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Abstract. Primordial non-Gaussianities (PNG) leave unique signatures in the bispectrum of
the large-scale structure. With upcoming galaxy surveys set to improve PNG constraints by
at least one order of magnitude, it is important to account for any potential contamination.
In our work we show how to include wide-angle effects into the 3-dimensional observed galaxy
bispectrum. We compute the leading wide-angle corrections to the monopole, finding that
they could mimic local PNG with an amplitude of fNL = O (0.1). We also compute the dipole
induced by wide-angle effects, whose amplitude is a few-percent of the flat-sky monopole. We
estimate that wide-angle effects in the monopole can be safely neglected for survey volumes
of the order of 8 Gpc3h−3, while the dipole can start being detected from surveys probing
volumes larger than 50 Gpc3h−3. Our formalism can be readily adapted to realistic survey
geometries and to include relativistic effects, which may become relevant at high redshifts.
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1 Introduction

The large-scale structure (LSS) of the Universe encodes a wealth of cosmological information,
which is typically compressed in a small number of summary statistics. For a Gaussian field,
all the information is encoded in the power spectrum, i.e. the Fourier transform of the 2-point
correlation function. Non-Gaussianities, either produced by the non-linear gravitational
interaction or set in the initial conditions provided by inflation, generates non-vanishing
3-point functions. Therefore the study of its Fourier transform, the bispectrum, provides
complementary information to the power spectrum, in particular on the non-linear evolution [2–
22] and on the dynamics of Inflation [23–35].

Analyzing measurements of the bispectrum, however, presents a number of technical
challenges, and the first analyses of the BOSS data [36] have been attempted only recently [11,
37–46]. An example of the intrinsic complication in a bispectrum analysis is provided by finite
volume effects convolution, recently studied in [46–51]. Additionally, all the analyses so far
have been working in the so-called flat-sky, or distant observer, approximation, by considering
the lines of sight to different galaxies to be parallel.

In this work we show how to go beyond the flat-sky approximation in the bispectrum
analysis, by expanding perturbatively in the ratio between the pair separations and the
surveys effective comoving distance. Departures from the flat-sky regime are usually referred
to as wide-angle effects. Given the large fraction of the sky covered by current and upcoming
galaxy surveys such as DESI [52], Euclid [53] and SPHEREx [54], wide-angle effects need to
be quantified to make sure that the analyses are robust.
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Recently, similar questions were addressed by the Authors of [1], who computed wide-
angle corrections the bispectrum multipoles using a Cartesian basis. In this work we will
provide a different formulation of wide-angle effects, based on an expansion in spherical
tensors, which is more easily adapted to the state-of-the art approaches to the convolution of
the theoretical model with a survey window function [50], whose effects become important on
the same scales of the wide-angle corrections.

For the power spectrum, wide-angle effects have been studied extensively [1, 55–71].
As the consequence of the partially broken translation invariance, the power spectrum is
no longer diagonal, 〈δ(k1)δ(k2)〉 = P (k1,k2). The current approach in the community is to
consider the so called local estimator (e.g. P (k,x) for the power spectrum, where x̂ is the line
of sight vector), where “local” here refers to a small region where the translation invariance
is approximately preserved [72]. Wide-angle effects then can be captured perturbatively by
expanding over the small parameter1 (kx)−1 (see e.g. [67, 73])

P (k,x) =
∑
n

P (n)(k, x̂) (kx)−n . (1.1)

In principle the same technique can be applied to the bispectrum. As recently shown
by [1], under the assumption of periodic boundary condition (neglecting window function
effects), the wide-angle effects in the bispectrum can be described perturbatively, written
schematically as follows

B(k1,k2,x) =
∑
n

∑
i+j=n

B(i+j)(k1,k2, x̂) (k1x)−i (k2x)−j . (1.2)

In this work we are interested in providing an alternative formulation of wide angle effects in
the bispectrum multipoles for the commonly used Scoccimarro estimator [72], which we think
is more suitable for the convolution with the survey window function.

Measurements of the large scale bispectrum offer a unique window into the Early Universe
as revealed by the possible presence of Primordial Non-Gaussianity (PNG) [74]. The wide-
angle corrections to the monopole of the power spectrum and of the bispectrum have a similar
parametric expression to the amplitude of local PNG, and could therefore be misinterpreted for
a detection of PNG in LSS data. We will show that wide-angle effects produce an equivalent
amplitude of local PNG with fNL ∼ 0.2.

Beyond the flat-sky approximation, odd multipoles are generated by wide-angle correc-
tions. In the recent literature [75–77], the dipole of the bispectrum has received some attention,
since it can be sourced by relativistic effects as well. Similarly to what happens for the dipole
of the power spectrum [78–82], the latter offer the opportunity to test modifications to the
Euler equation with a measurement of the odd multipoles of the bispectrum. Moreover, the
bispectrum is the lowest-order statistic, for a single tracer, sensitive to parity violating physics.
Therefore, the understanding of any other source of odd multipoles is crucial in the search
for parity-odd new physics in galaxy clustering, such as vector-type parity-violation [83, 84].
Here we derive the dipole induced by wide-angle corrections, which we expect to be of a
similar magnitude, or greater, than the one induced by relativistic effects. Our formalism can
be easily extended to incorporate relativistic corrections as well.

This work is organized as follows. The wide-angle effects formulation for the bispectrum
multipoles is laid out in section 2. We present the numerical implementation of our approach
in section 3. Finally, we give our conclusions and outlook in section 4.

1The expansion parameter (kx)−1 is the Fourier counterpart of the ratio between the pair separation over
the survey effective comoving distance.
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2 Wide angle in the bispectrum multipoles estimator

In this section we introduce the bispectrum estimator and we compute its ensemble average
by accounting for wide-angle effects. We start by considering the Scoccimarro bispectrum
estimator [72]

B̂`(k1, k2, k3) = 2`+ 1
VBV

3∏
i=1

[∫
ki

d3qi

∫
V
d3xie

−iqi·xi

]
δD(q123)δg(x1)δg(x2)δg(x3)L`(q̂1 · x̂3),

(2.1)

where the integration
∫
k d

3q runs over the spherical shell of radius q in the range k −∆k/2 ≤
q ≤ k + ∆k/2. The fluctuation in the galaxy number density is defined as δg (x) and we have
introduced

VB ≡ VB(k1, k2, k3) ≡
∫
k1
d3q1

∫
k2
d3q2

∫
k3
d3q3 δD(q123). (2.2)

We are interested in computing the ensemble average of the bispectrum estimator without
relying on the flat-sky approximation. Hence, ignoring the k-binning, we have

〈B̂`(k1, k2, k3)〉 = (2`+ 1)
∫
d3x3
V

∫
d3x13

∫
d3x23 〈δg(x1)δg(x2)δg(x3)〉

e−ik1·x13e−ik2·x23L`(k̂1 · x̂3) , (2.3)

where we have introduced the variables

x13 = x1 − x3 , x23 = x2 − x3 . (2.4)

From eq. (2.3) it is clear that we need to compute the 3-point correlation function (3PCF)
beyond flat-sky. Therefore, we consider the (deterministic part of) galaxy number density
δg(k), perturbatively expanded up to second order in the matter density field δ (k)

δg(k, x̂) = Z1(k, x̂)δ(1)(k) +
∫

d3q

(2π)3Z2(q,k− q, x̂)δ(1)(q)δ(1)(k− q), (2.5)

where we have made the dependence on the line of sight x̂ explicit in the kernels [85]

Z1(k, x̂) = b1 + f(k̂ · x̂)2, (2.6)

Z2(k, x̂) = b1F2(k1,k2) + b2
2 + bG2S(k1,k2) + f(k̂1 · k̂2)2G2(k1,k2)

+ fk12k̂1 · k̂2
2

[
k̂1 · x̂
k1

Z1(k2, x̂) + k̂2 · x̂
k2

Z1(k1, x̂)
]
, (2.7)

– 3 –
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with b1, b2, bG2 are the linear, quadratic, bias related to second order Galileon field G2 respec-
tively. The functions F2 and G2 are the standard second order matter density and velocity
quadratic kernels [85], and

S(k1,k2) = (k̂1 · k̂2)2 − 1 . (2.8)

In full generality, the tree-level 3-point function can be written as

〈δ(x1)δ(x2)δ(x3)〉 =
∫

d3p1
(2π)3

d3p2
(2π)3

d3p3
(2π)3 (2π)3δD(p1 + p2 + p3)eip1·x1eip2·x2eip3·x3

2
[
Z1(p1, x̂1)Z1(p2, x̂2)Z2(p1,p2, x̂3)P (p1)P (p2)

+ Z1(p2, x̂2)Z1(p3, x̂3)Z2(p2,p3, x̂1)P (p2)P (p3)

+ Z1(p3, x̂3)Z1(p1, x̂1)Z2(p3,p1, x̂2)P (p3)P (p1)
]

=
∫

d3p1
(2π)3

d3p2
(2π)3 e

ip1·x13eip2·x23F(p1,p2, x̂1, x̂2, x̂3), (2.9)

where we have collected the kernels into

F(p1,p2, x̂1, x̂2, x̂3) = 2Z1(p1, x̂1)Z1(p2, x̂2)Z2(p1,p2, x̂3)P (q1)P (q2) + perms. (2.10)

Since all the angular dependencies are analytical,2 we can evaluate the 3PCF by expanding
the F kernel in terms of two wide-angle expansion parameters3 x13/x3 and x23/x3 (where x̂3
has been chosen to be the line-of-sight)

F(p1,p2, x̂1, x̂2, x̂3) =
∑
ij

F (ij)(p1,p2, x̂13, x̂23, x̂3)
(
x13
x3

)i (x23
x3

)j
, (2.11)

where F (ij) can be further decomposed into Legendre polynomials of all the angles appearing
in eq. (2.11)

F (ij)(p1,p2, x̂13, x̂23, x̂3) =
∑

`6+`7+`8≤i

∑
`9+`10+`11≤j

∑
`3,`4,`5

F (ij)
`3`4`5`6`7`8`9`10`11

(p1, p2)

L`3(p̂1 · p̂2)L`4(p̂1 · x̂3)L`5(p̂2 · x̂3)
L`6(p̂1 · x̂13)L`7(p̂2 · x̂13)L`8(x̂13 · x̂3)
L`9(p̂1 · x̂23)L`10(p̂2 · x̂23)L`11(x̂23 · x̂3). (2.12)

Once the 3PCF is expanded in Legendre multipoles, we can perform all the angular integrals
in eq. (2.3), arriving to the following expression for the tree-level bispectrum multipoles (see

2Due to the mode-coupling between p1 and p2, the integrals over L`3 (p̂1 · p̂2) needs to be computed
numerically. We discuss the convergence of the sum over `3 in the appendix C.

3As shown in ref. [86], for the monopole this perturbative expansion at second order in terms of the ratio of
the pair separation over the line-of-sight comoving distance is accurate at the percent level up to the boundary
of the survey window function.
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appendix A for derivation),

〈B`(k1,k2,k3)〉=∑
ij

∑
`6+`7+`8≤i

∑
`9+`10+`11≤j

∑
`1,`2,`3,`4
`5,`12,`13,`14

i`1+`2−`12−`13

×
[

1
(2π)6

∫
dx3x

2
3

V

∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2

j`1(p1x13)j`2(p2x23)j`12(k1x13)j`13(k2x23)F (ij)
`3`4`5`6`7`8`9`10`11

(p1,p2)
(
x13
x3

)i(x23
x3

)j ]

×
[

(4π)14

N`3`4`5N`6`7`8N`9`10`11

∑
m,mi

∑
LM

(−1)m3+m8+m11+MGm4mM
`4`L

Gm1m3m4m6m9
`1`3`4`6`9

Gm2,−m3m5m7m10
`2`3`5`7`10

Gm1m12m6m7,−m8
`1`12`6`7`8

Gm2m13m9m10,−m11
`2`13`9`10`11

G−Mm5m8m11
L`5`8`11

Gmm12m14
``12`14

Y`14m14(k̂1)Y ∗`13m13(k̂2)
]
, (2.13)

where we have defined
N`1`2`3 = (2`1 + 1)(2`2 + 1)(2`3 + 1), (2.14)

and
Gm1m2···mn
`1`2···`n ≡

∫
d2n̂ Y`1m1(n̂)Y`2m2(n̂) · · ·Y`nmn(n̂) , (2.15)

which can be evaluated by repeated use of eq. (E.6) and eq. (E.8).
As we can see, the final expression in eq. (2.13) includes two Hankel transforms, which

can be performed analytically as shown in appendix B. In the next sections we will evaluate
this expression to compute different multipoles of the bispectrum at different order in the
wide-angle expansion.

3 Numerical results

In this section, we present the numerical results of the implementation of wide-angle corrections
to the bispectrum multipoles as defined in eq. (2.13). We relegate all lengthy calculations to
the appendices: in particular we show how to perform the Hankel transform analytically in
appendix B and we study the dependence to the maximum value of `3 (which is the multipoles
associated to the angle between two wave-vectors of the bispectrum p̂1 · p̂2) in appendix C.

Theoretical predictions are computed using the linear power spectrum of ΛCDM
cosmology, computed with CAMB code [87], with the following parameters: h = 0.695,
Ωch

2 = 0.11542, Ωbh
2 = 0.02224, ns = 0.9632, As = 2.20193× 10−9, TCMB = 2.7255. We use

the quadratic fit for the quadratic bias b2 [88] and the relation derived from excursion set
formalism for the bG2 [89, 90]

bG2 = 0.524− 0.547 b1 + 0.046 b21, (3.1)

b2 = 0.412− 2.143 b1 + 0.929 b21 + 0.008 b31 + 4
3bG2 .

Results are shown for two redshift bins centered at z = 1.0 and z = 1.65 with linear
bias b1 = 1.46 and b1 = 1.9 respectively, following the specifications of the official Euclid
forecast [91].
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3.1 Wide-angle effects in the monopole and dipole of the bispectrum

We start by looking at the monopole of the bispectrum. As expected by symmetry, i.e.
translational invariance, the first order wide angle correction vanishes and therefore any effect
start at second order, i.e. n ≡ i + j = 2 in eq. (2.12). In figure 1 we plot, as a function
of the largest wave-number in the triangle k1, all possible triangles (k1, k2, k3) ordered by
k1 ≥ k3 ≥ k2, that satisfy the triangle conditions k1 ≤ k2 + k3 and k1 ≥ 2 k2, the amplitude
of the flat-sky monopole, in black, of the leading order wide-angle correction to the monopole,
in orange, and of the bispectrum dipole generated by wide-angle effects, in blue. We see that,
for most triangles, the n = 2 correction to the flat-sky monopole is ∼ 0.01% at z = 1. On
very large scales wide-angle effects approach the % level, for a set of triangles that could be
relevant to the constraints on local PNG. For this reason, in figure 2 we focus on squeezed
triangles, with the largest scale fixed at k2 = 0.01h/Mpc. The dashed lines show, in units of
the flat-sky monopole in a Gaussian Universe, the expected local PNG signal for different
values of fNL, while the black one corresponds to the leading order WA corrections.4 We
find that deviations from the plane-parallel approximation roughly correspond to values of
fNL ∼ 0.1-0.2, which are close to the uncertainties expected from a measurement of the
bispectrum with future galaxy surveys [54, 74, 92, 93]. It should however be kept in mind
that, at fixed volume, going to higher redshifts reduces the amplitude of the WA corrections.

Going beyond the monopole, wide-angle effects generate a non zero dipole at order
n = i+ j = 1. As it can be seen from figure 3, the corrections are the order of few %’s of the
flat-sky bispectrum monopole. This holds in general, for all triangular configurations and
in the redshift range z ∈ [1, 2]. This could have important implications for searches of new
physics in the dipole of the bispectrum.

Another interesting metric to look at is how important the wide-angle effects are with
respect to the error budget of the ongoing and upcoming large-volume galaxy surveys such as
DESI and Euclid. In figure 4 we compare the wide-angle effects to a theoretical Gaussian
variance assuming a flat-sky bispectrum with linear Kaiser model and Poisson shot-noise.5
Following the Euclid forecast in [91], we consider a redshift bin centered at z = 1 with total
effective volume of Veff = 8 Gpc3h−3 and number density ng = 6.86× 10−4 h3 Mpc−3. We
find that the wide-angle corrections to the monopole are always well below the expected
cosmic variance, and can be safely neglected, unless some technique to remove sample variance
is used, e.g. multi-tracing between different samples probing the same volume.

The signal to noise in the bispectrum dipole is instead of the order of 10% for several
triangles. Summing over all configurations indicates that the dipole could be measured with
a significance of

(
0.76×

√
V

8 Gpc3h−3

)
σ’s by upcoming surveys. Therefore, the wide-angle

corrections to the bispectrum dipole can start being detected with surveys probing volumes
larger than 50 Gpc3 h−3. Note however that the presence of a window function could change
this result, since the signal from other multipoles will leak into the measured dipole, similarly
to what happens in the power spectrum [73].

We conclude this section by a qualitative discussion on the relation between WA effects
and other projection effects that could change the prediction of the large scale bispectrum.
Wide-angle effects introduce corrections which scale as (kx3)−n at order n = i + j in the
perturbative expansion. At the largest scales, relativistic effects beyond the Newtonian

4Local PNG have been included in the theoretical prediction by modifying the perturbation theory kernels
at leading order in fNL (see for example [33]).

5See for example section 4.2 of [21] for the full expression.
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Figure 1. The flat-sky bispectrum monopole is contrasted with the largest wide-angle corrections to
the monopole and the dipole. Wide-angle corrections to the monopole are generally below ∼ 0.1% of
the flat-sky monopole. Wide-angle induced dipole can reach few percents of the flat-sky bispectrum
monopole. Here, the bispectrum are plotted as a function of the largest wave-number in the triangle
k1, for all possible triangles (k1, k2, k3) ordered by k1 ≥ k3 ≥ k2, that satisfy the triangle conditions
k1 ≤ k2 + k3 and k1 ≥ 2 k2.

description in eqs. (2.6)–(2.7), induces corrections which scale as (H/k)n. These have
been first computed in linear theory in refs. [94–98] and then extended to higher order in
perturbation theory in refs. [99–104]. Therefore, we expect that these two contributions
have similar amplitudes for deep surveys x3 ∼ H−1, while at low redshift wide-angle effects
are the main correction at large scales.6 So far the relativistic effects has been included in
the 3-dimensional Fourier bispectrum only within the flat-sky approximation,7 see e.g. [75–
77, 112, 113] or neglecting the convolution with a realistic window function [1]. Our approach
can be straightforwardly extended to also incorporate relativistic corrections and, therefore,
it will allow a complete and correct description of galaxy clustering at the largest scales.

6Let us note that wide-angle and relativistic effects exhibit comparable amplitudes even in the context of
2-point statistics. Furthermore, wide-angle effects are sensitive to the definition of the line of sight. Specifically,
when employing the end-point line-of-sight (as in our work), a significant enhancement of the wide-angle
corrections is observed, which has already been detected in the BOSS catalog. [73, 105].

7Wide-angle effects are naturally included in the angular bispectrum, see e.g. refs. [101, 106–110], and in
the Spherical-Bessel decomposition [111]. However the 3-dimensional information is diluted in a large number
of data points and its analysis will be hardly feasible with upcoming galaxy catalogs.
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Figure 2. Comparison of the wide-angle corrections to the monopole with the local primordial
non-Gaussianity contribution. At z = 1.0, the wide-angle contributions is comparable to a O(0.1) local
fNL signal.

3.2 Comparison with the Cartesian expansion formulation [1]

Recently, wide-angle corrections in the modeling of the bispectrum have been studied in
ref. [1]. While their approach share some common features with our derivation, for instance by
taking advantages of the analytical integration of the double Hankel transform, they expand
the kernels in the Cartesian coordinates,

F(p1,p2, x̂1, x̂2, x̂3) =
∑

`1+···+`6=n
F`1`2`3`4`5`6(p1,p2, x̂3)x`113,xx

`2
13,yx

`3
13,zx

`4
23,xx

`5
23,yx

`6
23,zx

−n
3 ,

(3.2)
where n denotes the wide-angle order while x13 = (x13,x, x13,y, x13,z) and similarly for x23. In
this way, for the most general case where we also include the window function we have

B`(k1, k2, k3) = (2`+ 1)
∫
d3x3
V

∫
d3x13

∫
d3x23 e

−ik1·x13e−ik2·x23

∫
d3p1
(2π)3

d3p2
(2π)3

eip1·x13eip2·x23F(p1,p2, x̂1, x̂2, x̂3)W (x1)W (x2)W (x3)L`(k1 · x3)

= (2`+ 1)
∫
d2x̂3
V

∫
d3x13

∫
d3x23 e

−ik1·x13e−ik2·x23

∫
d3p1
(2π)3

d3p2
(2π)3

eip1·x13eip2·x23
∑

`1+···+`6=n
F`1`2`3`4`5`6(p1,p2, x̂3)x`113,xx

`2
13,yx

`3
13,zx

`4
23,xx

`5
23,yx

`6
23,z∑

J1,J2,J3

Q
(n)
J1J2J3

(x13, x23)LJ1(x̂13 · x̂3)LJ2(x̂23 · x̂3)LJ3(x̂13 · x̂23)L`(k1 · x3),

(3.3)

– 8 –



J
C
A
P
0
9
(
2
0
2
3
)
0
3
0

103

104

105

106

107

108

109

|B
`|

z = 1.00

k1 = 0.10 h/Mpc, k2 = k1/5

103

104

105

106

107

108

109

z = 1.65

k1 = 0.10 h/Mpc, k2 = k1/5

Bn=0
0

Bn=1
1

−0.025

0.000

0.025

B
n

=
1

1
/B

n
=

0
0

−0.025

0.000

0.025

103

104

105

106

107

108

109

|B
`|

z = 1.00

k1 = 0.10 h/Mpc, k2 = 2k1/7

103

104

105

106

107

108

109

z = 1.65

k1 = 0.10 h/Mpc, k2 = 2k1/7

0.0 0.2 0.4 0.6 0.8 1.0
θ/π

−0.025

0.000

0.025

B
n

=
1

1
/B

n
=

0
0

0.0 0.2 0.4 0.6 0.8 1.0
θ/π

−0.025

0.000

0.025

Figure 3. Wide-angle effects induce a bispectrum dipole shown as a function of angle between the
two wavevectors θ, where cos θ = k̂1 · k̂2. The effects can be as large as few percents of the flat-sky
bispectrum monopole.

where we have defined the 3PCF of the window as follows

Q(n)(x13,x23, x̂3) ≡
∫
dx3
V
x2−n

3 W (x1)W (x2)W (x3)

=
∑

J1,J2,J3

Q
(n)
J1J2J3

(x13, x23)LJ1(x̂13 · x̂3)LJ2(x̂23 · x̂3)LJ3(x̂13 · x̂23). (3.4)

In the case of uniform window function W (x) = 1,

Q
(n)
J1J2J3

(x13, x23) =
∫
dx3
V
x2−n

3 δJ10δJ20δJ30, (3.5)

and thus the Cartesian coordinates of x13 and x23 only appear as some polynomial functions.
Denoting k1 = (kx1 , k

y
1 , k

z
1) (and similarly for k2) we can replace

x`113,x → (−i)`1∂`1kx
1
e−ik1·x13 , (3.6)
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Figure 4. Comparison of the wide-angle effects to an error budget associated with redshift bin centered
at z = 1 with total effective volume of Veff = 8 Gpc3h−3 and number density ng = 6.86×10−4 h3 Mpc−3

following [91]. The error is represented by a theoretical Gaussian variance assuming a flat-sky
bispectrum with linear Kaiser model and Poisson shot-noise, associated with the specifications of the
redshift bin. Wide-angle effects occupy at most few percents of the error of the bispectrum monopole.
On the other hand, the wide-angle induced a dipole which is in the order of ∼ 10% of the error budget.
The bispectrum are plotted following the configurations similar to figure 1.

and similarly for the others, giving
B`(k1, k2, k3) = (2`+ 1)(−i)−n

∑
`1+···+`6=n

∂`1kx
1
∂`2
ky

1
∂`3kz

1
∂`4kx

2
∂`5
ky

2
∂`6kz

2

×
∫
d3x3
V

∫
d3x13

∫
d3x23 e

−ik1·x13e−ik2·x23

∫
d3p1
(2π)3

d3p2
(2π)3 e

ip1·x13eip2·x23

F`1`2`3`4`5`6(p1,p2, x̂3)L`(k1 · x3)x−n3

= (2`+ 1)(−i)−n
∑

`1+···+`6=n
∂`1kx

1
∂`2
ky

1
∂`3kz

1
∂`4kx

2
∂`5
ky

2
∂`6kz

2

×
∫

d3x3
(2π)6V

F`1`2`3`4`5`6(k1,k2, x̂3)L`(k1 · x3)x−n3 . (3.7)
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Figure 5. Comparison of the Cartesian method developed in [1] and the method developed in this
work with `3,max = 6. The comparison is shown as a function of θ where cos θ = k̂1 · k̂2. The agreement
is at 0.1% level for most of the triangular configurations.

The main advantage of using Cartesian coordinates relies on having only finite sums. Therefore
we can use it first to cross-check our results and then also to study the convergence and the
cutoff of the sum over `3 in eq. (2.13). In figure 5, we show that both Cartesian method and
the method developed in this work agree at 0.1% level for most of the triangular configurations.
We have also checked that our results agree numerically with ref. [1] whenever a comparison
was possible.

The main drawback of the Cartesian coordinates method presented above is that it is
not particularly well suited to include any realistic window function. Actually, the Cartesian
method relies on the assumption that the Cartesian coordinates of x13 and x23 appear as
some polynomial functions, which only true for uniform window function W (x) = 1. The
Cartesian approach can still be generalized to include more realistic geometry, but at the
price of a much larger computational complexity.

On the other hand, the method presented in this work, as shown in appendix A, can
be trivially extended to include arbitrary window functions. The main difference with the
formulation presented in the main text is that now the Hankel transforms in eq. (2.13) have
to be evaluated numerically via FFTs (e.g. with 2D-FFTLog [114]).

4 Conclusions and outlook

In this work we laid out a formalism to include wide-angle effects in the bispectrum multipoles,
matching the theoretical model to the most commonly used bispectum estimator. We found
that, at z = 1, wide-angle effects on the monopole are, for most triangular configurations, a
∼ 0.1% correction to the flat-sky monopole. The wide-angle contributions to the monopole
however can become comparable to a O(0.1) local fNL signal in the squeezed limit. Wide-
angle effects also can induce a dipole that can reach few percents of the flat-sky bispectrum
monopole. In general this effect is less pronounced at higher redshift and at smaller-scale.
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We also consider the prospect of detecting these effects for the ongoing and upcoming
galaxy redshift surveys such as DESI and Euclid. We found that for a typical reshift-bin of
total volume Veff = 8 Gpc3h−3, wide-angle effects in the monopole can be safely neglected.
The bispectrum dipole could instead be detected by surveys probing volumes larger than 50
Gpc3 h−3. Note that these numbers will change accordingly if the effective redshift of the
sample changes.

Future direction which we have not explored in this work include a numerically efficient
implementation of wide-angle effects in the presence of a window function, and the general-
ization of our method to include relativistic effects. We plan to return to these interesting
problems in a future work.
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A Derivation of the bispectrum wide-angle formulation

In this appendix we explicitly compute the ensemble average of the bispectrum estimator
beyond the plane-parallel approximation. From the definition of the bispectrum multipoles
including the window functions W (x) we have

〈B̂`(k1, k2, k3)〉

= (2`+ 1)
∫
d3x3
V

∫
d3x13

∫
d3x23 〈δg(x1)δg(x2)δg(x3)〉

×W (x1)W (x2)W (x3)e−ik1·x13e−ik2·x23L`(k̂1 · x̂3)

= (2`+ 1)
∫
d3x3
V

∫
d3x13

∫
d3x23 e

−ik1·x13e−ik2·x23

×
∫

d3p1
(2π)3

d3p2
(2π)3 e

ip1·x13eip2·x23F(p1,p2, x̂1, x̂2, x̂3)W (x1)W (x2)W (x3)L`(k̂1 · x̂3),

(A.1)

where we have used eq. (2.9) and eq. (2.10). Taking x̂3 as the line of sight, we can expand
the F kernels as in eq. (2.12).

〈B̂`(k1, k2, k3)〉

= (2`+ 1)
∫
d3x3
V

∫
d3x13

∫
d3x23 e

−ik1·x13e−ik2·x23

×
∫

d3p1
(2π)3

d3p2
(2π)3 e

ip1·x13eip2·x23

×
∑
ij

∑
`6+`7+`8≤i

∑
`9+`10+`11≤j

∑
`3,`4,`5

F (ij)
`3`4`5`6`7`8`9`10`11

(p1, p2)
(
x13
x3

)i (x23
x3

)j
L`3(p̂1 · p̂2)L`4(p̂1 · x̂3)L`5(p̂2 · x̂3)
L`6(p̂1 · x̂13)L`7(p̂2 · x̂13)L`8(x̂13 · x̂3)
L`9(p̂1 · x̂23)L`10(p̂2 · x̂23)L`11(x̂23 · x̂3)L`(k̂1 · x̂3)W (x1)W (x2)W (x3), (A.2)
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which can be further organized in terms of Legendre polynomials by expanding the plane
wave using the Rayleigh expansion identity eq. (E.2)

〈B̂`(k1, k2, k3)〉

= 2`+ 1
(2π)6

∫
dx3x

2
3

V

∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2

×
∑
ij

∑
`6+`7+`8≤i

∑
`9+`10+`11≤j

∑
`1,`2,`3,`4,`5,`12,`13

i`1+`2−`12−`13(2`1 + 1)(2`2 + 1)(2`12 + 1)(2`13 + 1)

j`1(p1x13)j`2(p2x23)j`12(k1x13)j`13(k2x23)F (ij)
`3`4`5`6`7`8`9`10`11

(p1, p2)
(
x13
x3

)i (x23
x3

)j
∫
d2x̂3

∫
d2x̂13

∫
d2x̂23

∫
d2p̂1

∫
d2p̂2

L`1(p̂1 · x̂13)L`2(p̂2 · x̂23)L`12(k̂1 · x̂13)L`13(k̂2 · x̂23)
L`3(p̂1 · p̂2)L`4(p̂1 · x̂3)L`5(p̂2 · x̂3)
L`6(p̂1 · x̂13)L`7(p̂2 · x̂13)L`8(x̂13 · x̂3)
L`9(p̂1 · x̂23)L`10(p̂2 · x̂23)L`11(x̂23 · x̂3)L`(k̂1 · x̂3)W (x1)W (x2)W (x3) . (A.3)

Let us then define the 3PCF of the window as follows

Q(n)(x13,x23, x̂3)≡
∫
dx3
V
x2−n

3 W (x1)W (x2)W (x3)

=
∑

J1,J2,J3

Q
(n)
J1J2J3

(x13,x23)LJ1(x̂13 ·x̂23)LJ2(x̂13 ·x̂3)LJ3(x̂23 ·x̂3), (A.4)

so that now

〈B̂`(k1, k2, k3)〉

= 2`+ 1
(2π)6

∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2

×
∑
ij

∑
`6+`7+`8≤i

∑
`9+`10+`11≤j

∑
`1,`2,`3,`4,`5,`12,`13

i`1+`2−`12−`13(2`1 + 1)(2`2 + 1)(2`12 + 1)(2`13 + 1)

j`1(p1x13)j`2(p2x23)j`12(k1x13)j`13(k2x23)F (ij)
`3`4`5`6`7`8`9`10`11

(p1, p2)xi13x
j
23∫

d2x̂3

∫
d2x̂13

∫
d2x̂23

∫
d2p̂1

∫
d2p̂2

L`1(p̂1 · x̂13)L`2(p̂2 · x̂23)L`12(k̂1 · x̂13)L`13(k̂2 · x̂23)
L`3(p̂1 · p̂2)L`4(p̂1 · x̂3)L`5(p̂2 · x̂3)
L`6(p̂1 · x̂13)L`7(p̂2 · x̂13)L`8(x̂13 · x̂3)
L`9(p̂1 · x̂23)L`10(p̂2 · x̂23)L`11(x̂23 · x̂3)L`(k̂1 · x̂3)∑
J1,J2,J3

Q
(i+j)
J1J2J3

(x13, x23)LJ1(x̂13 · x̂23)LJ2(x̂13 · x̂3)LJ3(x̂23 · x̂3)
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= 2`+ 1
(2π)6

∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2

×
∑
ij

∑
`6+`7+`8≤i

∑
`9+`10+`11≤j

∑
`1,`2,`3,`4,`5,`12,`13

∑
J1,J2,J3

i`1+`2−`12−`13(2`1 + 1)(2`2 + 1)(2`12 + 1)(2`13 + 1)j`1(p1x13)j`2(p2x23)

j`12(k1x13)j`13(k2x23)F (ij)
`3`4`5`6`7`8`9`10`11

(p1, p2)Q(i+j)
J1J2J3

(x13, x23)xi13x
j
23∫

d2x̂3

∫
d2x̂13

∫
d2x̂23

∫
d2p̂1

∫
d2p̂2

∑
`′8,`
′
11

(2`′8 + 1)(2`′11 + 1)
(
J2 `8 `

′
8

0 0 0

)2(
J3 `11 `

′
11

0 0 0

)2

L`1(p̂1 · x̂13)L`2(p̂2 · x̂23)L`12(k̂1 · x̂13)L`13(k̂2 · x̂23)
L`3(p̂1 · p̂2)L`4(p̂1 · x̂3)L`5(p̂2 · x̂3)
L`6(p̂1 · x̂13)L`7(p̂2 · x̂13)L`′8(x̂13 · x̂3)

L`9(p̂1 · x̂23)L`10(p̂2 · x̂23)L`′11
(x̂23 · x̂3)L`(k̂1 · x̂3)LJ1(x̂13 · x̂23), (A.5)

where we have used the product of Legendre polynomials identity eq. (E.7). Expanding the
Legendre polynomials in terms of spherical harmonics, eq. (E.3), we can collect the angular
integrations in terms of the matrices defined in eq. (2.15)

〈B̂`(k1,k2,k3)〉

= 1
(2π)6

∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2

×
∑
ij

∑
`6+`7+`8≤i

∑
`9+`10+`11≤j

∑
`1,`2,`3,`4,`5,`12,`13

∑
J1,J2,J3

i`1+`2−`12−`13j`1(p1x13)j`2(p2x23)

j`12(k1x13)j`13(k2x23)F (ij)
`3`4`5`6`7`8`9`10`11

(p1,p2)Q(i+j)
J1J2J3

(x13,x23)xi13x
j
23∫

d2x̂3

∫
d2x̂13

∫
d2x̂23

∫
d2p̂1

∫
d2p̂2

∑
`′8,`
′
11

(
J2 `8 `

′
8

0 0 0

)2(
J3 `11 `

′
11

0 0 0

)2 (4π)15

N`3`4`5N`6`7`9N`10J10∑
m,mi,m′i,ji

Y ∗`1m1(p̂1)Y`1m1(x̂13)Y ∗`2m2(p̂2)Y`2m2(x̂23)

Y ∗`12m12(k̂1)Y`12m12(x̂13)Y ∗`13m13(k̂2)Y`13m13(x̂23)
Y ∗`3m3(p̂1)Y`3m3(p̂2)Y ∗`4m4(p̂1)Y`4m4(x̂3)Y ∗`5m5(p̂2)Y`5m5(x̂3)
Y ∗`6m6(p̂1)Y`6m6(x̂13)Y ∗`7m7(p̂2)Y`7m7(x̂13)Y ∗`′8m′8(x̂13)Y`′8m′8(x̂3)

Y ∗`9m9(p̂1)Y`9m9(x̂23)Y ∗`10m10(p̂2)Y`10m10(x̂23)Y ∗`′11m
′
11

(x̂23)Y`′11m
′
11

(x̂3)

Y ∗`m(k̂1)Y`m(x̂3)YJ1j1(x̂13)Y ∗J1j1(x̂23)
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= 1
(2π)6

∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2

×
∑
ij

∑
`6+`7+`8≤i

∑
`9+`10+`11≤j

∑
`1,`2,`3,`4,`5,`12,`13,`14

∑
`′8,`
′
11

∑
J1,J2,J3

i`1+`2−`12−`13j`1(p1x13)j`2(p2x23)

j`12(k1x13)j`13(k2x23)F (ij)
`3`4`5`6`7`8`9`10`11

(p1,p2)Q(i+j)
j1j2j3

(x13,x23)xi13x
j
23(

J2 `8 `
′
8

0 0 0

)2(
J3 `11 `

′
11

0 0 0

)2 (4π)15

N`3`4`5N`6`7`9N`10J10

∑
m,mi,m′i,ji

∑
LM

(−1)m3+m′8+m′11+j1+M

Gm4mM
`4`L

Gm1m3m4m6m9
`1`3`4`6`9

Gm2,−m3m5m7m10
`2`3`5`7`10

Gm1m12m6m7,−m′8j1
`1`12`6`7`′8J1

Gm2m13m9m10,−m′11,−j1
`2`13`9`10`′11J1

G−Mm5m′8m
′
11

L`5`′8`
′
11

Gmm12m14
``12`14

Y`14m14(k̂1)Y ∗`13m13(k̂2), (A.6)

where we have used eq. (E.8) in the last step. Eq. (2.13) is a special case of eq. (A.6) in the
case of uniform window functions W (x) = 1.

B Evaluation of the Bessel integrals

We are interested in solving integrals of the following kind∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2 j`1(k1x13)j`2(k2x23)j`3(p1x13)j`4(p2x23)F(p1,p2)xi13x

j
23.

(B.1)

In the case of `3 = `1 ± n1 (and similary `4 = `2 ± n2) for some integers n1, n2 these integrals
can be solved analytically. Consider the following building block of eq. (B.1)

An`,`′(p, k) ≡
∫
dxx2+n j`(px)j`′(kx). (B.2)

In the case of n = 0, the couplings of the main eq. (2.13) only allows `′ = `. In this case
eq. (B.2) is simply the orthogonality of spherical Bessel identity

A0
`,`(p, k) = π

2k2 δD(k − p). (B.3)

When n = 1, the couplings in the main equation eq. (2.13) only allows `′ = ` ± 1. In
this case we have [115]

A1
`,`±1(p, k) = −

(
∂2

∂p2 + 2
p

∂

∂p
− `(`+ 1)

p2

)∫
dxx j`(px)j`±1(kx)

= −
(
∂2

∂p2 + 2
p

∂

∂p
− `(`+ 1)

p2

){
π
2 Θ (k − p) p`k−`−2 : `′ = `+ 1

π
2 Θ (p− k) k`−1p−`−1 : `′ = `− 1

=
{
π(`+ 1)p`−1k−`−2δD(p− k) + π

2 p
`k−`−2δ′D(p− k) : `′ = `+ 1

π`p−`−2k`−1δD(p− k)− π
2 p
−`−1k`−1δ′D(p− k) : `′ = `− 1

, (B.4)

where δ′D(r) ≡ ∂rδD(r) and the following identity has been used (see e.g. [108, 109])

−
(
∂2

∂p2 + 2
p

∂

∂p
− `(`+ 1)

p2

)
j`(px) = x2j`(px). (B.5)
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In the case of n = 2, the couplings in the main eq. (2.13) allows for `′ = `, ` ± 2. For
`′ = `, we have

A2
`,`(p, k) = −

(
∂2

∂p2 + 2
p

∂

∂p
− `(`+ 1)

p2

)∫
dxx2j`(px)j`(kx)

= π

2p4

(
(`2 + `− 2)δD(p− k) + 2pδ′D(p− k)− p2δ′′D(p− k)

)
, (B.6)

where δ′′D(r) ≡ ∂2
r δD(r). For `′ = `± 2, we have

A2
`,`±2(p,k)

=−
(
∂2

∂p2 + 2
p

∂

∂p
− `(`+1)

p2

)∫
dxx2j`(px)j`±2(kx)

=−
(
∂2

∂p2 + 2
p

∂

∂p
− `(`+1)

p2

)∫
dxx2j`(px)

(
(2`+1±2)j`±1(kx)

kx
−j`(kx)

)

=−
(
∂2

∂p2 + 2
p

∂

∂p
− `(`+1)

p2

) (2`+3)
(
π
2 Θ(k−p)k−`−3p`− π

2p2 δD(p−k)
)

: `′= `+2

(2`−1)
(
π
2 Θ(p−k)p−1−`k`−2− π

2p2 δD(p−k)
)

: `′= `−2

=



(
− (−2+`+`2)π

2p4 +(3+5`+2`2)πp`−1k−`−3
)
δD(p−k)

+
(
− π
p3 + π

2 (3+2`)p`k−`−3
)
δ′D(p−k)+ π

2p2 δ
′′
D(p−k) : `′= `+2(

− (−2+`+`2)π
2p4 +`(−1+2`)πp−`−2k`−2

)
δD(p−k)

+ (−2+(1−2`)p2−`k`−2)π
2p3 δ′D(p−k)+ π

2p2 δ
′′
D(p−k) : `′= `−2

. (B.7)

Now defining

p2
1Ai`1,`3(p1, k1) ≡ a0(p1, k1)δD(p1 − k1) + a1(p1, k1)δ′D(p1 − k1) + a2(p1, k1)δ′′D(p1 − k1),

p2
2A

j
`2,`4

(p2, k2) ≡ b0(p2, k2)δD(p2 − k2) + b1(p2, k2)δ′D(p2 − k2) + b2(p2, k2)δ′′D(p2 − k2),
(B.8)

for some functions a0(p, k), a1(p, k), a2(p, k), b0(p, k), b1(p, k), b2(p, k), the integral eq. (B.1)
for the cases that we considered before, namely (n = 0, `′ = `), (n = 1, `′ = ` ± 1),
(n = 2, `′ = `, `± 2), can be evaluated as follows∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2 j`1(k1x13)j`2(k2x23)j`3(p1x13)j`4(p2x23)F(p1,p2)xi13x

j
23

=
[
a0b0F−(a0b

′
1F+a0b1∂p2F)+(2a0b

′
2∂p2F+a0b2∂

2
p2F)−(a′1b0F+a1b0∂p1F)

+[(a′1∂p2F+a1∂p1∂p2F)b1+(a′1F+a1∂p1F)b′1]
−[(a′1∂2

p2F+a1∂p1∂
2
p2F)b2−2(a′1∂p2F+a1∂p1∂p2F)b′2]

+(2a′2b0∂p1F+a2b0∂
2
p1F)

−[(2a′2∂p1F+a2∂
2
p1F)b′1+(2a′2∂p1∂p2F+a2∂

2
p1∂p2F)b1]

+[(2a′2∂p1∂
2
p2F+a2∂

2
p1∂

2
p2F)b2+2(2a′2∂p1∂p2F+a2∂

2
p1∂p2F)b′2]

]
p1=k1,p2=k2

, (B.9)

where for example a′1(p, k) ≡ ∂pa
′
1(p, k) and similarly for the other a(p, k)’s and b(p, k)’s

function.
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Figure 6. Dependence of the results to the `3,max which is the multipoles associated to p̂1 · p̂2. The
result is shown as a function of angle between the two wave-vectors θ, where cos θ = k̂1 · k̂2. Increasing
`3,max to `3,max = 10 gives a maximum percent level deviations with respect to the default `3,max = 6
used in this work.

C Convergence test

In this section we show the dependence of the results to the maximum value of `3 (which is
the multipoles associated to the angle between two wave-vectors of the bispectrum p̂1 · p̂2).
From figure 6, we found that a sufficiently large `3,max = 10 gives a maximum percent level
deviations for most triangle configurations with respect to the default `3,max = 6 used in this
work. Generally, the squeezed configurations required a smaller `3,max.

D Flat-sky limit

Here we compute the flat-sky limit of the bispectrum starting from eq. (2.13). In flat-sky we
have i = j = 0 which implies `6 = `7 = `8 = `9 = `10 = `11 = 0. This leads to

B0
` (k1, k2, k3) =

∑
`1,`2,`3,`4,`5,`12,`13

i`1+`2−`12−`13

×
[

1
(2π)6

∫
dx3x

2
3

V

∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2

j`1(p1x13)j`2(p2x23)j`12(k1x13)j`13(k2x23)F (ij)
`3`4`5000000(p1, p2)

]

×
[

(4π)14

N`3`4`5

∑
m,mi

∑
LM

(−1)m3+MGm4mM
`4`L

Gm1m3m400
`1`3`400 Gm2−m3m500

`2`3`500 Gm1m12000
`1`12000 G

m2m13000
`2`13000 G

−Mm500
L`500

Y ∗`12m12(k̂1)Y ∗`m(k̂1)Y ∗`13m13(k̂2)
]
. (D.1)
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Then using the identities

G`1`2`300
m1m2m300 =

G`1`2`3m1m2m3

4π

G`1`2000
m1m2000 = (−1)m1

(4π)3/2 δ`1`2δm1,−m2

G`1`200
m1m200 = (−1)m1

4π δ`1`2δm1,−m2 (D.2)

we have
B0
` (k1, k2, k3)

=
∑

`1,`2,`3,`4,`5

[
1

(2π)6

∫
dx3x

2
3

V

∫
dx13x

2
13

∫
dx23x

2
23

∫
dp1p

2
1

∫
dp2p

2
2

j`1(p1x13)j`2(p2x23)j`1(k1x13)j`2(k2x23)F (ij)
`3`4`5000000(p1, p2)

]

×
[

(4π)8

N`3`4`5

∑
m,mi

(−1)m3+m5Gm4mm5
`4``5

Gm1m3m4
`1`3`4

Gm2−m3m5
`2`3`5

(−1)m1+m2+m5

Y ∗`1−m1(k̂1)Y ∗`m(k̂1)Y ∗`2−m2(k̂2)
]

=
∑

`1,`2,`3,`4,`5

[
1

(4π)4

∫
dx3x

2
3

V
F (ij)
`3`4`5000000(k1, k2)

]

×
[

(4π)8

N`3`4`5

∑
m,mi

Gm4mm5
`4``5

Gm1m3m4
`1`3`4

Gm2−m3m5
`2`3`5

(−1)m3 Y`1m1(k̂1)Y ∗`m(k̂1)Y`2m2(k̂2)
]
. (D.3)

The sum over `1 and `2 run over the Gaunt factors and spherical harmonics only, therefore by
using ∑

`3m3

Gm1m2m3
`1`2`3

Y`3m3 = Y ∗`1m1Y
∗
`2m2 (D.4)

we obtain
B0
` (k1, k2, k3)

=
∑

`3,`4,`5

∫
dx3x

2
3

V
F (ij)
`3`4`5000000(k1, k2)

×
[

(4π)4

N`3`4`5

∑
m,mi

Gm4mm5
`4``5

(−1)m3 Y ∗`3m3(k̂1)Y ∗`4m4(k̂1)Y ∗`m(k̂1)Y ∗`3−m3(k̂2)Y ∗`5m5(k̂2)
]

=
∑

`3,`4,`5

∫
dx3x

2
3

V
F (ij)
`3`4`5000000(k1, k2)

×
[

(4π)3

N0`4`5

∑
m,mi

Gm4mm5
`4``5

Y ∗`4m4(k̂1)Y ∗`m(k̂1)Y ∗`5m5(k̂2)L`3
(
k̂1 · k̂2

) ]

=
∑
`4,`5

∫
dx3x

2
3

V
F (ij)
`4`5000000(k1, k2, k̂1 · k̂2)

×
[

(4π)3

N0`4`5

∑
m,mi

Gm4mm5
`4``5

Y ∗`4m4(k̂1)Y ∗`m(k̂1)Y ∗`5m5(k̂2)
]
. (D.5)
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The sum over m can be simplified as follows∑
mm4m5

Gm4mm5
`4``5

Y ∗`4m4(k̂1)Y ∗`m(k̂1)Y ∗`5m5(k̂2)

=
∑

mm4m5

∫
dq̂Y`4m4(q̂)Y`m(q̂)Y`5m5(q̂)Y ∗`4m4(k̂1)Y ∗`m(k̂1)Y ∗`5m5(k̂2)

= N``4`5

(4π)3

∫
dq̂L`4

(
q̂ · k̂1

)
L`
(
q̂ · k̂1

)
L`5

(
q̂ · k̂2

)

= N``4`5

(4π)3
∑
`1

(2`1 + 1)
(
`4 ` `1
0 0 0

)2 ∫
dq̂L`1

(
q̂ · k̂1

)
L`5

(
q̂ · k̂2

)

= N``4`5

(4π)2

(
`4 ` `5
0 0 0

)2

L`5
(
k̂1 · k̂2

)
(D.6)

which leads to

B0
` (k1, k2, k3) =

∑
`4,`5

∫
dx3x

2
3

V
F (ij)
`4`5000000(k1, k2, k̂1 · k̂2)

× 4π (2`+ 1)
(
`4 ` `5
0 0 0

)2

L`5
(
k̂1 · k̂2

)
. (D.7)

In particular for the monopole ` = 0

B0
0(k1, k2,k3) = 4π

∑
`4

∫
dx3x

2
3

V
F (ij)
`4`4000000(k1, k2, k̂1 · k̂2)

L`4
(
k̂1 · k̂2

)
2`4 + 1 . (D.8)

E Useful identities

In this appendix we collect several well-known mathematical identities employed in the
derivation of the main results. Our convention for the spherical harmonics is such that

Y`0(θ, φ) =
√

(2`+ 1)/4π L`(θ) , (E.1)

where L`(θ) is Legendre polynomial of order `.

Rayleigh expansion of a plane wave:

eik·x =
∑
`

i`(2`+ 1)j`(kx)L`(k̂ · x̂) . (E.2)

Addition of spherical harmonics:

L`(x̂ · ŷ) = 4π
2`+ 1

∑
m

Y`m(x̂)Y ∗`m(ŷ) . (E.3)

Orthogonality of Legendre polynomials:

(2`+ 1)
∫
d2k̂

4π L`(k̂ · x̂)L`′(k̂ · ŷ) = δ``′L`(x̂ · ŷ) , (E.4)

which implies that ∫
d2k̂

4π e
ik·xL`(k̂ · ŷ) = i`j`(kx)L`(x̂ · ŷ) . (E.5)
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Gaunt’s integral: ∫
d2k̂ Y`1m1(k̂)Y`2m2(k̂)Y`3m3(k̂) = Gm1m2m3

`1`2`3
. (E.6)

Product of Legendre polynomials:

L`1(k̂ · x̂)L`2(k̂ · x̂) =
∑
`3

(
`1 `2 `3
0 0 0

)2

(2`3 + 1)L`3(k̂ · x̂) . (E.7)

Product of spherical harmonics:

Y`1m1(n̂)Y`2m2(n̂) =
∑
`3,m3

Gm1m2m3
`1`2`3

Y ∗`3m3(n̂) . (E.8)
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