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 A B S T R A C T

In experimental sciences such as chemistry, the measurement error may be homoscedastic or heteroscedastic. 
The data should be collected with the goal of identifying the right error-variance structure, as an incorrectly 
specified model would lead to wrong conclusions. A design criterion that reflects this goal is KL-optimality. 
Frequently, however, KL-optimum designs are wholly inefficient for other inferential purposes, such as precise 
estimation. In this case, the addition of some experimental points might be convenient. This work focuses on the 
enrichment of a design through the inclusion of some additional support points, with the goal of guaranteeing 
a minimum KL-efficiency to be able to optimally choose between different variance specifications. This strategy 
is also useful for modifying a design that is already available, for instance a D-optimal design, to manage the 
problem of correct error-variance specification.
1. Introduction

Very frequently, a phenomenon of interest 𝑦 can be described by a 
regression model: 
𝑦 = 𝜂(𝑥, 𝜷) + 𝜀, (1)

where 𝜂(𝑥, 𝜷) is the mean response at an experimental condition 𝑥 ∈  , 
𝜷 = (𝛽1,… , 𝛽𝑠)𝑇  is a vector of unknown coefficients, and 𝜀 is a random 
error term that follows a Gaussian distribution with zero mean. In 
chemistry, as well as in several other experimental settings, 𝜀 may be 
either homoscedastic (with constant absolute error), or heteroscedastic 
(with constant relative error). This topic has been documented ex-
perimentally and within the design of experiments point of view. In 
vapour pressure data analysis, where temperature ranges can be of 
more than a hundred Celsius degrees, this heteroscedastic behaviour 
is sometimes observed [1]. Even though natural phenomena can show 
heteroscedastic behaviour, if this fact is not known beforehand, practi-
tioners usually work with the normal homoscedastic assumption. From 
the design of experiments point of view wrong assumptions on the error 
structure make that designs that are optimal for one situation perform 
inefficiently when the other assumption is fulfilled [2, Section 4]. 
Designs of experiments has been applied for heteroscedastic behaviour, 
for example [3,4], but designing in order to select the adequate error 
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assumption is an open question in the literature. To decide in favour 
of one of these two kinds of error, the following hypothesis test is 
adequate to be considered: 
{

𝐇0 ∶ 𝜀 ∼  (0, 𝜎20 )
𝐇1 ∶ 𝜀 ∼  (0, 𝜎21 𝜂(𝑥, 𝜷)

2)
(2)

In order to fix the experimental conditions optimally, with the goal 
of testing hypotheses (Eq. (2)), the KL-optimality criterion is applied; 
see for instance [5,6].

Experiments 𝜉 are considered in this study to be design measures 
over the design space  . The use of so-called continuous or approximate 
designs differs from exact designs in that there is no restriction on the 
number of support points, and their weights vary continuously on [0, 1]; 
see for instance [7,8].

As will be shown in Section 2, the KL-optimum design has only 
two support points. Whenever two support points are not enough to 
estimate the whole parameter vector (or to reach other inferential 
goals), it is necessary to enrich the design by adding new experimental 
points.

In addition, it is not unusual that an optimal design for a specific 
inferential purpose (such as precise estimation of the parameters) is 
already available. If it is necessary to test Eq. (2) then, even in this 
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case, the existing design should be augmented by adding new points 
to approach KL-optimality, as this helps to improve the performance of 
the hypothesis test.

These two situations justify our interest in adapting the methodol-
ogy of augmenting designs (see for instance [9–11]):

(i) To enrich the KL-optimum design, with the goal of perform-
ing other analyses, such as to get a precise estimation of the 
model parameters (𝑐− or 𝐷𝑠− optimality), a function of them 
(𝐿-optimality) or accurate predictions (𝐼-optimality).

(ii) To improve an existing design, with the goal of testing the hy-
pothesis in Eq.  (2).

The rest of the paper is structured as follows. Section 2 gives 
the closed form expression for KL-optimality for the hypothesis test 
specified in Eq.  (2) and the KL-optimal design. Section 3 introduces and 
supports the methodology of KL-augmented designs. Section 4 provides 
an example of the implementation of the methodology to Antoine’s 
Equation, and compares the augmented designs with compound de-
signs. Lastly, in Section 5 numerical results are given, and the pros and 
cons of the approaches presented here are discussed.

2. Constant errors: absolute versus relative

In order to design an experiment with the goal of testing whether 
the error is constant absolutely or relatively, the KL-criterion is used, 
and is here briefly recalled.

Let 𝜉 be a design over an experimental space  , and 𝑓0, 𝑓1 be two 
rival statistical models, considering 𝑓1 as the true, completely known 
model, then the KL-optimality criterion function is 

(𝜉,𝜽1) = min
𝜃0 ∫

E𝑓1

[

log
𝑓1(𝑦; 𝑥,𝜽1)
𝑓0(𝑦; 𝑥,𝜽0)

]

𝑑𝜉(𝑥), (3)

where 𝜽0 is the vector of unknown parameters of the distribution 
function 𝑓0, 𝜽1 are the parameters of 𝑓1 (assumed to be known) and 
E𝑓1 (⋅) denotes the expected value with respect to 𝑓1.

This study considers the heteroscedastic model as the true, com-
pletely known model, and the homoscedastic model as the competitor. 
The following theorem provides the expressions for the KL-optimum 
design 𝜉⋆𝐾𝐿 = argmax𝜉 (𝜉,𝜽1) and for (𝜉⋆𝐾𝐿,𝜽1). 

Theorem 1.  If 𝑓1(𝑦; 𝑥,𝜽1) is the density corresponding to the regression 
model (1) with 𝜀 ∼ 𝑁(0; 𝜎21𝜂(𝑥; 𝜷1)), where 𝜽1 = (𝜷1, 𝜎21 ) are known, and 
𝑓0(𝑦; 𝑥,𝜽0) denotes the density function of the same regression model with 
𝜀 ∼ 𝑁(0; 𝜎20 ), where 𝜽0 = (𝜷0, 𝜎20 ) is unknown, then 

𝜉⋆𝐾𝐿 =
{

𝑥 𝑥
𝜔 1 − 𝜔

}

, 𝜔 =
𝜂2𝑀

𝜂2𝑀 − 𝜂2𝑚
− 1

log 𝜂2𝑀 − log 𝜂2𝑚
. (4)

where 𝜂2𝑚 ∶= 𝜂2𝑚(𝜷1) = inf𝑥 𝜂(𝑥; 𝜷1)2 > 0, 𝜂2𝑀 ∶= 𝜂2𝑀 (𝜷1) = sup𝑥 𝜂(𝑥; 𝜷1)2 <
∞, and 𝑥 ∈ {𝑥 ∶ 𝜂(𝑥; 𝜷1)2 = 𝜂2𝑚} and 𝑥 ∈ {𝑥 ∶ 𝜂(𝑥; 𝜷1)2 = 𝜂2𝑀}. In 
addition, 

⋆(𝜷1) = (𝜉⋆𝐾𝐿,𝜽1) =
1
2
(𝐻 − log𝐻 − 1), (5)

where 𝐻 = 𝜂2𝑚 ⋅
log 𝜂2𝑀 − log 𝜂2𝑚

𝜂2𝑀 − 𝜂2𝑚
.

Proof.  See Appendix  A. □

To measure the ‘‘goodness’’ of a design 𝜉 at performing the hypoth-
esis test (Eq. (2)) the KL-efficiency is used: 

eff𝐾𝐿(𝜉,𝜽1) =
(𝜉,𝜽1)
∗(𝜷1)

=
log𝐴𝜂(𝜉; 𝜷1) − log𝐺𝜂(𝜉; 𝜷1)

2∗(𝜷1)
, (6)

where the last expression has been obtained from Eqs. (A.6) and (5).
2 
3. Augmenting-design methodology

Following similar ideas such as those in [9], this section describes 
a methodology for augmenting a design with the goals of:

(i) Improving the KL-optimum design (Eq. (4)) to be able to perform 
other analyses (controlling the KL-efficiency loss).

(ii) Enriching a design to provide good discrimination between the 
models with constant, either absolute or relative, errors (ensuring 
a minimum KL-efficiency).

A design 𝜉𝑘 with 𝑘 support points is augmented. To be general, 𝜉𝑘 may 
be the KL-optimum design (Eq. (4)) or any other design at hand. The 
methodology consists in three steps:

tep 1: Let 𝑥𝑗 , 𝑗 = 1,… , 𝑝 denote the 𝑝 candidate points to be added, 
and 𝛼𝑗 the proportion of replications to be taken at 𝑥𝑗 . Their 
corresponding weights 𝛼𝑗 with 𝑗 = 1,… , 𝑝 are constrained to be 
∑𝑝

𝑗=1 𝛼𝑗 = 𝛼, where 𝛼 ∈ (0, 1) is the proportion of ‘contamination’ 
of 𝜉𝑘, and is fixed in advance by the researcher. The points 𝑥1,… , 𝑥𝑝
must be chosen from a proper region, as described in Step 3.

tep 2: Let 𝜉𝑥𝑖  denote the single-point design with the whole mass at 
a point 𝑥𝑖.
The goal is to produce an augmented design

𝜉
(𝑥1 ,…,𝑥𝑝)
𝑘+𝑝 = (1 − 𝛼) 𝜉𝑘 + 𝛼1 𝜉𝑥1 +⋯ + 𝛼𝑝 𝜉𝑥𝑝

such that eff𝐾𝐿

(

𝜉
(𝑥1 ,…,𝑥𝑝)
𝑘+𝑝

)

≥ 𝛿, where 𝛿 is a desired threshold for 
the KL-efficiency.

tep 3: The next Theorem  2 ensures that this goal is achieved if the 
additional points are selected from the following design region: 

(𝜉𝑘; 𝛼, 𝛿) = {𝑥 ∶ 𝜉(𝑥)𝑘+1 = (1 − 𝛼)𝜉𝑘 + 𝛼𝜉𝑥; eff𝐾𝐿
(

𝜉(𝑥)𝑘+1
)

≥ 𝛿 }. (7)

In other terms, (𝜉𝑘; 𝛼, 𝛿) is formed by the experimental conditions 
that guarantee at least a KL-efficiency equal to 𝛿 when they are 
added to 𝜉𝑘 with a whole proportion of replicates equal to 𝛼.
Despite a natural preference for 𝛿 to be high, 𝛿 cannot exceed 
max𝑥 eff𝐾𝐿

(

𝜉(𝑥)𝑘+1
)

, otherwise the region (𝜉𝑘; 𝛼, 𝛿) would be empty.

Remark 1. 𝐴𝜂(𝜉
(𝑥)
𝑘+1; 𝜷1) = (1 − 𝛼)𝐴𝜂(𝜉𝑘; 𝜷1) + 𝛼 𝜂2(𝑥; 𝜷1) and

𝐺𝜂(𝜉
(𝑥)
𝑘+1; 𝜷1) = 𝐺𝜂(𝜉𝑘; 𝜷1)(1−𝛼) ⋅ 𝜂2(𝑥; 𝜷1)𝛼 . Therefore, from Eq.  (6), for 

any given 𝜉𝑘 and any fixed 𝛼,

eff𝐾𝐿(𝜉
(𝑥)
𝑘+1, 𝜷1) =

log𝐴𝜂(𝜉
(𝑥)
𝑘+1; 𝜷1) − log𝐺𝜂(𝜉

(𝑥)
𝑘+1; 𝜷1)

2∗(𝜷1)

= 1
2∗(𝜷1)

{

log
[

(1 − 𝛼)𝐴𝜂(𝜉𝑘; 𝜷1) + 𝛼 𝜂2(𝑥; 𝜷1)
]

− log𝐺𝜂(𝜉𝑘; 𝜷1)(1−𝛼) + 𝛼 log 𝜂2(𝑥; 𝜷1)
}

(8)

is a function of the design point 𝑥.

Theorem 2.  Let 𝜉𝑘 be a design with 𝑘 support points and 𝜉𝑥1 ,… , 𝜉𝑥𝑝  be 
𝑝 designs with all their mass concentrated at 𝑥𝑗 ∈ (𝜉𝑘), for 𝑗 = 1,… , 𝑝. If 
𝜉
(𝑥1 ,…,𝑥𝑝)
𝑘+𝑝 = (1 − 𝛼) 𝜉𝑘 +

∑𝑝
𝑗=1 𝛼𝑗 𝜉𝑥𝑗 , with 𝛼𝑗 ∈ (0, 1) and 𝛼 =

∑𝑝
𝑗=1 𝛼𝑗 , then 

eff𝐾𝐿

(

𝜉
(𝑥1 ,…,𝑥𝑝)
𝑘+𝑝

)

≥ 𝛿.

Proof.  See Appendix  A. □

Remark 2. Theorem  2 still holds if some of the points 𝑥𝑗 , for 𝑗 =
1,… , 𝑝, are already included in the support of 𝜉𝑘 (see for instance, the 
second case of Section 4).

Note that due to the concavity of the KL-criterion the following 
theorem holds: 
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Theorem 3.  Given a design 𝜉𝑘 with 𝑘 support points, a one-point design 
𝜉𝑥 and a weight 𝛼 ∈ (0; 1), if 𝜉(𝑥)𝑘+1 = (1 − 𝛼)𝜉𝑘 + 𝛼𝜉𝑥, then eff𝐾𝐿

(

𝜉(𝑥)𝑘+1
)

≥
(1 − 𝛼) eff𝐾𝐿(𝜉𝑘) + 𝛼 eff𝐾𝐿(𝜉𝑥).

Using Inequality (A.8) and setting 𝜉𝑘 = 𝜉∗𝐾𝐿 in Theorem  3, we have 
eff𝐾𝐿

(

𝜉
(𝑥1 ,…,𝑥𝑝)
𝑘+𝑝

)

≥ eff𝐾𝐿
(

𝜉(𝑥)𝑘+1
)

≥ 1 − 𝛼.
Hence, when 𝜉𝑘 = 𝜉∗𝐾𝐿, 𝛿 should be chosen larger than 1−𝛼 to have 

a non-trivial set (𝜉𝑘; 𝛼, 𝛿).

4. An application to Antoine’s equation

4.1. Antoine’s equation

Antoine’s Equation is considered as the regression model: 

𝑦 = 𝜂(𝑥, 𝜷) + 𝜀 = 10𝑎−
𝑏

𝑐+𝑥 + 𝜀, (9)

where 𝜷 = (𝑎, 𝑏, 𝑐) is a vector of unknown parameters. Eq. (9) relates 
the temperature 𝑥 of a pure substance (or a mixture) to its vapour 
pressure 𝑦. The error 𝜀 can be either homoscedastic, i.e. 𝜀 ∼  (0, 𝜎20 ), 
or heteroscedastic with constant relative error, i.e. 𝜀 ∼  (0, 𝜎21 𝜂

2(𝑥, 𝜷)). 
Consider the heteroscedastic model as the true model with design 
space  = [1, 100], 𝜷1 = (𝑎1, 𝑏1, 𝑐1) = (8.07131, 1730.63, 233.426). These 
parameter values correspond to water in the liquid state [12].

From Eq.  (4) the design that maximises the KL-optimality criterion 
to discriminate between homoscedasticity and heteroscedasticity is:

𝜉⋆𝐾𝐿 =
{

1 100
0.90 0.10

}

.

For this design the KL-criterion function is ∗(𝜷1) = 3.391391. 
This KL-optimum design only enables testing for the presence of het-
eroscedasticity; unfortunately, the parameter vector 𝜷1 of Antoine’s 
equation cannot be estimated, as 𝜉⋆𝐾𝐿 has only two support points. 
Thus the necessity to fix additional experimental conditions besides the 
support points of 𝜉⋆𝐾𝐿.

In what follows, three different methods of enriching 𝜉∗𝐾𝐿 are pro-
posed, with the goal of obtaining a new augmented design that provides 
an estimate of the parameters. To measure the goodness of a design 𝜉
for precise estimation, D-efficiency is adopted:

eff𝐷(𝜉) =
(

|𝑀(𝜉)|
|𝑀(𝜉∗𝐷)|

)1∕3
,

where

𝑀(𝜉) = ∫
𝜕𝜂(𝑥, 𝜃)

𝜕𝛽
𝜕𝜂(𝑥, 𝜃)
𝜕𝛽𝑇

𝑑𝜉,

which is proportional to the Fisher information matrix for the Antoine 
model (Eq. (9)) and 𝜉∗𝐷 = argmax𝜉 |𝑀(𝜉)|1∕3 denotes the D-optimal de-
sign. The analytical expression for the D-optimum design for Antoine’s 
Equation, both with homoscedastic and heteroscedastic variance, is 
known [2]. Henceforth, the focus is only on D-optimality for the 
heteroscedastic case, which is more common when the design region 
is broad [1], and the D-optimal design is: 

𝜉∗𝐷 =
{

𝑥𝑚𝑖𝑛 𝑥⋆2 𝑥𝑚𝑎𝑥
1∕3 1∕3 1∕3

}

, (10)

where

𝑥⋆2 =
𝑐𝑥𝑚𝑎𝑥 + 𝑐𝑥𝑚𝑖𝑛 + 2𝑥𝑚𝑎𝑥𝑥𝑚𝑖𝑛

2𝑐 + 𝑥𝑚𝑎𝑥 + 𝑥𝑚𝑖𝑛
.

Another reason for considering only the D-optimal design for the 
heteroscedastic model is that when the design region is narrow the D-
optimal design for the homoscedastic model is similar to the D-optimal 
design for the heteroscedastic case [2, Eqs. (16) and (17)]. This happens 
when the optimal design is supported in both extremes of the design 
space, being the minimum of the design space greater than the smallest 
support point.
3 
Fig. 1. KL-efficiency of 𝜉(𝑥)𝑘+1 as a function of 𝑥. The green part gives the region of 
candidate points (𝜉∗𝐾𝐿; 𝛼 = 0.25, 𝛿 = 0.8).

Fig. 2. D-efficiency of 𝜉(𝑥)𝑘+1 = 0.75𝜉∗𝐾𝐿 + 0.25𝜉𝑥 as a function of 𝑥. The green part 
corresponds to 𝑥 ∈ (𝜉∗𝐾𝐿; 𝛼 = 0.25, 𝛿 = 0.8).

4.2. Augmenting the KL-optimum design

First approach
As a first approach to augmenting 𝜉∗𝐾𝐿, it is suggested to add just 

one point, forming 𝜉(𝑥)𝑘+1 = (1−𝛼) 𝜉⋆𝐾𝐿+𝛼 𝜉𝑥. The KL-efficiency of 𝜉(𝑥)𝑘+1 as 
a function of 𝑥 is given in Eq.  (8) and displayed in Fig.  1 for 𝛼 = 0.25.

If a minimum efficiency is fixed of 𝛿 = 0.8 and 𝛼 = 0.25, then the 
region from which the new experimental point should be selected is
(𝜉∗𝐾𝐿; 0.25, 0.8) = [1, 45.23] ∪ [92.12, 100],

which corresponds to the green part in Fig.  1. One possibility is to 
choose the point 𝑥𝐷 ∈ (𝜉∗𝐾𝐿; 0.25, 0.8) that guarantees the largest D-
efficiency for the augmented design, i.e. argmax𝑥∈(𝜉∗𝐾𝐿 ;0.25,0.8)

eff𝐷(𝜉
(𝑥)
𝑘+1). 

From Fig.  2, which shows eff𝐷(𝜉(𝑥)𝑘+1) as a function of 𝑥, it may be 
observed that the point to add is 41.88. The augmented design is then:

𝜉(41.88)𝑘+1 =
{

1 41.88 100
0.68 0.25 0.07

}

,

with a D-efficiency of 69.71% and a KL-efficiency of 81.16%.
Second approach

Before describing another approach to enriching 𝜉∗𝐾𝐿, define 𝜉𝐷  to 
be the D-optimum design in the region (𝜉∗𝐾𝐿; 𝛼 = 0.25, 𝛿 = 0.8). 
To compute 𝜉 the algorithm provided by [13,14] has been slightly 
𝐷
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Fig. 3. Sensitivity function of the D-optimum design over (𝜉∗𝐾𝐿; 𝛼 = 0.25, 𝛿 = 0.8).

modified to allow non-connex design spaces, obtaining:

𝜉𝐷 =
{

1 41.88 100
1∕3 1∕3 1∕3

}

.

The optimality of 𝜉𝐷  can be checked via the sensitivity function in
Fig.  3.

The second approach consists in adding to 𝜉∗𝐾𝐿 the three support 
points of 𝜉𝐷  (which are in (𝜉∗𝐾𝐿; 0.25, 0.8) by construction), with 
weights 𝛼1 = 𝛼2 = 𝛼3 = 𝛼∕3, obtaining:

𝜉(1, 41.88, 100)𝑘+3 = (1 − 𝛼)𝜉⋆𝐾𝐿 + 𝛼𝜉𝐷 =
{

1 41.88 100
0.76 0.08 0.16

}

.

While the D-optimum design has 3 points, since two of them were 
already support points of the KL-optimum design, only the weight 
was modified. Theorem  2 guarantees that 𝜉(1, 41.88, 100)𝑘+3  has at least 
a KL-efficiency of 80%. In fact, eff𝐾𝐿

(

𝜉(1, 41.88, 100)𝑘+3
)

= 91.98% while 
eff𝐷

(

𝜉(1, 41.88, 100)𝑘+3
)

= 64.57%.

Third approach
Given a KL-optimum design 𝜉∗𝐾𝐿, the last approach consists in find-

ing the D-optimum design in the design region (𝜉∗𝐾𝐿; 𝛼 = 0.25, 𝛿 = 0.8), 
among all the designs with the structure (1 − 𝛼)𝜉∗𝐾𝐿 + 𝛼𝜉: 

𝜉𝑟𝐷 = arg max
𝜉 supported in (𝜉∗𝐾𝐿 ;0.25,0.8)

|

|

|

𝑀
(

(1 − 𝛼)𝜉∗𝐾𝐿 + 𝛼𝜉
)

|

|

|

1∕3
. (11)

This problem is equivalent, in form, to the regularisation problem 
considered in [7, pp. 79–80]. By implementing a version of Wynn–
Fedorov algorithm, (1−𝛼)𝜉∗𝐾𝐿+𝛼𝜉𝑟𝐷 is obtained. The augmented design 
obtained is:

𝜉(41.88,100)𝑘+2 =
{

1 41.88 100
0.68 0.16 0.16

}

,

with a D-efficiency of 78.28% and a KL-efficiency of 85.90%; its 
optimality can be checked from Fig.  4 which provides directional 
derivatives of the D-criterion. It is worth noting that this design has 
the best D-efficiency among the augmented designs for this choice of 
𝛼 = 0.25 and 𝛿 = 0.80.

4.3. Augmenting the D-optimum design

As another possible strategy, we might want to augment the D-
optimum design in the direction of the KL-criterion. In this case the 
D-optimum design is 𝜉⋆𝐷 = 𝜉𝐷  in Eq.  (10), and it has D-efficiency of 
100% and KL-efficiency of 58.3%.

The procedure to augment 𝜉⋆𝐷 remains the same. To enrich the 
D-optimum design by just one additional point, then the augmented 
4 
Fig. 4. Sensitivity function of the restricted D-optimum design over (𝜉∗𝐾𝐿; 𝛼 = 0.25, 𝛿 =
0.8).

Fig. 5. KL-efficiency of the D-optimal design augmented for 𝛼 = 0.25.

design is 𝜉(𝑥)𝑘+1 = (1 − 𝛼)𝜉⋆𝐷 + 𝛼𝜉𝑥. The KL-efficiency of 𝜉(𝑥)𝑘+1 is calculated 
with 𝛼 = 0.25, choosing 𝛿 and then suitably determining the point 
to be added to 𝜉⋆𝐷. Fig.  5 shows how the KL-efficiency of 𝜉(𝑥)𝑘+1 varies 
along 𝑥 ∈  . It can immediately be observed that fixing 𝛿 = 0.8, as 
in the previous example, would yield an empty region . The best KL-
efficiency can be achieved by adding the point 𝑥 = 1, obtaining the 
following enriched D-optimum design:

𝜉(1)𝑘+1 =
{

1 41.88 100
1∕2 1∕4 1∕4

}

,

which has a KL-efficiency of 72.6% and a D-efficiency of 94.5%.
In order to reach a KL-efficiency of 80%, it is necessary to increase 

𝛼. By setting 𝛼 = 0.4, Fig.  6, the value of 𝛿 could be chosen up to 80.5%. 
The value of 𝑥 that produces a KL-efficiency of 80% is 𝑥 = 1.63, and 
the resulting augmented design would be:

𝜉(1.6)𝑘+1 =
{

1 1.63 41.88 100
1∕5 2∕5 1∕5 1∕5

}

,

with eff𝐷
(

𝜉(1.6)𝑘+1
)

= 85.5%.
The reader should be aware that, when the augmented design is not 

the KL-optimum design, it is possible that no value 𝛼 allows a certain 
desired minimum efficiency, 𝛿. Finally, it is also worth noting that, 
from [9, Eq. (10)], which states that (1 − 𝛼)

(

1 + 𝛼min[𝑑(𝑥,𝜉)]
1−𝛼

)1∕𝑚
≤ 𝛿, it 

follows immediately that the minimum D-efficiency of the augmented 
design 𝜉(𝑥) = (1 − 𝛼)𝜉⋆ + 𝛼𝜉  is 1 − 𝛼.
𝑘+1 𝐷 𝑥
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Fig. 6. KL-efficiency of the D-optimal design augmented for 𝛼 = 0.40.

4.4. Compound criterion

All the previous approaches to augmenting the KL-optimum design 
are aimed at addressing the problem of obtaining a precise estimate of 
the parameters, besides performing the hypothesis test, Eq. (2), while 
augmenting the D-optimum design aims to improve the performance of 
the hypothesis test. A different and natural strategy is the compound 
DKL-criterion,

𝛷𝐷𝐾𝐿(𝜉) = (1 − 𝜆)ef f𝐾𝐿(𝜉) + 𝜆eff𝐷(𝜉),

with 𝜆 ∈ [0, 1]. For more details, see for instance, [15,16].
As shown by [17], a compound criterion provides maximal effi-

ciency for one criterion, given a certain level of the other (and vice 
versa).

Since the directional derivative for KL-optimality is constant, this 
study uses a genetic algorithm to find a DKL-optimal design, 𝜉𝜆 =
argmax𝜉 𝛷𝐷𝐾𝐿(𝜉), which depends on the weight 𝜆. In particular, an 
evolutionary algorithm is applied to calculate the solutions 𝜉𝜆 for 
different values of 𝜆. The memetic algorithm implemented is similar 
to the one used in [18], and its pseudocode is shown in Algorithm 1. 
To see the details of the algorithm, see Appendix  B.

Algorithm 1 Multiobjective memetic algorithm
1: Generate the initial population of size 𝑝𝑜𝑝𝑆𝑖𝑧𝑒.
2: while Number of iterations < 𝑀𝑎𝑥𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 do
3:  Perform tournament selection to find the reproducing chromo-
somes.

4:  Group those chromosomes randomly into pairs.
5:  Apply the crossover operator to each pair with probability 

𝑐𝑟𝑜𝑠𝑠𝑜𝑣𝑒𝑟_𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦.
6:  Apply the mutation operator to each chromosome with 
probability 𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛_𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦.

7:  Apply heuristics.
8:  Apply 𝐿𝑆𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 iterations of local search to every offspring 
generated.

9:  Choose chromosomes for the next generation with the replace-
ment strategy.

10: end while
11: return The design from the best chromosome.

As the result of this algorithm, Fig.  7 shows the D- and the KL-
efficiencies of the designs for the different values of 𝜆, which can help 
the researcher in choosing the best option for their goal.
5 
Fig. 7. D- and KL-efficiencies of the DKL-optimal designs, obtained through an 
evolutionary algorithm.

A frequently chosen DKL-optimum design is the one with equal (or 
the closest) D- and KL-efficiencies. This design is:

𝜉0.40𝐷𝐾𝐿 =
{

1 32.77 100
0.61 0.21 0.18

}

,

with a D-efficiency of 83.4% and KL-efficiency of 84.1%.
For this example, the design with the KL-efficiency closest to 𝛿 =

80% is also worthy of attention; this is:

𝜉0.46𝐷𝐾𝐿 =
{

1 34.07 100
0.56 0.23 0.21

}

,

with a KL-efficiency of 80.4% and a D-efficiency of 88.3%.

4.5. Proof-of-concept example with simulated data

The proposed design strategy can be applied at the first step of the 
following research procedure:

1. Apply an augmented design;
2. Collect the data;
3. Select a model by testing 

{

𝐇0 ∶ 𝜀 ∼  (0, 𝜎20 )
𝐇1 ∶ 𝜀 ∼  (0, 𝜎21 𝜂(𝑥, 𝜷)

2)
(12)

4. Compute the maximum likelihood estimator (MLE) of the param-
eters of the chosen model.

To show how this methodology applies in practice, we generate 𝑛 = 75
responses 𝑦1,… , 𝑦𝑛 from Antoine’s model (9) with 𝑎 = 8.07131, 𝑏 =
1730.63 and 𝑐 = 233.426, at the following 4 different scenarios:

• Homoscedastic model with 𝜎0 = 2 and 𝜉(1,41.88,100)𝑘+3
• Heteroscedastic model with 𝜎1 = 0.1 and 𝜉(1,41.88,100)𝑘+3
• Homoscedastic model with 𝜎0 = 2 and 𝜉(1.6)𝑘+1
• Heteroscedastic model with 𝜎1 = 0.1 and 𝜉(1.6)𝑘+1

Since the two rival models in (12) are non-nested, to perform the test 
of hypothesis we apply the log-likelihood ratio statistic 𝑅 = log0(𝜃̂0)−
log1(𝜃̂1) [19], where 𝜃̂𝑗 and 𝑗 (𝜃̂𝑗 ) denote the MLE and the maximum 
of the log-likelihood function for Antoine’s model (9) under 𝐻𝑗 with 𝑗 =
0; 1, respectively. Unfortunately, the distribution of the test-statistic 𝑅
under the null hypothesis (homoscedastic Antoine’s model) is unknown. 
Therefore, we approximate the distribution of 𝑅 (under 𝐻 ) by using 
0
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Table 1
Bootstrap p-values, maximum likelihood estimates of the chosen model and their 
standard errors.
 Gener. model Design 𝑝-value 𝛽 sd  
 

Homoscedastic

𝜉(1, 41.88, 100)𝑘+3 0.82
8.038 0.42  

 1715.041 252.77 
 232.604 21.72  
 

𝜉(1.6)𝑘+1 0.81
8.065 0.41  

 1730.571 248.03 
 233.809 21.48  
   
 

Heteroscedastic

𝜉(1, 41.88, 100)𝑘+3 0
8.076 0.60  

 1730.624 339.03 
 233.533 26.77  
 

𝜉(1.6)𝑘+1 0
7.967 0.49  

 1683.078 268.89 
 230.422 21.49  

the parametric Bootstrap technique. In more detail, in each scenario, 
given the sample of observations 𝑦1,… , 𝑦𝑛, we generate 𝐵 = 5000
Bootstrap samples of size 𝑛 from 0(𝜃̂0) and we compute 𝐵 Bootstrap 
values of 𝑅, denoted by 𝑅𝑏, with 𝑏 = 1,… , 𝐵. The null hypothesis 
is rejected for low values of 𝑅, therefore the Bootstrap 𝑝-value is the 
proportion of times that 𝑅𝑏 < 𝑟, where 𝑟 = 𝑅(𝑦1,… , 𝑦𝑛) is the ‘‘observed 
value’’ of 𝑅. After having chosen a model, we may use the same sample 
of data to compute the MLE of the parameters and the corresponding 
standard deviation. Herein, we have applied the R function mle. All the 
results are displayed in Table  1.

A detailed simulation study is presented in Appendix  C, to show the 
usefulness of KL-augmented designs in terms of both model discrimina-
tion and parameter estimation. 

5. Discussion

The discrimination between constant absolute error and constant 
relative error is, as shown throughout this work, an important matter to 
clarify. The KL-criterion can be applied to tackle this problem. The ex-
plicit expression for this criterion and for KL-optimal designs has been 
provided. Having solved the minimisation involved in the KL-criterion 
analytically greatly simplifies the computation of KL-efficiencies and 
compound designs for this discrimination issue.

Unfortunately, KL-optimum designs do not allow for parameter es-
timation whenever they have fewer support points than the number of 
parameters. To address this inconvenience, a methodology is proposed 
to ‘enrich’ the KL-optimum design by augmenting its support points. 
The example presented in Section 4 gives the reader an idea of how 
efficient the augmented designs can be, and it also highlights the draw-
backs or particularities of the different choices necessary to produce 
this enrichment. One particular choice, key to the procedure, is the 
selection of 𝛼 and 𝛿. This choice highly depends on the interests of the 
experimenter, and no close answer can be given. However, empirical 
tests have suggested that a moderate value such as 𝛼 ∈ [0.20, 0.45], 
and an informed subsequent minimum efficiency 𝛿, depending on the 
experimentation goals, should in most cases yield adequate results for 
the practitioner.

Table  2 and Fig.  8 show the efficiencies (D-efficiency, KL-efficiency 
and the average of both) of the different augmented designs proposed 
in Section 4 (where 𝛼 = 0.25), as well as the designs obtained with 
another choice of 𝛼 = 0.3, always with fixed 𝛿 = 0.8. When 𝜉𝑘 is the 
KL-optimum design, for a fixed 𝛿 it can be observed that  grows as 
𝛼 decreases. A choice of 𝛼 = 0.25 instead of 𝛼 = 0.3 implies an extra 
flexibility that comes from a bigger region . By comparing 𝜉(1, 41.88, 100)𝑘+3
vs 𝜉(1, 35.67, 100)𝑘+3  and 𝜉(41.88, 100)𝑘+2  vs 𝜉(35.67)𝑘+1  (the approach is the same for 
𝛼 = 0.25 and 𝛼 = 0.3, respectively), it is immediately observed that this 
extra flexibility leads to augmented designs that are better with respect 
6 
Table 2
Efficiencies for the different designs.
 Approach Design Eff𝐾𝐿(⋅) eff𝐷(⋅) Avg  
 
KL-augmented (𝛼 = 0.25)

I 𝜉(41.88)𝑘+1 81.2 69.7 75.45 
 II 𝜉(1, 41.88, 100)𝑘+3 92.0 64.6 78.30 
 III 𝜉(41.88, 100)𝑘+2 85.9 78.3 82.10 
 
KL-augmented (𝛼 = 0.3)

I 𝜉(35.67)𝑘+1 80 69.9 74.95 
 II 𝜉(1, 35.67, 100)𝑘+3 89.6 58.4 74.00 
 III 𝜉(35.67)𝑘+1 80 69.9 74.95 
 D-augmented 𝛼 = 0.25 𝜉(1)𝑘+1 72.6 94.5 83.55 
 𝛼 = 0.4 𝜉(1.6)𝑘+1 80 85.5 82.75 
 Compound designs 𝜆 = 0.40 𝜉0.40𝐷𝐾𝐿 84.1 83.4 83.75 
 𝜆 = 0.46 𝜉0.46𝐷𝐾𝐿 80.4 88.3 84.35 
 Optimal designs KL- 𝜉⋆𝐾𝐿 100 0 50  
 D- 𝜉⋆𝐷 58.3 100 79.15 

to KL-optimality (the KL-optimum design being less ‘soiled’), and can 
also be better with respect to D-efficiency, as in this case.

The compound design cannot be dominated by definition, and here 
it is computed as a benchmark. The designs 𝜉(41.88, 100)𝑘+2  with 𝛼 = 0.25
and 𝜉(1.6)𝑘+1  are the best choices among the augmented designs. The table 
shows that these augmented designs are able to reach competitive 
efficiencies with respect to the compound designs, even if by definition 
they perform worse than the optimal solution (see for instance that in 
the example the KL-augmented design with approach I is dominated 
by both compound designs). However, the enriched designs have a 
lower computational cost than compound optimal designs and their 
algorithmic implementation is easier. Among the augmented solutions, 
the restricted optimal design takes the longest time to calculate, at 8 s. 
Meanwhile, the memetic algorithm takes 253 s to calculate a compound 
design for a certain value of 𝜆, with a population of 100 designs, 20 
local search iterations, and 100 maximum iterations.

Finally, another advantage of this methodology is that by defining 
a whole region  of candidate points, it allows the experimenter to 
include other constraints in the selection of number and location of 
the new support points for the augmented design. For example, from 
the practitioner’s point of view, sometimes replications are preferred 
to additional experimental setups, and at other times, certain observa-
tions have different experimental costs, which leads the practitioner to 
avoid/prefer certain ranges of values in the design space. The proposed 
region  of candidate points versus a given compound or restricted 
design, allows the practitioner to include these types of preferences in 
the augmented design.
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Fig. 8. Efficiencies of the different augmented and compound designs.
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Appendix A. Proof of theorems

Here are presented the proof of the main theoretical results: 

Theorem 1.  If 𝑓1(𝑦; 𝑥,𝜽1) is the density corresponding to the regression 
model (1) with 𝜀 ∼ 𝑁(0; 𝜎21𝜂(𝑥; 𝜷1)), where 𝜽1 = (𝜷1, 𝜎21 ) are known, and 
𝑓0(𝑦; 𝑥,𝜽0) denotes the density function of the same regression model with 
𝜀 ∼ 𝑁(0; 𝜎20 ), where 𝜽0 = (𝜷0, 𝜎20 ) is unknown, then

𝜉⋆𝐾𝐿 =
{

𝑥 𝑥
𝜔 1 − 𝜔

}

, 𝜔 =
𝜂2𝑀

𝜂2𝑀 − 𝜂2𝑚
− 1

log 𝜂2𝑀 − log 𝜂2𝑚
.

where 𝜂2𝑚 ∶= 𝜂2𝑚(𝜷1) = inf𝑥 𝜂(𝑥; 𝜷1)2 > 0, 𝜂2𝑀 ∶= 𝜂2𝑀 (𝜷1) = sup𝑥 𝜂(𝑥; 𝜷1)2 <
∞, and 𝑥 ∈ {𝑥 ∶ 𝜂(𝑥; 𝜷1)2 = 𝜂2𝑚} and 𝑥 ∈ {𝑥 ∶ 𝜂(𝑥; 𝜷1)2 = 𝜂2𝑀}. In 
addition,

⋆(𝜷1) = (𝜉⋆𝐾𝐿,𝜽1) =
1
2
(𝐻 − log𝐻 − 1),

where 𝐻 = 𝜂2𝑚 ⋅
log 𝜂2𝑀 − log 𝜂2𝑚

𝜂2𝑀 − 𝜂2𝑚
.

Proof.  Let V𝑓1 (⋅) denote the variance with respect to 𝑓1.
Since E𝑓1 [𝑦] = 𝜂(𝑥, 𝛽1) and E𝑓1

[

𝑦2
]

= V𝑓1 [𝑦]+E𝑓1 [𝑦]
2 = 𝜎21𝜂(𝑥, 𝛽1)

2+
𝜂(𝑥, 𝛽 )2 = (1 + 𝜎2)𝜂(𝑥, 𝛽 )2, the KL-divergence between 𝑓 (𝑦; 𝑥,𝜽 ) and 
1 1 1 1 1
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𝑓0(𝑦; 𝑥,𝜽0) is:

E𝑓1

[

log
𝑓1(𝑦; 𝑥, 𝜃1)
𝑓0(𝑦; 𝑥, 𝜃0)

]

= E𝑓1

⎡

⎢

⎢

⎢

⎣

log

⎛

⎜

⎜

⎜

⎝

𝜎0
√

2𝜋

𝜎1𝜂(𝑥, 𝛽1)
√

2𝜋

exp− 1
2

(

𝑦−𝜂(𝑥,𝛽1)
𝜎1𝜂(𝑥,𝛽1)

)2

exp− 1
2

(

𝑦−𝜂(𝑥,𝛽0)
𝜎0

)2

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

= E𝑓1

[

log 𝜎0 − log 𝜎1𝜂(𝑥, 𝛽1) −
1
2

(

𝑦2

𝜎2
1𝜂(𝑥, 𝛽1)

2
−

2𝑦
𝜎2
1𝜂(𝑥, 𝛽1)

+ 1
𝜎2
1

−
𝑦2

𝜎2
0

+
2𝑦𝜂(𝑥, 𝛽0)

𝜎2
0

−
𝜂(𝑥, 𝛽0)2

𝜎2
0

)]

= log 𝜎0 − log 𝜎1𝜂(𝑥, 𝛽1) −
1
2

(

(1 + 𝜎2
1 )𝜂(𝑥, 𝛽1)

2

𝜎2
1𝜂(𝑥, 𝛽1)

2

−
2𝜂(𝑥, 𝛽1)
𝜎2
1𝜂(𝑥, 𝛽1)

+ 1
𝜎2
1

−
(1 + 𝜎2

1 )

𝜎2
0

𝜂(𝑥, 𝛽1)2 +
2𝜂(𝑥, 𝛽1)𝜂(𝑥, 𝛽0)

𝜎2
0

−
𝜂(𝑥, 𝛽0)2

𝜎2
0

)

= log 𝜎0 − log 𝜎1𝜂(𝑥, 𝛽1) −
1
2
+

(1 + 𝜎2
1 )

2𝜎2
0

𝜂(𝑥, 𝛽1)2 −
𝜂(𝑥, 𝛽1)𝜂(𝑥, 𝛽0)

𝜎2
0

+
𝜂(𝑥, 𝛽0)2

2𝜎2
0

.

Hence, the KL-optimality function (3) becomes: 

(𝜉, 𝜃1) = −1
2 ∫

log 𝜎21𝜂(𝑥, 𝛽1)
2 𝑑𝜉 − 1

2
+ 1

2
min
𝜃0

𝐾(𝜷0; 𝜎20 ), (A.1)

where

𝐾(𝜷0; 𝜎20 ) = log 𝜎20 + ∫

(1 + 𝜎21 )

𝜎20
𝜂(𝑥, 𝛽1)2 𝑑𝜉 − ∫

2𝜂(𝑥, 𝛽1)𝜂(𝑥, 𝛽0)
𝜎20

𝑑𝜉

+ ∫
𝜂(𝑥, 𝛽0)2

𝜎20
𝑑𝜉

= log 𝜎20 +
𝜎21
𝜎20

∫
𝜂(𝑥, 𝛽1)2 𝑑𝜉 +

1
𝜎20

∫

(

𝜂(𝑥, 𝛽1) − 𝜂(𝑥, 𝛽0)
)2

𝑑𝜉.

(A.2)

Differentiating Eq. (A.2) with respect to 𝜎20 and making it equal to zero 
gives:

0 = 𝜕𝐾
𝜕𝜎20

= 1
𝜎20

−
(1 + 𝜎21 ) ∫ 𝜂(𝑥, 𝛽1)2 𝑑𝜉

𝜎40
+

2 ∫ 𝜂(𝑥, 𝛽1)𝜂(𝑥, 𝛽0) 𝑑𝜉

𝜎40

−
∫ 𝜂(𝑥, 𝛽0)2 𝑑𝜉

𝜎40
. (A.3)

Multiplying the above equation by 𝜎40 and solving for 𝜎20 gives: 

𝜎̂2 = (1+𝜎2) 𝜂(𝑥, 𝛽1)2 𝑑𝜉−2 𝜂(𝑥, 𝛽1)𝜂(𝑥, 𝛽0) 𝑑𝜉+ 𝜂(𝑥, 𝛽0)2 𝑑𝜉. (A.4)
0 1 ∫ ∫ ∫
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Plugging in the value of 𝜎̂20 in Eq.  (A.2) gives: 

𝐾(𝜷0, 𝜎̂
2
0 ) = log

[

∫
(𝜂(𝑥, 𝛽1) − 𝜂(𝑥, 𝛽0))2 𝑑𝜉 + 𝜎21 ∫

𝜂(𝑥, 𝛽1)2 𝑑𝜉
]

+1. (A.5)

The value of 𝜷0 that minimises Eq. (A.5) is 𝜷̂0 = 𝜷1, and thus the 
KL-criterion (Eq. (A.1)), becomes:

(𝜉, 𝜃1) = −1
2 ∫

log 𝜎2
1𝜂(𝑥, 𝛽1)

2 𝑑𝜉 − 1
2
+ 1

2

(

log
[

𝜎2
1 ∫

𝜂(𝑥, 𝛽1)2 𝑑𝜉
]

+ 1
)

= 1
2

(

log∫
𝜂(𝑥, 𝛽1)2 𝑑𝜉 − ∫

log 𝜂(𝑥, 𝛽1)2 𝑑𝜉
)

= 1
2
(

log𝐴𝜂(𝜉; 𝜷1) − log𝐺𝜂(𝜉; 𝜷1)
)

, (A.6)

where 𝐴𝜂(𝜉; 𝜷1) =
∑

𝑖 𝜂(𝑥𝑖, 𝛽1)2 𝜉(𝑥𝑖) and 𝐺𝜂(𝜉; 𝜷1) =
∏

𝑖 𝜂(𝑥𝑖, 𝛽1)2
𝜉(𝑥𝑖)

are the arithmetic and geometric means of 𝜂(𝑥, 𝛽1)2 with respect to the 
design 𝜉 on  . Note that this KL-criterion (Eq. (A.6)) depends only on 
𝜷1, and therefore (𝜉, 𝜃1) ∶= (𝜉, 𝜷1). Since Equality (A.6) is the semi-
difference between the logarithms of an arithmetic and a geometric 
mean, the explicit expression of the KL-optimum design given in Eq. 
(4) is obtained as in [6, Theorem 3]. Finally, the expression for ⋆(𝜷1)
comes from [20, Lemma 1, Eq. (7)]. □

Theorem 2.  Let 𝜉𝑘 be a design with 𝑘 support points and 𝜉𝑥1 ,… , 𝜉𝑥𝑝  be 𝑝
designs with all their mass concentrated at 𝑥𝑗 ∈ (𝜉𝑘), for 𝑗 = 1,… , 𝑝. If 
𝜉
(𝑥1 ,…,𝑥𝑝)
𝑘+𝑝 = (1 − 𝛼) 𝜉𝑘 +

∑𝑝
𝑗=1 𝛼𝑗 𝜉𝑥𝑗 , with 𝛼𝑗 ∈ (0, 1) and 𝛼 =

∑𝑝
𝑗=1 𝛼𝑗 , then 

eff𝐾𝐿

(

𝜉
(𝑥1 ,…,𝑥𝑝)
𝑘+𝑝

)

≥ 𝛿.

Proof.  Note that for 𝑝 ≥ 2, 

𝜉(𝑥1 ,…,𝑥𝑝)
𝑘+𝑝 =(1 − 𝛼)

∑𝑝−1
𝑗=1 𝛼𝑗 + 𝛼𝑝

𝛼
𝜉𝑘 +

𝑝−1
∑

𝑗=1
𝛼𝑗 𝜉𝑥𝑗 + 𝛼𝑝 𝜉𝑥𝑝

=(1 − 𝛼)

∑𝑝−1
𝑗=1 𝛼𝑗 𝜉𝑘
𝛼

+ (1 − 𝛼)
𝛼𝑝
𝛼
𝜉𝑘 + (1 − 𝜖𝑝)

∑𝑝−1
𝑗=1 𝛼𝑗 𝜉𝑥𝑗
1 − 𝜖𝑝

+ 𝛼
𝛼𝑝
𝛼

𝜉𝑥𝑝

=(1 − 𝛼)(1 − 𝜖𝑝) 𝜉𝑘 + (1 − 𝜖𝑝)
𝑝−1
∑

𝑗=1
𝛼′
𝑗 𝜉𝑥𝑗 + 𝜖𝑝

[

(1 − 𝛼) 𝜉𝑘 + 𝛼 𝜉𝑥𝑝
]

=(1 − 𝜖𝑝)

[

(1 − 𝛼)𝜉𝑘 +
𝑝−1
∑

𝑗=1
𝛼′
𝑗 𝜉𝑥𝑗

]

+ 𝜖𝑝
[

(1 − 𝛼)𝜉𝑘 + 𝛼 𝜉𝑥𝑝
]

=(1 − 𝜖𝑝) 𝜉
(𝑥1 ,…,𝑥𝑝−1)
𝑥+𝑝−1 + 𝜖𝑝 𝜉

(𝑥𝑝)
𝑘+1 ,

(A.7)

where 𝜖𝑝 = 𝛼𝑝
𝛼  and 𝜉(𝑥1 ,…,𝑥𝑝−1)

𝑘+𝑝−1 = (1 − 𝛼) 𝜉𝑘 +
∑𝑝−1

𝑗=1 𝛼
′
𝑗 𝜉𝑥𝑗 , with 𝛼′𝑗 = 𝛼𝑗

1−𝜖𝑝
for 𝑗 = 1,… , 𝑝 − 1 (as a consequence ∑𝑝−1

𝑗=1 𝛼
′
𝑗 = 𝛼).

From the concavity of the KL-criterion, by using the steps above 
recursively and setting 𝜖𝑗 = 𝛼𝑗

𝛼
∏𝑝

𝑙=𝑗+1(1 − 𝜖𝑙) for 𝑗 = 1,… , 𝑝 − 1, we 
have that: 


(

𝜉(𝑥1 ,…,𝑥𝑝)
𝑘+𝑝

)

≥ (1 − 𝜖𝑝)
(

𝜉(𝑥1 ,…,𝑥𝑝−1)
𝑘+𝑝−1

)

+ 𝜖𝑝 (𝜉
(𝑥𝑝)
𝑘+1)

≥ (1 − 𝜖𝑝)(1 − 𝜖𝑝−1)
(

𝜉(𝑥1 ,…,𝑥𝑝−2)
𝑘+𝑝−2

)

+ (1 − 𝜖𝑝)𝜖𝑝−1 (𝜉
(𝑥𝑝−1)
𝑘+1 ) + 𝜖𝑝 (𝜉

(𝑥𝑝)
𝑘+1)

≥ (1 − 𝜖𝑝)(1 − 𝜖𝑝−1)(1 − 𝜖𝑝−2)
(

𝜉(𝑥1 ,…,𝑥𝑝−3)
𝑘+𝑝−3

)

+ (1 − 𝜖𝑝)(1 − 𝜖𝑝−1)𝜖𝑝−2 (𝜉
(𝑥𝑝−2)
𝑘+1 ) + (1 − 𝜖𝑝)𝜖𝑝−1 (𝜉

(𝑥𝑝−1)
𝑘+1 ) + 𝜖𝑝 (𝜉

(𝑥𝑝)
𝑘+1)

≥⋯

≥
[

𝜖𝑝 + (1 − 𝜖𝑝)𝜖𝑝−1 + (1 − 𝜖𝑝)(1 − 𝜖𝑝−1)𝜖𝑝−2 +⋯ + (1 − 𝜖𝑝)… (1 − 𝜖1)
]

× min
1≤𝑗≤𝑝


(

𝜉(𝑥𝑗 )𝑘+1

)

= min
1≤𝑗≤𝑝


(

𝜉(𝑥𝑗 )𝑘+1

)

,

(A.8)

where the last equality is due to the fact that
𝜖𝑝 + (1 − 𝜖𝑝)𝜖𝑝−1 + (1 − 𝜖𝑝)(1 − 𝜖𝑝−1)𝜖𝑝−2 +⋯ + (1 − 𝜖𝑝)… (1 − 𝜖1) = 1.
8 
From Inequality (A.8) by dividing by (𝜉⋆𝐾𝐿, 𝜃1), and taking into 
account that 𝑥1,… , 𝑥𝑝 ∈ (𝜉𝑘), the result is obtained. □

Appendix B. Memetic algorithm

A population of 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 non-singular designs, or chromosomes, is 
randomly generated (otherwise the D-efficiency would be zero). Then, 
an iteration of the algorithm is performed. The first step is the tour-
nament selection (pool size is 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 and tournament size is 2). The 
tournament consists in randomly selecting (with replacement) 𝑝𝑜𝑝𝑆𝑖𝑧𝑒
pairs of designs from the population. From each pair, the best design 
is kept, according to the compound criterion.

Then, the crossover operator is applied to the current set of 𝑝𝑜𝑝𝑆𝑖𝑧𝑒
designs. This crossover operator consists in drawing (without replace-
ment) 𝑝𝑜𝑝𝑆𝑖𝑧𝑒∕2 pairs of designs, and then for each pair, with proba-
bility 𝑐𝑟𝑜𝑠𝑠𝑜𝑣𝑒𝑟_𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦, swapping a random number (from 1 up to 
the minimum number of points of the two parents minus 1) of support 
points between the two chromosomes. If a pair is not crossed, then it 
is discarded. The resulting designs form the set of offspring.

At this point the original population and the set of offspring are 
merged, forming the candidate population.

Then, with probability 𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛_𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦, the mutation over each 
chromosome is applied in the candidate population. The mutation is 
performed over either a point or a weight of the design. The BGA 
mutation operator is used, and it works as follows: if 𝑐𝑖 ∈ [𝑎𝑖, 𝑏𝑖] is 
a value to be mutated, the resulting value 𝑐′𝑖  is,

𝑐′𝑖 = 𝑐𝑖 ± 𝑟𝑎𝑛𝑔𝑖 ×
15
∑

𝑘=0
𝛼𝑘2−𝑘,

where 𝑟𝑎𝑛𝑔𝑖 defines the mutation range, and is set to 0.1 in the case 
of weights, and 0.1 × (max − min). The + or − sign is chosen 
with a probability of 1∕2 and 𝛼𝑖 ∈ {0, 1} is randomly generated with 
probability 𝑃 (𝛼𝑖 = 1) = 1∕16.

After the mutation step, 𝐿𝑆𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 of ‘‘the local search’’ are per-
formed over each design of the candidate population. A single iteration 
of the local search consists in applying the mutation operator to a 
design 𝜉𝑐 , and keeping the resulting updated design 𝜉𝑢, if 𝜉𝑢 has a better 
criterion value than 𝜉𝑐 .

Then, the typical heuristics, as used in classic algorithms in optimal 
experimental design, are applied: points with very small weights are 
eliminated and points that are very close to one another are merged 
together.

Lastly, the best 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 chromosomes in the candidate population 
are selected, where best is defined in the same sense as in the tourna-
ment selection. These 𝑝𝑜𝑝𝑆𝑖𝑧𝑒 designs now form the initial population 
for the next iteration of the memetic algorithm.

Appendix C. Simulation

To show the usefulness of KL-augmented designs in terms of model 
discrimination and precise parameter estimation, we have developed a 
detailed simulation study. In this study, the heteroscedastic Antoine’s 
Eq. (9) is considered as the true model within the range of temperatures 
 = (30, 60) and the initial best guesses for the parameters 𝛽 =
(𝑎, 𝑏, 𝑐) = (3.022, 535.051, 229), which correspond to iodoethane in liquid 
state [21]. We have chosen this example as the design of space is not 
a large range of temperatures and differences between homoscedastic 
and heteroscedastic assumptions are not easily detected.

The designs considered for this study were the uniform design, 
with 5 equally weighted support points, the D-optimal design and two 
augmented designs, analogous to 𝜉(1,41.88,100)𝑘+3  and 𝜉(1.6)𝑘+1  respectively (the 
latter with 𝛼=0.25 since, in this case, increasing 𝛼 does not provide a 
better KL-efficiency). For this substance and temperature range, these 
designs are characterised as follows.

𝜉𝑈𝑛𝑖𝑓 =
{

30 37.50 45 52.5 60
}

,

0.2 0.2 0.2 0.2 0.2



C. de la Calle-Arroyo et al. Chemometrics and Intelligent Laboratory Systems 261 (2025) 105362 
Table C.3
Monte Carlo rejection rates, and Monte Carlo bias and standard deviation of the MLEs 
of the homoscedastic model, when it is the true model.
 Design 𝑛 = 25 𝑛 = 75
 Rej. rate 𝛽 Bias sd Rej. rate 𝛽 Bias sd  
 
𝜉𝑈𝑛𝑖𝑓 0.046

a 27e−4 71e−5
0.035

a 23e−4 32e−5 
 b 1.11 21.45 b 1.19 27.44  
 c 0.15 11.71 c 0.29 5.41  
 
𝜉𝐷 0.044

a 25e−4 59e−5
0.039

a 38e−4 29e−5 
 b 1.47 35.37 b 1.39 40.99  
 c 0.38 9.50 c 0.43 5.28  
 
𝜉(30,39.12,60)𝑘+3 0.064

a 15e−4 43e−5
0.049

a 24e−4 22e−5 
 b 0.58 8.89 b 1.14 22.84  
 c 0.07 6.81 c 0.25 3.50  
 
𝜉(30)𝑘+1 0.036

a 17e−4 56e−5
0.040

a 25e−4 27e−5 
 b 1.05 32.09 b 1.51 29.31  
 c 0.29 9.67 c 0.42 4.25  

with a D-efficiency of 83.90% and a KL-efficiency of 49.6%.

𝜉𝐷 =
{

30 44.17 60
1∕3 1∕3 1∕3

}

,

with a D-efficiency of 100% and a KL-efficiency of 66.2%.

𝜉(30,39.12,60)𝑘+3 =
{

30 37.71 60
0.44 0.25 0.31

}

,

with a D-efficiency of 84.2% and a KL-efficiency of 80%.

𝜉(30)𝑘+1 =
{

30 44.17 60
0.5 0.25 0.25

}

,

with a D-efficiency of 94.5% and a KL-efficiency of 72.8%.
We recall that we are interested in testing 

{

𝐇0 ∶ 𝜀 ∼  (0, 𝜎20 )
𝐇1 ∶ 𝜀 ∼  (0, 𝜎21 𝜂(𝑥, 𝜷)

2)

and we apply the likelihood ratio test statistic (LRT). The distribution 
of LRT under the null hypothesis has been generated, for each design, 
through 1000 simulations; herein, this is called Monte Carlo reference 
distribution. To inspect how sample size affects both the precision of 
the estimates and power of the test, two sample sizes have been used, 
𝑛 = 25 and 𝑛 = 75. By using the 1000 samples generated from the 
homoscedastic model and by generating additional 1000 samples from 
the heteroscedastic model, the simulation results consist in:

• the rejection rates, computed as the proportion of times in which 
the null hypothesis has been rejected, on the basis of the Monte 
Carlo reference distribution;

• the Monte Carlo bias and standard deviation of the parameter 
estimates (MLEs).

The results obtained in the homoscedastic case are presented in 
Table  C.3. The rejection rate gives the actual significance level. When 
𝑛 = 75, the actual significance level with the best agreement to 𝛼 = 0.05
is reached by 𝜉(30,39.12,60)𝑘+3 , while for 𝑛 = 25 it is obtained by applying 
the uniform design. The standard deviations of the estimates are of 
comparable magnitude among the different designs; the smallest values 
correspond to the design 𝜉(30,39.12,60)𝑘+3 .

Of higher importance are the results obtained when the data are 
generated from the heteroscedastic model. In this case, displayed in 
Table  C.4, the rejection rate is the power. It can be noted that the 
largest power is reached when 𝜉(30,39.12,60)𝑘+3  is applied. This result is 
not surprising as this design has the largest KL-efficiency (80%). It 
discriminates almost perfectly when 𝑛 = 75, and guarantees a power 
over 70% when 𝑛 = 25. For what concerns bias and standard deviation 
of the MLEs, all the designs have a similar behaviour, and the best 
results correspond to 𝜉(30,39.12,60). Surprisingly, the D-optimal design 
𝑘+3

9 
Table C.4
Monte Carlo rejection rates, and Monte Carlo bias and standard deviation of the MLEs 
of the heteroscedastic model, when it is the true model.
 Design 𝑛 = 25 𝑛 = 75
 Rej. rate 𝛽 Bias sd Rej. rate 𝛽 Bias sd  
 
𝜉𝑈𝑛𝑖𝑓 0.455

a −34e−4 66e−5
0.925

a −19e−4 22e−5 
 b −1.97 70.62 b −0.99 17.98  
 c −0.54 11.65 c −0.24 3.23  
 
𝜉𝐷 0.479

a −18e−4 58e−5
0.953

a −32e−4 24e−5 
 b −1.45 91.68 b −1.39 29.89  
 c −0.50 11.14 c −0.26 3.09  
 
𝜉(30,39.12,60)𝑘+3 0.708

a −14e−4 42e−5
0.999

a −9e−4 14e−5 
 b −1.0 39.44 b −0.51 7.52  
 c −0.32 6.71 c −0.14 1.85  
 
𝜉(30)𝑘+1 0.510

a −31e−4 70e−5
0.994

a −7e−4 16e−5 
 b −2.01 111.74 b −0.65 12.47  
 c −0.58 11.94 c −0.23 2.08  

does not lead to the smallest standard deviations; this can be explained 
through the fact that the D-optimal design minimises the determinant 
of the Fisher information matrix, and hence takes into account also 
the covariances of the MLEs. Tables  C.3 and C.4 show that, when 
the model is correctly chosen, the MLEs have good performances, with 
relatively small bias and variances. When instead the incorrect model 
is estimated, the MSEs of the MLEs are affected. In particular, when 
computing bias and standard deviation of the MLEs under the incorrect 
model, we found a dramatic rise of the standard deviation for some 
of the designs, that was not mitigated by increasing the sample size. 
Noticeably, the worst results are observed for the augmented designs 
when the homoscedastic model is incorrectly assumed and 𝑛 = 75: in 
that case, both 𝑏 and 𝑐 are not significant due to the excessive variance 
of their MLEs. However, it is important to highlight that this type of 
error (type II error) is extremely unlikely for 𝑛 = 75, especially for 
𝜉(30,39.12,60)𝑘+3  (see Table  C.4). These results are available on request and 
can be replicated with the code, Appendix  D.

Appendix D. R code

The code used to compute the designs in this work is hosted in the 
GitHub repository https://github.com/Kezrael/KL-augment/. In there 
you can find the auxiliary functions as well as the code to compute the 
augmented designs, the compound designs and the simulations. Should 
there be any inquiries about it or help needed to adapt it please contact 
the corresponding author.

Data availability

No data was used for the research described in the article.
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