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Abstract

We say of an isolated macroscopic quantum system in a pure state ¥ that it is in macroscopic
thermal equilibrium (MATE) if ¢ lies in or close to a suitable subspace Heq of Hilbert space.
It is known that every initial state o will eventually reach and stay there most of the time
(“thermalize”) if the Hamiltonian is non-degenerate and satisfies the appropriate version
of the eigenstate thermalization hypothesis (ETH), i.e., that every eigenvector is in MATE.
Tasaki recently proved the ETH for a certain perturbation Hng of the Hamiltonian HgF of
N > 1 free fermions on a one-dimensional lattice. The perturbation is needed to remove
the high degeneracies of HéF . Here, we first point out that also for degenerate Hamiltonians
all ¥ thermalize if the ETH holds, i.e., if every eigenbasis lies in MATE, and we prove that
this is the case for HgF . Inspired by the fact that there is one eigenbasis of HgF for which
MATE can be proved more easily than for the others, with smaller error bounds, and also in
higher spatial dimensions, we show for any given Hy that the existence of one eigenbasis in
MATE implies quite generally that most eigenbases of Hy lie in MATE. We also show that,
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as a consequence, after adding a small generic perturbation, H = Hp + AV with A < 1, for
most perturbations V the perturbed Hamiltonian H satisfies ETH and all states thermalize.

Keywords Eigenstate thermalization hypothesis (ETH) - Generic perturbation - Thermal
equilibrium subspace

1 Introduction

We consider an isolated macroscopic quantum system S in a pure state ¥ € H evolving
unitarily, v, = e~"Hyy, for simplicity with 1 (and thus ¥,) in a micro-canonical “energy
shell” Hpc, the spectral subspace of H corresponding to energies in a small interval [E —
AE, E]. There are different concepts of thermal equilibrium of quantum systems [7, 10, 12,
13, 15-18, 20, 22, 27-29] (for a comparison of some, see [8, 9]), and one important concept
for an isolated system S is that its state i lies, at least approximately, in a certain subspace
Heq S Hme containing the pure states that “look macroscopically like thermal equilibrium
states.” Following [8, 9], we call this concept “macroscopic thermal equilibrium” (MATE)
[10, 11, 18, 26, 29] and speak of “macroscopic thermalization” if v/, reaches MATE sooner
or later (even though /9 may be far from MATE) and stays there for most of the time. For
brevity, we will drop the adjective “macroscopic” and just speak of “thermal equilibrium”
and “thermalization” in the following.

To take a concrete example, consider a gas of many but finitely many particles in a box. In
the classical case it is well known, going back to Boltzmann, that the majority of microstates
on some energy shell look macroscopically like a gas in thermal equilibrium, i.e., have
uniform empirical position distribution and Maxwellian empirical momentum distribution.
Moreover, it is expected (but very hard to prove) that the system starting from the major-
ity of those fewer microstates corresponding to some non-equilibrium macrostate (say all
particles start in the same half of the box) will also thermalize after some time, i.e., look
macroscopically like a gas in thermal equilibrium for most later times. Note that this concept
of thermalization does not require a heat bath, nor infinite system size, nor randomness in
the evolution. The framework sketched above captures the analogous question for quantum
systems, and our explicit example is indeed the (perturbed) free Fermi gas in a box.

A natural question is under which conditions on Heq, H , and v the system will thermalize.
An observation made by Goldstein et al. [10] and Tasaki [29] is that if H has non-degenerate
spectrum and satisfies the appropriate version of the eigenstate thermalization hypothesis
(ETH) [4, 25], i.e., if

every eigenvector of H is in MATE, 1)

then every g thermalizes. Goldstein et al. [10] further proved that if dim Heq/ dim Hy, is
close to 1 (which is usually satisfied in practice), and if we take H to be a random matrix
with unitarily invariant distribution (or, equivalently, with an eigenbasis that is uniformly
(Haar) distributed over all orthonormal bases and independent of the eigenvalues) and non-
degenerate eigenvalues, then it satisfies the ETH (1) with probability close to 1. (A similar
result was obtained by Reimann [21].) An observation that we add in Proposition 1 below
is that (1) alone guarantees that every o thermalizes, even for Hamiltonians with highly
degenerate spectra.

The present paper is inspired particularly by recent works of Tasaki [30, 31] in which he
focused on specifying concrete Heq and H and proving for them that every v thermalizes.
The goal of proving thermalization for specific Hamiltonians brings into focus difficulties
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arising from highly degenerate eigenvalues; this paper is mainly about ways to deal with
these difficulties.

Concretely, Tasaki [30, 31] (and earlier Shiraishi and Tasaki [24]) considered N > 1 free
non-relativistic fermions (“the free Fermi gas™) on the 1d lattice A := Z/LZ with L > N
sites, which defines a Hilbert space { and a Hamiltonian H, F and took Heq, as a simple
model, to comprise the states for which the number of particles in a subinterval I' C A of the
lattice lies within a suitable tolerance of N|I'|/L." Since for this simple model, the choice
of Heq involves no conditions on the energy, the restriction to [E — AE, E] plays no role,
so we can simply take Hme = H. Itis easy to see that dim Heq/ dim H is indeed close to 1.
However, HOfF has highly degenerate eigenvalues, and for this reason Shiraishi and Tasaki
considered a perturbation Heﬂ: of H(l;F by a small magnetic flux 8 through the ring, which
removes all degeneracies if L > 3 is prime. Correspondingly, they proved thermalization of
any initial state ¥ under the evolution generated by HgF . The question whether a similar
statement holds also for HgF was left open.

One of our main results (Theorem 2 in Section 3.2) proves the ETH (1) relative to this
‘Heq also for the unperturbed free fermion Hamiltonian H(gF in one spatial dimension. As a
corollary we conclude, using the observation explained above, that also under the evolution
of HgF every initial state ¥y thermalizes.

We also present results in another direction: Consider for an orthonormal basis (ONB) B
the condition that

every ¢ € B lies in MATE. 2)

It turns out that there is one eigen-ONB Bj of H(l;F that is particularly good in several ways
(see Proposition 5 in Section 3):

(i) B satisfies (2) with much smaller error bounds (i.e., smaller deviations from Heq) than
some other eigen-ONBs; in fact like e~V instead of a negative power of N;
(ii) it is easier to prove (2) for B; than for other eigen-ONBs;
(iii) in higher dimensions (i.e., considering a lattice z4 / L7 with d > 1), we could find a
proof of (2) for (the analog of) By, but not for all eigen-ONBs of (the analog of) HéF .

This situation motivates us to propose a strategy for dealing with degenerate Hamiltonians for
which some, but not every, eigen-ONB B satisfies (2). Let us call such a general Hamiltonian
Hp. (Note that violations of (1) imply the existence of some g that will not thermalize:
for example, eigenstates that are not initially in MATE will never reach MATE because
they are stationary.) If Hy is only moderately degenerate, then an elementary estimate (see
Corollary 1 in Section 2) shows that (2) for one eigenbasis would enforce (2) for every other
eigenbasis with moderately worse error bounds. However, in the example of the free Fermi
gas in d > 1 space dimensions, the degeneracy is around 2V¥¢ and thus too high. For this
reason, we propose to consider a perturbation of Ho,2 but (unlike [24, 30, 31]) a random

' A more realistic model of ‘Heq would involve (a) not only one region I' but every (suitably coarse-grained)
macroscopic region in space, (b) the (coarse-grained) distribution of momenta, and (c) other macroscopic
observables such as total spin. Item (a) can be implemented rather easily. Indeed, in [30, 31], Tasaki partitioned
the lattice into a (not too large) number of subintervals I'; (thought of as macroscopic regions) and required,
as the definition of Heq, that the number of particles in each I'; lies within suitable tolerances of N|I';|/L, so
the coarse grained empirical distribution of particles is approximately uniform in 1d physical space. Since this
setup can be dealt with mathematically in much the same way as just considering a single I (see Remark 3),
we will stick here with the simpler model. Item (b), on the other hand, is pointless for the free Fermi gas, since
individual momenta are conserved, and the treatment of the interacting Fermi gas is far beyond the scope of
this paper.

2 Still, the considerations stay fully rigorous. In particular, they do not involve neglecting higher-order terms
in a series expansion (as the word “perturbation” might suggest in some contexts).
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perturbation
H=Hy+\V, 3

thought of as a generic perturbation. We argue in Section 2.4 that it is physically appropriate to
consider a generic perturbation. In fact, as soon as V has continuous probability distribution,
H has non-degenerate eigenvalues and eigenvalue gaps with probability 1 for every 0 < A <
2o for suitable Ao.> So, generic (arbitrarily small) perturbations remove the degeneracy of
H.

Moreover, and this is the content of our other main result (Theorem 1 in Section 3), under
the assumption that the distribution of V is invariant under all unitaries or at least those
commuting with Hy, most H with Hy having one eigenbasis whose elements are in MATE
satisfy the ETH (1), and thus for most perturbations all states thermalize.

Apart from the general, abstract argument expressed in Theorem 1, we also include the
application to the free Fermi gas (Proposition 5 and Corollary 3 in Section 3.2): the existence
of an eigen-ONB Bj of HgF in MATE (with a tolerance ¢ that is exponentially small in N)
can be established in any dimension d of physical space; the thermalization of all states for
H = HéF + AV then follows from Theorem 1.

Note that analogous results for the classical free gas of N particles have been obtained in
[1-3]. There, no perturbation is needed to prove thermalization of the gas for long times in
any spatial dimension, but only for most and not all initial states.* For the one-dimensional
quantum mechanical free Fermi gas we obtain an even stronger result, namely thermalization
for all initial states. For higher dimensions, however, we need small generic perturbations of
H(gp to infer thermalization for all initial states.

It should be noted that neither [24, 30, 31] nor our results provide meaningful estimates
of the time required to reach thermal equilibrium in the (perturbed) free Fermi gas. For the
classical gas such estimates have been obtained in [2, 3]. A more quantitative understanding
of the non-equilibrium dynamics of one-dimensional integrable quantum gases is provided
by so called Quantum Generalized Hydrodynamics, see, e.g., [5, 23]. However, this theory
is not rigorous yet and applies only to rather special initial states.

Finally, let us mention another non-trivial application of Theorem 1. Shortly after the first
version of our paper appeared as a preprint, Hal Tasaki [32] realized that Theorem 1 can be
applied to the Ising model in two dimensions below the critical temperature. Roughly speak-
ing, he proves that any initial state in a given highly degenerate eigenspace of the Hamiltonian
thermalizes under most slightly perturbed dynamics in the sense that the macroscopic magne-
tization approaches and remains very close to the corresponding microcanonical expectation
value. In this system it is indeed the case that some eigenbases of the unperturbed Hamiltonian
satisfy the ETH and others do not.

This paper is structured as follows. In Section 2, we provide an overview of the background
and provide further motivation. In Section 3, we state our main results. In Section 4, we give
the proofs. In Section 5, we conclude.

3 Since we could not find a good reference for this fact, we have formulated this fact as Lemma 2 in Section 2
and included a proof in Section 4.

4 It is obvious that for the classical free gas not all initial states can thermalize, not even in the sense of
becoming spatially homogeneous.
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2 Motivation

In this section, we give some more details about the considerations outlined in the introduc-
tion.

2.1 MATE and ETH

We will only operate within one energy shell Hpc and pretend that this subspace remains
unchanged even when we vary the Hamiltonian; we take Hpyc to be “the” Hilbert space
of the system S and simply write H for it. We take for granted that H has finite dimension.
Following von Neumann [34], we regard macroscopic observables as given which are suitably
coarse-grained so that they commute with each other and their eigenvalues are rounded to the
macroscopic resolution. Then Heq can be thought of as one of their simultaneous eigenspaces,
with eigenvalues given by the thermal equilibrium values [10, 11]. In our mathematical result,
‘Heq could be any subspace, although it will play a role that Heq has most of the dimensions
of H.
We use the notation Peq for the projection to Heq and

SH) ={y e H: |lyll = 1} “

for the unit sphere in any given Hilbert space H. Let u be the uniform (normalized surface
area) measure on S(H); a u-distributed vector will also be said to be “purely random.” When
saying that “the statement S(y) is true for (1 — ¢)-most ¢ € S(H),” we mean that

u{y € S(H) : S(Y) holds) > 1 — . 5)

Analogously, when saying that “the statement S(¢) is true for (1 — §)-most ¢ € [0, 00),” we
mean that

1
liminf —|{r € [0, T]: S(t) holds}| > 1 — 6, 6)
T—oo T

where |{-}| means the length (Lebesgue measure) of the set {-}.
Since S(Heq) is a null set in S(H) relative to u, we regard a ¢ € S(H) as being in thermal
equilibrium whenever it lies in the set

MATE, = {§ € S(H) : | Peq¥/[I* = 1 — e}, (7

once we have chosen the desired tolerance ¢ > 0. Correspondingly, ETH, denotes the
condition on a Hamiltonian H that

Vnormalized eigenvector ¢ of H: ¢ € MATE,. (8)

In terms of the spectral decomposition H = ), eIl,, this condition is equivalent to
ITTe Preq I || < € for all eigenvalues e, where Pyeq := I — Peq and ||-|| denotes the operator
norm. The statement that the ETH (1) implies that every 1o thermalizes can be formulated
rigorously as follows.

Proposition 1 Suppose dim’H =: D < o0, Heq is a subspace and Peq the projection to it,
&, 8 > 0, the operator H on 'H is self-adjoint, and satisfies ETHgs. Then for every Yo € S(H)
and (1 — 8)-most t € [0, 00),

Y, € MATE; . )
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All proofs are given in Section 4. Note that the inaccuracy (¢48) assumed in the ETH
must be smaller than the inaccuracy (¢) desired for the thermalization of y; by a factor
given by the tolerance (§) desired for the notion of “most ¢.” Note that for non-degenerate
H the statement of Proposition 1 was contained in [10] as a step in a proof and in [29] as
Theorem 7.1. However, to our knowledge the observation that the ETH can also be used
for degenerate Hamiltonians in the form (8) to derive thermalization of every initial state
seems not to have been mentioned before in the literature. In particular, it entails that all
thermalize for the Hamiltonian HéF of the one-dimensional free Fermi gas, which satisfies
(8) by Theorem 2 in Section 3.2.

2.2 The Problem About High Degeneracy

Suppose that a Hamiltonian Hy is highly degenerate and possesses an eigen-ONB B = (¢ )«
that satisfies (2) or more precisely

Vk: ¢ € MATE,. (10)

Note that if Ppeq # 0, necessarily
e>1/dimH, (11

which follows from considering the trace of Pyeq in the basis B. The question is how much the
tolerance ¢ has to be increased to ensure that all eigenvectors are in MATE (or, equivalently,
Hy satisfies ETH). The following elementary result for matrices helps us answer this question:

Lemma 1 Let ¢ > 0. If a positive semi-definite D x D matrix M has all diagonal entries
< ¢, then
M| <eD. (12)

The bound is sharp, i.e., there exists M for which equality holds.

By applying this lemma to each IT, PheqI1e, we can guarantee ETH (1) with a larger error
instead of ¢:

Corollary 1 Let Hy be a Hamiltonian with maximal degeneracy D in the D-dimensional
Hilbert space 'H. If Peq is any projection such that Hy has an eigen-ONB (¢y)y satisfying
(10), then

Vnormalized eigenvector ¢ of Hy: ¢ € MATE;p, . (13)

The bound is sharp in the sense that for any Hy and any & (> 1/ D), there exists Peq and an
eigenvalue E such that ||T1g PpeqT1E| = min{e Dg, 1} and (¢r )i satisfies (10).

This means that the error bound we can guarantee in the ETH (8) is ¢ D, instead of &, but
for our example of Hy (the free Fermi gas) in d > 1 dimensions,

Dg > 2N (14)

(see Proposition 5), which is so large that the bound & D is no longer small and thus becomes
useless.

Now let Peq be any projection, Pyeq = I — Peq, and let Hy be a degenerate Hamiltonian
for which one eigen-ONB satisfies (10) but others do not necessarily. By Corollary 1, some
eigenvectors can deviate from Heq by £ D, which need not be small as Dg can be exponen-
tially large in the particle number N. On the other hand, even if Dg is that large, a typical
unit vector is not that bad:
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Proposition 2 Let ¢, > 0, H, be an eigenspace of Hy with dimension D,, and suppose
that one eigen-ONB of Hy satisfies (10). Then for § = Zexp(—anDe) with C = 2/9713,
(1 — 8)-most ¢ € S(H,) lie in MATE, .

The following proposition shows that most eigenbases of an arbitrary eigenspace H, of
Hj are in MATE.

Proposition 3 Let ¢, n > 0, H, be an eigenspace of Hy with dimension D,, let (qﬁk),?;l be a
random ONB of 'H, and suppose that one eigen-ONB of Hy satisfies (10). Then,

]P’(Elk <D,: ¢ ¢ MATEH,]) < 2D, exp (—=Cn2D,) , (15)

where C = 2/973.

We can now combine Corollary 1 and Proposition 3 to show that most eigenbases of Hy
lie in MATE.

Proposition4 Lete > 0, C = 2/973, let (d)k),?:l be a random eigen-ONB of Hy and suppose
that one eigen-ONB of Hy satisfies (10). Then, for all n > 0 such that Cn> > &,

IP(EIk <D:¢y ¢ MATEW) <2Dexp (—Cn’/e). (16)

For the free Fermi gas with N particles, we shall see in Section 3.2 that both D and 1/¢ are
exponentially large in N. Therefore, for 1 of order ¢* for any 0 < o < 1/3, the right-hand
side of the inequality above vanishes as N — oo. In particular, for large N most eigenbases
satisfy MATE,, with  exponentially small in N.

2.3 Consequences of Generic Perturbations

The following lemma provides a precise formulation of the intuitively rather obvious state-
ment that a generic perturbation will lift the degeneracy of eigenvalues and eigenvalue gaps.
(In this paper, it will play no role that the eigenvalue gaps are non-degenerate, but we take
note of this fact for the sake of completeness, as the degeneracy of the eigenvalue gaps is
expected to determine the time scales on which thermalization takes place.)

Lemma 2 Let V be a random matrix whose distribution is continuous in the space of Hermi-
tian D x D matrices. Then with probability 1, there exists g > O such that for all .. € (0, Xp),
the Hamiltonian H = Hy + AV has non-degenerate eigenvalues and eigenvalue gaps.

Now we consider H = Hy + AV, where the distribution of the random matrix V is
continuous and invariant under all unitaries commuting with Hy. Then the eigen-ONB of
H (which is unique up to phase factors because H is non-degenerate) will be arbitrarily
close, for sufficiently small A, to some eigen-ONB of Hy. In fact, the eigen-ONB of H (with
suitably chosen phase factors) converges as A — 0 (for fixed V') to an eigen-ONB (yx)x of
Hy.> Which one? That depends on V. Due to the unitary invariance, the ONB (xx)« is, in
each eigenspace H, of Hy, uniformly distributed among the ONBs of H,. If most eigenbases
of Hy lie in MATE, as for the free Fermi gas, there is ETH and thus thermalization for most
perturbations V, see Theorem 1 below.

5 This factalso entails that if we subdivide the energy axis into “micro-canonical” intervals, then for sufficiently
small A, each Hmc obtained from H) stays invariant during any time interval [0, 7'] to an arbitrary degree of
precision under the time evolution generated by H, with the consequence that each micro-canonical subspace
can be treated separately, and our simplifying assumption that Hpc is invariant caused no harm.
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2.4 Physical Relevance of Generic Perturbations

In physics, we sometimes make models (e.g., write down a formula for the Hamiltonian) and
sometimes consider generic situations (e.g., consider a random Hamiltonian). When we have
proved that most Hamiltonians relative to a particular distribution have a certain property P,
then this still leaves open whether the true Hamiltonian has this property. On the other hand,
models involve idealizations and simplifications, and therefore are not necessarily realistic.
So, when we have proved that a model has property P, this also leaves open whether the true
Hamiltonian has this property.

In order to increase the reliability of mathematical results about P, one can try to add
more realism. For a model, this might mean to add corrections, such as relativistic corrections,
previously neglected interaction terms between the particles of the system, or interactions with
the outside that the system is not perfectly shielded from (such as gravitational interactions).
Of course, this will often make the model intractable. For a random Hamiltonian, on the other
hand, increasing realism may mean making the distribution narrower, either by conditioning
on properties P’ that we believe the true Hamiltonian has (e.g., symmetries) or by choosing
a distribution near some Hj that we believe the true Hamiltonian is close to. The latter
strategy is, in fact, a kind of combination of the two strategies of considering a model Hy
and considering a random Hamiltonian.

Our assumption that the distribution of the perturbation V is invariant under unitaries (at
least those commuting with Hyp) is motivated (i) by the thought that, since we are considering
very small perturbations, many different kinds of interaction with the environment may con-
tribute to V and (ii) by the facts that this would be the case for the simplest distributions of V,
such as the Gaussian unitary ensemble GUE, and that this allows us to answer the question
how many ¥y will thermalize. The fact that a random V with unitarily invariant distribution
involves super-long-range super-multi-body interactions makes it seem unrealistic. On the
other hand, when we consider very weak perturbations, then already the fact that no system
is exactly closed becomes relevant—that every system is slightly interacting with an environ-
ment such as a gas of photons (or of gravitational waves etc.). The reason we are considering
closed systems (that evolve in a Hamiltonian rather than Lindbladian way) is that being open
is unnecessary for thermalization. And yet, when it comes to arbitrarily weak perturbations,
a weak interaction with an environment may be expected to have a similar effect as a weak
generic perturbation of H. After all, if the particles of the environment (say, photons) are
entangled with each other, then distant parts of the system will effectively interact with each
other by interacting with different entangled photons. Thus, the system’s evolution seems
quite similar to a unitary model in which every part of the system is weakly interacting with
every other.

A relevant trait of our results in this paper is that they apply to random perturbations of Hy
that are arbitrarily weak. Such results can be regarded as stating an instability of a property
P: For example, being degenerate is an unstable property in the sense that every degenerate
Hy possesses a neighborhood in the space of self-adjoint operators in which the degenerate
operators form a null set. It is therefore not believable that the true Hamiltonian is degenerate,
given that it is close to Hy. Also deterministic corrections to Hy may be expected to break
the degeneracy, but again it may be intractable to prove this.

The upshot is that assuming an arbitrarily small generic perturbation may be quite realistic
after all. The typical behavior of such a perturbation may be a pretty good prediction of the
behavior of the true Hamiltonian.
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3 Main Results

In this section, we present and discuss our main results. In Section 3.1, we state our results
for general Hamiltonians and in Section 3.2 we apply them to the free Fermi gas.

3.1 For General Hamiltonians

Theorem 1 Let H be a Hilbert space with D = dim'H < 00, Heq any subspace, Peq the
associated orthogonal projection, and Pheq = 1 — Peq. Let Hy € L(H) be self-adjoint
and assume that Hy has an orthonormal eigenbasis (¢i)ke(1,...,p) Such that for all k the
eigenvector ¢y € MATE, with respect to Heq for some e > 0 (i.e., || Pnequkn2 < g forallk).
For A € Rlet H := Hy + AV, where V is a self-adjoint operator drawn randomly from a
continuous distribution invariant under conjugation with all unitaries commuting with Hy.
Furthermore, for yro € S(H) let y; == e~ Hia, let C = 2/973 and for n > 0 satisfying
Cn® > ¢elet B =2Dexp(—Cn’/e).

Then forall 0 < o < 1thereisa X,y > 0such that forall0 < A < Agand (1 —a)(1—B)-
most 'V, Hy + AV satisfies ETH; 12, and hence for all § > 0 and all ¥y € S(H) for
(1 —8)-most t € [0, 00),

Yy € MATE c42 . (17)
§

Remark 1 (Conditions on the distribution of V) While the condition of invariance under the
unitaries commuting with Hy is the minimal condition we need to mathematically prove the
consequence, the most relevant cases in practice are perhaps those in which the distribution is
invariant under all unitaries, as is the case for the Gaussian unitary ensemble (GUE) in which
the entries of V are (up to Hermitian symmetry) i.i.d. complex Gaussian random variables.

Remark 2 (Previous version of Theorem 1) Generally, for a system consisting of N particles,
its dimension D is of order V. As we discussed below Proposition 4, for the free Fermi
gas with N particles, 8 in Theorem 1 is small if 7 is of order ¢ with0) < @ < 1/3 as ¢ is
exponentially small in N. However, if N¢ is not small, then g is not small and Theorem 1
yields nothing interesting as the set of admissible perturbations V becomes small or even of
measure zero. In this case we can still prove thermalization (with a worse bound) for most
perturbations V for most initial wave functions ¥y € S(H,) from an arbitrary subspace
‘H, C 'H. For the precise version and proof of this statement we refer the reader to an earlier
version of this paper available at http://arxiv.org/abs/2408.15832v3.

3.2 For the Free Fermi Gas

In this subsection we discuss the concrete example of the free, non-relativistic Fermi gas of
N particles on a d-dimensional lattice A = {1, ..., L}d with periodic boundary conditions,
where L € N and d > 1. We will in particular show for d = 1 that all eigen-ONBs satisfy
the ETH, so Proposition 1 applies, and for d > 1 that Theorem 1 applies.

The Hamiltonian is given by

Hf =— > cley, (18)
x,yeA
dist(x,y)=1
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where ¢, and cj( denote the annihilation and creation operators of a fermion at site x € A.
(Ho +2Nd is the negative discrete Laplacian.) The relevant Hilbert space is the N-particle

sector of fermionic Fock space, i.e., H ~ CP with D = (ﬁj)

Like Shiraishi and Tasaki [24, 30, 31], we will use a highly simplified model of “thermal
equilibrium” defined only in terms of the spatial distribution of particles. In particular, the
restriction to a micro-canonical energy shell is not relevant for us in the following. We will
discuss extensions to more realistic models of thermal equilibrium in Remark 3. Choose any
spatial region I' C A, let

w=[T|/|A] (19)
be its relative size, and let
Nr = Zc;cx (20)
xel

be the number operator of the particles in I". Throughout this section we define the equilibrium
subspace Heq,; for a given threshold n > 0 as the spectral subspace of Nr specified by the

s Nr .
condition ‘W — ,u‘ <n,ie.,

Peq,n = LN (u—n), N (u+m1(NT) 21

and set Pyeq,;y = I — Peq,- Thus, Heq, , contains those states i for which the Born distribution
of Nr/N is supported in an n-neighborhood around p. Note that this is a much stronger
condition than just requiring that the expectation value of Ny /N in a state ¢ lies in this
interval. In Remark 3 below we discuss a more realistic definition of Peg,; that takes into
account not only the number of particles in one region I', but a coarse-grained density all
over A.

For d = 1 we can show that Hoﬂ: satisfies the version (1) of the ETH, i.e., that every
eigenvector of HgF is close to Hegq,, for large N, assuming that I is an interval.

Theorem 2 (ETH for the free Fermi gas in 1d) Letd = 1, L prime, 46 < N < L/4, T C A

an interval, n > %, and Heq,ny and Preq,, as above. Then every normalized eigenstate
¢ of HgF satisfies
2 32InN
Pl = 250 @)

The condition in Theorem 2 that L must be prime guarantees that the eigenvalues of the one-
body Hamiltonian on such a chain are rationally independent (see [24] and similar arguments
in [14]). As a consequence, the only degeneracies in the many-body spectrum arise from the
fact that one-body eigenstates with momentum k and —k have the same energy. The latter
degeneracy was shown by Shiraishi and Tasaki to be removed by piercing the ring with a
small magnetic flux. Theorem 2 shows that even if these degeneracies are not removed, HgF
still satisfies the ETH.
Together with Proposition 1, Theorem 2 implies that all initial states reach MATE:

Corollary 2 (Thermalization of the free Fermi gas in 1d) Letd = 1, N > 46, and let L, T,
1, Heq,n and Peq , be as in Theorem 2. Let €, § > 0 be such that €§ > 32'757“NN Then for every

Yo € S(H) and (1 — 8)-most t € [0, 00), ¥, == e~ H0 1y satisfies

| Pacanvi|* < e, i, ¥ € MATE,. (23)
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For general d > 1, we can still prove MATE for one eigenbasis B; of H(F, in fact with
better bounds. To define this eigenbasis, we need to introduce some notations first.
For odd L let

2 L-1)¢
K::{ZUUE{O,il,...,iZ} }, (24)
and for even L let
27 L L)?
k=10l e 0,il,...,i(——1),— . (25)
L 2 2
For k € K we define
r 1 . .
o kex i
ak = m Ze’ XCx. (26)

xeA

Let ICZ be the set of k = (ki,...,ky) € KV such that k; # kj for all i # j. The
permutation group Sy acts on ICZ via (k1, ..., kn) = (kz@1), ..., kzv)) forany m € Sy.

LetKN ¢ ICZ contain exactly one representative from each orbit, i.e., from each permutation
class. We define

By = {|W) : k € KV}, where 27)
W) = aj a ...a] |Pyac) (28)

with | Dy, ) the vacuum vector in Fock space. The states | W) are (6\7 ) different eigenfunctions
of the unperturbed Hamiltonian HéF and therefore form an orthonormal basis of H.

For this eigenbasis By of HgF we can prove MATE using similar methods as Tasaki [31]
used in the case of the free fermion chain in one dimension.

Proposition 5 (MATE for one eigenbasis of the free Fermi gas, any d) Letd > 1, " C A
arbitrary, 0 < n < %u(l — W), and Heq,y and Preq,y as in (21). Then every eigenstate
W, € By of H(gF given by (18) satisfies

N

2
|> < 2" w0, (29)

” Preq,n Wk
Furthermore, if N < L/2d then the maximal degree of degeneracy Dg is at least 2V9.
As an immediate consequence of Proposition 5 and Theorem 1 we obtain the following
corollary:

Corollary 3 (Thermalization of the perturbed free Fermi gas in any dimension) Let d > 1
and T, 0, Heq,p, and Preq,; be as in Proposition 5. For A € R let H = HgF + AV,
where V is drawn randomly from a continuous distribution invariant under conjugation
with all unitaries commuting with HgF. For Yy € S(H) let yr; = e Ay, let C = 2/973,
e = 2exp(—n*N/Bu(1—w))) andforii > 0satisfying Cii> > ¢ let p = 2D exp(—Cii /¢).
Then for all § > 0 and 0 < a < 1 there is a A9 > 0 such that for all 0 < . < Ag and
(1 —a)(1 — B)-most V, every Yo € S(H) is such that for (1 — §)-most t € [0, 00),

e+27

| Bt =

, lLe, 1//; S MATE(8+2,5)/5 . (30)
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Remark 3 In a similar way as in [31], Theorem 2 and Proposition 5 (and therefore also
Corollary 2 and Corollary 3) can easily be generalized to the situation in which we define
equilibrium by requiring that in m € N subsets of I'; C A the fraction of particles is close to
ni = |I'i|/|Al. To this end, note that

, Nr;
Puegp =P |3Ii=1,...,m: T—/Li

m NI‘,
> EZP N M

i=1

> ?7>, 3D

where P(...) denotes the orthogonal projection onto the specified subspace. Let w, =

argmax,, . (u;(1 — p;)). Then it follows from Proposition 5 that

U LR 2
| Prcqun i |* <2 ¢ 5" < 2m ¢~ V. (32)
i=1
Thus, as long as m is not too large and N is large, the right-hand side in (32) is small.
4 Proofs
4.1 Proof of Proposition 1

Let Pheq = I — Peg, let £ be the spectrum of H, and I1, the projection to the eigenspace
of H with eigenvalue e. By denoting the long-time average by X = Tlim % fOT dt X(t), we
— 00

obtain
Wi, Pacg¥i) = Y, €@ (g, T, Poeg T o) (33a)
ee'e€
=Y (%0, T PacqTe0) (33b)
€ <ealMevol by 8)
< &8y (Yo, M) = &8 (33¢)
eef

Thus, for every n > 0, there is Ty > 0 such that for every T > Tp,

1 T
?/ dt (Y, Preqi) < €8+ 1. (34
0
By the Markov inequality,
1 ed+n n
—‘{te[o, T]:(W,,Pneqwt)>s}‘§ —54+ 1. (35)
T £ £
Taking the limit superior as T — oo, we find that
1
limsup—‘{te [0. 71 ¢ (Y1, Pacqr) >s}‘ <s+ 1. (36)
T—o00 T &
Since n > 0 was arbitrary, we must have that
1
lim sup —’{z € 10T (Y. Pacq¥t) > 5}‘ <5 37)
T—o0 T

as claimed.
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4.2 Proof of Lemma 1

Since all the eigenvalues are non-negative, the maximal eigenvalue || M || is bounded by tr M,
which is in turn bounded by & D by assumption. To see that the bound is sharp, consider the
matrix with all entries equal to ¢, which has an eigenvector with all entries 1 and eigenvalue
eD.

4.3 Proof of Corollary 1

Corollary 1 is a consequence of Lemma 1. Let Ppeq := I — Peq. Denote by I1, the orthogonal
projection onto the eigenspace of Hp corresponding to e. In the basis (¢y) restricted to the
. . . D, . .
eigenspace corresponding to eigenvalue e, denoted by (¢, ;) faty the matrix corresponding
to I, Pyeq I, has all diagonal entries < & by assumption. Thus by Lemma 1, we have

”nePneqne” <e¢D, <eDg (38)

for all e, and equivalently Hy satisfies the ETH (8) with tolerance ¢ Dg.
For the second part, let ¢’ := min{e, 1/Dg}, let E be an eigenvalue with degeneracy D,
and Ppeq be the projection operator onto the one-dimensional subspace spanned by the vector

DE De
V=Y ri ST Y D Ge (39)
j=1 e (#E) j=1
where n = % to satisfy the normalization ||| = 1 (in the case D = Dg, note that

¢’ = 1/Dg by (11) and we only have the first term). Here, ¢’ > 1/D implies n < 1/D <
¢'. Then, since all diagonal elements of Preq in the basis (¢, j)e,; are either ¢ or n, the
basis (¢) satisfies the condition (10) for this Pyeq. Moreover, the matrix corresponding to
1 g Ppeq I has all entries equal to ¢’ in the basis (PE,j )J[.):EI. Hence, we have ||TT1g PhegITE || =
min{e Dg, 1} as claimed.

4.4 Proof of Proposition 2

As shown by Reimann [21, Eq. (7)], Lévy’s lemma implies that for a uniformly distributed
unit vector ¢ in a D-dimensional Hilbert space H and a self-adjoint operator A (which is not
a multiple of the identity) and every n > 0,

Cn*D ) 40)

B(|(¢. 49) — )/ D] = n) = 2exp( -5
A

with C as in Proposition 2 and A4 > 0 the difference between the largest and the smallest
eigenvalue of A. Now we specialize to our case with H = H,, D = D,, and A = TI, Ppeqll,
with I, the projection to H,. Since 0 < A < I, we have that A4 < 1 (so the right-hand
side of (40) can only become larger if we replace A4 by 1). By assumption, there is a basis
(¢x) for which every vector lies in MATE,; evaluating the trace in this basis, we find that
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tr(A) < eD,. Thus,

(¢> ¢ MATEH,,) IP( | Pocq@ll® > & + n) (41a)
= P(IlPrcg | = tr(4)/De + 1) (41b)
= (|l Prog® I? — tr(4)/De| = 1) (410)
<2exp(—Cn*D,). (41d)

by (40), which completes the proof.

Remark 4 An alternative argument based on the Markov inequality instead of Lévy’s lemma
(and the fact that the average of || Pheq 2 over S(H,) is < &, still assuming that one eigen-
ONB of Hj satisfies (10)) yields for any § > 0 that (1 — §)-most ¢ € S(H,) lie in MATE, 5.

4.5 Proof of Proposition 3

Since each eigenvector ¢y in the random eigen-ONB is uniformly distributed in a D,-
dimensional Hilbert space H,, the inequality (41) applied to each ¢ yields

D,
IP’(EIk <D,: ¢y ¢ MATEH,]) < ;P(m ¢ MATE£+,7) (422)
<2D,exp (—Cn*D,), (42b)

which completes the proof.

4.6 Proof of Proposition 4

For each eigenvalue e of Hy let H, denote the corresponding eigenspace and D, its dimension.
Note that

IP(EIk <D:fy ¢ MATESJF,]) < ZIP(EIk <D:¢peH,anddy ¢ MATEH,,). 43)
eck

For all eigenvalues e with D, < /e, the corresponding eigenvectors lie in MATE,, by
Corollary 1. Hence the corresponding summands in (43) are zero. On the other hand, if
D, > n/e, Proposition 3 implies that

IP’(EIk <D:¢peHeand oy ¢ MATEH,,) < 2D, exp (—Cn*D,) (44)
Since the function x — xe ™ is decreasing for x > 1, by the assumption on 7 that i3 > &,

the right hand side is bounded from above by 2;1 exp (—C n/ s). Furthermore, since the
number of eigenspaces of dimension larger than n/¢ is at most D¢ /1, we obtain the bound

IP’(EIk <D:¢y ¢ MATEHW) <2Dexp(~Cr/e). (45)

4.7 Proof of Lemma 2

We cite a key fact from Appendix A in [33]:
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Lemma 3 If H has continuous distribution in the Hermitian n x n matrices, then with prob-
ability 1 it has non-degenerate eigenvalues and eigenvalue gaps.

Lemma 2 says more in that there is a whole interval (0, Ag) of A values for which Hy+AV
will have non-degenerate eigenvalues and eigenvalue gaps. As a preparation for the proof,
we establish the following lemma:

Lemma4 The set of Hermitian n X n matrices with degenerate eigenvalues can be written
as the zero set of a polynomial in the matrix entries. Likewise, the set of Hermitian n X n
matrices with distinct eigenvalues but with degenerate eigenvalue gaps can be written as the
zero set of a polynomial in the matrix entries.

Proof Let A be a Hermitian n x n matrix with eigenvalues A1, ..., A,. The matrix A has
degenerate eigenvalues if and only if its discriminant

disc(A) = [ [t = 2> (46)

i<j

vanishes. Since the discriminant of a matrix can be written as a polynomial in the matrix
entries, see, e.g., Lemma 1 in [19], the first claim follows.

For the second claim, we follow the proof strategy of Lemma 1 in [19] and adapt it to our
situation. Let A be a Hermitian n x n matrix with distinct eigenvalues Ap, ..., A,. Then A
has degenerate eigenvalue gaps if and only if

1_[ (i =2j — Qs — ) =0, 47
G.j.kDel
where
Ii={G,j kD) elnl*: (i #korj#D)and (i # jork#0) (48)

and [n] := {1, ..., n}. Since the tuples (i, j, k,l) € [ withi = jand k # [ (or k = [ and
i # j) lead to non-zero factors in (47) (due to the non-degeneracy of the eigenvalues), we
can replace the set I in (47) by the set

I = {(i, Jj. k1) e n)*: G #korj#Il)and (i # jandk # l)}. (49)
We enumerate the eigenvalue differences (A; — A;)jxj as x1 = A; — A2, X2 = A —
A3y e Xn—1 = A1 — Ay X = A2 — AL, Xpgl = A2 — A3, ..., Xy = Ay — Ap—1, Where
M = n(n — 1), and consider the Vandermonde matrix V = V (x, ..., xp) which is defined
as
1 xq x12 ...xf”_l
1 x x% ...xéufl
2 M—1
Vi, ...,x) =143 X3 .03 (50)

2 M—1
lxMxM...xM

It is well known that
detvV= [ @j-x) (51)

1<i<j<M
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and thus
detV)*= [] j—x)?=ED"M DT —x)) (52a)
I<i<j<M i#]
= (=MD Ty = 45 = G — A)). (52b)
(i.j.kDel

Therefore A has degenerate eigenvalue gaps if and only if (det V)2 = 0.
We define the M x M matrix B = (B;;) in the following way:

M
Bij = Z x1l<+]72. (53)
k=1

One immediately sees that B = VT V which implies det B = (det V). Obviously, B;; = M
and for (i, j) # (1, 1) we have that

n
Bij = Z (e — A2 (542)
k,l=1
n i+j-2 ,. .
_2 A
-> > (" )kif’ el (54b)
k=1 p=0
i+j-2 iti—2
- Z ( J )(—1)"tr(AiH*Z*P)tr(AP). (54¢)
p
p=0

We conclude that the entries of B are polynomials in the entries of A and thus that also
det B = (det V)? is a polynomial in the entries of A. This proves the second claim. O

Lemma5 Suppose there is A > 0 such that Hy + AV has non-degenerate eigenvalues and
eigenvalue gaps. Then there is Ag > 0 such that for every . € (0, A9), H = Hy + AV has
non-degenerate eigenvalues and eigenvalue gaps.

Proof We consider H as a function of .. By Lemma 4 there is a polynomial P; in the entries
of H and therefore a polynomial Py in A such that its zeros are exactly the matrices with
degenerate eigenvalues. By assumption, Pi(%) # 0. Thus, Py does not vanish identically
and therefore Py has only finitely many zeros. We know that 4 = 0 is one of the zeros and
therefore there exists a Ag such that H = Hy 4+ AV has non-degenerate eigenvalues for all
A€ (0,200

6 Here is an alternative proof of the eigenvalue statement of Lemma 5: Consider the polynomial P (A, E) =
det(Hy+ 1V — ET) in 2 variables, which vanishes if and only if E is an eigenvalue of Hy+ A V. P has degree
< D because det is a degree-D polynomial in the matrix entries, and each entry is a degree-1 polynomial
in (A, E). Since for A = A, P has D distinct zeros, P has degree D and is square-free. Then the number
of singular points in the plane is finite (e.g., [6, Bemerkung 3.2]). The zero set S of P is known to consist
of finitely many smooth curves that are either closed or tend to infinity in both directions, and can intersect
themselves or each other only in singular points. There are only finitely many points p on the smooth curves
where the tangent is vertical, i.e., parallel to the E axis, because at such points p, dP/IE(p) = 0, so p is
a joint zero of P and d P/ E; since these two polynomials have no common prime factor (see the proof of
[6, Bemerkung 3.2]), they intersect only in finitely many points by Bézout’s theorem. Now along any vertical
line L, points p in L N S are simple roots unless either p is a singular point or a curve has a vertical tangent at
p. Thus, for every A except finitely many exceptions, every zero of P in E is simple, so H is non-degenerate.
Let A¢ be the smallest positive exception.
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Again it follows from Lemma 4 that there is a polynomial P, in the entries of H and
therefore a polynomial P, in A € (0, Ao) such that its zeros are exactly the matrices with
degenerate eigenvalue gaps (but non-degenerate eigenvalues). Note that P can be considered
as a polynomial on [0, co) that vanishes in the (finitely many) zeros of 131. Because of
P5(X) # 0, P, does not vanish identically and has therefore only finitely many zeros. Its
zeros in (0, Ao) are matrices with non-degenerate eigenvalues but degenerate eigenvalue gaps.
Since there are only finitely many such zeros, it follows that there exists a0 < Ao < %o such
that H = Hy + AV has non-degenerate eigenvalues and non-degenerate eigenvalue gaps for
all A € (0, Ap). m}

Now Lemma 2 follows from Lemma 3 and Lemma 5 by fixing A = 1 and choosing a V
for which Hy + V has non-degenerate eigenvalues and eigenvalue gaps.

4.8 Proof of Theorem 1

By Lemma 2, the probability Py (Hy + AV is non-degenerate forall 0 < A < Ajp) over
the distribution of V tends to 1 as A1 — 0. We choose A; such that this probability is
larger than (1 — )!/2. Let S denote the set of all V such that Hy 4+ AV is non-degenerate
for all 0 < A < X;. By Proposition 4, (1 — 8)-most normalized eigen-ONB’s of Hy lie
in MATE,, with 8 = 2D exp(—Cn3/e). For V € S consider the probability Py (Hy +
AUVUT satisfies ETHg 2, forall 0 < A < A¢) over the unitaries U commuting with Hy.
For A9 — O this probability becomes > (1 — ). Since the distribution of V is invariant
under these unitaries, and since the spectrum is invariant under conjugation, we obtain

Py (Ho + AV satisfies ETH 5, forall0 < A < 49|V € S)
= EyPy (Ho + AU VU satisfies ETH, 2, forall 0 < A < 29|V € )

=Ey (]PU(H() +AUVU satisfies ETHg40, forall0 < A < Xo)|V € S> (55)

which tends to something > (1 — B) for Ao — 0. Hence, there is a 0 < A9 < Aj such
that for (1 — a)l/2(1 — B)-most V in S the eigenbasis of Hy + AV satisfies ETH, 2, for
all 0 < A < Ag. Combining this with the probability that V' lies in S, we conclude that for
(I — a)(1 — B)-most V the perturbed Hamiltonian satisfies ETH, 2, forall 0 < A < Ao.
The statement about thermalization then follows from Proposition 1.

4.9 Proof of Theorem 2

In dimension one, the eigenstates W defined in (28) have energies E; = —2 Z,N= 1 cosk;.
We first remark that the assumption that L is a prime number ensures that all degeneracies in
the spectrum of HOfF are trivial, i.e., only due to changing the signs of the k;. This is shown in
[24] at the beginning of the proof of Theorem 3.2. Note that the model considered there agrees
with the model in the present paper in the case that & = 0. (This parameter is introduced in
[24] to remove the degeneracies and to this end has to be chosen to be small but non-zero.)
The proof of Theorem 2 will make use of several propositions that we formulate now and
prove in the subsequent subsections. The first one states that the expectation of Nr in an
arbitrary eigenstate of HgF is close to N|I"|/|A|, provided that N is sufficiently large.

Proposition 6 (Expectation of Nr in arbitrary eigenstates) Let d = 1 and let k =
(ki,....ky) € KN. Let Ex = =2 ZlNzl cosk; be the corresponding eigenvalue and
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HEg, = span{Wyp : k; = =*k; forall j} the corresponding eigenspace. Let ' C A be
an interval, and let ¢ € S(HEg,). Then

(¢,Nr¢)—N% <InN +1. (56)

For the proof of Proposition 6 we need the following proposition concerning the expecta-
tion of N in the eigenstates Wj of HgF .

Proposition 7 (Expectation of Ny in eigenstates ;) Letd > 1, letk, k' € KN and x € T.
Then
X
(Wg, NrWg) = N — (57)
|A]
and
+ 1 i —k).
<lljk, CJLCX\IJ/(’) = jsgn((j)el( 1) 1)x

A

if only k; does not appear in k' and & € Sy is the permutation such that k;,l(m) = ky, for

(58)

all m # 1. Thus, if exactly one component of k does not appear in k', then

||
(Wi, NrWp)| < Al (59)

If more than one component of k does not appear in k', then
(W, NrWyp) =0. (60)

For the proof of Proposition 7 we need the following lemma:

Lemma6 Letd > 1, xi,...,xy € {l,...,L}, and let k € K"V such that t(k) =
(ke(1ys -+ - ke(vy) € ICNfor some T € Sy, where Sy denotes the symmetric group. Then
. 1 N
(Pyac Cay -+ - Cxy @) ..., Puac) = Twan D sen(@) [t (61)
oeSy j=1

This formula is well known; it was stated, e.g., in [24] in (C3) in the case that d = 1. For
convenience of the reader, we include the proof in the next subsection.

The next proposition shows that the variance of Nr in an arbitrary eigenstate of HgF is
small provided that N is sufficiently large.

Proposition 8 (Variance of Nr in arbitrary eigenstates) Let d = 1 and let k € KN, Hg,, T’
and ¢ be as in Proposition 6. Then,

(¢, N2p) — (¢, Nr¢))?> < 4NInN + 13N +3(InN)*> +13InN +10  (62)
N2 NN (63)

Before proving Proposition 8, we show a similar statement for the variance of Nr in the
eigenstates Wy of H(fF .

Proposition 9 (Variance of Nt in eigenstates Wy) Letd > 1 and k € KN, Then

(Wi, N2Wg) — (W, Npwi))? < NL (1 - ﬂ) . (64)
=Na U s
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Proofof Theorem2 Let ¢ € S(H) be any eigenvector of HéF . The Born distribution P
associated with ¢ and the observable Nr has expectation E = (¢, Nr¢) and variance
V= (¢, Nl%qb) — (¢, Nr¢)2. Writing B, (x) for [x — r, x 4+ r], we can express Chebyshev’s
inequality as

_ 1
B(B,y(E) = 1- — (65)
for any o > 0. By Propositions 6 and 8 for N > 46,
- i I ¢z (T
B, yv(E) S By ni1yoyBNTN Nm C By Nm (66)
— Nn ;
fora = SNy Using Nn/2>InN + 1, s0
2 of= T 32NInN
| Peg,n®ll” = P(BNn(Nm)> >1- Nzinz’ (67)
which is equivalent to (22). O

4.10 Proof of Lemma 6

Without loss of generality assume that k € K. We prove (61) by induction. First note that
as a consequence of the canonical anticommutation relations we immediately see from the
definition of the aZ that {c,, a,:} = e”‘"/Ld/2 and {az, az,} = 0. Now (61) can be shown by
induction. For N = 1 the equation holds because
: eikl'Xl N eikl'xl
(Pyac, Cxy Ay, Dyae) = W(q)vam Dyac) — (Pvac, A, Cxy Dyye) = W (68)

Now suppose that (61) holds for some N € N. Then we have that

(Pyac, Cxyyg - - .cxlazl .. .aZNH Dyac)
= (=DM (rac, Cxpyy -+ Cxia), @l .. a) Puac) (69a)

N eikn+1x1 : ;
=(-1 W<¢V35’CXN+I Oy, -~-aqu)vac>

—(@uacs Casr €0y Caaf, - -al, D)) (69b)

— )V elkvim + t
= (— (W<®V3C’CXN+I S Oyl ...akNCDvac)
kN y1-x2 : +
—W(Qvac, Caypr o+ Cx3Coxy Gy -Gy Dyac)
+{DPvacs Cayyy - - .cx3a;N+] szCxlaZI .. .aZN q>vac>> (69c¢)
=... (69d)

N N+1 1 eikN+1~x1 ; +
=DV Y (D T (Puaes Cayy O Gy iy - Gy Prac)  (69€)
=1

N+1 N
1 . .
= T 2DVt S T sen(o) [ et (69)
I=1 ceSn j=1
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where Sy ; denotes the set of permutationso : {1,..., N} = {l,...,[—-1,I+1,...,N+1}
oftheset{1,...,/—1,14+1,..., N + 1}. Note that we used the induction hypothesis in the
last step.

Any o € Sy is related to a permutation T € Sy witht(N +1) =1IlviaN +1—-1
transpositions and vice versa. Therefore, we obtain

(Pvac; Cxygr -+ C‘Xlazl .. .aZNH Dyac)
1 N+1 Nl
= T Z(_])N+171 Z (=DM son(r) 1—[ i) (702)
=1 TESN+1 j=1
T(N+1)=l
1 N+1
= W Z sgn(‘[) 1_[ elkj-xr(j)7 (70b)
168N+1 ]:1

which finishes the proof of (61).

4.11 Proof of Proposition 7

Let x € T'. With the help of Lemma 6 we find that
(W, cler W)

T T
= (Dyac, Ay - - .czklcicxakg .. .ak;v Dyac) (71a)
1 —iky- —iky- ¥
= Tvap Z e~k e TIRNIN (D ey .cxlcicxaz/l S Dyac)  (71b)
Xseues xNEA
1 T T
= W Z e iki-x1 ... € ikw-xy X{xe{xh...,xN]}(q)vac, Cxy -+ CXla]j’l cee a;;v Dyac)
Xlyees xNEA
(71c)
1 N
—iki- ik ik X (i
— W Z e iky-xy e ikn )CNX{ —_— ) Z Sgn((r) Hel i Xo () (71d)
Xlyeuns xXNEA OESN j=1

N N N
. . : 1./
= § :e—tkz-x E : | | o~ X § : sgn(o) | | o Ki¥e (i)
LN

=1 X1seeesXI—1,X[ 415, XNEA, | m=1 ogeSy j=1
X|=x m#l
(71e)
1 a ik ) —kp)x al ik ) k)X
=W Z sgn(a)Ze [0 l_[ Ze o= m) . (71f)
€Sy =1

m=1 \xu€A
ml m
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For k, k' € K we have

L
Z el K=y _ Z e ki—koy | pilky—ka)ya (722)
YEA Voo Ya=1
d L
— 1_[ Z &t Ky =k ) ym (72b)
m= Vm—l
d i Cin=hn) __ i Cpy =k )(L+1)
1_[ L3kt ko + X{k], £} = o) (72c)
m=1
= L%, , (72d)

where we used that (k;, — k;,) L is a multiple of 27 and therefore el kn—km)L — 1
Thus we see that if k = k&’ € KV, only the permutation ¢ = id gives a non-vanishing
contribution in (71f) and we obtain

(Wi, crecWe) = o5 (73)
independently of x € I'. This implies
ITIN
(Wh, NrWi) = —7- (74)

If k # k’, then (71f) only does not vanish if exactly one component of k and &’ is different.
Assume that k; for some 1 </ < N does not appear in k" and let & € Sy be the permutation

such that ké,l(m) = k,, for all m # [. Then we get
1 ik —kp)-
(Wi clec W) = Tgsen@)e o 1o (75)
and therefore
Wi, Nr ¥ < I 76
(Wi, NpWp)| < Th (76)

Combining (74) and (76) and using that |A| = L4 finishes the proof.

4.12 Proof of Proposition 6

Since HéF is invariant under cyclic permutations of A, there is no loss of generality in
assuming ' = {1, ..., |['[}.

‘We first consider the case that there are no k;, k,,, such that k; = —k,,. In this case, we
can assume without loss of generality that k; > O for all j as the energy is invariant under
flipping the sign of any k ;. We express ¢ in the basis of the W with k;. = k; forall j,ie.,
we write

= ol W), (77
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where o = (Vp|¢). We compute

(¢, Nrg) = Y o (W, Nr ) (78a)
k/ k//
= Z|Olk/| N|A| + Z Otk/()lk/f (W, NrWyr) (78b)
k//
|F| IT'|
= A —I—Z Z O{k/olk// (W, CX\IJk//) (78¢)
| ey

Because of Proposition 7 we see that (W, cley W) with k" # k" does not vanish only if k’
and k" differ in exactly one component. First suppose that 0 < k; < 7 for all j. For each j,
let &’/ denote the vector obtained from &’ by flipping the sign of its jth component. Then,
by Proposition 7 we find that

IT|
> 3 et cleyy
o (Wi, € Cx W)
x=1k'£k"
IT'|
= ZZZak,ak/<,> \IJkr c Cx\l-’k/(,)) (79a)
x=1 k' j=1
N T
2ik’.x
=—222ak,ak/(,)e i (79b)
j=lx=1 k'
N T
:—Re ZZe*Z’kV‘ Z 0 0l (79¢)
j=lx=1 k'K >0
N _2ik; —2ik;(|T|+1)
2 e k] _ pT2ikj
= ~Re > 7 > afepn |- (79d)
N — e
j=1 k'K >0

Next note that with the Cauchy-Schwarz inequality we get

Z Ol;:/(xk/(./)

k/:k’/- >0

1/2
< (Z le 2 oty ) =1L (80)

k"

Moreover, under the assumption k; € (0,), we have that k; = ZTT[V ; for some v; €

{1,.. .,'(L —1)/2}if Lisodd and v; € {1,..., L/2 — 1} if L is even. Then, the inequality
[1—e ™| > 2|x|/m for x € [—m, w] implies

_ o 2ikjtami|

: 4
1= ek = 2 minfk;,
b

8 . L
n—kj|}zzmm Vi, |z —

v; } 81)
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We get
Ir| 2 Y
Z Z Ol;:/()tk//<‘~1/k/, Cicx\pk”> =< Z Z 1 —2ik; (823)
x=1k'£k" =1
N L -1
<5 Z L (82b)
N
< - (82¢)
2]
< ln N +1, (82d)

where we use the fact that v;’s are pairwise distinct as k € KV in deriving the third inequality.
Altogether we therefore obtain

Tl
(¢, Nr¢) =N —

<InN+1. (83)
[A]

If kj, = 0 or kj, = 7 for one jo, the computation is basically the same; the only difference
is that this index does not appear in the sum over j (which therefore consists only of N — 1
terms). Moreover, if there are k;, k,,, such that k; = —k;;,, then again this only leads to less
terms in the sums over j. The upper bound In N + 1 thus remains valid also in these cases.

4.13 Proof of Proposition 9

We start by computing (W, N, 1% Wy ). To this end we first note that
(W, NEW) = Y (W, clercle, ). (84)
x,yell
Ifx =y eT then
N

(W, clexeiex i) = (W, crex W) = 7, (85)
see (73). Now suppose that x # y. Then we find with the help of Lemma 6 that
(Wi, cleceieyWy)
= (Dyac, ary - - .aklc;cxc;cyalzl .. .azN Dyac) (86a)
71 —iky- —iky- T T
= TNar Z e~ tkix o pmiknexN (Pvac, Cxy - - .cxlcicxc;cya,ll el Dyac)
X]seens xN€EA
(86b)

1 . . .
_ —iky-x1 —iky-x i i
= Naj2 E e co.eT N NX{x,ye{xl ..... xN}]<cha07CxN o Cxy Ay, -~-akN|q)vac)

(86¢)

N
W Z eleq.xl o eilkN.XNX{)C,yG{Xl .... ) Z sgn(o) 1_[ elkj-x{r(j) (86d)

X1,...XNEA UESN j=1
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PN N N
= iy S et S| [T | 3 o) [Tt
L

I,m=1 X1, XNEA n=1 o €SN j=1

I#m X|=x,Xxp=y \n#l,m
(86e)

1 N o . N .
— N7 Z sgn(a) Z el(ka—lu)_kl)'xel(ka—l(,”)_km)')’ 1_[ Z el(ka—l(n)_kn)'xn
L
oceSN l,m=1 n=1 xp €A
I#m n#l,m

(86f)

Because Zye A K =k-y — Lszk,k/, see (72d), we only get contributions from the permu-
tations o = id and transpositions 7, with p,g € {l,...N}. From ¢ = id we get the
contribution

_ N(N —1)
(N-2)d _
—LNdN(N — 1L =7 87)

and any transposition 7, contributes the term
. }Vd (ei(k,,—kq)-xei(kq—k,,)-y +ei(kq—k,,)-xei(kp—kq)-y) 1 (N=2)d
L
2 —kg)-x t(k )y
= —75Re ( kp ) . (88)

Therefore the overall contribution of transpositions becomes

N
2 . .
o 3 Re (e,(k,,—kq)-xez(kq—k,,)-y)_ (89)
g=1
ppq<‘1
Altogether we obtain
iy NN-1D 2 i(kp—kg)x i Gkg—kp)-
(Wi clexcley W) = =57 = 257 O Re (o horeitair) - (90)
p.q=1
p<q

Summing over x, y € I we arrive at

(Wi, NEW)
N N(N
ﬁ'FH_i(L )|r|(|r|—1)—ﬁ > Z Re (el =t eitha=hy )
x,yel’ p,g=1
x#y P<q
91a)
N N(N —-1)
= 7|F| + T|F|(|F| -1
L2d Z Z Re (ei(kpfkq)'xei(kqfkp)')) _ |l"| (9]b)

pq 1 x,yel
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N 2
N N(N - 1) ITIN(N —1) 2 (y—k)-
= 2l == ITIAN = D+ o = 13 > [ D™
p.q=1Ixell
pP<q
91c)
BV L 1d)
N AP

With this and (Wx, Nt W) = N|T'|/|A| we finally get for the variance of N in an eigenstate
Wy that

(W N — (e N < N (1 0. ©2)
=Ma\ A

4.14 Proof of Proposition 8

As in the proof of Proposition 6 we first assume that there are no &;, k,, such that k; = —k,.
In this case, we can without loss of generality assume that k; > O for all j. As we have
already computed (¢, Nr¢) in Proposition 6, it only remains to compute (¢, ngqb). To this
end, we express ¢ again in the basis of the W, with k/i = xkj, see (77). Then we get

(¢, Np) = Y sy (Wi, NE W) (93a)
k/,k//
= Z |(Xk/|2<\IJk/, N%\pk/) —+ Z a;:,aku(ll/k/, N%\pku>. (93b)
k/ k/#k//

For the first sum we obtain with the help of (91d) that

) ) T IT|?
> o (Wi, NEW) < N + N(N = 1) . (94)
= Al Al
For the second sum first note that
Z Ot;;/ak//(\lfk/, N%\Ilk//)
k/#k//
= Z Z ooy (Wi, cicxc;cy W) (95a)
x,yel k/#k"
= Z Z ooy (W, Cicx W) + Z Z ooy (W, c;cxc;cy\Ika).
xel k'£k" x,yel k' £k
Xy
(95b)
The first sum can be estimated as in the proof of Proposition 6, i.e.,
3> apor (W cley W) <IN + 1. (96)

xel k' £k
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For the second sum in (95b) we start by noting that similarly to (86f) we have for x # y and
k' # k" that

(W, cicxc;cy\llku)

N N
1 soptt _ soptt 1 vy sl i
N E sgn(o) E a1 TRX 1 Kot gy T || E o' o=t R
L

geSy I,m=1 n=1 XpEA

[#m n#l,m
97

From this formula we see that if k¥’ # k” then only terms where one or two entries of k¥’ and
k" are different give non-vanishing contributions.

We shall separate the second sum in (95b) into two sums where k" and k” differ in one or
two components, respectively. Suppose first that k" and k” differ in only one component. Let
us evaluate (W, cicxc;cylllku) in the case that k| = k; > O and k] = —ki. If o = id, we
get the contribution

N —1 ; ;
E (e—szlx +e—21k1y) . (98)

The only other permutations that yield non-vanishing terms are transpositions of the form
71, with p > 1. Altogether, these transpositions give the contribution

N
_% 3 (ei(—kl—k;,)xei(k;,—kl)y I ei(k/p—kl)xei(—kl—k;,)}) . 99)
p=2

One obtains analogous expressions in the case that &’ and k” do not differ in the first, but in
another component.
Our goal is to estimate

> > g (W, clexcle, W) (100)

x,yel' k" differ
X7y in 1 component

First suppose that 0 < k; < 7 for all j. To facilitate the computation, we first let the sum
over x,y € I',x # y run over all x,y € I" and later estimate the terms where x = y.
Considering k; > 0 and k;. < 0 separately we can write

Z Z (X;:/Oéku(\yk/, CICthCy\IJkﬁ

x,yel' k' k"differ
in 1 component

N
=3 3 Y afopn2Re ((\yk/,cjcxc;cy\yk,m)), (101)

x,yel’ j=1 k’:k;.>0
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where k') denotes the vector obtained from &’ by flipping the sign of its jth component.
Using the expressions for (W, cicx c;r,cy W;») derived above, this equals

'l N
(Z Z [(N (e—2iij +e—2ikjy) Z o) (102)

x,y=1j=I k’:k;.>0

Mz

i(—kj—kp)xei(kp—kj)y+ei(kp—kj)xei(—kj—kp)y) Z afapo)

Z:} k/:k},k;)>0
N
_ Z el(—kj+k,,)x€1(—k,,—kj)y + et(—k,,—kj)xez(—kj+k,,)y) Z a,’:,ak/(_/)])
p;l_ K':k;>0,k}, <0
PFJ

Carrying out the summations over x and y we arrive at

’ N o—2k; _ =2k (TI+1)
pRe(Z[ZIFIW— D= Y g
Jj=1 ¢ K'K'>0

o—ikj+kp) _ =ilkj+kp)(TIHD) itkp—kj) _ ikp=k)(TI+1)

* .
_ o ilkjtkp) 1 — d&p=k)) “k/ak/(.m)
KK >0

2

p= ]
P#J

N ( o—ikj—kp) _ =ilj—kp)(T|1+1) =ilkp+kj) _ ,=iGkp+ky)(TI+1)

* .
Zilki—kp) Zilkp+tk;) Z "‘k/"‘k/<./))]>
— e tWjiTEp 1 — ¢ HKpTKj o ,
k:kj>0,k,,<0

p=1
P#J

(103)

Taking the absolute value, the sums over k” can again be upper bounded by 1. As in the proof
of Proposition 6, we compute that

PR
P
j=1

) e~ 2ikj _ o=2ikj(IC|+1) - 4T|(N = 1) Z 2
1 — o—2ik; L2 “4j/L)

N
2 (N -1 1 2IC (N
| |( )Z* 7| I N+ 1) (104)
j=l1 J
Ifkj, = Oorkj, = 7 for some j or if there are &y, k;, such that k; = —k,;,, the corresponding

term is missing in the sum over j and the upper bound of N — 1 remains valid.
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Next we estimate

4 NN omitkj+kp) _ p=ilkej+kp)ATIHD) iltkp—k)) _ 4itp—k)(TI+1)
L? =4 ) Ry (105a)
p#j
- S 1 105b
=12 ZZ 11— e~ ikjiThp) |1 — gitkp—k))| (105b)
j=1p=1 e e
P#J
12 1/2
N[~ .
16 . 1
"o 11— e=itkntk )2 T itk (105¢)
t ; ; 1= et ; TGP
p#J PF#]
N (N
16 L
PN PP 16p? (105d)
j=1 \p=1
= (105¢)

where we used in the last step that Y o2 n=2 = 72/6 < 2. Note that the last term in (103)
is of a similar form and can be estimated along the same lines.

To get an estimate for the overall contribution of kX' # k” which differ in one component,
we still have to estimate the terms in (102) with x = y. By a similar computation as before
and in the proof of Proposition 6 we find that an upper bound for the absolute value of these
terms is given by

12(N — 1) | e 2k — ¢ 2k (THD | 6(N — 1)
P =y < (InN +1). (106)
j=1
Again, if there is a kj, that is equal to O or 7 or if there are k;, k;;, such that k; = —k,, the

only modification that has to be made is to exclude the terms in the sum over j and therefore
the estimates remain valid.

Altogether we find for the contribution of the terms in (95b) with kK’ # k”, where k’ and
k” differ in exactly one component, the upper bound

ANV oy 1y v+ XD gy oy, (107)

Next we turn to the terms in (95b) with k¥’ # k” which differ in two components. As
before, we can assume that 0 < k; < m for all j as by the same reasoning as in the previous
computations, the upper bounds remain valid if this condition is relaxed.

Consider (97) in the case k| = ki > 0,k} =k > O and k{ = —k{, k) = —k,. Then the
permutation o = id gives the contribution

% (e—Ziklxe—Zikzy + e—Qikzxe—Zikly) (108)
and from the permutation 71, we get

_ 2 itk it )y (109)

L2
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If &k} = ki, kb = —ko, k| = —ki, K} = ko, the permutation o = id gives

% (672ik1x62ik2y +62ik2x672ik1y) (110)
and 713 yields the term
2 . e
_ﬁel(kz kl)xel(kz kl)). (111)

Summing again first over all x, y € I' and later estimating the terms with x = y which were
added to facilitate the computation we get

Tl

—Re( Z Z |:(e—2ik,xe—2ikmy 1 o~ 2ikmx p=2ikiy _ 26—i(k,+km)xe—i(k,+km>y)
x,y=11,m=1
I#m
Z (X;:/Olk/(lm)
kK] k>0
+ (e—Ziklerikmy 4 eikmx p=2ikiy _ zei(km—kl)xei(km—kl)y) Z alt’ak’(l"’):D’

k':k;>0,kp, <O
(112)

where k'™ denotes the vector obtained from k’ by flipping the signs of its /th and mth
components. Using similar estimates as previously, we can bound the absolute value of this
term by

2(In N + 1)? + 4N. (113)

Next we note that the terms with x = y in this sum vanish.
Putting everything together, we finally arrive at

T TP 2IT|(N = 1)
(¢, NF¢)<Nﬁ+N(N_1)ﬁ+1 N+1+f(lnN+1)+4N
6(N —
+¥(lnN+l)+2(lnN+l)2+4N (114a)
2
N2||A—||+2N1n1v+111v+2(1n1v) +11In N +9. (114b)

Because of (a2 — b2) = (a — b)(a + b) for a, b € R it follows from Proposition 6 that

(¢, Nrp)> — N? |'A'; <(nN+1) <1nN + 142N ||Z'|> (115)
and therefore
(¢, Nrop)? > N2||A||z —(nN+1) <lnN + 142N ||A||> (116)
With this we finally obtain
(¢, NE@) — (¢, Nrd)? <4NIn N + 13N +3(In N)> + 13In N + 10. (117)

For N > 46 it holds that 13N +3(In N)2+131n N + 10 < 4N In N. This finishes the proof.
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4.15 Proof of Proposition 5

The proof of a similar result for d = 1 given by Tasaki in [31] can be adapted to our situation
with only very small modifications. Note that the proof in the present situation in the case
that d = 1 was already given by Tasaki in an earlier arXiv version of his paper, however, the
model was slightly changed in later versions.

Similarly as in the proof of Lemma 4 in [31] we first show that

(W, VW) < (et + (1= )" (118)
for any A € (0, 1]. To this end note that
N2 = bl b D) (119)
with
i 1
bi = T MY et rel 4 Y kel ] (120)
xel xeA\I'
We then obtain that
N
(W, VW) = (Duac, by - iy b - b Pyac) < ]_[ lbsbi Il (121)

For any j, the operator by, sz is self-adjoint and

1 iy ‘ ik (i—
(bl f = 2o [ X e w2 3 eI )
x,yell xle\l;F
ye

D DL TS Ea DRl
xeAlkl" x,yeA\I'
ye

1
= 77 ("I + 1Al = IT]) = pe* + (1= p). (122)

Next note that this implies
(b b )* = (ne* + (1 = ) bi; by, = bi;ba bl by = (e + (1= wby;by,. - (123)

The last step follows from bkj bkj =0, Wthh can be seen as follows: From the definition of
the by ; we immediately obtain

1 ik , ik ,
bkjbk/ — ﬁ e } : e—zkf(x-s—y)cxcy_,’_ex/Z § : e 1k]~(x+y)cxcy
x,yell xi(r
Ye

+et/? Z e—ikj-(x+y)cxcy+ Z e—ik,--(x+y)cxcy . (124)

xeA\TI' x,yeA\I'
yell
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If x = y, then cxcy = 0. In the first and fourth sum, for every term c,cy with x # y
also the term cyc, occurs and because of ¢,cy, = —cycy and the same prefactors, the terms
cancel. Therefore, the first and fourth sum vanishes. By a similar argumentation, the second
sum is equal to the (—1) times the third sum, i.e., they cancel, and altogether we obtain that
bkjbkj =0.

It follows from (123) that the eigenvalues of the self-adjoint operator by, b/If are 0 and
uer +(1—p): Ifo € Risaneigenvalue of by; sz with eigenfunction ¢, then by; sz |¢) = a|p)
and therefore (by jb;j)2|¢> = aby, b,tj ), but at the same time (bkjb;j)2|¢> = (ue* + (1 —
;L))bk/.bzi|¢>), i.e., either @ = pe* + (1 — p) or bkjsz|¢) = 0 which implies & = 0 as
¢ # 0. Therefore we conclude that || b; blj | = nwe* + (1 — w) and hence

(W, VW) < (et + (1 — )" (125)

The rest of the proof of (29) is exactly the same as in the first arXiv version of [31], but
we include it here for the convenience of the reader. First note that the projection onto the
non-equilibrium space can be bounded in terms of characteristic functions as

2
| Pacq.nWi]|™ < (Wi In ety NI W) + (Wi, 10,8 (u—ny1 (N1 Wi). (126)

In the first term, the characteristic function is bounded above by e*(N0/N=1=1DN fora]l & > 0.
Using inequality (125) we obtain

N
(Wi Ao NI VD W) = [0 4 (1 = e e | (127)

Using the power series representation for the exponential function one finds that for all
O<pu<l, A <1

w01 (1 e < 1 4 pAd=m o prd —M)Azi L §M(1 Z a2 < edn(i-pi?
- 2 2 s 4 - '
(128)
Choosing A = 2n/(3u(1 — w)), which is smaller than 1 by assumption, results in the bound
2

__n-
(W, Ln oy N (NP W) < e Tat=m N (129)

For the second term in (126), note that it equals (W, 1y (1—t9), N1(NVA\T) Wk ). Now we can
apply the bound (129) with I" replaced by A \ I" and i by (1 — ) and conclude that

2
| Pocq.n Wi |* < 2~ 0= (130)

The last statement of Proposition 5, that Dg > 2N if N < L /2d, can be verified as
follows. Choose Nd distinct positive integers less than L /2, multiply them by 27 /L, and
call them, in any order, k;j, withi =1,...,Nanda =1,...,d. Write k; = (ki1, ..., kiq)
and IE,- = k() for the permuted version such that k = (121, e, 12N) € KV. Thus, Yy asin
(28) is an eigenvector of HéF, and the corresponding eigenvalue is —2 ZlNzl 23:1 cos kig.
Now consider the 2V Nd-vectors k’ with klfa = +k;4; none of them is a permutation of any
other, so suitable permutations yield 2V distinct elements k&’ of KV . The corresponding v
have the same eigenvalue, so the eigenspace must at least have dimension 2V¢.
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5 Conclusions

If a Hamiltonian H satisfies the ETH in the form that every eigenvector is in MATE (which
we show in Theorem 2 is the case for the free Fermi gas on a 1d lattice), then every initial
pure state ¥o will thermalize in the sense of MATE. For a highly degenerate Hamiltonian Hy
for which at least one eigenbasis lies in MATE, in general not all eigenbases need to lie in
MATE, and hence not all initial states thermalize. Nevertheless, as Proposition 4 shows, most
eigenbases of such a Hy do lie in MATE. This leads to Theorem 1, which shows that adding an
arbitrarily small generic perturbation to Hy will with high probability yield a non-degenerate
Hamiltonian H whose eigenbasis is indeed in MATE, and thus H exhibits thermalization for
all initial states. As a concrete example, these general considerations apply to the free Fermi
gas on a d-dimensional lattice with d > 1.
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