.1, whenever q is
in the interior of a patch Bαq in the sense that

for q ∈ Bc
F we have BR(q) ∩BF ⊂ Bαq ,

for q ∈ BF we have BR(q) ∩Bc
F ⊂ Bαq ,

(2.17)

(this is represented in Fig. 2) the upper bound (1.11) becomes an equality:

nq = N− 2
3

∑

k∈Cq∩Z3

V̂k
2κ|k|

1

π

∫ ∞

0

(µ2 − λ2q,k)(µ
2 + λ2q,k)

−2

1 +Q
(0)
k (µ)

dµ+ E , (2.18)

where E is bounded as in (1.13), and the set of allowed momentum transfers is

Cq :=
{
BR(0) ∩Hnor ∩ ((BF − q) ∪ (BF + q)) for q ∈ Bc

F

BR(0) ∩Hnor ∩ ((Bc
F − q) ∪ (Bc

F + q)) for q ∈ BF .
(2.19)

The set Cq is obtained from Dq in (1.12) by reflecting all k in the lower to the upper
half-space (i. e., k 7→ −k whenever k /∈ Hnor).
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3 Strategy of Proof of the Main Theorem

The statement (1.9) in Theorem 1.1, that ψN replicates the ground state energy, was
proven in [3, 4, 6]. So we need to establish (1.11) for the momentum distribution.
Computing the expectation value of nq is non-trivial for two reasons: first, nq is a
fermionic observable that does not have a bosonic representation in terms of the c∗α(k)-
and cα(k)-operators; and second, because nq is typically of order N−2/3, i. e., extremely
small, it necessitates very precise bounds on the errors. To obtain these sharp error
bounds, we employ a bootstrap which is novel to the bosonization context. This should
be compared to the earlier works on bosonization, where error terms could be controlled
by integrated quantities like the expectation value of N (so the sum of nq over all
momenta q), which was estimated much less precisely as being overall of order one.

The Bootstrap We aim to show that nq can be approximated by a bosonized n
(b)
q .

Whenever q is not inside some patch Bαq , nq vanishes, so we will set n
(b)
q = 0 in that

case. For all other q, we will see that nq amounts to a sum over contributions depending
on the momentum exchange k. As explained in Lemma 4.2, define

C̃q :=





BR(0) ∩Hnor ∩
((
(BF ∩Bαq)− q

)
∪
(
− (BF ∩Bαq) + q

))
for q ∈ Bc

F

∩{k : |k · ω̂αq | ≥ N−δ}
BR(0) ∩Hnor ∩

((
(Bc

F ∩Bαq)− q
)
∪
(
− (Bc

F ∩Bαq) + q
))

for q ∈ BF

∩{k : |k · ω̂αq | ≥ N−δ} .
(3.1)

Note that C̃q agrees with Cq, defined in (2.19), up to the exclusion of k such that
|k · ω̂αq | < N−δ and the restriction to Bαq . In the exactly bosonic approximation the
momentum distribution can be computed explicitly to be

n(b)
q :=

1

2

∑

k∈C̃q∩Z3

1

n2
αq ,k

(
cosh(2K(k))− 1

)
αq ,αq

. (3.2)

The rigorous justification that nq ≈ n
(b)
q is given by the next theorem.

Theorem 3.1 (Bosonized Momentum Distribution). Assume that V̂ is non-negative
and compactly supported, and let δ ∈ (0, 1

6
) be the parameter from (2.5) and (2.8). Then

|nq − n(b)
q | ≤ CN−1+2δ . (3.3)

The proof of Theorem 3.1 is given in Section 8, but let us explain the interplay of
bosonization and the bootstrap. We expand nq in the trial state ψN = Re−SΩ as

nq = 〈Ω, eSa∗qaqe−SΩ〉 =
∞∑

n=0

1

n!
〈Ω, adnS(a∗qaq)Ω〉 , (3.4)

where adnA(B) := [A, . . . [A, [A,B]] . . .] denotes the n–fold commutator, with S as defined
in (2.14). In the exactly bosonic approximation we assume that the operators c∗, c
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satisfy canonical commutation relations. Then for n ≥ 1, the form of adnq,(b) alternates
between adnq,(b) ∼ c∗c∗ − cc for n odd and adnq,(b) ∼ c∗c + const for n even. The only
non-vanishing contribution to the vacuum expectation value is for even n due to the
const-terms, which sum up to a cosh–series and render n

(b)
q in (3.2). The difficulty in

the proof of Theorem 3.1 is proving that the deviation from exactly bosonic canonical
commutator relations (the term E in (4.5)) has small effect. Here the bootstrap is

crucial: by Duhamel’s formula, we express |nq − n
(b)
q | in terms of expectation values in

the parametrized states
ξt := e−tSΩ , t ∈ [−1, 1] . (3.5)

Employing the lemmas of Sections 6 and 7 we bound these expectation values using
〈ξt, a∗qaqξt〉. The bootstrap is then based on Lemma 8.1. Initially we know that 0 ≤
〈ξt, a∗qaqξt〉 ≤ 1, which we write with r := 0 as

〈ξt, a∗qaqξt〉 = O(N−r) . (3.6)

Using this bound within Duhamel’s formula, Lemma 8.1 provides us with

|nq − n(b)
q | = |〈ξ1, a∗qaqξ1〉 − n(b)

q | = O(N−r′) (3.7)

for r′ = 2
3
− 3

2
δ + r

2
. The same holds if the trial state Re−SΩ is replaced with Re−tSΩ.

Together with the observation (8.8) that n
(b)
q = O(N− 2

3
+δ) (and the same if the trial

state is replaced by its t–dependent version), we obtain that (3.6) is valid for r = 2
3
− 3

2
δ.

Plugging this again into (3.7) yields r = 2
3
− δ, which is the optimal exponent. Then r′

is the claimed error exponent from Theorem 3.1.

From the bosonized momentum distribution to (1.11) We evaluate the hyper-
bolic cosine of the matrix K(k) in (3.2) by functional calculus, which brings us close to
the final form (1.11). The result is the next proposition, proven in Section 9.

Proposition 3.2. If q ∈ Bαq for some 1 ≤ αq ≤ M , then

n(b)
q =

∑

k∈C̃q∩Z3

1

π

V̂k
2~κN |k|

∫ ∞

0

(µ2 − λ2αq ,k
)(µ2 + λ2αq ,k

)−2

1 +Qk(µ)
dµ (3.8)

with

λα,k := |k̂ · ω̂α| , Qk(µ) :=
V̂k

~κN |k|
∑

α∈I+
k

n2
α,k(µ

2 + λ2α,k)
−1λα,k . (3.9)

Finally we approximate the sum within Qk(µ) by a surface integral over the half–

sphere, which renders Qk(µ) ≈ Q
(0)
k (µ). We arrive at a formula resembling (1.11), but

with C̃q instead of Cq. Eq. (1.11) then follows by bounding the contributions from
k ∈ (C̃q \ Cq) ∩ Z3. These computations are done in Section 10.
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4 Generalized Pair Operators

Recall the definition (2.12) of the bosonized pair creation operator c∗α(k). It will be
convenient to use more general pair operators, similar to the weighted pair operators
from [6, Lemma 5.3]. For a function g : Bc

F ×BF → C, we define

c∗(g) :=
∑

p∈Bc
F

h∈BF

g(p, h)a∗pa
∗
h , c(g) :=

∑

p∈Bc
F

h∈BF

g(p, h)ahap . (4.1)

We may then identify

c∗α(k) = c∗(dα,k) , where dα,k(p, h) :=





δp,h+k
1

nα,k
χ(p, h : α) if α ∈ I+

k

δp,h−k
1

nα,k
χ(p, h : α) if α ∈ I−

k

(4.2)

and
χ(p, h : α) := χBc

F∩Bα(p)χBF∩Bα(h) .

In the following we adopt the shorthand notation

± k :=

{
+k if α ∈ I+

k

−k if α ∈ I−
k

, ∓k :=

{
−k if α ∈ I+

k

+k if α ∈ I−
k

. (4.3)

So

dα,k(p, h) = δp,h±k
1

nα,k
χ(p, h : α) . (4.4)

The generalized pair operators satisfy the following commutation relations.

Lemma 4.1 (Generalized approximate CCR). Consider g, g̃ : Bc
F × BF → C. Then

[c(g), c(g̃)] = [c∗(g), c∗(g̃)] = 0 , [c(g), c∗(g̃)] = 〈g, g̃〉+ E(g, g̃) , (4.5)

where 〈·, ·〉 is the inner product on ℓ2(Bc
F ×BF), and where

E(g, g̃) := −
∑

p∈Bc
F

h1,h2∈BF

g(p, h1)g̃(p, h2)a
∗
h2
ah1 −

∑

p1,p2∈Bc
F

h∈BF

g(p1, h)g̃(p2, h)a
∗
p2
ap1 . (4.6)

Proof. Direct computation using the CAR (2.1).

The following lemma is central for the computation of the fermionic momentum dis-
tribution from the bosonized theory: though a∗qaq cannot be directly expressed in terms
of bosonized operators, its commutator with a pair operator is again a (generalized) pair
operator. So thinking of series expansion in nested commutators, we can expect that
from the second order on, it is computable in terms of bosonized operators. A similar
observation has been exploited already in the bosonic context in [33, Section 4].
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Lemma 4.2 (Occupation number of a single mode in c∗α(k)). Let k ∈ Γnor, α ∈ Ik and
q ∈ Bαq for some 1 ≤ αq ≤M . Then, we have

[
c∗α(k), a

∗
qaq
]
=

{
0 if α 6= αq

−c∗(gq,k) if α = αq

with

gq,k(p, h) := δp,h±k
1

nαq ,k
χ(p, h : αq)(δh,q + δp,q) . (4.7)

In particular,
[
c∗α(k), a

∗
qaq
]
= 0 whenever αq /∈ Ik.

Proof. Direct computation using the CAR (2.1).

Lemma 4.2 motivates the definition of C̃q in (3.1), chosen such that [c∗α(k), a
∗
qaq] does

not vanish:

• For k /∈ Γnor = Hnor ∩ Z
3 ∩ BR(0), this commutator would not even be defined.

• The condition |k · ω̂αq | ≥ N−δ ensures αq ∈ Ik as otherwise [c∗α(k), a
∗
qaq] = 0.

• For q ∈ BF, the condition k ∈
(
(BF ∩Bαq)− q

)
∪
(
− (BF ∩ Bαq) + q

)
guarantees

that the factor χ(p, h : αq) in gq,k(p, h) does not vanish. Analogously, for q ∈ Bc
F,

the condition k ∈
(
(Bc

F∩Bαq)−q
)
∪
(
−(Bc

F∩Bαq)+q
)
guarantees that χ(p, h : αq)

does not vanish.

The simplest case of Lemma 4.1 are the approximate CCR from [3, Lemma 4.1].

Lemma 4.3 (Approximate CCR). Let k, ℓ ∈ Γnor and α ∈ Ik, β ∈ Iℓ. Then we have

[
cα(k), c

∗
β(ℓ)

]
=

{
0 if α 6= β

δk,ℓ + Eα(k, ℓ) if α = β
(4.8)

with the deviation operator Eα(k, ℓ)∗ = Eα(ℓ, k) explicitly given by

Eα(k, ℓ) := −
∑

p,h1,h2:α

δh1,p∓kδh2,p∓ℓ
nα,knα,ℓ

a∗h2ah1 −
∑

p1,p2,h:α

δh,p1∓kδh,p2∓ℓ
nα,knα,ℓ

a∗p2ap1 . (4.9)

Proof. Follows from (4.2) with g = dα,k and g̃ = dβ,ℓ.

To compute adn+1
S (a∗qaq) = [S, adnS(a

∗
qaq)] the following commutator is useful.

Lemma 4.4. Let k, ℓ ∈ Γnor, α ∈ Ik, αq ∈ Iℓ, q ∈ Bαq and gq,ℓ as in (4.7). Then

[cα(k), c
∗(gq,ℓ)] =

{
0 if α 6= αq

δk,ℓρq,k + E (g)
q (k, ℓ) if α = αq

(4.10)

with

ρq,k :=

{
n−2
αq ,k

χ(q ∓ k ∈ BF ∩Bαq) if q ∈ Bc
F

n−2
αq ,k

χ(q ± k ∈ Bc
F ∩Bαq) if q ∈ BF

(4.11)
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and with the operator E (g)
q (k, k)∗ = E (g)

q (k, k) explicitly given as

E (g)
q (k, ℓ) :=





− 1
nαq,knαq,ℓ

(
χ
(
q∓k∈BF∩Bαq

q∓ℓ∈BF∩Bαq

)
a∗q∓ℓaq∓k − χ

(
q∓ℓ∈BF∩Bαq

q∓ℓ±k∈Bc
F∩Bαq

)
a∗qaq∓ℓ±k

)

if q ∈ Bc
F ,

− 1
nαq,knαq,ℓ

(
χ
(

q∓ℓ∈Bc
F∩Bαq

q±ℓ∓k∈BF∩Bαq

)
a∗qaq±ℓ∓k − χ

(
q±ℓ∈Bc

F∩Bαq

q±k∈Bc
F∩Bαq

)
a∗q±ℓaq±k

)

if q ∈ BF .

(4.12)

By χ
(
q∓k∈BF∩Bαq

q∓ℓ∈BF∩Bαq

)
we denote the characteristic function of the set of all q ∈ Z3

satisfying both q ∓ k ∈ BF ∩ Bαq and q ∓ ℓ ∈ BF ∩ Bαq , with the sign of ±k and ∓k as
defined in (4.3).

5 Momentum Distribution from Bosonization

Recall that the exact momentum distribution, according to (3.4), is given by

nq =
∞∑

n=0

1

n!
〈Ω, adnS(a∗qaq)Ω〉 . (5.1)

The evaluation of multi-commutators adnS(a
∗
qaq) results in a rather involved expression.

However, the dominant contribution is obtained pretending that bosonization was exact,
i. e., if we drop Eα(k, ℓ) in the approximate CCR (4.8).

For n = 0, we choose ad0
q,(b) = a∗qaq = ad0

S(a
∗
qaq), so bosonization is exact.

For n ≥ 1, the bosonized multi-commutator adnq,(b) is expressed using six types of
terms (A, B, C, D, E, and F ). If q ∈ Bαq for some 1 ≤ αq ≤M , we define

adnq,(b) :=





2n−1
An +Bn +B

∗
n +

n−1∑

m=1

(
n

m

)
Cn−m,m if n is even

En +E
∗
n +

s∑

m=1

(
n

m

)
Dn−m,m +

s∑

m=1

(
n

m

)
Fm,n−m

if n is odd,
n = 2s+ 1.

(5.2)

If q is not inside any patch we set adnq,(b) := 0. With ρq,k from (4.11) the terms are

An :=
∑

k∈C̃q∩Z3

(
K(k)n

)
αq ,αq

ρq,k ∈ C ,

Bn :=
∑

k∈C̃q∩Z3

∑

α1∈Ik

(
K(k)n

)
αq ,α1

c∗(gq,k)cα1(k) ,

Cm,m′ :=
∑

k∈C̃q∩Z3

∑

α1,α2∈Ik

(
K(k)m

)
αq,α1

(
K(k)m

′
)
αq ,α2

ρq,k c
∗
α1
(k)cα2(k) ,

(5.3)
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and

Dm,m′ :=
∑

k∈C̃q∩Z3

∑

α1,α2∈Ik

(
K(k)m

)
αq,α1

(
K(k)m

′
)
αq ,α2

ρq,k cα1(k)cα2(k) ,

En :=
∑

k∈C̃q∩Z3

∑

α1∈Ik

(
K(k)n

)
αq,α1

c∗(gq,k)c
∗
α1
(k) ,

Fm,m′ :=
∑

k∈C̃q∩Z3

∑

α1,α2∈Ik

(
K(k)m

)
αq,α1

(
K(k)m

′
)
αq ,α2

ρq,k c
∗
α1
(k)c∗α2

(k) .

(5.4)

Since ρq,k is real, and since K(k) is a real and symmetric matrix, we have

A
∗
n = An , C

∗
m,m′ = Cm′,m , (5.5)

Dm,m′ = Dm′,m , Fm,m′ = Fm′,m , D
∗
m,m′ = Fm′,m . (5.6)

Replacing adnS(a
∗
qaq) by adnq,(b) in (5.1) yields the bosonization approximation n

(b)
q : If

q ∈ Bαq for some 1 ≤ αq ≤M , then4

∞∑

n=0

1

n!
〈Ω, adnq,(b)Ω〉 =

∞∑

m=1

22m−1

(2m)!
〈Ω,A2mΩ〉 =

∞∑

m=1

22m−1

(2m)!

∑

k∈C̃q∩Z3

(
K(k)2m

)
αq ,αq

ρq,k

=
1

2

∑

k∈C̃q∩Z3

1

n2
αq ,k

(
cosh(2K(k))− 1

)
αq ,αq

= n(b)
q . (5.7)

Otherwise, adnq,(b) = n
(b)
q = 0. Both agrees with (3.2).

6 Controlling the Bosonization Error

In this section we compile the basic estimates required to control the bosonization.

Lemma 6.1 (Bound on Powers of K). Suppose that V̂ is non-negative. Then there is
C > 0 such that for all k ∈ Γnor, α, β ∈ Ik and n ∈ N, we have

|(K(k)n)α,β| ≤ (CV̂k)
nM−1 . (6.1)

Proof. This follows using [6, Lemma 7.1], which states that |K(k)α,β| ≤ CV̂kM
−1.

Lemma 6.2 (Bounds on nα,k). Let δ ∈ (0, 1
6
) be the parameter from (2.5) and (2.8).

Then for all k ∈ Γnor and α ∈ Ik we have

nα,k ≥ Cn for n := N
1
3
− δ

2M− 1
2 . (6.2)

Proof. This is just [3, Eq. (3.18)]. (In [3] it is assumed that M = N
1
3
+ε with ε > 0. We

only assume M ≫ N2δ but the proof remains true.)

4Note that k ∈ C̃q ∩ Z3 enforces αq ∈ Ik, so the denominator n2
αq,k

does not vanish.
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By (2.5) we conclude that n → ∞ as N → ∞ at least as fast as n ≥ CN
δ
2 .

Next, we compile estimates on the deviation operators Eα(k, ℓ) defined in (4.9) and

E (g)
q (k, ℓ) defined in (4.12), which are partly based on [3, Lemma 4.1].

Lemma 6.3 (Bounds on Eα and E (g)). Let k, ℓ ∈ Γnor, α, αq ∈ Ik ∩ Iℓ, and q ∈ Bαq .
Then for all ψ ∈ F we have, for all choices5 of ♯ ∈ {·, ∗},

‖Eα(k, ℓ)♯ψ‖ ≤ 2

nα,knα,ℓ
‖Nψ‖ , ‖E (g)

q (k, ℓ)♯ψ‖ ≤ 2

nαq ,knαq ,ℓ
‖ψ‖ , (6.3)

and ∑

β∈Ik∩Iℓ

‖Eβ(k, ℓ)♯ψ‖2 ≤
C

n2
‖N 1

2ψ‖2 . (6.4)

Note that E (g)
q (k, ℓ)♯ satisfies a sharper bound than Eα(k, ℓ)♯, not requiring the number

operator N on the r. h. s. because (4.12) does not contain any sum.

Proof. The first bound in (6.3) was already given in [3, Lemma 4.1] for Eα(k, ℓ). The

statement then follows for Eα(k, ℓ)∗ = Eα(ℓ, k). For the bound on E (g)
q (k, ℓ)♯ in (6.3),

recall the definition (4.12) of E (g)
q (k, ℓ) and use the operator norm bound ‖a♯q′‖op ≤ 1. It

remains to establish (6.4). Eq. (4.9) renders

∑

β∈Ik∩Iℓ

‖Eβ(k, ℓ)ψ‖2 ≤
∑

β∈Ik∩Iℓ

2

n2
β,kn

2
β,ℓ

(∥∥∥
∑

p:β

χ
(
p∓k∈BF∩Bβ

p∓ℓ∈BF∩Bβ

)
a∗p∓ℓap∓kψ

∥∥∥
2

(6.5)

+
∥∥∥
∑

h:β

χ
(
h±k∈Bc

F∩Bβ

h±ℓ∈Bc
F∩Bβ

)
a∗h±ℓah±kψ

∥∥∥
2
)
.

Let us introduce the set Sβ := {p : β | p∓ k ∈ BF ∩Bβ and p∓ ℓ ∈ BF ∩Bβ}. The first
term in (6.5) then becomes

∑

β∈Ik∩Iℓ

2

n2
β,kn

2
β,ℓ

∥∥∥
∑

p∈Sβ

a∗p∓ℓap∓kψ
∥∥∥
2

≤
∑

β∈Ik∩Iℓ

2

n2
β,kn

2
β,ℓ

(∑

p∈Sβ

‖a∗p∓ℓap∓kψ‖
)2

≤
∑

β∈Ik∩Iℓ

2

n2
β,kn

2
β,ℓ

(∑

p∈Sβ

1
)(∑

p∈Sβ

‖a∗p∓ℓap∓kψ‖2
)
≤

∑

β∈Ik∩Iℓ

2

nβ,knβ,ℓ

∑

p∈Sβ

‖a∗p∓ℓap∓kψ‖2

≤ C

n2

∑

β∈Ik∩Iℓ

∑

p∈Sβ

‖ap∓kψ‖2 ≤
C

n2
‖N 1

2ψ‖2 ,

where we used the Cauchy–Schwartz inequality,
∑

p∈Sβ
1 ≤ min{n2

β,k, n
2
β,ℓ} ≤ nβ,knβ,ℓ

and ‖a♯h‖op ≤ 1. The second term on the r. h. s. of (6.5) is bounded analogously and the
proof for Eβ(k, ℓ)∗ = Eβ(ℓ, k) works the same way.

5The meaning of ♯ as “adjoint” or “non adjoint” may vary between every appearance of the symbol,
even within the same formula; we mean that the statement holds for all possible combinations.
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In the trial state ξt ∈ F from (3.5), the estimate (6.3) for E (g)
q (k, ℓ) is far from

optimal: ‖a♯q′‖op ≤ 1 means that we bound the q–mode as if it was fully occupied. This
yields the initial bootstrap bound 〈ξt, a∗qaqξt〉 = O(N−r) with r = 0. It turns out below
that we can improve the exponent up to r = 2

3
− δ.

Lemma 6.4 (Bootstrap Bounds on E (g)). Let k, ℓ ∈ Γnor, αq ∈ Ik ∩ Iℓ, and q ∈ Bαq .
Assume that there is r ≥ 0 such that for all t ∈ [−1, 1] and all q′ ∈ Z

3 it is known that
(with C independent of t, q′)

〈ξt, a∗q′aq′ξt〉 ≤ CN−r . (6.6)

Then (with ♯ ∈ {·, ∗}) for all t ∈ [−1, 1] we have

‖E (g)
q (k, ℓ)♯ξt‖ ≤ C

nαq ,knαq ,ℓ

N− r
2 . (6.7)

Proof. From (4.12) and using ‖a∗q′‖op = 1 we have

‖E (g)
q (k, ℓ)ξt‖ ≤

‖a∗q∓ℓaq∓kξt‖+ ‖a∗qaq∓ℓ±kξt‖
nαq ,knαq ,ℓ

≤ ‖aq∓kξt‖+ ‖aq∓ℓ±kξt‖
nαq ,knαq,ℓ

. (6.8)

By the bootstrap assumption, ‖aq′ξt‖ = 〈ξt, a∗q′aq′ξt〉
1
2 ≤ CN− r

2 , which renders the

desired bound for ‖E (g)
q (k, ℓ)ξt‖. Analogously one estimates ‖E (g)

q (k, ℓ)∗ξt‖.

We also need to bound the c∗- and c-operators.

Lemma 6.5 (Bounds for c∗, c). Let k ∈ Γnor and consider a family of bounded functions
(g(α))α∈Ik with g(α) : Bc

F × BF → R such that

supp(g(α)) ⊆ {(p, h : α) : p = h± k} .

Then for all f ∈ ℓ2(Ik) we have

∥∥∥
∑

α∈Ik

fαc
∗(g(α))ψ

∥∥∥ ≤ ‖f‖2max
α∈Ik

(
nα,k‖g(α)‖∞

) ∥∥∥(N + 1)
1
2ψ
∥∥∥ ,

∥∥∥
∑

α∈Ik

fαc(g
(α))ψ

∥∥∥ ≤ ‖f‖2max
α∈Ik

(
nα,k‖g(α)‖∞

)
‖N 1

2ψ‖ .
(6.9)

In particular

∥∥∥
∑

α∈Ik

fαc
∗
α(k)ψ

∥∥∥ ≤ ‖f‖2‖(N + 1)
1
2ψ‖ ,

∥∥∥
∑

α∈Ik

fαcα(k)ψ
∥∥∥ ≤ ‖f‖2‖N

1
2ψ‖ . (6.10)

Proof. For (6.9) see [4, Lemma 5.4] (note that in [4], a factor of n−1
α,k is included in the

definition of c♯(g) instead of the weight function g). The bounds (6.10) follow setting
g(α) = dα,k, defined in (4.4).
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Analogous bounds could be derived for the operators c♯(gq,k), which just differ from
c♯αq

(k) by an additional factor of (δq,p+ δq,h), see (4.7). However, these Kronecker deltas
significantly reduce the number of summands, from ∼ nαq ,k to ∼ 1. Accordingly the
following lemma provides sharper bounds. In particular, applied to ξt one achieves an
even better bound depending on 〈ξt, a∗q′aq′ξt〉, which is also used in the bootstrap.

Lemma 6.6 (Bootstrap Bounds on c∗, c). Let k ∈ Γnor, αq ∈ Ik, and q ∈ Bαq . Let gq,k
be defined as in (4.7). Then for all ψ ∈ F and any choice ♯ ∈ {·, ∗} we have

‖c♯(gq,k)ψ‖ ≤ 1

nαq ,k

. (6.11)

Further, suppose there is r ≥ 0 and C > 0 such that for all t ∈ [−1, 1] and all q′ ∈ Z3

we have
〈ξt, a∗q′aq′ξt〉 ≤ CN−r . (6.12)

Then there exists C > 0 such that for all t ∈ [−1, 1] we have

‖c(gq,k)ξt‖ ≤ C

nαq,k
N− r

2 . (6.13)

We caution the reader that a bound like (6.13) does not hold for c∗(gq,k).

Proof. Statement (6.11) follows from definition (4.7) and ‖a♯q‖op ≤ 1: For q ∈ Bc
F, e. g.,

‖c∗(gq,k)ξt‖ ≤ 1

nαq ,k
‖a∗qa∗q∓kξt‖ ≤ 1

nαq ,k
‖ξt‖ =

1

nαq ,k
. (6.14)

Concerning the stronger bound (6.13), in case q ∈ Bc
F, we use a∗q∓kaq∓k ≤ 1 to get

‖c(gq,k)ξt‖ ≤ 1

nαq ,k

‖aq∓kaqξt‖ ≤ 1

nα,k

√
〈ξt, a∗qaqξt〉 ≤

1

nα,k

√
CN−r . (6.15)

The same arguments apply to q ∈ BF.

Finally, we also need to bound combinations of c∗–, c–, and Eα–operators.

Lemma 6.7 (Bounds on Combinations of c∗, c, and Eα). Let k, ℓ ∈ Γnor, α ∈ Iℓ, β ∈
Ik ∩ Iℓ and suppose that V̂ is non-negative. Then there is C > 0 such that for all
n,m ∈ N and all choices of ♯ ∈ {·, ∗} we have

∥∥∥
∑

α∈Iℓ
β∈Ik∩Iℓ

(K(k)n)αq ,β(K(ℓ)m)α,βc
♯
α(ℓ)Eβ(k, ℓ)♯ψ

∥∥∥ ≤ (CV̂k)
n(CV̂ℓ)

m

nM
‖(N + 1)ψ‖ ,

∥∥∥
∑

α∈Iℓ
β∈Ik∩Iℓ

(K(k)n)αq ,β(K(ℓ)m)α,βEβ(k, ℓ)♯c♯α(ℓ)ψ
∥∥∥ ≤ (CV̂k)

n(CV̂ℓ)
m

nM
‖(N + 1)ψ‖ .

(6.16)
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Proof. To establish the first bound, we use the fact that Eβ(k, ℓ)♯ commutes with N :
∥∥∥
∑

α∈Iℓ
β∈Ik∩Iℓ

(K(k)n)αq ,β(K(ℓ)m)α,βc
♯
α(ℓ)Eβ(k, ℓ)♯ψ

∥∥∥

≤
∑

β∈Ik∩Iℓ

|(K(k)n)αq,β|
∥∥∥
∑

α∈Iℓ

(K(ℓ)m)α,βc
♯
α(ℓ)Eβ(k, ℓ)♯ψ

∥∥∥

(6.10)

≤
∑

β∈Ik∩Iℓ

|(K(k)n)αq,β|
(∑

α∈Iℓ

|(K(ℓ)m)α,β|2
) 1

2‖(N + 1)
1
2Eβ(k, ℓ)♯ψ

∥∥∥

(6.1)

≤ (CV̂k)
n(CV̂ℓ)

mM− 2
3

∑

β∈Ik∩Iℓ

‖Eβ(k, ℓ)♯(N + 1)
1
2ψ‖

≤ (CV̂k)
n(CV̂ℓ)

mM− 2
3

( ∑

β∈Ik∩Iℓ

1
) 1

2
( ∑

β∈Ik∩Iℓ

‖Eβ(k, ℓ)♯(N + 1)
1
2ψ‖2

) 1
2

(6.4)

≤ (CV̂k)
n(CV̂ℓ)

m
n
−1M−1‖(N + 1)ψ‖ . (6.17)

For the second line of (6.16), we start with
∥∥∥
∑

α∈Iℓ
β∈Ik∩Iℓ

(K(k)n)αq,β(K(ℓ)m)α,βEβ(k, ℓ)♯c♯α(ℓ)ψ
∥∥∥

≤
∥∥∥
∑

α∈Iℓ
β∈Ik∩Iℓ

(K(k)n)αq,β(K(ℓ)m)α,βc
♯
α(ℓ)Eβ(k, ℓ)♯ψ

∥∥∥

+
∥∥∥
∑

α∈Iℓ
β∈Ik∩Iℓ

(K(k)n)αq,β(K(ℓ)m)α,β[Eβ(k, ℓ)♯, c♯α(ℓ)]ψ
∥∥∥ .

(6.18)

The first term is bounded by (6.17). The commutator can be explicitly evaluated:

[Eβ(k, k′), cα(k′′)]

= − δα,β
nα,knα,k′nα,k′′

(
∑

h:α

f
(α)
k,k′,k′′(h)ah±k′′ah±k′∓k −

∑

p:α

g
(α)
k,k′,k′′(p)ap∓k′′ap∓k′±k

)
,

with

f
(α)
k,k′,k′′(h) := χ

(
h±k′′∈Bα∩Bc

F
h±k′∈Bα∩Bc

F
h±k′∓k∈Bα∩BF

)
, g

(α)
k,k′,k′′(p) := χ

(
p∓k′′∈Bα∩BF
p∓k′∈Bα∩BF

p∓k′±k∈Bα∩Bc
F

)
. (6.19)

The three commutators for different choices of ♯ ∈ {·, ∗} can easily be deduced via
Eβ(k, ℓ)∗ = Eβ(ℓ, k) and [Eβ(k, ℓ)∗, cα(ℓ)∗] = −([Eβ(k, ℓ), cα(ℓ)])∗. If in both instances
♯ = ∗ is chosen, we can bound
∥∥∥
∑

α∈Iℓ
β∈Ik∩Iℓ

(K(k)n)αq,β(K(ℓ)m)α,β[Eβ(k, ℓ)∗, c∗α(ℓ)]ψ
∥∥∥

≤
∥∥∥
∑

α∈Ik∩Iℓ

(K(k)n)αq,α(K(ℓ)m)α,α

nα,kn2
α,ℓ

(∑

h:α

f
(α)
k,ℓ,ℓ(h)a

∗
h±ℓ∓ka

∗
h±ℓ −

∑

p:α

g
(α)
k,ℓ,ℓ(p)a

∗
p∓ℓ±ka

∗
p∓ℓ

)
ψ
∥∥∥ .
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Recall the following elementary bounds for f ∈ ℓ2(Z3 × Z
3) from [7, Lemma 3.1]:

∥∥∥
∑

k1,k2∈Z3

f(k1, k2)a
∗
k1a

∗
k2ψ
∥∥∥ ≤ 2‖f‖2‖(N + 1)

1
2ψ‖ ,

∥∥∥
∑

k1,k2∈Z3

f(k1, k2)ak1ak2ψ
∥∥∥ ≤ ‖f‖2‖N

1
2ψ‖ .

(6.20)

Introducing the functions

fk,k′,k′′(h) :=
∑

α∈Ik∩Iℓ

χ(h : α)

nα,knα,k′nα,k′′
(K(k)n)αq ,α(K(k′′)m)α,αf

(α)
k,k′,k′′(h) ,

gk,k′,k′′(p) :=
∑

α∈Ik∩Iℓ

χ(p : α)

nα,knα,k′nα,k′′
(K(k)n)αq ,α(K(k′′)m)α,αg

(α)
k,k′,k′′(p)

(6.21)

we estimate ∥∥∥
∑

α∈Iℓ
β∈Ik∩Iℓ

(K(k)n)αq ,β(K(ℓ)m)α,β[Eβ(k, ℓ)∗, c∗α(ℓ)]ψ
∥∥∥

≤
∥∥∥
∑

h∈BF

fk,ℓ,ℓ(h)a
∗
h±ℓ∓ka

∗
h±ℓψ

∥∥∥+
∥∥∥
∑

p∈Bc
F

gk,ℓ,ℓ(p)a
∗
p∓ℓ±ka

∗
p∓ℓψ

∥∥∥

≤ 2
(
‖fk,ℓ,ℓ‖2 + ‖gk,ℓ,ℓ‖2

)
‖(N + 1)

1
2ψ‖ ,

(6.22)

where in the last line we used (6.20) with f(h±ℓ∓k, h±ℓ) = fk,ℓ,ℓ(h), so ‖f‖2 = ‖fk,ℓ,ℓ‖2,
and f(p∓ ℓ± k, p∓ ℓ) = gk,ℓ,ℓ(h), so ‖f‖2 = ‖gk,ℓ,ℓ‖2. To estimate ‖fk,ℓ,ℓ‖2, note that

|f (α)
k,ℓ,ℓ(h)| ≤ 1 ⇒ |fk,ℓ,ℓ(h)|

(6.1)

≤ (CV̂k)
n(CV̂ℓ)

m
n
−3M−2 . (6.23)

Further, the support of fk,ℓ,ℓ only contains holes with a distance ≤ R to the Fermi

surface ∂BF, whose surface area is of order N
2
3 . Thus

‖fk,ℓ,ℓ‖2 ≤ (CV̂k)
n(CV̂ℓ)

m
n
−3M−2|supp(fk,ℓ,ℓ)|

1
2

≤ (CV̂k)
n(CV̂ℓ)

m
n
−3M−2N

1
3 = (CV̂k)

n(CV̂ℓ)
m
n
−1M−1N− 1

3
+δ .

(6.24)

The same bound applies to ‖gk,ℓ,ℓ‖2. Therefore, the second term on the r. h. s. of (6.18)
for ♯ = ∗ is bounded by∥∥∥

∑

α∈Iℓ
β∈Ik∩Iℓ

(K(k)n)αq ,β(K(ℓ)m)α,β[Eβ(k, ℓ)∗, c∗α(ℓ)]ψ
∥∥∥

≤ (CV̂k)
n(CV̂ℓ)

m
n
−1M−1N− 1

3
+δ‖(N + 1)

1
2ψ‖ .

(6.25)

Since δ < 1
6
< 1

3
and (N + 1)

1
2 ≤ (N + 1), this is smaller than the required bound in

the second line of (6.16). So we established the second line of (6.16) for ♯ = ∗ in both
places. The bound for the three other choices of ♯ ∈ {·, ∗} is obtained analogously.

The following lemma was already proved in [4, Lemma 7.2], using Grönwall’s lemma.

Lemma 6.8 (Stability of Number Operators). Assume that V̂ is non-negative and
compactly supported. Then for allm ∈ N0 there exists Cm > 0 such that for all t ∈ [−1, 1]

etS(N + 1)me−tS ≤ eCm|t|(N + 1)m . (6.26)
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7 Controlling the Bosonized Terms

We now use the bounds from the previous section to derive estimates on the expectation
values of adnq,(b), defined in (5.2), and on the commutation error

En,q := [S, adn−1
q,(b)]− adnq,(b) , n ∈ N . (7.1)

Lemma 7.1 (Bound on the Commutation Error). Suppose there is r ∈ [0, 2
3
] such that

for all t ∈ [−1, 1] and q′ ∈ Z3 we have (with C independent of t, q′)

〈ξt, a∗q′aq′ξt〉 ≤ CN−r . (7.2)

Further, suppose that V̂ is non-negative and compactly supported, and let δ ∈ (0, 1
6
) be

the parameter from (2.5) and (2.8). Then there exists a constant C1 > 0 such that for
all n,N ∈ N and t ∈ [−1, 1] we have

|〈ξt, En,qξt〉| ≤ C
n
1e
C|t| N− 2

3
+ 3

2
δ− r

2 . (7.3)

(We use the symbol C1 instead of a generic C to emphasize that the exponent is the only
n-dependence on the right hand side of the estimate. This is important for ensuring that
sums over n converge in the proof of Lemma 8.1.)

Proof. If q is not inside any patch, then the statement is trivial since adn−1
q,(b) = 0 = adnq,(b),

thus also En,q = 0. So we may assume that q ∈ Bαq for some 1 ≤ αq ≤ M . Recall that
adnq,(b) is given by A, B, and C (for even n) or D, E, and F (for odd n) as defined in
(5.2) to (5.4). We observe that [S,An] = 0 and moreover define

E (B)
n := [S,Bn]−Dn,1 −En+1

E (C)
n−m,m := [S,Cn−m,m]−Dn−m+1,m − F n−m,m+1

E (D)
n−m,m := [S,Dn−m,m]−An+1 −Cn−m+1,m −Cn−m,m+1

E (E)
n := [S,En]−An+1 −Cn,1 −Bn+1

E (F )
n−m,m := [S,F n−m,m]−An+1 −Cn−m+1,m −Cn−m,m+1 .

(7.4)

(In the proof of Lemma A.1, we will see that the subtracted terms, such as Dn,1+En+1

for E (B), are the bosonization approximation of the commutator at the beginning. So
E (B)
n , . . . , E (F )

n−m,m are the deviations from the bosonization approximation.) Then we
may express the commutation error for n ≥ 1 as

En+1,q =





E (B)
n + (E (B)

n )∗ +

n−1∑

m=1

(
n

m

)
E (C)
n−m,m for n : even

E (E)
n + (E (E)

n )∗ +
s∑

m=1

(
n

m

)
E (D)
n−m,m +

s∑

m=1

(
n

m

)
E (F )
m,n−m for n : odd ,

(7.5)

where n = 2s + 1 for odd n. For n = 0, we have E1 = 0, since ad1
q,(b) = [S, a∗qaq] =

[S, ad0
q,(b)] (see also Appendix A).
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Bounding E (B): Recall that K(k) is symmetric and that k ∈ C̃q implies αq ∈ Ik. For this
proof, let us adopt the convention that

∑
k denotes a sum over k ∈ C̃q ∩ Z3 and

∑
k′ a

sum over all k′ ∈ Γnor such that αq ∈ Ik′ . A straightforward computation starting from
the definitions (5.3) and (5.4) and using Lemmas 4.3 and 4.4 renders

|〈ξt, E (B)
n ξt〉| =

∣∣∣∣∣
1

2

∑

k,k′

∑

α∈Ik′
α1∈Ik

K(k′)α,αq(K(k)n)αq,α1

× 〈ξt,
(
cα(k

′)E (g)
q (k′, k)cα1(k) + E (g)

q (k′, k)cα(k
′)cα1(k)

)
ξt〉

+
1

2

∑

k,k′

∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n)αq,β

× 〈ξt,
(
c∗(gq,k)c

∗
α(k

′)Eβ(k, k′) + c∗(gq,k)Eβ(k, k′)c∗α(k′)
)
ξt〉
∣∣∣∣∣ .

By the Cauchy–Schwartz inequality

|〈ξt, E (B)
n ξt〉| ≤ (I(B)) + (II(B)) + (III(B)) + (IV(B)) , (7.6)

where

(I(B)) :=
1

2

∑

k,k′

∥∥∥
∑

α∈Ik′
K(k′)αq ,αc

∗
α(k

′)ξt

∥∥∥
∥∥∥
∑

α1∈Ik

(K(k)n)αq ,α1E (g)
q (k′, k)cα1(k)ξt

∥∥∥ ,

(II(B)) :=
1

2

∑

k,k′

∥∥∥
∑

α∈Ik′
K(k′)αq ,αc

∗
α(k

′)E (g)
q (k′, k)∗ξt

∥∥∥
∥∥∥
∑

α1∈Ik

(K(k)n)αq ,α1cα1(k)ξt

∥∥∥ ,

(III(B)) :=
1

2

∑

k,k′

‖c(gq,k)ξt‖
∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n)αq,βc
∗
α(k

′)Eβ(k, k′)ξt
∥∥∥ ,

(IV(B)) :=
1

2

∑

k,k′

‖c(gq,k)ξt‖
∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n)αq,βEβ(k, k′)c∗α(k′)ξt
∥∥∥ .

We start with bounding (II(B)), which is slightly easier than (I(B)). By Lemma 6.5

(II(B)) ≤ 1

2

∑

k,k′

‖K(k′)αq ,·‖2
∥∥(N + 1)

1
2E (g)

q (k′, k)∗ξt
∥∥ ‖(K(k)n)αq ,·‖2

∥∥N 1
2 ξt
∥∥ . (7.7)

Lemma 6.1 yields

‖(K(k)n)αq ,·‖2 =
(∑

α

|(K(k)n)αq ,α|2
) 1

2

≤
(
M(CV̂k)

2nM−2
) 1

2 ≤ (CV̂k)
nM− 1

2 . (7.8)

The second factor containing N is controlled using Lemma 6.8

∥∥N 1
2 ξt
∥∥2 ≤〈Ω, etS(N + 1)e−tSΩ〉 ≤ 〈Ω, eC|t|(N + 1)Ω〉 = eC|t| . (7.9)
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In the first factor containing N in (7.7), we apply Lemma 6.4 together with nαq ,k ≥ Cn
to get, for an arbitrarily small ε > 0 and some cε > 0 depending on ε,

∥∥(N+1)
1
2E (g)

q (k′, k)∗ξt
∥∥ =

∥∥N 1
2E (g)

q (k′, k)∗ξt
∥∥+
∥∥E (g)

q (k′, k)∗ξt
∥∥ ≤ C

ecε|t|

n2
N− r

2
+ε , (7.10)

where we used that E (g)
q (k′, k) preserves the particle number. So finally, choosing a fixed

ε > 0 small enough, there exists cε (independent of r, t, q
′ and n) such that

(II(B)) ≤ ecε|t|
∑

k,k′

(CV̂k)
n(CV̂k′)n

−2M−1N− r
2
+ε . (7.11)

(The ε-dependent estimates turn out to be subleading to the other error terms, so that
the dependence on ε does not show up in the statement of the lemma.)

In (I(B)), using Lemmas 6.1 and 6.5, the first norm can be bounded by
∥∥∥
∑

α∈Ik′
K(k′)αq ,αc

∗
α(k

′)ξt

∥∥∥ ≤ ‖K(k′)αq ,·‖2‖(N + 1)
1
2 ξt‖ ≤ CV̂k′M

− 1
2 eC|t|‖V̂ ‖1 . (7.12)

For the second norm in (I(B)), we have
∥∥∥
∑

α1∈Ik

(K(k)n)αq ,α1E (g)
q (k′, k)cα1(k)ξt

∥∥∥ (7.13)

≤
∥∥∥
∑

α1∈Ik

(K(k)n)αq ,α1cα1(k)E (g)
q (k′, k)ξt

∥∥∥+
∥∥∥
∑

α1∈Ik

(K(k)n)αq ,α1 [E (g)
q (k′, k), cα1(k)]ξt

∥∥∥ .

The first norm on the r. h. s. is bounded just as the second norm in (II(B)) by
∥∥∥
∑

α1∈Ik

(K(k)n)αq ,α1cα1(k)E (g)
q (k′, k)ξt

∥∥∥ ≤ ecε|t|(CV̂k)
n
n
−2M− 1

2N− r
2
+ε . (7.14)

For the second norm on the r. h. s., in order to control the commutator term, we use the
explicit form of E (g)

q (k′, k) as in (4.12). We restrict to the case q ∈ Bc
F (q ∈ BF can be

treated analogously) and use that [E (g)
q (k′, k), c♯α(k)] = 0 whenever α 6= αq:

∥∥∥
∑

α1∈Ik

(K(k)n)αq,α1 [E (g)
q (k′, k), cα1(k)]ξt

∥∥∥ ≤ (CV̂k)
nM−1‖[E (g)

q (k′, k), cαq(k)]ξt‖

≤ (CV̂k)
nM−1

n2
αq ,k

nαq,k′

∑

p:αq

(
‖[a∗q∓kaq∓k′, ap∓kap]ξt‖+ ‖[a∗qaq∓k±k′, ap∓kap]ξt‖

)

=
(CV̂k)

nM−1

n2
αq ,k

nαq ,k′
(‖aq∓k′aqξt‖+ ‖aq∓k±k′aq±kξt‖) ≤ (CV̂k)

n
n
−3M−1 . (7.15)

By definition (6.2) of n, (7.15) scales like n
−3M−1 = n

−2M− 1
2N− 1

3
+ δ

2 , whereas (7.14)

scales like n
−2M− 1

2N− r
2
+ε. Since r ≤ 2

3
, remembering the factor (7.12) and fixing some

ε < δ
2
, we have the common bound

(I(B)) ≤ eC|t|
∑

k,k′

(CV̂k)
n(CV̂k′)n

−2M−1N− r
2
+ δ

2 . (7.16)
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Concerning (III(B)), the second norm is bounded by Lemma 6.7 as
∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n)αq,βc
∗
α(k

′)Eβ(k, k′)ξt
∥∥∥ ≤ (CV̂k)

n(CV̂k′)n
−1M−1‖(N + 1)ξt‖ .

Estimating the first norm in (III(B)) with (6.13), we obtain

(III(B)) ≤
∑

k,k′

(CV̂k)
n(CV̂k′)n

−2M−1N− r
2‖(N + 1)ξt‖ . (7.17)

By Lemma 6.8 we have
∥∥(N + 1)ξt

∥∥2 ≤ eC|t|〈Ω, (N + 1)2Ω〉 ≤ eC|t|. Consequently

(III(B)) ≤ eC|t|
∑

k,k′

(CV̂k)
n(CV̂k′)n

−2M−1N− r
2 . (7.18)

The term (IV(B)) is bounded analogously by

(IV(B)) ≤ eC|t|
∑

k,k′

(CV̂k)
n(CV̂k′)n

−2M−1N− r
2 . (7.19)

We add up all four contributions to E (B)
n and get

|〈ξt, E (B)
n ξt〉| ≤ eC|t|

∑

k,k′

(CV̂k)
n(CV̂k′)n

−2M−1N− r
2
+ δ

2 . (7.20)

The same bound applies to |〈ξt, (E (B)
n )∗ξt〉| = |〈ξt, E (B)

n ξt〉|.
Bounding E (C): As before, from definitions (5.3) and (5.4), using Lemmas 4.3 and 4.4,
we obtain

|〈ξt, E (C)
n−m,mξt〉| =

∣∣∣∣∣
1

2

∑

k,k′

∑

α∈Ik′
α2∈Ik

β∈Ik∩Ik′

K(k′)α,β(K(k)n−m)αq ,β(K(k)m)αq ,α2ρq,k

× 〈ξt,
(
cα(k

′)Eβ(k′, k)cα2(k) + Eβ(k′, k)cα(k′)cα2(k)
)
ξt〉

+
1

2

∑

k,k′

∑

α∈Ik′
α1∈Ik

β∈Ik∩Ik′

K(k′)α,β(K(k)n−m)αq,α1(K(k)m)αq,βρq,k

× 〈ξt,
(
c∗α1

(k)c∗α(k
′)Eβ(k, k′) + c∗α1

(k)Eβ(k, k′)c∗α(k′)
)
ξt〉
∣∣∣∣∣ .

By the Cauchy–Schwarz inequality

|〈ξt, E (C)
n−m,mξt〉| ≤ (I(C)) + (II(C)) + (III(C)) + (IV(C))

where

(I(C)) :=
∑

k,k′

ρq,k
2

∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n−m)αq ,βEβ(k′, k)∗c∗α(k′)ξt
∥∥∥
∥∥∥
∑

α2∈Ik

(K(k)m)αq,α2cα2(k)ξt

∥∥∥
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(II(C)) :=
∑

k,k′

ρq,k
2

∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n−m)αq,βc
∗
α(k

′)Eβ(k′, k)∗ξt
∥∥∥
∥∥∥
∑

α2∈Ik

(K(k)m)αq ,α2cα2(k)ξt

∥∥∥

(III(C)) :=
∑

k,k′

ρq,k
2

∥∥∥
∑

α1∈Ik

(K(k)n−m)αq ,α1cα1(k)ξt

∥∥∥
∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)m)αq,βc
∗
α(k

′)Eβ(k, k′)ξt
∥∥∥

(IV(C)) :=
∑

k,k′

ρq,k
2

∥∥∥
∑

α1∈Ik

(K(k)n−m)αq ,α1cα1(k)ξt

∥∥∥
∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)m)αq ,βEβ(k, k′)c∗α(k′)ξt
∥∥∥ .

In contribution (I(C)), the first norm is bounded by Lemma 6.7 and the second norm
as the second norm of (II(B)). We end up with

(I(C)) ≤ eC|t|
∑

k,k′

ρq,k(CV̂k)
n(CV̂k′)n

−1M− 3
2 . (7.21)

The term (II(C)) is bounded analogously and the last two terms are identical to the first
two, under the replacement of m by n−m. Thus we have the three bounds

(II(C)), (III(C)), (IV(C)) ≤ eC|t|
∑

k,k′

ρq,k(CV̂k)
n(CV̂k′)n

−1M− 3
2 . (7.22)

From the definition (4.11) of ρq,k and from (6.2), and recalling that k ∈ C̃q implies
αq ∈ Ik, it becomes clear that

ρq,k ≤ n−2
αq ,k

≤ Cn−2 . (7.23)

Adding up all contributions renders (independent of the bootstrap assumption)

|〈ξt, E (C)
n−m,mξt〉| ≤ eC|t|

∑

k,k′

(CV̂k)
n(CV̂k′)n

−3M− 3
2 . (7.24)

Bounding E (D): Again, from (5.3) and (5.4), using Lemmas 4.3 and 4.4, we obtain

|〈ξt, E (D)
n−m,mξt〉| =

∣∣∣∣∣
∑

k,k′

ρq,k
2

∑

α∈Ik′
α1∈Ik

β∈Ik∩Ik′

K(k′)α,β(K(k)n−m)αq,α1(K(k)m)αq ,β

× 〈ξt,
(
cα1(k)Eβ(k, k′)c∗α(k′) + cα1(k)c

∗
α(k

′)Eβ(k, k′)
)
ξt〉

+
∑

k,k′

ρq,k
2

∑

α∈Ik′
α2∈Ik

β∈Ik∩Ik′

K(k′)α,β(K(k)n−m)αq ,β(K(k)m)αq ,α2

× 〈ξt,
(
c∗α(k

′)Eβ(k, k′)cα2(k) + Eβ(k, k′)c∗α(k′)cα2(k)
)
ξt〉

+
∑

k

ρq,k
∑

α,β∈Ik

K(k)α,β(K(k)n−m)αq,β(K(k)m)αq,α〈ξt, Eβ(k, k)ξt〉
∣∣∣∣∣ .

26

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I:1
0.1

06
3/5

.02
68

72
6



By the Cauchy–Schwarz inequality

|〈ξt, E (D)
n−m,mξt〉| ≤ (I(D)) + (II(D)) + (III(D)) + (IV(D)) + (V(D))

where

(I(D)) :=
∑

k,k′

ρq,k
2

∥∥∥
∑

α1∈Ik

(K(k)n−m)αq ,α1c
∗
α1
(k)ξt

∥∥∥
∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)m)αq ,βEβ(k, k′)c∗α(k′)ξt
∥∥∥

(II(D)) :=
∑

k,k′

ρq,k
2

∥∥∥
∑

α1∈Ik

(K(k)n−m)αq ,α1c
∗
α1
(k)ξt

∥∥∥
∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)m)αq,βc
∗
α(k

′)Eβ(k, k′)ξt
∥∥∥

(III(D)) :=
∑

k,k′

ρq,k
2

∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n−m)αq ,βEβ(k, k′)∗cα(k′)ξt
∥∥∥
∥∥∥
∑

α2∈Ik

(K(k)m)αq ,α2cα2(k)ξt

∥∥∥

(IV(D)) :=
∑

k,k′

ρq,k
2

∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n−m)αq ,βcα(k
′)Eβ(k, k′)∗ξt

∥∥∥
∥∥∥
∑

α2∈Ik

(K(k)m)αq ,α2cα2(k)ξt

∥∥∥

(V(D)) :=
∑

k

ρq,k

∥∥∥
∑

β∈Ik

(K(k)n−m)αq,β(K(k)m+1)αq,βEβ(k, k)ξt
∥∥∥‖ξt‖ .

The first four contributions are exactly bounded as the four contributions of E (C)
n−m,m.

For (V(D)), we use ρq,k ≤ Cn−2, ‖ξt‖ = 1 and apply the Cauchy–Schwartz inequality:

(V(D)) ≤ C
∑

k

n
−2
∥∥∥
∑

β∈Ik

(K(k)n−m)αq ,β(K(k)m+1)αq ,βEβ(k, k)ξt
∥∥∥

≤ C
∑

k

n
−2

(
∑

β∈Ik

∣∣(K(k)n−m)αq,β(K(k)m+1)αq,β

∣∣2
) 1

2
(
∑

β∈Ik

‖Eβ(k, k)ξt‖2
) 1

2

≤
∑

k

n
−2

(
∑

β∈Ik

(CV̂k)
2n+2M−4

) 1
2 (

n
−2‖N 1

2 ξt‖2
) 1

2

≤ eC|t|
∑

k

(CV̂k)
n+1

n
−3M− 3

2 ≤ eC|t|
∑

k,k′

(CV̂k)
n(CV̂k′)n

−3M− 3
2

where we used Lemmas 6.1 and 6.3 in the third line. Thus

|〈ξt, E (D)
n−m,mξt〉| ≤ eC|t|

∑

k,k′

(CV̂k)
n(CV̂k′)n

−3M− 3
2 . (7.25)

27

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I:1
0.1

06
3/5

.02
68

72
6



Bounding E (E): Finally, again from (5.3) and (5.4), using Lemmas 4.3 and 4.4, we obtain

|〈ξt, E (E)
n ξt〉| =∣∣∣∣∣

1

2

∑

k,k′

∑

α∈Ik′
α1∈Ik

K(k′)α,αq(K(k)n)αq,α1〈ξt,
(
cα(k

′)E (g)
q (k′, k)c∗α1

(k) + E (g)
q (k′, k)cα(k

′)c∗α1
(k)
)
ξt〉

+
1

2

∑

k,k′

∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n)αq ,β〈ξt,
(
c∗(gq,k)cα(k

′)Eβ(k′, k) + c∗(gq,k)Eβ(k′, k)cα(k′)
)
ξt〉

+
∑

k

ρq,k
∑

β∈Ik

K(k)αq ,β(K(k)n)αq ,β〈ξt, Eβ(k, k)ξt〉
∣∣∣∣∣ .

By the Cauchy–Schwarz inequality

|〈ξt, E (E)
n ξt〉| ≤ (I(E)) + (II(E)) + (III(E)) + (IV(E)) + (V(E))

where

(I(E)) :=
1

2

∑

k,k′

∥∥∥
∑

α∈Ik′
K(k′)α,αqc

∗
α(k

′)ξt

∥∥∥
∥∥∥
∑

α1∈Ik

(K(k)n)αq ,α1E (g)
q (k′, k)c∗α1

(k)ξt

∥∥∥

(II(E)) :=
1

2

∑

k,k′

∥∥∥
∑

α∈Ik′
K(k′)α,αqc

∗
α(k

′)E (g)
q (k′, k)∗ξt

∥∥∥
∥∥∥
∑

α1∈Ik

(K(k)n)αq ,α1c
∗
α1
(k)ξt

∥∥∥

(III(E)) :=
1

2

∑

k,k′

‖c(gq,k)ξt‖
∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n)αq ,βcα(k
′)Eβ(k′, k)ξt

∥∥∥

(IV(E)) :=
1

2

∑

k,k′

‖c(gq,k)ξt‖
∥∥∥
∑

α∈Ik′
β∈Ik∩Ik′

K(k′)α,β(K(k)n)αq ,βEβ(k′, k)cα(k′)ξt
∥∥∥

(V(E)) :=
∑

k

ρq,k

∥∥∥
∑

β∈Ik

K(k)αq ,β(K(k)n)αq,βEβ(k, k)ξt
∥∥∥‖ξt‖ .

The first four contributions are bounded like the four contributions of E (B)
n . The fifth

contribution is bounded by the same steps as (V(D)):

(V(E)) ≤ C
∑

k

n
−2

(∑

β∈Ik

∣∣K(k)αq ,β(K(k)n)αq ,β

∣∣2
) 1

2
(∑

β∈Ik

‖Eβ(k, k)ξt‖2
) 1

2

≤
∑

k

(CV̂k)
n+1

n
−2M− 3

2

(
n
−2‖N 1

2 ξt‖2
) 1

2 ≤ eC|t|
∑

k,k′

(CV̂k)
n(CV̂k′)n

−3M− 3
2 .

Recalling n = N
1
3
− δ

2M− 1
2 , the final bound for |〈ξt, E (E)

n ξt〉| (and its adjoint) is thus

|〈ξt, E (E)
n ξt〉| ≤ eC|t|

∑

k,k′

(CV̂k)
n(CV̂k′)n

−2M−1N− r
2
+ δ

2 . (7.26)
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Bounding E (F ): Since S∗ = −S, F ∗
m,m′ = Dm′,m, A

∗
n = An, and C

∗
m,m′ = Cm′,m, we

obtain from (7.4) that (E (F )
n−m,m)

∗ = E (D)
m,n−m, so

|〈ξt, E (F )
n−m,mξt〉| = |〈ξt, E (D)

m,n−mξt〉| ≤ eC|t|
∑

k,k′

(CV̂k)
n(CV̂k′)n

−3M− 3
2 . (7.27)

Summing up the bounds: Consider again (7.5). If n is even, then there are 1 + 1 +∑n−1
m=1

(
n
m

)
=
∑n

m=0

(
n
m

)
= 2n terms to bound. Since r ≤ 2

3
, and

∑
k runs over finitely

many elements, we have, for some fixed C1 > 0, the bound

|〈ξt, En+1,qξt〉| ≤ 2neC|t|
∑

k,k′

(CV̂k)
nV̂k′n

−2M−1N− r
2
+ δ

2 ≤ C
n+1
1 eC|t|N− 2

3
+ 3

2
δ− r

2 . (7.28)

This is (7.3), which we wanted to prove. If n = 2s + 1 is odd, then the number of
occurring terms is 1 + 1 + 2

∑s
m=1

(
n
m

)
=
∑n

m=0

(
n
m

)
= 2n, and (7.28) still holds.

The second bound required to prove Lemma 8.1 is the following.

Lemma 7.2 (Bound on the Bosonized Commutator). Suppose that V̂ is non-negative
and compactly supported. Suppose there is r ≥ 0 and C > 0 such that for all t ∈ [−1, 1]
and all q′ ∈ Z3 we have

〈ξt, a∗q′aq′ξt〉 ≤ CN−r . (7.29)

Then there exists C2 > 0 such that for all n,N ∈ N \ {0}, q ∈ Z3 and t ∈ [−1, 1]

|〈ξt, adnq,(b)ξt〉| ≤ C
n
2e
C|t| . (7.30)

(We use the symbol C2 instead of a generic C to emphasize that the exponent is the only
n-dependence on the right hand side of the estimate. This is important for ensuring that
sums over n converge in the proof of Lemma 8.1.)

It becomes clear from the proof that we could also obtain the stronger bound

|〈ξt, adnq,(b)ξt〉| ≤ C
n
2e
C|t| max{N− 1

3
− r

2
+ δ

2 , N− 2
3
+δ} . (7.31)

However, for applying Lemma 7.2 in (8.5), any bound not growing with N is sufficient.

Proof. Recall (5.2). If q is not inside any patch, then adnq,(b) = 0, so the statement is
trivially satisfied. We may therefore assume that q ∈ Bαq for some 1 ≤ αq ≤ M . We
use the convention

∑
k =

∑
k∈C̃q∩Z3 . By Lemma 6.1 and by (7.23) we obtain

|〈ξt,Anξt〉| =
∑

k

(K(k)n)αq ,αqρq,k ≤
∑

k

(CV̂k)
nM−1

n
−2 =

∑

k

(CV̂k)
nN− 2

3
+δ . (7.32)

For Bn we use Lemmas 6.5 and 6.6 to get

|〈ξt,Bnξt〉| ≤
∑

k

‖c(gq,k)ξt‖
∥∥∥
∑

α1∈Ik

(K(k)n)αq,α1cα1(k)ξt

∥∥∥

≤
∑

k

C

nαq ,k
N− r

2‖(K(k)n)αq ,·‖2‖N
1
2 ξt‖ .

(7.33)
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Now, by Lemma 6.2, we have nαq ,k ≥ Cn (recall that k ∈ C̃q implies αk ∈ Ik), and (7.9)

allows us to bound ‖N 1
2 ξt‖ ≤ eC|t|, so together with (7.8) we obtain

|〈ξt,Bnξt〉| ≤ eC|t|
∑

k

(CV̂k)
n
n
−1N− r

2M− 1
2 = eC|t|

∑

k

(CV̂k)
nN− 1

3
− r

2
+ δ

2 . (7.34)

The same holds for the adjoint. The bound on Cn−m,m is obtained by the same steps,
together with (7.23):

|〈ξt,Cn−m,mξt〉| ≤
∑

k

ρq,k

∥∥∥
∑

α1∈Ik

(K(k)n−m)αq ,α1cα1(k)ξt

∥∥∥
∥∥∥
∑

α2∈Ik

(K(k)m)αq ,α2cα2(k)ξt

∥∥∥

≤
∑

k

ρq,k‖(K(k)n−m)αq ,·‖2‖N
1
2 ξt‖‖(K(k)m)αq ,·‖2‖N

1
2 ξt‖

≤ eC|t|
∑

k

(CV̂k)
nM−1

n
−2 = eC|t|

∑

k

(CV̂k)
nN− 2

3
+δ . (7.35)

For Dn−m,m, since Dn−m,m is obtained from Cn−m,m by replacing cα1(k) by c
∗
α1
(k), so

we only need to replace ‖N 1
2 ξt‖2 ≤ eC|t| by ‖(N + 1)

1
2 ξt‖2 ≤ eC|t|, yielding

|〈ξt,Dn−m,mξt〉| ≤ eC|t|
∑

k

(CV̂k)
nN− 2

3
+δ . (7.36)

Since F
∗
n−m,m = Dm,n−m the same bound also applies to |〈ξt,Fm,n−mξt〉|.

Finally, En is obtained from Bn by replacing cα1(k) by c
∗
α1
(k). So again

|〈ξt,Enξt〉| ≤ eC|t|
∑

k

(CV̂k)
nN− 1

3
− r

2
+ δ

2 . (7.37)

The total number of terms involved for even n is now 2n−1 + 1 + 1 +
∑n−1

m=1

(
n
m

)
=

2n−1 + 2n < 2n+1, while for odd n = 2s + 1, it is 1 + 1 +
∑s

m=1

(
n
m

)
+
∑s

m=1

(
n
m

)
= 2n.

So in any case, with
∑

k running over finitely many elements, we have

|〈ξt, adnq,(b)ξt〉| ≤ eC|t|2
∑

k

(CV̂k)
nmax{N− 1

3
− r

2
+ δ

2 , N− 2
3
+δ} .

As the exponents on N are negative, this implies (7.30).

8 Proof of Theorem 3.1

In this section we prove that the bosonized excitation density n
(b)
q is a good approxima-

tion for the true excitation density nq. The proof employs the bootstrap.

Lemma 8.1 (Bootstrap Step). Suppose that V̂ is non-negative and compactly supported,
and let δ ∈ (0, 1

6
) be the parameter from (2.5) and (2.8). Suppose there is r ∈ [0, 2

3
) and

C > 0 such that for all t ∈ [−1, 1] and q′ ∈ Z3 we have

〈ξt, a∗q′aq′ξt〉 ≤ CN−r . (8.1)

Then, for all t ∈ [−1, 1] and all q ∈ Z3 we have
∣∣∣∣〈ξt, a∗qaqξt〉 −

∞∑

n=0

tn

n!
〈Ω, adnq,(b)Ω〉

∣∣∣∣ ≤ CeC|t|N− 2
3
+ 3

2
δ− r

2 . (8.2)
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Proof. If q is not inside any patch the bound is trivial since then adnq,(b) = 0 and
〈ξt, a∗qaqξt〉 = 0. So we may assume that q ∈ Bαq for some 1 ≤ αq ≤ M . Without
loss of generality t ≥ 0. We use the abbreviations 〈A〉ψ := 〈ψ,Aψ〉, adnq := adnS(a

∗
qaq),

and denote the scaled n–dimensional simplex by t∆(n) := {(t1, . . . , tn) : 0 ≤ tn ≤ tn−1 ≤
. . . ≤ t2 ≤ t1 ≤ t}. Recall that En,q = [S, adn−1

q,(b)]− adnq,(b). We expand

etSa∗qaqe
−tS =

n∗∑

n=0

tn

n!
adnq,(b) +

n∗∑

n=1

∫

t∆(n)

dt1 . . .dtn e
tnSEn,qe−tnS

+

∫

t∆(n∗+1)

dt1 . . .dtn∗+1 e
tn∗+1S[S, adn∗

q,(b)]e
−tn∗+1S .

(8.3)

This expansion can be checked inductively: The case n∗ = 0 is just the Duhamel formula
etSBe−tS = B +

∫ t
0
dt1 et1S[S,B]e−t1S with B = ad0

q,(b) = a∗qaq. For the induction

step from n∗ to n∗ + 1 we write [S, adn∗

q,(b)] = adn∗+1
q,(b) + En∗+1,q. Then, we apply the

Duhamel formula to adn∗+1
q,(b) and use

∫
t∆(n∗+1) dt1 . . .dtn adn∗+1

q,(b) = tn∗+1

(n∗+1)!
adn∗+1

q,(b) . Now,

using ξt = e−tSΩ, this expansion renders

〈ξt, a∗qaqξt〉 −
∞∑

n=0

tn

n!
〈Ω, adnq,(b)Ω〉

= −
∞∑

n=n∗+1

tn

n!
〈adnq,(b)〉Ω +

n∗∑

n=1

∫

t∆(n)

dt1 . . .dtn 〈En,q〉ξtn

+

∫

t∆(n∗+1)

dt1 . . .dtn∗+1

(
〈adn∗+1

q,(b) 〉ξtn∗+1
+ 〈En∗+1,q〉ξtn∗+1

)
.

(8.4)

Applying Lemmas 7.1 and 7.2, as well as
∫
t∆(n) dt1 . . .dtn 1 = tn

n!
, we obtain

∣∣∣〈ξt, a∗qaqξt〉 −
∞∑

n=0

tn

n!
〈Ω, adnq,(b)Ω〉

∣∣∣

≤
∞∑

n=n∗+1

(tC2)
n

n!
+ eCt

n∗∑

n=0

(tC1)
n

n!
N− 2

3
+ 3

2
δ− r

2 + eCt
(tC2)

n∗+1 + (tC1)
n∗+1N− 2

3
+ 3

2
δ− r

2

(n∗ + 1)!

≤ eCtN− 2
3
+ 3

2
δ− r

2 +

( ∞∑

n=n∗+1

(tC2)
n

n!
+ eCt

(tC2)
n∗+1

(n∗ + 1)!

)
. (8.5)

The last line vanishes as n∗ → ∞, completing the proof.

Proof of Theorem 3.1. For t ∈ [−1, 1], we introduce

nq;t := 〈Ω, etSa∗qaqe−tSΩ〉 = 〈ξt, a∗qaqξt〉 , n
(b)
q;t :=

∞∑

n=0

tn

n!
〈Ω, adnq,(b)Ω〉 , (8.6)

so nq = nq;1. First, note that the statement in Theorem 3.1 is trivial if q is not inside any

patch, since then nq = n
(b)
q = 0. So we can assume that q ∈ Bαq for some 1 ≤ αq ≤ M .

Lemma 8.1 (the bootstrap step) provides us with

|nq;t − n
(b)
q;t | ≤ CN− 2

3
+ 3

2
δ− r

2 , (8.7)
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whenever the bootstrap assumption 〈ξt, a∗q′aq′ξt〉 ≤ CN−r holds for all q′ ∈ Z
3.

By ‖a♯q′‖op = 1, it is obvious that 〈ξt, a∗q′aq′ξt〉 ≤ 1, so the bootstrap assumption is
initially fulfilled for r = 0.

Using (5.7) and applying the estimates (6.1) and (7.23) we obtain

n
(b)
q;t =

∞∑

m=1

22m−1

(2m)!

∑

k∈C̃q∩Z3

(
t2mK(k)2m

)
αq,αq

ρq,k

≤
∞∑

m=1

∑

k∈C̃q∩Z3

22m−1

(2m)!
(CV̂k)

2mM−1
n
−2 = O(N− 2

3
+δ) .

(8.8)

Thus
nq;t = |nq;t − n

(b)
q;t |+ n

(b)
q;t ≤ CN− 2

3
+ 3

2
δ− r

2 + CN− 2
3
+δ . (8.9)

We now do two bootstrap steps: First, plugging r = 0 into (8.9) for any q′ = q, we
see that (8.1) holds with r = 2

3
− 3

2
δ. Second, using this improved r in (8.9) yields

nq;t ≤ CN− 2
3
+δ, with optimal coefficient r = 2

3
− δ. Using this again in (8.7) yields

∣∣nq − n(b)
q

∣∣ ≤ CN−1+2δ .

9 Proof of Proposition 3.2

Proof of Proposition 3.2. Starting from (3.2), we have to compute the diagonal matrix
elements of cosh(2K(k)) − 1. Recall the definition of S1(k) from (2.16). We use the
identities [6, (7.4)], where in all the proof we suppress the k–dependence:

cosh(K) =
|ST1 |+ |ST1 |−1

2
, sinh(K) =

|ST1 | − |ST1 |−1

2
, (9.1)

This yields

cosh(2K)− 1 = 2 sinh(K)2 =
1

2
(|ST1 |2 − 2 + |ST1 |−2) . (9.2)

The |I| × |I|–matrices |ST1 |2 and |ST1 |−2 can be diagonalized following the steps in [6,
(7.7)] and thereafter: We introduce

U :=
1√
2

(
I I

I −I

)
, (9.3)

with I being the |I+| × |I+| identity matrix, and obtain

UT |ST1 |2U =

(
d

1
2 (d

1
2 (d+ 2b)d

1
2 )−

1
2d

1
2 0

0 (d+ 2b)
1
2 ((d+ 2b)

1
2d(d+ 2b)

1
2 )−

1
2 (d+ 2b)

1
2

)

UT |ST1 |−2U =

(
d−

1
2 (d

1
2 (d+ 2b)d

1
2 )

1
2d−

1
2 0

0 (d+ 2b)−
1
2 ((d+ 2b)

1
2d(d+ 2b)

1
2 )

1
2 (d+ 2b)−

1
2

)
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with the matrices d and b defined in (2.13). The diagonal matrix element of (9.2) is

(cosh(2K)− 1)αq ,αq =
1

4

(
− 4 + 〈αq|d

1
2 (d

1
2 (d+ 2b)d

1
2 )−

1
2d

1
2 |αq〉

+ 〈αq|(d+ 2b)
1
2 ((d+ 2b)

1
2d(d+ 2b)

1
2 )−

1
2 (d+ 2b)

1
2 |αq〉

+ 〈αq|d−
1
2 (d

1
2 (d+ 2b)d

1
2 )

1
2d−

1
2 |αq〉

+ 〈αq|(d+ 2b)−
1
2 ((d+ 2b)

1
2d(d+ 2b)

1
2 )

1
2 (d+ 2b)−

1
2 |αq〉

)

=:
1

4

(
− 4 + (A) + (B) + (C) + (D)

)
,

(9.4)

with |αq〉 ∈ C|I+| denoting the canonical basis vector corresponding to the patch Bαq if
αq ∈ I+ or to the patch opposite to Bαq if αq ∈ I−. Using (3.9) we can write

d =
∑

α∈I+

λα|α〉〈α| , therefore ds|α〉 = λsα|α〉 ∀s ∈ R ;

b = g|n〉〈n| with |n〉 =
∑

α∈I+

nα|α〉 and g :=
V̂k

2~κN |k| .
(9.5)

To evaluate (A)–(D), we use the identities (valid for any symmetric matrix A)

A
1
2 =

2

π

∫ ∞

0

(
1− µ2

A + µ2

)
dµ , A− 1

2 =
2

π

∫ ∞

0

1

A+ µ2
dµ , (9.6)

and the Sherman–Morrison formula, for all vectors v, w ∈ C
|I+|,

(A+ |v〉〈w|)−1 = A−1 − A−1|v〉〈w|A−1

1 + 〈w|A−1|v〉 . (9.7)

Evaluation of (A): Applying (9.5) we get

(A) = λαq〈αq|(d
1
2 (d+ 2b)d

1
2 )−

1
2 |αq〉 = λαq〈αq|(d2 + 2b̃)−

1
2 |αq〉 (9.8)

with the rank-one operator

b̃ := d
1
2 bd

1
2 = gd

1
2 |n〉〈n|d 1

2 = g|ñ〉〈ñ| where |ñ〉 := d
1
2 |n〉 =

∑

α∈I+

λ
1
2
αnα|α〉 . (9.9)

Applying the integral identities (9.6) and the Sherman–Morrison formula, we obtain

(d2 + 2b̃)−
1
2 =

2

π

∫ ∞

0

dµ

µ2 + d2 + 2b̃

= d−1 − 2

π

∫ ∞

0

2g(µ2 + d2)−1|ñ〉〈ñ|(µ2 + d2)−1

1 + 2g〈ñ|(µ2 + d2)−1|ñ〉 dµ .

(9.10)

Taking the expectation value with |αq〉 and multiplying by λαq renders

(A) = λαq〈αq|d−1|αq〉 −
2

π

∫ ∞

0

2gλαq

∣∣〈αq|(µ2 + d2)−1|ñ〉
∣∣2

1 + 2g〈ñ|(µ2 + d2)−1|ñ〉 dµ

= 1− 2

π

∫ ∞

0

2gn2
αq
λ2αq

(µ2 + λ2αq
)−2

1 + 2g
∑

α∈I+ n2
α(µ

2 + λ2α)
−1λα

dµ .

(9.11)
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Evaluation of (B): By means of the integral identities (9.6) we get

(
(d+ 2b)

1
2d(d+ 2b)

1
2

)− 1
2
=

2

π

∫ ∞

0

dµ

(d+ 2b)
1
2d(d+ 2b)

1
2 + µ2

=
2

π

∫ ∞

0

(
(d+ 2b)

1
2

(
d+ µ2(d+ 2b)−1

)
(d+ 2b)

1
2

)−1

dµ .

(9.12)

Thus

(B) = 〈αq|(d+ 2b)
1
2

(
(d+ 2b)

1
2d(d+ 2b)

1
2

)− 1
2
(d+ 2b)

1
2 |αq〉

=
2

π

∫ ∞

0

〈αq|
(
d+ µ2(d+ 2b)−1

)−1 |αq〉 dµ .
(9.13)

To compute the integrand, we use the Sherman–Morrison formula twice. First

(d+ 2b)−1 = (d+ 2g|n〉〈n|)−1 = d−1 − 2gd−1|n〉〈n|d−1

1 + 2g〈n|d−1|n〉
and in the second step

(
d+ µ2(d+ 2b)−1

)−1
=

(
d+ µ2d−1 − 2gµ2

1 + 2g〈n|d−1|n〉d
−1|n〉〈n|d−1

)−1

= (d+ µ2d−1)−1 +
2gµ2(d2 + µ2)−1|n〉〈n|(d2 + µ2)−1

1 + 2g〈n|d−1|n〉 − 2gµ2〈n|d−1(d2 + µ2)−1|n〉 .

Using this in (9.13) and using the integral identities (9.6) for the first summand, we get

(B) =
2

π

∫ ∞

0

dµ

λ2αq
+ µ2

λαq +
2

π

∫ ∞

0

2gµ2
∣∣〈αq|(d2 + µ2)−1|n〉

∣∣2

1 + 2g〈n|d−1|n〉 − 2gµ2〈n|d−1(d2 + µ2)−1|n〉 dµ

= 1 +
2

π

∫ ∞

0

2gn2
αq
µ2(µ2 + λ2αq

)−2

1 + 2g
∑

α∈I+ n2
α(µ

2 + λ2α)
−1λα

dµ . (9.14)

This agrees with (A) up to a replacement of −2gn2
αq
λ2αq

by 2gn2
αq
µ2 in the numerator.

Evaluation of (C): As in (A) we use (9.5) to write

(C) = λ−1
αq
〈αq|(d2 + 2b̃)

1
2 |αq〉 . (9.15)

Applying the integral identities (9.6) and the Sherman–Morrison formula, we obtain

(d2 + 2b̃)
1
2 =

2

π

∫ ∞

0

(
1− µ2

µ2 + d2 + 2g|ñ〉〈ñ|

)
dµ

= d+
2

π

∫ ∞

0

µ22g(µ
2 + d2)−1|ñ〉〈ñ|(µ2 + d2)−1

1 + 2g〈ñ|(µ2 + d2)−1|ñ〉 dµ .

(9.16)

Plugging this into (9.15) yields

(C) = λ−1
αq
〈αq|d|αq〉+

2

π

∫ ∞

0

µ2λ−1
αq

2g
∣∣〈αq|(µ2 + d2)−1|ñ〉

∣∣2

1 + 2g〈ñ|(µ2 + d2)−1|ñ〉 dµ

= 1 +
2

π

∫ ∞

0

2gn2
αq
µ2(µ2 + λ2αq

)−2

1 + 2g
∑

α∈I+ n2
α(µ

2 + λ2α)
−1λα

dµ = (B) .

(9.17)
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Evaluation of (D): As for (B), we will make the factors of (d+2b)
1
2 cancel. Let this time

A := (d+ 2b)
1
2 and B := d. Then

((d+ 2b)
1
2d(d+ 2b)

1
2 )

1
2 = (ABA)

1
2 =

2

π

∫ ∞

0

(
1− µ2

ABA+ µ2

)
dµ

=
2

π

∫ ∞

0

ABA(ABA + µ2)−1 dµ .

(9.18)

Now, using Y X−1Y = (Y −1XY −1)−1 for any matrices X and Y , we get

ABA(ABA + µ2)−1 = ABA
(
(ABA)2 + µ2(ABA)

)−1
ABA

= AB
(
BA2B + µ2B

)−1
BA = A

(
A2 + µ2B−1

)−1
A .

(9.19)

Thus

(d+ 2b)−
1
2 ((d+ 2b)

1
2d(d+ 2b)

1
2 )

1
2 (d+ 2b)−

1
2 =

2

π

∫ ∞

0

(A2 + µ2B−1)−1 dµ

= d
2

π

∫ ∞

0

dµ

µ2 + d2 + 2db
= d

2

π

∫ ∞

0

(
1

µ2 + d2
− 2g(µ2 + d2)−1d|n〉〈n| (µ2 + d2)

−1

1 + 2g〈n|(µ2 + d2)−1d|n〉

)
dµ

= 1− 2

π

∫ ∞

0

2g(µ2 + d2)−1d2|n〉〈n| (µ2 + d2)
−1

1 + 2g〈n|(µ2 + d2)−1d|n〉 dµ .

In the expectation value of |αq〉 we obtain

(D) = 1− 2

π

∫ ∞

0

2gn2
αq
λ2αq

(µ2 + λ2αq
)−2

1 + 2g
∑

α∈I+ n2
α(µ

2 + λ2α)
−1λα

dµ = (A) . (9.20)

Plugging (9.11), (9.14), (9.17) and (9.20) into (9.4) results in

(cosh(2K)− 1)αq,αq =
1

π

∫ ∞

0

2gn2
αq
(µ2 − λ2αq

)(µ2 + λ2αq
)−2

1 + 2g
∑

α∈I+ n2
α(µ

2 + λ2α)
−1λα

dµ . (9.21)

Proposition 3.2 now follows by inserting this expression into (3.2).

10 Conclusion of the Proof of Theorems 1.1 and 1.2

With Theorem 3.1 and Proposition 3.2 at hand, it remains to show that the replacements
of Qk(µ) by Q

(0)
k (µ), of λαq ,k by λq,k, and of C̃q by Cq only produce small errors. We

start with the following estimate.

Lemma 10.1. Let δ ∈ (0, 1
6
) be the parameter from (2.5) and (2.8). Let Qk(µ) as

defined in (3.9) and Q
(0)
k (µ) as defined in (1.12). Then

Qk(µ) = Q
(0)
k (µ) +O(M

1
2N− 1

3
+δ +M− 1

2N δ +N−δ) ,

with the error estimate being uniform in µ ∈ [0,∞).
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Proof. Recall that, with a different convention than [3], in the present paper we chose

gk =
V̂k

2~κN |k| ∼ N− 2
3 . According to [3, Proposition 3.1 and (3.17)] we have

Qk(µ) = 2gk|k|k2F
∑

α∈I+
k

λ2α,k
λ2α,k + µ2

σ(pα)
(
1 +O

(
M

1
2N− 1

3
+δ
))

.

Here σ(pα) = 4πM−1 +O
(
N− 1

3M− 1
2

)
is the surface measure of the patch pα := k−1

F Pα
on the unit sphere. (In [3], λα,k is called uα(k)

2. Moreover it was assumed that δ ≤ 1
6
− ε

2

with ε ∈ R being the parameter in the choice M = N
1
3
+ε. As pointed out already in

[4, Lemma 5.1], this constraint is superfluous.) As in [3, (5.15)–(5.17)], we understand
Qk(µ) as the Riemann sum of an integral over half of the unit sphere. This integral is

∫

S2half

cos2 θ

cos2 θ + µ2
dθdϕ = 2π

(
1− µ arctan

(
1

µ

))
.

The claimed error bound is then the same as following [3, (5.17)].

We can now establish the following proposition, which is almost our main result,
except that we still have C̃q (3.1) in the place of Cq (2.19).
Proposition 10.2. If V̂ is non-negative and compactly supported, and if q ∈ Bαq for
some 1 ≤ αq ≤M , then

nq =
∑

k∈C̃q∩Z3

1

π

∫ ∞

0

gk(µ
2 − λ2q,k)(µ

2 + λ2q,k)
−2

1 +Q
(0)
k (µ)

dµ+ E , (10.1)

where
|E| ≤ Cǫ−1N− 2

3
− 1

12 . (10.2)

Proof. With n
(b)
q as defined in (3.8), the error can be decomposed into three terms as

|E| ≤ |nq − n(b)
q |+

∣∣∣∣n
(b)
q −

∑

k∈C̃q∩Z3

1

π

∫ ∞

0

gk(µ
2 − λ2αq,k

)(µ2 + λ2αq,k
)−2

1 +Q
(0)
k (µ)

dµ

∣∣∣∣

+

∣∣∣∣
∑

k∈C̃q∩Z3

1

π

∫ ∞

0

(
gk(µ

2 − λ2αq,k
)(µ2 + λ2αq,k

)−2

1 +Q
(0)
k (µ)

−
gk(µ

2 − λ2q,k)(µ
2 + λ2q,k)

−2

1 +Q
(0)
k (µ)

)
dµ

∣∣∣∣

=: EI + EII + EIII . (10.3)

Theorem 3.1 already shows that

EI ≤ CN−1+2δ . (10.4)

To express the other two error terms more compactly we define

fk(µ) :=
gk(µ

2 − λ2αq ,k
)(µ2 + λ2αq ,k

)−2

1 +Qk(µ)
, f

(0)
k (µ) :=

gk(µ
2 − λ2αq,k

)(µ2 + λ2αq,k
)−2

1 +Q
(0)
k (µ)

,

f̃
(0)
k (µ) :=

gk(µ
2 − λ2q,k)(µ

2 + λ2q,k)
−2

1 +Q
(0)
k (µ)

. (10.5)
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According to Proposition 3.2 we can write

EII =
∣∣∣∣
∑

k∈C̃q∩Z3

1

π

∫ ∞

0

(fk(µ)− f
(0)
k (µ)) dµ

∣∣∣∣ (10.6)

while the error EIII becomes

EIII =
∣∣∣∣
∑

k∈C̃q∩Z3

1

π

∫ ∞

0

(f
(0)
k (µ)− f̃

(0)
k (µ)) dµ

∣∣∣∣ . (10.7)

To estimate EII, we use that according to Lemma 10.1 we have Qk(µ) − Q
(0)
k (µ) =

O(M
1
2N− 1

3
+δ +M− 1

2N δ +N−δ) uniformly in µ ∈ [0,∞). Therefore

EII =
∣∣∣∣
∑

k∈C̃q∩Z3

1

π

∫ ∞

0

gk
µ2 − λ2αq ,k

(µ2 + λ2αq,k
)2

Qk(µ)−Q
(0)
k (µ)

(1 +Qk(µ))(1 +Q
(0)
k (µ))

dµ

∣∣∣∣

≤
∑

k∈C̃q∩Z3

gk
π

∫ ∞

0

∣∣∣∣
µ2 − λ2αq,k

(µ2 + λ2αq ,k
)2

∣∣∣∣ dµ O(M
1
2N− 1

3
+δ +M− 1

2N δ +N−δ) . (10.8)

Here we used Qk(µ) ≥ 0 and Q
(0)
k (µ) ≥ 0. Since (µ2 − λ2αq,k

)(µ2 + λ2αq ,k
)−2 has the

antiderivative −µ(µ2 + λ2αq,k
)−1, the integral is found to be λ−1

αq ,k
. Further, the opening

angle of a patch is of order M− 1
2 ≪ λαq,k, so

λαq ,k = |k̂ · ω̂αq | = |k̂ · q̂|(1 +O(M− 1
2 )) = λq,k(1 +O(M− 1

2 )) . (10.9)

The condition (1.10) from Theorem 1.1 implies λ−1
q,k ≤ ǫ−1 and λ−1

αq ,k
≤ ǫ−1. We have

gk ∼ N− 2
3 and the sum over k is finite, so we obtain

EII = ǫ−1N− 2
3O(M

1
2N− 1

3
+δ +M− 1

2N δ +N−δ) . (10.10)

Now we turn to EIII. We define the function hµ : R → R by

hµ(x) :=
µ2 − x2

(µ2 + x2)2
.

Recalling that Q
(0)
k (µ) ≥ 0 for all µ ∈ [0,∞), and using the Fubini theorem, we obtain

EIII =
∣∣∣∣
∑

k∈C̃q∩Z3

1

π

∫ ∞

0

gk

1 +Q
(0)
k (µ)

(
µ2 − λ2αq,k

(µ2 + λ2αq ,k
)2

−
µ2 − λ2q,k

(µ2 + λ2q,k)
2

)
dµ

∣∣∣∣

=

∣∣∣∣
∑

k∈C̃q∩Z3

1

π

∫ ∞

0

gk

1 +Q
(0)
k (µ)

∫ λαq,k

λq,k

∂hµ
∂x

(x) dx dµ

∣∣∣∣

≤
∑

k∈C̃q∩Z3

gk
π

∫ ∞

0

∫ λαq,k

λq,k

∣∣∣∣
∂hµ
∂x

(x)

∣∣∣∣ dx dµ =
∑

k∈C̃q∩Z3

gk
π

∫ λαq,k

λq,k

∫ ∞

0

∣∣∣∣
∂hµ
∂x

(x)

∣∣∣∣ dµ dx .
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Since ∂hµ
∂x

(x) = 2x x2−3µ2

(µ2+x2)3
we conclude that

EIII ≤
∑

k∈C̃q∩Z3

gk
π

∫ λαq,k

λq,k

|2x|
(
−
∫ x/

√
3

0

3µ2 − x2

(µ2 + x2)3
dµ+

∫ ∞

x/
√
3

3µ2 − x2

(µ2 + x2)3
dµ

)
dx .

An antiderivative of (3µ2 − x2)(µ2 + x2)−3 w. r. t. µ is given by −µ(µ2 + x2)−2. Thus

EIII ≤
∑

k∈C̃q∩Z3

gk
π

∫ λαq,k

λq,k

|x| 9
4
√
3

dx

x3
=

9

4π
√
3

∑

k∈C̃q∩Z3

gk

∣∣λq,k − λαq ,k

∣∣
λαq ,kλq,k

.

From (10.9) we get, with a constant C > 0 independent of k, M , and ǫ, the bound

∣∣λq,k − λαq ,k

∣∣
λαq ,kλαq ,k

≤ λ−1
q,kO(M− 1

2 ) ≤ Cǫ−1M− 1
2 .

Since gk ∼ N− 2
3 and the sum over k has finitely many summands, we conclude that

EIII ≤ ǫ−1O
(
N− 2

3M− 1
2

)
. (10.11)

So collecting the estimates (10.4), (10.10), and (10.11), we conclude that

|E| ≤ CN−1+2δ + ǫ−1N− 2
3O(M

1
2N− 1

3
+δ +M− 1

2N δ +N−δ) .

Choosing the parameters δ = 1
12

and M = N
1
3 yields the claimed bound.

Proof of Theorem 1.1. By [6, Thm. 1.1] the ground state energy satisfies

inf σ(HN) = EHF
N + ERPA

N +O(N− 1
3
−α) , (10.12)

where EHF
N and ERPA

N are explicit constants (the Hartree–Fock ground state energy and
the Random Phase Approximation of the correlation energy) and α > 0. On the other
hand, in [3, Sect. 5.5], the energy expectation in ψN was computed as

〈ψN , HNψN 〉 ≤ EHF
N + ERPA

N + E ,

where the error term E was bounded by

|E| ≤ C
(
N−1 +M−1 +N−1+δM

)
+ C~

(
M

1
4N− 1

6
+ δ

2 +N− δ
2 +M− 1

4N
δ
2

)
.

The second term, of order M−1, resulted from the bound on the linearization of the
kinetic energy operator by M−1N in [3, Sect. 5.3] and required a choice of M ≫ N

1
3 .

This is not optimal; if instead of linearizing the kinetic energy operator directly we
linearize only its commutator with a pair operator as in [4, Lemma 8.2], its contribution

to E can be improved from M−1 to ~(M−1/2 +MN− 2
3
+δ) as in [4, Lemma 8.1]. With

this improvement, the dominant terms in the error bound are

|E| ≤ C~
(
N− 2

3
+δM +N− δ

2 +M− 1
4N

δ
2

)
.
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With the choice δ = 1
12

and M = N
1
3 from the proof of Proposition 10.2 we obtain

〈ψN , HNψN 〉 ≤ EHF
N + ERPA

N +O(N− 1
3
− 1

24 ) . (10.13)

This establishes (1.9).

It remains to establish (1.11). Note that the sum in k is symmetric under reflection
k 7→ −k, so we may replace Dq (1.12) by Cq (2.19). Then, (1.11) follows from Proposi-
tion 10.2 if we can show that extending the sum from k ∈ C̃q to k ∈ Cq never decreases
the result by more than Cǫ−1N− 2

3
− 1

12 . In fact, since (1.10) implies λq,k ≥ ǫ, the same
arguments as in the proof of (10.2) apply for any k ∈ Cq \ C̃q, so recalling (5.7) we get

∣∣∣∣∣
1

π

∫ ∞

0

gk(µ
2 − λ2q,k)(µ

2 + λ2q,k)
−2

1 +Q
(0)
k (µ)

dµ− n(b)
q

∣∣∣∣∣

=

∣∣∣∣∣
1

π

∫ ∞

0

gk(µ
2 − λ2q,k)(µ

2 + λ2q,k)
−2

1 +Q
(0)
k (µ)

dµ− 1

2n2
αq ,k

(
cosh(2K(k))− 1

)
αq ,αq

∣∣∣∣∣
(10.3)

≤ EII + EIII ≤ Cǫ−1N− 2
3
− 1

12 .

(10.14)

Since cosh(2K)− 1 is a positive matrix, we have
(
cosh(2K(k))− 1

)
αq,αq

≥ 0. Since the

number of momenta k ∈ (Cq \ C̃q) ∩ Z
3 is bounded by |BR(0) ∩ Z

3| ∼ 1, we conclude

∑

k∈(Cq\C̃q)∩Z3

1

π

∫ ∞

0

gk(µ
2 − λ2q,k)(µ

2 + λ2q,k)
−2

1 +Q
(0)
k (µ)

dµ ≥ −Cǫ−1N− 2
3
− 1

12 .

Proof of Theorem 1.2. By definition of ψN , we have nq = 0 whenever q is not inside some
patch Bαq . So we may focus on the case q ∈ Bαq for some 1 ≤ αq ≤ M . Theorem 3.1
and Proposition 3.2 combine to

nq ≤
∑

k∈C̃q∩Z3

gk
π

∫ ∞

0

(µ2 − λ2αq ,k
)(µ2 + λ2αq ,k

)−2

1 +Qk(µ)
dµ+ CN−1+2δ . (10.15)

Since Qk(µ) ≥ 0, for an upper bound the denominator of the integrand can be dropped;
the integral is then the same as in (10.8), found there to be λ−1

αq,k
. For k ∈ C̃q ∩ Z3, the

definition (3.1) of C̃q entails

λ−1
αq,k

= |k||k · ω̂αq |−1 ≤ RN δ . (10.16)

The sum over such k is finite and gk ∼ N− 2
3 , so the leading order in (10.15) is

∑

k∈C̃q∩Z3

gk
π

∫ ∞

0

(µ2 − λ2αq,k
)(µ2 + λ2αq,k

)−2

1 +Qk(µ)
dµ ≤ CN− 2

3
+δ . (10.17)

Since δ < 1
6
, the error in (10.15) is subleading. The optimal common upper bound is

nq ≤ CN− 2
3
+δ, where δ = 1

12
. This bound is uniform in q ∈ Z3.
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Proof of Proposition 2.1. Comparing (10.1), which holds due to Proposition 10.2, and
(2.18), which is what we want to show, it suffices to bound the contributions from
k ∈ Cq \ C̃q by

∣∣∣∣
∑

k∈(Cq\C̃q)∩Z3

1

π

∫ ∞

0

gk(µ
2 − λ2q,k)(µ

2 + λ2q,k)
−2

1 +Q
(0)
k (µ)

dµ

∣∣∣∣ ≤ Cǫ−1N− 2
3
− 1

12 . (10.18)

Comparing the definition (2.19) of Cq and the definition (3.1) of C̃q, we observe that
k ∈ Cq \ C̃q can occur only if the momentum q ± k is outside the patch Bαq , or if
|k · ω̂αq | < N−δ. The first case is ruled out by (2.17). The second case can be ruled out
via (1.10) which implies λq,k ≥ ǫ, and |k| ≥ 1, as

|k · ω̂αq | = |k|λαq,k
(10.9)
= |k|λq,k(1 +O(M− 1

2 )) ≥ ǫ(1 +O(M− 1
2 )) .

In that case, the sum on the l. h. s. of (10.18) is empty.

A Bosonization Approximation

In this section we show how adnq,(b), defined in (5.2), arises from a bosonization approx-
imation. We replace the almost-bosonic operators c∗(g), c(g) defined in (4.1) by ex-
actly bosonic operators c̃∗(g), c̃(g). Lemma A.1 then shows that the multi-commutator
adnS(a

∗
qaq) becomes adnq,(b) with c

∗, c replaced by c̃∗, c̃.

The exact bosonic operators c̃∗, c̃ can be defined as elements of an abstract ∗–algebra
A. More precisely, we define the free ∗–algebra generated by

{ã∗q, c̃∗p,h, : q ∈ Z
3, p ∈ Bc

F, h ∈ BF} . (A.1)

In this algebra we form the ∗-ideal generated by the (anti-)commutator relations

{ãq, ã∗q′} = δq,q′ , [c̃p,h, c̃
∗
p′,h′] = δp,p′δh,h′ ,

{ãq, ãq′} = {ã∗q , ã∗q′} = [c̃p,h, c̃p′,h′] = [c̃∗p,h, c̃
∗
p′,h′] = 0 ,

(A.2)

and the relation
[c̃∗p,h, ã

∗
qãq] = −c̃∗p,h(δh,q + δp,q) . (A.3)

(The latter can be understood as c̃∗p,h behaving like a pair creation operator.) Taking
the quotient of this free ∗-algebra with respect to the indicated ideal we obtain A.

In analogy to (4.1), for g : Bc
F × BF → C we define c̃∗(g) :=

∑
p∈Bc

F
h∈BF

g(p, h)c̃∗p,h

and c̃(g) :=
∑

p∈Bc
F

h∈BF

g(p, h)c̃p,h; moreover in analogy to (4.2), for α ∈ Ik, we define

c̃∗α(k) := c̃∗(dα,k) with dα,k(p, h) = δp,h±k
1

nα,k
χ(p, h : α). The statement of Lemma 4.2

then holds true also for the modified operators, with gq,k as defined in (4.7):

[c̃∗α(k), ã
∗
q ãq] = −δα,αq c̃

∗(gq,k) . (A.4)
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The approximate CCR from Lemmas 4.1, 4.3 and 4.4 become exact, i. e., with ρq,k as
defined in (4.11) we have

[c̃(g), c̃∗(g̃)] = 〈g, g̃〉 , [c̃α(k), c̃
∗
β(ℓ)] = δα,βδk,ℓ , [c̃α(k), c̃

∗(gq,ℓ)] = δα,αqδk,ℓρq,k . (A.5)

Accordingly in (2.14) we replace c and c∗ by c̃ and c̃∗ to obtain S̃. Thus we obtain
an exactly bosonic equivalent adn

S̃
(ã∗qãq) of adnS(a

∗
qaq). To compare it to the bosonized

multi-commutator adnq,(b) defined in (5.2), we introduce an exact bosonic equivalent

ãd
n

q,(b), given for n = 0 by ãd
0

q,(b) := ã∗q ãq and for n ≥ 1 by

ãd
n

q,(b) :=





2n−1
Ãn + B̃n + B̃

∗
n +

n−1∑

m=1

(
n

m

)
C̃n−m,m if n is even

Ẽn + Ẽ
∗
n +

s∑

m=1

(
n

m

)
D̃n−m,m +

s∑

m=1

(
n

m

)
F̃m,n−m

if n is odd,
n = 2s+ 1,

(A.6)

where Ã, B̃, C̃, D̃, Ẽ, and F̃ are defined by replacing c♯ by c̃♯ in (5.3) and (5.4).

Lemma A.1. Under the replacements of a♯ by ã♯ and c♯ by c̃♯, the multi-commutator
adnS(a

∗
qaq) becomes

adn
S̃
(ã∗qãq) = [S̃, . . . , [S̃, ã∗qãq] . . .] = ãd

n

q,(b) . (A.7)

This motivates the definition of adnq,(b) we used in Section 5.

Proof. We use induction in n. The case n = 0 is trivial, since ad0
S̃
(ã∗qãq) = ã∗qãq = ãd

0

q,(b).

Step from n− 1 to n for n = 1: Here, in (A.6) we have s = 0, so ãd
1

q,(b) = Ẽ1+ Ẽ
∗
1. On

the other side, using (A.4) and K(k) = K(k)T , we get

ad1
S̃
(ã∗q ãq) = [S̃, ã∗q ãq] = −1

2

∑

k∈Γnor

∑

α,β∈Ik

K(k)α,β[c̃
∗
α(k)c̃

∗
β(k)− h.c., ã∗q ãq]

=
∑

k∈C̃q∩Z3

∑

α∈Ik

K(k)α,αq c̃
∗
α(k)c̃

∗(gq,k) + h.c. = Ẽ1 + Ẽ
∗
1 .

Here, we were able to restrict to C̃q ∩ Z
3 since gq,k = 0 otherwise.

For the rest of this proof, we adopt the convention that
∑

k runs over k ∈ C̃q ∩ Z3

while
∑

k′ over k
′ ∈ Γnor.

Step from n− 1 to n for even n: On the l. h. s. of (A.7) we have

adn
S̃
(ã∗q ãq) = [S̃, adn−1

S̃
(ã∗q ãq)]

= [S̃, Ẽn−1] + [S̃, Ẽ
∗
n−1] +

s∑

m=1

(
n− 1

m

)
[S̃, D̃n−m−1,m] +

s∑

m=1

(
n− 1

m

)
[S̃, F̃m,n−m−1] ,
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where s = n/2− 1. The CCR (A.5) render

[S̃, Ẽn−1] =
1

2

∑

k,k′

∑

α,β∈Ik′
α1∈Ik

K(k′)α,β(K(k)n−1)αq ,α1 [c̃α(k
′)c̃β(k

′), c̃∗(gq,k)c̃
∗
α1
(k)]

= C̃n−1,1 + B̃n + Ãn .

(A.8)

It is easy to see that C̃
∗
m,m′ = C̃m′,m, Ã

∗
n = Ãn = An and S̃∗ = −S̃, which implies

[S̃, Ẽ
∗
n−1] = C̃1,n−1 + B̃

∗
n + Ãn . (A.9)

Likewise, and using D̃
∗
m,m′ = F̃m′,m, we compute

[S̃, D̃n−m−1,m] =C̃n−m,m + C̃m+1,n−m−1 + Ãn ,

[S̃, F̃m,n−m−1] =C̃m,n−m + C̃n−m−1,m+1 + Ãn .

We sum all 1 +
∑s

m=1

(
n−1
m

)
+
∑s

m=1

(
n−1
m

)
+ 1 = 2n−1 commutators and get

adn
S̃
(ã∗q ãq) = 2n−1

Ãn + B̃n + B̃
∗
n + C̃1,n−1 + C̃n−1,1

+

s∑

m=1

(
n− 1

m

)
(C̃n−m,m + C̃m+1,n−m−1 + C̃m,n−m + C̃n−m−1,m+1)

= 2n−1
Ãn + B̃n + B̃

∗
n +

n−1∑

m=1

(
n

m

)
C̃n−m,m = ãd

n

q,(b) . (A.10)

Step from n− 1 to n for odd n ≥ 3: The l. h. s. of (A.7) is

adn
S̃
(ã∗qãq) = 2n−2[S̃, Ãn−1] + [S̃, B̃n−1] + [S̃, B̃

∗
n−1] +

n−2∑

m=1

(
n− 1

m

)
[S̃, C̃n−m−1,m] .

Since Ãn−1 ∈ C we have [S̃, Ãn−1] = 0. Using the CCR as above, we get

[S̃, B̃n−1] =D̃1,n−1 + Ẽn , [S̃, C̃n−m−1,m] =D̃n−m,m + F̃m+1,n−m−1

and [S̃, B̃
∗
n−1] = F̃ n−1,1+ Ẽ

∗
n. Putting all terms together and using D̃m,m′ = D̃m′,m and

F̃m,m′ = F̃m′,m completes the induction step with s = n−1
2
:

adn
S̃
(ã∗q ãq) = Ẽn + Ẽ

∗
n + D̃1,n−1 + F̃ n−1,1 +

n−2∑

m=1

(
n− 1

m

)
(D̃n−m,m + F̃m+1,n−m−1)

= Ẽn + Ẽ
∗
n +

s∑

m=1

(
n

m

)
(D̃n−m,m + F̃m,n−m) = ãd

n

q,(b) .
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B Formal Infinite Volume Limit

In this appendix we take the limit of the formula describing the momentum distribution
as the size of the torus L → ∞. This is formal in the sense that we do not control
the error terms in the derivation of the momentum distribution uniformly in L. For
simplicity we assume that V and thus also V̂ are radial. As long as the side length L of
the torus is fixed, the proof of Theorem 1.1 carries through unchanged, so

nq(L) ≈
∑

k∈C̃q∩L−1Z3

1

π

∫ ∞

0

gk(µ
2 − λ2q,k)(µ

2 + λ2q,k)
−2

1 +Q
(0)
k (µ)

dµ . (B.1)

Still gk =
V̂k

2~κN |k| , and (1.16) renders N
L3 = 8π3ρ =

4πk3F
3

(1 +O(N− 1
3 )), so

nq(L) ≈ L−3
∑

k∈C̃q∩L−1Z3

3V̂k
8π2~k3F|k|κ

(1 +O(k−1
F ))

∫ ∞

0

(µ2 − λ2q,k)(µ
2 + λ2q,k)

−2

1 +Q
(0)
k (µ)

dµ .

Note that λq,k = |k̂ · q̂| and Q(0)
k (µ) both depend on k, but not on L. So we are able to

take the limit L→ ∞, in which the Riemann sum L−3
∑

k becomes an integral

nq ≈
∫

C̃q

dk
3V̂k

8π2~k3F|k|κ
(1 +O(k−1

F ))

∫ ∞

0

(µ2 − λ2q,k)(µ
2 + λ2q,k)

−2

1 +Q
(0)
k (µ)

dµ . (B.2)

For the approximate evaluation of this integral, we assume that the Fermi surface is
locally flat and that q keeps sufficient distance to the boundary of its patch, so C̃q = Cq.
The integral is then evaluated in spherical coordinates, as shown in Fig. 3. We consider
only the case q ∈ Bc

F, as q ∈ BF can be treated analogously. The integrand is symmetric
under reflection k 7→ −k, so we can replace Cq by Dq, see (1.12). The radial integral
over |k| starts where the sphere of radius |k| touches the Fermi surface, which is at

Rq := ||q| − kF| . (B.3)

The integral over |k| runs up to the maximal momentum transferR given by the diameter
of suppV̂ . The integration over θ runs from 0 to θmax with cos θmax ≈ Rq

|k| =: λmin. Thus

nq ≈
∫ R

Rq

d|k||k|2 3V̂k
8π2~k3F|k|κ

∫ θmax

0

dθ sin θ 2π

∫ ∞

0

µ2 − cos2 θ

(µ2 + cos2 θ)2
dµ

1 +Q
(0)
k (µ)

=

∫ R

Rq

d|k||k| 3V̂k
4π~k3Fκ

∫ 1

λmin

dλ

∫ ∞

0

µ2 − λ2

(µ2 + λ2)2
dµ

1 +Q
(0)
k (µ)

.

(B.4)

Since the potential is radial, Q
(0)
k (µ) depends only on |k| and not on λ, so we may

compute the integral over λ explicitly to be
∫ 1

λmin

µ2 − λ2

(µ2 + λ2)2
dλ =

[
λ

µ2 + λ2

]1

λmin

=
1

1 + µ2
− Rq|k|−1

R2
q |k|−2 + µ2

. (B.5)

The final result is

nq ≈
∫ R

Rq

d|k||k|
∫ ∞

0

3V̂k
4π~k3Fκ

(
1

1 + µ2
− Rq|k|−1

R2
q |k|−2 + µ2

)
dµ

1 +Q
(0)
k (µ)

. (B.6)
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∂BF
BF Bc

F

BR(q)

q ∂BF

BF

Bc
F BR(q)

integration domain

θmax

|k|

R

Rq

q

Figure 3: Left: Reflecting part of Cq renders Dq. Right: The integration range for a
fixed |k| in spherical coordinates.

C Comparison with Daniel and Vosko

The standard reference for the momentum distribution in the random phase approx-
imation is [15]. Daniel and Vosko use a Hellmann-Feynman argument to obtain the
momentum distribution from a derivative of the ground state energy with respect to an
artificial parameter in a modified Hamiltonian, where the energy is computed by the per-
turbative resummation of [20]. This approach may not very reliable because the change
in occupation numbers that the Hellmann-Feynman argument tests for corresponds to
changes in the energy of order ~2, which is beyond the energy resolution that the rigor-
ous results provide. But at least formally we may compare (B.6) to Daniel and Vosko’s
momentum distribution, given for the Coulomb potential and in the thermodynamic
limit in [15, Eq. (8)] for q ∈ Bc

F as6

n(DV,out)
q =

α

|q|

∫ |q|+kF

|q|−kF
d|k||k|

∫ ∞

0

[
|q| − |k|

2(
|q| − |k|

2

)2
+ k2Fµ

2

−
|q|2−k2F
2|k|(

|q|2−k2F
2|k|

)2
+ k2Fµ

2

]

×
(
|k|2k−2

F + αQ
(DV)
k (µ)

)−1

dµ ,

(C.1)

with coupling constant α =
e2Coul

π2kF
and

Q
(DV)
k (µ) = 2π

[
1 +

k2F(1 + µ2)− |k|2
4

2|k|kF
log




(
kF + |k|

2

)2
+ k2Fµ

2

(
kF − |k|

2

)2
+ k2Fµ

2




− µ arctan

(
1 + |k|

2kF

µ

)
− µ arctan

(
1− |k|

2kF

µ

)]
.

(C.2)

6The variables q, k and u from [15] correspond to |k|
kF

, |q|
kF

and µ in our notation.
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Due to the long range of the Coulomb potential, there is a separate formula [15, Eq. (9)]
for momenta inside the Fermi ball:

n(DV,in)
q (C.3)

=
α

|q|

∫ kF+|q|

kF−|q|
d|k||k|

∫ ∞

0

(
|q|+ |k|

2(
|q|+ |k|

2

)2
+ k2Fµ

2

−
k2F−|q|2
2|k|(

k2F−|q|2
2|k|

)2
+ k2Fµ

2

)
dµ

|k|2k−2
F + αQ

(DV)
k (µ)

+
α

|q|

∫ ∞

kF+|q|
d|k||k|

∫ ∞

0

(
|q|+ |k|

2(
|q|+ |k|

2

)2
+ k2Fµ

2

−
|k|
2
− |q|

(
|k|
2
− |q|

)2
+ k2Fµ

2

)
dµ

|k|2k−2
F + αQ

(DV)
k (µ)

.

We take a short-range approximation of (C.1) and (C.3) by cutting off the interaction
at some R independent of N , so that in particular |k| ≤ R ≪ kF. This allows for

simplifying Q
(DV)
k (µ); in fact, its contributions can be approximated as

k2F(1 + µ2)− |k|2
4

2|k|kF
=
k2F(1 + µ2) +O(1)

2|k|kF
=
kF(1 + µ2)

2|k| (1 +O(k−2
F )) (C.4)

and

log




(
kF + |k|

2

)2
+ k2Fµ

2

(
kF − |k|

2

)2
+ k2Fµ

2


 = log

(
k2F(1 + µ2) + kF|k|+O(1)

k2F(1 + µ2)− kF|k|+O(1)

)
=

2|k|(1 +O(k−1
F ))

kF(1 + µ2)

and

µ arctan

(
1± |k|

2kF

µ

)
= µ arctan

(
1

µ
(1 +O(k−1

F ))

)
= µ arctan

(
1

µ

)
+O(k−1

F ) . (C.5)

Thus, with (SR) indicating the short-range approximation,

Q
(DV)
k (µ) = Q

(SR)
k (µ) +O(k−1

F ) with Q
(SR)
k (µ) := 4π

(
1− µ arctan

(
1

µ

))
. (C.6)

Then outside the Fermi ball and with Rq as in (B.3), (C.1) becomes

n(DV,SR)
q =

∫ R

Rq

d|k| αkF|q||k|

∫ ∞

0

(
1 +O(k−1

F )

1 + µ2
− Rq|k|−1 +O(k−1

F )

R2
q |k|−2 + µ2

)
dµ

1 + α|k|−2k2FQ
(SR)
k (µ)

.

A comparison with (B.6) and (1.12) shows that Q
(0)
k (µ) should be identified with the

quantity α|k|−2k2FQ
(SR)
k (µ), which corresponds to the following choice of the potential:

3V̂k
2κ~kF

= α|k|−2k2F4π ⇔ V̂k =
8πκ~k3F

3
α|k|−2 =

8κe2Coul~k
2
F

3π|k|2 . (C.7)

With this identification, the V̂k–dependent factor in (B.6) amounts to

3V̂k
4π~k3Fκ

=
2e2Coul

π2kF|k|2
=

2α

|k|2 . (C.8)
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As kF
|q| = 1 +O(k−1

F ), we can equivalently write

n(DV,SR)
q =

∫ R

Rq

d|k| |k|3V̂k
2π~k3Fκ

∫ ∞

0

(
1 +O(k−1

F )

1 + µ2
− Rq|k|−1 +O(k−1

F )

R2
q |k|−2 + µ2

)
(1 +O(k−1

F ))dµ

1 +Q
(0)
k (µ)

.

(C.9)

Inside the Fermi ball, considering n
(DV,in)
q in (C.3), the second of the two integrals

over |k| vanishes in the short-range approximation |k| ≤ R as soon as kF large enough.

The first term is identical to n
(DV,in)
q up to a replacement of |q| − |k|

2
by |q|+ |k|

2
in two

places, of |q| − kF by kF − |q| in the integral limits, and of |q|2 − k2F by k2F − |q|2 in

two other places. Thus, the expansion of n
(DV,in)
q in the short-range approximation is

identical to n
(DV,SR)
q , again agreeing with half our result (B.6) as kF → ∞.
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