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Abstract
We say of an isolated macroscopic quantum system in a pure stateψ that it is in macroscopic
thermal equilibrium (MATE) ifψ lies in or close to a suitable subspaceHeq of Hilbert space.
It is known that every initial state ψ0 will eventually reach and stay there most of the time
(“thermalize”) if the Hamiltonian is non-degenerate and satisfies the appropriate version
of the eigenstate thermalization hypothesis (ETH), i.e., that every eigenvector is in MATE.
Tasaki recently proved the ETH for a certain perturbation H fF

θ of the Hamiltonian H fF
0 of

N � 1 free fermions on a one-dimensional lattice. The perturbation is needed to remove
the high degeneracies of H fF

0 . Here, we first point out that also for degenerate Hamiltonians
all ψ0 thermalize if the ETH holds, i.e., if every eigenbasis lies in MATE, and we prove that
this is the case for H fF

0 . Inspired by the fact that there is one eigenbasis of H fF
0 for which

MATE can be proved more easily than for the others, with smaller error bounds, and also in
higher spatial dimensions, we show for any given H0 that the existence of one eigenbasis in
MATE implies quite generally that most eigenbases of H0 lie in MATE. We also show that,
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as a consequence, after adding a small generic perturbation, H = H0 + λV with λ � 1, for
most perturbations V the perturbed Hamiltonian H satisfies ETH and all states thermalize.

Keywords Eigenstate thermalization hypothesis (ETH) · Generic perturbation · Thermal
equilibrium subspace

1 Introduction

We consider an isolated macroscopic quantum system S in a pure state ψ ∈ H evolving
unitarily, ψt = e−i Htψ0, for simplicity with ψ0 (and thus ψt ) in a micro-canonical “energy
shell” Hmc, the spectral subspace of H corresponding to energies in a small interval [E −
�E, E]. There are different concepts of thermal equilibrium of quantum systems [7, 10, 12,
13, 15–18, 20, 22, 27–29] (for a comparison of some, see [8, 9]), and one important concept
for an isolated system S is that its state ψ lies, at least approximately, in a certain subspace
Heq ⊆ Hmc containing the pure states that “look macroscopically like thermal equilibrium
states.” Following [8, 9], we call this concept “macroscopic thermal equilibrium” (MATE)
[10, 11, 18, 26, 29] and speak of “macroscopic thermalization” if ψt reaches MATE sooner
or later (even though ψ0 may be far from MATE) and stays there for most of the time. For
brevity, we will drop the adjective “macroscopic” and just speak of “thermal equilibrium”
and “thermalization” in the following.

To take a concrete example, consider a gas of many but finitely many particles in a box. In
the classical case it is well known, going back to Boltzmann, that the majority of microstates
on some energy shell look macroscopically like a gas in thermal equilibrium, i.e., have
uniform empirical position distribution and Maxwellian empirical momentum distribution.
Moreover, it is expected (but very hard to prove) that the system starting from the major-
ity of those fewer microstates corresponding to some non-equilibrium macrostate (say all
particles start in the same half of the box) will also thermalize after some time, i.e., look
macroscopically like a gas in thermal equilibrium for most later times. Note that this concept
of thermalization does not require a heat bath, nor infinite system size, nor randomness in
the evolution. The framework sketched above captures the analogous question for quantum
systems, and our explicit example is indeed the (perturbed) free Fermi gas in a box.

Anatural question is underwhich conditions onHeq, H , andψ0 the systemwill thermalize.
An observation made by Goldstein et al. [10] and Tasaki [29] is that if H has non-degenerate
spectrum and satisfies the appropriate version of the eigenstate thermalization hypothesis
(ETH) [4, 25], i.e., if

every eigenvector of H is in MATE, (1)

then every ψ0 thermalizes. Goldstein et al. [10] further proved that if dimHeq/ dimHmc is
close to 1 (which is usually satisfied in practice), and if we take H to be a random matrix
with unitarily invariant distribution (or, equivalently, with an eigenbasis that is uniformly
(Haar) distributed over all orthonormal bases and independent of the eigenvalues) and non-
degenerate eigenvalues, then it satisfies the ETH (1) with probability close to 1. (A similar
result was obtained by Reimann [21].) An observation that we add in Proposition 1 below
is that (1) alone guarantees that every ψ0 thermalizes, even for Hamiltonians with highly
degenerate spectra.

The present paper is inspired particularly by recent works of Tasaki [30, 31] in which he
focused on specifying concrete Heq and H and proving for them that every ψ0 thermalizes.
The goal of proving thermalization for specific Hamiltonians brings into focus difficulties
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Macroscopic Thermalization for Highly… Page 3 of 33 109

arising from highly degenerate eigenvalues; this paper is mainly about ways to deal with
these difficulties.

Concretely, Tasaki [30, 31] (and earlier Shiraishi and Tasaki [24]) considered N � 1 free
non-relativistic fermions (“the free Fermi gas”) on the 1d lattice � := Z/LZ with L > N
sites, which defines a Hilbert space H and a Hamiltonian H fF

0 , and took Heq, as a simple
model, to comprise the states for which the number of particles in a subinterval � ⊂ � of the
lattice lies within a suitable tolerance of N |�|/L .1 Since for this simple model, the choice
of Heq involves no conditions on the energy, the restriction to [E − �E, E] plays no role,
so we can simply take Hmc = H. It is easy to see that dimHeq/ dimH is indeed close to 1.
However, H fF

0 has highly degenerate eigenvalues, and for this reason Shiraishi and Tasaki
considered a perturbation H fF

θ of H fF
0 by a small magnetic flux θ through the ring, which

removes all degeneracies if L ≥ 3 is prime. Correspondingly, they proved thermalization of
any initial state ψ0 under the evolution generated by H fF

θ . The question whether a similar
statement holds also for H fF

0 was left open.
One of our main results (Theorem 2 in Section 3.2) proves the ETH (1) relative to this

Heq also for the unperturbed free fermion Hamiltonian H fF
0 in one spatial dimension. As a

corollary we conclude, using the observation explained above, that also under the evolution
of H fF

0 every initial state ψ0 thermalizes.
We also present results in another direction: Consider for an orthonormal basis (ONB) B

the condition that
every φ ∈ B lies in MATE. (2)

It turns out that there is one eigen-ONB B1 of H fF
0 that is particularly good in several ways

(see Proposition 5 in Section 3):

(i) B1 satisfies (2) with much smaller error bounds (i.e., smaller deviations fromHeq) than
some other eigen-ONBs; in fact like e−N instead of a negative power of N ;

(ii) it is easier to prove (2) for B1 than for other eigen-ONBs;
(iii) in higher dimensions (i.e., considering a lattice Zd/LZd with d > 1), we could find a

proof of (2) for (the analog of) B1, but not for all eigen-ONBs of (the analog of) H fF
0 .

This situationmotivates us to propose a strategy for dealing with degenerate Hamiltonians for
which some, but not every, eigen-ONB B satisfies (2). Let us call such a general Hamiltonian
H0. (Note that violations of (1) imply the existence of some ψ0 that will not thermalize:
for example, eigenstates that are not initially in MATE will never reach MATE because
they are stationary.) If H0 is only moderately degenerate, then an elementary estimate (see
Corollary 1 in Section 2) shows that (2) for one eigenbasis would enforce (2) for every other
eigenbasis with moderately worse error bounds. However, in the example of the free Fermi
gas in d ≥ 1 space dimensions, the degeneracy is around 2Nd and thus too high. For this
reason, we propose to consider a perturbation of H0,2 but (unlike [24, 30, 31]) a random

1 A more realistic model ofHeq would involve (a) not only one region � but every (suitably coarse-grained)
macroscopic region in space, (b) the (coarse-grained) distribution of momenta, and (c) other macroscopic
observables such as total spin. Item (a) can be implemented rather easily. Indeed, in [30, 31], Tasaki partitioned
the lattice into a (not too large) number of subintervals �i (thought of as macroscopic regions) and required,
as the definition ofHeq, that the number of particles in each �i lies within suitable tolerances of N |�i |/L , so
the coarse grained empirical distribution of particles is approximately uniform in 1d physical space. Since this
setup can be dealt with mathematically in much the same way as just considering a single � (see Remark 3),
we will stick here with the simpler model. Item (b), on the other hand, is pointless for the free Fermi gas, since
individual momenta are conserved, and the treatment of the interacting Fermi gas is far beyond the scope of
this paper.
2 Still, the considerations stay fully rigorous. In particular, they do not involve neglecting higher-order terms
in a series expansion (as the word “perturbation” might suggest in some contexts).
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perturbation
H = H0 + λV , (3)

thought of as a generic perturbation.We argue in Section 2.4 that it is physically appropriate to
consider a generic perturbation. In fact, as soon as V has continuous probability distribution,
H has non-degenerate eigenvalues and eigenvalue gaps with probability 1 for every 0 < λ <

λ0 for suitable λ0.3 So, generic (arbitrarily small) perturbations remove the degeneracy of
H .

Moreover, and this is the content of our other main result (Theorem 1 in Section 3), under
the assumption that the distribution of V is invariant under all unitaries or at least those
commuting with H0, most H with H0 having one eigenbasis whose elements are in MATE
satisfy the ETH (1), and thus for most perturbations all states thermalize.

Apart from the general, abstract argument expressed in Theorem 1, we also include the
application to the free Fermi gas (Proposition 5 and Corollary 3 in Section 3.2): the existence
of an eigen-ONB B1 of H fF

0 in MATE (with a tolerance ε that is exponentially small in N )
can be established in any dimension d of physical space; the thermalization of all states for
H = H fF

0 + λV then follows from Theorem 1.
Note that analogous results for the classical free gas of N particles have been obtained in

[1–3]. There, no perturbation is needed to prove thermalization of the gas for long times in
any spatial dimension, but only for most and not all initial states.4 For the one-dimensional
quantummechanical free Fermi gas we obtain an even stronger result, namely thermalization
for all initial states. For higher dimensions, however, we need small generic perturbations of
H fF
0 to infer thermalization for all initial states.
It should be noted that neither [24, 30, 31] nor our results provide meaningful estimates

of the time required to reach thermal equilibrium in the (perturbed) free Fermi gas. For the
classical gas such estimates have been obtained in [2, 3]. A more quantitative understanding
of the non-equilibrium dynamics of one-dimensional integrable quantum gases is provided
by so called Quantum Generalized Hydrodynamics, see, e.g., [5, 23]. However, this theory
is not rigorous yet and applies only to rather special initial states.

Finally, let us mention another non-trivial application of Theorem 1. Shortly after the first
version of our paper appeared as a preprint, Hal Tasaki [32] realized that Theorem 1 can be
applied to the Ising model in two dimensions below the critical temperature. Roughly speak-
ing, he proves that any initial state in a given highly degenerate eigenspace of the Hamiltonian
thermalizes undermost slightly perturbed dynamics in the sense that themacroscopicmagne-
tization approaches and remains very close to the corresponding microcanonical expectation
value. In this system it is indeed the case that some eigenbases of the unperturbedHamiltonian
satisfy the ETH and others do not.

This paper is structured as follows. In Section 2,we provide an overview of the background
and provide further motivation. In Section 3, we state our main results. In Section 4, we give
the proofs. In Section 5, we conclude.

3 Since we could not find a good reference for this fact, we have formulated this fact as Lemma 2 in Section 2
and included a proof in Section 4.
4 It is obvious that for the classical free gas not all initial states can thermalize, not even in the sense of
becoming spatially homogeneous.
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2 Motivation

In this section, we give some more details about the considerations outlined in the introduc-
tion.

2.1 MATE and ETH

We will only operate within one energy shell Hmc and pretend that this subspace remains
unchanged even when we vary the Hamiltonian; we take Hmc to be “the” Hilbert space
of the system S and simply write H for it. We take for granted that H has finite dimension.
Following vonNeumann [34],we regardmacroscopic observables as givenwhich are suitably
coarse-grained so that they commute with each other and their eigenvalues are rounded to the
macroscopic resolution. ThenHeq can be thought of as one of their simultaneous eigenspaces,
with eigenvalues given by the thermal equilibrium values [10, 11]. In ourmathematical result,
Heq could be any subspace, although it will play a role thatHeq has most of the dimensions
of H.

We use the notation Peq for the projection to Heq and

S(H) = {
ψ ∈ H : ‖ψ‖ = 1

}
(4)

for the unit sphere in any given Hilbert space H. Let u be the uniform (normalized surface
area) measure on S(H); a u-distributed vector will also be said to be “purely random.” When
saying that “the statement S(ψ) is true for (1 − ε)-most ψ ∈ S(H),” we mean that

u{ψ ∈ S(H) : S(ψ) holds} ≥ 1 − ε . (5)

Analogously, when saying that “the statement S(t) is true for (1 − δ)-most t ∈ [0,∞),” we
mean that

lim inf
T→∞

1

T

∣∣{t ∈ [0, T ] : S(t) holds}∣∣ ≥ 1 − δ , (6)

where |{·}| means the length (Lebesgue measure) of the set {·}.
Since S(Heq) is a null set in S(H) relative to u, we regard a ψ ∈ S(H) as being in thermal

equilibrium whenever it lies in the set

MATEε = {
ψ ∈ S(H) : ‖Peqψ‖2 ≥ 1 − ε

}
, (7)

once we have chosen the desired tolerance ε > 0. Correspondingly, ETHε denotes the
condition on a Hamiltonian H that

∀normalized eigenvector φ of H : φ ∈ MATEε. (8)

In terms of the spectral decomposition H = ∑
e e�e, this condition is equivalent to

‖�e Pneq�e‖ ≤ ε for all eigenvalues e, where Pneq := I − Peq and ‖·‖ denotes the operator
norm. The statement that the ETH (1) implies that every ψ0 thermalizes can be formulated
rigorously as follows.

Proposition 1 Suppose dimH =: D < ∞, Heq is a subspace and Peq the projection to it,
ε, δ > 0, the operator H onH is self-adjoint, and satisfies ETHεδ . Then for everyψ0 ∈ S(H)

and (1 − δ)-most t ∈ [0,∞),
ψt ∈ MATEε . (9)
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All proofs are given in Section 4. Note that the inaccuracy (εδ) assumed in the ETH
must be smaller than the inaccuracy (ε) desired for the thermalization of ψt by a factor
given by the tolerance (δ) desired for the notion of “most t .” Note that for non-degenerate
H the statement of Proposition 1 was contained in [10] as a step in a proof and in [29] as
Theorem 7.1. However, to our knowledge the observation that the ETH can also be used
for degenerate Hamiltonians in the form (8) to derive thermalization of every initial state
seems not to have been mentioned before in the literature. In particular, it entails that all ψ0

thermalize for the Hamiltonian H fF
0 of the one-dimensional free Fermi gas, which satisfies

(8) by Theorem 2 in Section 3.2.

2.2 The Problem About High Degeneracy

Suppose that a Hamiltonian H0 is highly degenerate and possesses an eigen-ONB B = (φk)k
that satisfies (2) or more precisely

∀k : φk ∈ MATEε. (10)

Note that if Pneq 
= 0, necessarily
ε ≥ 1/ dimH, (11)

which follows from considering the trace of Pneq in the basis B. The question is howmuch the
tolerance ε has to be increased to ensure that all eigenvectors are in MATE (or, equivalently,
H0 satisfies ETH). The following elementary result formatrices helps us answer this question:

Lemma 1 Let ε > 0. If a positive semi-definite D × D matrix M has all diagonal entries
≤ ε, then

‖M‖ ≤ εD. (12)

The bound is sharp, i.e., there exists M for which equality holds.

By applying this lemma to each �e Pneq�e, we can guarantee ETH (1) with a larger error
instead of ε:

Corollary 1 Let H0 be a Hamiltonian with maximal degeneracy DE in the D-dimensional
Hilbert space H. If Peq is any projection such that H0 has an eigen-ONB (φk)k satisfying
(10), then

∀normalized eigenvector φ of H0: φ ∈ MATEεDE . (13)

The bound is sharp in the sense that for any H0 and any ε (≥ 1/D), there exists Peq and an
eigenvalue E such that ‖�E Pneq�E‖ = min{εDE , 1} and (φk)k satisfies (10).

This means that the error bound we can guarantee in the ETH (8) is εDE instead of ε, but
for our example of H0 (the free Fermi gas) in d ≥ 1 dimensions,

DE ≥ 2Nd (14)

(see Proposition 5), which is so large that the bound εDE is no longer small and thus becomes
useless.

Now let Peq be any projection, Pneq = I − Peq, and let H0 be a degenerate Hamiltonian
for which one eigen-ONB satisfies (10) but others do not necessarily. By Corollary 1, some
eigenvectors can deviate fromHeq by εDE , which need not be small as DE can be exponen-
tially large in the particle number N . On the other hand, even if DE is that large, a typical
unit vector is not that bad:
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Proposition 2 Let ε, η > 0, He be an eigenspace of H0 with dimension De, and suppose
that one eigen-ONB of H0 satisfies (10). Then for δ = 2 exp(−Cη2De) with C = 2/9π3,
(1 − δ)-most φ ∈ S(He) lie in MATEε+η.

The following proposition shows that most eigenbases of an arbitrary eigenspace He of
H0 are in MATE.

Proposition 3 Let ε, η > 0,He be an eigenspace of H0 with dimension De, let (φk)
De
k=1 be a

random ONB of He and suppose that one eigen-ONB of H0 satisfies (10). Then,

P

(
∃k ≤ De : φk /∈ MATEε+η

)
≤ 2De exp

(−Cη2De
)
, (15)

where C = 2/9π3.

We can now combine Corollary 1 and Proposition 3 to show that most eigenbases of H0

lie in MATE.

Proposition 4 Let ε > 0, C = 2/9π3, let (φk)
D
k=1 be a random eigen-ONBof H0 and suppose

that one eigen-ONB of H0 satisfies (10). Then, for all η > 0 such that Cη3 ≥ ε,

P

(
∃k ≤ D : φk /∈ MATEε+η

)
≤ 2D exp

(−Cη3/ε
)
. (16)

For the free Fermi gas with N particles, we shall see in Section 3.2 that both D and 1/ε are
exponentially large in N . Therefore, for η of order εα for any 0 < α < 1/3, the right-hand
side of the inequality above vanishes as N → ∞. In particular, for large N most eigenbases
satisfy MATEη with η exponentially small in N .

2.3 Consequences of Generic Perturbations

The following lemma provides a precise formulation of the intuitively rather obvious state-
ment that a generic perturbation will lift the degeneracy of eigenvalues and eigenvalue gaps.
(In this paper, it will play no role that the eigenvalue gaps are non-degenerate, but we take
note of this fact for the sake of completeness, as the degeneracy of the eigenvalue gaps is
expected to determine the time scales on which thermalization takes place.)

Lemma 2 Let V be a random matrix whose distribution is continuous in the space of Hermi-
tian D×Dmatrices. Then with probability 1, there exists λ0 > 0 such that for all λ ∈ (0, λ0),
the Hamiltonian H = H0 + λV has non-degenerate eigenvalues and eigenvalue gaps.

Now we consider H = H0 + λV , where the distribution of the random matrix V is
continuous and invariant under all unitaries commuting with H0. Then the eigen-ONB of
H (which is unique up to phase factors because H is non-degenerate) will be arbitrarily
close, for sufficiently small λ, to some eigen-ONB of H0. In fact, the eigen-ONB of H (with
suitably chosen phase factors) converges as λ → 0 (for fixed V ) to an eigen-ONB (χk)k of
H0.5 Which one? That depends on V . Due to the unitary invariance, the ONB (χk)k is, in
each eigenspaceHe of H0, uniformly distributed among the ONBs ofHe. If most eigenbases
of H0 lie in MATE, as for the free Fermi gas, there is ETH and thus thermalization for most
perturbations V , see Theorem 1 below.

5 This fact also entails that ifwe subdivide the energy axis into “micro-canonical” intervals, then for sufficiently
small λ, each Hmc obtained from H0 stays invariant during any time interval [0, T ] to an arbitrary degree of
precision under the time evolution generated by H , with the consequence that each micro-canonical subspace
can be treated separately, and our simplifying assumption that Hmc is invariant caused no harm.
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2.4 Physical Relevance of Generic Perturbations

In physics, we sometimes make models (e.g., write down a formula for the Hamiltonian) and
sometimes consider generic situations (e.g., consider a randomHamiltonian). When we have
proved that most Hamiltonians relative to a particular distribution have a certain property P ,
then this still leaves open whether the true Hamiltonian has this property. On the other hand,
models involve idealizations and simplifications, and therefore are not necessarily realistic.
So, when we have proved that a model has property P , this also leaves open whether the true
Hamiltonian has this property.

In order to increase the reliability of mathematical results about P , one can try to add
more realism. For amodel, thismightmean to add corrections, such as relativistic corrections,
previously neglected interaction termsbetween the particles of the system, or interactionswith
the outside that the system is not perfectly shielded from (such as gravitational interactions).
Of course, this will often make the model intractable. For a randomHamiltonian, on the other
hand, increasing realism may mean making the distribution narrower, either by conditioning
on properties P ′ that we believe the true Hamiltonian has (e.g., symmetries) or by choosing
a distribution near some H0 that we believe the true Hamiltonian is close to. The latter
strategy is, in fact, a kind of combination of the two strategies of considering a model H0

and considering a random Hamiltonian.
Our assumption that the distribution of the perturbation V is invariant under unitaries (at

least those commuting with H0) is motivated (i) by the thought that, since we are considering
very small perturbations, many different kinds of interaction with the environment may con-
tribute to V and (ii) by the facts that this would be the case for the simplest distributions of V ,
such as the Gaussian unitary ensemble GUE, and that this allows us to answer the question
how many ψ0 will thermalize. The fact that a random V with unitarily invariant distribution
involves super-long-range super-multi-body interactions makes it seem unrealistic. On the
other hand, when we consider very weak perturbations, then already the fact that no system
is exactly closed becomes relevant—that every system is slightly interacting with an environ-
ment such as a gas of photons (or of gravitational waves etc.). The reason we are considering
closed systems (that evolve in a Hamiltonian rather than Lindbladian way) is that being open
is unnecessary for thermalization. And yet, when it comes to arbitrarily weak perturbations,
a weak interaction with an environment may be expected to have a similar effect as a weak
generic perturbation of H . After all, if the particles of the environment (say, photons) are
entangled with each other, then distant parts of the system will effectively interact with each
other by interacting with different entangled photons. Thus, the system’s evolution seems
quite similar to a unitary model in which every part of the system is weakly interacting with
every other.

A relevant trait of our results in this paper is that they apply to random perturbations of H0

that are arbitrarily weak. Such results can be regarded as stating an instability of a property
P: For example, being degenerate is an unstable property in the sense that every degenerate
H0 possesses a neighborhood in the space of self-adjoint operators in which the degenerate
operators form a null set. It is therefore not believable that the true Hamiltonian is degenerate,
given that it is close to H0. Also deterministic corrections to H0 may be expected to break
the degeneracy, but again it may be intractable to prove this.

The upshot is that assuming an arbitrarily small generic perturbationmay be quite realistic
after all. The typical behavior of such a perturbation may be a pretty good prediction of the
behavior of the true Hamiltonian.
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3 Main Results

In this section, we present and discuss our main results. In Section 3.1, we state our results
for general Hamiltonians and in Section 3.2 we apply them to the free Fermi gas.

3.1 For General Hamiltonians

Theorem 1 Let H be a Hilbert space with D := dimH < ∞, Heq any subspace, Peq the
associated orthogonal projection, and Pneq := I − Peq. Let H0 ∈ L(H) be self-adjoint
and assume that H0 has an orthonormal eigenbasis (φk)k∈{1,...,D} such that for all k the
eigenvector φk ∈ MATEε with respect toHeq for some ε > 0 (i.e., ‖Pneqφk‖2 < ε for all k).
For λ ∈ R let H := H0 + λV , where V is a self-adjoint operator drawn randomly from a
continuous distribution invariant under conjugation with all unitaries commuting with H0.
Furthermore, for ψ0 ∈ S(H) let ψt := e−i Htψ0, let C = 2/9π3 and for η > 0 satisfying
Cη3 ≥ ε let β = 2D exp(−Cη3/ε).

Then for all 0 < α < 1 there is a λ0 > 0 such that for all 0 < λ < λ0 and (1−α)(1−β)-
most V , H0 + λV satisfies ETHε+2η and hence for all δ > 0 and all ψ0 ∈ S(H) for
(1 − δ)-most t ∈ [0,∞),

ψt ∈ MATE ε+2η
δ

. (17)

Remark 1 (Conditions on the distribution of V ) While the condition of invariance under the
unitaries commuting with H0 is the minimal condition we need to mathematically prove the
consequence, the most relevant cases in practice are perhaps those in which the distribution is
invariant under all unitaries, as is the case for the Gaussian unitary ensemble (GUE) in which
the entries of V are (up to Hermitian symmetry) i.i.d. complex Gaussian random variables.

Remark 2 (Previous version of Theorem 1) Generally, for a system consisting of N particles,
its dimension D is of order eN . As we discussed below Proposition 4, for the free Fermi
gas with N particles, β in Theorem 1 is small if η is of order εα with 0 < α < 1/3 as ε is
exponentially small in N . However, if Nε is not small, then β is not small and Theorem 1
yields nothing interesting as the set of admissible perturbations V becomes small or even of
measure zero. In this case we can still prove thermalization (with a worse bound) for most
perturbations V for most initial wave functions ψ0 ∈ S(Hν) from an arbitrary subspace
Hν ⊂ H. For the precise version and proof of this statement we refer the reader to an earlier
version of this paper available at http://arxiv.org/abs/2408.15832v3.

3.2 For the Free Fermi Gas

In this subsection we discuss the concrete example of the free, non-relativistic Fermi gas of
N particles on a d-dimensional lattice � := {1, . . . , L}d with periodic boundary conditions,
where L ∈ N and d ≥ 1. We will in particular show for d = 1 that all eigen-ONBs satisfy
the ETH, so Proposition 1 applies, and for d ≥ 1 that Theorem 1 applies.

The Hamiltonian is given by

H fF
0 := −

∑

x,y∈�
dist(x,y)=1

c†x cy, (18)
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where cx and c†x denote the annihilation and creation operators of a fermion at site x ∈ �.
(H0 + 2Nd I is the negative discrete Laplacian.) The relevant Hilbert space is the N -particle

sector of fermionic Fock space, i.e., H � C
D with D = (Ld

N

)
.

Like Shiraishi and Tasaki [24, 30, 31], we will use a highly simplified model of “thermal
equilibrium” defined only in terms of the spatial distribution of particles. In particular, the
restriction to a micro-canonical energy shell is not relevant for us in the following. We will
discuss extensions to more realistic models of thermal equilibrium in Remark 3. Choose any
spatial region � ⊆ �, let

μ := |�|/|�| (19)

be its relative size, and let

N� :=
∑

x∈�

c†x cx (20)

be the number operator of the particles in�. Throughout this sectionwe define the equilibrium
subspace Heq,η for a given threshold η > 0 as the spectral subspace of N� specified by the

condition
∣∣∣ N�

N − μ

∣∣∣ ≤ η, i.e.,

Peq,η := 1[N (μ−η),N (μ+η)](N�) , (21)

and set Pneq,η := I−Peq,η. Thus,Heq,η contains those statesψ forwhich theBorn distribution
of N�/N is supported in an η-neighborhood around μ. Note that this is a much stronger
condition than just requiring that the expectation value of N�/N in a state ψ lies in this
interval. In Remark 3 below we discuss a more realistic definition of Peq,η that takes into
account not only the number of particles in one region �, but a coarse-grained density all
over �.

For d = 1 we can show that H fF
0 satisfies the version (1) of the ETH, i.e., that every

eigenvector of H fF
0 is close to Heq,η for large N , assuming that � is an interval.

Theorem 2 (ETH for the free Fermi gas in 1d) Let d = 1, L prime, 46 ≤ N < L/4, � ⊂ �

an interval, η >
2(ln N+1)

N , andHeq,η and Pneq,η as above. Then every normalized eigenstate
φ of H fF

0 satisfies

∥∥Pneq,ηφ
∥∥2 ≤ 32 ln N

η2N
. (22)

The condition in Theorem 2 that L must be prime guarantees that the eigenvalues of the one-
body Hamiltonian on such a chain are rationally independent (see [24] and similar arguments
in [14]). As a consequence, the only degeneracies in the many-body spectrum arise from the
fact that one-body eigenstates with momentum k and −k have the same energy. The latter
degeneracy was shown by Shiraishi and Tasaki to be removed by piercing the ring with a
small magnetic flux. Theorem 2 shows that even if these degeneracies are not removed, H fF

0
still satisfies the ETH.

Together with Proposition 1, Theorem 2 implies that all initial states reach MATE:

Corollary 2 (Thermalization of the free Fermi gas in 1d) Let d = 1, N ≥ 46, and let L, �,
η,Heq,η and Peq,η be as in Theorem 2. Let ε, δ > 0 be such that εδ ≥ 32 ln N

η2N
. Then for every

ψ0 ∈ S(H) and (1 − δ)-most t ∈ [0,∞), ψt := e−i H fF
0 tψ0 satisfies

∥∥Pneq,ηψt
∥∥2 < ε , i.e., ψt ∈ MATEε . (23)
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For general d ≥ 1, we can still prove MATE for one eigenbasis B1 of H fF
0 , in fact with

better bounds. To define this eigenbasis, we need to introduce some notations first.
For odd L let

K :=
{
2π

L
ν

∣∣∣∣ν ∈
{
0,±1, . . . ,± L − 1

2

}d}

, (24)

and for even L let

K :=
{
2π

L
ν

∣∣∣∣ν ∈
{
0,±1, . . . ,±

( L
2

− 1
)
,
L

2

}d}

. (25)

For k ∈ K we define

a†k := 1

Ld/2

∑

x∈�

eik·x c†x . (26)

Let KN
= be the set of k = (k1, . . . , kN ) ∈ KN such that ki 
= k j for all i 
= j . The

permutation group SN acts on KN
= via (k1, . . . , kN ) �→ (kπ(1), . . . , kπ(N )) for any π ∈ SN .

Let K̃N ⊂ KN
= contain exactly one representative from each orbit, i.e., from each permutation
class. We define

B1 := {|�k〉 : k ∈ K̃N}, where (27)

|�k〉 := a†k1a
†
k2

. . . a†kN |�vac〉 (28)

with |�vac〉 the vacuumvector in Fock space. The states |�k〉 are
(Ld

N

)
different eigenfunctions

of the unperturbed Hamiltonian H fF
0 and therefore form an orthonormal basis of H.

For this eigenbasis B1 of H fF
0 we can prove MATE using similar methods as Tasaki [31]

used in the case of the free fermion chain in one dimension.

Proposition 5 (MATE for one eigenbasis of the free Fermi gas, any d) Let d ≥ 1, � ⊂ �

arbitrary, 0 < η < 3
2μ(1 − μ), and Heq,η and Pneq,η as in (21). Then every eigenstate

�k ∈ B1 of H fF
0 given by (18) satisfies

∥∥Pneq,η�k
∥∥2 < 2e− η2

3μ(1−μ)
N
. (29)

Furthermore, if N < L/2d then the maximal degree of degeneracy DE is at least 2Nd .

As an immediate consequence of Proposition 5 and Theorem 1 we obtain the following
corollary:

Corollary 3 (Thermalization of the perturbed free Fermi gas in any dimension) Let d ≥ 1
and �, η, Heq,η, and Pneq,η be as in Proposition 5. For λ ∈ R let H := H fF

0 + λV ,
where V is drawn randomly from a continuous distribution invariant under conjugation
with all unitaries commuting with H fF

0 . For ψ0 ∈ S(H) let ψt := e−i Htψ0, let C = 2/9π3,
ε := 2 exp(−η2N/(3μ(1−μ))) and for η̃ > 0 satisfyingC η̃3 ≥ ε letβ = 2D exp(−C η̃3/ε).
Then for all δ > 0 and 0 < α < 1 there is a λ0 > 0 such that for all 0 < λ < λ0 and
(1 − α)(1 − β)-most V , every ψ0 ∈ S(H) is such that for (1 − δ)-most t ∈ [0,∞),

∥∥Pneq,ηψt
∥∥2 ≤ ε + 2η̃

δ
, i.e., ψt ∈ MATE(ε+2η̃)/δ . (30)
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Remark 3 In a similar way as in [31], Theorem 2 and Proposition 5 (and therefore also
Corollary 2 and Corollary 3) can easily be generalized to the situation in which we define
equilibrium by requiring that in m ∈ N subsets of �i ⊂ � the fraction of particles is close to
μi := |�i |/|�|. To this end, note that

Pneq,η := P

(
∃ i = 1, . . . ,m :

∣∣∣∣
N�i

N
− μi

∣∣∣∣ > η

)
≤

m∑

i=1

P

(∣∣∣∣
N�i

N
− μi

∣∣∣∣ > η

)
, (31)

where P(. . . ) denotes the orthogonal projection onto the specified subspace. Let μ∗ :=
argmaxμ1,...,μm

(μi (1 − μi )). Then it follows from Proposition 5 that

∥∥Pneq,η�k
∥∥2 ≤ 2

m∑

i=1

e
− η2

3μi (1−μi )
N ≤ 2m e− η2

3μ∗(1−μ∗)
N
. (32)

Thus, as long as m is not too large and N is large, the right-hand side in (32) is small.

4 Proofs

4.1 Proof of Proposition 1

Let Pneq := I − Peq, let E be the spectrum of H , and �e the projection to the eigenspace

of H with eigenvalue e. By denoting the long-time average by X := lim
T→∞

1
T

∫ T
0 dt X(t), we

obtain

〈ψt , Pneqψt 〉 =
∑

e,e′∈E
ei(e−e′)t 〈ψ0,�e Pneq�e′ψ0〉 (33a)

=
∑

e∈E
〈ψ0,�e Pneq�eψ0〉︸ ︷︷ ︸

≤εδ‖�eψ0‖2 by (8)

(33b)

≤ εδ
∑

e∈E
〈ψ0,�eψ0〉 = εδ . (33c)

Thus, for every η > 0, there is T0 > 0 such that for every T > T0,

1

T

∫ T

0
dt 〈ψt , Pneqψt 〉 < εδ + η . (34)

By the Markov inequality,

1

T

∣∣∣
{
t ∈ [0, T ] : 〈ψt , Pneqψt 〉 > ε

}∣∣∣ ≤ εδ + η

ε
= δ + η

ε
. (35)

Taking the limit superior as T → ∞, we find that

lim sup
T→∞

1

T

∣∣∣
{
t ∈ [0, T ] : 〈ψt , Pneqψt 〉 > ε

}∣∣∣ ≤ δ + η

ε
. (36)

Since η > 0 was arbitrary, we must have that

lim sup
T→∞

1

T

∣∣∣
{
t ∈ [0, T ] : 〈ψt , Pneqψt 〉 > ε

}∣∣∣ ≤ δ (37)

as claimed.
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4.2 Proof of Lemma 1

Since all the eigenvalues are non-negative, the maximal eigenvalue ‖M‖ is bounded by tr M ,
which is in turn bounded by εD by assumption. To see that the bound is sharp, consider the
matrix with all entries equal to ε, which has an eigenvector with all entries 1 and eigenvalue
εD.

4.3 Proof of Corollary 1

Corollary 1 is a consequence of Lemma 1. Let Pneq := I − Peq. Denote by�e the orthogonal
projection onto the eigenspace of H0 corresponding to e. In the basis (φk) restricted to the
eigenspace corresponding to eigenvalue e, denoted by (φe, j )

De
j=1, the matrix corresponding

to �e Pneq�e has all diagonal entries ≤ ε by assumption. Thus by Lemma 1, we have

‖�e Pneq�e‖ ≤ εDe ≤ εDE (38)

for all e, and equivalently H0 satisfies the ETH (8) with tolerance εDE .
For the second part, let ε′ := min{ε, 1/DE }, let E be an eigenvalue with degeneracy DE ,

and Pneq be the projection operator onto the one-dimensional subspace spanned by the vector

ψ := √
ε′

DE∑

j=1

φE, j + √
η
∑

e (
=E)

De∑

j=1

φe, j , (39)

where η := 1−ε′DE
D−DE

to satisfy the normalization ‖ψ‖ = 1 (in the case D = DE , note that
ε′ = 1/DE by (11) and we only have the first term). Here, ε′ ≥ 1/D implies η ≤ 1/D ≤
ε′. Then, since all diagonal elements of Pneq in the basis (φe, j )e, j are either ε′ or η, the
basis (φk) satisfies the condition (10) for this Pneq. Moreover, the matrix corresponding to

�E Pneq�E has all entries equal to ε′ in the basis (φE, j )
DE
j=1. Hence,we have ‖�E Pneq�E‖ =

min{εDE , 1} as claimed.

4.4 Proof of Proposition 2

As shown by Reimann [21, Eq. (7)], Lévy’s lemma implies that for a uniformly distributed
unit vector φ in a D-dimensional Hilbert spaceH and a self-adjoint operator A (which is not
a multiple of the identity) and every η ≥ 0,

P

(∣∣〈φ, Aφ〉 − tr(A)/D
∣∣ ≥ η

)
≤ 2 exp

(
−Cη2D

�2
A

)
(40)

with C as in Proposition 2 and �A > 0 the difference between the largest and the smallest
eigenvalue of A. Now we specialize to our case withH = He, D = De, and A = �e Pneq�e

with �e the projection to He. Since 0 ≤ A ≤ I , we have that �A ≤ 1 (so the right-hand
side of (40) can only become larger if we replace �A by 1). By assumption, there is a basis
(φk) for which every vector lies in MATEε; evaluating the trace in this basis, we find that
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tr(A) ≤ εDe. Thus,

P

(
φ /∈ MATEε+η

)
= P

(
‖Pneqφ‖2 > ε + η

)
(41a)

≤ P

(
‖Pneqφ‖2 ≥ tr(A)/De + η

)
(41b)

≤ P

(∣∣‖Pneqφ‖2 − tr(A)/De
∣∣ ≥ η

)
(41c)

≤ 2 exp
(−Cη2De

)
. (41d)

by (40), which completes the proof.

Remark 4 An alternative argument based on the Markov inequality instead of Lévy’s lemma
(and the fact that the average of ‖Pneqφ‖2 over S(He) is ≤ ε, still assuming that one eigen-
ONB of H0 satisfies (10)) yields for any δ > 0 that (1− δ)-most ψ ∈ S(He) lie in MATEε/δ .

4.5 Proof of Proposition 3

Since each eigenvector φk in the random eigen-ONB is uniformly distributed in a De-
dimensional Hilbert space He, the inequality (41) applied to each φk yields

P

(
∃k ≤ De : φk /∈ MATEε+η

)
≤

De∑

k=1

P

(
φk /∈ MATEε+η

)
(42a)

≤ 2De exp
(−Cη2De

)
, (42b)

which completes the proof.

4.6 Proof of Proposition 4

For each eigenvalue e of H0 letHe denote the corresponding eigenspace and De its dimension.
Note that

P

(
∃k ≤ D : φk /∈ MATEε+η

)
≤
∑

e∈E
P

(
∃k ≤ D : φk ∈ He and φk /∈ MATEε+η

)
. (43)

For all eigenvalues e with De ≤ η/ε, the corresponding eigenvectors lie in MATEε+η by
Corollary 1. Hence the corresponding summands in (43) are zero. On the other hand, if
De ≥ η/ε, Proposition 3 implies that

P

(
∃k ≤ D : φk ∈ He and φk /∈ MATEε+η

)
≤ 2De exp

(−Cη2De
)

(44)

Since the function x → xe−x is decreasing for x ≥ 1, by the assumption on η that Cη3 ≥ ε,
the right hand side is bounded from above by 2 η

ε
exp

(−Cη3/ε
)
. Furthermore, since the

number of eigenspaces of dimension larger than η/ε is at most Dε/η, we obtain the bound

P

(
∃k ≤ D : φk /∈ MATEε+η

)
≤ 2D exp

(−Cη3/ε
)
. (45)

4.7 Proof of Lemma 2

We cite a key fact from Appendix A in [33]:
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Lemma 3 If H has continuous distribution in the Hermitian n × n matrices, then with prob-
ability 1 it has non-degenerate eigenvalues and eigenvalue gaps.

Lemma 2 says more in that there is a whole interval (0, λ0) of λ values for which H0+λV
will have non-degenerate eigenvalues and eigenvalue gaps. As a preparation for the proof,
we establish the following lemma:

Lemma 4 The set of Hermitian n × n matrices with degenerate eigenvalues can be written
as the zero set of a polynomial in the matrix entries. Likewise, the set of Hermitian n × n
matrices with distinct eigenvalues but with degenerate eigenvalue gaps can be written as the
zero set of a polynomial in the matrix entries.

Proof Let A be a Hermitian n × n matrix with eigenvalues λ1, . . . , λn . The matrix A has
degenerate eigenvalues if and only if its discriminant

disc(A) =
∏

i< j

(λi − λ j )
2 (46)

vanishes. Since the discriminant of a matrix can be written as a polynomial in the matrix
entries, see, e.g., Lemma 1 in [19], the first claim follows.

For the second claim, we follow the proof strategy of Lemma 1 in [19] and adapt it to our
situation. Let A be a Hermitian n × n matrix with distinct eigenvalues λ1, . . . , λn . Then A
has degenerate eigenvalue gaps if and only if

∏

(i, j,k,l)∈I

(
λi − λ j − (λk − λl)

) = 0, (47)

where

I := {
(i, j, k, l) ∈ [n]4 : (i 
= k or j 
= l) and (i 
= j or k 
= l)

}
(48)

and [n] := {1, . . . , n}. Since the tuples (i, j, k, l) ∈ I with i = j and k 
= l (or k = l and
i 
= j) lead to non-zero factors in (47) (due to the non-degeneracy of the eigenvalues), we
can replace the set I in (47) by the set

I ′ := {
(i, j, k, l) ∈ [n]4 : (i 
= k or j 
= l) and (i 
= j and k 
= l)

}
. (49)

We enumerate the eigenvalue differences (λi − λ j )i 
= j as x1 := λ1 − λ2, x2 := λ1 −
λ3, . . . , xn−1 := λ1 − λn, xn := λ2 − λ1, xn+1 := λ2 − λ3, . . . , xM := λn − λn−1, where
M := n(n−1), and consider the Vandermonde matrix V = V (x1, . . . , xM )which is defined
as

V (x1, . . . , xM ) =

⎛

⎜⎜⎜⎜⎜⎜
⎝

1 x1 x21 . . . xM−1
1

1 x2 x22 . . . xM−1
2

1 x3 x23 . . . xM−1
3

...
...

...
. . .

...

1 xM x2M . . . xM−1
M

⎞

⎟⎟⎟⎟⎟⎟
⎠

. (50)

It is well known that

det V =
∏

1≤i< j≤M

(x j − xi ) (51)
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and thus

(det V )2 =
∏

1≤i< j≤M

(x j − xi )
2 = (−1)M(M−1)/2

∏

i 
= j

(xi − x j ) (52a)

= (−1)M(M−1)/2
∏

(i, j,k,l)∈I ′
(λi − λ j − (λk − λl)). (52b)

Therefore A has degenerate eigenvalue gaps if and only if (det V )2 = 0.
We define the M × M matrix B = (Bi j ) in the following way:

Bi j :=
M∑

k=1

xi+ j−2
k . (53)

One immediately sees that B = V T V which implies det B = (det V )2. Obviously, B11 = M
and for (i, j) 
= (1, 1) we have that

Bi j =
n∑

k,l=1

(λk − λl)
i+ j−2 (54a)

=
n∑

k,l=1

i+ j−2∑

p=0

(
i + j − 2

p

)
λ
i+ j−2−p
k λ

p
l (−1)p (54b)

=
i+ j−2∑

p=0

(
i + j − 2

p

)
(−1)p tr(Ai+ j−2−p) tr(Ap). (54c)

We conclude that the entries of B are polynomials in the entries of A and thus that also
det B = (det V )2 is a polynomial in the entries of A. This proves the second claim. ��
Lemma 5 Suppose there is λ̃ > 0 such that H0 + λ̃V has non-degenerate eigenvalues and
eigenvalue gaps. Then there is λ0 > 0 such that for every λ ∈ (0, λ0), H = H0 + λV has
non-degenerate eigenvalues and eigenvalue gaps.

Proof We consider H as a function of λ. By Lemma 4 there is a polynomial P1 in the entries
of H and therefore a polynomial P̃1 in λ such that its zeros are exactly the matrices with
degenerate eigenvalues. By assumption, P̃1(λ̃) 
= 0. Thus, P̃1 does not vanish identically
and therefore P̃1 has only finitely many zeros. We know that λ = 0 is one of the zeros and
therefore there exists a λ̃0 such that H = H0 + λV has non-degenerate eigenvalues for all
λ ∈ (0, λ̃0).6

6 Here is an alternative proof of the eigenvalue statement of Lemma 5: Consider the polynomial P(λ, E) =
det(H0 +λV − E I ) in 2 variables, which vanishes if and only if E is an eigenvalue of H0 +λV . P has degree
≤ D because det is a degree-D polynomial in the matrix entries, and each entry is a degree-1 polynomial
in (λ, E). Since for λ = λ̃, P has D distinct zeros, P has degree D and is square-free. Then the number
of singular points in the plane is finite (e.g., [6, Bemerkung 3.2]). The zero set S of P is known to consist
of finitely many smooth curves that are either closed or tend to infinity in both directions, and can intersect
themselves or each other only in singular points. There are only finitely many points p on the smooth curves
where the tangent is vertical, i.e., parallel to the E axis, because at such points p, ∂P/∂E(p) = 0, so p is
a joint zero of P and ∂P/∂E ; since these two polynomials have no common prime factor (see the proof of
[6, Bemerkung 3.2]), they intersect only in finitely many points by Bézout’s theorem. Now along any vertical
line L , points p in L ∩ S are simple roots unless either p is a singular point or a curve has a vertical tangent at
p. Thus, for every λ except finitely many exceptions, every zero of P in E is simple, so H is non-degenerate.
Let λ0 be the smallest positive exception.
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Again it follows from Lemma 4 that there is a polynomial P2 in the entries of H and
therefore a polynomial P̃2 in λ ∈ (0, λ̃0) such that its zeros are exactly the matrices with
degenerate eigenvalue gaps (but non-degenerate eigenvalues). Note that P̃2 can be considered
as a polynomial on [0,∞) that vanishes in the (finitely many) zeros of P̃1. Because of
P̃2(λ̃) 
= 0, P̃2 does not vanish identically and has therefore only finitely many zeros. Its
zeros in (0, λ̃0) arematriceswith non-degenerate eigenvalues but degenerate eigenvalue gaps.
Since there are only finitely many such zeros, it follows that there exists a 0 < λ0 ≤ λ̃0 such
that H = H0 + λV has non-degenerate eigenvalues and non-degenerate eigenvalue gaps for
all λ ∈ (0, λ0). ��

Now Lemma 2 follows from Lemma 3 and Lemma 5 by fixing λ̃ = 1 and choosing a V
for which H0 + V has non-degenerate eigenvalues and eigenvalue gaps.

4.8 Proof of Theorem 1

By Lemma 2, the probability PV (H0 + λV is non-degenerate for all 0 < λ < λ1) over
the distribution of V tends to 1 as λ1 → 0. We choose λ1 such that this probability is
larger than (1 − α)1/2. Let S denote the set of all V such that H0 + λV is non-degenerate
for all 0 < λ < λ1. By Proposition 4, (1 − β)-most normalized eigen-ONB’s of H0 lie
in MATEε+η with β = 2D exp(−Cη3/ε). For V ∈ S consider the probability PU (H0 +
λUVU † satisfies ETHε+2η for all 0 < λ < λ0) over the unitaries U commuting with H0.
For λ0 → 0 this probability becomes ≥ (1 − β). Since the distribution of V is invariant
under these unitaries, and since the spectrum is invariant under conjugation, we obtain

PV (H0 + λV satisfies ETHε+2η for all 0 < λ < λ0|V ∈ S)

= EUPV (H0 + λUVU † satisfies ETHε+2η for all 0 < λ < λ0|V ∈ S)

= EV

(
PU (H0 + λUVU † satisfies ETHε+2η for all 0 < λ < λ0)|V ∈ S

)
(55)

which tends to something ≥ (1 − β) for λ0 → 0. Hence, there is a 0 < λ0 ≤ λ1 such
that for (1 − α)1/2(1 − β)-most V in S the eigenbasis of H0 + λV satisfies ETHε+2η for
all 0 < λ < λ0. Combining this with the probability that V lies in S, we conclude that for
(1 − α)(1 − β)-most V the perturbed Hamiltonian satisfies ETHε+2η for all 0 < λ < λ0.
The statement about thermalization then follows from Proposition 1.

4.9 Proof of Theorem 2

In dimension one, the eigenstates �k defined in (28) have energies Ek := −2
∑N

i=1 cos ki .
We first remark that the assumption that L is a prime number ensures that all degeneracies in
the spectrum of H fF

0 are trivial, i.e., only due to changing the signs of the ki . This is shown in
[24] at the beginning of the proof of Theorem 3.2. Note that themodel considered there agrees
with the model in the present paper in the case that θ = 0. (This parameter is introduced in
[24] to remove the degeneracies and to this end has to be chosen to be small but non-zero.)

The proof of Theorem 2 will make use of several propositions that we formulate now and
prove in the subsequent subsections. The first one states that the expectation of N� in an
arbitrary eigenstate of H fF

0 is close to N |�|/|�|, provided that N is sufficiently large.

Proposition 6 (Expectation of N� in arbitrary eigenstates) Let d = 1 and let k =
(k1, . . . , kN ) ∈ K̃N . Let Ek := −2

∑N
i=1 cos ki be the corresponding eigenvalue and
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HEk = span{�k′ : k′
j = ±k j for all j} the corresponding eigenspace. Let � ⊂ � be

an interval, and let φ ∈ S(HEk ). Then
∣∣∣∣〈φ, N�φ〉 − N

|�|
|�|

∣∣∣∣ ≤ ln N + 1. (56)

For the proof of Proposition 6 we need the following proposition concerning the expecta-
tion of N� in the eigenstates �k of H fF

0 .

Proposition 7 (Expectation of N� in eigenstates �k) Let d ≥ 1, let k, k′ ∈ K̃N and x ∈ �.
Then

〈�k, N��k〉 = N
|�|
|�| (57)

and

〈�k, c
†
x cx�k′ 〉 = 1

|�| sgn(σ̃ )e
i(k′

σ̃−1(l)
−kl )·x (58)

if only kl does not appear in k′ and σ̃ ∈ SN is the permutation such that k′
σ̃−1(m)

= km for

all m 
= l. Thus, if exactly one component of k does not appear in k′, then

|〈�k, N��k′ 〉| ≤ |�|
|�| . (59)

If more than one component of k does not appear in k′, then

〈�k, N��k′ 〉 = 0 . (60)

For the proof of Proposition 7 we need the following lemma:

Lemma 6 Let d ≥ 1, x1, . . . , xN ∈ {1, . . . , L}, and let k ∈ KN such that τ(k) :=
(kτ(1), . . . , kτ(N )) ∈ K̃N for some τ ∈ SN , where SN denotes the symmetric group. Then

〈�vac, cxN . . . cx1a
†
k1

. . . a†kN �vac〉 = 1

LNd/2

∑

σ∈SN

sgn(σ )

N∏

j=1

eik j ·xσ( j) . (61)

This formula is well known; it was stated, e.g., in [24] in (C3) in the case that d = 1. For
convenience of the reader, we include the proof in the next subsection.

The next proposition shows that the variance of N� in an arbitrary eigenstate of H fF
0 is

small provided that N is sufficiently large.

Proposition 8 (Variance of N� in arbitrary eigenstates) Let d = 1 and let k ∈ K̃N , HEk , �
and φ be as in Proposition 6. Then,

〈φ, N 2
�φ〉 − (〈φ, N�φ〉)2 ≤ 4N ln N + 13N + 3(ln N )2 + 13 ln N + 10 (62)

N≥46≤ 8N ln N . (63)

Before proving Proposition 8, we show a similar statement for the variance of N� in the
eigenstates �k of H fF

0 .

Proposition 9 (Variance of N� in eigenstates �k) Let d ≥ 1 and k ∈ K̃N . Then

〈�k, N
2
��k〉 − (〈�k, N��k〉)2 ≤ N

|�|
|�|

(
1 − |�|

|�|
)

. (64)
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Proof of Theorem 2 Let φ ∈ S(H) be any eigenvector of H fF
0 . The Born distribution P

associated with φ and the observable N� has expectation E := 〈φ, N�φ〉 and variance
V := 〈φ, N 2

�φ〉− 〈φ, N�φ〉2. Writing Br (x) for [x − r , x + r ], we can express Chebyshev’s
inequality as

P

(
Bα

√
V (E)

)
≥ 1 − 1

α2 (65)

for any α > 0. By Propositions 6 and 8 for N ≥ 46,

Bα
√
V (E) ⊆ Bln N+1+α

√
8N ln N

(
N

|�|
|�|

)
⊆ BNη

(
N

|�|
|�|

)
(66)

for α = Nη

2
√
8N ln N

using Nη/2 > ln N + 1, so

‖Peq,ηφ‖2 = P

(
BNη

(
N

|�|
|�|

))
≥ 1 − 32N ln N

N 2η2
, (67)

which is equivalent to (22). ��

4.10 Proof of Lemma 6

Without loss of generality assume that k ∈ K̃N . We prove (61) by induction. First note that
as a consequence of the canonical anticommutation relations we immediately see from the
definition of the a†k that {cx , a†k } = eikx/Ld/2 and {a†k , a†k′ } = 0. Now (61) can be shown by
induction. For N = 1 the equation holds because

〈�vac, cx1a
†
k1

�vac〉 = eik1·x1
Ld/2 〈�vac,�vac〉 − 〈�vac, a

†
k1
cx1�vac〉 = eik1·x1

Ld/2 . (68)

Now suppose that (61) holds for some N ∈ N. Then we have that

〈�vac, cxN+1 . . . cx1a
†
k1

. . . a†kN+1
�vac〉

= (−1)N 〈�vac, cxN+1 . . . cx1a
†
kN+1

a†k1 . . . a†kN �vac〉 (69a)

= (−1)N
(
eikN+1·x1
Ld/2 〈�vac, cxN+1 . . . cx2a

†
k1

. . . a†kN �vac〉

−〈�vac, cxN+1 . . . cx2a
†
kN+1

cx1a
†
k1

. . . a†kN �vac〉
)

(69b)

= (−1)N
(
eikN+1·x1
Ld/2 〈�vac, cxN+1 . . . cx2a

†
k1

. . . a†kN �vac〉

−eikN+1·x2
Ld/2 〈�vac, cxN+1 . . . cx3cx1a

†
k1

. . . a†kN �vac〉
+〈�vac, cxN+1 . . . cx3a

†
kN+1

cx2cx1a
†
k1

. . . a†kN �vac〉
)

(69c)

= · · · (69d)

= (−1)N
N+1∑

l=1

(−1)l+1 e
ikN+1·xl
Ld/2 〈�vac, cxN+1 . . . cxl+1cxl−1 . . . cx1a

†
k1

. . . a†kN �vac〉 (69e)

= 1

L(N+1)d/2

N+1∑

l=1

(−1)N+l+1eikN+1·xl ∑

σ∈SN ,l

sgn(σ )

N∏

j=1

eik j ·xσ( j) , (69f)
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whereSN ,l denotes the set of permutations σ : {1, . . . , N } → {1, . . . , l−1, l+1, . . . , N+1}
of the set {1, . . . , l − 1, l + 1, . . . , N + 1}. Note that we used the induction hypothesis in the
last step.

Any σ ∈ SN ,l is related to a permutation τ ∈ SN+1 with τ(N + 1) = l via N + 1 − l
transpositions and vice versa. Therefore, we obtain

〈�vac, cxN+1 . . . cx1a
†
k1

. . . a†kN+1
�vac〉

= 1

L(N+1)d/2

N+1∑

l=1

(−1)N+1−l
∑

τ∈SN+1
τ(N+1)=l

(−1)N+l+1sgn(τ )

N+1∏

j=1

eik j ·xτ( j) (70a)

= 1

L(N+1)d/2

∑

τ∈SN+1

sgn(τ )

N+1∏

j=1

eik j ·xτ( j) , (70b)

which finishes the proof of (61).

4.11 Proof of Proposition 7

Let x ∈ �. With the help of Lemma 6 we find that

〈�k, c
†
x cx�k′ 〉

= 〈�vac, akN . . . ak1c
†
x cxa

†
k′
1
. . . a†k′

N
�vac〉 (71a)

= 1

LNd/2

∑

x1,...,xN∈�

e−ik1·x1 . . . e−ikN ·xN 〈�vac, cxN . . . cx1c
†
x cxa

†
k′
1
. . . a†k′

N
�vac〉 (71b)

= 1

LNd/2

∑

x1,...,xN∈�

e−ik1·x1 . . . e−ikN ·xN χ{x∈{x1,...,xN }}〈�vac, cxN . . . cx1a
†
k′
1
. . . a†k′

N
�vac〉

(71c)

= 1

LNd

∑

x1,...,xN∈�

e−ik1·x1 . . . e−ikN ·xN χ{x∈{x1,...,xN }}
∑

σ∈SN

sgn(σ )

N∏

j=1

eik
′
j ·xσ( j) (71d)

= 1

LNd

N∑

l=1

e−ikl ·x ∑

x1,...,xl−1,xl+1,...,xN∈�,
xl=x

⎛

⎜⎜
⎝

N∏

m=1
m 
=l

e−ikm ·xm

⎞

⎟⎟
⎠
∑

σ∈SN

sgn(σ )

N∏

j=1

eik
′
j ·xσ( j)

(71e)

= 1

LNd

∑

σ∈SN

sgn(σ )

N∑

l=1

e
i(k′

σ−1(l)
−kl )·x

N∏

m=1
m 
=l

⎛

⎝
∑

xm∈�

e
i(k′

σ−1(m)
−km )·xm

⎞

⎠ . (71f)
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For k, k′ ∈ K we have

∑

y∈�

ei(k
′−k)·y =

L∑

y1,...,yd=1

ei(k
′
1−k1)y1 · · · ei(k′

d−kd )yd (72a)

=
d∏

m=1

L∑

ym=1

ei(k
′
m−km )ym (72b)

=
d∏

m=1

(

Lδk′
mkm + χ{k′

m 
=km }
ei(k

′
m−km ) − ei(k

′
m−km )(L+1)

1 − ei(k′
m−km )

)

(72c)

= Ldδk′k, , (72d)

where we used that (k′
m − km)L is a multiple of 2π and therefore ei(k

′
m−km )L = 1.

Thus we see that if k = k′ ∈ K̃N , only the permutation σ = id gives a non-vanishing
contribution in (71f) and we obtain

〈�k, c
†
x cx�k〉 = N

Ld
(73)

independently of x ∈ �. This implies

〈�k, N��k〉 = |�|N
Ld

. (74)

If k 
= k′, then (71f) only does not vanish if exactly one component of k and k′ is different.
Assume that kl for some 1 ≤ l ≤ N does not appear in k′ and let σ̃ ∈ SN be the permutation
such that k′

σ̃−1(m)
= km for all m 
= l. Then we get

〈�k, c
†
x cx�k′ 〉 = 1

Ld
sgn(σ̃ )e

i(k′
σ̃−1(l)

−kl )·x (75)

and therefore

∣∣∣〈�k, N��k′ 〉
∣∣∣ ≤ |�|

Ld
. (76)

Combining (74) and (76) and using that |�| = Ld finishes the proof.

4.12 Proof of Proposition 6

Since H fF
0 is invariant under cyclic permutations of �, there is no loss of generality in

assuming � = {1, . . . , |�|}.
We first consider the case that there are no kl , km such that kl = −km . In this case, we

can assume without loss of generality that k j ≥ 0 for all j as the energy is invariant under
flipping the sign of any k j . We express φ in the basis of the �k′ with k′

j = ±k j for all j , i.e.,
we write

|φ〉 =
∑

k′
αk′ |�k′ 〉, (77)
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where αk′ = 〈�k′ |φ〉. We compute

〈φ, N�φ〉 =
∑

k′,k′′
α∗
k′αk′′ 〈�k′ , N��k′′ 〉 (78a)

=
∑

k′
|αk′ |2N |�|

|�| +
∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , N��k′′ 〉 (78b)

= N
|�|
|�| +

|�|∑

x=1

∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , c†x cx�k′′ 〉. (78c)

Because of Proposition 7 we see that 〈�k′ , c†x cx�k′′ 〉 with k′ 
= k′′ does not vanish only if k′
and k′′ differ in exactly one component. First suppose that 0 < k j < π for all j . For each j ,
let k′( j) denote the vector obtained from k′ by flipping the sign of its j th component. Then,
by Proposition 7 we find that

|�|∑

x=1

∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , c†x cx�k′′ 〉

=
|�|∑

x=1

∑

k′

N∑

j=1

α∗
k′αk′( j)〈�k′ , c†x cx�k′( j)〉 (79a)

= 1

L

N∑

j=1

|�|∑

x=1

∑

k′
α∗
k′αk′( j)e−2ik′

j x (79b)

= 2

L
Re

⎛

⎜
⎝

N∑

j=1

|�|∑

x=1

e−2ik j x
∑

k′:k′
j>0

α∗
k′αk′( j)

⎞

⎟
⎠ (79c)

= 2

L
Re

⎛

⎜
⎝

N∑

j=1

e−2ik j − e−2ik j (|�|+1)

1 − e−2ik j

∑

k′:k′
j>0

α∗
k′αk′( j)

⎞

⎟
⎠ . (79d)

Next note that with the Cauchy-Schwarz inequality we get

∣∣∣∣
∑

k′:k′
j>0

α∗
k′αk′( j)

∣∣∣∣ ≤
(
∑

k′
|αk′ |2

∑

k′′
|αk′′ |2

)1/2

= 1. (80)

Moreover, under the assumption k j ∈ (0, π), we have that k j = 2π
L ν j for some ν j ∈

{1, . . . , (L − 1)/2} if L is odd and ν j ∈ {1, . . . , L/2 − 1} if L is even. Then, the inequality
|1 − e−i x | ≥ 2|x |/π for x ∈ [−π, π] implies

∣∣∣1 − e−2ik j
∣∣∣ =

∣∣∣1 − e−2ik j+2π i
∣∣∣ ≥ 4

π
min{k j ,

∣∣π − k j
∣∣} = 8

L
min

{
ν j ,

∣∣∣∣
L

2
− ν j

∣∣∣∣

}
. (81)
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We get

∣∣∣∣

|�|∑

x=1

∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , c†x cx�k′′ 〉

∣∣∣∣ ≤ 2

L

N∑

j=1

2

|1 − e−2ik j | (82a)

≤ 1

2

N∑

j=1

max

{
1

ν j
,

∣∣∣∣
L

2
− ν j

∣∣∣∣

−1
}

(82b)

≤
N∑

j=1

1

j
(82c)

≤ ln N + 1, (82d)

where we use the fact that ν j ’s are pairwise distinct as k ∈ K̃N in deriving the third inequality.
Altogether we therefore obtain

∣∣∣∣〈φ, N�φ〉 − N
|�|
|�|

∣∣∣∣ ≤ ln N + 1. (83)

If k j0 = 0 or k j0 = π for one j0, the computation is basically the same; the only difference
is that this index does not appear in the sum over j (which therefore consists only of N − 1
terms). Moreover, if there are kl , km such that kl = −km , then again this only leads to less
terms in the sums over j . The upper bound ln N + 1 thus remains valid also in these cases.

4.13 Proof of Proposition 9

We start by computing 〈�k, N 2
��k〉. To this end we first note that

〈�k, N
2
��k〉 =

∑

x,y∈�

〈�k, c
†
x cxc

†
ycy�k〉. (84)

If x = y ∈ � then

〈�k, c
†
x cxc

†
x cx�k〉 = 〈�k, c

†
x cx�k〉 = N

Ld
, (85)

see (73). Now suppose that x 
= y. Then we find with the help of Lemma 6 that

〈�k, c
†
x cxc

†
ycy�k〉

= 〈�vac, akN . . . ak1c
†
x cxc

†
ycya

†
k1

. . . a†kN �vac〉 (86a)

= 1

LNd/2

∑

x1,...,xN∈�

e−ik1·x1 . . . e−ikN ·xN 〈�vac, cxN . . . cx1c
†
x cxc

†
ycya

†
k1

. . . a†kN �vac〉

(86b)

= 1

LNd/2

∑

x1,...,xN∈�

e−ik1·x1 . . . e−ikN ·xN χ{x,y∈{x1,...,xN }}〈�vac, cxN . . . cx1a
†
k1

. . . a†kN |�vac〉

(86c)

= 1

LNd

∑

x1,...xN∈�

e−ik1·x1 . . . e−ikN ·xN χ{x,y∈{x1,...,xN }}
∑

σ∈SN

sgn(σ )

N∏

j=1

eik j ·xσ( j) (86d)
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= 1

LNd

N∑

l,m=1
l 
=m

e−ikl ·x e−ikm ·y ∑

x1,...,xN∈�
xl=x,xm=y

⎛

⎜⎜
⎝

N∏

n=1
n 
=l,m

e−ikn ·xn

⎞

⎟⎟
⎠
∑

σ∈SN

sgn(σ )

N∏

j=1

eikσ−1( j)·x j

(86e)

= 1

LNd

∑

σ∈SN

sgn(σ )

N∑

l,m=1
l 
=m

ei(kσ−1(l)−kl )·x ei(kσ−1(m)
−km )·y

N∏

n=1
n 
=l,m

⎛

⎝
∑

xn∈�

ei(kσ−1(n)
−kn)·xn

⎞

⎠ .

(86f)

Because
∑

y∈� ei(k
′−k)·y = Ldδk,k′ , see (72d), we only get contributions from the permu-

tations σ = id and transpositions τpq with p, q ∈ {1, . . . N }. From σ = id we get the
contribution

1

LNd
N (N − 1)L(N−2)d = N (N − 1)

L2d (87)

and any transposition τpq contributes the term

− 1

LNd

(
ei(kp−kq )·x ei(kq−kp)·y + ei(kq−kp)·x ei(kp−kq )·y) L(N−2)d

= − 2

L2d Re
(
ei(kp−kq )·x ei(kq−kp)·y

)
. (88)

Therefore the overall contribution of transpositions becomes

− 2

L2d

N∑

p,q=1
p<q

Re
(
ei(kp−kq )·x ei(kq−kp)·y

)
. (89)

Altogether we obtain

〈�k, c
†
x cxc

†
ycy�k〉 = N (N − 1)

L2d − 2

L2d

N∑

p,q=1
p<q

Re
(
ei(kp−kq )·x ei(kq−kp)·y

)
. (90)

Summing over x, y ∈ � we arrive at

〈�k, N
2
��k〉

= N

Ld
|�| + N (N − 1)

L2d |�|(|�| − 1) − 2

L2d

∑

x,y∈�
x 
=y

N∑

p,q=1
p<q

Re
(
ei(kp−kq )·x ei(kq−kp)·y

)

(91a)

= N

Ld
|�| + N (N − 1)

L2d |�|(|�| − 1)

− 2

L2d

N∑

p,q=1
p<q

⎛

⎝
∑

x,y∈�

Re
(
ei(kp−kq )·x ei(kq−kp)·y

)
− |�|

⎞

⎠ (91b)
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= N

Ld
|�| + N (N − 1)

L2d |�|(|�| − 1) + |�|N (N − 1)

L2d − 2

L2d

N∑

p,q=1
p<q

∣∣∣∣∣

∑

x∈�

ei(kp−kq )·x
∣∣∣∣∣

2

(91c)

≤ N
|�|
|�| + N (N − 1)

|�|2
|�|2 . (91d)

With this and 〈�k, N��k〉 = N |�|/|�|we finally get for the variance of N� in an eigenstate
�k that

〈�k, N
2
��k〉 − (〈�k, N��k〉)2 ≤ N

|�|
|�|

(
1 − |�|

|�|
)

. (92)

4.14 Proof of Proposition 8

As in the proof of Proposition 6 we first assume that there are no kl , km such that kl = −km .
In this case, we can without loss of generality assume that k j ≥ 0 for all j . As we have
already computed 〈φ, N�φ〉 in Proposition 6, it only remains to compute 〈φ, N 2

�φ〉. To this
end, we express φ again in the basis of the �k′ with k′

j = ±k j , see (77). Then we get

〈φ, N 2
�φ〉 =

∑

k′,k′′
α∗
k′αk′′ 〈�k′ , N 2

��k′′ 〉 (93a)

=
∑

k′
|αk′ |2〈�k′ , N 2

��k′ 〉 +
∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , N 2

��k′′ 〉. (93b)

For the first sum we obtain with the help of (91d) that

∑

k′
|αk′ |2〈�k′ , N 2

��k′ 〉 ≤ N
|�|
|�| + N (N − 1)

|�|2
|�|2 . (94)

For the second sum first note that

∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , N 2

��k′′ 〉

=
∑

x,y∈�

∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , c†x cxc

†
ycy�k′′ 〉 (95a)

=
∑

x∈�

∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , c†x cx�k′′ 〉 +

∑

x,y∈�
x 
=y

∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , c†x cxc

†
ycy�k′′ 〉.

(95b)

The first sum can be estimated as in the proof of Proposition 6, i.e.,

∣∣∣∣
∑

x∈�

∑

k′ 
=k′′
α∗
k′αk′′ 〈�k′ , c†x cx�k′′ 〉

∣∣∣∣ ≤ ln N + 1. (96)
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For the second sum in (95b) we start by noting that similarly to (86f) we have for x 
= y and
k′ 
= k′′ that

〈�k′ , c†x cxc
†
ycy�k′′ 〉

= 1

LN

∑

σ∈SN

sgn(σ )

N∑

l,m=1
l 
=m

e
i(k′′

σ−1(l)
−k′

l )x e
i(k′′

σ−1(m)
−k′

m )y
N∏

n=1
n 
=l,m

⎛

⎝
∑

xn∈�

e
i(k′′

σ−1(n)
−k′

n)xn

⎞

⎠ .

(97)

From this formula we see that if k′ 
= k′′ then only terms where one or two entries of k′ and
k′′ are different give non-vanishing contributions.

We shall separate the second sum in (95b) into two sums where k′ and k′′ differ in one or
two components, respectively. Suppose first that k′ and k′′ differ in only one component. Let
us evaluate 〈�k′ , c†x cxc

†
ycy�k′′ 〉 in the case that k′

1 = k1 > 0 and k′′
1 = −k1. If σ = id, we

get the contribution

N − 1

L2

(
e−2ik1x + e−2ik1 y

)
. (98)

The only other permutations that yield non-vanishing terms are transpositions of the form
τ1p with p > 1. Altogether, these transpositions give the contribution

− 1

L2

N∑

p=2

(
ei(−k1−k′

p)x ei(k
′
p−k1)y + ei(k

′
p−k1)x ei(−k1−k′

p)y
)

. (99)

One obtains analogous expressions in the case that k′ and k′′ do not differ in the first, but in
another component.

Our goal is to estimate

∑

x,y∈�
x 
=y

∑

k′,k′′differ
in 1 component

α∗
k′αk′′ 〈�k′ , c†x cxc

†
ycy�k′′ 〉 (100)

First suppose that 0 < k j < π for all j . To facilitate the computation, we first let the sum
over x, y ∈ �, x 
= y run over all x, y ∈ � and later estimate the terms where x = y.
Considering k′

j > 0 and k′
j < 0 separately we can write

∑

x,y∈�

∑

k′,k′′differ
in 1 component

α∗
k′αk′′ 〈�k′ , c†x cxc

†
ycy�k′′ 〉

=
∑

x,y∈�

N∑

j=1

∑

k′:k′
j>0

α∗
k′αk′( j)2Re

(
〈�k′ , c†x cxc

†
ycy�k′( j)〉

)
, (101)
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where k′( j) denotes the vector obtained from k′ by flipping the sign of its j th component.
Using the expressions for 〈�k′ , c†x cxc

†
ycy�k′′ 〉 derived above, this equals

2

L2 Re

( |�|∑

x,y=1

N∑

j=1

[
(N − 1)

(
e−2ik j x + e−2ik j y

) ∑

k′:k′
j>0

α∗
k′αk′( j) (102)

−
N∑

p=1
p 
= j

(
ei(−k j−kp)x ei(kp−k j )y + ei(kp−k j )x ei(−k j−kp)y

) ∑

k′:k′
j ,k

′
p>0

α∗
k′αk′( j)

−
N∑

p=1
p 
= j

(
ei(−k j+kp)x ei(−kp−k j )y + ei(−kp−k j )x ei(−k j+kp)y

) ∑

k′:k′
j>0,k′

p<0

α∗
k′αk′( j)

])

Carrying out the summations over x and y we arrive at

2

L2
Re

( N∑

j=1

[
2|�|(N − 1)

e−2ik j − e−2ik j (|�|+1)

1 − e−2ik j

∑

k′:k′
j>0

α∗
k′αk′( j)

− 2
N∑

p=1
p 
= j

(
e−i(k j+kp) − e−i(k j+kp)(|�|+1)

1 − e−i(k j+kp)

ei(kp−k j ) − ei(kp−k j )(|�|+1)

1 − ei(kp−k j )

∑

k′:k′
j ,k

′
p>0

α∗
k′αk′( j)

)

− 2
N∑

p=1
p 
= j

(
e−i(k j−kp) − e−i(k j−kp)(|�|+1)

1 − e−i(k j−kp)

e−i(kp+k j ) − e−i(kp+k j )(|�|+1)

1 − e−i(kp+k j )

∑

k′:k′
j>0,k′

p<0

α∗
k′αk′( j)

)])

(103)

Taking the absolute value, the sums over k′ can again be upper bounded by 1. As in the proof
of Proposition 6, we compute that

4

L2

N∑

j=1

∣∣∣∣|�|(N − 1)

(
e−2ik j − e−2ik j (|�|+1)

1 − e−2ik j

)∣∣∣∣ ≤ 4|�|(N − 1)

L2

N∑

j=1

2

(4 j/L)

= 2|�|(N − 1)

L

N∑

j=1

1

j
≤ 2|�|(N − 1)

L
(ln N + 1). (104)

If k j0 = 0 or k j0 = π for some j0 or if there are kl , km such that kl = −km , the corresponding
term is missing in the sum over j and the upper bound of N − 1 remains valid.
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Next we estimate

4

L2

N∑

j=1

∣∣∣∣

N∑

p=1
p 
= j

e−i(k j+kp) − e−i(k j+kp)(|�|+1)

1 − e−i(kp+k j )

ei(kp−k j ) − ei(kp−k j )(|�|+1)

1 − ei(kp−k j )

∣∣∣∣ (105a)

≤ 16

L2

N∑

j=1

N∑

p=1
p 
= j

1

|1 − e−i(k j+kp)||1 − ei(kp−k j )| (105b)

≤ 16

L2

N∑

j=1

⎛

⎜⎜
⎝

N∑

p=1
p 
= j

1

|1 − e−i(kp+k j )|2

⎞

⎟⎟
⎠

1/2⎛

⎜⎜
⎝

N∑

p=1
p 
= j

1

|1 − ei(kp−k j )|2

⎞

⎟⎟
⎠

1/2

(105c)

≤ 16

L2

N∑

j=1

⎛

⎝
N∑

p=1

L2

16p2

⎞

⎠ (105d)

≤ 2N , (105e)

where we used in the last step that
∑∞

n=1 n
−2 = π2/6 < 2. Note that the last term in (103)

is of a similar form and can be estimated along the same lines.
To get an estimate for the overall contribution of k′ 
= k′′ which differ in one component,

we still have to estimate the terms in (102) with x = y. By a similar computation as before
and in the proof of Proposition 6 we find that an upper bound for the absolute value of these
terms is given by

12(N − 1)

L2

N∑

j=1

∣∣∣∣
e−2ik j − e−2ik j (|�|+1)

1 − e−2ik j

∣∣∣∣ ≤ 6(N − 1)

L
(ln N + 1). (106)

Again, if there is a k j0 that is equal to 0 or π or if there are kl , km such that kl = −km , the
only modification that has to be made is to exclude the terms in the sum over j and therefore
the estimates remain valid.

Altogether we find for the contribution of the terms in (95b) with k′ 
= k′′, where k′ and
k′′ differ in exactly one component, the upper bound

2|�|(N − 1)

L
(ln N + 1) + 4N + 6(N − 1)

L
(ln N + 1) . (107)

Next we turn to the terms in (95b) with k′ 
= k′′ which differ in two components. As
before, we can assume that 0 < k j < π for all j as by the same reasoning as in the previous
computations, the upper bounds remain valid if this condition is relaxed.

Consider (97) in the case k′
1 = k1 > 0, k′

2 = k2 > 0 and k′′
1 = −k1, k′′

2 = −k2. Then the
permutation σ = id gives the contribution

1

L2

(
e−2ik1x e−2ik2 y + e−2ik2x e−2ik1 y

)
(108)

and from the permutation τ12 we get

− 2

L2 e
−i(k1+k2)x e−i(k1+k2)y . (109)
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If k′
1 = k1, k′

2 = −k2, k′′
1 = −k1, k′′

2 = k2, the permutation σ = id gives

1

L2

(
e−2ik1x e2ik2 y + e2ik2x e−2ik1y

)
(110)

and τ12 yields the term

− 2

L2 e
i(k2−k1)x ei(k2−k1)y . (111)

Summing again first over all x, y ∈ � and later estimating the terms with x = y which were
added to facilitate the computation we get

2

L2 Re

( |�|∑

x,y=1

N∑

l,m=1
l 
=m

[ (
e−2ikl x e−2ikm y + e−2ikm x e−2ikl y − 2e−i(kl+km )x e−i(kl+km )y

)

∑

k′:k′
l ,k

′
m>0

α∗
k′αk′(lm)

+
(
e−2ikl x e2ikm y + e2ikm x e−2ikl y − 2ei(km−kl )x ei(km−kl )y

) ∑

k′:k′
l>0,k′

m<0

α∗
k′αk′(lm)

])
,

(112)

where k′(lm) denotes the vector obtained from k′ by flipping the signs of its lth and mth
components. Using similar estimates as previously, we can bound the absolute value of this
term by

2(ln N + 1)2 + 4N . (113)

Next we note that the terms with x = y in this sum vanish.
Putting everything together, we finally arrive at

〈φ, N 2
�φ〉 ≤ N

|�|
|�| + N (N − 1)

|�|2
|�|2 + ln N + 1 + 2|�|(N − 1)

L
(ln N + 1) + 4N

+ 6(N − 1)

L
(ln N + 1) + 2(ln N + 1)2 + 4N (114a)

≤ N 2 |�|2
|�|2 + 2N ln N + 11N + 2(ln N )2 + 11 ln N + 9. (114b)

Because of (a2 − b2) = (a − b)(a + b) for a, b ∈ R it follows from Proposition 6 that
∣∣∣∣〈φ, N�φ〉2 − N 2 |�|2

|�|2
∣∣∣∣ ≤ (ln N + 1)

(
ln N + 1 + 2N

|�|
|�|

)
(115)

and therefore

〈φ, N�φ〉2 ≥ N 2 |�|2
|�|2 − (ln N + 1)

(
ln N + 1 + 2N

|�|
|�|

)
. (116)

With this we finally obtain

〈φ, N 2
�φ〉 − 〈φ, N�φ〉2 ≤ 4N ln N + 13N + 3(ln N )2 + 13 ln N + 10 . (117)

For N ≥ 46 it holds that 13N +3(ln N )2 +13 ln N +10 < 4N ln N . This finishes the proof.
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4.15 Proof of Proposition 5

The proof of a similar result for d = 1 given by Tasaki in [31] can be adapted to our situation
with only very small modifications. Note that the proof in the present situation in the case
that d = 1 was already given by Tasaki in an earlier arXiv version of his paper, however, the
model was slightly changed in later versions.

Similarly as in the proof of Lemma 4 in [31] we first show that

〈�k, e
λN��k〉 ≤ (

μeλ + (1 − μ)
)N

(118)

for any λ ∈ (0, 1]. To this end note that
eλN�/2|�k〉 = b†k1 . . . b†kN |�vac〉 (119)

with

b†k := 1

Ld/2

⎛

⎝eλ/2
∑

x∈�

eik·x c†x +
∑

x∈�\�
eik·x c†x

⎞

⎠ . (120)

We then obtain that

〈�k, e
λN��k〉 = 〈�vac, bkN . . . bk1b

†
k1

. . . b†kN �vac〉 ≤
N∏

j=1

‖bk j b†k j ‖. (121)

For any j , the operator bk j b
†
k j

is self-adjoint and

{
bk j , b

†
k j

}
= 1

Ld

⎛

⎜⎜
⎝eλ

∑

x,y∈�

eik j ·(x−y){cy, c†x } + eλ/2
∑

x∈�
y∈�\�

eik j ·(x−y){cy, c†x }

+eλ/2
∑

x∈�\�
y∈�

eik j ·(x−y){cy, c†x } +
∑

x,y∈�\�
eik j ·(x−y){cy, c†x }

⎞

⎟⎟
⎠

= 1

Ld

(
eλ|�| + |�| − |�|) = μeλ + (1 − μ). (122)

Next note that this implies

(bk j b
†
k j

)2 = (
μeλ + (1 − μ)

)
bk j b

†
k j

− bk j bk j b
†
k j
b†k j = (μeλ + (1 − μ))bk j b

†
k j

. (123)

The last step follows from bk j bk j = 0, which can be seen as follows: From the definition of
the bk j we immediately obtain

bk j bk j = 1

Ld

⎛

⎜⎜
⎝eλ

∑

x,y∈�

e−ik j ·(x+y)cxcy + eλ/2
∑

x∈�
y∈�\�

e−ik j ·(x+y)cxcy

+eλ/2
∑

x∈�\�
y∈�

e−ik j ·(x+y)cxcy +
∑

x,y∈�\�
e−ik j ·(x+y)cxcy

⎞

⎟⎟
⎠ . (124)
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If x = y, then cxcy = 0. In the first and fourth sum, for every term cxcy with x 
= y
also the term cycx occurs and because of cxcy = −cycx and the same prefactors, the terms
cancel. Therefore, the first and fourth sum vanishes. By a similar argumentation, the second
sum is equal to the (−1) times the third sum, i.e., they cancel, and altogether we obtain that
bk j bk j = 0.

It follows from (123) that the eigenvalues of the self-adjoint operator bk j b
†
k j

are 0 and

μeλ+(1−μ): Ifα ∈ R is an eigenvalue ofbk j b
†
k j
with eigenfunctionφ, thenbk j b

†
k j

|φ〉 = α|φ〉
and therefore (bk j b

†
k j

)2|φ〉 = αbk j b
†
k j

|φ〉, but at the same time (bk j b
†
k j

)2|φ〉 = (μeλ + (1 −
μ))bk j b

†
k j

|φ〉, i.e., either α = μeλ + (1 − μ) or bk j b
†
k j

|φ〉 = 0 which implies α = 0 as

φ 
= 0. Therefore we conclude that ‖bk j b†k j ‖ = μeλ + (1 − μ) and hence

〈�k, e
λN��k〉 ≤ (

μeλ + (1 − μ)
)N

. (125)

The rest of the proof of (29) is exactly the same as in the first arXiv version of [31], but
we include it here for the convenience of the reader. First note that the projection onto the
non-equilibrium space can be bounded in terms of characteristic functions as

∥∥Pneq,η�k
∥∥2 ≤ 〈�k, 1[N (μ+η),N ](N�)�k〉 + 〈�k, 1[0,N (μ−η)](N�)�k〉. (126)

In the first term, the characteristic function is bounded above by eλ(N�/N−μ−η)N for all λ ≥ 0.
Using inequality (125) we obtain

〈�k, 1[N (μ+η),N ](N�)�k〉 ≤
[
(μeλ(1−μ) + (1 − μ)e−λμ)e−λη

]N
(127)

Using the power series representation for the exponential function one finds that for all
0 < μ < 1, |λ| < 1

μeλ(1−μ) + (1 − μ)e−λμ ≤ 1 + μ(1 − μ)

2
λ2 + μ(1 − μ)

2
λ2

∞∑

l=3

1

l! ≤ 1 + 3

4
μ(1 − μ)λ2 ≤ e

3
4μ(1−μ)λ2

.

(128)
Choosing λ = 2η/(3μ(1− μ)), which is smaller than 1 by assumption, results in the bound

〈�k, 1[N (μ+η),N ](N�)�k〉 ≤ e− η2

3μ(1−μ)
N
. (129)

For the second term in (126), note that it equals 〈�k, 1[N (1−μ+η),N ](N�\�)�k〉. Now we can
apply the bound (129) with � replaced by � \ � and μ by (1 − μ) and conclude that

∥∥Pneq,η�k
∥∥2 < 2e− η2

3μ(1−μ)
N
. (130)

The last statement of Proposition 5, that DE ≥ 2Nd if N < L/2d , can be verified as
follows. Choose Nd distinct positive integers less than L/2, multiply them by 2π/L , and
call them, in any order, kia with i = 1, . . . , N and a = 1, . . . , d . Write ki = (ki1, . . . , kid)
and k̃i = kπ(i) for the permuted version such that k̃ = (k̃1, . . . , k̃N ) ∈ K̃N . Thus, �k̃ as in

(28) is an eigenvector of H fF
0 , and the corresponding eigenvalue is −2

∑N
i=1

∑d
a=1 cos kia .

Now consider the 2Nd Nd-vectors k′ with k′
ia = ±kia ; none of them is a permutation of any

other, so suitable permutations yield 2Nd distinct elements k̃′ of K̃N . The corresponding �k̃′
have the same eigenvalue, so the eigenspace must at least have dimension 2Nd .
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5 Conclusions

If a Hamiltonian H satisfies the ETH in the form that every eigenvector is in MATE (which
we show in Theorem 2 is the case for the free Fermi gas on a 1d lattice), then every initial
pure state ψ0 will thermalize in the sense of MATE. For a highly degenerate Hamiltonian H0

for which at least one eigenbasis lies in MATE, in general not all eigenbases need to lie in
MATE, and hence not all initial states thermalize. Nevertheless, as Proposition 4 shows,most
eigenbases of such a H0 do lie inMATE. This leads to Theorem 1, which shows that adding an
arbitrarily small generic perturbation to H0 will with high probability yield a non-degenerate
Hamiltonian H whose eigenbasis is indeed in MATE, and thus H exhibits thermalization for
all initial states. As a concrete example, these general considerations apply to the free Fermi
gas on a d-dimensional lattice with d > 1.
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