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ABSTRACT
The notion of trust is a major player, in many epistemic and com-
putational contexts. Such notion appears especially relevant in all
those situations where verification or evaluation of knowledge is
missing, not reachable or non-existent, and agents must rely on
information received by others. This includes cases where expert
knowers may not yet be able to ground their claims, and the public
has to build an opinion by considering the dynamic of the infor-
mation exchange. Formal logic approaches to this aim have been
increasingly important and diverse in the last decades. A natural and
important extension of such multi-agent contexts is where epistemic
acts are performed under uncertainty, at several levels: the claims of
the agents may be graded; information may reach agents with a cer-
tain degree of probability; and the degree of acceptance or rejection
of the information received may not be binary. We present a multi-
agent logic of negative trust applied to uncertain judgements. We
offer a proof theory and a relational semantics for which standard
soundness and completeness results hold.
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1. Introduction

The notion of trust is a major player in many epistemic and computational contexts.
Such notion appears especially relevant in all those situations where verification or
evaluation of information is missing, not reachable or non-existent, and agents must
rely on communication with others. This includes cases where expert knowers may not
yet be able to ground their claims, and the public has to build an opinion by consid-
ering the dynamic of the information exchange; and also cases in which decisions are
taken in complex environments, with data being received from several autonomous
agents whose reliability is doubtful or uncertain.

Formal logic approaches to this aim have been increasingly important and diverse
in the last decades. Recently, the notion of negative trust has been formalised in terms
of a proof theory and semantics of the logic (un)SecureND in Primiero (2016, 2020):
this approach distinguishes between distrust, as the epistemic act of rejecting incom-
ing contradictory information considered unreliable; and mistrust, as the epistemic act
of updating one’s own information state by removing previously held data in order
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to accommodate newly received information. A natural and important extension of
such multi-agent contexts is where epistemic acts are performed under uncertainty, at
several levels: the claims of the agents may be graded; information may reach agents
with a certain degree of probability; and the degree of acceptance or rejection of the
information received may not be binary. In the present work we introduce a multi-
agent system (un)SecureNDgrad for modelling complex exchanges of opinions and
formalising trusting (and non trusting) attitudes with respect to them. Here we stress
the fact that (un)SecureNDgrad extends the previous system by referring to agents’
opinions rather than knowledge claims.

To this aim, we model agents as sets of opinions that may vary over time. By opinion
we mean here someone’s personal evaluation or assessment concerning a particular
topic. Technically, an opinion is modelled by a proposition associated to a numerical
value indicating how much the agent is convinced of its truth. This, in turn, expresses
that agents judge topics with a certain degree of (un)certainty. The conviction value is
meant to formalise the degree of conviction with which an agent asserts an opinion,
and not the force with which such opinion is asserted. Someone might, indeed, wish
to assert very strongly that she does not have a strong conviction on a topic. Notice
moreover that the degree of conviction cannot be directly related to notions such as
that of force from speech act theory, see Austin (1975). Indeed, the force of an utterance,
in this context, usually comprises also qualitative aspects related to the meaning of
what is uttered, its communicative significance and the intentions of the utterer, see
for instance Holdcroft (1979).

As for the dynamics of opinion exchange, we formalise it by enabling the agents to
perform the following actions:

Writing The action of divulging, making public or broadcasting one’s opinion – as in
the creation of a social network post.

Reading The action of taking into consideration an opinion accessible to the agent.

Notice that an agent’s choice of reading or writing an opinion exclusively depends on
her.

Trusting (and non trusting) attitudes, on the other hand, are modelled through the
following mechanisms that regulate whether an opinion is added or not (and how) to
the set of opinions of an agent when she considers (reads) it.

Trusting The action, or decision, of accepting a considered opinion, which leads the
agent to add it to her opinion set. This action is triggered when the newly
considered opinion is consistent with the convictions of the agent.

Distrusting The action, or decision, of rejecting a considered opinion, which leads the
agent to reject it and thus not add it to her opinion set. This action is triggered
when the newly considered opinion partly conflicts with the agent’s convictions
and the exposure to it is not strong enough to do otherwise.

Mistrusting The action, or decision, of rejecting some of the agent’s present opinions
in favour of a newly considered one. This action is triggered when the newly con-
sidered opinion partly conflicts with the agent’s convictions but the exposure to
it is strong enough to make the agent change her mind.
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The choice of an agent between distrusting and mistrusting is an aspect of our system
in reference to the handling of conflicting opinions inherited from (un)SecureND
but applied here for the first time to uncertain judgments. Formally, this choice will
depend on a numerical value indicating how much the agent is exposed to the newly
considered opinion over the total amount of available information: if this value is
great enough, the agent will accept the opinion, otherwise, we will have a case of
distrust. The underlying intuition is that the more we are exposed to an opinion, the
more we are inclined to think that it accurately reflects reality, which is a very well
established notion in the psychological literature, see Pennycook and Rand (2020,
Section 1.1) for a general discussion of the issue that dates back to some classical works
such as Allport and Lepkin (1945), Begg et al. (1992) and Whittlesea (1993). Obviously,
other approaches are possible to discriminate between distrust and mistrust, e.g. the
influence that the information source has over the receiving agent.

The rest of this paper is structured as follows. In Section 2 we overview the litera-
ture related to the present investigation. In Section 3 we introduce the proof-theory
of the logic (un)SecureNDgrad and in Section 4 we investigate its meta-theoretical
properties. In Section 5 we provide a relational semantics and in Section 6 we illustrate
its workings through some examples. We conclude in Section 7 highlighting the next
steps of this research.

2. Related work

In the present section we discuss some of the related literature and formal systems
with most similar motivations to (un)SecureNDgrad, in order to contextualise our
analysis, its scope and differences with existing proposals.

The literature concerning the notion of trust is particularly extensive: many defi-
nitions have been proposed and discussed, but no consensus has been reached, see
Castelfranchi and Falcone (2010). Nevertheless, some important distinctions can be
drawn within this broad discussion. We have collected the references to related work
by grouping them according to such main differences. The first distinction to be drawn
concerns the reference discipline. As suggested in Rousseau et al. (1998) and Sherchan
et al. (2013), trust is a multidisciplinary notion that originated in psychology and soci-
ology before entering computer science. While there would be plenty to say about
psychological motivations that might trigger any of the operations formally defined in
(un)SecureNDgrad, our focus will be on the notion of trust intended as a computa-
tional feature. Within the latter field, trust can be classified into two general categories:
user trust and system trust. Our work clearly refers to the former. This kind of trust is usu-
ally defined as a relational notion concerning subjective expectations (Mui, 2002; Sher-
chan et al., 2013), while the latter is about the expectations about a system eventually
fulfilling its purpose. A last distinction, as remarked in Primiero and Kosolosky (2016),
concerns the difference between the definition of trust as a first-order relation among
agents or as a second-order property of relations (Demolombe, 2017). In the present
work, following Primiero (2020), we consider trust as a second-order property of first-
order interactions between agents: in our model, trust is of the form ‘Agent A trusts the
asserted opinion of agent B’, implying a communication between the two agents.
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As far as the technical literature is concerned, many formalisms have been proposed
to analyse different facets of the notion of trust. These systems have different charac-
teristics, some of which are related to features of the intended context of application.
While not providing a survey, the remainder of this section is concerned with high-
lighting the most relevant similarities and differences with other formal systems of
interest.

The first group of formal systems comprise analyses that arise from the consid-
eration that trust relations are, in some contexts, affected by underlying preexisting
hierarchical structures among the considered entities, as originated in the so-called
BLP Model (Bell & LaPadula, 1973). The multi-agent systems introduced in Ferraiolo
et al. (2001) and Primiero (2020), for instance, feature a hierarchical order between
the agents which directly affects trust between them. Technically, the hierarchy influ-
ences the possibility that agents have to access pieces of information divulged by
others. Another example of systems analysing trust by relying on hierarchical orders
concerns the so-called trust-aware role-based access control models, developed and
studied, for instance, in Bertino et al. (2001), Chandran and Joshi (2005), Chakraborty
and Ray (2006) and Oleshchuk (2012). Another body of work concerned with the inter-
play between trust and hierarchical structures comprises the formalisms introduced
in Ceolin and Primiero (2019), Ceolin et al. (2021) and Primiero et al. (2023). Here, a
hierarchical structure – more precisely, a trustworthiness ranking – is derived from the
trust relations, rather than defining them. Technically, Ceolin et al. (2021) and Primiero
et al. (2023) builds on a combination of the mechanisms presented in Primiero (2020)
and Ceolin and Primiero (2019). (un)SecureNDgrad departs from such approach in
such that it does not define the mechanism of acceptance and rejection of information
on the basis of a definable order on agents; rather, acceptance or rejection is based on a
comparison between the strength of the message as expressed by the sender and dif-
ferent acceptance and inconsistency thresholds associated to the receiver. We believe
this type of information selection mechanism is more appropriate for a variety of con-
texts of application, especially where information flows freely as, for instance, in news,
social environments, and social networks.

A second way to categorise formal approaches to trust is by looking at systems
that model its behaviour in terms of a modal logic. In this line, Demolombe (2017)
offers another example of work concerned with trustworthiness. A feature of inter-
est of this analysis – which is also shared by Ceolin et al. (2021) and Primiero
et al. (2023) – is that it models communication contexts in which information sources
may not be reliable, as is, for instance, the one of information access on the web.
Just as Demolombe (2017) does, other works analyse trust by modal logic opera-
tors, see, for instance, Liau (2003), Demolombe (2004), Lorini and Demolombe (2009),
Demolombe (2011), Aldini et al. (2021) and Genco (2024). Among these, trust as a
dynamic attitude is defined in Rodenhäuser (2014) by a dynamic epistemic logic opera-
tor – see e.g. Van Ditmarsch et al. (2007) – which allows to come to accept information
received from a source. As a first remark, it is appropriate to mention that while the
operators W, R, Tr and DisTr of (un)SecureNDgrad can be seen as modal oper-
ators, the basic language on which they are defined cannot be simply qualified as
propositional. In particular, our language is syntactically equipped with a number of
features that enables us to explicitly talk about agents and their actions, frequency
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of appearance of messages, and the strength – or conviction – with which an agent
sends a particular message. These features technically make it a quantifier-free predica-
tive language. In this sense (un)SecureNDgrad diverges from a standard modal logic
approach to trust. Moreover, while the other works only comprise axiomatisations and
semantical analyses, the trust operators in our language enjoy both a proof-theoretic
and a semantic definition, which enables us to provide also an inferential analysis of
their behaviour along with the semantical one.

Further expanding on this observation, another formal characterisation of trust con-
cerns its modelling under uncertainty – namely, when information being divulged and
received is not certain. Also with respect to this element, works abound. The work in
Kohlas et al. (2008), for instance, is based on the Theory of Probabilistic Argumentation
(TPA). The one in Sensoy et al. (2013) instead combines DL-Lite – a tractable subset of
Description Logic – and Dempster-Shafer theory of evidence. Ries et al. (2011) offers a
model for the evaluation of propositional logic expressions under uncertainty, where
the latter is modelled probabilistically. From this point of view, our logic relies on stan-
dard probabilistic properties which are not specific to our approach only. Rather, the
distinguishing feature of our logic is to be identified in the intended interpretation of
values associated to propositions: as shortly mentioned above, we refer to values in the
real interval [0, 1] to express the degree of conviction that an agent has in the content
under consideration.

Another comparison element with the existing literature is represented by the inter-
action in the language between agents’ opinions and beliefs. Part of the literature
precisely analyses trust in the context of belief revision. Yasser and Ismail (2021), for
example, argue that in order to formalise trust and belief revision, it is necessary to
treat them jointly in an interdependent way. Also Demolombe and Liau (2000) propose
a logic for reasoning in a combined way about graded trust and belief, and they focus
their analysis on different kinds of trust in information sources. Liau (2003) presents a
modal logic system to formalise the influence of trust on the assimilation of informa-
tion into an agent’s belief, which has been extended by Dastani et al. (2005) to also
capture the interaction between trust and topics. A different modal logic has been
introduced by Lorini et al. (2014) in order to reason about trust-based belief change.
In this system, indeed, belief change depends on the degree of trust the receiver has
in the source of information. By still using modal logic, Demolombe (2009) proposes a
definition of trust based on the truster’s belief about the regularity of some trustee’s
property. This leads to a definition of graded trust in terms of graded belief and graded
regularities. A different approach is that of Falcone et al. (2003), who propose a socio-
cognitive analysis of the sub-components on which the final decision to trust or not
to trust is taken, that is, the basic beliefs of the agents. We note here that while these
logics typically delegate the formal expression of information transmission operations
to the semantic structure of the underlying logic, our attempt may be considered to
deal with this aspect differently. Namely, we explicitly provide operations for agents to
read and write information, and define trust and distrust on that basis by considering
individual thresholds of acceptability in view of possibly contradictory information pre-
viously held. In this sense, trust and its negative counterpart become operations that
are instrumental to modify the belief base of the agents, rather than being doxastic
operators themselves. Moreover, the explicit definition of the acceptability threshold
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for individual pieces of information seems to be a non standard mechanism that our
logic introduces, whose closest counterpart could be found in the notion of epistemic
entrenchment with respect to sets of formulas from standard belief revision theory.
This mechanism to handle the integration of newly received conflicting opinions in
the opinion set of an agent is similar in spirit to some other existing methods, see for
instance Dubois and Prade (2013). While the latter rely on a possibilistic approach –
which is a refinement of a purely logical belief revision method that employs variants
of probabilistic notions – we handle the integration of newly received information
by employing purely logical means, that is, by using a quantitative notion related to
logical inconsistency, see, for instance, Definition 3.4.

Finally, also some purely technical aspects distinguish (un)SecureNDgrad from
a majority of the existing approaches in belief revision. First of all, not all belief revi-
sion formalisms rely on real values. Secondly, while real values in the interval [0, 1] are
mostly interpreted probabilistically in the context of belief revision, they are employed
in (un)SecureNDgrad in order to quantify the conviction that an agent has in an
opinion, without necessarily referring to the probability that the opinion is actually
true. Thirdly – and this is a direct consequence of the different interpretations of
real values in the two formalisms – while in belief revision adjustments of the values
of formulae are usually instrumental to the change of the belief set of an agent, in
(un)SecureNDgrad, we can only have an increase in the value associated to a for-
mula and, rather than being instrumental to the change of the set of opinions of an
agent, it represents the agent’s change of opinions resulting from her actions and
those of other agents. Notice, indeed, that in (un)SecureNDgrad the revision of pre-
viously held opinions is established on the basis of their values, but it is implemented
by retracting some opinions rather than by adjusting their values.

A slightly different area of analysis concerns the relationship between trust and
concepts such as reliability, reputation and sincerity. Muller and Vercouter (2003), for
instance, propose a trust-based model for the reliability of agent communications.
In this system, agents can detect lies and update their trust attitudes towards other
agents on the basis of inconsistencies in the communication. The work in Herzig
et al. (2010), is concerned with the study of trust and reputation and their relevant
properties. In particular, starting from a distinction of trust into two general types
(occurrent trust and dispositional trust), they present a definition of reputation, similar
to the definition of trust, based on a concept of belief relative to a collective dimension,
that is a concept of group belief. Also the work in Leturc and Bonnet (2018) presents
an attempt at extending trust to a collective dimension, but focussing on the notion of
sincerity. They propose a modal logic to reason about an agent’s trust in the sincerity
of a statement formulated by another agent, and then they extend it to a collective
notion of shared trust.

On a related note, the work in Hunter (2022) interprets the notion of sincerity from
the point of view of the sender in terms of honesty. The receiver keeps track of all
information received and stores an account of who is considered honest in order to
establish which information should be ignored. In this system, indeed, the receiver is
able to infer the honesty of other agents through observation, and this influences, in
turn, how she forms beliefs. Finally, in Bentahar et al. (2022) the group dimension is
treated by a formal analysis of quantitative group trust. In particular, they employ a
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graded branching temporal logic, including quantitative operators for trust within a
group, that allows them to express and reason about collective trust in multi-agent
systems. Several of these aspects are not modelled in (un)SecureNDgrad where the
only elements of evaluation, from the receiver’s point of view, are the conviction that
its proponents have in it, the frequency of messages concerning it, and its coherence
with the opinions previously held by the receiver. This does not amount to either relia-
bility or honesty, but it expresses a different mechanism to select plausible information.
Moreover, (un)SecureNDgrad does not have yet group operators.

A very active field of investigation essentially concerned with the study and mod-
elling of the structure of interactions between entities is that of network science. The
level of analysis adopted in network science is usually much more abstract than the rel-
evant one for formalising trust in systems like the one introduced in the present work.
Indeed, formalisms concerned with trust mostly deal with exchanges of complex infor-
mation, often endowed with a propositional structure. On the other hand, network
science endeavours mostly focus on the exchange of atomic pieces of information. An
excellent attempt at the integration of the fields of agent-based modelling and net-
work science is Namatame and Chen (2016). It provides an interesting distinction that
suits us well in order to show the main differences between network science and the
present endeavour. It points out that network inspired formalisms like those presented
in Kermack et al. (1927), Kephart and White (1991) and Van Mieghem et al. (2009) could
be employed for studying the diffusion of information, ideas, and opinions if we are
interested in the ways in which they spread. Nevertheless, these models formalise an
epidemic-type diffusion, because they were originally meant for the study of epidemic
diseases. Since they treat the relations between all pairs of agents as equal, they fail to
account for the potential effects of individual heterogeneity on the decision to adopt
an idea or opinion. On the other hand, according to Namatame and Chen (2016), works
such as Schelling (1978), Granovetter (1978) and Watts (2002) consider a model of dif-
fusion where an agent’s behaviour is the result of her deliberate choice. These models
take into consideration a threshold determining, for each agent, the proportion of
neighbours with which the communication will happen. This is precisely the reason
why these models, as compared to those for epidemic-type diffusion, are closer to our
system, even though thresholds are used in a slightly different way.

At the intersection of network science studies and the formal and epistemological
analysis of trust, the works in Primiero et al. (2016, 2017) and Prandi and Prim-
iero (2020, 2022) present analyses of information diffusion in networks of agents
characterised by different epistemic attitudes towards information contents (also
depending on ranking criteria) and are defined by logical rules of mistrust and dis-
trust from the logic (un)SecureND. Such models have also been applied in contexts
of swarm robotics (Primiero et al., 2018) and vehicular ad-hoc networks (Primiero
et al., 2018), although yet without uncertainty, for which the present work is the first
extension.

3. The proof theory of (un)SecureNDgrad

Before introducing the technical details of the calculus, let us intuitively exemplify a
simple interaction between agents of the kind we will formalise by the system.
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Example 3.1: Suppose two agents, Amira (A) and Balthazar (B), are discussing the
SARS-CoV-2 pandemic. Agent A is not at all convinced by the following opinion

φ = ‘the situation concerning SARS-CoV-2 is critical’

This formally corresponds to the expression (φA, 0.1) in which we indicate that Amira
holds the opinion φ with a conviction degree of 0.1. Logically considering the issue,
Amira reaches the conclusion that she is actually quite strongly convinced that

¬φ = ‘the situation concerning SARS-CoV-2 is not critical’

This formally corresponds to the expression (¬φA, 0.9) which can be formally obtained
from (φA, 0.1) by employing the logical operations that we are going to formalise later
– see also Example 3.3.

Now that (¬φA, 0.9) is explicitly part of Amira’s opinions, she decides to make it
public by what we call a write operation. Since now Balthazar is exposed to this opinion
by Amira, he decides to consider it as well by what we call a read operation.

Balthazar is actually rather convinced of φ. Hence, after considering Amira’s opin-
ion (¬φA, 0.9), he reaches the conclusion that it is too strongly in conflict with his
own previous opinions to be simply accepted. Moreover, he considers that it is not
worth changing his own opinions just because one agent alone disagrees with him.
Therefore, Balthazar distrusts (¬φA, 0.9) and does not change in any way his own
opinions.

We now formally introduce (un)SecureNDgrad by defining and explaining its
language.

Definition 3.1 (Syntax of (un)SecureNDgrad):

A := A | B | C . . .

PA := aA | bA | cA . . .

φ := P | (¬φA)A | (φA → φA)A | (φA ∧ φA)A | (φA ∨ φA)A

E := (φ, p) | W(φ, p) | R
(
(φ, p),

m

n

)
| Tr(φ, p) | DisTr(φ, p)

G
A := ∅ | G

A, (PA, p)

D := ∅ | D, (φ, p)

L := ∅ | L, w(A, (φ, p)) | L, r(A, (φ, p))

S := L; G; D � E
where p ∈ [0, 1] and m, n ∈ N.

Notice that, while a formula φ can have different agent name labels occurring in
it, all PAs occurring in an element of G

A are signed by the same agent name. This is
indicated by the fact that φ does not explicitly depend on the variable A while G

A
does.

The set A contains agent names A, B, C . . . that we will also use, with a slight abuse of
notation, as metavariables for agent names – that is, A and B will be such that possibly
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A = B. A set PA, for some A ∈ A, contains propositional variables labelled (or signed)
by agent name A. Also in this case, we will use propositional variables as metavari-
ables for propositional variables. The metavariable φA – we will also use ψA, χA . . . in
the following – represents a a formula labelled (or signed) by possibly different agent
names. These represent the content of opinions, i.e. opinions without any conviction
degree assigned, each of which is indexed by the agent asserting it. The set E contains
expressions, with either of the following forms: (φA, p) representing an opinion along
with its degree of conviction; or an operational formula indicating the action of writ-
ing, reading, trusting or distrusting an opinion denoted by an expression of the form
(φA, p). Note that an expression of the form R((φA, p), m

n ) does not simply denote the
action of reading (φA, p) but, more precisely, the fact that the considered agent has
been exposed to the opinion (φA, p) with a frequency of m

n over all opinions to which
she has been exposed. In other terms, we do not only indicate that the agent has been
exposed to a certain opinion, but also indicate how often she has been exposed to it.
An element of GA, for some A ∈ A – a generic element of which we will denote by
�A – is a possibly empty list of the form (aA

1, p1), . . . , (aA
n , pn). These lists are used to

represent the innate opinions of agent A in the form of a list of atomic opinions. Syn-
tactically complex opinions can then be derived from atomic ones, as explained later in
this section. An element of D is a possibly empty list of the form (φA1

1 , p1), . . . , (φAn
1 , pn).

These lists – denoted by the metavariables �, �, � . . . – are used to represent the
acquired opinions of the agent under consideration. Hence, if we consider a sequent
of the form

. . . ; �A; � � . . .

we regard � as the set of innate opinions and � as the set of acquired opinions of agent
A. The latter are opinions that an agent acquires over time by interacting with other
agents. It should be noted that a complex formula occurring in the set � may contain
subformulae signed by different agent names. The elements of L – for which we will
use the metavariable L – are lists of actions of the form w(A, (φB, p)) or r(A, (φB, p)) indi-
cating, respectively, that agent A has communicated (written) the opinion (φB, p) and
that agent A has considered and evaluated (read) the opinion (φB, p). As we will specify
in Definition 3.2, these lists, called literatures, are going to be used when modelling an
exchange of opinions, as records of the actions performed so far. We refer to a set of
innate and acquired opinions of an agent along with a suitable literature with the term
agent’s profile and use formally L; �A; � :: Profile to declare one for agent A. The type
declaration :: Profile is a simple adaptation of the standard type declaration : Context
used to indicate that what stands to the left of : is a context. While ‘context’ simply
indicates a part of a judgement, we use the term ‘profile’ to stress that the syntactical
object is used here to describe certain features of an agent. In the following we use
accordingly either term to refer to the syntactic object or to its intended meaning. The
notation ;, on the other hand, is a standard device to separate ,-separated lists inside a
context.

A sequent of the form

L; �A; � � (φB, p)
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has thus the intuitive meaning that, on the basis of what was previously read or written,
of the innate opinions contained in �A and of the acquired opinions contained in �,
agent A assigns the degree p of conviction to the opinion φB originally asserted by
agent B. In other terms, agent A accepts Bs opinion φ with a conviction value of p. On
the other hand, a sequent of the form

L; �A; � � E

where E is not of the form (φB, p) but of the form W(φB, p), R((φB, p), m
n ), Tr(φB, p), or

DisTr(φB, p) expresses that agent A writes, reads, trusts or distrusts a certain opinion.
Notice that while W and R are used as connectives in formulae expressing that an

agent writes or reads, the symbols w and r are exclusively used in expressions of the
form w(A, (φB, p)) or r(A, (φB, p)), which are not, technically, formulae of our language
but simply elements of L. Before introducing the calculus for (un)SecureNDgrad, let
us formally define some useful notions.

Definition 3.2 (Literature and communication records): For any two agents C, C′
and expression (φC′

, p), the following are communication records: w(C, (φC′
, p)) (writ-

ing record) and r(C, (φC′
, p)) (reading record). A literature L is a list of communication

records. For any communication record c and literatures L, L′, we indicate by L++c the
list obtained by appending c to the list L; by L++L′

the list obtained by concatenating
the list L and the list L′; by #L(c) the number of occurrences of c in L. We indicate by
#L(w), respectively #L(r), the number of writing records, respectively reading records,
occurring in L.

Definition 3.3 (Derivations and subderivations): A derivation is inductively defined
as follows:

• Any instance of the rules in Figure 1 is a derivation;
• Any application of one of the rules in Figures 2–6 to one or more derivations is a

derivation.

The notion of subderivation of a derivation δ is inductively defined as follows:

• δ is a subderivation of δ;
• If δ is obtained by applying one of the rules in Figures 2–6 to the derivations

δ1, . . . , δn, then all subderivations of δ1, . . . , δn are also subderivations of δ.

Contexts L; �C ; � are constructed by the :: rule (as far as �A is concerned) and by
the ++ rules (as far as the literature L is concerned) introduced in Figure 1. The ::
rule, indeed, generates a context with an empty literature which can be populated by
++ rule applications. The start innate (StI) and start acquired (StA) rules in Figure 1
can either be applied with an empty literature – hence, immediately after a :: rule
application – or with a non-empty one – when we employ them at the bottom of a
derivation in which the operational rules W and R have been applied, as we will see
below. The rules StI and StA enable us to derive any element of �A and of �. The
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Figure 1. The System (un)SecureNDgrad : Profile Construction and Start Rules.

Figure 2. The System (un)SecureNDgrad : Logical Rules, 1.

latter case is obviously only possible after � has been populated by the operational
rules that we will introduce below.

Technically, the :: rule enables us to derive a statement of the form L; �A; � ::
Profile with L = � = ∅ and �A suitably constructed – that is, only including pairs of
the form (aA, p), each of which assigns a value p to a different atom a. This state-
ment indicates that L; �A; � can be suitably used to start a derivation syntactically
formalising the actions of an agent A. The ++ rules enable us to add elements to a
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Figure 3. The System (un)SecureNDgrad : Logical Rules, 2.

Figure 4. The System (un)SecureNDgrad : Operational Rules, 1.

literature L in order to account for the actions executed by an agent B. The condi-
tion on the rule requires that B is different from A, the actions of which the derivation
is supposed to formalise. This restriction is due to the fact that, while actions of an
agent B 	= A only affect the literature L, the actions executed by A are also supposed
to transform the sets of opinions �A and � and hence must be formalised by more
complex rules – which we will present later in Figures 4–6. Finally, the StI and StA
rules enable us to infer from a statement of the form L; �A; � :: Profile a sequent of the
form L; �A; � � (φD, p) – with (φD, p) either in �A or in � – that can be used to start a
derivation formalising the actions of an agent A.

The derivability relation � for complex formulae in �A and �A is given by the rules
in Figures 2 and 3.

Notice that the introduction rules enable us to compute a value for a complex
formula by applying different arithmetical functions to the values related to the imme-
diate subformulae of the complex formula at hand. For instance, ∧I attributes a value
p·p′
p+p′ to the conjunction (φC ∧ ψC′

)C′′
in case the premisses attribute values p and p′,
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respectively, to the formulae φC and ψC′
. The arithmetical functions associated to the

elimination rules are simply the duals of those associated to the relative introduction
rule. This duality is explicitly established in Theorem 4.1. For some of the connectives,
the choice of these arithmetical functions is rather natural; for others, it is the prod-
uct of adjustments that enabled us to obtain dual functions with respect to which
the unit interval [0, 1] is closed. For negation we simply use the complement func-
tion 1−p on the unit interval [0, 1]. For the conjunction, we adopt a modification of
the product function – a rather obvious choice, also related to the probability of the
conjunction of independent events. The impossibility of using the product of the val-
ues of the conjuncts is due to the fact that the unit interval is not closed with respect
to the dual of product – that is, division. For the disjunction, we use the complement
of the value of the conjunction of the complements of the values of the disjuncts. In
other words, we treat disjunction as if defined according to the classical translation
φ ∨ ψ ≡ ¬(¬φ ∧ ¬ψ). For implication, we use the complement of the value of the
conjunction of the value of the antecedent and the complement of the value of the
succedent. In other words, we treat implicatoin as if defined according to the classi-
cal translation φ → ψ ≡ ¬(φ ∧ ¬ψ). We remark that the conditions on elimination
rules – that is, p′ − p > 0, (1 − p′) − (1 − p) > 0 and p′ − (1 − p) > 0 – correspond to
rather basic intuitions on the relationship between the value of a complex formula and
the value of its constituents, such as the idea that a conjunction should have a value
which is smaller than that of each conjunct. Since the calculus is rather flexible with
respect to mixing more or less coherent opinions, these conditions do not imply that
the values of all complex formulae must behave like this, but simply impose that, if
we wish to use a complex formula and one of its constituents together to derive the
value of the other constituent – which reasonably presupposes the decision of consid-
ering them, to some extent, coherent – then we must make sure that the relationship
between the value of the complex formula and that of the constituent complies with
these conditions. Similarly goes for the conditions on the relationship between numer-
ator and denominator of the fractions used here. These are aimed at guaranteeing that
the considered values fall inside the unit interval. In other terms, an agent can use a
complex formula and one of its constituents in order to derive the value of the other
constituent only if the value of the complex formula can be seen as a suitable combi-
nation of two values from the [0, 1] interval: the existing value of the constituent and
the newly obtained one. If this is not the case, the agent has no way to consider the
two existing values as coherent, so to say, and thus cannot use them in combination to
obtain a value for the other constituent. Let us exemplify a case of this kind.

Example 3.2: Suppose that (φA, 0.6) is among Amira’s (A) innate opinions. Suppose,
moreover, that she reads and trusts Balthazar’s (B) opinion ((φA ∧ ψB)B, 0.5). Notice
that Balthazar, in composing the opinion ((φA ∧ ψB)B, 0.5), might have used an old
opinion by Amira concerning φA with a conviction value other than 0.6.

Now Amira would like to infer the conviction value of ψB by combining the value
of the complex opinion ((φA ∧ ψB)B, 0.5) and the value of her opinion (φA, 0.6). She
cannot do this, though, since 0.6 · 0.5 	≤ 0.6 − 0.5 and this indicates that it is impossible
to obtain the value 0.5 as the result, for a value p ∈ [0, 1], of 0.6+p

0.6·p – that is, the value of
a conjunction of opinions with values 0.6 and p. Amira, in more intuitive terms, realises



14 F. DONEDA ET AL.

that the values 0.5 for (φA ∧ ψB)B and 0.6 for φA cannot be considered as coherent
since no conjunctive combination of 0.6 and a conviction value can yield 0.5; she thus
refrains from using these two values to obtain a value for ψB.

Another, more technical, consequence of these conditions is the closure of the unit
interval [0, 1] with respect to the arithmetical operations that we use to interpret the
connectives. We prove it formally.

Proposition 3.1: If p, p′ ∈ [0, 1], then all numerical values computed in applying the rules
in Figures 2 and 3 are in [0, 1].

Proof: We reason, case by case, on the single arithmetical expressions employed in
Figures 2 and 3.

As for 1−p, it is clearly in [0, 1] provided that p ∈ [0, 1].

Let us then consider p·p′
p+p′ under the assumption that p + p′ 	= 0. Now, when p, p′ ∈

[0, 1], p · p′ ≤ p + p′ and both are nonnegative. But this means that p·p′
p+p′ ∈ [0, 1].

Let us consider p′·p
p′−p under the assumption that p′ − p > 0 and that p′ · p ≤ p′ − p.

Now, if p′ − p > 0 and p, p′ ∈ [0, 1], both p′ · p and p′ − p are nonnegative. Therefore,

we just need to prove that p′·p
p′−p 	> 1. Suppose, by reasoning indirectly, that p′·p

p′−p > 1.

Then we need to have also that p′ · p > p′ − p, which contradicts the hypothesis that

p′ · p ≤ p′ − p. Hence, we can conclude that p′·p
p′−p ∈ [0, 1].

Let us consider 1 − (1−p)·(1−p′)
1−p+1−p′ under the assumption that 1 − p + 1 − p′ 	= 0. Now,

since 1 − q ∈ [0, 1] whenever q ∈ [0, 1], we can reduce this case to the one of p·p′
p+p′ .

Let us consider 1 − (1−p′)·(1−p)
(1−p′)−(1−p) under the assumption that (1 − p′) − (1 − p) > 0

and that (1 − p′) · (1 − p) ≤ (1 − p′) − (1 − p). Now, since 1 − q ∈ [0, 1] whenever

q ∈ [0, 1], we can reduce this case to the one of p′·p
p′−p .

Let us consider 1 − p·(1−p′)
p+1−p′ under the assumption that p + 1 − p′ 	= 0. Now, since

1 − p′ ∈ [0, 1] whenever p′ ∈ [0, 1], we can reduce this case to the one of p·p′
p+p′ .

Let us consider 1 − p′·(1−p)
p′−(1−p) under the assumption that p′ − (1 − p) > 0 and

that p′ · (1 − p) ≤ p′ − (1 − p). Now, since 1 − p ∈ [0, 1] whenever p ∈ [0, 1], we can

reduce this case to the one of p′·p
p′−p . �

Finally, we remark that the conditions on C, C′ and C′′ in the elimination rules guar-
antee that an agent does not reach conclusions about her own opinions on the basis
of opinions that she has received from other agents. Technically, she either exclusively
reasons about her own opinions or does not conclude an opinion signed by her.

In order to introduce the rules governing the agents’ operations of reading, (not)
trusting and writing information, we introduce some simple formal machinery and
some useful notions.
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Figure 5. The System (un)SecureNDgrad : Operational Rules, 2.

First of all, to each agent A in our language, we associate three thresholds – that is,
real numbers in the unit interval [0, 1]:

εA⊥, εA
freq, εA

int

Intuitively, εA⊥ will be used to determine whether an agent simply accepts a newly con-
sidered opinion, namely when the inconsistency value of the new opinion, as defined
in Definition 3.4, is not greater than εA⊥; or to determine when she cannot simply accept
it, namely when the inconsistency value of the new opinion is greater than εA⊥; in the
latter case, then the agent has to decide whether to reject it or to revise some of the
previous opinions in order to accept it. This latter choice, in turn, is based on εA

freq: if
the frequency of the newly considered opinion over all opinions to which the agent
has access – that is, the frequency m

n employed in rule R from Figure 4 and in rules
Tr, DisTr, AMis from Figure 5 – is greater than εA

freq, then the agent will accept it and
revise some of the previous opinions; if the frequency of the newly considered opinion
over all opinions to which the agent has access is not greater than εA

freq, then the agent

will reject it. Finally, εA
int will be used to determine whether an agent simply accepts

the opinion of another agent when the conviction value of the opinion is not greater
than εA

int ; or she also makes the newly acquired opinion a personal opinion by signing
it, when the conviction value of the opinion is greater than εA

int .
The following definitions will introduce the notions of inconsistency value and of

inconsistent parts of a profile. They will be used in combination with εA⊥ in order to
trigger mistrust operations and to handle them by a revision strategy on the opinions
of the agent. This strategy consists in reducing the opinions of the agent in such a way
that the inconsistency value of its profile is kept below the threshold εA⊥ of acceptable
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Figure 6. The System (un)SecureNDgrad : Operational Rules, 3.

inconsistency. The role of all these notions will be formally determined by their use in
the rules of the calculus.

Definition 3.4 (Inconsistency value of a profile): For any �A and � such that
�A; � :: Profile, agent C and formula φ, let �A∗, �∗ be the sets of expressions obtained
from �A, � by replacing each element (χ , p) where p < 1

2 with (¬χ , 1 − p). Then
Set�(�A, �, (φC , p)) is defined as the set of all pairs ({γ1, . . . , γn, δ1, . . . , δm, φ}, i) such
that

• n ≥ 0 ≤ m
• {(γ A

1 , q1), . . . , (γ A
n , qn)} ⊆ �A∗

• {(δC1
1 , r1), . . . , δCm

m , rm)} ⊆ �∗
• {γ1, . . . , γn, δ1, . . . , δm, φ} is a classically inconsistent set
• all proper subsets of {γ1, . . . , γn, δ1, . . . , δm, φ} are consistent
• i = q1 · . . . · qn · r1 · . . . · rm · p

Moreover, val�(�A, �, (φC , p)) = max({j | (Z, j) ∈ Set�(�A, �, (φC , p))}).

Definition 3.5 (Inconsistent parts of a profile): For any real number ε, �A�ε(�, (φC ,
p)) is defined as the subset of �A that contains all pairs in �A whose first element
occurs in any set Z such that (Z, j) ∈ Set�(�A, �, (φC , p)) and j > ε. For any real num-
ber ε, ��ε(�A, (φC , p)) is defined as the subset of � that contains all pairs in � the first
element of which occurs in any set Z such that (Z, j) ∈ Set�(�A, �, (φC , p)) and j > ε.

In Figure 4, we present the operational rules that enable us to derive statements
concerning the actions agents execute. The rule W enables us to derive a statement
describing a writing action executed by the agent A that we are considering at the
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moment. The literature L is updated accordingly. The rule R similarly enables us to
derive a statement concerning a reading action executed by A. We recall that ‘reading’
here is meant to refer to the action of taking into consideration an opinion and not
simply to the action of physically reading about an opinion – which might have already
happened without the agent properly conducting an evaluation of the opinion itself.
Therefore, when an agent reads an opinion, we attach to it its frequency m

n over all
opinions to which the agent has access. This frequency indicates indeed the degree
of exposure that the agent had to that opinion, and this will influence the attitude of
the agent towards that opinion. Notice that, in the rule W, if A is writing an opinion
by an agent C different from A, then we will have that the literature contains a record
of A reading that opinion and, even before, one of C writing it. There is no need to
specify this by the premisses of the rule since it is a consequence of how the rules of
the calculus are defined.

In Figure 5, we present the operational rules for the the agent to react to a new
opinion that she has considered (read). Notice that Profiletemp is simply a notational
device employed inside the calculus to indicate that the opinion set of an agent is
being modified, but does not yet faithfully represent the consequences of the last per-
formed action. Without it, the corresponding states in the semantics would have no
counterpart, hindering our completeness proof.

The rule Tr – for trust – enables us to derive a statement establishing that agent A
trusts the opinion that has been read. The rule ATr – for acquire because of a trust-
ing attitude – enables us to integrate in the agent’s profile an opinion which has been
trusted by the agent. The rule DisTr – for distrust – enables us to derive a statement
establishing that agent A does not trust an opinion which has been considered by the
agent. Finally, the rule AMis – for acquire because of a mistrusting attitude – enables
us to formalise a mistrust attitude towards a read opinion, that is, we can update the
profile of the agent in case an opinion has been considered and accepted – formally
indicated by m

n > εA
freq – even though it conflicts with previous opinions of the agent.

Notice that the usage of �εA⊥
that we do here guarantees that the inconsistency values

of the profile at the conclusion of the rule are below the inconsistency threshold εA⊥.
Notice that the definition of �εA⊥

could be modified in order to remove elements from

the old profile in a more minimal way – as it were – while still keeping inconsistencies
involving the newly acquired opinion at bay. On the one hand, the strategy adopted
here is more costly in terms of loss of information since we remove all elements of the
inconsistent sets which exceed the amount of inconsistency accepted by the agent.
On the other hand, this strategy has the advantage that it does not require us to take
into account the content of opinions in order to establish a criterion for deciding which
opinions should be removed and which should be kept.

In Figure 6, we present the operational rules that enable us to complete the
update of an agent’s profile after an opinion has been read and its content con-
sidered. The rules ::W and ::DisTr simply leave the profile as it was since the
agent has simply written an opinion and has not read anything or, respectively, not
trusted a considered opinion. These rules are required since writing and distrusting
operations do not change the profile of the agent – indeed, after these opera-
tions are executed, no internalisation of opinions is in order – but something in the
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derivation still needs to signal that the agent’s profile is reinitialised for the following
operation.

The rules I – for internalisation – add to the profile a statement (φA, p) indicating
that agent A personally embraces φ and will not simply report C’s assertion of φ and
agree with it but will also be disposed to directly assert φ as a personal opinion. The
conditions on φA in these rules are meant to exclude cases in which the agent A inter-
nalises some of her own opinions because someone else cited her. Obviously, the case
in which A internalises one of her own present opinions is not problematic – in any
case, A’s present opinions can be derived from �A and � by StA, StI and logical
rules – but it is rather problematic, from a conceptual perspective, if A changes her own
present opinions on the basis of the fact that some other agent cited an old opinion of
A. Hence, we introduce conditions that exclude this.

The rules DisI – for no internalisation – leave the profile unchanged since the
accepted opinion (φC , p) is already in the updated profile and it is not to be inter-
nalised by the agent, that is, the agent will not personally embrace φ but only report
C’s assertion of φ and express agreement with it.

Let us now discuss a few simple examples that show rules of different kinds at work.

Example 3.3 (continued): The logical deduction from (φA, 0.1) to (¬φA, 0.9) dis-
cussed in Example 3.1 can be formalised as follows:

; �A; � (φA, 0.1)

; �A; � (¬φA, 1 − 0.1)

Example 3.4 (Logical rules): Consider an agent A and suppose that

�A = (bA, 0.3), (cA, 0.7), (dA, 0.5)

is the context containing her innate opinions. The literature L0, for the moment, does
not record any exchange of information, and it will be updated later by adding records
of exchanges when the agents will start to read and write opinions.

Consider, for instance, the formula ((¬bA ∧ cA)A ∨ dA)A. It can be derived with con-
viction value that can be approximated to 0.717 from the set of innate opinions of
agent A. A derivation that formally proves it is as follows:

L0; �A; � � (bA, 0.3)

L0; �A; � � ((¬bA)A, 1 − 0.3) L0; �A; � � (cA, 0.7)

L0; �A; � � (((¬bA)A ∧ cA)A, 0.7·0.7
0.7+0.7 ) L0; �A; � � (dA, 0.5)

L0; �A; � � (((¬bA ∧ cA)A ∨ dA)A, 1 − (1− 0.7·0.7
0.7+0.7 )·(1−0.5)

1− 0.7·0.7
0.7+0.7 +1−0.5

)

where L0 = � = ∅.

Example 3.5 (Operational rule W): Suppose that we wish to model the event con-
sisting in A writing an opinion, for �A = (bA, 0.3), (cA, 0.7), (dA, 0.5). In order to derive a
sequent indicating this, we simply need to be able to derive from A’s context L1; �A; �
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the expression that A writes as shown in Example 3.4. Then, we can apply the W rule as
follows:

....
L0; �A; � � (((¬bA ∧ cA)A ∨ dA)A, 0.717) 0.717 > 0.5

L1; �A; � � W(((¬bA ∧ cA)A ∨ dA)A, 0.717)
W

where � = ∅ and L1 = L
++w(A,(((¬bA∧cA)A∨dA)A,0.717))
0 = w(A, (((¬bA ∧ cA)A ∨ dA)A,

0.717)) since L0 = ∅.
Notice that, for the sake of simplicity, an agent can only write expressions with value

greater than 0.5. Writing a formula φ with value p ≤ 0.5 is the same as writing ¬φ with
value 1−p.

Now we know that A actually wrote the opinion ((¬bA ∧ cA)A ∨ dA)A with a con-
viction value of 0.717. Hence, we also update her literature, that is, the record of
exchanges of information by adding to the old literature L0 the item w(A, (((¬bA ∧
cA)A ∨ dA)A, 0.717)): L

++w(A,(((¬bA∧cA)A∨dA)A ,0.717))
0 .

Example 3.6 (Operational rule R): Suppose now that agent B wishes to read the
opinion written by A in Example 3.5. We can derive a sequent indicating it as follows:

L1; �A, � � W(((¬bA ∧ cA)A ∨ dA)A, 0.717) L1; �B; � :: Profile

L
++r(B,((((¬bA∧cA)A∨dA)A ,0.717)))
1 ; L1; �B; � � R((((¬bA ∧ cA)A ∨ dA)A, 0.717), 1

1 )
R

where L1 = w(B, (((¬bA ∧ cA)A ∨ dA)A, 0.717)) and L
++r(A,((((¬bA∧cA)A∨dA)A ,0.717)))
1 =

w(A, (((¬bA ∧ cA)A ∨ dA)A, 0.717)), r(A, ((((¬bA ∧ cA)A ∨ dA)A, 0.717))).
Here, the opinion being read has been written once, and it is the only opinion writ-

ten by any agent. Hence, 1
1 indicates how frequently B has been exposed to the opinion

((((¬bA ∧ cA)A ∨ dA)A, 0.717)). That is, in this particular case, this opinion is the only
one B has ever been exposed to. This will help determine how inclined will B be to
accept the content of the opinion in case it is strongly in conflict with B’s opinions.

4. Proof-theoretical properties of the system

We present now a study of the proof-theoretical properties of the calculus for the logic
(un)SecureNDgrad.

Intuitively, Theorem 4.1 below guarantees that, if L; �A; � is a coherent context, then
the derivability of L; �A; � � (φC , p) and L; �A; � � (φC , q) implies that p = q. In other
words, the use of a coherent context implies the uniqueness of the value assigned to
a signed formula φA. Notice that this result can be seen as guaranteeing a certain form
of consistency of the logical fragment of (un)SecureNDgrad. Indeed, this can also be
proved by a normalisation argument, i.e. a proof showing that there exists a procedure
to remove all detours – unnecessary steps consisting of an introduction of a connective
immediately followed by its elimination – occurring in any purely logical derivation,
see also Prawitz (2006, Chapter II). We do not use a normalisation result in order to
prove this – but prove it instead by reasoning on the arithmetical functions related
to connectives – since the proof is simpler and more direct. We remark, nevertheless,
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that the logical rules of the calculus admit a terminating detour elimination procedure.
Theorem 4.2 below certifies, instead, that the logical fragment of the calculus can be
seen as a conservative extension of classical logic. Theorem 4.3 generalises this result
to the whole calculus. Obviously, these two theorems require some restrictions to the
considered derivations ensuring that we are using the calculus as a reasoning system
for a single agent in a classical setting.

Let us first introduce some useful notation.

Definition 4.1 (The arithmetic of connectives): The arithmetical operations
◦¬, ◦∧, ◦∨ and ◦→ are defined as follows:

◦¬x = 1 − x x ◦∧ y = x · y

x + y
x ◦∨ y = 1 − (1 − x) · (1 − y)

1 − x + 1 − y

x ◦→ y = 1 − x · (1 − y)

x + (1 − y)

The following theorem shows that, if the two parts �A and � of a given context
coherently assign values to signed formulae, then a unique value can be assigned to
each formula for which we can assign a value. Technically, the coherence of �A and �

is guaranteed by the existence of the function f – which appears as a condition in the
statement. This theorem also implies that, if all its conditions are met, then a unique
value can be derived for each signed formula for which any value can be derived.

Theorem 4.1 (Uniqueness of value for logically derivable formulae): Given a profile
L; �A; �, if there exists a total function f from the set of signed formulae to [0, 1] such that

• for any (ψC′
, p) ∈ �A ∪ �, f (ψC′

) = p,
• for any ψC′

and C′′, f ((¬ψC′
)C′′

) = ◦¬f (ψC′
), and

• for any ψC′
1 , ψC′′

2 , C′′′ and � ∈ {∧, ∨ →}, f ((ψC′
1 � ψC′′

2 )C′′′
) = f (ψC′

1 ) ◦� f (ψC′′
2 );

then, if L; �A; � � (φC , q) is derivable by only using logical rules, f (φC) = q.

Proof: The proof is by induction on the number of rule applications in the derivation
of L; �A; � � (φC , q).

In the base case, (φC , q) is either an element of �A or an element of �. The statement
holds by the first condition on f.

Suppose now that the statement holds for all derivations containing less than n rule
applications. We prove that it holds also for any derivation containing n rule applica-
tions. We consider a generic derivation containing n rule applications and we reason
by cases on the last rule applied in it.

Suppose the rule application is an introduction rule for ¬. By inductive hypothesis,
the function f and the pair occurring as premiss of the rule application agree on the
value of the formula ψC occurring in the pair. Since the value of f on the complex for-
mula (¬(ψC))C1 at the conclusion of the rule is 1 − f (ψC), since f (ψC) is the value p
that the premiss of the rule assigns to ψC and since the ¬ introduction rule assigns the
value 1−p to the formula at its conclusion, we have that the statement holds.
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Suppose the rule is an introduction rule for a connective � ∈ {∧, ∨, →}. By inductive
hypothesis, the function f and the pairs occurring as premisses of the rule application
agree on the values of the formulae ψC1

1 and ψC2
2 in these pairs. Since the value of f on

the complex formula (ψC1
1 � ψC2

2 )C3 at the conclusion of the rule is computed by ◦� on

the formulae ψC1
1 and ψC2

2 at the premisses of the rule, and since the introduction rule
employs the same arithmetical operation, we have that the statement holds.

Suppose the rule application is an elimination of ¬ with a premiss of the form . . . �
((¬(ψC))C1 , p) and with conclusion of the form . . . � (ψC , 1 − p). By inductive hypoth-
esis, f ((¬(ψC))C1) = p. By definition of f, we have that f ((¬(ψC))C1) = 1 − f (ψC). But
since f ((¬(ψC))C1) = p, we have that p = 1 − f (ψC). From p = 1 − f (ψC) it follows
that f (ψC) = 1 − p. Since, moreover, the conclusion of the rule is of the form . . . �
(ψC , 1 − p), we have that the statement holds for the considered derivation too.

Suppose the rule application is an elimination of ∧ with premisses of the form
. . . � ((ψC1

1 ∧ ψC2
2 )C , p) and . . . � (ψC2

2 , p2), and with conclusion of the form . . . �
(ψC1

1 , p2·p
p2−p ) where p2 − p 	= 0. Moreover, by the condition on the rule, p2 − p 	= 0. By

inductive hypothesis, f ((ψC1
1 ∧ ψC2

2 )C) = p and f (ψC2
2 ) = p2. By definition of f, we have

that f ((ψC1
1 ∧ ψC2

2 )C) = f (ψ
C1
1 )·f (ψC2

2 )

f (ψ
C1
1 )+f (ψ

C2
2 )

. But since f (ψC2
2 ) = p2 and f ((ψC1

1 ∧ ψC2
2 )C) = p,

we have that

f (ψC1
1 ) · p2

f (ψC1
1 ) + p2

= p

f (ψC1
1 ) · p2 = p · (f (ψC1

1 ) + p2)

f (ψC1
1 ) · p2 = (p · f (ψC1

1 )) + (p · p2)

(f (ψC1
1 ) · p2) − (p · f (ψC1

1 )) = p · p2

f (ψC1
1 ) · (p2 − p) = p · p2

f (ψC1
1 ) = p · p2

p2 − p

Since, moreover, the conclusion of the rule is of the form . . . � (ψC1
1 , p·p2

p2−p ), we have
that the statement holds for the considered derivation too.

Suppose the rule application is an elimination of ∨ with premisses of the
form . . . � ((ψC1

1 ∨ ψC2
2 )C , p) and . . . � (ψC2

2 , p2), and with conclusion of the form

. . . � (ψC1
1 , 1 − (1−p2)·(1−p)

(1−p2)−(1−p) ) where (1 − p2) − (1 − p) 	= 0. By inductive hypothesis,

f ((ψC1
1 ∨ ψC2

2 )C) = p and f (ψC2
2 ) = p2. By definition of f, we have that f ((ψC1

1 ∨
ψC2

2 )C) = 1 − (1−f (ψ
C1
1 ))·(1−f (ψ

C2
2 ))

1−f (ψ
C1
1 )+1−f (ψ

C2
2 )

. But since f (ψC2
2 ) = p2 and f ((ψC1

1 ∨ ψC2
2 )C) = p, we

have that

1 − (1 − f (ψC1
1 )) · (1 − p2)

1 − f (ψC1
1 ) + 1 − p2

= p
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1 − p = (1 − f (ψC1
1 )) · (1 − p2)

1 − f (ψC1
1 ) + 1 − p2

(1 − p) · (1 − f (ψC1
1 ) + 1 − p2) = (1 − f (ψC1

1 )) · (1 − p2)

(1 − p) · (1 − f (ψC1
1 )) + (1 − p) · (1 − p2) = (1 − f (ψC1

1 )) · (1 − p2)

(1 − p) · (1 − p2) = (1 − f (ψC1
1 )) · (1 − p2)

− (1 − p) · (1 − f (ψC1
1 ))

(1 − p) · (1 − p2) = (1 − f (ψC1
1 )) · ((1 − p2) − (1 − p))

(1 − p) · (1 − p2)

(1 − p2) − (1 − p)
= 1 − f (ψC1

1 )

f (ψC1
1 ) = 1 − (1 − p) · (1 − p2)

(1 − p2) − (1 − p)

Since, moreover, the conclusion of the rule is of the form . . . � (ψC1
1 , 1 − (1−p2)·(1−p)

(1−p2)−(1−p) ),
the statement holds for the considered derivation too.

Suppose the rule application is an elimination of → with premisses of the form . . . �
((ψC1

1 → ψC2
2 )C , p) and . . . � (ψC1

1 , p1), and with conclusion of the form . . . � (ψC2
2 , 1 −

(1−p)·p1
p1−(1−p) ) where p1 − (1 − p) 	= 0. By inductive hypothesis, f ((ψC1

1 → ψC2
2 )C) = p and

f (ψC1
1 ) = p1. By definition of f, we have that f ((ψC1

1 → ψC2
2 )C) = 1 − f (ψ

C1
1 )·(1−f (ψ

C2
2 ))

f (ψ
C1
1 )+1−f (ψ

C2
2 )

.

But since f (ψC1
1 ) = p1 and f ((ψC1

1 → ψC2
2 )C) = p, we have that

1 − p1 · (1 − f (ψC2
2 ))

p1 + 1 − f (ψC2
2 )

= p

1 − p = p1 · (1 − f (ψC2
2 ))

p1 + 1 − f (ψC2
2 )

(1 − p) · (p1 + 1 − f (ψC2
2 )) = p1 · (1 − f (ψC2

2 ))

(1 − p) · p1 + (1 − p) · (1 − f (ψC2
2 )) = p1 · (1 − f (ψC2

2 ))

(1 − p) · p1 = p1 · (1 − f (ψC2
2 )) − (1 − p) · (1 − f (ψC2

2 ))

(1 − p) · p1 = (1 − f (ψC2
2 )) · (p1 − (1 − p))

(1 − p)

p1 − (1 − p)
· p1 = 1 − f (ψC2

2 )

f (ψC2
2 ) = 1 − (1 − p)

p1 − (1 − p)
· p1

f (ψC2
2 ) = 1 − (1 − p) · p1

p1 − (1 − p)

Since, moreover, the conclusion of the rule is of the form . . . � (ψC2
2 , 1 − (1−p)·p1

p1−(1−p) ), we
have that the statement holds for the considered derivation too. �
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We remark that the first condition on f also implies that �A and � agree on all val-
ues that they directly assign to formulae. Moreover, the second and third conditions
on f states that all agents (‘for any C′′. . . ’) agree on the value of complex formulae con-
structed by combining the same formulae. Notice, finally, that a derivation δ that does
not use part of a context can be reformulated as a derivation δ′ which is structurally
equivalent (same rules applied in the same order to the same pairs) but with a con-
text that does not contain some of the parts, or all of the parts, which were not used
in δ. Hence, the statement also applies to derivations that only use coherent parts of
possibly incoherent profiles.

Next theorem guarantees that, if we only consider one agent and we restrict the
conviction values to 0 and 1, the logical rules of our calculus behave in a sound way
with respect to the connectives of classical logic. In other words, it tells us that our
system can be seen, in a sense, as a conservative extension of classical logic. To prove
this, we first provide a translation of formulae of our logic E = (φC , q) where q ∈ {0, 1}
to formulae of the language of classical logic.

Definition 4.2 (Classical translation τCL( ) of an expression): For any signed for-
mula φC , we denote by (φC)∅ the formula in the language of classical logic obtained
from φC by erasing all agent labels.

For any expression E = (φC , q) where q ∈ {0, 1}, its translation τCL((φC , q)) in the
language of classical logic is defined as follows:

• if q = 1, then τCL((φC , q)) = (φC)∅,
• if q = 0, then τCL((φC , q)) = ¬(φC)∅.

Theorem 4.2 (Classical soundness): If all of the following points hold:

• a sequent of the form L; �A; � � (φC , p) is derivable from a set of start rule conclu-
sions of the form

L; �A; � � (ψC
1 , p1) · · · L; �A; � � (ψC

n , pn)

by only using logical rules,
• all numerical values occurring in the derivation are either 0 or 1, and
• all agent symbols occurring in φC , ψC

1 , . . . , ψC
n are equal to S

then τCL((φC , p)) classically follows from τCL((ψC
1 , p1)), . . . , τCL((ψC

n , pn)).

Proof: We show how to derive τCL((φC , p)) from the hypotheses

τCL((ψC
1 , p1)), . . . , τCL((ψC

n , pn))

in a standard natural deduction calculus for classical logic, see, for instance,
Prawitz (1971). We proceed by induction on the number of rules applied below the
start rule conclusions in the derivation δ of L; �A; � � (φC , p).
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If no rules are applied below the start rule conclusions in δ, then

L; �A; � � (φC , p) ∈ {L; �A; � � (ψC
1 , p1) · · · L; �A; � � (ψC

n , pn)}

and thus also

τCL((φC , p)) ∈ {τCL((ψC
1 , p1)), . . . , τCL((ψC

n , pn))}

and the classical derivation translating δ is the trivial one with hypothesis τCL((φC , p))

and conclusion τCL((φC , p)).
Suppose now that the statement holds for all derivations δ′ that contain less than

n 	= 0 rule applications below the start rule conclusions, we show that the statement
holds also for any derivation δ that contains n rule applications below the start rule
conclusions.

Consider the last rule applied in δ and call it R. According to the statement, R must
be a logical rule.

• Suppose R = ¬I. By inductive hypothesis, the derivation of the premiss . . . � (ξ , r)
of ¬I can be translated into a classical natural deduction derivation that complies
with the requirements of the statement. According to the statement, r is either
0 or 1. If r = 0, then our premiss has the form . . . � (ξ , 0) and the classical trans-
lation of the derivation of . . . � (ξ , 0) has conclusion τCL((ξ , 0)) = ¬ξ ′ for some
ξ ′. Since an application of ¬I to a sequent of the form . . . � (ξ , 0) has the form
. . . � (¬ξ , 1), we already have our classical derivation of ¬ξ ′ = τCL((¬ξ , 1)) that
translates δ.

If, on the other hand, r = 1, then our premiss is of the form . . . � (ξ , 1) and the
classical translation of the derivation of . . . � (ξ , 1) has conclusion τCL((ξ , 1)) =
ξ ′ for some ξ ′. Since an application of ¬I to a sequent of the form . . . � (ξ , 1)

has the form . . . � (¬ξ , 0), in order to translate δ, we need to classically derive
τCL((¬ξ , 0)) = ¬¬ξ ′ from ξ ′ without using any additional hypothesis. But this can
be done by the following derivation:

[¬ξ ′]1
....

ξ ′
⊥

¬¬ξ ′ 1

• Suppose R = ¬E. By inductive hypothesis, the derivation of the premiss . . . �
(¬ξ , r) of ¬E can be translated into a classical natural deduction derivation that
complies with the requirements of the statement. According to the statement, r is
either 0 or 1. If r = 0, then our premiss has the form . . . � (¬ξ , 0) and the classical
translation of the derivation of . . . � (¬ξ , 0) has conclusion τCL((¬ξ , 0)) = ¬¬ξ ′
for some ξ ′. Since an application of ¬E to a sequent of the form . . . � (¬ξ , 0)

has the form . . . � (ξ , 1), in order to translate δ, we need to classically derive
τCL((ξ , 1)) = ξ ′ from ¬¬ξ ′ without using any additional hypothesis. But this can
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be done by the following derivation:

[¬ξ ′]1
....

¬¬ξ ′
⊥
ξ ′ 1

where the last inference is an application of the classical absurdity rule that
discharges the hypothesis ¬ξ ′.

If, on the other hand, r = 1, then our premiss is of the form . . . � (¬ξ , 1)

and the classical translation of the derivation of . . . � (¬ξ , 1) has conclusion
τCL((¬ξ , 1)) = ¬ξ ′ for some ξ ′. Since an application of ¬E to a sequent of the form
. . . � (¬ξ , 1) has conclusion . . . � (ξ , 0), we already have our classical derivation
of ¬ξ ′ = τCL((ξ , 0)) that translates δ.

• Suppose R = ∧I. By inductive hypothesis, the derivations of each premiss . . . �
(ξ1, r1) and . . . � (ξ2, r2) of ∧I can be translated into a classical natural deduction
derivation that complies with the requirements of the statement. According to
the statement, each value r1, r2 can either be 0 or 1. If r1 = r2 = 1, then the clas-
sical translation of the derivations of the premisses . . . � (ξ1, r1) and . . . � (ξ2, r2)

have conclusions τCL((ξ1, 1)) = ξ ′
1 and τCL((ξ2, 1)) = ξ ′

2 respectively. The trans-
lation τCL((ξ1 ∧ ξ2, 1)) = ξ ′

1 ∧ ξ ′
2 of the conclusion of δ can then be derived as

follows:
....

ξ ′
1

....
ξ ′

2

ξ ′
1 ∧ ξ ′

2

Suppose, on the other hand, that either r1 = 0 or r2 = 0. Without loss of gen-
erality, we say that r1 = 0, the other cases being analogous. Then, by inductive
hypothesis, there exists a classical derivation of τCL((ξ1, 0)) = ¬ξ ′

1. If r1 = 0, more-
over, the conclusion of δ is of the form . . . � (ξ1 ∧ ξ2, 0). Therefore, in order to
translate δ, we need to derive τCL((ξ1 ∧ ξ2, 0)) = ¬(ξ ′

1 ∧ ξ ′
2) from ¬ξ ′

1 with no
additional hypotheses. But this can be done as follows:

....
¬ξ ′

1

[ξ ′
1 ∧ ξ ′

2]1

ξ ′
1

⊥
¬(ξ ′

1 ∧ ξ ′
2)

1

• Suppose R = ∧E. Without loss of generality, we consider the case in which the
premisses of ∧E are . . . � (ξ1 ∧ ξ2, r1) and . . . � (ξ2, r2), the other case being
analogous. By inductive hypothesis, the derivations of the premisses of ∧E can
be translated into classical natural deduction derivations that comply with the
requirements of the statement. According to the statement, each value r1, r2 can
either be 0 or 1, but, according to the restrictions on the rule ∧E, only r1 can
be 0. Suppose then that r1 = r2 = 1. By inductive hypothesis, then, there exists
a classical derivation of τCL((ξ1 ∧ ξ2, 1)) = ξ ′

1 ∧ ξ ′
2. Moreover, the conclusion of δ
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is of the form . . . � (ξ1, 1). Hence, in order to translate δ, it is enough to derive
τCL((ξ1, 1)) = ξ ′

1 from the hypothesis ξ ′
1 ∧ ξ ′

2 alone as follows:

....
ξ ′

1 ∧ ξ ′
2

ξ ′
1

Suppose, on the other hand, that r1 = 0. Recall that r2 must be, in any case,
1 due to the restrictions on ∧E. By inductive hypothesis, then, there exists a
classical derivation of τCL((ξ1 ∧ ξ2, 0)) = ¬(ξ ′

1 ∧ ξ ′
2) and a classical derivation of

τCL((ξ2, 1)) = ξ ′
2. The conclusion of δ, moreover, is of the form . . . � (ξ1, 0). Hence,

in order to translate δ, we need to derive τCL((ξ1, 0)) = ¬ξ ′
1 from the hypotheses

¬(ξ ′
1 ∧ ξ ′

2) and ξ ′
2. This can be done as follows:

....
¬(ξ ′

1 ∧ ξ ′
2)

[ξ ′
1]1

....
ξ ′

2

ξ ′
1 ∧ ξ ′

2

⊥
¬ξ ′

1

1

• Suppose R = ∨I. By inductive hypothesis, the derivations of each premiss . . . �
(ξ1, r1) and . . . � (ξ2, r2) of ∨I can be translated into a classical natural deduction
derivation that complies with the requirements of the statement. According to
the statement, each value r1, r2 can either be 0 or 1. Suppose that at least one of
the values r1, r2 is 1. Without loss of generality we say that r1 = 1, the other cases
being analogous. Then the classical translation of the derivation of the premiss
. . . � (ξ1, r1) has conclusion τCL((ξ1, 1)) = ξ ′

1. The translation τCL((ξ1 ∨ ξ2, 1)) =
ξ ′

1 ∨ ξ ′
2 of the conclusion of δ can thus be derived by the following derivation:

....
ξ ′

1

ξ ′
1 ∨ ξ ′

2

Suppose, on the other hand, that r1 = r2 = 0. Then, by inductive hypothesis,
there are classical derivations of τCL((ξ1, 0)) = ¬ξ ′

1 and τCL((ξ2, 0)) = ¬ξ ′
2. If r1 =

r2 = 0, moreover, the conclusion of δ is of the form . . . � (ξ1 ∨ ξ2, 0). Therefore,
in order to translate δ, we need to derive τCL((ξ1 ∨ ξ2, 0)) = ¬(ξ ′

1 ∨ ξ ′
2) from ¬ξ ′

1
and ¬ξ ′

2 without any additional hypothesis. But this can be done as follows:

[ξ ′
1 ∨ ξ ′

2]1

....
¬ξ ′

1 [ξ ′
1]2

⊥

....
¬ξ ′

2 [ξ ′
2]2

⊥
⊥ 2

¬(ξ ′
1 ∨ ξ ′

2)
1



JOURNAL OF APPLIED NON-CLASSICAL LOGICS 27

• Suppose R = ∨E. Without loss of generality, we consider the case in which the
premisses of ∧E are . . . � (ξ1 ∨ ξ2, r1) and . . . � (ξ2, r2), the other case being anal-
ogous. According to the statement, each value r1, r2 can either be 0 or 1, but,
according to the restrictions on the rule ∨E, only r1 can be 1. Suppose then
that r1 = 0. By inductive hypothesis, then, there exists a classical derivation of
τCL((ξ1 ∨ ξ2, 0)) = ¬(ξ ′

1 ∨ ξ ′
2). Moreover, the conclusion of δ is of the form . . . �

(ξ1, 0). Hence, in order to translate δ, it is enough to derive τCL((ξ1, 0)) = ¬ξ ′
1 from

the hypothesis ¬(ξ ′
1 ∨ ξ ′

2) alone as follows:

....
¬(ξ ′

1 ∨ ξ ′
2)

[ξ ′
1]1

ξ ′
1 ∨ ξ ′

2

⊥
¬ξ ′

1

1

Suppose, on the other hand, that r1 = 1. Recall that r2 must be, in any case, 0 due
to the restrictions on ∨E. By inductive hypothesis, then, there exists a classical
derivation of τCL((ξ1 ∨ ξ2, 1)) = ξ ′

1 ∨ ξ ′
2 and a classical derivation of τCL((ξ2, 0)) =

¬ξ ′
2. The conclusion of δ, moreover, is of the form . . . � (ξ1, 1). Hence, in order to

translate δ, we need to derive τCL((ξ1, 1)) = ξ ′
1 from the hypotheses ξ ′

1 ∨ ξ ′
2 and

¬ξ ′
2. This can be done as follows:

....
ξ ′

1 ∨ ξ ′
2 [ξ ′

1]1

....
¬ξ ′

2 [ξ ′
2]1

⊥
ξ ′

1

ξ ′
1

1

where the inference that enables us to derive ξ ′
1 from ⊥ is an application of the ex

falso quodlibet rule.
• Suppose R =→ I. By inductive hypothesis, the derivations of the premisses . . . �

(ξ1, r1) and . . . � (ξ2, r2) of → I can be translated into classical natural deduction
derivations that comply with the requirements of the statement. According to
the statement, each value r1, r2 can either be 0 or 1, but, according to the restric-
tions on the rule → I, only r2 can be 0. Suppose then that r2 = 1. By inductive
hypothesis, then, there exists a classical derivation of τCL((ξ2, 1)) = ξ ′

2. Moreover,
the conclusion of δ is of the form . . . � (ξ1 → ξ2, 1). Hence, in order to translate δ,
it is enough to derive τCL((ξ1 → ξ2, 1)) = ξ ′

1 → ξ ′
2 from the hypothesis ξ ′

1 alone
as follows:

....
ξ ′

2

ξ ′
1 → ξ ′

2

Suppose, on the other hand, that r2 = 0. Recall that r1 must be, in any case, 1
due to the restrictions on → I. By inductive hypothesis, then, there exists a clas-
sical derivation of τCL((ξ2, 0)) = ¬ξ ′

2 and a classical derivation of τCL((ξ1, 1)) =
ξ ′

1. The conclusion of δ, moreover, is of the form . . . � (ξ1 → ξ2, 0). Hence, in
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order to translate δ, we need to derive τCL((ξ1 → ξ2, 0)) = ¬(ξ ′
1 → ξ ′

2) from the
hypotheses ¬(ξ ′

2) and ξ ′
1. This can be done as follows:

....
¬ξ ′

2

[ξ ′
1 → ξ ′

2]1

....
ξ ′

1

ξ ′
2

⊥
¬(ξ ′

1 → ξ ′
2)

1

• Suppose R =→ E. By inductive hypothesis, the derivations of the premisses
. . . � (ξ1 → ξ2, r1) and . . . � (x1, r2) of → E can be translated into classical nat-
ural deduction derivations that comply with the requirements of the statement.
According to the statement, each value r1, r2 can either be 0 or 1, but, according
to the restrictions on → E, none of the two values can be 0. We necessarily have,
then, that r1 = r2 = 1. By inductive hypothesis, there are classical derivations of
τCL((ξ1 → ξ2, 1)) = ξ ′

1 → ξ ′
2 and τCL((ξ1, 1)) = ξ ′

1. Moreover, the conclusion of δ

is of the form . . . � (ξ2, 1). Hence, in order to translate δ, it is enough to derive
τCL((ξ2, 1)) = ξ ′

2 from the hypotheses ξ ′
1 → ξ ′

2 and ξ ′
1 as follows:

....
ξ ′

1 → ξ ′
2

....
ξ ′

1

ξ ′
2 �

The last theorem of this section generalises Theorem 4.1 to the case in which not
only logical rules are used. Here it is essential that, when we restrict the conviction
values to 0 and 1, inconsistency values collapse to 0 and 1 too, indicating respectively
full consistency and inconsistency.

Theorem 4.3: If εA⊥ 	= 1, given any context L; �A; � such that τCL(�A ∪ �) is classi-
cally consistent, if two sequents L; �A; � � (φC , p) and L; �A; � � (φC , q) are derivable
by derivations only containing the numerical values 0 and 1 and in which only one agent
name C occurs to the right of �, then p = q.

Proof: If the context L; �A; � only contains the numerical values 0 and 1 and r ∈ {0, 1},
then, for any expression (ψC , r), the inconsistency value val�(�A; �, (ψC , r)) can only
be 0 or 1, see Definition 3.4. In particular, val�(�A; �, (ψC , r)) = 0 if, and only if, the set
�A ∪ � ∪ {(ψC , r)} is classically consistent. By applying the ATr rule, then, we can add
a pair (ψC , r) where r ∈ {0, 1} to the profile L; �A; � only in case one of the following
holds:

• r = 1 and ψ is classically consistent with the set of formulae {ξ | (ξ , 1) ∈ �A ∪
�} ∪ {¬ξ | (ξ , 0) ∈ �A ∪ �}

• r = 0 and ¬ψ is classically consistent with the set of formulae {ξ | (ξ , 1) ∈ �A ∪
�} ∪ {¬ξ | (ξ , 0) ∈ �A ∪ �}

where by ψ and χ we indicate, with a slight abuse of notation, formulae that do not
contain agent name labels.
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By the AMis rule, on the other hand, if all values we are considering are either 0 or
1, we cannot add a pair (ψC , r) to a context without removing all inconsistencies.

Now, by Theorem 4.2, if all our values are either 0 or 1, the existence of a purely
logical derivation of L; �A; � � (ψC , r) in which only the agent name C occurs to the
right of � implies

• if r = 1, the classical derivability of ψ from {ξ | (ξC , 1) ∈ �A ∪ �} ∪ {¬ξC |
(ξ , 0) ∈ �A ∪ �} and

• if r = 0, the classical derivability of ¬ψ from {ξ | (ξC , 1) ∈ �A ∪ �} ∪ {¬ξ |
(ξC , 0) ∈ �A ∪ �}

Suppose now, for the sake of contradiction, that L; �A; � � (φC , p) and L; �A; � �
(φC , q) are derivable by derivations only containing the numerical values 0 and 1 and
in which only one agent name occurs to the right of �, and that p 	= q. If this is so,
we either have added inconsistent formulae to our context by acquire rules, which
is impossible, or we have that two contradictory formulae are derivable in classical
logic from a consistent context, which is impossible as well. Therefore, the statement
holds. �

5. The semantics of (un)SecureNDgrad

We now introduce the relational semantics of (un)SecureNDgrad, closely represent-
ing a situation in which agents – each associated to a set of opinions – interact
by exchanging opinions and change their own sets of opinions depending on the
occurring interactions.

Let us begin by defining what a model is.

Definition 5.1 (Model): A model M is a tuple ({Ki
j }i∈T ,j∈A, T , A, C, ε) where

• T is a set of time instants (natural numbers);
• A is a set of agents;
• Kt

A, for any t ∈ T and A ∈ A, is the set of expressions representing, on the one
hand, the opinion state of agent A at time t (K0

A being, for instance, the set of
innate opinions initially possessed by A) and, on the other hand, a record of all
communicative actions that have been taken by the agent A at time t;

• C : T �→ {r(B, (φC , p)), w(B, (φC , p))} is an action choice function that associates to
each time point t ∈ T the name of the action ( read or write) that agent B chooses
to execute at time t;

• ε is a triple (ε⊥, εint , εfreq) of threshold functions mapping agent names to real
numbers between 0 and 1: for any i ∈ A, εi⊥, εi

int , ε
i
freq ∈ [0, 1];

that complies with the following four conditions:

(1) if C(t) = w(A, (φC , p)), then (φC , p) ∈ clA(Kt
A) and p > 0.5, where clA(X)

denotes the deductive closure of the set X according to the agent A as
defined below in Definition 5.6;
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(2) if C(t) = r(A, (φC , p)), then there exists a t′ ∈ T and an A′ ∈ A such that t′ < t
and C(t′) = w(A′, (φC , p));

(3) K0
A , for any A ∈ A, is a set {(aA

1, p1), . . . , (aA
n , pn)} such that aA

1, . . . , aA
n are all

different;
(4) Kt+1

A = Up(Kt
A, C(t)) as specified in Definition 5.5 below.

Let us now introduce a few formal definitions required to specify how states are
updated during agents’ interactions.

Definition 5.2 (Inconsistency value of a set of expressions): For any set Kt
A of

expressions, let Kt
A

∗ be the set of expressions obtained from Kt
A by replacing each ele-

ment (χ , p) where p < 1
2 with (¬χ , 1 − p). Then Set�(Kt

A, (φC , p)) is defined as the set
of all pairs ({ψ1, . . . , ψn, φ}, i) such that

• n ≥ 0 ≤ m;
• {(ψC1

1 , q1), . . . , (ψCn
n , qn)} ⊆ Kt

A
∗;

• {ψ1, . . . , ψn, φ} is a classically inconsistent set;
• all proper subsets of {ψ1, . . . , ψn, φ} are consistent;
• i = q1 · . . . · qn · p.

Let, moreover, val�(Kt
A, (φC , p)) = max({j | (Z, j) ∈ Set�(Kt

A, (φC , p))}).

Definition 5.3 (Inconsistent part of a set of expressions): For any real number ε,
Kt

A�ε((φC , p)) is defined as the subset of Kt
A that contains all pairs in Kt

A the first element
of which occurs in any set Z such that (Z, j) ∈ Set�(Kt

A, (φC , p)) and j > ε.

Definition 5.4 (Opinion set of a state): For any state Kt
A, let Op(Kt

A) be defined as
{(φB, p) | (φB, p) ∈ Kt

A}.

In Definition 5.5, we present the function that determines the temporal evolution
of the opinion states in the system. The function computes the opinion state Kt+1

A
of an agent A at time t + 1 on the basis of two arguments: the state Kt

A – which is
the state related to the same agent A for the previous time t – and the value of the
function C applied to time t. Depending on C(t), which indicates the action that hap-
pened between time t and time t + 1, the function operates differently. As specified by
clause (1) of Definition 5.5, if C(t) is an action by an agent B 	= A, then the state Kt+1

A
is the same as Kt

A minus the operational formulae relative to time t, which are removed
inasmuch as they are outdated. As specified by clause (2), if C(t) is a writing action
executed by A, then Kt+1

A simply contains all elements of Kt
A minus the operational for-

mulae relative to time t plus the expression W(φC , p) indicating that A wrote the pair
(φC , p). If C(t) is a reading action, the result of Up(Kt

A, C(t)) depends on several factors
determining whether:

• A trusts but does not internalise the newly received opinion (φC , p) since its con-
viction value p is not higher than A’s threshold εint for internalisation – clause
(3)(a);
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• trusts but does not internalise the newly received opinion (φC , p) since A already
has a stronger opinion (φA, q) on the topic – clause (3)(b);

• trusts and internalises the newly received opinion – clause (3)(c);
• distrusts the newly received opinion – clause (3)(d);
• accepts the newly received opinion but, as a consequence, has to mistrust some

previously held opinions – clauses (3)(e)–(g).

The differences in (3)(e)–(g) roughly reflect those in (3)(a)–(c). Indeed, (3)(e) concerns
the case in which there is no internalisation because of the threshold εint , just as (3)(a);
(3)(f ) concerns the case in which the internalisation happens, just as (3)(c); and, finally,
(3)(g) concerns the case in which there is no internalisation because a stronger opinion
on the same topic is held by A, just as (3)(b).

Definition 5.5 (Update function): The function Up is defined as follows:

(1) if B 	= A, Up(Kt
A, w(B, (φC , p))) = Up(Kt

A, r(B, (φC , p))) = Op(Kt
A)

(2) Up(Kt
A, w(A, (φC , p))) = Op(Kt

A) ∪ {W(φC , p)}
(3) Up(Kt

A, r(A, (φC , p))) is defined as follows:

(a) Op(Kt
A) ∪ {R((φC , p), m

n ), Tr(φC , p), (φC , p)} if val�(Kt
A, (φC , p)) ≤ εA⊥ and

p ≤ εA
int

(b) Op(Kt
A) ∪ {R((φC , p), m

n ), Tr(φC , p), (φC , p)} if val�(Kt
A, (φC , p)) ≤ εA⊥, p >

εA
int and (φA, q) ∈ Kt

A with p ≤ q

(c) Op(Kt
A) ∪ {R((φC , p), m

n ), Tr(φC , p), (φC , p), (φA, p)} if val�(Kt
A, (φC , p)) ≤

εA⊥, p > εA
int and, for any q, (φA, q) /∈ Kt

A
while
(Op(Kt

A) \ {(φA, q)}) ∪ {R((φC , p), m
n ), Tr(φC , p), (φC , p), (φA, p)}

if (φA, q) ∈ Kt
A, val�(Kt

A, (φC , p)) ≤ εA⊥, q < p > εA
int and φA contains at

least one agent name different from A
(d) Op(Kt

A) ∪ {R((φC , p), m
n ), DisTr(φC , p)} if val�(Kt

A, (φC , p)) > εA⊥ and m
n ≤

εA
freq

(e) (Op(Kt
A) \ (Kt

A�εA⊥
(φC , p))) ∪ {R((φC , p), m

n ), (φC , p)} if val�(Kt
A, (φC , p)) >

εA⊥ and m
n > εA

freq and p ≤ εA
int

(f ) (Op(Kt
A) \ (Kt

A�εA⊥
(φC , p))) ∪ {R((φC , p), m

n ), (φC , p), (φA, p)} if val�(Kt
A,

(φC , p)) > εA⊥ and m
n > εA

freq and p > εA
int and (φA, q) /∈ Kt

A for any q

((Op(Kt
A) \ (Kt

A�εA⊥
(φC , p))) \ {(φA, q)}) ∪ {R((φC , p), m

n ), (φC , p), (φA, p)} if

val�(Kt
A, (φC , p)) > εA⊥ and m

n > εA
freq, (φA, q) ∈ Kt

A, q < p > εA
int and φA

contains at least one agent name different from A
(g) (Op(Kt

A) \ (Kt
A�εA⊥

(φC , p))) ∪ {R((φC , p), m
n ), (φC , p)} if val�(Kt

A, (φC , p)) >

εA⊥ and m
n > εA

freq and p > εA
int and (φA, q) ∈ Kt

A with p ≤ q
where

n = |{t′ | t′ < t, C(t′) = w(D, (φC , p))}|
m = |{t′ | t′ < t, C(t′) = w(E, (ψF , q))}|

for any agents D, E, F, formula ψF and real number q.
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Finally, the function defining the closure of opinion states with respect to logical
derivability is provided below. It allows the agent to have in her opinion state all she
could obtain through logical reasoning. Technically, we define an operation ded that
adds opinions to a set if these can be derived from its elements and then define, as per
usual practice, the closure of X as the smallest fixpoint Y of ded containing X. Since Y is
the smallest fixpoint of ded containing X, Y can always be obtained from X by a possibly
infinite number of ded applications.

Definition 5.6 (Closure): For any agent A and set of opinions X, clA(X) is the smallest
superset Y of X such that dedA(Y) = Y . The set dedA(Y) is defined by the following
clauses:

(1) If (φC , p) ∈ Y , dedA(Y) ⊇ Y ∪ {((¬φC)A, 1 − p)}
(2) If ((¬φC)C′

, p) ∈ Y and either C = C′ = A or C 	= A, dedA(Y) ⊇ Y ∪ {(φC , 1 −
p)}

(3) If (φC , p), (ψC′
, p′) ∈ Y , dedA(Y) ⊇ Y ∪ {((φC ∧ ψC′

)A, p·p′
p+p′ )}

(4) If ((φC ∧ ψC′
)C′′

, p), (ψC′
, p′) ∈ Y and p

p′ is defined and either C = C′ = C′′ =
A or C 	= A, dedA(Y) ⊇ Y ∪ {(φC , p′·p

p′−p )}
(5) If ((φC ∧ ψC′

)C′′
, p), (φC , p′) ∈ Y and p

p′ is defined and either C = C′ = C′′ = A

or C′ 	= A, dedA(Y) ⊇ Y ∪ {(ψC′
, p′·p

p′−p )}
(6) If (φC , p), (ψC′

, p′) ∈ Y , dedA(Y) ⊇ Y ∪ {((φC ∨ ψC′
)A, 1 − (1−p)·(1−p′)

1−p+1−p′ )}
(7) If ((φC ∨ ψC′

)C′′
, p), (ψC′

, p′) ∈ Y and (1−p′)·(1−p)
(1−p′)−(1−p) is defined and either C =

C′ = C′′ = A or C 	= A, dedA(Y) ⊇ Y ∪ {(φC , 1 − (1−p′)·(1−p)
(1−p′)−(1−p) )}

(8) If ((φC ∨ ψC′
)C′′

, p), (φC , p′) ∈ Y and (1−p′)·(1−p)
(1−p′)−(1−p) is defined and either C =

C′ = C′′ = A or C′ 	= A, dedA(Y) ⊇ Y ∪ {(ψC′
, 1 − (1−p′)·(1−p)

(1−p′)−(1−p) )}
(9) If (φC , p), (ψC′

, p′) ∈ Y and p′
p is defined, dedA(Y) ⊇ Y ∪ {((φC → ψC′

)A, 1 −
p·(1−p′)
p+1−p′ )}

(10) If ((φC → ψC′
)C′′

, p), (φC , p′) ∈ Y and 0 	= p′ and either C = C′ = C′′ = A or

C′ 	= A then dedA(Y) ⊇ Y ∪ {(ψC′
, p′·(1−p)

p )}

Intuitively, we do not formalise the truth of complex formulae in a traditional
Tarskian way and we use instead the closure of the set Ki

j with respect to logical deriv-
ability since we do not handle all formulae compositionally. In other words, an agent
might be able to derive the value of some formulae from the value of their compo-
nents; for some other formulae, instead, she might not be able to do so and she might
only be able to attribute a value to them in bulk. The former kind of formulae contains
the innate opinions of the agent, which the agent can evaluate atomically; the latter
kind contains the acquired opinions of the agent, which she might have received com-
posed but not in atomic form. Hence, we would be able to use a set of Tarskian-style
semantic clauses only for the truth of formulae which in the calculus are derived from
the innate set of opinions. For the other complex formulae, we might not be able to do
it. In order to have a homogeneous way of treating all complex formulae, we only use
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a semantical construction based on the identification of set-containment and truth at
a state.

Intuitively, the set dedA(Y) contains all elements of Y plus all pairs that can be
obtained by applying a logical introduction or elimination rule to some elements of
Y. Technically, then, the clauses defining dedA(Y) are structured according to the syn-
tactical introductions and eliminations of connectives. For instance, clause (4) – which
defines dedA(Y) with respect to disjunctions occurring in the set Y – states that, if

((φC ∧ ψC′
)C′′

, p) and (ψC′
, p′) are elements of Y, then (φC , p′·p

p′−p ) must be an element

of the set dedA(Y). Rather obviously, the conviction value p′·p
p′−p occurring in the pair

which must be added to Y in order to obtain dedA(Y) is computed according to the
same arithmetical function used in the conjunction elimination rule. In other words, if
the set Y contains one or two pairs, the form of which corresponds to those displayed
in the premisses of a logical rule of the calculus, then dedA(Y) must contain at least all
elements of Y and the pair occurring on the right hand side of the conclusion of that
logical rule.

5.1. Soundness and completeness

We now prove the equivalence between calculus and semantics. Let us begin with
a definition establishing a correspondence between sequent contexts and states in
models, essential to state the soundness result.

Definition 5.7 (Profile–opinion state correspondence): For any profile P = L; �A; �
and state Kt

B in a model M = ({Ki
j }i∈T ,j∈A, T , A, C, ε), Kt

B is a P-state and P is a Kt
B-profile

if, and only if, all following points hold:

• A = B;
• the thresholds for A are the same in the calculus and in M;
• {(φC , p) | (φC , p) ∈ Kt

A} = �A ∪ �, and
• C(0), . . . , C(t − 1) = L.

Notice that the profile P = L; �A; � used as context of a sequent might represent an
impossible situation. Indeed, the literature L might describe an impossible exchange
of opinions: one in which an agent writes an opinion that cannot be derived from its
opinion state or one in which an agent reads an opinion which has not been written
by any agent. If this is the case, the following statement trivially holds. This might seem
odd, but it is absolutely comparable with the case in which we consider an instance
A, ¬A � B of the consequence relation of classical logic. Since no model of classical
logic verifies both A and ¬A, this instance of the consequence relation trivially holds.
It is possible, in principle, to restrict the calculus is such a way that only reasonable
literatures L can be used inside profiles, but this would needlessly complicate the
calculus.

In more standard systems, the previous correspondence might be generalised by
requiring that the set {(φC , p) | (φC , p) ∈ Kt

A} and the set �A ∪ � are logically equiva-
lent rather than identical – for some notion of equivalence based on derivability. The
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very nature of (un)SecureNDgrad, though, makes its notion of derivability strongly
contextual – notice, for instance, that only negation rules enable us to derive one opin-
ion pair by considering only one opinion pair in the profile. As a consequence, there
seems to be no obvious way of meaningfully defining a notion of inter-derivability
between two opinion pairs without referring to a previously fixed profile. The general-
ity that we usually find in the notion of semantic state is recovered here by considering
the logical closure of the semantic states Kt

A when we define the conditions under
which a structure ({Ki

j }i∈T ,j∈A, T , A, C, ε) is a suitable model of (un)SecureNDgrad, see
Definitions 5.1 and 5.6.

Notice, moreover, that in the following proof, nothing is proved directly of sequents

of the form L++r(A,(φC′
,p)); �A; � � R((φC′

, p), m
n ). Indeed, since its derivability occurs

as premiss of other operational rules that induce the modification of a profile, deriv-

ing such a formula does not guarantee that the context L++r(A,(φC′
,p)); �A; � indeed

corresponds to the state that occurs after the update induced by the read operation.

We must be able to derive L++r(A,(φC′
,p)); �A; � � R((φC′

, p), m
n ) also before we have

updated our context L++r(A,(φC′
,p)); �A; � since deriving this sequent is a precondition

of the operations that can update the context with respect to the operation denoted by
r(A, (φC′

, p)). The R rule is, nevertheless, considered precisely inasmuch as it is indirectly
required to derive statements about the results of a reading operation on an opinion
state. For similar reasons, the statement does not cover the rules with conclusion of the
form P :: Profiletemp.

Theorem 5.1 (Soundness of the calculus): For any profile P = L; �A; � and model M,
all following points hold:

(1) If L; �A; � :: Profile is derivable, then there exists a P-state.
(2) If L; �A; � � (φC , p) is derivable, then there exists a P-state and (φC , p) ∈

clA(Kt
A) holds for any P-state Kt

A.
(3) If L; �A; � � W(φC , p) is derivable, then there exists a P-state and W(φC , p) ∈

clA(Kt+1
A ) holds for any P-state Kt

A.
(4) If L; �A; � � E is derivable and E is of the form R(. . .), Tr(. . .) or DisTr(. . .),

then
- there exists a P′-state where P′ is the context of the bottommost statement of

the form P′ :: Profile occurring above L; �A; � � E
- and E ∈ clA(Kt+1

A ) holds for any state Kt+1
A which is the successor of any P′-

state Kt
A of a model M in which C(0), . . . , C(t) = L.

Proof: The proof is by induction on the number of rule applications occurring in the
derivation of S.

No derivation can contain 0 rule applications. Hence, in the base case, an :: rule
has been applied. Suppose its conclusion is ; �A; :: Profile. It is clearly always possible
to construct a model such that a state K0

A of it is a P-state, for P =; �A;.
We then suppose that the statement holds for all sequents with a derivation con-

taining less than n rule applications and show that it also holds for sequents with
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a derivation containing n rule applications. We consider the last rule applied in the
derivation of S:

• L; �A, (φA, p); � :: Profile

L; �A, (φA, p); � � (φA, p)
StI

By inductive hypothesis, there exists a P-state Kt
A, for P = L; �A, (φA, p); �. By

Definition 5.7, (�A ∪ {(φA, p)}) ∪ � ⊆ Kt
A and hence (φA, p) ∈ Kt

A ⊆ clA(Kt
A), as

desired.

• L; �A; �, (φC , p) :: Profile

L; �A; �, (φC , p) � (φC , p)
StA

By inductive hypothesis, there exists a P-state Kt
A, for P = L; �A; �, (φC , p). By

Definition 5.7, �A ∪ (� ∪ {(φC , p)}) ⊆ Kt
A and hence (φC , p) ∈ Kt

A ⊆ clA(Kt
A), as

desired.

• L; �A; � � (φC , p)

L; �A; � � ((¬φC)A, 1 − p)
¬I

By inductive hypothesis, there exists a P-state, for P = L; �A; �. Let us then
consider a generic P-state Kt

A of a generic model M. By inductive hypothesis,
(φC , p) ∈ clA(Kt

A). By Definition 5.6.1., we also have that ((¬φC)A, 1 − p) ∈ clA(Kt
A),

as desired.

• L; �A; � � ((¬φC)C′
, p)

L; �A; � � (φC , 1 − p)
¬E

By inductive hypothesis, there exists a P-state, for P = L; �A; �. Let us then
consider a generic P-state Kt

A of a generic model M. By inductive hypothesis,

((¬φC)C′
, p) ∈ clA(Kt

A). By Definition 5.6.2., we also have that (φC , 1 − p) ∈ clA(Kt
A),

as desired.

• L; �A; � � (φC , p) L; �A; � � (ψC′
, p′)

L; �A; � � ((φC ∧ ψC′
)A, p·p′

p+p′ )
∧I

By inductive hypothesis, there exists a P-state, for P = L; �A; �. Let us then
consider a generic P-state Kt

A of a generic model M. By inductive hypoth-

esis, (φC , p), (ψC′
, p′) ∈ clA(Kt

A). By Definition 5.6.3., we also have that ((φC ∧
ψC′

)A, p·p′
p+p′ ) ∈ clA(Kt

A), as desired.

• L; �A; � � ((φC ∧ ψC′
)C′′

, p) L; �A; � � (ψC′
, p′)

L; �A; � � (φC , p′·p
p′−p )

∧E

By inductive hypothesis, there exists a P-state, for P = L; �A; �. Let us then con-
sider a generic P-state Kt

A of a generic model M. By inductive hypothesis, ((φC ∧
ψC′

)C′′
, p), (ψC′

, p′) ∈ clA(Kt
A). By Definition 5.6.4., we also have that (φC , p′·p

p′−p ) ∈
clA(Kt

A), as desired.

• L; �A; � � ((φC′ ∧ ψC)C′′
, p) L; �A; � � (φC′

, p′)
L; �A; � � (ψC , p′·p

p′−p )
∧E

This case is symmetric to the previous one.

• L; �A; � � (φC , p) L; �A; � � (ψC′
, p′)

L; �A; � � ((φC ∨ ψC′
)A, 1 − (1−p)·(1−p′)

1−p+1−p′ )
∨I
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By inductive hypothesis, there exists a P-state, for P = L; �A; �. Let us then
consider a generic P-state Kt

A of a generic model M. By inductive hypoth-

esis, (φC , p), (ψC′
, p′) ∈ clA(Kt

A). By Definition 5.6.6., we also have that ((φC ∨
ψC′

)A, 1 − (1−p)·(1−p′)
1−p+1−p′ ) ∈ clA(Kt

A), as desired.

• L; �A; � � ((φC ∨ ψC′
)C′′

, p) L; �A; � � (ψC′
, p′)

L; �A; � � (φC , 1 − (1−p′)·(1−p)
(1−p′)−(1−p) )

∨E

By inductive hypothesis, there exists a P-state, for P = L; �A; �. Let us then
consider a generic P-state Kt

A of a generic model M. By inductive hypothe-

sis, ((φC ∨ ψC′
)C′′

, p), (ψC′
, p′) ∈ clA(Kt

A). By Definition 5.6.7., we also have that

(φC , 1 − (1−p′)·(1−p)
(1−p′)−(1−p) ) ∈ clA(Kt

A), as desired.

• L; �A; � � ((φC′ ∨ ψC)C′′
, p) L; �A; � � (φC′

, p′)
L; �A; � � (ψC , 1 − (1−p′)·(1−p)

(1−p′)−(1−p) )
∨E

This case is symmetric to the previous one.

• L; �A; � � (φC , p) L; �A; � � (ψC′
, p′)

L; �A; � � ((φC → ψC′
)A, 1 − p·(1−p′)

p+1−p′ )
→ I

By inductive hypothesis, there exists a P-state, for P = L; �A; �. Let us then
consider a generic P-state Kt

A of a generic model M. By inductive hypothe-

sis, (φC , p), (ψC′
, p′) ∈ clA(Kt

A). By Definition 5.6.9., we also have that ((φC →
ψC′

)A, 1 − p·(1−p′)
p+1−p′ ) ∈ clA(Kt

A), as desired.

• L; �A; � � ((φC′ → ψC)C′′
, p) L; �A; � � (φC′

, p′)
L; �A; � � (ψC , p′·(1−p)

p )
→ E

By inductive hypothesis, there exists a P-state, for P = L; �A; �. Let us then
consider a generic P-state Kt

A of a generic model M. By inductive hypothe-

sis, ((φC′ → ψC)C′′
, p), (φC′

, p′) ∈ clA(Kt
A). By Definition 5.6.10., we also have that

(ψC , p′·(1−p)
p ) ∈ clA(Kt

A), as desired.

• L; �A; � :: Profile p > 0.5

L++w(B,(φC ,p)); �A; � :: Profile
++ L; �A; � :: Profile w(B, (φC , p)) ∈ L

L++r(B′,(φC ,p)); �A; � :: Profile
++

where A 	= B
Let P1 = L++x(B,(φC ,p)); �A; �, where x ∈ {w, r}, and P0 = L; �A; �. By inductive
hypothesis, there exists a P0-state in some model M. If we consider a model M
such that C(0), . . . , C(t) = L++x(B,(φC ,p)) and such that Kt

A is a P0-state, we clearly
have that Kt+1

A is a P1-state.

• L; �A; � � (φC , p) p > 0.5

L++w(A,(φC ,p)); �A; � � W(φC , p)
W

Let P1 = L++w(A,(φC ,p)); �A; � and P0 = L; �A; �. By inductive hypothesis, there
exists a P0-state in some model M. If we consider a model M such that
C(0), . . . , C(t) = L++w(A,(φC ,p)) and such that Kt

A is a P0-state, we clearly have that
Kt+1

A is a P1-state.
Let us consider now a generic P1-state Kt+1

A . By case 2 of Definition 5.5 and
since, by inductive hypothesis, (φC , p) ∈ clA(Kt

A) for any P0-state, Kt+1
A must have
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been constructed as Up(Kt
A, w(A, (φC , p))) = Kt

A ∪ {W(φC , p)} for some P0-state Kt
A.

Therefore, as desired, W(φC , p) ∈ clA(Kt+1
A ).

• L0; �C , � � W(φC′
, p) L; �A; � :: Profile

L++r(A,(φC′
,p)); �A; � � R((φC′

, p), m
n )

R

where m = #L(w(C, (φC′
, p))), n = #L(w), L = L

++L1
0 for some, possibly empty,

literature L1.
Let P0 = L0; �C , �, P = L; �A; �. By inductive hypothesis, there exist a P-state

and a P0-state. Moreover, again by inductive hypothesis, W(φC′
, p) ∈ cl(Kt0

C ) for any

P0-state Kt0
C . If we consider a model M such that C(0), . . . , C(t) = L++r(A,(φC′

,p))

which contains a P-state Kt
A, then it can contain a P0-state Kt0

C since L = L
++L1
0 .

Let us consider now a generic P-state Kt
A in a model which contains P0-state

Kt0
C and such that C(0), . . . , C(t) = L++r(A,(φC′

,p)). By case 3 of Definition 5.5 and

since, by inductive hypothesis, W(φC′
, p) ∈ cl(Kt0

C ) for any P0-state Kt0
C , Kt+1

A must

have been constructed as Up(Kt
A, r(A, (φC′

, p))) for some P0-state Kt
A. Therefore,

as desired, R((φC′
, p), m

n ) ∈ clA(Kt+1
A ). Indeed, since L = C(0), . . . , C(t), n = n′ and

m = m′.
• L; �A; � � R((φC , p), m

n ) val�(�A; �, (φC , p)) ≤ εA⊥
L; �A; � � Tr(φC , p)

Tr

Let P = L; �A; �. By inductive hypothesis, there exists a P′-state – where P′ is the
context of the bottommost statement of the form P′ :: Profile occurring above our
rule – and R((φC , p), m

n ) ∈ clA(Kt+1
A ) holds for any state Kt+1

A which is the successor
of any P′-state Kt

A of a model M in which C(0), . . . , C(t) = L. Now, since

° C(t) = r(A, (φC′
, p)) since R((φC , p), m

n ) ∈ clA(Kt+1
A ),

° val�(�A; �, (φC , p)) ≤ εA⊥,

° val�(�A, �, (φC , p)) = val�(Kt
A, (φC , p)) (see Definitions 3.4 and 5.2) since, by

inspection of the rules of the calculus and by inductive hypothesis, �A; � are
exactly the lists occurring in the context corresponding to Kt

A;
by cases (3)(a)–(c) of Definition 5.5, we can conclude that Tr(φC , p) ∈ clA(Kt+1

A ),
as desired.

• L; �A; � � Tr(φC , p)

L; �A; �, (φC , p) :: Profiletemp
ATr

There is nothing to prove in this case.

• L; �A; � � R((φC , p), m
n ) val�(�A; �, (φC , p)) > εA⊥

m
n ≤ εA

freq

L; �A; � � DisTr(φC , p)
DisTr

Let P = L; �A; �. By inductive hypothesis, there exists a P′-state – where P′ is the
context of the bottommost statement of the form P′ :: Profile occurring above our
rule – and R((φC , p), m

n ) ∈ clA(Kt+1
A ) holds for any state Kt+1

A which is the successor
of any P′-state Kt

A of a model M in which C(0), . . . , C(t) = L. Now, since

° C(t) = r(A, (φC′
, p)),

° val�(�A; �, (φC , p)) > εA⊥,
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° val�(�A, �, (φC , p)) = val�(Kt
A, (φC , p)) (see Definitions 3.4 and 5.2) since, by

inspection of the rules of the calculus and by inductive hypothesis, �A; � are
exactly the lists occurring in the context corresponding to Kt

A;
by case (3)(d) of Definition 5.5, we can conclude that DisTr(φC , p) ∈ clA(Kt+1

A ),
as desired.

• L; �A; � � R((φC , p), m
n ) val�(�A; �, (φC , p)) > εA⊥

m
n > εA

freq

L; �′A; �′, (φC , p) :: Profiletemp
AMis

where �′A = �A \ (�A�εA⊥
(�, (φC , p))) and �′ = � \ (��εA⊥

(�A, (φC , p))).

There is nothing to prove in this case.

• L; �A; � � W(φC , p)

L; �A; � :: Profile
::W

Let P = L; �A; �. By inductive hypothesis, there exists a P-state in some model
M, as desired.

• L; �A; � � DisTr(φC , p)

L; �A; � :: Profile
::DisTr

Let P = L; �A; �. By inductive hypothesis, there exists a P-state in some model
M, as desired.

• L; �A; �, (φC , p) :: Profiletemp p ≤ εA
int

L; �A, �, (φC , p) :: Profile
DisI

Now, the premiss L; �A; �, (φC , p) :: Profiletemp must be the conclusion either of
an ATr or of an AMis rule application.

In the first case, consider the premiss L; �A; � � Tr(φC , p) of the ATr rule
application. By inductive hypothesis, there exists a P′-state – where P′ is the con-
text of the bottommost statement of the form P′ :: Profile occurring above the
ATr rule – and Tr(φC , p) ∈ clA(Kt+1

A ) holds for any state Kt+1
A which is the succes-

sor of any P′-state Kt
A of a model M in which C(0), . . . , C(t) = L. Now, since we

can indeed consider a model in which C(0), . . . , C(t) = L, in it, Kt+1
A will be the

successor of Kt
A and Tr(φC , p) ∈ clA(Kt+1

A ). It is clear, considering the premisses
of the rule and the thresholds of the model, that Kt+1

A can contain Tr(φC , p) only
due to case (3)(a) of Definition 5.5. Thus, Kt+1

A contains also (φC , p) and, as desired,
Kt+1

A is also a P-state for P = L; �A, �, (φC , p).
In the second case, consider the premiss L; �A; � � R((φC , p), m

n ) of the AMis
rule application. By inductive hypothesis, there exists a P′-state – where P′ is the
context of the bottommost statement of the form P′ :: Profile occurring above the
AMis rule – and R((φC , p), m

n ) ∈ clA(Kt+1
A ) holds for any state Kt+1

A which is the
successor of any P′-state Kt

A of a model M in which C(0), . . . , C(t) = L. Now, since
we can indeed consider a model in which C(0), . . . , C(t) = L, in it, Kt+1

A will be the
successor of Kt

A and R((φC , p), m
n ) ∈ clA(Kt+1

A ). Clearly, considering the premisses

of the rule and the thresholds of the model, Kt+1
A can contain Tr(φC , p) only due

to case (3)(e) of Definition 5.5. Thus, Kt+1
A contains also (φC , p) and, as desired, Kt+1

A
is also a P-state for P = L; �A, �, (φC , p).

• L; �A; �, (φC , p) :: Profiletemp (φA, q) /∈ � p > εA
int

L; �A, �, (φC , p), (φA, p) :: Profile
I

where φA contains at least one agent name different from A.
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Now, the premiss L; �A; �, (φC , p) :: Profiletemp must be the conclusion either of
an ATr or of an AMis rule application.

In the first case, consider the premiss L; �A; � � Tr(φC , p) of the ATr rule
application. By inductive hypothesis, there exists a P′-state – where P′ is the con-
text of the bottommost statement of the form P′ :: Profile occurring above the
ATr rule – and Tr(φC , p) ∈ clA(Kt+1

A ) holds for any state Kt+1
A which is the succes-

sor of any P′-state Kt
A of a model M in which C(0), . . . , C(t) = L. Now, since we

can indeed consider a model in which C(0), . . . , C(t) = L, in it, Kt+1
A will be the

successor of Kt
A and Tr(φC , p) ∈ clA(Kt+1

A ). It is clear, considering the premisses of
the rule and the thresholds of the model, that Kt+1

A can contain Tr(φC , p) only
due to case (3)(b) of Definition 5.5. Thus, Kt+1

A contains also (φC , p), (φA, p) and, as
desired, Kt+1

A is also a P-state for P = L; �A, �, (φC , p), (φA, p).
In the second case, consider the premiss L; �A; � � R((φC , p), m

n ) of the AMis
rule application. By inductive hypothesis, there exists a P′-state – where P′ is the
context of the bottommost statement of the form P′ :: Profile occurring above the
AMis rule – and R((φC , p), m

n ) ∈ clA(Kt+1
A ) holds for any state Kt+1

A which is the
successor of any P′-state Kt

A of a model M in which C(0), . . . , C(t) = L. Now, since
we can indeed consider a model in which C(0), . . . , C(t) = L, in it, Kt+1

A will be the
successor of Kt

A and R((φC , p), m
n ) ∈ clA(Kt+1

A ). It is clear, considering the premisses

of the rule and the thresholds of the model, that Kt+1
A can contain Tr(φC , p) only

due to case (3)(f) of Definition 5.5. Thus, Kt+1
A contains also (φC , p), (φA, p) and, as

desired, Kt+1
A is also a P-state for P = L; �A, �, (φC , p), (φA, p).

• L; �A; �, (φC , p) :: Profiletemp (φA, q) ∈ � q < p > εA
int

L; �′A, �′, (φC , p), (φA, p) :: Profile
I

where �′ = � \ {(φA, q)} and φA contains at least one agent name different
from A.

Now, the premiss L; �A; �, (φC , p) :: Profiletemp must be the conclusion either of
an ATr or of an AMis rule application.

In the first case, consider the premiss L; �A; � � Tr(φC , p) of the ATr rule
application. By inductive hypothesis, there exists a P′-state – where P′ is the con-
text of the bottommost statement of the form P′ :: Profile occurring above the
ATr rule – and Tr(φC , p) ∈ clA(Kt+1

A ) holds for any state Kt+1
A which is the succes-

sor of any P′-state Kt
A of a model M in which C(0), . . . , C(t) = L. Now, since we

can indeed consider a model in which C(0), . . . , C(t) = L, in it, Kt+1
A will be the

successor of Kt
A and Tr(φC , p) ∈ clA(Kt+1

A ). Clearly, considering the premisses of
the rule and the thresholds of the model, Kt+1

A can contain Tr(φC , p) only due to
case (3)(c) of Definition 5.5. Thus, Kt+1

A contains also (φC , p), (φA, p) and, as desired,
Kt+1

A is also a P-state for P = L; �A, �, (φC , p), (φA, p).
In the second case, consider the premiss L; �A; � � R((φC , p), m

n ) of the AMis
rule application. By inductive hypothesis, there exists a P′-state – where P′ is the
context of the bottommost statement of the form P′ :: Profile occurring above the
AMis rule – and R((φC , p), m

n ) ∈ clA(Kt+1
A ) holds for any state Kt+1

A which is the
successor of any P′-state Kt

A of a model M in which C(0), . . . , C(t) = L. Now, since
we can indeed consider a model in which C(0), . . . , C(t) = L, in it, Kt+1

A will be the
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successor of Kt
A and R((φC , p), m

n ) ∈ clA(Kt+1
A ). It is clear, considering the premisses

of the rule and the thresholds of the model, that Kt+1
A can contain Tr(φC , p) only

due to case (3)(f) of Definition 5.5. Thus, Kt+1
A contains also (φC , p)(φA, p) and, as

desired, Kt+1
A is also a P-state for P = L; �A, �, (φC , p), (φA, p) �.

We now need a measure of the complexity of a derivation of P � E in case E ∈ cl(Kt
A)

and P is a Kt
A-profile. This will be used in the proof of Theorem 5.2. Intuitively, the age of

an expression is a value that indicates how many steps it takes (in terms of applications
of the update functions Up and dedA introduced in Definitions 5.5 and 5.6) to justify
that the expression E is contained in the closure of the state Kt

A. The condition ‘unless
another case applies to E and yields a smaller value’ is meant to guarantee that the
number of steps considered is minimal and hence that the age of the expression E is
unique.

Before defining the age of an expression, we introduce some useful notation.

Definition 5.8 (Operations with pairs and order): Addition of pairs of numbers
is defined element-wise: (n, m) + (n′, m′) = (n + n′, m + m′). Projections of pairs are
defined as usual: fst(n, m) = n and snd(n, m) = m. We order pairs of numbers lexico-
graphically.

Definition 5.9 (Age of an expression): For any model M = ({Ki
j }i∈T ,j∈A, T , A, C, ε),

state Kt
A in M and expression E such that E ∈ cl(Kt

A), the measure age(E , Kt
A) of E with

respect to Kt
A is inductively defined as follows:

• if E ∈ Kt
A, then age(E , Kt

A) = (t, 0);
• if E /∈ Kt

A and E = ((¬φC)A, 1 − p), then age(E , Kt
A) = age((φC , p), Kt

A) + (0, 1),
unless another case applies to E and yields a smaller value;

• if E /∈ Kt
A, E = (φC , 1 − p) and either C = C′ = A or C 	= A, then age(E , Kt

A) =
age(((¬φC)C′

, p), Kt
A) + (0, 1), unless another case applies to E and yields a

smaller value;
• if E /∈ Kt

A and E = ((φC ∧ ψC′
)A, p·p′

p+p′ ) where p + p′ 	= 0, then age(E , Kt
A) =

(t, n + m + 1) where n = snd(age((φC , p), Kt
A)) and m = snd(age((ψC′

, p′), Kt
A))

unless another case applies to E and yields a smaller value;

• if E /∈ Kt
A, E = (φC , p′·p

p′−p ) where p′ − p > 0, p′ · p ≤ p′ − p and either C = C′ =
C′′ = A or C 	= A, then age(E , Kt

A) = (t, n + m + 1) where n = snd(age(((φC ∧
ψC′

)C′′
, p), Kt

A)) and m = snd(age((ψC′
, p′), Kt

A)), unless another case applies to
E and yields a smaller value;

• if E /∈ Kt
A, E = (ψC′

, p′·p
p′−p ) where p′ − p > 0, p′ · p ≤ p′ − p and either C = C′ =

C′′ = A or C 	= A, then age(E , Kt
A) = (t, n + m + 1) where n = snd(age(((φC ∧

ψC′
)C′′

, p), Kt
A)) and m = snd(age((φC , p′), Kt

A)), unless another case applies to E
and yields a smaller value;

• if E /∈ Kt
A and E = ((φC ∨ ψC′

)A, 1 − (1−p)·(1−p′)
1−p+1−p′ ) where 1 − p + 1 − p′ 	= 0,

then age(E , Kt
A) = (t, n + m + 1) where n = snd(age((φC , p), Kt

A)) and m =
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snd(age((ψC′
, p′), Kt

A)), unless another case applies to E and yields a smaller
value;

• if E /∈ Kt
A, E = (φC , 1 − (1−p′)·(1−p)

(1−p′)−(1−p) ) where (1 − p′) − (1 − p) > 0, (1 − p′) ·
(1 − p) ≤ (1 − p′) − (1 − p) and either C = C′ = C′′ = A or C 	= A, then age(E ,
Kt

A) = (t, n + m + 1) where n = snd(age(((φC ∨ ψC′
)C′′

, p), Kt
A)) and m = snd

(age((ψC′
, p′), Kt

A)), unless another case applies to E and yields a smaller value;

• if E /∈ Kt
A, E = (ψC′

, 1 − (1−p′)·(1−p)
(1−p′)−(1−p) ) where (1 − p′) − (1 − p) > 0, (1 − p′) ·

(1 − p) ≤ (1 − p′) − (1 − p) and either C = C′ = C′′ = A or C′ 	= A, then
age(E , Kt

A) = (t, n + m + 1) where n = snd(age(((φC ∨ ψC′
)C′′

, p), Kt
A)) and m =

snd(age((φC , p′), Kt
A)), unless another case applies to E and yields a smaller value;

• if E /∈ Kt
A, E = ((φC → ψC′

)A, 1 − p·(1−p′)
p+1−p′ ) and p + 1 − p′ 	= 0, then age(E , Kt

A) =
(t, n + m + 1) where n = snd(age((φC , p), Kt

A)) and m = snd(age((ψC′
, p′), Kt

A)),
unless another case applies to E and yields a smaller value;

• if E /∈ Kt
A, E = (ψC′

, 1 − p′·(1−p)
p′−(1−p) ) where p′ − (1 − p) > 0, p′ · (1 − p) ≤ p′ −

(1 − p) and either C = C′ = C′′ = A or C′ 	= A, then age(E , Kt
A) = (t, n + m +

1) where n = snd(age(((φC → ψC′
)C′′

, p), Kt
A)) and m = snd(age((φC , p′), Kt

A)),
unless another case applies to E and yields a smaller value.

Intuitively, the derivation will be constructed by using rules that correspond to
the steps of the construction of the model (in terms of applications of the update
function Up introduced in Definition 5.5 and of the closure operator cl introduced in
Definition 5.6) required to justify that E ∈ cl(Kt

A). The fact that the construction of the
derivation always terminates in a finite number of steps is proved by induction on the
age of E with respect to Kt

A. The fact that age(E , Kt
A) is used as inductive measure in this

proof also explains why the first element of a pair which is the value of a function appli-
cation age(E , Kt

A) is t even though t is already evident from the notation age(E , Kt
A).

Indeed, the proof requires the existence of an order defined on the set of these pairs –
that is, the set of values of the function applications age(E , Kt

A) – and t is a key element
in the definition of this order.

The way we map states in a model to the corresponding sequent contexts is slightly
more complicated than the way we map sequent contexts to states in the model.
Indeed, the change that leads from a state in a model to its successor state can cor-
respond to several operational rule applications that gradually modify the context of
the sequents involved. The change from one profile to the next one (which actually cor-
responds to the change from one state to its successor) is represented, in a derivation,
by the sequence of rule applications that enable us to derive the conclusion P :: Profile
of an I or DisI rule application from the premiss P′ :: Profile of a R rule application,
possibly through applications of Tr, DisTr, ATr, AMis. Schematically, if a state Kt

A
corresponds to the profile P′ occurring in a derivation with the following form:

. . . P′ :: Profile R
.... ATr / AMis / Tr / DisTr

P :: Profile
I/DisI
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then Kt+1
A will correspond to the profile P. In Theorem 5.1, this issue was dealt with by

handling in a special way all expressions of the form R(. . .), Tr(. . .) and DisTr(. . .).
Also in the following theorem, we treat opinions and operational formulae differ-
ently. That is, we treat opinions by a, more or less, traditional completeness statement:
there exists a derivation of L; �A; � � (φC , p) for a suitable context L; �A; � in case
(φC , p) ∈ clA(Kt

A) holds. As for the operational rules that are added to the state of A at
time t, they can be derived, but not with a sequent context that exactly corresponds
to the semantic state Kt

A. Hence, in case E is an operational formula that was added to
the state of A at t for the first time – formally, E ∈ Kt

A \ Kt−1
A – instead of finding com-

plex ways of constraining the context of L; . . . � E and then requiring that L; . . . � E is
derivable, we simply require that our derivation of L; �A; � � (φC , p) contains a deriva-
tion of L; . . . � E for any context L; . . .. In other terms, we use the fact that L; . . . � E
has been derived a few steps above L; �A; � � (φC , p) in order to guarantee that the
context L; . . . represents an intermediate step between the context that corresponds
to Kt−1

A and the one that corresponds to Kt
A. By doing this, we are able to handle the

fact that a single update step of a state in a model corresponds to several inferential
steps updating the corresponding context.

Theorem 5.2 (Completeness of the calculus): For any model M, state Kt
A of M, and

profile L; �A; �, if (φC , p) ∈ clA(Kt
A) and L; �A; � is a Kt

A-profile, then L; �A; � � (φC , p) is
derivable by a derivation that contains a derivation of a sequent of the form L; . . . � E for
any operational formula E ∈ Kt

A \ Kt−1
A .

Proof: We prove the following, stronger statement.

For any model M, state Kt
A of M, and profile L; �A; �, the following hold:

(1) If (φC , p) ∈ clA(Kt
A) and L; �A; � is a Kt

A-profile, then L; �A; � � (φC , p) is derivable.
(2) The derivation of L; �A; � � (φC , p) contains a derivation of a sequent of the form

L; · · · � E for any operational formula E ∈ Kt
A \ Kt−1

A .
(3) For any (φC , p) ∈ Kt

A and for any Kt
A-profile L; �A; �, either

� = �′, (φC , p)

and L; �A; �′, (φC , p) :: Profile is derivable or

�A = �′A, (φC , p)

and L; �′A, (φC , p); � :: Profile is derivable.

�

The proof is by induction on age((φC , p), Kt
A).

In the base case, t = 0 and Kt
A = K0

A . Then (φC , p) = (aA, p) ∈ K0
A and K0

A-profiles are
of the form ; �A;. If this is the case, ; �A; � (aC , p) can be proved by an application of ::
with conclusion ; �A; :: Profile and one of StI. Since t = 0, no other cases are possible.

Suppose now that, for any expression E ′ = (φ′D′
, q′) and state Kt′

C such that

age(E ′, Kt′
C ) < (n, m), the statement holds. We show that it also holds for any expres-

sion E = (φD, q) such that age(E , Kt
A) = (n, m).

Now, either E ∈ Kt
A or E /∈ Kt

A.
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• If E /∈ Kt
A, we reason by cases on the form of E . The age of E is computed

according to exactly one case of Definition 5.9. The application of this case to E
univocally corresponds to an application of a logical introduction or elimination
rule of the calculus. The rule application will be of one of the following forms:

L; �A; � � E ′

L; �A; � � E
L; �A; � � E ′ L; �A; � � E ′′

L; �A; � � E
where L; �A; � is a Kt

A-profile and both age(E ′, Kt
A) < age(E , Kt

A) and age(E ′′, Kt
A)

< age(E , Kt
A) hold by Definition 5.9. Hence, by inductive hypothesis, all premisses

of the rule application are derivable. But this means, as desired, that the sequent
L; �A; � � E is derivable as well.

• Suppose then that E ∈ Kt
A. If this is the case, by Definition 5.9, age(E , Kt

A) = (t, 0).
If t = 0, we simply are in the base case. Otherwise, let us consider how Kt

A has
been constructed by applying the update function Up to Kt−1

A according to
Definition 5.5. We reason by cases on the value of C(t − 1) where C is the action
choice function of model M.
(1) C(t − 1) = w(B, (φC , p)) or C(t − 1) = r(B, (φC , p)) with B 	= A and

Kt
A = Up(Kt−1

A , w(B, (φC , p))) = Up(Kt−1
A , r(B, (φC , p))) = Kt−1

A

(Definition 5.5, case 1).
As for the first point of the statement, by inductive hypothesis, there

is a derivation of L0, �A, � � E for L = L
++w(B,(φC ,p))
0 or L = L

++r(B,(φC ,p))
0 .

Indeed, L0, �A, � is a Kt−1
A -profile and age(E , Kt−1

A ) < age(E , Kt
A). By inspec-

tion of the rules of the calculus, it is clear that such a derivation must contain
a derivation of L0, �A, � :: Profile. An application of the suitable ++ rule,
then, yields the desired derivation.

As for the second point of the statement, no formula is contained in Kt
A \

Kt−1
A and hence there is nothing to prove.
As for the third point of the statement, it is enough to apply a StI or StA

rule to the conclusion of ++.
(2) C(t − 1) = w(A, (φC , p)) and

Up(Kt−1
A , w(A, (φC , p))) = Kt−1

A ∪ {W(φC , p)}
(Definition 5.5, case 2).

By inductive hypothesis, there is a derivation of L0, �A, � � (φC , p).
Indeed, L0, �A, � is a Kt−1

A -profile and age((φC , p), Kt−1
A ) < age((φC , p), Kt−1

A ).
Moreover, because of how Kt

A is defined, we have that E ∈ Kt−1
A . Hence,

by inductive hypothesis, L0, �A, � � E is derivable for any Kt−1
A -profile

L0, �A, �. We can then construct the following derivation:
....

L0, �A, � � (φC , p) p > 0.5

L; �A, � � W(φC , p)
W

L; �A; � :: Profile
::W

L; �A; � � E StA/StI
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Indeed, since E is not an operational formula, if L0, �A, � � E is derivable by
a StI or StA rule then so is L; �A; � � E .

This derivation shows that all three points of the statement hold.
(3) C(t − 1) = r(A, (φC , p))), val�(Kt−1

A , (φC , p)) ≤ εA⊥, p ≤ εA
int and

Up(Kt−1
A , r(A, (φC , p))) = Kt−1

A ∪
{
R

(
(φC , p),

m

n

)
, Tr(φC , p), (φC , p)

}

(Definition 5.5, case (3)(a)).
According to Definition 5.1, condition 2, there exists a time point t′ <

t such that C(t′) = w(A′, (φC , p)) for some agent A′. Hence, by inductive
hypothesis (or by :: and ++ applications if � = ∅), both premisses of the
R rule application displayed below are derivable. Therefore, we can con-

struct the following derivation in which L = L
++r(A,(φC ,p))
0 and E can either

be (φC , p) or any element of �A, �:

....
L1; �A′

; � � W(φC , p)

....
L0; �A; � :: Profile

L; �A; � � R((φC , p), m
n )

R
val�(�A; �, (φC , p)) ≤ εA⊥

L; �A; � � Tr(φC , p)
Tr

L; �A; �, (φC , p) :: Profiletemp
ATr

p ≤ εA
int

L; �A; �, (φC , p) :: Profile
DisI

L; �A; �, (φC , p) � E
StI/StA

Indeed, by Definition 5.7, L = C(0), . . . , C(t − 1) holds and hence n
m will

be the same number both according to Definition 5.5 and according to the
definition of the R rule.
This shows that all three points of the statement hold.

(4) C(t − 1) = r(A, (φC , p))), val�(Kt−1
A , (φC , p)) ≤ εA⊥, p > εA

int and

Up(Kt−1
A , r(A, (φC , p))) = Kt−1

A ∪
{
R

(
(φC , p),

m

n

)
, Tr(φC , p), (φC , p)

}

for any q such that p ≤ q (Definition 5.5, case (3)(b)).
This case is completely analogous to the previous one except the fact that

the second version of the DisI rule is applied.
(5) C(t − 1) = r(A, (φC , p))), val�(Kt−1

A , (φC , p)) ≤ εA⊥, p > εA
int and

Up(Kt−1
A , r(A, (φC , p)))

= (Kt−1
A \ {(φA, q)}) ∪

{
R

(
(φC , p),

m

n

)
, Tr(φC , p), (φC , p), (φA, p)

}

where q < p and φA contains at least one agent name different from A
(Definition 5.5, case 3(c)).

This case is completely analogous to the previous two cases except the fact
that the I rule is applied instead of the DisI rule.
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(6) C(t − 1) = r(A, (φC , p))), val�(Kt−1
A , (φC , p)) > εA⊥, m

n ≤ εA
freq and

Up(Kt−1
A , r(A, (φC , p))) = Kt−1

A ∪
{
R

(
(φC , p),

m

n

)
, DisTr(φC , p)

}

(Definition 5.5, case 3(d)).
According to Definition 5.1, condition 2, there exists a time point t′ <

t such that C(t′) = w(A′, (φC , p)) for some agent A′. Hence, by inductive
hypothesis (or by :: and ++ applications if � = ∅), both premisses of the
R rule application displayed below are derivable. Therefore, we can con-

struct the following derivation in which L = L
++r(A,(φC ,p))
0 and E can either

be (φC , p) or any element of �A, �:

....
L1; �A′

; � � W(φC , p)

....
L0; �A; � :: Profile

L; �A; � � R((φC , p), m
n )

R
val�(�A; �, (φC , p)) > εA⊥

m
n ≤ εA

freq

L; �A; � � DisTr(φC , p)
DisTr

L; �A; � :: Profile
::DisTr

L; �A; � � E
StI/StA

Indeed, by Definition 5.7, L = C(0), . . . , C(t − 1) holds and hence n
m will be

the same number both according to Definition 5.5 and according to the
definition of the R rule.

This shows that all three points of the statement hold.
(7) C(t − 1) = r(A, (φC , p))), val�(X , (φC , p)) > εA⊥, m

n > εA
freq, p ≤ εA

int and

Up(Kt−1
A , r(A, (φC , p)))

= (Kt−1
A \ (Kt−1

A �εA⊥
(φC , p))) ∪

{
R((φC , p),

m

n
), (φC , p)

}

(Definition 5.5, case 3(e)).
According to Definition 5.1, condition 2, there exists a time point t′ <

t such that C(t′) = w(A′, (φC , p)) for some agent A′. Hence, by inductive
hypothesis (or by :: and ++ applications if � = ∅), both premisses of the
R rule application displayed below are derivable. Therefore, we can con-

struct the following derivation in which L = L
++r(A,(φC ,p))
0 and E can either

be (φC , p) or any element of �A, �:

.

.

.

.
L1; �A′

; � � W(φC , p)

.

.

.

.
L0; �A ; � :: Profile

L; �A ; � � R((φC , p), m
n )

R
val�(�A ; �, (φC , p)) > εA⊥

m
n > εA

freq

L; �′A ; �′ , (φC , p) :: Profiletemp
AMis

p ≤ εA
int

L; �′A ; �′ , (φC , p) :: Profile
DisI

L; �′A ; �′ , (φC , p) � E StA

Indeed, by Definition 5.7, L = C(0), . . . , C(t − 1) holds and hence n
m will be

the same number both according to Definition 5.5 and according to the
definition of the R rule.
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This shows that all three points of the statement hold.
(8) C(t − 1) = r(A, (φC , p))), val�(Kt−1

A , (φC , p)) > εA⊥, m
n > εA

freq, p > εA
int , (φ

A, q)

∈ Kt−1
A with p ≤ q and

Up(Kt−1
A , r(A, (φC , p)))

= (Kt−1
A \ (Kt−1

A �εA⊥
(φC , p))) ∪

{
R

(
(φC , p),

m

n

)
, (φC , p)

}

(Definition 5.5, case 3(g)).
This case is completely analogous to the previous one except the fact that

the second version of the DisI rule is applied instead of its first version.
(9) C(t − 1) = r(A, (φC , p))), val�(Kt−1

A , (φC , p)) > εA⊥, m
n > εA

freq, p > εA
int , (φ

A, q)

/∈ Kt−1
A for any q, and

Up(Kt−1
A , r(A, (φC , p)))

= (Kt−1
A \ (Kt−1

A �εA⊥
(φC , p))) ∪

{
R

(
(φC , p),

m

n

)
, (φC , p), (φA, p)

}

(Definition 5.5, case 3(f)).
This case is completely analogous to the previous two cases except the fact

that the first version of the I rule is applied instead of the DisI rule.
(10) C(t − 1) = r(A, (φC , p))), val�(Kt−1

A , (φC , p)) > εA⊥, m
n > εA

freq, (φA, q) ∈ Kt−1
A ,

p > εA
int and

Up(Kt−1
A , r(A, (φC , p)))

= ((Kt−1
A \ (Kt−1

A �εA⊥
(φC , p))) \ {(φA, q)})

∪
{
R

(
(φC , p),

m

n

)
, (φC , p), (φA, p)

}

where q < p and φA contains at least one agent name different from A
(Definition 5.5, case 3(h)).

This case is completely analogous to the previous one except the fact that
the second version of the I rule is applied instead of its first version.

6. Semantical examples

We now show an example of a model formalising a complex interaction includ-
ing the one presented in Example 3.1. The simple exchange between Amira
and Balthazar was actually taken from a real public debate among medical
experts that happened during the SARS-CoV-2 pandemic. In particular we refer
to the dataset created for (Primiero et al., 2023), with 90 articles selected
from 12 different newspapers reporting the debate among Italian medical
experts on SARS-CoV-2. The list of articles and related metadata can be found
at https://docs.google.com/spreadsheets/d/1txVJsm0y8AkjIfFj1E9EOwVP78VUY3f5yk
30U04shII. In the present context, we refer to a subset of the original dataset, related

https://docs.google.com/spreadsheets/d/1txVJsm0y8AkjIfFj1E9EOwVP78VUY3f5yk30U04shII
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Table 1. Summary of positions and thresholds for each of the medical experts considered.

Agent Public declaration Statement ε⊥ εint εfreq

A ‘The virus clinically no longer exists’ (¬φ, 0.9) 0.6 0.7 0.4
B ‘What we see is just the tip of the iceberg’ (φ, 0.8) 0.5 0.8 0.8
C ‘The enemy seems less aggressive, but it takes time to have certain results’ (¬φ, 0.6) 0.3 1 0.6
D ‘Covid could be different, it no longer has the same firepower’ (¬φ, 0.7) 0.8 0.8 0.6

to the period 06.03.20–14.07.20, where Italian medical experts where exchanging their
opinions concerning the statement

φ = ‘the situation concerning SARS-CoV-2 is critical’.

For the purpose of this example we select 4 agents and, as shown in Table 1, we asso-
ciate to each of them a value p for their conviction on φ, or its negation, determined on
the basis of their public declaration as reported in the selected articles. In particular:
for agent A, who declared ‘it no longer exists’, we interpret it as a very strong convic-
tion, also traceable in B’s statement ‘is just the tip of the iceberg’, albeit to a slightly less
degree; on the other hand, the use of the term ‘seems’ led us to lower the value of C’s
conviction, while for D, despite the conditional form used, the subsequent statement
leads to a balance of the value around 0.7. Moreover, we give a value to each of the
thresholds involved in the evaluation procedure, choosing values that best fits the real
trend of the debate.

Actions performed by the agents

The four medical experts (A, B, C, D) are discussing the topic φ. Each agent is
represented by an opinion set Kti

S :

The model’s evolution depends on the actions that the agents choose to per-
form as extracted from the dataset. Agent A expresses her opinion. Formally this
translates into the following expression,

C(t0) = w(A, (¬φA, 0.9))

where the function C, applied to the time instant t0, indicates the name of the
action and that of the agent who chooses to perform it and brings the model to
time t1. In this case, agent A chooses to write ¬φ with a value of 0.9.
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This choice involves a modification of the set of opinions Kt0
A and the con-

sequent transition to the set of opinions Kt1
A . On the other hand, for the other

agents the set of opinions at time t1 remains the same as at time t0. Each of the
other sets will only change when the relative agent will take an action.

The action that brings us to time t2 is the following:

C(t1) = w(B, (φB, 0.8))

where the function application C(t1) indicates that agent B chooses to write φ

with a value of 0.8.

This choice involves a modification of the set of opinions Kt1
B and the conse-

quent transition to the set of opinions Kt2
B while, again, for the other agents the

set of opinions doesn’t change. Similarly, the actions

C(t2) = w(C, (¬φC , 0.6))

C(t3) = w(D, (¬φD, 0.7)
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performed by agents C and D, respectively at time t2 and t3 make the states
evolve:

Thus, at state 4, each agent has expressed her opinion by writing it.
Subsequently, with actions

C(t4) = r(A, (φB, 0.8))

C(t5) = r(B, (¬φA, 0.9))

C(t6) = r(C, (¬φA, 0.9))

C(t7) = r(D, (¬φA, 0.9))

the agents choose to read the opinions written by others, making the states
evolve as follows:
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In the following, we show how the choices taken by the agents in the example just
analysed affect K, i.e. the set of expressions representing the opinion state of agents. In
particular, we show how the update function Up modifies the set K at each time.

Operation of Update with respect to K over time

Consider the first action of the model that brings us to time t1

C(t0) = w(A, (¬φA, 0.9))

performed by agent A. According to Definition 5.5, the behaviour of the update
function from time t0 to time t1 is the following for each agent:

Kt1
A = Up(Kt0

A , C(t0)) = Up(Kt0
A , w(A, (¬φA, 0.9)) = Op(Kt0

A ) ∪ {W(A, (¬φA, 0.9))}
Kt1

B = Up(Kt0
B , C(t0)) = Up(Kt0

B , w(A, (¬φA, 0.9))) = Op(Kt0
B )

Kt1
C = Up(Kt0

C , C(t0)) = Up(Kt0
C , w(A, (¬φA, 0.9))) = Op(Kt0

C )

Kt1
D = Up(Kt0

D , C(t0)) = Up(Kt0
D , w(A, (¬φA, 0.9))) = Op(Kt0

D )
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In particular, the Update function extends the opinion set of A, the agent who
performed the action, while leaving the others unchanged, e.g. for agent B:

Similarly, the update function will respectively modify the set of B in the tran-
sition to t2, that of C in the transition to t3 and that of D in the transition to t4,
leaving the others always unchanged.

Hence, at every instant in time the opinion sets of the agents who do not
act remain unchanged, and for each state let us focus on the functioning of the
update function on the set of the agent who reads the information. For the pur-
poses of the example, in what follows we consider that the agents’ opinion sets
contain only the formula that each of them wrote so far and nothing else.

The action bringing us from t4 to t5 is

C(t4) = r(A, (φB, 0.8))

performed by agent A. Informally, we can say that agent A reads the message and
rejects it: it is an opinion that contrasts with her own, and which moreover has
been produced by other agents too few times to be influenced by it. Technically
this is reflected in the following way. Given that:

• val�(Kt
A, (φB, 0.8)) > εA⊥ : 0.72 > 0.6

• m
n ≤ εA

freq : 0.25 ≤ 0.4
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and following Definition 5.5, the behaviour of the update function from time t4
to time t5, with respect to KA is

Kt5
A = Up(Kt4

A , C(t4)) = Up(Kt4
A , r(A, (φB, 0.8)) =

= Op(Kt4
A ) ∪

{
R

(
(φB, 0.8), 1

4

)
, DisTr(φB, 0.8)

}
.

The opinion set at time t4 is expanded at time t5 through the addition of formulae
R((φB, 0.8), 1

4 ) and DisTr(φB, 0.8):

The action bringing us from t5 to t6 is

C(t5) = r(B, (¬φA, 0.9))

performed by agent B. Informally, we can say, again, that agent B reads the
message and rejects it: it is an opinion that contrasts with her own, which more-
over has been produced too few times to be influenced by it. Technically this is
reflected in the following way. Given that:

• val�(Kt
B, (¬φA, 0.9)) > εB⊥ : 0.72 > 0.5

• m
n ≤ εA

freq : 0.25 ≤ 0.8

and following Definition 5.5, the behaviour of the update function from time t5
to time t6, with respect to KB is

Kt6
B = Up(Kt5

B , C(t5)) = Up(Kt5
B , r(B, (¬φA, 0.9)) =

= Op(Kt5
B ) ∪

{
R

(
(¬φA, 0.9), 1

4

)
, DisTr(φA, 0.9)

}
.

The opinion set at time t5 is expanded at time t6 through the addition of formulae
R((¬φA, 0.9), 1

4 ) and DisTr(φA, 0.9):
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The action bringing us from t6 to t7 is

C(t6) = r(C, (¬φA, 0.9))

performed by agent C. Informally, agent C reads the message and accepts it, as it
is in line with her previous opinions. The conviction with which A writes the mes-
sage is not, however, strong enough for C to decide to make it her own opinion:
agent C is therefore limited to accept the fact that A supports φ. Technically this
is reflected in the following way. Given that:

• val�(Kt
C , (¬φA, 0.9)) ≤ εC⊥ : 0 ≤ 0.3

• p ≤ εC
int : 0.9 ≤ 1

and following Definition 5.5, the behaviour of the update function from time t6
to time t7, with respect to KC is

Kt7
C = Up(Kt6

C , C(t6)) = Up(Kt6
C , r(C, (¬φA, 0.9)) =

= Op(Kt6
C ) ∪

{
R

(
(¬φA, 0.9), 1

4

)
, Tr(¬φA, 0.9), (¬φA, 0.9)

}

The opinion set at time t6 is expanded at time t7 through the addition of formulae
R((¬φA, 0.9), 1

4 ), Tr(φA, 0.9) and (¬φA, 0.9):

The action bringing us from t7 to t8 is

C(t7) = r(D, (¬φA, 0.9))
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performed by agent D. Agent D reads the message and accepts it, as it is in
line with her previous opinions. This time, however, the conviction with which
A writes the message is strong enough for D to decide to make it her own opin-
ion: therefore, agent D not only accepts the fact that A supports φ, but also adds
her signature to it (subscribes to it). Technically this is reflected in the following
way. Given that:

• val�(Kt
D, (¬φA, 0.9)) ≤ εD⊥ : 0 ≤ 0.8

• q < p > εD
int : 0.7 ≤ 0.9 > 0.8

and following Definition 5.5, the behaviour of the update function from time t7
to time t8, with respect to KD is

Kt8
D = Up(Kt7

D , C(t7)) = Up(Kt7
D , r(D, (¬φA, 0.9)) =

= Op(Kt7
D ) \ {(¬φD, 0.7)})

∪
{
R

(
(¬φA, 0.9), 1

4

)
, Tr(¬φA, 0.9), (¬φA, 0.9), (¬φD, 0.9)

}

The opinion set at time t7 is expanded at time t8 through the addition of formulae
R((¬φA, 0.9), 1

4 ), Tr(φA, 0.9), (¬φA, 0.9) and (¬φD, 0.9):

7. Future work

We have presented the logic (un)SecureNDgrad to model both proof-theoretically
and semantically exchanges of information affected by uncertainty and whose accep-
tance is regulated by trust and negative trust properties on communication rela-
tions. The introduction of the system (un)SecureNDgrad opens several future work
directions.

First of all, a natural extension of the present work concerns the communication
strategies of agents. Indeed, in (un)SecureNDgrad the choice of an agent whether
to divulge one of her opinions or to consider an opinion which is accessible to her
is completely left undetermined. In other words, the communication attitudes and
goals of an agent are simply determined by modelling choices. These choices, in
turn, are not made formally explicit or internalised in the system. A very interesting
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possibility – and a very promising one as far as applications are concerned – is the
implementation of mechanisms to explicitly determine agents’ communication atti-
tudes. In other terms, one could specify general rules that constrain the temporal
evolution of models (semantically) and the applicability of certain rules (in the proof
system). The introduction of mechanisms of this kind would enable us to formally
define behavioural guidelines determining the choices of agents concerning what to
read and what to write at any point in time. For instance, an agent devoted to propa-
gandistic aims could always stick to her opinions without considering those divulged
by other agents, and could divulge only opinions with high conviction degrees. A bal-
anced agent, on the other hand, could spend an equal amount of time to divulge her
opinions and to consider the opinions that other agents divulged. Such an extension of
the system would make it an excellent tool for computational simulations concerning
the behaviour and evolution of complex communication environments such as social
media and digital environments in which communications happen in a structured way,
e.g. commercial websites in which users can divulge their preferences and opinions on
products and topics. A strategy in this direction was implemented by rules in Prandi
and Primiero (2022) for (un)SecureND.

Along the same lines, it would be extremely interesting to implement in
(un)SecureNDgrad a mechanism that models how much influence an agent has on
other agents. This could be simply done by exploiting the value m

n occurring in expres-
sions of the form R((φB, p), m

n ). This expression, indeed, indicates that an agent A is
considering (reading) the opinion (φB, p). The greater the value m

n , the easier for A to
accept the opinion (φB, p) even though it partially conflicts with A’s present convic-
tions. Now, a very promising way to model the influence agents have on each other
is to attribute a weight to each ordered pair of agents and use it in the computation
of m

n as follows: when agent A considers an opinion (φB, p), instead of using the value
m
n we use m

n · w, where w is the weight of the influence that B has on A. Thus it would
be possible to capture different kinds of relationships between agents and thus also a
greater variety of types of agents.

Another way to model the mutual influence between agents is to define a trustwor-
thiness ranking among them to establish when to accept or reject incoming contra-
dictory information. An algorithm computing such ranking based on three parameters
(knowledgeability, reputation and popularity) has been presented in Ceolin and Prim-
iero (2019), Ceolin et al. (2021) and Primiero et al. (2023) using as underlying logic
(un)SecureND from Primiero (2020). Future work shall focus on refining this trust-
worthiness ranking algorithm introducing the account of uncertainty modelled by
(un)SecureNDgrad.

Finally, there are several phenomena of interest that might constitute perfect case
studies to be analysed by (un)SecureNDgrad. As mentioned in Section 2, the sys-
tem could be employed as an enriched version of a communication network aimed at
studying the way opinions and ideas spread. Particular phenomena that could be anal-
ysed are, for instance, the effects of filter bubbles in social networks, the effectiveness
of propaganda strategies, the way different initial conditions influence the evolution of
a social network as far as opinion diffusion and acceptance is concerned, and related
equilibria issues.
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