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DECOMPOSITION OF GEODESICS IN THE WASSERSTEIN
SPACE AND THE GLOBALIZATION PROBLEM

FAB1IO CAVALLETTI

Abstract. We will prove a decomposition for Wasserstein geodesics in the following
sense: let (X, d, m) be a non-branching metric measure space verifying CD;,.(K, N)
or equivalently CD*(K, N). We prove that every geodesic p; in the L?-Wasserstein
space, with u; < m, is decomposable as the product of two densities, one corre-
sponding to a geodesic with support of codimension one verifying CD* (K, N — 1),
and the other associated with a precise one dimensional measure, provided the
length map enjoys local Lipschitz regularity. The motivation for our decomposition
is in the use of the component evolving like CD* in the globalization problem. For
a particular class of optimal transportation we prove the linearity in time of the
other component, obtaining therefore the global CD(K, N) for u;. The result can be
therefore interpret as a globalization theorem for CD(K, N) for this class of optimal
transportation, or as a “self-improving property” for CD*(K, N). Assuming more
regularity, namely in the setting of infinitesimally strictly convex metric measure
space, the one dimensional density is the product of two differentials giving more
insight on the density decomposition.
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1 Introduction

The class of metric measure spaces with generalized lower bounds on the Ricci curva-
ture formulated in terms of optimal transportation, has been introduced by Sturm
in [Stu06a,Stu06b] and independently by Lott and Villani in [LV09]. The spaces
belonging to this class are called CD(K, N)-spaces and the condition characterizing
them is denoted with CD(K, N).

In the curvature-dimension condition CD(K, N) the two parameters K and N
play the role of a curvature lower bound and a dimension upper bound, respectively.
Among the many relevant properties enjoyed by CD(K, N), the following one also
serves as a motivation: a complete Riemannian manifold satisfies CD(K, V) if and
only if its Ricci curvature is bounded from below by K and its dimension from above
by N.

Roughly speaking curvature-dimension condition CD(K, N) prescribes how the
volume of a given set is affected by curvature when it is moved via optimal trans-
portation. It imposes that the distortion is ruled by a coefficient denoted by TI((t)N (0)
depending on the curvature K, on the dimension IV, on the time of the evolution ¢
and on the point length 6. The main feature of TI(;)N(H) is that it is obtained mix-
ing two different volume distortions: an (N — 1)—diménsional distortion depending on
the curvature K and a one dimensional evolution that doesn’t contain any curvature
information. Namely

T (0) = Ny (I

)
’

where O’ﬁ? n_1 ()N DN contains the information on the (N —1)-dimensional volume

distortion and the evolution in the remaining direction is ruled just by t'/N. The

coefficient 05;? ~(0) is the solution (in time) of the second order differential equation

K
Y+ 92Ny =0, y0)=0, %(0)=1.

The previous equation appears naturally in the study of the Jacobian of the
differential of the exponential map in the context of differential geometry, and indeed
it rules the part of the Jacobian associated to the restriction to an hyperplane of the
differential of the exponential map, see [StuO6b] for more details.
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A broad variety of geometric and functional analytic properties can be deduced
from the curvature-dimension condition CD(K, N): the Brunn—Minkowski inequality,
the Bishop—Gromov volume comparison theorem, the Bonnet—Myers theorem, the
doubling property and local Poincaré inequalities on balls. All these listed results
are in a quantitative form (volume of intermediate points, volume growth, upper
bound on the diameter and so on) depending on K, N.

One of the most important questions on CD(K, N) that are still open, and we will
try to understand in this note, is whether this notion enjoys a globalization prop-
erty: can we say that a metric measure space (X, d, m) satisfies CD(K, N) provided
CD(K, N) holds true locally on a family of sets X; covering X?

A first tentative of answer this problem was given by Bacher and Sturm in
[BS10]: they proved that a non-branching metric measure space (X,d, m) verifies
the local curvature-dimension condition CDy,.(K, N) if and only if it verifies the
global reduced curvature-dimension condition CD*(K, N). The latter is obtained
from CD(K, N) imposing that the volume distortion, during the evolution through
an optimal transportation, is ruled by og?N(H) instead of TI(?N(H). The CD*(K, N)
is a priori weaker than CD(K,N) and the converse compafison can be obtained
only changing the value of the lower bound on the curvature: condition CD*(K, N)
implies CD(K*, N) where K* = K(N —1)/N (for K > 0 and for K < 0 a suitable
formula holds). Therefore the curvature condition contained in CD* (K, N) is a priori
weaker than the one contained CD(K, N).

Roughly speaking, the main reason why the globalization property holds for
the reduced curvature-dimension condition stays in the good behavior (in time) of
ag? ~(6), which in turn can be led back to the previous second order differential equa-
tion. The same approach applied to CD(K, N), that is try to prove the globalization

property for CD(K, N) directly from the properties of TI(?N(H), seems to not work.

A different approach to the problem has been presented by the author together
with Sturm in [CS12]. The approach in [CS12] was, in the case of an optimal trans-
portation between a diffuse measure and a Dirac delta, to isolate a local (N — 1)-
dimensional evolution ruled by Jg?N_I(Q) and then using the nice properties of

ag ~N_1(0), obtain a global (N — 1)-dimensional evolution ruled by the coefficient

a&? ~N_1(0). Then using Holder inequality and the linear behavior of the other direc-

tion, pass from the (/N — 1)-dimensional version to the full-dimensional version with
coefficient Tl(?N(G).

So the strategy was to reproduce in the setting of metric measure spaces the
calculations done in the Riemannian framework where, taking advantage of parallel
transport, from Ric > K it is possible to split the Jacobian determinant of the dif-
ferential of the exponential map into two components: one of codimension 1 evolving
accordingly to ox ny—1 and one representing the distortion in the direction of motion
that is concave.



496 F. CAVALLETTI GAFA

To be more precise in [CS12] it is proved that if (X, d, m) is a non-branching met-
ric measure space that verifies CDj,.(K, N) then it verifies the weaker MCP (K, N).
While CD(K, N) is a condition on the optimal transport between any pair of
absolutely continuous (w.r.t. m) probability measure on X, MCP(K, N) is a condi-
tion on the optimal transport between a Dirac delta and the uniform distribution m
on X. Indeed to detect the (N — 1)-dimensional evolution it is necessary to decom-
pose the whole evolution. Considering the optimal transport between a Dirac mass
in o and the uniform distribution m permits to immediately understand that the
family of spheres around o provides the correct (N — 1)-dimensional support of the
evolving measures. So the choice of a Dirac delta as second marginal was really
crucial and strongly influenced the geometry of the optimal transportation.

The aim of this paper is to identify, in the general case of optimal transportation
between any measures, the (N — 1)-dimensional evolution verifying CD*(K, N — 1)
and, starting from that, provide a decomposition for densities of geodesics that can
be interpret as a parallel transport. The N-dimensional density will be written as
the product between the (N — 1)-dimensional density verifying CD*(K, N — 1) and
of a 1-dimensional density not necessarily associated to a 1-dimensional geodesic.
In the framework of infinitesimally strictly convex spaces, the 1-dimensional density
will be obtained as the product of two differential, producing then a more direct
decomposition.

We will construct a full decomposition for any optimal transportation verifying
a local Lipschitz regularity, see Assumptions 1 and 2 for the precise hypothesis.
We apply this decomposition to the globalization problem for CD(K, N). With this
approach we are able to reduce the problem to prove the concavity in time of the
1-dimensional density, provided Assumptions 1 and 2 are verified. It is important to
underline here that in the framework of Riemannian manifolds endowed with volume
measures both Assumptions 1 and 2 are proved to hold.

Moreover in the particular case of optimal transport plans giving the same speed
to geodesics leaving from the same level set of the associated Kantorovich potential,
we prove indeed both regularity and linearity of the 1-dimensional factor and we
get the full CD(K, N) inequality. So we prove the global estimate of CD(K,N)
for a certain class of optimal transportation, clearly including all the cases treated
in [CS12].

We now present the paper in more details. Let (X,d,m) be a non-branching
metric measure space verifying the local curvature dimension condition and py = gsm
be a geodesic (in the L?-Wasserstein space) that we want to decompose as stated
before. The first difficulty we have to handle with is to find a suitable partition of
the space. Unlikely optimal transportations connecting measures to deltas, there is
not just a universal family of sets but one for each ¢ € [0,1]: if ¢ is a Kantorovich
potential associated to (o, p1), then

{7t : 0(0) = a,7 € supp(v) }aer
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is the family of partitions, one for each ¢ € [0,1], that will be considered. Here
~ € P(G(X)) is a dynamical optimal transference plan of u; and P(G(X)) denotes
the space of probability measures over G(X), the space of geodesic in X endowed
with the uniform topology inherited as a subset of C([0, 1], X).

The intuitive reason suggesting that the previous family is the right one, stays
in the Brenier—-McCann Theorem for optimal transportation on manifold that gives
a precise formula for the optimal maps:

Ti(z) = exp,(—tVe(z)), (T)gp0 = pu-

By definition, geodesics on manifold verify V44 = 0, where V only here denotes
the Levi-Civita connection, meaning that there is no curvature in the direction of
~. Hence the direction orthogonal to the motion should be the one carrying all the
curvature information. Since 59 = —Vp, (here Vi is the gradient of ¢) the family
of sets orthogonal to the motion are the level sets of .

On the rigorous mathematical side, the reason why that family is the right one
stays in the following property: the set

{(70,m) € X x X : () = a}

is d-cyclically monotone (Proposition 4.1). Hence for v # 4 € supp(«) with ¢(y0) =
©(y1) it holds

Vs Y, Vs, t € (0,1).

Therefore for s # ¢, {7s : ¢(10) = a} and {7y : (1) = a} are disjoint. This key
property permits to consider the evolution of each “slice” of the geodesic i, where
with “slice” we mean its conditional measure with respect to the level sets of the
chosen Kantorovich potential.

Here the structure is very rich. Using this new property of d-cyclical monotonicity,
it is possible to construct L2-Wasserstein geodesics with also d-monotone support.
The whole construction does not rely on any curvature bound of the space and its
interest goes beyond the scope of this paper. For this reason we commit Section 4
to the presentation of these results in their fully generality.

As it is well known, any d-monotone set is formed by family of geodesics that
do not intersect at any time. For this reason a translation along this geodesics is
well defined. Denote by ¢, a Kantorovich potential associated to the d-monotone
set {(vs,7t) : v € Ga,8 <t € [0,1]}. The crucial idea to construct L?-geodesics is
to move via “translation” level sets of ¢, to level sets of ¢,. As proved in Lemma
4.6 and Proposition 4.7 this will produce a geodesic in the L?-Wasserstein space,
showing a new connection between L' and L? optimal transportation problems.

The relevance of this construction for the globalization problem stays in the fol-
lowing property: the family of geodesics obtained in Section 4 have a linear structure
on each geodesic forming the d-monotone set. Therefore there is one degree of free-
dom to play with. This property, that was already present in [CS12] but somehow
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hidden, will be fundamental here to improve the curvature estimates for the element
of codimension one passing from N to N — 1.

Coming back the the decomposition, if we want to perform a dimensional reduc-
tion argument on measures the right tool is Disintegration Theorem (Theorem 2.18):
(Proposition 5.2)

= / VoL (da), e € P(G), ~ully € G p(n) = a}) = [all

¢(po)

where ¢(uo) = ¢(supp(up)) and G is the support of . Since

pe = (er)gy = /(et)tﬂ/aﬁl(da)a

@ (ko)

the geodesics of codimension one that should verify curvature estimates like
CD*(K,N — 1) is t — (e¢)4(7,), for all a € ¢(uo). Since curvature properties in
metric measure spaces are formulated in terms of a reference measure and (e;)s(v,)
is singular with respect to m, it is not obvious which reference measures of codimen-
sion one we have to choose. One option could be to consider for each ¢ € [0, 1], the
family

{7 0(0) = a,7 € Glacp(uo)-

Then for each t € [0, 1], by d?-cyclical monotonicity, the family is a partition of
e:(G) and hence we have (Proposition 5.2 and Lemma 5.4)

o= [ a0, (s e0) = a}) = gl
o (o)

But the (N — 1)-dimensional measures 1, are not the right reference measures
to prove CD*(K, N — 1) estimate for the densities of (e;)4y,. Indeed if (e;)yy = py =
osm, then,

/ 0etias £M(da) = oo, )= it = / (e0)sva L (da)

and by uniqueness of disintegration (e;)sy, = 017, and therefore the density is oy
and no gain in dimension is possible.

The correct reference measures are built as follows. For each a € ¢(up), consider
the following family of sets

{7 p(0) = a,7 € Glepo)

that is for a fixed a we take all the evolutions for ¢ € [0, 1] of the level set a of ¢.
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By d-cyclical monotonicity, they are disjoint (Lemma 4.2). If Ty (1) := Uselo i :
©(70) = a,v € G}, then (Proposition 5.6)

M, 1= / MadLXd),  mar(fe o(0) = a}) = maal.
[0,1]

Since in the disintegration above the quotient measure is supported on [0, 1], that
is the range of the time variable, m, ¢ should be interpret as the conditional measure
moving (with ¢) in the same direction of the optimal transportation.

In order to apply the results of Section 4 to get an improvement of curvature
estimates, we have to show that (e;)yy, < mgy. After having that, to get the
improvement one could use the “linear” structure of geodesics of Section 4 together
with the curvature bound estimate they have to satisfy because of (e;)sv, < may-

So suppose that we have already proved (e¢)s(v,) = ha,tMays and t — ha ()
satisfies the local (and hence the global) reduced curvature-dimension condition
CD;j,.(K, N —1). Then the situation would be

ha,tma,t = €tiYq = OtMa -

Our final scope is to prove properties on ¢, and to translate information on h, ¢+ into
information on gy is necessary to put in relation the two different reference measures
of codimension one mg; and 7.

Actually the path we will adopt in the note will be the other way round. First we
will show that A\ymg ¢ = 74, for some function \; defined on e;(G) and then from
that we deduce that (e;)s(7y,) can be written as hgmq. After that we will prove
CD*(K,N —1) for h,;. We will obtain a decomposition of the following type

and therefore to prove curvature estimate for g; also information on A; are needed.

We have additional properties of \;, that will permit to prove the full CD(K, N)
estimate for g;, in the particular case of optimal transportation giving constant speed
to geodesics leaving from the same level sets and not inverting the level sets of ¢
during the evolution, that is

L(v) = f(p(n)), ~v-a.e. v € G(X),

with f : o(supp|uo]) — R such that a — a — f2/2 is a non increasing function of a.
This condition permits to say, see Lemma 5.1, that a level set of ¢ after time ¢ is
moved to a level set of ¢; and this produce a simplification on the geometry of the
optimal transportation. Indeed under this assumption, the map ¢ — A\;(7¢) is linear.

Due to the relevance of this family of optimal transportations and to better
explain why A; is linear, we will first present part of the decomposition procedure in
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Section 5 under this additional assumption on the length of geodesics. In particular
in Section 5 we will show that (Proposition 5.2, Lemma 5.4 and Proposition 5.6)

Mie,(G)— /ma,tﬁl(da)7 mLp, ()= /ma,tcl(dt)’ (11)
©(po) [0,1]

and (Proposition 5.2 and Lemma 5.4)
Mt <K ShLet(Ga)a Mgt K Sh'—et(Ga)- (1.2)

The latter will be fundamental in order to compare mg; to 1, Here S h denotes
the spherical Hausdorff measure of codimension one, see Section 2.2. The proofs of
these results will be easier and shorter compared to the one in the general case.

In Section 6 we prove (1.1) and (1.2) without the extra assumption on the shape of
the Wasserstein geodesic. Anyway while (1.1) can be proven with no difficulties, the
proof of (1.2) necessary relies on some regularity property of two important function
and it is here that we have to introduce Assumptions 1 and 2. The functions are the
length map at time ¢ for ¢ € (0,1), that is L; : e;(G) — (0, 00) defined by

Li(ve) = L(7)-

And the map ®; : (G) — R defined by ®:(v:) = ¢(70). Thanks to the non
branching assumption on the space, both functions are well defined. Note that here
we also observe that in the hypothesis of Section 5, both Assumptions 1 and 2 are
verified by L; and ®;. Moreover we prove that Assumptions 1 and 2 hold if (X, d, m)
is a Riemannian manifold with Riemannian volume.

In Section 7 through a careful blow-up analysis (Propositions 7.3, 7.5 and Lemma
7.6), we prove that

ma,t < Maq,t-
If 14t = A¢mg,, we also prove (Theorem 7.8) that

1 d - d
i 2600) = Pe(vets)

)\t ('Yt) s—0 S

This result is a key step in the proof of the aforementioned decomposition of o;.
It clarifies the expression of one of the two function decomposing o;. Moreover as a
consequence (Corollary 7.7) for every ¢ € [0, 1], we have (ey)s(v,) < May.

In Section 8 we show that if h, ¢ is the density introduced before, then ¢ — hq ¢ (7¢)
satisfies the local reduced curvature-dimension condition CDj, (K, N —1) (Theorem
8.2) and therefore CD*(K, N — 1). Here the main point, as already said before, is
to use the results of Section 4 and consider a geodesic in the Wasserstein space,
absolute continuous with respect to m, moving in the same direction of t — (e)sy,
Taking inspiration from the Riemannian framework, the volume distortion affects
only (N — 1) dimensions.
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So up to normalization constant

haimag = (e4)s(Va) = 04t = 0t A Mt

with hg verifying CD*(K, N — 1). We have therefore proved the following result
(Theorem 8.3)

Theorem 1.1. Let (X,d, m) be a non-branching metric measure space verifying
CDioc(K, N) or CD*(K, N) and let {pt}ej01) C Po(X,d,m) be a geodesic with
e = opm. Assume moreover Assumptions 1 and 2. Then

Qt(7t> = C(a)iha,t(ﬁ/), ~-a.e. v € G,

where a = ¢(v9) and C(a) = ||7,|| is a constant depending only on a. The map
[0,1] 3t + hgt(7y) verifies CD*(K, N — 1) for y-a.e. v € G and

— lim Dy (ve) — (Pt(’Yt-ﬁ—s).
)\t(’)/t) s—0 S

The constant C(a) of Theorem 1.1 has the following explicit formula

c = ( [ wtermasta)

Note again that the value of the integral does not depend on time, but just on a
and therefore in order to prove CD(K, N)-like estimates, the integral can be dropped
out.

where a = ¢(70).

In the second part of Section 8 we prove that under the same assumptions of
Section 5 the function \;(y;) is linear in ¢ (Proposition 8.4). Hence we have obtained
the other main result of this note (Theorem 8.5).

Theorem 1.2. Let (X,d,m) be a non-branching metric measure space verifying
CDioe(K,N) or CD*(K,N) and let {jit}ej01] C P2(X,d,m) be a geodesic with

Wt = orm. Assume moreover that

L(v) = f(»(10)),

for some f : p(pp) — (0,00) such that o(ug) > a — a— f?/a is non increasing. Then

—1/N —1/N_(1-1)

ot(t) > 00(70) /N rie 3 (A0, m)) + 01 (3) N TN (0, ),

for every t € [0,1] and for vy-a.e. v € G.



502 F. CAVALLETTI GAFA

The family of geodesics verifying the hypothesis of Theorem 1.2 includes for
instance all of those optimal transportation having as Kantorovich potential

plx) = 5Pz, 4)

for any A C X. Indeed such ¢ is d?-concave and its weak upper gradient is always
one. No assumption on A is needed and therefore no assumption on the shape of ¢°.
We conclude the note with Section 9 where assuming the space to be infinitesi-
mally strictly convex (see (2.9)), we prove that (Proposition 9.2)
1

At(7t)

and hence the general decomposition: up to a constant (in time) factor become

=D (V) (),  ~v-aer,

or = D(I)t (V(,Ot)ht.

We conclude the note with a formal calculation in the Euclidean space putting
in relation D®;(V,) with the Hessian of ¢;.

Our starting hypothesis can be chosen to be equivalently CDj,.(K,N) or
CD*(K, N). Hence the results proved can be read from two different perspective,
accordingly to CDj,.(K, N) or CD*(K, N). From the point of view of CD*(K, N),
where the globalization property is already known, the main result is that for nice
optimal transportations the entropy inequality can be improved to the curvature-
dimension condition, giving a “self-improving” type of result. From the point of
view of CDjye(K, N) clearly the main issue is the globalization problem. Here the
main statement is that the local-to-global property is true for nice optimal trans-
portations and in the general case under the aforementioned regularity properties,
is almost equivalent to the concavity of the 1-dimensional density A;. The latter it
is in turn strongly linked to the composition property of the differential operator D.

The last comment is for the assumption of non branching property for (X, d, m).
As shown by Rajala and Sturm in [RS12], strong CD(K, co)-spaces and Riemannian
CD(K,N) for N € RU {oo} have the property that for any couple of probability
measures ji, /11 With pi, 11 < m all the L?-optimal transportations are concentrated
on a set of non branching geodesics. That is all v € P(G(X)), dynamical optimal
plans with starting point po and ending point p; are such that the evaluation map
for each t € [0,1)

6tZG—>X

is injective, even if the space is not assumed to be non branching, where G is the
support of ~.

Since our construction relies not only on the L2-optimal dynamical plan but on
the strong interplay between d?-cyclically monotone sets and d-cyclically monotone
sets, the substitution of the non branching property of the space with RCD-condition
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or with the strong CD(K, c0) is a delicate task that would go beyond the scope of
this note. For instance RCD-condition will not prevent the following “bad” situation:
v,4 € G, so that they have a common point z = v, = 4; for ¢ # s. In particular the
proof of Lemma 4.2, that is one the building block of our analysis, does not work
only assuming non branching support of ~.

2 Preliminaries

Let (X,d) be a metric space. The length L(v) of a continuous curve v : [0,1] — X
is defined as

L(y) :==sup »_ d(y(te—1),7(tx))
k=1

where the supremum runs over n € N and over all partitions 0 = tp < t; < --- <
t, = 1. Note that L(vy) > d(7(0),7(1)). A curve is called geodesic if and only if
L(y) = d(v(0),~(1)). If this is the case, we can assume 7 to have constant speed,
ie. L(yiisy) = s —t[L(7y) = |s — t|d(7(0), (1)) for every 0 < s <t < 1.

Denote by G(X) the space of geodesic v : [0,1] — X in X, regarded as sub-
set of C(]0,1], M) of continuous functions equipped with the topology of uniform
convergence.

(X,d) is said to be a length space if and only if for every z,y € X,

d(z,y) = inf L(v)

where the infimum runs over all continuous curves joining x and y. It is said to be
a geodesic space if all x and y are connected by a geodesic. A point z will be called
t-intermediate point of points x and y if d(z, z) = td(x,y) and d(z,y) = (1—t)d(x,y).

DEFINITION 2.1. A geodesic space (X, d) is non-branching if and only if for every
r >0 and z,y € X such that d(z,y) = r/2, the set

{zeX :d(z,z)=r}n{ze X :d(y,z) =r/2}
consists of a single point.

Throughout the following we will denote by B,(z) the open ball of radius r
centered in z. A standard map in optimal transportation is the evaluation map:
for a fixed t € [0,1], e; : G(X) — X is defined by e;(y) := . The push-forward
of a given measure, say 7, via a map f will be denoted by fin and is defined by
fim(A) :=n(f~(A)), for any measurable A.
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2.1 Geometry of metric measure spaces. What follows is contained
[Stu0O6b].

A metric measure space is a triple (X, d, m) where (X, d) is a complete separable
metric space and m is a locally finite measure (i.e. m(B,(z)) < oo for all z € X and
all sufficiently small » >0) on X equipped with its Borel o-algebra. We exclude the
case m(X) = 0. A non-branching metric measure space will be a metric measure
space (X, d, m) such that (X,d) is a non-branching geodesic space.

Po(X,d) denotes the L2-Wasserstein space of Borel probability measures on X
and Wy the corresponding L?-Wasserstein distance. The subspace of m-absolutely
continuous measures is denoted by Po (X, d, m).

The following are well-known results in optimal transportation theory and are
valid for general metric measure spaces.

LEMMA 2.2. Let (X,d,m) be a metric measure space. For each geodesic i : [0,1] —
P2(X, d) there exists a probability measure «y on G(X) such that

o ey = for all t € [0,1];
e for each pair (s,t) the transference plan (e, e;)yy is an optimal coupling for Ws.
Consider the Rényi entropy functional
Sn(-|m) : Po(X,d) = R

with respect to m, defined by

Swlulm) =~ [ &7 (@)utdz) (2.1)
X
for p € Py(X), where ¢ is the density of the absolutely continuous part u¢ in the
Lebesgue decomposition g = p€+ p® = om + u®.
Given two numbers K, N € R with N > 1, we put for (¢,0) € [0,1] x R4,

(

lloo, if K6 > (N —1)72,

sin(fy/K/(N — 1))
T (0) = { ¢ if K62 <0 or
if K62 =0and N =1,

1-1/N
1N sinh(t6\/—K/(N — 1)) ; 9 an
\t (sinh(@ XD f K6 <0and N > 1.

That is, T[(;)N(e) = tl/NJEQN_l(G)(N_l)/N where

(t) 0) = sin(t0\/K/N)

sin(0/K/N)’

(2.2)
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if 0 < K#? < N7? and with appropriate interpretation otherwise. Moreover we put
t t N
gé(?N(a) = 7'1(<,)N(9) :

The coefficients TI(?N(G),U%) N (0) and g}?N(G) are the volume distortion coeffi-
cients with K playing the role of curvature and N the one of dimension.

The curvature-dimension condition CD(K, N) is defined in terms of convexity
properties of the entropy functional. In the following definitions K and N will be
real numbers with NV > 1.

DEFINITION 2.3. (Curvature-Dimension condition) We say that (X, d,m) satisfies
CD(K, N) if and only if for each pair pg,pu1 € P2(X,d, m) there exists an optimal
coupling m of pup = pom and p; = pym, and a geodesic p : [0,1] — Pao(X,d, m)
connecting g and py such that

Swilm) <= [ [0 Ao ey ™ (o)
XxX

il o, w))or ™ ()] m(daody), (23)
for all t € [0,1] and all N' > N.
The following is a variant of CD(K, N) and it has been introduced in [BS10].

DEFINITION 2.4. (Reduced Curvature-Dimension condition) We say that (X, d, m)
satisfies CD*(K, N) if and only if for each pair pg, 1 € Po(X,d,m) there exists
an optimal coupling ™ of uy = eom and p; = eym, and a geodesic p : [0,1] —
Pa(X,d,m) connecting o and pq such that (2.3) holds true for all t € [0,1] and
all N' > N with the coefficients TI(QN(d<1'0,$1)) and TI(({]_\;) (d(zo,x1)) replaced by

U%?N(d(l‘o,iﬁl)) and J%;Vt)(d(xo,l'l)), respectively.

For both definitions there is a local version. Here we state only the local coun-
terpart of CD(K, N), being clear what would be the one for CD*(K, N).

DEFINITION 2.5. (Local Curvature-Dimension condition) We say that (X, d, m) sat-
isfies CDjoo(K, N) if and only if each point x € X has a neighborhood X (x) such
that for each pair g, 1 € Po(X,d, m) supported in X (x) there exists an optimal
coupling m of pup = pom and py = pym, and a geodesic p : [0,1] — Pao(X,d, m)
connecting iy and py such that (2.3) holds true for all t € [0,1] and all N’ > N.

It is worth noticing that in the previous definition the geodesic p can exit from
the neighborhood X (z).

One of the main property of the reduced curvature dimension condition is the
globalization one: under the non-branching assumption conditions CD;,.(K, N) and
CD*(K, N) are equivalent. Moreover it holds:
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e CDj,.(K,N) is equivalent to CDjo.(K, N);
e CD(K,N) implies CD*(K, N);
e CD*(K, N) implies CD(K*, N) where K* = K(N —1)/N.

Hence it is possible to pass from CDj,. to CD at the price of passing through
CD* and therefore worsening the lower bound on the curvature. For all of these
properties, see [BS10].

If a non-branching (X, d, m) satisfies CD(K, N) then geodesics are unique m & m-
a.e..

LEMMA 2.6. Assume that (X,d,m) is non-branching and satisfies CD(K, N) for
some pair (K, N). Then for every x € supp[m| and m-a.e. y € X (with the excep-
tional set depending on x) there exists a unique geodesic between x and y.

Moreover there exists a measurable map « : X? — G(X) such that for m ®@m-a.e.
(z,y) € X? the curve t — ~;(x,y) is the unique geodesic connecting = and y.

Under non-branching assumption is possible to formulate CD(K, N) in an equiv-
alent point-wise version: (X,d, m) satisfies CD(K, N) if and only if for each pair
1o, 11 € P2(X,d, m) and each dynamical optimal plan -,

— — / _ ’ —N
ei(u(o, 21)) < |7 (dlwo, 21))ey ™ (w0) + 7illy (dlwo, 21 Y ()]

(2.4)
for all ¢ € [0,1], and (eg, e1)sy-a.e. (zg, 1) € X x X. Here g, is the density of
the geodesic (e;)yy. Recall that v € P(G(X)) is a dynamical optimal plan if 7 =
(eose1)yy € IL(po, p11) is optimal and the map t — p; := e;4y is a geodesic in the
2-Wasserstein space.

We conclude with a partial list of properties enjoyed by metric measure spaces
satisfying CD*(K, N) (or CDioe(K, N)). If (X, d, m) verifies CD*(K, N) then:

e m is a doubling measure;
e m verifies Bishop—Gromov volume growth inequality;
e m verifies Brunn—Minkowski inequality;

with all of these properties stated in a quantitative form.

2.2 Spherical Hausdorff measure of codimension 1 and coarea formula.

What follows is contained in [Amb02] and is valid under milder assumption than
CD*(K,N) (or CDjoc(K,N)) but for an easier exposition we assume (X, d,m) to
satisfy CD*(K, N).

Recall that for K > 0 the measure m is doubling that is m(Ba.(z)) <
(Cp/2)m(By(x)) where Cp is the doubling constant of m. If K < 0 the measure m
is locally uniformly doubling, i.e. m(Ba,(x)) < (Cr/2)m(B,(x)) for any 7 < R and
some constant C'r depending on R but not on .
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If B(X) is the set of balls, define the function h : B(X) — [0, o] as

h(B(z)) = B @)

T

Due to the (locally uniformly) doubling properties of m, the function h turns
out to be a (locally uniformly) doubling function. Then, using the Carathéodory
construction, we may define the generalized Hausdorff spherical measure S” as

Sh(A) mmf {Zh : B; € B(X), A C | Bi,diam(B;) < r} . (25)

€N €N

The space of functions of bounded variation BV (X) and the perimeter measure
have been studied in [Amb01, Amb02, AMP04,Mir03]. If u € BV (X), its total vari-
ation measure will be denoted with |Du|. We will use the following coarea formula.

Theorem 2.7 ([AMPO04], Theorems 4.3, 4.4). For every w € BV (X) and every
Borel set A C X it holds

|Dul(A /P {u> t}, A)dt

Moreover for any set E C X of finite perimeter, the measure P(FE,-) is concentrated
on a subset of the essential boundary 0*E and for any Borel set B C X

1
ES”(B N&*E) < P(E,B) < c¢S"(BNJ*E)
with ¢ > 0 depending only on K and N.

If u is a Lipschitz function, its total variation is equivalent as measure to | Vu||m,
where

1
|Vul|(z) ;= liminf = sup |u(y) — u(z)|. (2.6)
r=0 1 yEB,(z)

The following comparison is taken from [Mir03]: for any Borel set A C X
0 / [Vl (@ym(dr) < [ Dul(A / IVl (), (27)
for some constant c¢g > 0 depending again only on K, N. The last result we would

like to recall is a particular form of coarea formula for Lipschitz functions.

PROPOSITION 2.8 ([Amb02], Proposition 5.1). For any u Lipschitz function defined
on X and any B Borel set we have

/ SM(B A u (1)dt < Lip(u)ym(B),
R
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2.3 Gradients and differentials.  This part is taken from [Gigl2a]. A curve
v € C([0,1],X) is said to be absolutely continuous provided there exists f €
L([0,1]) such that

d(vs, ) < /f(T)dT, Vs,t €[0,1],s <t.

Let AC([0,1],X) denote the set of absolutely continuous curves. If v €
AC(]0,1], X) then the limit

d T
lim (’Yt+ %)
7—0 T

exists for a.e. ¢t € [0, 1], is called metric derivative and denoted by |4|.
Given Borel functions f : X — R, G : X — [0,00] we say that G is an upper
gradient of f provided

1
£ / ()Feldt, ¥y € AC(0,1], M),
0

where |¥;| is the metric derivative of v in ¢. For f : X — R the local Lipschitz
constant |Df|: X — [0, 0] is defined by

Df|(x) := limsup ——=——~—
DA =0 ™ty )
if z is not isolated, and 0 otherwise. Define
- i (f(y) = f(@)~
DT f|(z) := limsu M, D™ fl(x) := limsup ——————,
D™ f|() i D™ f|(x) i
the ascending and descending slope respectively. If f is locally Lipschitz, then

|DEf|,|Df| are all upper gradients of f. In order to give a weaker notion of slope,
consider the following family: v € P(C([0,1], X)) is a test plan if

ey < Cm, Vte|0,1], and // |Fe|dty(dy) < o0
0

where C' is a positive constant. Therefore we have the following.

DEFINITION 2.9. A Borel map f : X — R belongs to the Sobolev class S*(X,d, m)
(resp. S?.(X,d,m)) if there exists a non-negative function G € L*(X,m) (resp.
L? (X,m)) such that

loc

/ F(0) = Fn) () < / / Glv)Rsldsy(dy), Vo test plan.  (2.8)

If this is the case, G is called weak upper gradient.
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For f € S%(X,d,m) there exists a minimal function G, in the m-a.e. sense, in
L?(X,m) such that (2.8) holds. Denote such minimal function with |D f|,,. Accord-
ingly define the semi-norm || f{|>(x,a,m) := 11D flwll£2(x,m)-

We now state a result on the weak upper gradient of Kantorovich potentials also
known as metric Brenier’s Theorem.

PRrROPOSITION 2.10 ([AGS], Theorem 10.3). Let (X,d, m) verify CD(K,N) for K €
R and N > 1 and be non-branching. Let pg, p1 € P2(X,d, m), ¢ be a Kantorovich
potential. Then for every < optimal dynamical transference plan it holds

d(70,71) = |Dplw(0) = DT ¢l (1), for v-a.e.y.

If moreover the densities of jip and of uy are both in L>°(X,m), then

. p(h0) = () _ ,
ltllIgW =d(yo,m),  in L*(G(X),).

In order to compute higher order derivatives, we introduce the following.
DEFINITION 2.11. Let f,g € S?(X,d, m). The functions

D 2 D 2
bning 1200+ <P = 1Dglh
€l0 2e

D 2 _ D 2
D~ (V) = limsup PY D = [Dghy
€10 2e

D f(Vg) =

are well defined.

Spaces where the two differentials coincide are called infinitesimally strictly con-
vex, i.e. (X,d,m) is said to be infinitesimally strictly convex provided

/D*f(Vg)(m)m(dx) = /Df(Vg)(a:)m(dx), Vf,g € S*(X,d,m). (2.9)
It is proven in [Gigl2a] that (2.9) is equivalent to the point-wise one:
DY f(Vg) =D f(Vg), m-a.e., Yf gc SfOC(X, d,m).

If the space is infinitesimally strictly convex, we can denote by Df(Vg) the
common value and D f(Vg) is linear in f and 1-homogeneous and continuous in g.

There is a strong link between differentials and derivation along families of curves.
For v € P(C(]0,1], X)), define the norm ||7||2 € [0, 0] of v by

¢
. 1 )
H’yH% ::hmsup//]'ys\st'y(d’y),
tlo t /

if v € P(AC([0,1], X)) and +oo otherwise.
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DEFINITION 2.12. Let g € S?(X,d, m). We say that v € P(C([0,1], X)) represents
Vg if v is of bounded compression, ||7v||2 < oo, and it holds

/g(%) —9(70)

t

lim inf

1 2 2
n Y(@1) 2 5 (11Dgho 3 x e + I1715)- (2.10)

A straightforward consequence of (2.10) is that if ~ represents Vg, then the
whole limit in the lefthand-side of (2.10) exists and verifies

/g(%) —3g(70)

. 1
lim (@) = 5 (1Dg kol + I171)-

t10 t

Theorem 2.13 ([Gigl2a], Theorem 3.10). Let f,g € S*(X,d, m). For every v €
P(C([0,1], M)) representing Vg it holds

/ D f(Vg)egyy > limsup / W’Y(d’Y)
t10

2.4 Hopf-Lax formula for Kantorovich potentials.  What follows is con-
tained in [AGS].

The definitions below make sense for a general Borel and real valued cost but we
will only consider the d?/2 case, for this reason ¢ has to be interpret as d?/2.

DEFINITION 2.14. Let ¢ : X — RU {4o0}. Its d*-transform ¢¢: X — RU {—oc} is
defined by

y) = inf ()~ ple).

Accordingly ¢ : X +— R U {400} is d?-concave if there exists v: X — RU {—oc}
such that ¢ = v°.

A d?-concave function ¢ such that (p,¢¢) is a maximizing pair for the dual
Kantorovich problem between jug, 1 is called a d?>-concave Kantorovich potential
for the couple (jug, ju1). A function ¢ is called a d*>-convex Kantorovich potential if
— is a d?-concave Kantorovich potential.

We are interested in the evolution of potentials. They evolve accordingly to the
Hopf-Lax evolution semigroup H; via the following formula:

1d*(z,y)

Il inf if ¢
ot o= +U(y), ift<s,

H; () (z) == < ¥(x), ift =s, (2.11)

sup ¥(y) — 1d(z.5)

, if t > s.
yGX 2 t_s
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We also introduce the rescaled cost ¢t5 defined by
_ 1dP(z,y)
T2 s—t ]
Observe that for t <r < s

Vit <s, xz,y € X.

M(xyy) + Py, 2) > M, z), Yoy, z € X,

and equality holds if and only if there is a constant speed geodesic v : [t,s] — X
such that 2 = v, y = 7, and z = 7,. The following result is taken from [Vil0§]
(Theorems 7.30 and 7.36) but here we report a different version.

Theorem 2.15 ([AG11], Theorem 2.18). Let (p:) C P2(X) be a constant speed
geodesic in (P2(X,d),dw) and v a ®'-convex Kantorovich potential for the couple
(pos p1). Then 1 := HE (1) is a c“*-concave Kantorovich potential for (us, j1t), for
any t < s.

Similarly, if ¢ is a c-concave Kantorovich potential for (1, po), then H! is a

ct*-convex Kantorovich potential for (jui, jis), for any t < s.

The following is an easy consequence.

COROLLARY 2.16. Let ¢ be a d*-concave Kantorovich potential for (pg, u1). Let
@ := —Hi(p°) be a ct'-concave Kantorovich potential for (yu, p11) and analogously
let ¢ := HE(—p) a c™-concave Kantorovich potential for (pit, po). Then:

¢ . . 1—+¢
o) = 9(0) = 5% (0m), P = ¢ n) - —— (o), e .

Proof. Since the proofs of the statements for ¢, and for ¢f are the same, we prefer
to present only the one for ;.

Since
1 d*(z,y)
_ _qyt(, — - ’ N
pi(x) = —Hi(¢°) () ylg)f( 51 W)
for v-a.e.
1d?(y,y 1 t
ei(n) < 2§it1) + »(70) — §d2(70,71) = ¢(70) — §d2(70,71)-

To prove the opposite inequality: observe that

d2(70’ ’71‘/) + dQ(rytv y)

> d?
, 1T =4 00),
therefore for v-a.e. y
1d*(,9) L (y,y) 1 4
N BIl 4 >__ I
51 YWz 5340y +elo)
1 d*(vo, t
> () — QW = ¢(70) — §d2(m'n).

Taking the infimum the claim follows. O
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2.5 Disintegration of measures. @ We conclude this introductory part with a
short review on disintegration theory. What follows is taken from [BC09].

Given a measurable space (R, %) and a function r : R — S, with S generic set,
we can endow S with the push forward o-algebra . of %:

Qe — r Q) e,

which could also be defined as the biggest o-algebra on S such that r is measurable.
Moreover given a measure space (R, Z, p), the push forward measure 7 is then defined
as 1 := (ryp).

Consider a probability space (R,Z,p) and its push forward measure space
(S,-#,n) induced by a map r. From the above definition the map r is measurable.

DEFINITION 2.17. A disintegration of p consistent with r is a map p : Z xS — [0, 1]
such that

(1) ps(-) is a probability measure on (R, %) for all s € S,
(2) p.(B) is n-measurable for all B € %,

and satisfies for all B € #,C € . the consistency condition

p(BOTL(C)) = / pa(B)ii(ds).

C

A disintegration is strongly consistent with respect to r if for all s we have
ps(r~i(s)) = L.

The measures ps are called conditional probabilities.

We say that a o-algebra H is essentially countably generated with respect to a
measure m if there exists a countably generated o-algebra H such that for all 4 € H
there exists A € H such that m(A A A) = 0.

We recall the following version of the disintegration theorem that can be found
on [Fre02], Section 452 (see [BC09] for a direct proof).

Theorem 2.18 (Disintegration of measures). Assume that (R, %, p) is a countably
generated probability space, R = UscsRs a partition of R, r : R — S the quotient
map and (S,.,n) the quotient measure space. Then . is essentially countably
generated w.r.t. n and there exists a unique disintegration s — ps in the following
sense: if p1, p2 are two consistent disintegration then py s(-) = pas(-) for n-a.e. s.

If {Sn},en is a family essentially generating . define the equivalence relation:

s~s = {se8, < §€S,, VneN}.

Denoting with p the quotient map associated to the above equivalence relation
and with (L, %, \) the quotient measure space, the following properties hold:

o Ry :=Usep1)Rs = (por)~(l) is p-measurable and R = Uje Ry;
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e the disintegration p = [, pA(dl) satisfies p;(R;) = 1, for A-a.e. l. In particular
there exists a strongly consistent disintegration w.r.t. por;
e the disintegration p = [ psn(ds) satisfies ps = Pp(s) for n-a.e. s.

In particular we will use the following corollary.

COROLLARY 2.19. If (S,.) = (X, B(X)) with X Polish space, then the disintegra-
tion is strongly consistent.

3 Setting

We fix here the objects, notations and hypothesis that will be used throughout this
note.

(X,d,m) will be a non-branching metric measure space verifying CDjo.(K, N)
or equivalently CD*(K, N). The marginal measure g, ;1 € Po(X,d,m) are fixed
together with 7 € II(up, p1) the optimal coupling and v € P(G(X)) the associated
optimal dynamical transference plan such that

[0,1] 5t — (er)yy = tus (€0, €1)yy =,

with ju; geodesic in the L?-Wasserstein space and e; is the evaluation map at time

t: for any geodesic v € G(X), ei(7) = . P(G(X)) denotes the space of probability

measures over G(X), the space of geodesic in X endowed with the uniform topology

inherited as a subset of C'([0,1], X'). The support of v will be denoted with G. The

evaluation map e without subscript is defined on [0, 1] X G by e(s,7) = 7s.
Moreover

[ = orm, Vetelo,1].

Thanks to recent results on existence and uniqueness of optimal maps, see
[Gigl2b], only one geodesic in G has a given couple of points as initial and final
points, that is for v € G

(e0,e1) " {(v0, 1)} = {7}

Moreover by inner regularity of compact sets we can assume without loss of
generality that G is compact,

QtSM, VEtG[O,l],
and metric Brenier’s Theorem holds for all v € G, that is

d(v0, 1) = |D¢lw(70)- (3.1)

A d?-concave Kantorovich potential for (uq, i11) is ¢ and ¢; will be the d?-concave
Kantorovich potential for (p, 1) obtained through Theorem 2.15. When it will be
needed, we will prefer the notation (g to ¢. Thanks to compactness of G we can also
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assume ¢ to be Lipschitz. Its d?/2-transform will be denoted by ¢¢. From Corollary
2.16 it follows that ¢1 = —° pi-a.e. and

ot(1) = (1 = t)po(10) + tpr(71)- (3.2)

We will also use the following notation

oi(pe) = @e(supplpe]), VYt €[0,1].

Since we will make an extensive use of the following sets, we fix their names once
for all:

d?(x,
ri {(@) € X x X pta) + ) = S5 (33
contains the support of 7 and the transportation set for (u, p1) is
d*(x,
r {en) e X x X s+ o) = ga o | (3.4

and again (e, e1)yy(I'y) = 1. Fix also the set of curves with starting point in ¢! (a):

Gq:={7€G:9(n)=a}. (3.5)
and the corresponding subset of I"

2(x
T, = {(az,y) EX XX :p(x)+¢(y) = M,gp(m) = a} =I'N (go_l(a) X X).

2
(3.6)
In Sections 5.2 and 6.2 to disintegrate the reference measure m in the direction of
evolution, for r € [0, 1] we will use the “closed” and “open” evolution sets:

Lo(r) :==e([0,7] x Gy), Lo(r) :==e([0,7) X Gy) . (3.7)

As it will be proved in Proposition 4.1, the set I, is d-cyclically monotone. We
will denote with ¢, a Kantorovich potential associated to it, that is ¢, is 1-Lipschitz
function such that

Io C{(z,y) € X X X2 @a(2) — daly) = d(z,y)}-
The d-monotone set associated to ¢, will be used again so we will denote it with
K,:
Ko :={(z,y) € X x X : da(@) — ¢a(y) = d(z,9)}. (3.8)

A relevant function for the analysis is the length map at time ¢: for ¢ € [0, 1] the
map L; : e;(G) — (0,00) is defined by
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Again by inner regularity of compact sets, we can assume that there exists a
positive constant C' such that

1
5<L(7)<C, Vv € G.

In order to study the behavior of the evolution after time t of the level sets of
o, i.e. {7 :7 € G,p(y) =a} for a € R, is convenient to see them as level set of a
particular function. As it will be proven during this note this particular function is
defined by

@(G) 3 9 = o) 1= ) + S L), (39)

where in the definition of ®; we used that, for t € (0, 1], for every = € e;(G) there
exists only one geodesic v € G with 4 = x. This property for ¢ = 1 holds only if
p1 < m. Another possible definition is ®4(v:) := ¢(70), see (3.2).

The map ®; enjoys the next monotonicity property.

LEMMA 3.1. Let v € G be fixed. Then for every s > 0 it holds that

Di(ve-s) > e(y2) > Pe(Vets),
provided ;s € e,(QG) for the first inequality and ~y.+s € e;(G) for the second one.

Proof. We first prove the first inequality. Suppose by contradiction the existence
of s > 0 such that v—s € e/(G) and P(y—s) < DPy(y). From Proposition 4.1,
necessarily ®;(y;_s) < ®¢(7:). So let 4 := e; *(7:_s), then the previous inequality
reads as

©(%0) < ¢(70)-

So we can deduce
15

N 2~ C C 1
Qtd (50, Yt—s) = ©(F0) + @ (1t—s) < @(70) + ©f(11—s) < 27612(70,%75),

and therefore d(Jo0, vt—s) < d(70, Vt—s). Hence

d* (0, Ve—s) +d* (30, )
< & (70, —s)+ (d(305 v1—s) +d(Ye—s5, 7))
= d*(70,Ye—s)+d*(F0, Ve s) +d° (Ve s, ) +2d(30, Ye—s)d (Y-, 1)
< d*(90, Ye—s) +d* (G0, Ye—s) +* (s, 76) +2d (Y0, Ye—s5) A (s, V1)
= d* (70, %) +d* (50, Vi—s),

and since 4; = v;_s and 4 € G, this is in contradiction with d?-cyclical monotonicity.
The proof of the other inequality follows in the same way. O
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Another important set for our analysis is the following one: for v € G and
te(0,1)
Li(y) :={7 € (0,1) : v € er(Q)}, (3.10)

that is the set of 7 for which ~; belongs to e;(G). A priori one can only say that ¢
belongs to I;(v) but actually the set I;(v) has sufficiently many points in a neigh-
borhood of t. The following Lemma proves a density result and it has been obtained
in collaboration with Martin Huesmann in [CH12].

LEMMA 3.2. For Ll-a.e. t € [0,1],

1
lim —LYL,(y) N (t—e,t+¢)) =1, inLY(G, 7).
e—0 2¢

That is, the point T = t is a point of Lebesgue density (in L' sense) 1 for the set
Ii(y) :={7 €]0,1] : v+ € &(G)}.

4 On the Metric Structure of Optimal Transportation

Only for this Section the setting will be more general than the one specified in
Section 3. Here we drop all the assumption on the curvature of the space. So (X, d, m)
is a geodesic, non branching and separable metric measure space, p; is geodesic in
the L?-Wasserstein space together with a family of Kantorovich potential ¢; for
t € [0, 1] associated to it. We will use the notation of Section 3 for everything and
related to this objects.

Fix a € ¢(up). We will prove that T', is d-cyclically monotone. Recall that

I, :=TNy a)x X,
with I' transport set for (po, p1) as from (3.3).
ProrosiTION 4.1. The set I, is d-cyclically monotone.

Proof. Let (x;,y;) € Ty for i = 1,...,n and observe that

1

C C 1
5@ @i y) = () + 9% (1) = p(wi1) + () < 5 (wim1, m2).

Hence d(x;,y;) < d(x;—1,y;) and therefore

Z d(x’u yz) < Z d(:c,, ?/i+1)
i=1 i=1

and the claim follows. O
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The main consequence of Proposition 4.1 is that two distinct geodesic of G,
starting from the same level set of ¢, can meet only for ¢t = 0 or £ = 1, provided the
metric Brenier’s Theorem holds (in the sense of (3.1)). Recall the definition of

Fa(1) = ([0,1] X Ga).
already introduced in (3.7) and G, the set of geodesics starting from the level set a
of f, see (3.5).
LEMMA 4.2. If the metric Brenier’s Theorem holds, then the family {e;(Ga)}ieo,1)
is a partition of ['4(1).

Proof. By construction the family covers T'y(1), so we have only to show that over-
lapping doesn’t occur. Assume by contradiction the existence of 4,4 € G4, ¥ # ¥
such that 45, = 44 = 2z with, say, s < t.

Then d-cyclical monotonicity implies that 4 and 4 form a cycle of zero cost and
then non-branching property of (X, d, m) implies that they are contained in a longer
geodesic: if 49 = xg, 1 = yo and J9 = x1,71 = y1 then

d(wo,y1) + d(z1,90) = d(wo,y0) + d(z1,y1)-

There are two possible cases: or d(x1,y0) < d(xo,y0) or d(zo,y1) < d(x1,y1),
indeed if both were false we would have a contradiction with the previous identity.
In the first case

1 1 1
§d2($07y0) = ¢(@0) + ¢°(v0) = ¢(21) + ¢°(yo) < §d2(ﬂf1,yo) < §d2($o,yo)-

Therefore d(xg,yo) = d(x1,yo) and since they lie on the same geodesic g = x1.
In the second case

1 1 1
§d2(1’173/1) = p(r1) + ©°(y1) = (x0) + ¢°(y1) < §d2(9007y1) < §d2(901,y1),

and the same conclusion holds true: xg = .
Hence we have (zg,v0), (0,y1) € T's. It follows from metric Brenier’s Theorem
(Proposition 2.10) that for all v € G
|Dplw(r) = d(y0,71)-

Therefore necessarily yg = y;. Since 4, have also an inner common point, they
must coincide implying a contradiction. O

The next is a simple consequence of Lemma 4.2.
COROLLARY 4.3. For each a € R, the map e : [0,1] x G, — X defined by
e(s,7) =1
is a measurable isomorphism.

The following is, to our knowledge, a new result and it proves that for ¢ € (0,1)
the Kantorovich potentials ¢, obtained with the Hopf-Lax formula from any Kan-
torovich potential g, verifies a property similar to the point wise metric Brenier’s
Theorem.
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PROPOSITION 4.4. For every t € (0,1) and for every v € G

lim 0t () — 0t (Vets)
s—0 d(Ve, Vits)

= d(v0,71) = [Detl (1), (4.1)

where |Dyy| denotes the local Lipschitz constant of ¢y.
Proof. Step 1. Fix v € G. Observe that the set

argmin{y = M - wc(:t/)},

is single valued and contains only ;. Indeed suppose by contradiction the contrary.
Then there exists z € X different from ~; so that

2 z
o) + () = 5 ),

then since ¢; = —¢f we have
1
58°(10,2) = ¢(70) + ¢°(2)

= ©(v0) — wi(1e) + @e(re) + ©°(2)

_ 1 (d*(h0, ) n d* (1, 2)
2 t 1—1¢

v

1

Zd?

54" (70, 2),

then necessarily d(vo, z) = d(y0,v) + d(7, z). But then non-branching property of
(X, d, m) implies a contradiction and then z = ~;.

Step 2. Then by Hopf-Lax formula for Hamilton—Jacobi equations on length spaces

_ Dt 1—
i sup [2£8) — 2wl _ DT, 1-1)
Y= d(ya P)/t) 1—t

see Proposition 3.6 in [AGS]. Hence from Step 1. it follows that

. lpe(y) — ee(7e)]
lim sup = d(v9,71)-
Y=t d(y, 1) Go.m)

To conclude the proof observe that

ot(7e) — 0t (Vers) = we(1e) + (1) — (1) — we(Vets)

= 201 — 1) (@*(ve: 1) = & (55 )
— 2(11_ ) (d(ve;71) — d(Vews, 1)) (d(Ves 1) + d(Yews, 71))
= 2(11_t)d(%,%+s) (d(ve, 1) + d(Vegs,71)) - (4.2)
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Hence
lim inf SDt('Yt) - Sat(’}/H*S) > d(’)’t>71) _ d(rYOa’ﬂ)
s—0 d(e, Yets) 1—-t
and the claim follows. O

As a consequence of Proposition 4.4, the construction presented so far is purely
metric. Indeed instead of analyzing the geometric properties of the Wasserstein geo-
desic [0,1] 3 t — p¢ one could restrict the domain of y; to [e,1—¢] for any € > 0 and
Lemma 4.2 is true without assuming any curvature bound on the space (X, d, m).

4.1 From L2-geodesics to L'-geodesics. Thanks to the properties proved so
far we can construct a link between L? Wasserstein geodesics and the linear structure
of d-cyclically monotone sets. Since the distance is finite, from d-monotonicity of I'y
we deduce the existence a 1-Lipschitz function ¢, : X — R so that

Fo C Ko :=A{(z,y) € X X X : ¢a(x) = daly) = d(z,9)}.

Note that also the following inclusion holds

{(vs, 1) : v € Go, s <t} C K,.

REMARK 4.5. Even if an explicit expression of ¢, is not strictly needed to our analy-
sis, for the sake of completeness, a possible choice of ¢, is the following one:

e([0,1],Ga) = T'a(1) 3 75 = dal(rs) = a — d(70,7s) = a — sL(7).

Indeed all the geodesics in GG, follows at time 0 the direction of Vi and therefore
they are somehow orthogonal to ¢ ~!(a). The same geodesics of G, follows also the
steepest descent direction of ¢, and therefore they have the same direction of V¢,.
Hence one would expect that at time 0 the set ¢~ !(a) is a level set also for ¢,:
therefore one could expect ¢q(vs) = a — d(y0,7s)-

We now prove that this heuristic motivation make sense. If 0 < s < ¢ < 1 and
v €Ga

Ga(Vs) — Galy) = (t — 8)L(7) = d(vs, 1),

and therefore

(Y5, 7) =7 € Ga, 0 < s <t <1} C K,
If s,t € [0,1] and 7,5 € G,

$a(Vs) = a(¥t) = d(Y0, 1) — d(70,7s),

and since

d(fY(J? ’%)27

N | =

(30,32 = 9(30) + @i(3e) = 9l30) + i) <
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it follows that

Ba(vs) — Pa(Ft) < d(v0,%) — d(70,7s) < d(¥s,Ft)-

Hence ¢, is 1-Lipschitz and therefore it is a good L'-Kantorovich potential for
the d-monotone set {(vs,7) : 7 € Gq,s < t}. Note moreover that the calculations
above proves that

Fa(l) D Vs d(’707’)/5)

is 1-Lipschitz and coincides with 7, — min{d(59,7s) : ¥ € Ga}-

The following holds.
LEMMA 4.6. Let A C K, be any set so that:

(0, 90): (z1,91) €A = (¢a(y1) — da(w0)) - (Pa(21) — da(20)) = 0.

Then A is d?-cyclically monotone.

Proof. 1t follows directly from the hypothesis of the Lemma that the set
{(Gale), a®)) : (,3) € A} CR X R

is | - |%-cyclically monotone, where |- | denotes the modulus. Then for {(z;,y;)}i<n C
A, since A C K, it holds

N
Zdz((ﬂi,yi) = Z ’(25@ xz ¢a yz)’
=1

Z ’qsa l‘z d)a yz+1)|

< Zd2(l‘hyi+1)a
i=1

where the last inequality is given by the 1-Lipschitz regularity of ¢,. The claim
follows. O

IN

Fix an interval (ag,bp) C R and for any v so that (ao,bo) C ¢a(7]0,1]) We can
define RJ, L] C [0,1] so that

¢a 7 (Rg, Ry + Lg)) = (ao, bo)
that is equivalent to say
¢a o 'Y(Rg) = by, ¢a S 'Y(Rg + Lg) = aop-

In the same manner, for another interval (a1, b;) C R we can associate to any 7y so
that (a1,b1) C ¢a(vo ) the corresponding time interval (R}, R] 4+ L]) Accordingly
for all t € [0,1] we deﬁne R} == (1—t)R} +tR] and L] := (1 —t)Lj + tL].

We use these coefficients to construct an L2—Wasserstem geodesic.
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PROPOSITION 4.7. Let H C G, be so that for all v € H both (ag,bp), (a1,b1) C
ba(Y(0,1)) With bg > ag > by > a1. Define the curve

1
0,1] 2t vy := /Lfy»cl‘—[RZ,RZ—&-LZ]n(dV) € P([0,1] x G,), (4.3)
PR
with 1 probability measure on G(X) so that n(H) = 1. Then [0,1] 3 t — (e)s14 is a
Wa-geodesic.

Proof. First note that for any fixed s € [0, 1] the value ¢q(vgy4sry) do not depend
on v € H. Indeed

Ga(YRy+sr7) = Pa(Vry) — d(VRY> VRI+5L7)

ba(VYry) — 8d(VRys YRy L7)

ba(Vry) — 5(ba(VRY) — Pa(VRY+L7))
bo

— s(bp — agp),

and the same applies for ¢q(Vgry4s17)- It follows that the set

{(7R3+3L3,VR1+3L1) 1y € H,s €0, 1]}
is d?-cyclically monotone. Indeed, using Lemma 4.6, we have only to show that for
any 4,7 € H and §,s € [0,1]:
(9a(VRy4sr7) — Ga(VRy+s27)) - (Pa(VRytsry) — Pa(VR3+s23)) = 0.

But as observed few lines above
¢a(7R¥+sLI’) = ¢a(£YRi’+sL?)a ¢a(7R8+sL8) - (ba(:)/Rg-i—ng’)'
Hence the claim is equivalent to
(¢a(’?R?+§L?) - ¢a(’?R?+sL?)) ) ((éa('AYRngng) - (ﬁa('AYRngng)) >0,
that in turn is equivalent to
(8 — §)(bl — a1) . (S — §)(b0 — CLQ) = (8 — §)2(b1 — (h)(b() — al) Z 0,
hence the claim follows. O

Hence, an optimal transport is achieved by not changing the “angular” parts
and coupling radial parts according to optimal coupling on R. Since in the radial
(or linear) part of the coupling is linear, one is allowed to rescale the radial speed
and gain one degree of freedom.

In the next Sections we will use regularity properties of CDy,.-spaces to properly
apply the constructions of this Section to improve the curvature estimates and to
study the globalization problem.
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5 Dimension Reduction for a Class of Optimal Transportations

In this Section we start our general analysis in the particular case of optimal trans-
port plan with lengths of geodesics depending only on the level set of ¢ from where
they start, that is

L(v) = fle(n)),  VyeQq,

and the level sets of ¢ maintain their order during the evolution, that is
L o
pluo) > arsa—5fa) €R,

is non decreasing. In what follows we will denote with F(a) the function a — f2(a)/2.
Thanks to Luzin’s Theorem, we can also assume the map eo(G) 2 70 — f(p(70)) to
be continuous.

Under this particular assumption, the transportation enjoys nice properties. In
the following Lemma we prove that level sets are moved by ~ in a monotone way.
Recall that

et(Ga) = {’Yt HIOS G790(70) = a}'

LEMMA 5.1. Assume that L(y) = f(¢v(70)), then it holds
_ t
ct(Go) = 01" (0 312@)) N ei(6),

for a € p(po).

Proof. The first inclusion follows immediately from Corollary 2.16: if ¢(v9) = a then

t t
o) = a = SL*(7) = a— 5 f*(a).
To prove the other inclusion we observe that the evolution at time ¢ of two

different level sets of ¢y cannot be contained in the same level set of ;. Indeed if
a>b e p(uo) then for all v € G, and 4 € Gy it holds

p1(m) = —¢°(m) = Fla) = F(b) = —¢°(7) = v1(7)-
Hence for all t € (0,1)

ot(1) = (1 =t)p(10) + tp1(71) > (1 = 1)p(Y0) + w1 (1) = we(3)-

The claim follows. O



GAFA DECOMPOSITION AND GLOBALIZATION 523

5.1 Level sets of Kantorovich potentials. On the set ey(G) we will con-
sider the partition given by the saturated sets of ¢, i.e. {¢p~'(a)}.er. Disintegration
Theorem implies that

Mle,(G)= / mGQ(da)’ i (ml‘eo(G)) =4
©(to)

with M, (¢! (a)¢) = 0 for g-a.e. a € p(up), where, in order to have a shorter notation,
we have denoted by ¢(uo) the set p(supp|uol).

PROPOSITION 5.2. The measure ¢ = @y(mc.,(q)) is absolute continuous w.r.t. L
Moreover for g-a.e. a € p(ug) it holds

My < S",
where S" is the spherical Hausdorff measure of codimension one.

Proof. Step 1. Recall that on G the point wise metric Brenier’s Theorem holds true:
|Dolw(v0) = d(v0,71), for all v € G. Define the map
2
eo(G) > — ¢(x) ;== inf {d (z.9) _ cpc(y)} .
y€eel (G) 2

Since G is compact, eg(G) and e1(G) are bounded and ¢ is obtained as the
infimum of Lipschitz maps with uniformly bounded Lipschitz constant. Therefore ¢
is Lipschitz and coincide with ¢(x). Extend ¢ to the whole space keeping the same
Lipschitz constant.

We can use the coarea formula (see Section 2.2) in the particular case of Lipschitz
maps: for any B C X Borel

+o00
/ P({¢ > a}, B)da > Co/ Vel (z)m(dz), (5.1)
—o0 B
where ¢ is a strictly positive constant.
Step 2. For (z,y) € (eg,e1)(G), ||VQ|[(x) > d(x,y). Indeed fix (z,y) € (ep, e1)(G),
then ¢(x) + ¢°(y) = d*(x,y)/2 and

pla) — $(2) 2 5 (@ (2,0) — P (z9)) = 5(d(w,y) — dle,) (dl,y) +d(z.))

Select a minimizing sequence p, — 0 for ||V@||(z) and z, on the geodesic con-
necting x to y at distance p, from z. Then

1 R R 11
o a2 [p(2) — ¢(2)] > §p7(d(w, y) — d(zn,y))(d(z,y) + d(zn,y))
= %(d(x,y) + d(zn,y)).

Passing to the limit we have [|[V@|[(z) > d(z,y).
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Let E C R with £!(FE) = 0, then from (5.1) it follows that

/ IVl (2)m(de) = / IVl (2)m(dx)

o (Ben(G) o1 (B)nen(©)
1
< C/p({¢ > a}, eo(G))da = 0. (5.2)
0
E

But on eg(G) the gradient of ¢ is strictly positive, it follows that m(p=1(E) N
eo(G)) = 0 and therefore the first part of the claim is proved. Moreover from (5.2)
it follows that

g < P({¢ > a},-).

Being the latter absolutely continuous with respect to S”, also the second part
of the statement follows. O

REMARK 5.3. Proposition 5.2 proves a property of disintegration at time t = 0
where the particular shape of the optimal transportation or of the Kantorovich
potentials do not play any role and indeed the proof is done without using any
particular assumption. Hence the result will be used also in the general case.

So Proposition 5.2 implies the following decomposition for ¢ = 0:

MLy (@)= / maq(a a) L (da) / ma L (da),
@(10) e(ko)
with clearly again 7, < S".

For ¢ € [0,1) an analogous partition can be considered also on the support of i,
e:(@). Indeed the d?-cyclical monotonicity of T' implies that the family

{17 eG, el = a}aev(uo) = {et(Ga)}aew(uo)

is a disjoint family and a partition of e;(G). Therefore we consider the disintegration
of mLe, (@) w.r.t. the aforementioned family. Since for every ¢ € [0, 1)

po(p ™1 (A)) = ({1 = o(0) € A}),

the quotient measures of po and p; are the same measure. We can conclude that the
quotient measures of mi,,(g) and of mc. () are equivalent and

Mg, (G / Mat fi(a )L (da) / Mg t/J da), Mat({7e : o(y0) = a}) =
(o) o(po)
(5.3)
To keep notation consistent, we will denote also the conditional probabilities for
t = 0 with map.
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For ¢t = 1 only if u; is absolute continuous with respect to m we can do the same
disintegration. Indeed if this is the case, from Theorem 2.7 of [Gigl2b], for m-a.e.
x € e1(G) there is only one geodesic v in G so that 41 = z and the family

{m v € G 0(0) = atacp(uo)

is again partition of e; (G). Since we are assuming both po and p; absolute continuous
with respect to m, we have

M@= [ Pl ag(eGo)) = el
©(po)

for all ¢ € [0, 1].

LEMMA 5.4. For every t € [0,1] and L'-a.e. a € p(ug), with the exceptional set
depending on t, it holds

m(m < Sh,
where S" is the spherical Hausdorff measure of codimension one defined in (2.5).

Proof. For t = 0 the claim has been already obtained in Proposition 5.2. For ¢ € (0, 1]
we observe that from Lemma 5.1 the partition of e;(G)

{'Vt HIOS Ga}aap(uo)a

can be equivalently written as
-1
{1 (@) }aew, (u)-
Then using coarea formula as in Proposition 5.2 the claim follows. O

Since level sets of ¢y are moved after time ¢ to level sets of ¢;, the monotone
map F(a) = a — f?(a)/2 is the optimal map between the quotient measures.

LEMMA 5.5. For each t € [0,1], consider the map Fy(a) := a — tf*(a)/2 defined on
©(1o). Then for each t € [0, 1], F; is the optimal map for between

(po)gro,  (pe)g
and f is locally Lipschitz.

Proof. Just note that

Fi(p(n0) = #(10) — 5 2(3) = eu(0). (54)

Since g1 is monotone by assumption and, thanks to Proposition 5.2, (¢;)sp; are
absolute continuous w.r.t. to £! for i = 0, 1, the claim follows. O
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5.2 Disintegration in the direction of motion. As already motivated in
the Introduction, 7, is not the right reference measure to improve the curvature
estimate to a “codimension 1”-like estimate. So we consider the evolution in time
of a single level set as a whole subset of X, that is the set ¢([0,1] x G,), and we
disintegrate the reference measure m with respect to the family {e;(Ga)}icpo,1)- In
this way the quotient space of the disintegration will be the time variable and as ¢
moves the conditional probabilities will move in the same direction of the optimal
transportation.

Recall T'y(1) := ¢([0,1] x G,). Thanks to Lemma 4.2, we can consider the disin-
tegration of mig (1) w.r.t. the family of sets {e;(Ga)}iejo,1):

ML, (1= / Mqq(dt), q € P([0,1]), q(I)=m(e(I x Gy)).
[0.1]
Observe that any v € GG, can be taken as quotient set, therefore Corollary 2.19

implies the strong consistency of the disintegration, i.e. for g-a.e. t € [0,1] Mgy is
concentrated on e;(Gy).

ProprosITION 5.6. The quotient measure q, is absolute continuous with respect to
L.

Proof. Since I', is d-cyclically monotone, we can consider another partition of I'y(1).

Consider the family of sets {75 : s € [0,1]},eq,. By Lemma 4.2, we have that

e the following disintegration holds true:

MLE, (1= / Ny4a(dy),

where the quotient measure g, is concentrated on {v; 1207 € Go} and gg-a.e.
conditional probability 7, is concentrated on {vs : s € [0,1],7 € 6;/12 (y) NGa};

e Since CDyoe(K, N) implies MCP(K, N), from Theorem 9.5 of [BC13] we have that
ny = g(y, ')Ell_[OJ] for gq-a.e. y, and for r < R

(sin(gd(%,m) KJ(N - 1)))“ _ 9r)
sin (d(70, vr) /K (N — 1)) B

) <sin (53, 1) VKN = 1>))N1
=\ sin (d(3,71)VE/(N — 1)) ’

(5.5)

-1
1/2

(7)s(g(y, ')ﬁll_[O,l]), with v the unique element of G, so that v,/ = y.

where v = e, (y) N G4, and and the measure g(y, -)El\_[m] has to be intended as
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To prove the claim it is enough to observe that the two disintegration proposed
for mvp (1) are the same. Use Fubini’s Theorem to get

[ masatat) = mir, = [ 9t )2 d0aldn) = [ ot 0n(dat

[0,1] [0,1]

therefore from uniqueness of disintegration,

o = ot ([ g(y,wqa(dy))l, 0= ([ stv-0an ) <"

and the claim follows. O

Hence if dgq/dLC' denotes the density of ¢ with respect to L', posing Mt =
(dg/dL )14, we have

mLfa(l): / ma7tdt. (56)
[0,1]
Note that Proposition 5.6, and therefore (5.6), has been obtained without using

the assumption of constant speed of geodesics along the level set of . So we will
use it also in the general case without any need of prove it again.

PROPOSITION 5.7. For L?-a.e. (a,t) € p(uo) x [0,1] it holds
Ma s < SM,
where S" is the spherical Hausdorff measure of codimension one defined in (2.5).

Proof. Following the proof of Lemma 5.4, the claim will be proved if we write the
family of sets
{rn:ve Ga}te[o,l] = {et(Ga)}tE[O,l]a

as a family of level sets { A~ (£) }4¢[0,1] for some locally Lipschitz A : [y(1) — R with
non zero gradient.

Step 1. Consider the evaluation map e : [0,1] x G, — [4(1) as e(s,7) := s and
define the following function

L.(1) 32— A(z) := P(e ().

Hence A(x) is the unique ¢ for which there exists v € G, so that 7, = x. From
its definition, A is clearly measurable and

ATHE) = {7 v € Ga}.
Its derivative in the direction of s +— 7414 is 1 for any ¢ € (0,1) and v € G,. We now
show that A is locally Lipschitz. Note that for s < t and any 7,4 € G,
1

A(’Yt) - A('AYS) =t—s= md(ﬁ/sf%)'
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On the other hand from Lemma 5.1 ¢s(7s) = ¢s(9s) and therefore

1 1
s’ Ys: V) = ©s(Vs 1 V) = ps(Vs i < ——d’ Vs, .
o G0 = 05 (3s) +#10(0) = 05 (3) + 01a(n) < 530" (o)

Hence
. 1 .
A6 = MG < s 3):
and therefore the claim is proved. O

So the results obtained in this Section are: assuming that L(y) = f(¢(1)), and
a — 3f?(a) is non decreasing, we have

MLe,(G)= /ma,tﬁl(da), MLE, (1= /mmtﬁl(dt)
©(po) [0,1]

for all ¢ € [0,1] and a € ¢(po) and Mg ¢, Mg <K Shl_et(Ga) for L1-a.e. a,t € [0,1].

6 Dimension Reduction for the General Transportation

In this Section we obtain the result of Section 5 dropping the assumption of constant
length on level sets of ¢ but assuming few regularity properties for «y. In particular we
will assume a regularity property of the length map that has been already introduce
in Section 3: for t € (0,1)

et(G) 3 x — Li(x) := L(e; ' (z)) € (0,00).

AssuMPTION 1. Forallt € (0,1) the map L is locally Lipschitz: for j-a.e. x € e:(G)
there exists an open neighborhood U(z) of x and a positive constant C' so that

|Li(z) — Li(w)| < Cd(z,w), Vz,w e U(z).

We can now introduce the function ®; defined on e;(G):

®i(a) i= pu(a) + 313 (2).

As already pointed out in Section 3, the relevance of ®; is explained by the
following equivalent identities:

i(v) =0(v0),  ®7'(a) ={v:7€G oln) =a}.

It follows from Assumption 1 that also ®; is locally Lipschitz. Moreover almost
by definition

(Pe)gmie, ()< L1,
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indeed since ®; o e; = @ o ¢ it follows that (®;)sus = ()0 and therefore
(P1)s0tmie, ()= (P)100MLey(G)-
Since g; > 0 on e;(G), also the converse is true, that is
L) < (Re)gmie, (6).

Anyway this property is not sufficient to guarantee that its metric gradient do
not vanish. See [ABC11] for a counter example to this property (constructed on
R?). One of the first steps we have to do is prove that the reference measures of
codimension one are all absolute continuous with respect to the spherical Hausdorff
measure S, and, as in the proof of Proposition 5.2, we will use Coarea formula and
we will apply it to the function ®;. Since Coarea formula brings information only
where the gradient is non zero we have to ask for the following property to hold.

AssumpTION 2. For all ¢ € [0,1] for 4-a.e. v € G the following holds
i 260 = e(vees)
s=0  d(Ve, Vers)

REMARK 6.1. Assumption 1 is verified in the hypothesis of Section 5 that is:

L(v) = f(e(n)), Vv eQq,

with f so that a — a — f?(a)/2 is non-decreasing. Indeed as proved in Lemma 5.5
f is locally Lipschitz. Moreover if F} : ¢o(uo) — @¢(e) is the locally bi-Lipschitz
function of (5.4), then

€ (0, 00).

ei(G) 2y — foF  opy(m)

is locally Lipschitz and coincides with L;(v;). Noticing that ®; = F; ' o ¢; Assump-
tion 2 is straightforward.

Before showing how Assumptions 1 and 2 are used in the metric framework, we
prove that if X is a Riemannian manifold with d geodesic distance induced by a
Riemannian tensor g and m is the volume measure, then Assumptions 1 and 2 are
verified.

PROPOSITION 6.2. Assume (X, d, m) has a Riemannian structure, that is (X, d) is a

Riemannian manifold with metric g and m is the volume measure. Then Assumptions
1 and 2 are both verified.

Proof. Assumption 1 follows from the Monge-Mather shortening principle, see
[Vil08] Theorem 8.5.

Actually Theorem 8.5 of [Vil08] proves Lipschitz regularity on compact sets of
the transport map from intermediate times: if

Ty s eo(G) — er(G), (Tt)sp0 = e
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then for any ¢ € (0,1) the map Tt_1 is Lipschitz and in particular m-almost every
where differentiable: Since &; = p o Tt_l, it follows that Assumption 2 is equivalent
to prove that

97 (Ve(0), DT;IV%(%)) > 0.

In order to compute the previous quantity is convenient to consider the expression
of DT, ! proved in [CMS11], see Theorem 4.2:

DT = Y(H — tHess, %),

where Y is the differential of the exponential map in (v, —tVef) € X x T, X, H
is the Hessian of the squared of distance function and ¢f has been introduced in
Section 2.4 and minus its gradient composed with the exponential maps gives the
optimal transport from u; to pg. Since

YVor(n) = V(o)
it follows from Gauss Lemma, see [GHL87] Theorem 3.70, that

9 (Ve(10), DT Veor () = g7, (Vo) (H — tHessoof) Vipr()). (6.1)
Since (H — tHessg,pf) is symmetric with strictly positive determinant p-almost
everywhere, the claim follows. O

6.1 Level sets of Kantorovich potentials.

PROPOSITION 6.3. For every t € [0,1) and L'-a.e. a € p(ug), with the exceptional
set depending on t, it holds

Mgy < S,
where S" is the spherical Hausdorff measure of codimension one defined in (2.5).

Proof. Step 1. For t = 0 the claim has been already proved in Proposition 5.2, see
Remark 5.3.

As a consequence of Assumption 1, ®; is locally Lipschitz on e;(G). Since we
are proving a local property, possibly taking a compact subset of G, we can assume
without loss of generality that ®; is Lipschitz on the whole e;(G). Denote with <$I>t
its Lipschitz extension to X. Coarea formula for Lipschitz maps applies (see Section
2.2 and references therein): for any measurable A C X

“+oo

/ P&, > a}, A)LY(da) > ¢ / Vb, | (2)m(dz),
A

—00

where ¢ is a strictly positive constant.
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Step 2. Since b, is Lipschitz,
P({®; > a},) < cS".

where c¢ is a positive constant depending on K and N. So we have

+o0

/\|V<§t\ma7t£1(da) < /P({Ci)t > a}, )L (da),

—00
which in turn gives
VD |[1724, < eS™.

From Assumption 2 it follows that |[V®;| > 0 on e;(G) and the claim follows.O

6.2 Disintegration in the direction of motion. As in Section 5.2, we dis-
integrate mip (1) in with respect to the partition {e;(Gq)}icpo,1]- From Proposition
5.6 we have

mLfa(l): /mwﬁl(dt).
[0,1]

We now prove a regularity property for the conditional measures m, ;. Recall
that we are considering optimal transportation with uniformly positive and bounded
lengths: there exists C' > 0 so that

1
5<L(7)<C, Vy € G.

LEMMA 6.4. For L2-a.e. (a,t) € ¢(uo) x [0,1] it holds
My < S",
where S" is the spherical Hausdorff measure of codimension one defined in (2.5).

Proof. The idea of the proof is exactly the same as Proposition 5.7.
Step 1. Define the map

To(1) 22— A(z) == Pi(e” ' (2)),

hence A(x) is the unique ¢ for which there exists v € G, so that v = x. From its
definition, A is clearly measurable, A=1(t) = {7 : v € G,} and its derivative in the
direction of s — 45 is 1 for any t € (0,1) and v € G,.

Step 2. We now show that A is locally Lipschitz. Consider the map

. o . 1
Ga X Go X [0,1)% 3 (7,4, 5,t) = Y (3,4, 5,t) = d(Vs, %) — a\t — 5.
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Fix v € G, and note that for any s,t € [0, 1]:
1
Y(777787t) = ’t - S’ (L(Py) - C) > 0.

By continuity, there exists an open set U in G, x G, x [0, 1]? so that Y (U) C (0, 00)
and

K :={(v,7,s,t): s,t € [0,1]} C U.

Since K is compact, there exists ¢ > 0 so that K¢ C U where K°® is the e-
neighborhood of K in the metric space G, x G4 x [0,1]2. Consider 7,4 € G, so
that

e e
— d N —
27 00(777)<27

where dy the metric on G(X). Then (4,7, s,t) € K¢ for any s,t € [0, 1]. Therefore

dOO (’_)/7 ’7) <

d(Ys, Yt) >%|s—t|, Vs, tel0,1].
Hence we have shown that for any v € G, there exists € > 0 so that the map
e ([0,1] x B:(7)) 3 @ +— A(x)
is Lipschitz indeed for z,y € e (]0,1] x B:(y)) with say x = 7, and y = 4; it holds
[A(z) — Ay)| = |s —t] < Cd(Fs, %)
Step 3. Repeating the proof of Proposition 6.3 with coarea formula we obtain that
Maite(0,1)xB. (1)< S

for L1-a.e. t € [0,1]. Since G, is compact the claim on the whole I',(1) follows by a
covering argument. O

7 Uniqueness of Conditional Measures

This Section is devoted to find a relation and possibly a comparison between m, ; and
Mg, Find a comparison between this two different reference measure of codimension
one is fundamental. Tndeed disintegrate v w.r.t. {e; (¢~ (a))}acr that is the set of
geodesic starting from a given level set of :

y = / yad(@LMda),  ~u((poeo) Ma)) = 1.
(o)

Clearly this disintegration is just the lift for each ¢ of the disintegration of u; w.r.t.
{e1(Ga)}acp(uo)- Therefore the quotient measure g(a)L'(da) is the same quotient
measure of y; for every t € [0,1]. Then necessarily,
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/ 0rrita o £1(da) = e = (er)yy = / (e)ivaa(a) L} (da),
©(t10) @(po)

and from uniqueness of disintegration,

(e0ra = ( / gt<z>ma,t<dz>) " gta,

Hence if we want to express the geodesic of codimension one (e;)yy, in terms
of the reference measure mg,; moving in the same direction of the optimal trans-
portation, we have to prove that (e;);y, < mqy¢. To do that we will prove that
ma,t < Ma,t-

REMARK 7.1. Here we want to stress the differences between 1, and mg. It is
worth underlining again that both measures are concentrated on e;(G,). Also they
are both obtained as conditional measures of m or, otherwise stated, they belong to
the range of two different disintegration maps of m:

MLe,(G)= / 1 L1 (da), mep, )= / ma L1(dt).
©(to) [0,1]

Since in both disintegrations the quotient measure is £!, conditional measures

can be interpret as the “derivative” with respect to the parameter in the quotient

space, a in the first case and t in the second one, of m. Even if m and e;(G,) are

fixed, what do matters, and implies 7, 7# Mg, is the difference between e;1.(Gy)
and e;(Gg4e). The difference can be observed in Figure 1.

LEMMA 7.2. For every a € ¢(f),

for L'-a.e. t € [0,1], where the convergence is in the weak sense.
g

Proof. Since (X, d, m) is locally compact, the space of real valued continuous and
bounded functions C(X) is separable. Let {fi}ren C Cp(X) be a dense family.
Fix a € ¢(po). The Lebesgue differentiation theorem implies that for every k € N

1
g / (/fk(z)maj(dz))[fl(dT) — /fk(Z)ma,t(dZ), as s \ 0,
(tt+s)
as real numbers, for all ¢ € [0,1]\ E,j, with £!(E, ) = 0. Hence E, := UppenFEy 18
L-negligible. Take f € Cp(X) and chose {fk, }hen approximating f in the uniform
norm. Using f%,, it is then fairly easy to show that

tig s [ ([ femartas) ) ) = [ romaia

(t,t+s)
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Mieo(G) Miey/5(G) Miey(G)

t=0 t=1/2 t=1

Figure 1: Above and below the disintegration with conditional 7, and mg ¢, respec-
tively

for all t € [0,1] \ E,. 0

The analogous statement of Lemma 7.2 is true for the conditional measures 7, ¢
of (5.3): fix t € [0, 1], then

1 . .
%1_1)1(1] 5 / maytﬁl(da) = Ma,
(a,a+d)

for Ll-a.e. a € (o), where the convergence is in the weak sense.

7.1 Comparison between conditional measures. The next one is the main
technical statement of the section.

PROPOSITION 7.3. For L'-a.e. a € ¢(ug) and every sequence e, — 07 there exists
a subsequence €y, so that:

Jm = Mg (g )= M o e (amen, a)NTa()

for L'-a.e. t € [0, 1], where the exceptional set depends on the subsequence €, and
the limit is in the weak topology.

Proof. Step 1. We show that for every a € ¢(u),

.1 -1 — _
;1_I>r(1)g m(®; " ([a —e,a]) \ Ta(1))dt = 0.
(0,1)
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Suppose by contradiction the existence of a € ¢(ug) and of a sequence ¢, — 0
such that
1 _
lim — / m (@ (a — enya]) \ Ta(1))dt > a.

n—oo £y,
(0,1)
Then, since in Lemma 5.4 we have proved that ||V<i>tHrhb7t < CShl_et(Gb) for
Ll-ae. b e p(ug), with ||V, || positive m-a.e., it follows that
1 _
lim — / / S"(er(Gy) \ Tu (1)) L (db) L1 (dt) > a.
(0,1) [a—en,a]
Then by Fubini’s Theorem

lim — / / SP(ex(Gy) \ (1)) LM (d6) £ (db) > o
la—en,a] (0,1)

Hence there exists a sequence aj converging to a from below such that

/ SP(en(Ga) \ Tu(1)LL(dE) > o
G
for all £k € N.

Step 2. It follows from Lemma 6.4 and Proposition 2.8 that, since mip ()=
fmak’tdt:

1iin_é61fm (Fa, (1) \ Ta(1)) > o

Since as kK — oo the sequence ay, is converging to a, the sequence of compact sets
of geodesics {G, }ren is converging in Hausdorff topology to a subset of G, hence
the same happens for the sequence of compact sets {I'y, (1) }xen. Then just observe
that

m(Ca(1)) = %im m(Ly(1)%) > m(Ty(1)) + liminf m(Tq, (1) \ To(1)) > m(To(1)) + a,

—0 k—o0

where T',(1)° = {z € X : d(2,T4(1)) < 6} is a neighborhood of T'y(1) and the first
inequality follows from the definition of Hausdorff convergence. Since o > 0 we have
a contradiction and therefore for each a € ¢(ug)

So for each sequence €, — 0 there exists a subsequence ,, such that

lim —m (" ([ — en,,a) \ Fa(1)) = 0,

k—oo €p,,

for Ll-a.e. t € [0,1].
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Step 3. Let {fn}then C Cp(X) be a dense family. Then for each fj

lim / Friip L1 db)—f / Jom | =0

k—oo Enk
[a—eny.a] ;! ([a—en, ,a])NTa(1)

for all ¢t € [0,1] minus a set of measure zero. Reasoning as Lemma 7.2, we have the
existence of a set E C [0,1] with £!(FE) = 0 such that for all f € Cy(X) it holds

lim | / Frivg £ (db) — —— / fm| =0

k—oo | Ep, €nk B
[a—en, ,a] . v ([a—en,,,a])NCa(1)

for all ¢ € [0,1]\ E. Then again from Lemma 7.2 applied to 1, we have the claim.O

The proof of the next Corollary follows from Lemma 7.2 and Proposition 7.3.

COROLLARY 7.4. For L'-a.e. a € p(ug) the following holds: for every sequence &,, —
0 there exists a subsequence ¢,,, — 0 so that

lim

hoo £ Mg ([a—en,,,a))NT. (1) = Mant

for L'-a.e. t € [0, 1], where the exceptional set depends on the subsequence €, and
the limit is in the weak topology.

We now prove that mq; < mq,. Let us recall the disintegration formula for m
as constructed in Proposition 5.6: for each a € ¢(ug) since the geodesics in G, are
disjoint even for different times it holds

mp (1) = / 9y, )L o 119a(dy). (7.1)
61/2(Ga)
where g satisfies (5.5), g, is the quotient measure satisfying for I C e;/5(Ga)
qa(l) =m({y v € Ga,y1p2 €1})

and the measure g(y,-)L' o) has to be intended as (v)s(g(y, )L jo,1)), with ~
the unique element of G, so that v;/, = y. Being the evaluation map e/, a Borel
isomorphism between G, and e; /Q(G) the measure ¢, can be also interpret as a
measure on G.

PROPOSITION 7.5. For L'-a.e. a € ¢(uo)
ma,t < ma,t
for L'-a.e. t € [0,1]. Equivalently (e1/2)sYq < qa-

Proof. Consider a € ¢(j10) and a subsequence ¢, so that Corollary 7.4 holds.
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Step 1. Consider the evaluation map e : [0,1] X e/5(Ga) — [,(1) defined as usual
by

e(s,y) = e 0 e h(y)

Note that it is continuous, surjective and its inverse is continuous as well. Hence
[4(1) and [0,1] X e/2(Gq) are homeomorphic.

Take I compact subset of e;/5(Gq) with (1) = 0. Since g, is a regular finite
measure on e; /5(Gg), by outer regularity there exists a sequence {A;}ijeny with 4; C
e1/2(Ga) and open in the subspace topology of e;/5(Gy) so that

(e

IcC Ai7 Qa(Az) = .

~

Take now any open set U C [0, 1] neighborhood of 1/2. Then e(U x 4;) will be
an open set in I',(1) for each i € N.

Step 2. Then
1
7m"‘1>21([a—ank,a])mfa(1)(e(U x Aj))

Eny
1

- /@@JENUD&GHMz@Wﬁeh—amdD%Mw

Eng

Let s € (0,1) be such that

s =max{s : Py(V4s) > a—ep, }.
Then s, > L' ({7 € [t,1] : ®4(7;) € [a — €n,,a]}) and

Enp, = a — (CL - €nk) > (I)t(’}/t) - (I)t(’}/t-‘rsk)

Therefore
1 Sk
lim —£' ({7 €[0,1] : ®:(7,) € [a — ep,,a]}) < lim 7.2
k—o0 Ep, d 0.1}: @:(or) € 2 k—oo @y (V) — Pe(Vessy) (72)

and the last term by Assumption 2 is bounded. Since g is uniformly bounded as
well, it follows that

1

En

m“‘b[l([a—ank,a])ﬁf‘a(l)(e(U X Aj)) < Cqa(Ai),

k

for some positive constant C' not depending on k.

Step 3. We now observe that T',(1) is a compact set. Hence any function f € Cy(X)
can be extended, by Tiezte’s Theorem, to a bounded and continuous function on
the whole space, say f. It follows that

lim
k—00 En,

Mg ([a—en,,,a))NTa (1) Mant
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holds also in the weak topology of P(I'y(1)). So we can use lower semicontinuity on
open sets of weakly converging measures, also for open sets in the trace topology of
I',(1). Therefore

1 1
mayt(e(U X A’L)) < lim inf 7m|_q) ([G*Enk,a})ﬂfa(l) (C(U X A’L)) S C*

k—oo En, 7
By outer regularity, 7,,(I) = 0 and the claim follows. O

Direct consequence of Proposition 7.5 is that for Ll-a.e. a € o(ug) we have
Mgt = 0a1qq for Ll-a.e. t € [0,1], that is

g (K) = / B 0()dady),
e1/2(e; ' (K))

for all K C e:(Gy).

7.2 A formula for the density. = We now derive an explicit expression for the
density of m,; with respect to mg.

LEMMA 7.6. For L'-a.e. a € p(ug) and every sequence e, — 01, there exists a
subsequence ey, such that the limit

lim —zl({r € (0,1): By(y) € [a—snk,a]}) (7.3)

k—oo €p,,
exists for vy,-a.e. 7 € G, and L -a.e. t € [0, 1]. If we denote by M\(v;) its value, then
ma,t = )\tma,t-

Proof. Consider a € ¢(up) and &, so that Corollary 7.4 and Proposition 7.5 holds.
Then we have

1
li - : El a(dy) = 0, a
k1—>r20 Ens (g(y7 ) )({7—6(0,1):<1>t('yf)€[a—snk,a]})q ( y) 4

again for L'-a.e. t € [0,1] with the exceptional set depending on the subsequence
and where the convergence is in the weak topology. Using a localization argument
on the support of g, it follows that there exists another subsequence that we will
call again ¢, so that

kli_)n;o;(g(y,-wl) ({TE(O,]-) J(y-)Ela—e, k»“]}) = fatty
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for L'-a.e. t € [0,1] and g,-a.e. y € e1/2(Ga). Then by continuity of ¢ — g(y,t) for
qq-a.e. y, it follows that

lim .
k— o0 51({7 € (0,1) : @4(vr) € [a— 5nma]})

X )L = g(y, )6
(g(y ) >({T€(0,1):<I>t(’yf)€[asnk,a]}) g(y ) Y
for £1-a.e. t € [0,1] and gs-a.e. y € e1/2(Ga). Then necessarily

. 1
lim
k—00 En,

£ ({7 € 0,1): ®i(3) € [0 — e, a]})

exists L'-a.e. t € [0,1] and gq-a.e. y € e1/2(Ga). By uniqueness of the limit

. 1
0ot = g(y,t) - kli)nolo 6—[31({7' € (0,1) : ®y(vyr) € [a — ank,a]}).
Hence if we define A\(y) = 0,+(v)/g(y,t) then
. 1
Me(y) = klingo . El({T € (0,1) : ®4(vr) € [a— 5nk,a]}>

and since mq ;s = g(-,t)qq and g = 0qq, it follows that
ma,t = )\tma,ty
and therefore the claim. O

At the beginning of this section we observed that

-1
Ct4Ya = </ Qt(z)ma,t(dz)> 01Nt

so now Proposition 7.5 and Lemma 7.6 implies the next corollary.

COROLLARY 7.7. The measure (e¢)sy, is absolute continuous with respect to the
surface measure mg.

Let ila,t be such that (e;)yy, = ﬂa,tmavt. We prefer to think of ila,t as a function
defined on G, rather than on e;(G,), hence define hy, : Go — [0,00] by hqr(7) =

~

har(vr). So we have found a decomposition of g;:

@woz(/@ummmm)Méomgw,

where a = ¢(79). We now deduce a more convenient expression for \;. Recall the
definition

Li(y) = {7 €[0,1] : 77 € &1(G)} = {7 € [0,1] : d(7, e:(G)) = 0},
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Theorem 7.8. For L'-a.et € [0,1]

= lim : (7.4)

point wise for y-a.e. v € G.

Proof. Step 1. From Lemma 7.6 for £L'-a.e. a € ¢ (o), for every £, — 0% there exists
a subsequence ¢, such that

At(n) = klim LEl({T € (0,1) : Dy(y,) € [a— snk,a]}>,

—00 Ep,,

point wise v, ® L1-a.e. in G, x [0,1]. An equivalent expression of \;(7;) is:

O, 0y LY) ([a — Enys @
Aule) = klggo (( EZ)(?a —)E-:[nk,a]) ])

Using Assumption 2 \; can be written in terms of the same limit above substi-
tuting ®, 0+, that is defined only on I;(y), with an extension of ®; to a neighborhood
of t.

Since for each v € G the set I;(v) is compact, we can extend ®; by linearity on
each geodesic of G,. By d-monotonicity this will create no problem in the definition.
More specifically: for ¢ > 0 fixed, for each 7 € [t — 0,¢ + 0] and v € G, there exists

Tm = max{s € I;(y) : s < 7}, v = min{s € L;(7) : 7 < s}.

Clearly 7,,, and 7); depends on v and if 7 € I;(~y) they all coincide T = 7,,, = 7).
Then we define the extension map ®; by linearity

B1(3r) = B3, + ) 202) ~2i0)

Since by d-cyclical monotonicity v, # 75 for all ¢, s € [0, 1] if 7,5 € G, with v # 7,
the map @, is well defined on e([t — d,¢ + 0] X G,) and is measurable. Moreover by
Assumption 2, on each line the map

[t —d,t+ 0] 97’1—><i>t(77)

is differentiable in ¢ with strictly negative derivative and is Lipschitz in the whole
interval [t — 0,¢ + J].
Consider now 7, = max{7 € [t,t + 0] : ®1(y;) > a — &5, }, then

£ ((®r0) o enal) < 7~ 1.

Since by construction

A A

De(ve) — Pe(yr,) > (76 — 1),

ol
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for some positive constant C, we have (7, — t) < cgp,, implying that

- - Yaldy)

k k

/‘«@owMQWwwmﬂD_«@owwwwwwmﬂn

((®¢ 0 7):LY) ([a — en,, a] N 1(7)°)
< / : . Yo(dy)
é. "
Ll — CEn,,,t+ cen, ) N I(y
<[RSt BION, (4y)
é. "

By Lemma 3.2 the last integral converges to 0 as k — oo. We have therefore
proved that for L'-a.e. a € o(ug), for every £, — 0 there exists a subsequence &,
such that

At(y) = lim LEl({T €(0,1): @t(%) € la— 6nk,a]}),

k—oo €p,,

for v, ® L'-a.e. in G, x [0,1].

Step 2. Now we take advantage from the fact that P, o ~ is defined on a connected
set and invertible. For any e sufficiently small the following identity holds:

((étOV)ﬁ‘cl)([Q_€7a]) Se

€ Di(ye) — Pe(Yeys.)

where s. is the unique s € [t, ¢ + J] such that

~

Qi (Y4s.) =a —e.

It follows that
Dy (1) — Pe(yits)

—— = lim , 7.5
)\t(%g) s—0 S ( )
for v, ® Ll-a.e. (7,t) € Gy x [0, 1]. Restricting s to I;() the claim follows. 0

8 Global Estimates and Main Theorems

So far we have proved that in a metric measure space (X, d, m) verifying CD;,.(K, N)
or CD*(K, N) (actually MCP(K, N) would be enough), given a geodesic u; = ggm in
the L?-Wasserstein space with some regularity, the following decomposition holds:

) = ([ 0@inas(d)) 5 haslo),
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where a = ¢(7p) and the functions involved in the decomposition are determined by
the following identities:

-1
ha,tma,t = (et)ﬁ'ya = </ Qt(z)ma,t(dz)) tha,tv

L Q) — Pu(yers)
= lim
)\t (%) s—0 S

From Assumption 2, A\;(y:) > 0 v-a.e. and the above expression make sense.

To give a complete meaning to this decomposition we have to prove additional
properties for both h,; and Ay ;. In this Section we will consider this function g
and )\; in the perspective of lower curvature bounds. In particular, thanks to the
metric results proved in Section 4, we prove that h,; verifies CD*(K, N — 1).

As already observed (see (7.1)) a disintegration of mc.g (1) is given by the next
expression:

e = [ (o) ) auldy), (8.1)
e1/2(Ga)
where ¢g(y, -)£1|_[071] has to be intended as a measure on 7)o ;) C X, the image of v
where 7 = el_/IQ(y).
Since A\(7y;) > 0 also for y,-a.e v € G, it follows from Proposition 7.5 that
(e1/2)#7, can be taken to be the quotient measure in (8.1), at the price of changing
the value of g:

mg,a) = / (9(71/27')51'—[0,1])’7@(657)7 (8.2)
Ga
with the change of the value constant in ¢ and therefore the new g still verifies
(5.5). For ease of notation in what follows we will just denote with g(v,?) instead of
g(71/2,t). The new densities g enjoy the following property.

LEMMA 8.1. For ~y,-a.e. v € G,
hat(7)9(7,t) =1, L' —a.e telo,1].

Proof. The function iLa’t has been introduced after Corollary 7.7. For any measurable
sets H C G, I C [0,1] the following identities hold:

y (H)EN(T) = / (hamas) (e (H))dt = / o (2) s (d=) dt
I {v:yeH eI}
= / ﬂa,t(z)m(dz)

{reyeHteT}

= / / hat(V)g(v:t)dt | va(dy),

H 1
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where passing from the second to the third line we used (8.2) and iLa7t was introduced
after Corollary 7.7. The claim follows from the arbitrariness of H and I. O

8.1 Gain of one degree of freedom.  As proved in Section 4, for any a1 < b; <
ap < by and for any v € G so that (ag, b1) C @a(7)0,1)) We can define Rj, L] C [0,1]
and R],L] C [0,1] so that

¢a 0y (R, Ry + Lj)) = (ao,bo),  daoy((R],R] +Lj)) = (a1,b1),

where ¢, is a Kantorovich potential associated to the d-monotone set {(vs,v) : v €
Ga,s < t}. The previous equations are equivalent to

$a0V(R)) =bo,  ¢ao(Rg+ Lg) = ao.
and
¢a0Y(R]) =b1,  daoy(R] +Lj) = ar.
Accordingly for all t € [0,1] we define
R} .= (1—-t)R] +tR], L} == (1—t)Lj +tL].
Let H C G, be so that for all v € H both (ao,bo), (a1,b1) C ¢a(v(0,1)) With

a1 < by < ag < by. The Proposition 4.7 implies if we define

1 1

[07 1] St 1= m / ﬁEIL[RZ,RZ-i-LZ]‘Ya(d/y) € P([O, 1} X Ga), (83)
a t

H

then [0,1] 5t — (ey)vy is a Wa-geodesic.
Moreover from Lemma 8.1 we can deduce that for each ¢ € [0, 1] the density p;(z)
of (e)sy w.r.t. m is given by

1
e har (), T € IR RY + 1),
pt("}’-r) _ 7a(H)Lz ) (f)/) TE [ t t + t]

0, otherwise.

(8.4)

The dynamical optimal plan associated to 14 can be obtained as follows: consider
the following map

0:G(X) x 0,1] — G(X)
(7,8) /=t = M = Y(1—t)(RI+sLY)+4(RI +sL7)
Then if we pose

- 1
Yo = Oy <W7aLH®£1L[O,1]>7 (8.5)

it follows that (e)svy = (er)yVq-
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Theorem 8.2. For v,-a.e. v € G, and for any 0 < 179 < 71 < 1 the following
inequality holds true:

1

bk () = oD (1 — 7)) {h () + ha (7)} . (86)

where Ty /5 = (70 + 71)/2.

Proof. As a preliminary step, we note that in order to prove the claim is sufficient to
prove (8.6) locally, i.e. for Ry and R; sufficiently close. As proved in [BS10], reduced
curvature dimension condition enjoys the globalization property.

Step 1. Since ¢, is 1-Lipschitz and G, is compact, there exist real numbers «;, 3; for
i =0,1 so that

¢a © 60(Ga) - [a07 051], ¢a ce (Ga) - [/607 61]

For any n € Nand N> k <n —1 we can consider the following family of curves

_ k k+1
Epn = (¢a 0 €0) 1<[ao+na1,ao+ - 011]>,

n

Dy = (¢aoer)”" <[ﬂo + %ﬁl,ﬁo + b 151D ;

where the maps ¢, o ¢;, for ¢ = 0,1, has to be considered as defined only on G,.
Then we define the family of compact sets

My g = Epn N Dy .

For any n € N, as h and k vary from 0 to n—1 the sets My, ;. ,, cover G,. In particular
we will consider this covering for n so that

1 .
- < min{L(7y),y € Ga}, |1 — aol, |31 — fol.
Under the previous condition

min{¢.(v0) : v € Mppn} > max{da(71) : v € Mpgn}-

Then for any a > b real numbers so that

min{¢q(70) : v € Magn} > a>b>max{¢.(1): v € Magn},

for any v € Mj, . the image ¢q(7),1)) contains [b, a]. Therefore we are under the
hypothesis of Proposition 4.7.

Step 2. Fix a compact set H C My, and a,b such that the curvature dimension
condition CD(K, N) holds true for all measures supported in

a ([b,a]) N {0, 7 € H}.
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Chose now ag, by and a1, by so that (bg,ap), (b1,a1) C [b,a]. In the same manner
as Proposition 4.7 consider R, R], Lj and L}. Finally define {(e)s2 };c[0,1] as before
in (8.3) and the associated dynamical optimal plan 4, as in (8.5). Note that since
My, i.n is a covering of G, we can always assume ~,(Mj,) > 0 and therefore
Ya(H) > 0.

Condition CDy,.(K, N) for t = 1/2 imply that for 4,-a.e. n € G(X)

pf/12/N(771/2) > n%é? (d(no,m)) {po_l/N(no) +p1_1/N(m)} ,

that can be formulated also in the following way: for £'-a.e. s € [0,1] and ~,-a.e.
yeHd

—-1/N 1/2
P (e arn,) = Tiow) (BY = B3+ s|L] = L)L(%))
~1/N ~1/N
x {Po Y (Yry4sLy) + Py / (’YRHSL})}-

Then using (8.4) and the continuity of r — h,(y) (Lemma 8.1), letting s \, 0, it
follows that

—1/N
(Le+LDY N ()

> ol ((RY = RDLM) = {@) Y h i () + )YV () b es.m)

for v,-a.e. v € H, with exceptional set depending on ag, bg, a1, b;.

Step 3. Note that all the involved quantities in (8.7) are continuous w.r.t.
Rg,Lg,R;Y,LY, that in turn are continuous functions of ag, by, a1, by respectively.
Therefore there exists a common exceptional set H' C H of zero 7 ,-measure such
that (8.7) holds true for all for all ay > a; € (a,b), and all by, by so that ag—bg, a1 —by
are sufficiently small and all v € H \ H'. Then for fixed fixed v € H \ H’, varying
LJ, L] in (8.7) yields

1

N 2 -~ Y
i) 2 R (R~ BLG) {n i o) 4 (0

1/2

Indeed the optimal choice is

—1/(N— —1/(N—
1 ha,}g/g( 1)(,},) _ ha;{?( 1)(7)
0 — _ _ _ _ ) 1 — _ _ _ _
hy V) + by NP () hy V) + by P ()

for sufficiently small L > 0.
Using the same argument of [CS12], we prove the global (8.6) for 7,7, so that

(ba,(%—g) <a, ¢a('77]) > b,

for v-a.e. v € Mj, . Since n can be as big as we want, TJ and 707 can be taken 0
and 1 respectively. Therefore we obtain the claim. O

We have therefore proved one of the main results of this note.
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Theorem 8.3. Let (X,d,m) be a non-branching metric measure space verifying
CDioc(K, N) or CD*(K,N) and let {p}iejo1] € Po(X,d,m) be a geodesic with
e = ogm. Assume moreover Assumptions 1 and 2. Then

1
=C(a)——h , -a.e. v € G,
2e(7e) = C( ))\t(%) at(y),  yae.y
where a = ¢(v9) and C(a) = ||7v,|| is a constant depending only on a. The map

[0,1] 3 t + hgt(7y) verifies CD*(K, N — 1) for y-a.e. v € G and

1 [0} )]
— lim t(ve) t(’Yt—&-s)‘

)\t ('}’t) s—0 S

8.2 Globalization for a class of optimal transportation. In order to prove
globalization theorem of CDy,,. it now necessary to show concavity in time of A\ (7).
We will do that in the framework of Section 5: L(vy) depends only on ¢(7p), i.e.

L(v) = flp(0),  y-ae.v€G,
for some f : p(up) — (0,00) such that ¢ (o) 3 a — a — f2/a is non increasing.

ProprosSITION 8.4. Assume the following: Then for y-a.e. v € G the following holds
true

At(7e) = (1= t)Ao(70) + tA1 (1),
for every t € [0, 1].
Proof. Since ®; = F;"' o ¢, where Fy(a) = a — tf?/2 and

liné ot(7t) — Pt (Vits) _ LQ(,Y)7
5— S

for all t € (0, 1), it follows that from Theorem 7.8 that

_ 1
At(ve) = (0aFr) (F 1(%(%)))L2(ry)
1
= (8aFt)(90('70))L27(7)'
Since (9, F})g; is linear in ¢ the claim follows. O

Using the results proved so far, we can now state the following.

Theorem 8.5. Let (X,d,m) be a non-branching metric measure space verifying
CDioe(K,N) or CD*(K, N) and let {jit}ej0n) C P2(X,d,m) be a geodesic with
it = ogm. Assume moreover that

L(v) = f(#(0));

for some f : p(pp) — (0,00) such that p(ug) > a +— a— f?/a is non increasing. Then

21(7) "N = 00(70) N TN (d(v0, 1)) + e1(3) YN T (d(vo, ),
for every t € [0,1] and for vy-a.e. v € G.
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Proof. From Remark 6.1,
hq
or(ve) = (/ Qt(z)ma,t(dz)> Atf’(y;y))’

where the integral is constant in ¢ and therefore in order to prove the claim we can
assume

oi() = )\t(l%)ha,t(’Y)-

Then from Theorem 8.2 and Proposition 8.4

_ 1/N
o' ()\t ha(y )
( 1—t)Xo(70) +t)\1(71)>ﬁ(h;i/(N71)(V)> "
I/N _ _# N];1
> ((1=0%(0)) " (/1 (@0, 1m)had ™ ()
1/N N
+ () (0k v (@0 1)h T ()
= 0y N ()it ¥ (o, 1)) + 01N (7)) T (d(v0, ).
The claim follows. d

9 More on the One-Dimensional Component

Assuming the metric measure space (X, d, m) to be infinitesimally strictly conver,
see Section 2.3, we can give an more explicit expression for ;.

Define the restriction map as follows. For any ¢t € (0,1) let restry ) : G(X) —
G(X) be defined as follows restri;1)(7)s = Y(1-s)t+s- Denote by vy 4 the measure

restry 1)57Y-
LEMMA 9.1. For all t € [0,1) the measure 7 3 represents V(1 —)(—¢¢).

The notion of test plans representing gradients has been introduced in Definition
2.12.

Proof. First observe that ¢; € S?(e;(G),d, m). Indeed from Proposition 2.10, since
¢ is a Kantorovich potential for (¢, p11), it follows that

d(’th’Yl)
1—-1

and therefore | Dyl € L?(e;(G), m). We know that Y1) is the optimal dynamical
transference plan between py and pp and (1 — t)p; is the Kantorovich potential for
the d? cost, hence Proposition 2.10 implies that

. - T d2 )
hm/ SDt('yO) - ‘Pt('y )7[t71](d7) _ / (Vi Zl)’Y[m](d’V)

t10 1

|Dpt|w(ve) = =d(v0, M), for y-a.e.y,
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Since H’y[m}H% = fd2(70771)7[t,1] (dv),

(1—t)lim ¢t(0) — ¢i(vr)

2
t]0 T ‘2

Y (dy) = [V
and the claim follows. O
Using Theorems 2.13 and 7.8 we can now write A; in a differential expression.

PROPOSITION 9.2. Let (X,d, m) be infinitesimally strictly convex. Then \; verifies
the following identity: for every t € [0,1)
1
Ae(ve)

where the exceptional set depends on t.

= D®(Ver)( ), Yy-a.e.y,

Proof. Since (X,d,m) is infinitesimally strictly convex, and 7y, ;) represents V(1 —
t)(—¢¢), from Theorem 2.13 it follows that

i / D4(70) — Pe(r)

710 T
restri,1)(G)

i (dy) = (1—1) / D®(Vipr) (2)ue(d)

—(1-t) / D®,(Vior) (30)vie.1) ().
restr,1)(G)

Since the previous identity holds true even if we restrict to a subset of
restry; 1(G), it follows that it holds point-wise: for vy j-a.e. ¥

lim D4 (70) — Pe(r)
710 T

= (1 =t)D®:(Vr)(70)-

So fix 4 in the support of 7, ;) such that the limit exists and consider 7 in the
support of v such that 47 = y(1_7)14-, then we have

C(90) — Pe(3r) _ Pelw) = Pe(va—myrs) _ Pe(ve) — Pe(va-ryrer) (-1
T T (1 —1) ’

and therefore the claim follows from Theorem 7.8. O

Under the infinitesimally strictly convexity assumption, we have therefore the
following decomposition:

0 = DT b0,

where ¢(a) = [ 04(2)mq,(dz) is independent of ¢, and h verifies CD*(K, N — 1).
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9.1 A formal computation. We conclude this note with a formal calculation
in order to show a formal expression of D®;(V;)() in a smooth framework.

So let us assume X be the Euclidean space with distance given by the euclidean
distance and m any measure absolute continuous with respect to the Lebesgue mea-
sure of the right dimension. Let j; = oym be the usual geodesic in the L?-Wasserstein
space over X and let T;,T; 1 : X — X be optimal maps such that

(Tt)gpo = pe - (Te1)ghee = pua-
Hence
Ty = Id — tVy, Ti1=1d—(1—-1)Vy,

with ¢ a Kantorovich potential associated to ug, u1 and ¢, the usual evolution at
time t of . Then the standard identity holds:

et(1) = (1 = t)po(0) + te1(71)-

Clearly yo = T, *(7:) and 41 = Ti.1(7:). Then one can differentiate the standard
identity in the direction s — v44s. Then we get

IVl (ve) = (1= £)(Veo(10), DT, (%) Veor () + t{V@1(m), DTia (7)) Vipr ().

Moreover one can write ®; in a more convenient way:
O, = pgo T !
t = ¥0 t

and then compute \; using Proposition 9.2

= ((DT; 1) (90) Veeo(10), Veor ()

= (Veo(), DT, ' () Ve (1))

Then using what calculated before

1 1 9 t

= — - — DT,

Mo 1 — Ve ()" = 7= (Ver(n), DTea (v) Veer ()
= IV (v 1P + t{H @i (v) Vepu (1), Veor (),

where Hy; is the Hessian of ¢;. Clearly the effect of curvature would change the

expression of DT; 1. Hence on a linear space

At()

M) ((Id+tHoi(7:))Veor(1e), Veor (1))

As a final comment, by Corollary 2.16, it holds that ¢! = —¢ and since

1
c _ t(_ — 2 o
@i (r) = Hy(—¢) ylg)f( th (z,y) — ¢(y),
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it follows by semi-concavity that Id —tHef > 0, in the sense of symmetric matrices.
Note that we have derived in a different way the same expression for \; obtained
n (6.1) from the decomposition of the differential of optimal transport map on
manifold of [CMS11]. Again from [CMS11] it follows that

Id—tHe; > 0,

showing again consistency with Assumption 2.
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