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Abstract

Recently the leading order of the correlation energy of a Fermi gas in a coupled
mean-field and semiclassical scaling regime has been derived, under the assump-
tion of an interaction potential with a small norm and with compact support in
Fourier space. We generalize this result to large interaction potentials, requiring only
|- V € £1(Z%). Our proof is based on approximate, collective bosonization in three
dimensions. Significant improvements compared to recent work include stronger
bounds on non-bosonizable terms and more efficient control on the bosonization
of the kinetic energy.
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1. Introduction

The interacting high-density Fermi gas models a variety of important physi-
cal systems, in particular the behavior of electrons in alkali metals. The simplest
approximation for the computation of its physical properties is mean-field the-
ory, that is, Hartree—Fock theory. Hartree—Fock theory only includes the minimal
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amount of quantum correlations unavoidable due to the antisymmetry requirement
on the wave function of fermionic many-body systems. In the present paper we
consider corrections to the Hartree—Fock energy due to non-trivial quantum corre-
lations (that is, entanglement in the ground state).

According to [7], the dominant effect of correlations on the ground state energy
should be described by the random-phase approximation (RPA), which may also
be formulated as a partial resummation of the perturbation series [17] or as a
theory of particle-hole pairs behaving as bosonic quasiparticles [27]. The latter
point of view was recently used by [4,5] (extending the second-order result of
[20]) to rigorously prove the validity of the random-phase approximation for the
ground state energy, assuming the interaction potential to be small and its Fourier
transform to have compact support. In the present paper, that result is generalized
to arbitrarily large interaction potentials without restriction on the support. Our
proof is a refinement of the method of [4,5], a crucial point of which is to delocalize
particle-hole pairs over patches on the Fermi surface, thus circumventing the Pauli
principle and justifying the approximate bosonization of particle-hole pairs. This
approach leads to a bosonic quasifree effective theory, from which the ground state
energy can be computed.

The further predictions of this bosonic effective theory have been discussed in
[1] and it has also been proven to be a good approximation for the time evolution
of the Fermi gas [5], refining the time-dependent Hartree—-Fock approximation
derived in [3,8-10]. An alternative approach to the ground state energy, avoiding
delocalization and thus closer in spirit to [27] has been developed recently in [13]:
still, also there an averaging over different particle-hole pairs is needed to justify
the bosonization. In another context, the low-density Fermi gas, bosonization ideas
have been applied by [15,18,19].

Let us turn to the mathematical description of our result. We consider a system
of N fermions on the torus T3 := R3 /(27 Z?) interacting through a potential V. The
system is described on the Hilbert space L2(T*V), consisting of all y € L?(T>)
that are antisymmetric under exchange of particles,

Y (X(1)s -+ - s Xg(N)) = SgN(O)Y (X1, ..., XN)
for all permutations ¢ € Sy. The Hamiltonian is the linear self-adjoint operator

N

N
Hy =Y —R*Ay +1)_ V(xi—x)). (1.1)
j=1 i<j

The interaction potential V is assumed to have non-negative Fourier transform 1% >
0. (For the interaction potential we use the convention that the Fourier transform is
Vix)=>, <73 1% (k)eik X, unlike for the Fourier transform of wave functions which
we normalize to be unitary.) Because of the antisymmetry of the wave functions, the
sum of the Laplacians is typically of order N3/3, as may be seen most easily from
the the non-interacting case V = 0, where the ground state is a Slater determinant
of N plane waves fi(x) = (27) 32X the momenta k € Z3 being located in a
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ball of radius proportional to N''/3. To make both kinetic and potential energy scale
extensively (that is, proportionally to the number of particles N) we set

h:=N"'3 and r:=N"!.

This is interpreted as a mean-field limit coupled to a semiclassical limit with effec-
tive Planck constant i = N~!'/3 — 0 as N — oo; this scaling limit has been
introduced by [25,28] to derive the Vlasov equation from many-body quantum
mechanics.

We are interested in the ground state energy

Ey i=inf spec(Hy) = inf { (v, Hy) : ¥ € LIT), [yl =1} .

A first approximation for E is the Hartree—Fock energy, defined by restricting the
variational problem to Slater determinants, that is,

N
EIP\I,F = inf {(1//, Hyvy) ¢ = /\ uj where {uj}y=1 is an orthonormal family in LZ(T3)} .
j=1

As already mentioned, for the non-interacting case V = 0, the Hartree—Fock and
the many-body ground state energy are attained by the Fermi ball

vr= /\ fi. (12)

keBr

with the plane waves fi(x) := (2m)73/2¢/**, for x € T3 and k € Z3. Here, the
Fermi ball B is a set of N different momenta p € 7> with » p| p|? as small as
possible. To simplify our analysis we assume that the Fermi ball is completely
filled and thus uniquely defined, that is, that Bp = {k € Z> : |k| < kg}. This
can be achieved by considering a sequence kg — oo and fixing N := |Bg| as a
function of kg. We find the relation kg = « N1/3 between the two parameters, with
kK =Ko+ ON"3) and kg := (3/4m)'/3.

Under the assumption of a complete Fermi ball and non-negative V, it was
proven in [5, Theorem A.1] that the Hartree—Fock energy EEF is still attained by
the Fermi ball (1.2), even when V # 0. It follows that

N 1 N
ENF = (yp, Hyyp) = Y Wp*+ =V (0) — — Vik—k). (1.3
NC= W Hygr) = 3 Rp S VO) - o Y0 Vk—K) . (13)
PEBF k,k'eBf
In this paper we focus on the correlation energy, defined as the difference
Ey—E II:I,F , due to many-body interactions among particles. The following theorem,
our main result, provides an explicit formula for the dominant order (order /) of

the correlation energy:

Theorem 1.1. (Main result: RPA correlation energy) Suppose V € LY(T3) with
V = 0and

Z V (k) |k| < oo .

keZ3
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Forkpg > 0let N := |Bp| = |{k € Z° : |k| < kg}|. Then there exists a > 0 such
that
Ey = ENT+ ERP* + OINT'37%)  forkp — oo, (1.4)

where the RPA energy formula is

ERPA . — iy Z k| l /oolog 1+ 271Ko‘7(k)(1 — A arctan (l)> dar — zK()V(k)
N ’ P T Jo A 2 ’
<73
(1.5)

Remarks. (i) Unlike the result of [5], where ||V ||¢> was assumed to be small,
here we do not assume smallness of the interaction potential.

(i1) A further generalization is given in Appendix A: there, the upper bound of
(1.4) is shown to hold assuming only V > 0 and Y kezs k|V(k)? < oo.
Thanks to only the second power of the potential appearing, this almost covers
the Coulomb potential. While our paper was under review, a new upper bound
for the correlation energy has been established in [14] for square integrable
potentials; this includes potentials with Coulomb singularity. In this case, an
additional second order contribution to the exchange energy, which is part of
the error in our setting, becomes relevant.

In the next section we will introduce the correlation Hamiltonian which describes
corrections to Hartree—Fock theory. In Sect. 3 we give a heuristic introduction to the
bosonization method by which the correlation Hamiltonian can be approximately
diagonalized. The remaining sections are dedicated to the steps of the rigorous
implementation of this strategy, culminating in the proof of Theorem 1.1 in Sect. 9.

2. Correlation Hamiltonian

As the first step to the proof of Theorem 1.1, we apply a particle-hole transfor-
mation to the Hamiltonian, by which we obtain the correlation Hamiltonian which
describes only the corrections to mean-field (Hartree—Fock) theory. This is an exact
computation not involving any approximation.

We use second quantization on the fermionic Fock space F = €D, > L2(T*)®«".
On F, we use the well-known creation and annihilation operators satisfying canon-
ical anticommutation relations, namely for all momenta p, g € 73 we have

{ap,a;‘}zép,q, {ap,aq}:{a;,a;‘}zo. 2.1

As a simple consequence of (2.1), we find the operator norms ||a;‘;||0p < 1 and
lapllop = 1forall p € 7Z3. We define the vacuum vector 2 = (1,0, 0, ...) € Fand
the number-of-fermions operator N’ = 3 pez3 dpap. We extend the Hamiltonian
(1.1) to the full Fock space F setting

1 X
Hy =Y  Wp’dia, + T > Vg gagap - (22)
pez? k,p,qeZ?
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The restriction of Hyy to the N-particle sector L2(T*V) C F coincides with (1.1).

To analyse the correlation energy Ey — EEF, it is convenient to factor out the
Fermi ball (1.2) and focus on its excitations. This is achieved through a particle—
hole transformation Ry : F — F defined by

¥ ok a;‘, if p € B
Rap R '_{ap if p € By

and  RpQ:= \ fp=1r. (2.3)

PEBE
One has Rr = R = Ry . With (2.3) we find that

REN Rg = Z apa;—f— Z a;ap:N— Z a;ap—{— Za;ap:N—Nh—{—Np,

PEBF pEBE PEBE PEBE

where we defined the number-of-holes operator N}, := D he By ajay and the
number-of-particles operator Ny := 3_ B ajap. This shows that the N-particle

sector L2(T3N) C F is the image under Ry of the eigenspace of Aj, — N} associ-
ated with the eigenvalue O (and thus Rp defines a unitary map from the eigenspace
XNh — Np = 0)F to L2(T3V)).

We introduce the correlation Hamiltonian Hcorr by conjugating Hy with Rg
and subtracting the energy of the Fermi ball (which, as already noted in [5, Theo-
rem A.1], in our scaling limit and with V=0 equals the Hartree—Fock ground state
energy). With (2.3) and the canonical anticommutation relations eqcrefeq:CAR, a
lengthy but straightforward computation leads to the correlation Hamiltonian

Heorr := REHNRr — ENF =Hy + 0 + & + & + X (2.4)
with the main terms

Hy := Z e(p) a;ap . withe(p) == |W*p*> — «?|,

3
" 8 ) | 2.5)
Op = kZZ; V (k) (b*(k)b(k) +3 (b* (k)b (—k) + b(—k)b(k)))
and the error terms
1 N " *
X:= N Z V(k)( Z anap + Z ahah> ,
kez? pEBEN(BE+k) heBgN(BE—k)
1 A
Ei= o0 D Vid* (d k) (2.6)
keZ?
1 9 *
& = o sz:% V (k) [d*(k)b(—k) +hc.] .
<73

Here we defined the delocalized particle-hole pair creation and annihilation oper-
ators

b= Y aiai . b= Y apua 2.7)

PEBEN(BE+k) peBEN(BE-+k)
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and the non-bosonizable operators

d* (k) = Z akap i — Z aianir (2.8)

PpEBLN(BLAK) heBrN(Bp—k)

satisfying d* (k) = d(—k) for all k € Z3.
To prove Theorem 1.1, we improve the bosonization method introduced in [4]
for the upper bound and show that

inf (U, Heor V) = E]%PA + O(N_1/3_a) .
veF:lyl=1
Np—M) =0

3. Strategy of the Proof: Approximate Bosonization

The key idea is to derive, from the fermionic correlation Hamiltonian (2.4),
a quadratic, approximately bosonic!, Hamiltonian which can be approximately
diagonalized by a Bogoliubov transformation to obtain the ground state energy.

The starting point is the observation that the particle-hole pair operators behave
approximately as bosonic creation and annihilation operators, that is, they approx-
imately satisfy canonical commutator relations:

[b*(k), b*(1)] = 0 = [b(k), b()], [b(k), b*(I)] = const. x (& + lower order) .

Thus QOp can be understood as an approximately bosonic quadratic Hamiltonian.
The terms X, &, and & do not have a bosonic interpretation and are going to be
estimated as smaller errors. It remains to bosonize the kinetic energy H. Because
this step requires us to linearize the dispersion relation, we need to localize of the
pair operators to patches By, that is, to M small regions covering a shell around
the Fermi sphere in momentum space (see Fig. 1 for an illustration of the patch
decomposition we have in mind; eventually the number of patches M will be chosen
to tend to infinity as N — 00)

M
1
b*(k) >~ Y na(k)bik) . b(k) = DR C R )
a=1 « p: PEBENBy

p—keBrNBy

with a normalization constant n (k) so that the one-pair states b (k)2 have norm
one. There is a catch here: the sum over pairs in (3.1) is only non-empty if the
relative momentum k is pointing outward from the Fermi ball, so for about half of

1 By approximate bosonization we refer to the fact that we construct operators that only
up to an error term satisfy canonical commutator relations; this is in contrast to certain one-
dimensional fermionic systems [24] and spin systems [2,11,12,26] which can be expressed
through operators that satisfy the canonical commutator relations exactly.
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Fig. 1. Decomposition of (a shell around) the Fermi surface into patches. The vectors @y
(marked with dots) are the patch centers. The decomposition of the southern half sphere is
obtained through reflection by the origin; see [4] for the details of the construction

the possible values of « the operators b}, (k) vanish. To be sure that many particle—
hole pairs contribute to the sum defining b} (k), we introduce a cutoff by defining
the index set

I i={ae{l,2,..., M} k-&o = N°}

(with § > 0 to be optimized at the end) and combine the retained b}, (k)-operators
into

e | DEK) fora € I
Ca(k) = {b;(—k) fora € T*, .

These operators again behave approximately bosonic in the sense that
* * * N
[z (K), cg(D] =0 = [ca(k), cg(D],  lca(k), cg(D] = da,p | Sk + O 2 ))

This provides important intuition on how to make the approximate bosonization rig-
orous: because n,, (k)? counts the number of particle-hole pairs of relative momen-
tum k in patch B, we need the size of the patches to be sufficiently big and we
need to bound the number of excitations counted by A in states close to the ground
state.

By virtue of the localization to patches we can linearize the dispersion relation
e(p) locally in every patch, and thus find (the computation here shown for the case
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aeI,j)

* 1 * %
Ho. 0 = o5 2 (el —elp—hnajay
p: pEBENBy

p—keBFNBy

1
— h2 20 -k — |k 2 * ok
L Wk
p: PEBENBL (3.3)
p—keBrNBy

1
~ 20 wy - kata
Ny (k) Z Wo - KApd)_

p: pEBENBy
p—keBrNBy

=~ [Ds, ¢, (k)]

if we introduce the quadratic approximately bosonic operator

M
Dp =2ch Y Y k- @alch(k)ca(k) .

kel'or =1

While the substitution of H by Dg has here been motivated only in commutators
with almost bosonic operators, a key step of our analysis is to justify this step also
on general states close to the ground state. This step is explained in (3.8) to (3.11).

Our further goal is to approximately (to order 7, the dominant contribution of
the correlation energy) diagonalize the bosonic quadratic Hamiltonian Dg + Op
by an approximately bosonic Bogoliubov transformation 7', allowing us to read off
the correlation energy. Given a state ¢ € F such that (V, — A})y = 0 (think of
the ground state of Hcorr), and setting & := T*yr, we write

(U, Heorr¥) = (T§, Heor T§)
= (T, (D + OB)TE) + (T§, (Ho — Dp)T$) G4
H(TE, X+ E +E)TE) .

Through a suitable choice of the Bogoliubov kernel K (k) (a matrix indexed by the
patch labels), the approximate Bogoliubov transformation

1
T = exp (5 Z Z K (K)a,p ¢ (k) (k) — h.c.) (3.5)

kel o peT,FUTt,

diagonalizes approximately the quadratic Hamiltonian D + Qg. On states with
few particles (ie. with few excitations of the Fermi sea), we find as suggested by
exact bosonic Bogoliubov theory that

(TE, (Dp + Qp)TE) ~ EN™ + (&, HE“E) | (3.6)

with the intended E I%PA as in (1.5), and for the description of the possible bosonic
excitation one obtains an effective Hamiltonian of the form

HE =Y Y 2hlk|fR(K)apchk)epk) 2 0. 3.7)
kel o peTFUTH,
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To make these heuristics rigorous, apart from controlling the bosonic approxi-
mation (arising from the neglect of the error termin (3.2)) in the bosonic Bogoliubov
diagonalization, we need to estimate the second and the third terms in (3.4). There
are two obstacles. One is to give a meaning to the heuristics Hy >~ Dg, which, a
priori, holds only as in (3.3), at the level of commutators with the approximately
bosonic operators. The other is to control the non-bosonizable term £ and the term
&> which couples almost bosonic c-operators to non-bosonizable d-operators. (The
exchange term X instead can be controlled by more elementary estimates.)

Both problems were solved in [5] under the assumption that the interaction
potential V is small and compactly supported in Fourier space. In the present work
we overcome these limitations and prove the validity of the random-phase approx-
imation for a much larger class of interaction potentials. The main achievements
of the present paper, compared to [4,5], are the following:

e The combination Hy — Dp is approximately invariant under conjugation with
the approximately bosonic Bogoliubov transformation because its action can
be expanded in commutators:

(T&, (Ho — Dp)T&) ~ (&, (Ho — Dp)é§) . (3.8)

In the proof of the upper bound for the correlation energy, the vector £ coincides

with the vacuum, and the right-hand side is zero. For the lower bound this is

not true, and we are left with controlling the negative term —Dg. In [5], this
€XC ;

was achieved by exploiting the positivity of Hg* in (3.6). More precisely, we
proved that

(&, HE<E) 2 (€, DpE) — CIIV I (5, Hok),

which, for small potential, is enough to control the right-hand side of (3.8). Inthe
present paper, we need a more refined analysis. In order to compare H$ with
Dg, we need to diagonalize the matrix £(k)q,p appearing on the right-hand
side of (3.7) (because Dp is already expressed through a diagonal matrix).
This can be achieved through a second approximately bosonic Bogoliubov
transformation having the form

Z=exp( > L(k)a,ﬁc;(mcﬂ(k)) (3.9)

KET™ o BeTHUT,

for an antisymmetric matrix L(k)q,g. If ¢* and ¢ were bosonic operators, we
could write Z = exp (Zkerﬂor dr (L(k))) = [Txermor [(e£®) (where dI" and
I" are the operators of bosonic second quantization) and its action on (3.7) would
be simply

ZHGZ = Y dl(e " PRk D),
kermor

that is, conjugation of £(k) by the one-boson unitary e“®). This would allow us
to diagonalize the matrix (k) by an appropriate choice of L (k). Even though
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¢ and ¢* are not exactly bosonic operators, this remains approximately true on
states with few excitations. After this diagonalization, it is simple to compare
with Dp and conclude that (up to subleading error terms)

Z*HECZ > Dy . (3.10)

Since, similarly to (3.8), also Z leaves the difference Hy — Dp almost invariant
(the fact that Z can be expressed in terms of almost bosonic operators by (3.3)
implies [Z, Hy — D] =~ 0), we obtain, with (3.10), the desired lower bound

(TZ§, (D + OB)TZ8) + (T Z§, (Ho — Dp)T Z8)
= ENN (26 HECZE) + (€, (Hy — Dp)8) 2 ER™.
e In [5], we controlled theAnon—bosonizable error terms as, informally stated,
T*(& + &)T z —C|| V|1 Ho, explaining the necessity of the interaction
potential being small to control this term by a positive Hy. In the present paper
instead we control £ more precisely. In particular, we prove that on states &

close to the ground state of the correlation Hamiltonian, the following improved
bound holds true (see Lemma 4.8):

(T§,6T&) < Ch. (3.12)

(3.11)

This means that the contribution of the non-bosonizable term &; to the energy
is subleading with respect to E}%PA, which is of order . Concerning &, by the
Cauchy—Schwarz inequality we get (see Corollary 4.9)

+& < CNE + C| V|| N~ “Hy .

The first term in the bound is controlled by the improved bound (3.12), while
the second term is controlled by positivity of (T&, HyT&) in (3.4), for N large
enough without any smallness assumption on V.

e Furthermore, to implement this strategy, we improve the a-priori bounds on
the number and the energy of excitations: our Lemma 4.1 and Corollary 4.2
generalize estimates of [5] to interaction potentials with 1% > 0and | - |\7 €
2Y(73). Moreover, Lemma 4.3 now holds uniformly in k.

The rigorous implementation is the subject of all remaining sections.

4. A-Priori Estimates on Excitations of the Fermi Ball

The following lemma shows that vectors with total energy close to the ground
state energy contain also only a small amount of kinetic energy:

Lemma 4.1. (A-priori bound on kinetic energy) Assume Zkezg|\7(k)||k| < o0
and V 2> 0. Then there exists a C > 0 such that we have

Heorr = REHyRr — ERF > Hy — CHi .

Hence, for every ¥ € LX(T3N) with ||| = 1 and (¢, Hyy) < ENF + Ch the
excitation vector &€ = Rpy € F satisfies

(6, Ho&) = Ch.
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Remark. In the present paper we will apply Lemma 4.1 to the ground state s,
which by the variational principle even satisfies (Yos, HyVgs) = EII\{,F.

Proof of Lemma 4.1. From V > 0 we get

N N
0< fT3XT3 Vi(x —y)<j§3(xj —x) —N)(;S(xi _— —N)dxdy

N
=2 V(x —x))+ NV(©0) — N*V(0).
i<j
Thus
N
N V(0)
N = —_ -
:X:: VO - ——.

Switching to Fock space F and conjugating with Rg, we conclude that

REHNRE 2 ) thsz‘_ia;apRp—l— V(O)—@ =Ho+ ) h2p2+ V(O)—@
pez’ pEBR
4.1)
We compare the right-hand side of (4.1) with the Hartree—Fock energy (1.3). We
have

X w0 =YP o DY S e,

k,k’ € Bp keBE k'eBf

Setting ¢ = k — k' and noting that | Br N (B + q)| < Clq|N?/3, we estimate

iNZZV(k k)-—z > Vi

keBr k'eB§ keBF geBf+k
— f < Y
v 2 V@ Z. LSCh Y Viglgl.
qeZ3 ke BrN(Bg+q) qez3

By assumption on V, this implies that
1 V(0)
— Vik—k)> -2 —Ch.
v 2 VEk—k)z —
k. k'€Bg

With (1.3) and (4.1) we conclude that RiHy Rg = ELF + Hy — Ch. o

The a-priori bound from Lemma 4.1 for the kinetic energy Hy has several
consequences. First of all, it gives control on the number of excitations of the Slater
determinant. Here, it is useful to introduce gapped number-of-fermions operators
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which are easier to control than N. For ¢ > 0, we define the gapped number
operator

N, = Z asap (4.2)

pEZ3:||pl—kp|>N—¢

measuring the number of excitations with momenta further than a distance N ¢
from the Fermi sphere. (The Definition (4.2) differs slightly from the definition
used in [5] but that is merely a matter of convenience.)

Corollary 4.2. (A-priori bounds on particle number) There exists a constant C > 0
such that, on x (N — Ny = 0)F, we have

N < CN?*PHy and N, < CN'3YHy foreverye > 0. (4.3)

Assume furthermore that ZkeZ3|V(k)||k| < coand V = 0. Then, for €
Lg(?IGN) with ||| = 1 and (Y, Hyy) < EEF + Ch, the excitation vector
& = RiY € F satisfies

(£, N&)Y < CN'? and (£, N,€) < CN°® foreverye > 0. (4.4)

Proof. To prove (4.3) for Ny, observe that || p| — kg| > N ¢ implies |h|p| — k| >
AN ~¢ and thus

W2 p* — k% = khN~° .
Thus
Hy

1\

Z |2 p? — K2|a;ap > khN "N .
pEeZ3:||pl—kg|>N—¢

The bound for N is proven in [5, Lemma 2.4]; (4.4) follows using Lemma 4.1. O

Furthermore, the estimate for Hy from Lemma 4.1 allows us to bound the
particle-hole pair operators b(k) and b* (k) introduced in (2.7).

Lemma 4.3. (Kinetic bound on particle-hole pairs) There exists a constant C > 0
such that, for all k € 77,

1/2
Y lapap vl £ CNVAHG | (4.5)
pEBEN(BE+k)
and moreover
3 lapa, @Il < CNV22IH Py . @46
pEBEN(BE+k):

e(p)+e(p—lk)SCN~1/35

The bounds (4.5) and (4.6) have been established in [5, Appendix B] (and
previously in [20, Lemma 4.7]) for fixed k£ (which was sufficient since there only
k in the compact support of V was relevant). Here, we improve the proof given in
[5] to obtain uniformity in k. We use the following number theoretic result:



Arch. Rational Mech. Anal. (2023) 247:65 Page 13 of 57 65

Proposition 4.4. (Lattice points in convex bodies, [22]) Let K C R? be a smooth
convex body and let RK be its dilation by a factor R > 0, RK = {x e R | x/R €
K. Consider the number of points of 7> belonging to RK,

Nk (R) :=\{nezz|%e1{}|. 4.7)

Let
Ek(R) := Nk (R) — R*|K]| . (4.8)
Then, for any y > 131/208, there exists Ck ,, > 0 independent of R such that
€k (R)| = Ck,y R . (4.9)

Remark. The constant Cg , in the estimate (4.9) depends on the curvature of
the boundary of K. In particular, Ck , is finite as long as the curvature is strictly
positive. For us it is sufficient that (4.9) holds for some y < 1. A simple proof for
2/3 < y < lis given in [21, Theorem 7.7.16] (the condition 0 € K given there
can always be achieved by a translation).

Proof of Lemma 4.3. We first prove (4.5). Proceeding as in [20, Lemma 4.7] by
the Cauchy—Schwarz inequality we get

1 1/2
)3 ||a,,ap_kw||§( )3 m)

pEBEN(Br+k) pEBEN(Br+k)

1/2
x( > (e(p)+e(p—k>)||apap_kw||2) :

pEBEN(Br+k)

The second factor is bounded by the kinetic energy as claimed,

Yo () +elp— k) |apap iy

pEBEN(BR+k)
< Y eplapvlP+ Y ep—blapv | £ (v Hoy) .
PEBEN(Br+k) PEBEN(BE-+h)

Therefore it is enough to show that

1
Z - < (CNY3, (4.10)

2 _ — k2 =
pEBEN(Bg-+k) p (p )

If |k| > CoN'/3 (fora Cy > 0 large enough), we have P2 —(p—k?*> CN*¥3
for all p € Bg N (Bg + k) (with a different constant C > 0) and (4.10) is clear.
Thus we can assume that from now on

k| < CoN'/3 .

We need to further distinguish the cases p>—(p—k)> = 4N'/3 and p?> —(p—k)? <
4N1/3.
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The case p* — (p —k)? = 4N'/3. We apply the argument used in [16, Eq. (5.13)].
Ifn € (0, %) then for ¢ € B,(p) we have

lg> — (@ =K Z|Ip* = (p = *| = 12(p — q) - kI| Z 4N'P —29CoN'P = N3
With
1 2k 1
Vo— 2= 2 2.2 2
qg=— (g —k) qg-—(@q—k*=q*—(q—k
we conclude that
1 1 1

- <n2Cy sup ——
- < n2Co sup
pP—(p—k? p>—(p—k)? geB,(p) 4° — (@ —k)?

for all p' € B,(p). Hence, if > 0 is small enough, we get

1 _ 2
geBy(p 42 — (@ —k)* = p? —(p —k)?

and
1 1
S =2 inf s
pr=(p=5K 9€By(p) 4= — (¢ = k)
Possibly choosing 7 > 0 still smaller, the balls B,(p) are disjoint for different p,

and we obtain

x(p* = (p—k)? Z 4N'/3) <c 1
2 p*—(p—k)? -
p

. 2 2
peBEBr+b) eBen(Br+k) P — (P — k)

1
= CNI/}/ P T Ll
Ipl>1,1p—k'|<1 P — (p —K)

where we defined k' := k/kg. With

PRt =@ = D+0-(p—0) 2207 -1)"(1-p-0)"

we conclude that

3 x(p* — (p—k)* Z4N1/3)

2 _ Ny AY)
pEBEN(Br+k) p ==K
1
< 1/3
=CN /|p|>1, (p2_1)1/2(1_(p_k/)2)1/2dp
Ip—k'|<1
< CN'/3

uniformly in &, as shown in [16, Lemma 3.4].
The case p> — (p —k)?> < 4N'/3. We observe that p € Bfand p —k € Bf together
imply the lower bound (recall that all momenta are elements of Z>)

1<p>—(p—k)?=2p-k—k*="meN.



Arch. Rational Mech. Anal. (2023) 247:65 Page 15 of 57 65

Since, moreover, p2 > k% and (p — k)2 = p2 -m< k2, we find that

k%<p2§k%+m.

We obtain
4N/3
X (P2 = (p — k> S 4N')
y X 21’_( —r S 2 1Bl (@.11)
pEBEN(BE+k) p p m=1
with

B (k) :={pez3:kl%<|p|2§k§+mand2p.k—|k|2=m}.

Without loss of generality |k;| = |kz| and |k1| = |k3| (in particular, since k # 0, we
have k1 # 0). Then, for p = (p1, p2, p3) € By (k), the condition2p -k — |k|2 =m
is solved by

m + k2 ko k3

_ — pa—2 4.12
% Pkl p3k1 (4.12)

p1=

Thus | B, (k)| is bounded by the number of points (pa2, p3) € 72 with

2
m + k2 ko k3
k — pr— — p3— < k2 4.13
F_< o p2k1 p3k1 +p5+p3Ski4m. (4.13)
(This is only an upper bound because (py, p3) € Z?* for which the right-hand side
of (4.12) is not integer do not contribute to B, (k)). On the (p2, p3)-plane, we

define new variables (g2, g3) by
2 2
ks K2 +m Kk k3

q3 + ,
2|k| k|

\/kz + k3 VB +8 (4.14)
ko

\/kz +k3 o \/kg + k3

In terms of these new variables, we can rewrite (4.13) as

K2+ m K, K2 +m\*
2 <K m— , 4.15
¥ ( 21K] ) S gt Skitm ( 21K] ) 13

q3 -

We can therefore apply Proposition 4.4 to estimate the number of points (p», p3) €
7? contained between the two ellipses described by (4.15). (From the assumptions
|k1] 2 |kz| and |k1| 2 |k3| we have 1 < |k|/|k1| < 3, which implies that the error
term in (4.9) is uniform in k.) We conclude that

ki 131
| B (k)|<nmm+Ck <Cm+N"?) foray > 308"
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Inserting this bound in (4.11) and choosing y < 1 we arrive at

13
5 2_(p—k2 4N/ 4ZN 1
p*—(p—k)? m
peB;ﬁ(BF+k) m=1

To show (4.6), we proceed analogously. The only difference is that now the sum
in (4.11) can be restricted to m < CN'/379 (here, the case p> — (p —k)? = 4N'/3
is not relevant). O

From Lemma 4.3, we immediately obtain a bound on the operators b(k) and
b*(k). For details, see [5, Lemma 2.3].

Corollary 4.5. (Kinetic bound on pair operators) There exists a C > 0 such that
for all k € 73 we have

b*(k)b(k) < CNHy,  b(k)b*(k) < CNHy+ h) .

Using the last corollary, we obtain an a-priori bound for the bosonizable inter-
action Og.

Corollary 4.6. (Bosonizable interaction) Assume || \7|| 1 < o0. Then there exists
C > 0 such that

—C(Hp +h) = Qg = C(Ho +h) .
Proof. We observe that, for any k € 73, by Corollary 4.5,
0 < (b* (k) £ b(—k))(b(k) £ b(—k))
= b*(k)b(k) + b(—k)b*(—k) £ [b*(k)b*(—k) + b(—k)b(k)]
< CN(Hp + h) £ [b*(k)b*(—k) + b(—k)b(k)] .
Hence
—CN(Hy + k) < b*(k)b*(—k) + b(—k)b(k) < CN(Hy + h) .
After summing over k, this implies the desired estimate for Op. O

Finally, the a-priori bound for Hy (and the resulting estimates on A/ and N
from Corollary 4.2) imply that the error terms in (2.6) are negligible. First of all,
the exchange operator X can be bounded with the following lemma, taken from [5,
Lemma 2.5]:

Lemma 4.7. (Exchange term) Assume || 17||1 < C. Then there exists a C > 0 such
that for all &€ € x (NP — N = 0)F we have

(&, XE)| £ CN~V3 (5, Hog) .

The next lemma provides control on the error term £} in (2.6). It is one of the
key achievements of the present paper.
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Lemma 4.8. (Non-bosonizable interaction) Assume ||\7||1 <o0 FixO<e<1/3
and 131/208 < y < 1. Then there exists C > 0 such that forall§ € x (Ny—N, =
0)F we have

(&, £16) < CNTHIW + DP2E NN ;&I + CNSTH(NE + NV IV 212
(4.16)

Remark. With a localization argument, we will be able to restrict our attention to
states for which ' < CN'/3 and N5 < CN? (for the expectation value as stated
in Corollary 4.2, but also for higher moments). Applying (4.16) for such states,
choosing ¥ < 1 and ¢ > 0 small enough, we conclude that & <« N~!/3 and
therefore that £; does not contribute to the correlation energy, to leading order.

Proof of Lemma 4.8. Recall the Definition (2.8) of the operators d* (k) and d (k).
Since d(0) = d*(0) = 0 on x (M — N, = 0)F, we find that

1 .
€ &8 =55 > VO > 103 (& g, Aqy —0q, kg, gk 926)>
keZ3\{0} q1.92 €[ BEN(BE+K) U BEN(BR—k)]
where we introduced the notation o, = 1, if ¢ € B; N (Bf + k), and 0, = —1, if
q € Bp N (B + k). With the canonical anticommutation relations (2.1), we obtain
1 .
€6 =-5 3, V® > 0g, 0§+ a5 @) _ o kg1 g, kg §)
keZ3\{0} q1.92 € BEN(BE+K) IV BEN(BE—k)]
1 .
+3x > Vi > (€. al aq &) . 4.17)
keZ3\(0} q1€[BEN(BE+K) IV BEN(BE—k)]

The second term can be estimated by

1 N
w2 VW > lag,£1> < CNTHIN g

keZ3\{0} q1€[BEN(BE+K)]U[BEN(Br—k)]

Let us focus on the first term on the right-hand side of (4.17). The first observation
is that contributions with at least one of the four momenta g1, g1 — o1k, g2, g2 — 02k
at distances larger than N ~!/3%¢ from the Fermi sphere, for an 0 < ¢ < 1/3 to
be chosen later, can be bounded using a combination of A" and of the gapped
number operator N /3—¢ defined in (4.2). In fact, considering for example the case
llg1| — kg| > N~1/3%¢ (and dropping, for an upper bound, all other restrictions on
q1 and ¢»), we have

1 N
5 2 V® > (€. @l opk g —oy kgyE)]
keZ3\{0} q1.92€Z3:||q1 | —kg|>N~1/3+¢
1/2
<5 Y w 3 ldtg gy + 17128
keZ3\{0} q1,92€23:||q1|—kg|> N~1/3+¢
1/2

< | D llag -0, kag, N + 1'7E|1?

q1.q2€Z3
_ 1/2
< CNTIMA_ENIW + DY)
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where we used ay ' = (N — Da;, forall p € 73. Thus

(€. £16) < CNTHINI 2612 + CNTHN T E NIV + 1Y %)

1 o
ty 2 VO Y 1 a0kt ok E)]

keZ3\{0} q1.q2€AFUAD

(4.18)

where we defined the momentum sets
AE = {q €7 kp<|ql <kp+N7'3* and kp <|q—k| < k1:+N_1/3+8} ,

Ab = {q €73 kg — N3 < |g| <kp and kp— N3+ < g 44| < k]:} .

Note that for g € Az we have
ki < (g1 —k)*=qf +K —2q1 -k
< (kp+ N7V 412 —2g) -k S kE4+ CN® + k> —2q1 - k

and thus 2¢q; - k — k* < CN®. Inverting the roles of ¢; and g; — k, we also obtain
2g1 -k — k* > —CN°®. Arguing similarly for ¢| € A},g, we conclude that

—CN® <2q) -k —k* < CN°® (4.19)

forall ¢1 € AE U AE (which means that the set AE U AZ is localized close to the
equator of the Fermi sphere, thinking of the direction of k as defining the north
pole).

Using the Cauchy—Schwarz inequality and ||lag, llop = 1, llag,—okllop = 1, we
conclude that the last term on the right-hand side of (4.18) can be bounded by

1 N
5 2 VR Y 6 ) a5 g —okdgE)]

keZA\{0) q1.q2eAUAD
CN®
1 ; 1IN 28 )% ;
Sy 2 VEOILUARINEP < == 37 VR 3o (B
keZ3\ {0} keZ3\{0} m=—CN¢

(4.20)
where we defined

Butk) ={qeZ kg — N3 <|g| <kp+ NP and2g -k — k> = m} .

4.21)
Proceeding as in the proof of Lemma 4.3 following (4.11), we find, for 131/208 <
y <1,

1By (k)| < C(N® + NV/3) .

Inserting in (4.20) and using || \7||1 < 00, We obtain

| R C 3 1/26)2
s Z V) Z I(E,a;]a;rgzkaqrmk“qzal < NNs(NS + NYBY N 212
keZ3\{0} q1,42€ AJUAD

With (4.18) this concludes the proof of Lemma 4.8. O
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Lemma 4.8 proves that the error term & is negligible (in the ground state and,
more generally, on low-energy states with correlation energy of order /). Together
with Corollary 4.5, it also allows us to neglect the term & in (2.6). The following
corollary improves [5, Lemma 9.1] in not requiring smallness of V, and is also
simpler to prove.

Corollary 4.9. (Coupling of bosonizable and non-bosonizable terms) Assume
IVIIi <ooandV 2 0. With the error terms &1, £, defined as in (2.6), we have

+& S NYE + CN“Hy  foreverya 2 0. (4.22)

With Lemma 4.8, we conclude that for 131/208 < y < 1 and ¢ > 0 small enough
(choosing o = ¢/4 in (4.22)), there exists a constant C > 0 such that

(&, (€1 +EE) 2 — CNTIFIHW + DY 2N 7 &1l — CNS/HY BTt 2g 2

— N~ EY %13
(4.23)
forallé € x(Ny — N, =0)F.

Remark. The choice ¢ = ¢/4 optimizes the sum of the first and the last term on
the right-hand side of (4.23), counting (following the argument in the remark after

326 < n1/2 1/2 < w7 1/6—¢/2 172002 «
Lemma 4.8) (N + D2 S N2 IV 5 6 S N »and |[Hy 8117 S
N~1/3. The second term on the right-hand side of (4.23) is of lower order if y is
chosen small enough.

Proof of Corollary 4.9. By Cauchy—Schwarz, Corollary 4.5, and || v 1 < o0, we
find

+£6 S N*E + N1 Y Vkb*(k)b(k) < N*E + CN ™ H .
kez3

5. Patch Decomposition and Almost Bosonic Operators

The bounds in last section allow us to approximate the correlation Hamiltonian
(2.4) by Hp + O, with Hy and QOp defined in (2.5). The term QOp, arising from the
interaction, is quadratic in the particle—hole pair creation and annihilation operators
b*(k), b(k). It turns out that, on states with few excitations of the Fermi ball, the
operators b* (k) and b(k) satisfy approximately bosonic commutation relations.

In order to express also the kinetic energy Hj in terms of almost bosonic creation
and annihilation operators, we have to decompose a layer around the Fermi sphere
0 Br into M patches {Ba}g’: 1» for the number of patches M € N to be chosen as a
function of N at the end of the paper. Such a decomposition has been constructed
in [4]. One starts by decomposing a half sphere in M /2 patches. The sidelengths of
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the patches are comparable (they are both of order N'/3/M'/2). The patches have
thickness

1 <2R <« N'/3

in the radial direction (later we will impose stronger conditions). Furthermore, the
patches are disjoint and separated by corridors, larger than R. We denote by w,, the
center of the patch B,. Finally, the patch decomposition of the first half sphere is
mirrored by the map k — —k onto the other half sphere. The construction is so that
the area of the radial projection p, of the patch B, on the unit sphere S; has area
47t/ M, up to corrections of order N~'/3M~1/2 and diameter bounded by C/v/M,
forallaa =1, ..., M, see [4, Section 3.2] for the details.

For fixed k € Z* with |k| < R, we are going to exclude patches in a small strip
around the equator (thinking of the direction of k as defining the north direction)
of the Fermi sphere. More precisely, for 0 < § < 1/6, we define Zy := I,:’ Uz, ,
with

I = ef{l,...., M} k-&y = N°},

- 5.1
Ty ={ae{l,....M}: k- &y < —N°}. oD

Given k € 73, k| < Rand a € 7, *_ we introduce the particle-hole pair creation
operator

* 1 * %k
bul) =5 Y ad (5.2)

p: pEBENBy
p—keBrNB,

with the normalization constant

ng (k)2 = Z 1

p: PEBENBy
p—keBrNBy

counting the number of particle-hole pairs of relative momentum & in B,. The
normalization constant ny (k) should be large (the more summands contribute to
(5.2), the less the b*-operators are affected by the Pauli principle, and the more
bosonic they behave). The following lemma is a variation of [4, Prop. 3.1] and [5,
Lemma 5.1].

Lemma 5.1. (Number of pairs per patch) Assume that N¥R?> <« M <«
N%_Z‘SR_4. Then for all k € 73 with |k| < R and a € Ty, we have

471k%
M

na(k)? = —Flk - gl (1 4+ 0(1)) .
Proof. The proof follows the argument given in [4, Section 6]; only the control of
the error terms needs to be refined in two respects.

First, in order for the vector & to point from inside the Fermi ball to outside the
Fermi ball even at the boundaries of the patch, we need N 28R2 « M, as can be
verified by elementary geometry. This condition is illustrated in Fig. 2.
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Wor

Fig. 2. Illustration for the condition N 26 R2 « M of Lemma 5.1. The angle between patch
center and patch boundary is 6 ~ 1/+/M. The angle between the tangent at the center and
at the boundary is 6 = 0 by elementary geometry. We know k- &g = N = by definition of
7. This means that the angle between k and the tangent at the center (being perpendicular
to wy ) is at least of order ~ N -6 /R. To have k pointing from the inside to the outside of
the Fermi ball even at the boundary we need N /R >1/VM

Second, the error term arising from the loss of particle-hole pairs near the
boundary of the patch (thus proportional to the number of pairs in the patch of
thickness |k| < R not more than a distance |k| < R from the patch boundary on
the Fermi sphere) implies

Ak N1/3 4k VMIk|?
2 F A 2 — F A
na(k)? = —Flk wa|+0<m|k|> k- dal (140 k)]
(5.3)

The error term becomes o(1) since by assumption ~/MR*N 13N « 1. O

It will be convenient to combine modes associated with k and —k. To this end,

we set .
k

k) = Zigk)k) 1foroz € I’i

o (— ora € 7

for every k € I'"". Here, we introduce the notation

(5.4)

rhor .= {k: (ki, ko, k3) € Z> with [k| < R : k3 > O or (k3 = 0 and k» > 0)

or (ks = ky = O and k; > 0)} (5.5)
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so that I'""' N (—=T'™°") = P and " U (—T""°") = Bg(0)\{0}. Note that compared
to [5], in the definition of '™ we replaced the restriction k € supp V by |k| < R,
with the parameter R to be optimized at the end.

Our analysis is based on the observation that the pair operators ¢ (k) and ¢ (k)
behave approximately as bosonic creation and annihilation operators, on states with
few excitations. This is established by the following lemma, taken from [4, Lemma
4.1] and [5, Lemma 5.2].

Lemma 5.2. (Approximate bosonic CCR) Let k, £ € T™". Let « € Ty and B € Iy.
Then

[ca(k), cg(O)] = 0 = [cj(k), 5D, [ca(k), (O] = 8u.p(Sk.e + Eak, £)) ,
(5.6)
where the error operator Ey (k, £) is controlled by the bounds

3 Itk OF < CMNTFTN)? (5.7)
aeZyNZy

and

3 €k, OV S CMINTSPINY] forally € . (5.8)

aeZyNZy

Another important property of the operators ¢, (k) and cy (k) is that they can
be controlled in terms of the gapped number of particles operator N introduced
in (4.2), with 6 > 0 the parameter introduced in (5.1) to exclude a strip around the
equator of the Fermi sphere in the definition of the sets Z;. The point is that, since
we are away from the equator, k has a component orthogonal to the Fermi sphere,
which makes sure that the momentum of either the particle or of the hole annihilated
by ¢4 (k) is at least at distance N ~° from the Fermi sphere. More precisely, we have
the following lemma, whose proof can be found in [5, Lemmas 5.3 and 5.4] (the
first estimate in (5.10) and in (5.12) are not stated explicitly in [5, Lemmas 5.3 and
5.4] but can be proven like the second bounds):

Lemma 5.3. (Bounds on pair operators) Assume M >> R*N? and R <« N/6=3/2,
For all k € T"" we have

D calkycak) S N . (5.9)

DtEIk

Moreover, for any f € €>(13),

| > facatirw| < 1712108, 200

> fack 0| S 171NN+ 2y

acly acTy
(5.10)
Fork e T™" o € T and g : 77 x 7> — R, we define the weighted pair operator
1
e (k) = ~ B > gp.bap oukap
¢ p:PEBENBy

p—0uk€BENBy
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withoy = lifa € ¥, and o4 = —1 ifa € I . Similarly to (5.9) and (5.10), we
find that

37 SRk k) < llgl2Ns -

O(EIk

Furthermore,

S et ov] < cm gl v

OlEIk

2

G{E.Tk

(5.11)

& Y| = CM gl N + M) Py

and, for f € €>(Iy),

| 3 recs@u| < 17120l lAG 2012

o EIk

| 3 fecg@w] < 1 hlglocl Vs + D292

o GIk

(5.12)

6. Reduction to an Almost Bosonic Quadratic Hamiltonian
Comparing (2.7) with (5.4), we find that

b))~ Y ng(chk) . b*(—k) = > na(k)ch (k)

. _
ael) acly

for all k € '™’ (these are only approximate decompositions since, on the r.h.s.,
pairs in corridors and close to the equator are missing). Inserting this decompo-
sition in (2.5) we find the following approximation for Op, quadratic in c- and
c*-operators:

1 A
05 =5 D V(k>( > nalonglocsRcpt) + Y na(kyngk)ch kg k)

kelmer a,ﬁeI;r a,feL;

+ ) nma®ngcikc®) + Y nangk)cak)es (k)) :
aeI,f,ﬁeIk’ ozeI[,ﬂEI,:r
6.1)
The difference between Qg and Qg is estimated in the following lemma, which
we take from [5, Lemma 4.1]. Compared to [5], here we only need to compare Op
with Q§ since we already controlled & in Corollary 4.9; therefore the bound also
does not use &;.
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Lemma 6.1. (Removing corridors and removing patches near the equator) Assume
that Y 3|V (K)|k| < oo. Then there exists C > 0 such that for all y € F we
have

[, (08 — 0F) )1 < CVOP 4 RVZMUAN V2 1 RV (Ho + hy) .

Proof. We consider the difference

bk) — Y ngk)cak) = Y ap_a,

ozEIk+ PeUk

where Uy consists of all momenta p € Bf with p — k € B that do not belong to
any patch. For |k| < R, we bound

[(b0 = 3" maea®) | £ 3 lapsapwli+ Y llap-rapvl

aeZ; PEYE peUi\Yx
with
Y :={p e U :e(p)+e(p—k <4nN~137)

containing pairs close to the equator. Proceeding as in the proof of [5, Lemma 4.1]
and using (4.6), we obtain

_ 1/2
> llap—kapyll < CNV22 H) 2y
PEYk

and (again under the assumption that |k| < R)

1/2
S lapokap¥ll < CIkIV2RY2MYAN Ly )
pEUk\Yk

Here we estimated |Uy \ Yx| < CR|k|N'/3M'/? (for |k| < R,theset Uy \ Yy contains
momenta p € Z3 localized in a shell of thickness |k| around the Fermi sphere, so
that either the projection of p or the projection of p — k onto the Fermi sphere falls
in corridors of size R between patches). For [k| > R, on the other hand, we use
Corollary 4.5. We conclude that

(b0 = 3 netrca®))v |

T
ael)

<c (N1/278/2 F k[ V2RV2 VAN 4y (k| > R)N‘/z) ||H(l)/2w|| )

Proceeding as in the last part of the proof of [5, Lemma 4.1], using Corollary 4.5
and the assumption ) ; ;5 V (k)|k| < oo, we arrive at the intended bound. m]
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To understand how the kinetic energy Hy, defined in (2.5), can be expressed
through the patch-wise particle-hole creation and annihilation operators, we com-
pute the commutator

1
[Ho.cyb] = | 3 e@ajag e D apdpy

qen? N peBEN(Br4+k)NBe

1
= N (k) Z (e(p) +e(p —k)anay,_j .

pEBEN(Br+k)N By

With e(p) + e(p — k) = h2p> — h2(p — k)? ~ 2k |k - &q| (With &g = we/|wel
the normalized vector pointing to the center of the «-th patch), we obtain that

[Ho, ¢} (k)] >~ 2h« |k - dglch (k), (6.2)

which suggests that, in a sense to be made precise,

M
Ho >~ 2kh Y >k &gl ¢} (k)co (k) =: Dp . (6.3)

kel'mor g=1

Based on this heuristic observation, we expect that the correlation Hamiltonian
(2.4) can be approximated by

Heorr = Dp + 08 = 3 2huclklhesr(k) (6.4)
kel"nor
with the quadratic (in ¢- and ¢*-operators) expression
1 ~
heti(k) = Z ((D(k) + W), pey (K)ep (k) + EW(k)a,ﬁ(Cz (k)cg (k) + cp (k)Ca(k)))
o,BeTy

_ (6.5)
where D(k), W(k), and W (k) are |Zy| x |Zy| real symmetric matrices with entries

D(K)a.p = Suplk - @y, foralla, e}

RA0) ne(ng k) ife, B € I, ora, B € I,
WK)ap = 2hk N |k| X {O otherwise , (6.6)
~ RA0) 0 ifa, f € I ora, B € I,
Wka.p = 2hi N k| X {na(k)ng(k) otherwise .

7. Approximate Bogoliubov Transformations

If the c- and c*-operators were exactly bosonic, we could write

1
hefi(k) = H — S (D(k) + W (k))
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with the quadratic Hamiltonian (in the following discussion we omit the fixed

argument k) ~
L 1 T T D+WW Cc
He= (e )(W D+W) (C) . (7.1)

Introducing the |Zy| x |Zy| matrix
7\ 1/2 i~ a7y 1/2 172
E::[(D+W—W) (D+W+W)D+W—W) ]

and setting S; ;= (D + W — W)1/2E_1/2, S =(D+W-— VT/)_l/zEl/2 (so that

5187 = 8,87 = 1) and
(510
5= (0 SZ) (7.2)
we can decompose

i S1+8 Si=SS\T S1+S8) S1—S
<Q+W v >= (S;%Sz S:—%-Sj) (EO ) (sizsz si-%sz) . (7.3)
w D+W Sleez Slrel 0 F 222 S1Fes

Using the polar decomposition S; = O|[S| with an orthogonal matrix O and
the positive matrix |S1| = (ST S1)!/? we obtain S, = 0|S;|~! from ST = 1.
Moreover, |S]| = 0]51|0T and thus S| = |ST|0, S» = |ST |0 and, from (7.3),

~ T T\—1 T |_|¢T|—1
D+W W (BT B 00\ (EO
w o p+w) =\ st sisiit o o)) \o E
2 2

00\’ ISTI+IST1=" ST =187 |~
X T 2 T—1 T 2 T—1 .
0 0 [S{I=ISy 170 ST I+IST ]
2 2

Defining
K :=log |S1T |
we obtain
D+W W [ cosh(K) sinh(K) \ (00 \ (EO
w D+ W ) \sinh(K) cosh(K) 0 O 0 E
(o0 T/ cosh(K) sinh(K)
0 o0 sinh(K) cosh(K) / °
Hence, a symplectic conjugation of the 2|Z;| x 2|Zy| matrix defining the quadratic
Hamiltonian (7.1) is sufficient to obtain a block-diagonal matrix (with |Zy| x |Z|
blocks O EOT) corresponding to a “diagonal” quadratic Hamiltonian in the sense
of containing only terms of the form ¢*c and none of the form ¢*c* or cc.
However, it will be important to further transform the block-diagonal matrix as
to make the resulting quadratic Hamiltonian comparable with the bosonic kinetic

energy Dp, defined in (6.3). To reach this goal we have to look more closely at
E, decomposing it further into blocks associated to the index sets I,:r and 7

(7.4)
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(associated with patches in the north and south hemisphere, respectively). Note
that I = |I,j| = |Z, | = |Zx|/2. With (6.6) we write

do b0 ~ 0b
D=<0d>’ WZ(Ob)’ W=<b0> (7-5)
where d = diag{ui, oa=1,...,1}and b = g|v)(v|. Here we introduced

K ~ A h
==V, =k - da|'?, = ——ngk) fora=1,...,1.
8 ) (k) Uy |k - wyl Vo Kmna() or o

It will play an important role in the proof of Lemma 7.2 that, as a consequence of
(5.1) and Lemma 5.1, we have

Uy

NP <ul<1, |Ua|§CW

(7.6)

which implies |[v]| < C and ||[d~/?v]| < C.
To block-diagonalize E (with respect to the decomposition Z; = I,j' UZ,), we

introduce
U .= L T (7.7)
= VAR .

(where I is the I x [ identity matrix) and observe that

T ~  (d+2b0 r = (dO
U(D+W+W)U—(O g) - UT@+w-u=(g. 5,

This implies that

UTEU _ ([dl/Z(d+2b)dl/2]l/2 0 )
0

[(d + 2b)1/2d(d + 2b)1/2]1/2 (7.8)

The upper-left entry is clearly larger than the operator d. It seems more difficult to
compare the lower-right entry with d (thus, it seems difficult to compare U7 EU
with D). To solve this problem, we define the / x I matrix X := (d+2b) 17241/2 and
consider its polar decomposition X = A P, with A orthogonal and P := (X*X)!/2.
Then, from (7.8), we have

T B (X*X)I/ZO

= (0 arar)=(03) (05 ) (00r)

Using the easily-checked invariance of the matrix with blocks P on the diagonal
with respect to conjugation with U we conclude that

E=0PO0T,

~ (10,1 ~ (PO
0._U<0A>U, P._<OP>. (7.9)

where we defined
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Inserting in (7.4), we arrive at
D+W W _ (cosh(K) sinh(K) ) (00 \ (00 \ (PO
w D+ W )~ \sinh(K) cosh(K) 0 o0 0 O 0P
(00 T 700 \" (cosh(K) sinh(K) 7.10)
0 O 0 0 sinh(K) cosh(K) / ° ’
If the ¢- and c*-operators were exactly bosonic we could therefore bring the

quadratic operator (7.1) into a diagonal form comparable to the bosonic kinetic
energy D by means of the two Bogoliubov transformations”

1
T=exp | Z Z K (K)a,p ch(k)ch(k) —he. |

kel'or o, BeTy (7 11)

Z=exp| >, > Lap®)cies®) | .

ket o, BT}

where (re-inserting now the dependence on k in the notation) we introduced the
matrix ~
L(k) :=log (0(k)O(k)) . (7.12)

Recall that O (k) and 0 (k) are orthogonal matrices, that is, all their eigenvalues
are on the unit circle. The function log denotes an arbitrary branch of the complex
logarithm with Im log 1 = 0. The matrix L(k) is by definition antisymmetric, so
that Z is a unitary operator on Fock space. If the c- and c*-operators were exactly
bosonic, we would find

1 -
Z*T*HT Z = 3 Z Py g (ch(k)ep(k) +8a.p) - (7.13)
o, BeTy

Recall that tr P = tr E. Since P = (X*X)'/? = [d'/2(d + 2b)d'/*1'/? > d, we
could use P 2 D to conclude that

Z*T*HTZ > ) uZ (k)ek (k)eq (k) + %tr E =Dg+ %trE ) (7.14)

OtEIk

This comparison is not surprising in view of the discussion of the spectrum of E (k)
in [1]. There the problem is reduced to a rank-one perturbation of the matrix D (k);
the perturbed eigenvalues are all larger than the corresponding unperturbed eigen-
values. However, E (k) and D (k) cannot be simultaneously diagonalized, so we do
not have an operator inequality between E (k) and D (k). This problem is overcome
here noting that E (k) can be diagonalized by a Bogoliubov transformation which
leaves Hp — Dg (though not Dy alone) invariant.

2 The transformation Z is a trivial Bogoliubov transformation, corresponding to only a
change of basis in the one-boson Hilbert space. In the language of bosonic second-quantized
operators, it corresponds to a transformation of the form AT — F(eL), where el
orthogonal matrix acting on the one-boson space.

is an
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Since the c¢- and c¢*-operators are not exactly bosonic, we can expect (7.13)
to hold only approximatively, on states with few excitations of the Fermi ball. To
prove that this is indeed the case, we need some estimates on the kernels K (k) and
L (k). The following bound for K (k) has already been shown in [6, Lemma 2.5].

Lemma 7.1. (Bogoliubov kernel) There exists a C > 0 such that for all k € T™"
we have

V(k
1K (k)g.p] < c% foralla, p € Tx.

In particular | K (k) |lus < CV (k).
The following bounds for the antisymmetric matrix L (k) are new.

Lemma 7.2. (Kernel of one-particle transformation) Suppose that the parameters
8, M, R used to define the patch decomposition in Sect. 5 are such that M >
R>N?. Then there exists a C > 0 such that for all k € T™" we have

1L s < CV (k). (7.15)

Remark. Since L(k) is the logarithm of an orthogonal matrix, we always have
LK) lop < 27. From Lemma 7.2, we also have ||[L(k)|lop < CV(k), which

improves the bound if V(k) is small.

Proof. All matrices depend on k but in this proof we do not indicate this dependence
explicitly. We split the bound in two parts by

ILIIs = 1og(00) s = C00 — lllns < CllOlopll O — 1ns + Cl|O = 1]us.

Since O is orthogonal we have || O||op = 1 and we only need to estimate || 0—1 llas
and ||O — 1||gs. The same applies for the operator norm.
Bound for ||O — 1||gs. From the Definition (7.9), we get

10 — 1llus = IlA — 1]lus (7.16)

with A the orthogonal matrix arising from the polar decomposition of X = (d +
2b)12d1/2 thatis, A = X (X*X)~ /2. We have

1
X*X

1

-1 +xg -1

A= 1lns = HX

< (=-3)
< |x(———=--
HS X*X d)|us HS

(7.17)

To bound the second term on the right-hand side of the last equation, we use the

representation
1 [ ds s
7= — —(1- 7.18
vz T /0 s ( s+ z) (7-18)
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to write by means of a resolvent identity

| 1
X-—1 ((d Fopl2 d1/2) 17

d
1> 1 1\ 1
__ d _ _
71/0 sﬁ(s—i—d—i—Zb s+d) a2 (7.19)

| 11
2 b .
nfo S“/Es+d+2b s+dd?

Recalling that b = g|v)(v| with g = KV(k)/Z we find that
7]

”X__lHHS SCV(k)/ ds‘/—Hs+d+2b H Hs+dd1/2

To control the norms in this integral (and similar norms that will arise in the rest of
the proof), we use (7.6) so that, for j = 1,2 and —1/2 < k < j — 1, we have

(7.20)

2, 4k

1 2 dzk C
[ =g )= T E
s +dJ (s +di)? welr (s_|_u2/)2 M -

4k+2
uOl

(s +uy)?

(7.21)
Recall that ui = |l€ - @y| = cos Oy where 0, € (0; /2) is the inclination angle of
the center w,, of the patch B, measured with respect to the vector k. We consider
then the sum on the right-hand side of (7.21) as a Riemann sum for a surface
integral on the northern hemisphere of the unit sphere, parametrized by the angles
0 € (0,7/2) and ¢ € (0, 2). To estimate the error in going from the Riemann
sum to the integral, we set

C082k+1 0
(s 4 cos/ 9)2
and compute its derivative, finding that

, sin 6 cos/ "1 @sin6
10) = f) ((2k t 5 2 100/ 0) )

fO) =

Let py denote the surface area on the unit sphere S, covered by the patch B,. With
slight abuse of notation, let us also write p, for the set of inclination angles 6 €
(0, 77 /2) corresponding to points in p,. Forall6, 6 € p, wehave |§—6| < CM~1/2
(this being the order of the diameter of the patch). According to the Definition (5.1)
of the index set, for o € I,j' we have cos6, = R™IN=9. Thus for all 6 € Do WE
have

1
080 = cosOy — |cos® — cosby| = RTINC —cm~1/2 > ER’IN"S,

where we recall the assumption M >> R>N?°. Moreover, by the mean value theorem
(if necessary enlarging the set of angles p, to its convex hull in all the following
supremuma to make sure that 8 is contained)

8

_ ) - _ RN
£ (©) — fF@O) = sup |f'O)6 —0] = C sup f(6o) -

00€ pa 00€ po
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This implies | () — f(0u)| < 27" supg,c,, f(@0). Thus for all & € p, we have
sup f(0) < sup | f(0) — fwn+fwr<—wpﬂm+fw>
éepa éepa 9€Poz
in particular f(0y) < 2f(9) for all @ € p,. Therefore

t2k+1

———dt
(s +1)2

. < COSZk-H 0 ) - 1
H 4 H c Z 27 infdodg < C
s+di (s + cos’ 0) 0

+Pa

‘We conclude that

dv H <c min{s~!, sTIFAFOLY I 1+ k <
min{s~!, |logs|'/?} if 1+k=

H 7 (7.22)

In particular, with j = 1, k = —1/2, we find that
H ! H Cmin{s™"; _1/2}
s+d dl/2 - ' )

To bound the other norm in the integral in (7.20), we write that

! 1

s+d+2bv i L s+d+2b
— 2(1)

bH—dU

1 1 1
= sta? > s+d v> s+d+2b >

which implies, applying (7.22) with j = 1 and k = 0, that

1
H—UH < H H < Cmin{s™", |logs|'/?} .
s+d+2b s+d

Inserting this bound in (7.20) and integrating the variable s separately over the
intervals [0, 1] and [1, c0), we conclude that

||X — s =€V

As for the first term on the right-hand side of (7.17), we proceed analogously,
writing

s D\ _ 1 [>ds 1 1
«/X*X d)  wlo s \s+d/2d+2b)d'/? s+d?

o ds 1
== = (d +2p)12q1/? d\2pdl? .
/ (@20 s +d/2(d + 2b)d!/? s+d?

We write b = g|v)(v|. We can bound ||d~'/2v| £ C, as well as

1/2 ! 1/2 él’
s +dV/2(d +2b)d!/ op

I(d 4 2b)~12a 2| op £ 1

H(d+2b)‘/2d1/2 d'"*(d + 2b)'?
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and, using (7.22) with j =2 and k = 1/2,
H—dl/sz < Cminfs~!, s~ /4y .
s+d?

‘We conclude that

[IA

CV (k).

1 1
X N
(=)
Combined with (7.17) and (7.20), this implies that

HS

A —1]us < CV (k).

Bound for ||O — 1||ys. Recall that O arises from the polar decomposition (7.2) of
S1, that is,
1

0=S8S1"'=D+W-—W)2E/? .
VE-12(D+ W — W)E-1/2

Using the orthogonal matrix U defined in (7.7) and the fact that O — 1 and U o=
1)U have the same spectrum we obtain

1

—1
\/(X*X)fl/éld(x*x)fl/él HHS
1

— 1 X
VXX*)~1/4(d + 2b) (X X*)~1/4 HHS

10 = 1llus < a2 cxmx0)714

+ @+ 2020y

(7.23)
To estimate the first norm on the right-hand side of (7.23) we decompose
dl/Z(X*X)—l/4 1 _ 1
\/(X*X)_1/4d(X*X)_1/4
1
— g2 ((X*X)—1/4 _ d—1/2> (7.24)

\/(X*X)*l/“d(X*X)*l/“
1

+ —1
\/(X*X)_l/4d(X*X)_1/4

We start with the first summand on the right-hand side of (7.24). With an integral
representation similar to (7.18) and using X*X — d? = 2d'/?bd'/?, we write it as

4172 ((X*X)‘”“ _ d—l/Z) 1
\/(X*X)_1/4d(X*X)_1/4
—c /Oo —?S4 dl/z% a2 par—L : :
o sV s+d s+ XX /(X X)~VAd(X*X)~1/4

(7.25)
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We estimate ||d~'/?v|| < C and

1 1
H s+ X*X \/(X*X)’1/4d(X*X)*1/4 op

1 1 1
<o :
s+ XAX (X*X)"VAd(X*X) "4 s + X*X
(X*X)l/4
s+ X*X

2

op
(X*X)3/4

S NdX*X) " op o

O

X0V oy lopn(X*X)“”duop

< Cmin{sfz, sil} .

Here we used (recalling X*X = d'/2(d + 2b)d'/?) that ||d(X*X)~1/?||op < 1 and
also
I X)2a= 12, = 11 +d " Pbd ™' Py < C . (7.26)

Using (7.22) with j = 2, k = 1, we obtain

1
Hs +d2de < Cmin{s~, [logs|"/?} .

‘We conclude therefore that
Hdl/z ((X*X)_1/4 _ d—1/2) 1

VXX~V (X x)~1/4 HHS = Vil (727)

Let us now consider the second summand on the right-hand side of (7.24). Since
X*X = d'/?(d + 2b)d"/* = d?, we observe that

dl/Z(X*X)—l/2dl/2 § 1 i

From d~'/2bd='/2 < C (uniformly in N and in k, since V is bounded), we also
have X*X < Cd? and thus

dl/2(x*x)—1/2dl/2 i c

for a constant ¢ > 0, independent of N and k. The last two bounds imply that
¢ < (X*X)~V*d(x*X)~1/* < 1 and therefore that with

Ji=1—(X*X)"ax x)~1/4

we have
05J<1l—-c<1.
We write
1 | = 1 _1 * ds 1 7 1
JXOX) A x) 1A JT=T  wlo Jss+1-J s+17

With 1 — J 2 ¢ > 0, we conclude that

1
H | T (7.28)
\/(X*X)_l/4d(X*X)_l/4 HS
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To estimate the Hilbert—Schmidt norm of J, we expand, similarly as we did in
(7.19),

1
— _ d X*X 4 =~ d1/2bd1/2 X*X 1/4
/ VSO ey v XN

Writing again b = glv)(v] and wusing the bounds ld=12v)|
<C, ||(X*X)*1/4d1/2||op < C,and ||d(X*X)7]/2”0p < C (the latter two bounds
are simple consequences of X*X > d?),

X304 s + XX ™ lop < miin {4,571}

and also (7.22) with j = 2, k = 0 to bound

1 I R
Hs_i_dsz§m1n{s .S },

wearrive at || J ||lgs < C 1% (k). Inserting in (7.28) and combining the resulting bound
with (7.27), we conclude that

1
-1
\/(X*X)_1/4d(X*X)_1/4 HS

Hdlﬂ(x*xrl/‘* <cVk). (129

We turn to the second term on the right-hand side of (7.23). Similarly as for the
first term

1
JXXY A + 2b)(XX*)- 1A

(d+2b)2(x x*)~ /4

1

=(d+20)"? (XX~ (d +2b)71/?
( ) <( ) ( ) )\/(XX*)_1/4(d+2b)(XX*)_1/4

1

n _ 7.30
VX XHTVAd 4 2b) (X X*)~1/4 (7:30)

The term on the first line can be bounded analogously as we did with the first term on
the right-hand side of (7.24). With X X* — (d +2b)> = —2(d+2b)/? b (d+2b)'/?
we find that

1

VX XH)=VA(d 4+ 2b) (X X*)~1/4

(d +2b)'/? ((XX*)_1/4 —d+ 2b)—1/2)

~(d +2b)'? b (d +2b)'/?

=cfoo ds d+20)1? ———
o s1/4 s+ (d+2b)

X ! .
VXX*)A(d + 2b) (X X*)~1/4

s+ XX*

(7.31)
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From ||d'/?(d+2b)~"/?||op < Cand |d~"/?v|| £ C, we obtain ||(d+2b)~"/?v|| <
C. Moreover, we find that
1 1

$ +XXT (XX + 20)(XXH) 714
1

2

H (d + 2b)

op

1 1
=|w@+2p d+2b
H( T2 XX oy A+ 2 (xx) s 1 xx 4T )Hop
Xx*)l/4
<1 + 260X X 2o | L2y xx) V(a4 2
S I +20)(XXT) ™ llop XX Opll( ) 7(d +2b)" lop
xXx)¥* w—1/2
XX d+2b
| i o X2+ 20y

< len{s 2,s_1} .

Here we used, analogously to (7.26), the bounds [[(XX*)1/2(d + 2b) 7 lop = 1
and

Id +2b)(XX*) ™22
= I(d +2b)(XX*) "' (d + 2b)llop
= [(d +2b)"2d~"(d +2b)"/ | op
= |d~2(d + 2b)d " ||op = |11 +2d7V2bd 12|y £ C

(7.32)

On the other hand, we can bound

1 2 1
—————d+2b < (v, ———— ).
Hs+(d+2b)2( + )UH <v s+(d+2b)2v>

With
1 1 1
S+ (d+2b)2  s+d> s+ d+2b

d +2b)2b + 2bd] ——
7 [(d 42626+ 2bd) ——

and using again b = g|v)(v|, we get

(0. o) = o — ) — 2o, — 2Dy, )
srdrao2 T s 2 T a2
e )

s+@+202 N syt

—2g(v,

and therefore (proceeding as in the proof of (7.22)) arrive at

1 1 o) u
) S ) S_ <C 1 :
<v s+(d+2b)2v)_(v s+d2v>_MZs+u min{s ', | log 5|}

(7.33)
This implies that

1 o
Hm(d n 2b)vH < Cmin{s~"2, |logs|'?) . (7.34)
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From (7.31), we conclude that

1
\/(XX*)71/4(d + 2b)(XX*)71/4 HHS

d +2b0)" 2 (XX V4 — (d +2p) 12
| ( )

A

CV k).
(7.35)
Finally, let us consider the term on the second line of the right-hand side of
(7.30). Since XX* < (d + 2b)? (recall that X X* = (d + 2b)'/2d(d + 2b)'/?), we
have
(d+2b)2(x X" V2 (d +2p)1/? > 1 (7.36)

which also implies that (X X*)~1/4(d 4 2b)(X X*)~1/* > 1. We define therefore
W= XX""V4d +26)(xxX*" 4 —1>0.

Then we have

1 1
1= _
VXX*)71A(d +2b) (X X*)~1/4 VI+W
1 [®ds 1 1

7 Jo SssH1+W o s+1

and thus

1
| VXX AW + 2b) (XX 14 1 g £ CIWIs (7.37)

To estimate the Hilbert-Schmidt norm of W we write that
W= (XX5 V4@ +2b) — (x XV 2 (x x*)~1/4

1 [ 1 1

- d xx5 V4~ @+ Phd+ 20— (xx*) VA
ﬂ/o s4/s ( ) s+(d+2b)2( + 2b) (d +2b) H_Xx*( )
12 (d+2b)!/2

AP (d+2b)"12p @ +2b)"1/2

o0
- %/ ds /s (XX*)~V*(d + 2b)
0

- Xx*)l/4

2by (xx*)~12 XX
x (d +2b) ( ) S XX
With the resolvent identity, we obtain

l—i—(v v) ! v = ! v—(v ! v) (d + 2b) v
"s+d2 ) s+ (d+2b)?2  s+d? “s+d? s+ (d +2b)?

and thus

Hmvu = Hs—i-;dsz v ] +1d2 ")Hs de(;fl;)b)ZUH :

Using (7.22) with j = 2, k = 0, (7.33), and (7.34) we arrive at

Hmvu < Cmin{s~"2,s71y.
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Applying also (7.32), ||[(d 4+ 2b)~'/?v|| £ C and

1
— || £Cmin{s7!, s34
s+ XX*

op

we conclude that
IWlas < CIXX*) V4 4+ 26) ) op V (k) . (7.38)
Since

I X*) 4 +20)' 2115, = (X X*) 74 + 26) (X X*) ™4 |op
=1+ Wlop < 1+ |Wllns

we arrive at
IWlas < CV (k) .

Inserting this bound in (7.37) and combining it with (7.35), we can bound (7.30)
by

: -1
\/(XX*)71/4(d+2b)(XX*)71/4 HS

H (d + 2b) 2 (x x*)~1/4 <CcVK).

Together with (7.29) and with (7.23), we obtain
10 = 1lus < CV(K) .
O

Using the bounds on the kernels K (k) and L (k), our next goal is to show that the
unitary transformations 7' and Z defined in (7.11) act on the c- and ¢*-operators as
bosonic Bogoliubov transformations, up to errors that are small on states with few
excitations. (This will allow us to show that conjugation of the right-hand side of
(6.4) by T and Z produces approximately the right-hand side of (7.13).) To reach
this goal, we need to show first that conjugation with 7 and Z does not change
the number operator N and the gapped number operators N substantially. We
generalize the Definition (7.11) for A € R to

A
Ti=exp | 3 Y Y Kapcyk)c ) —he. |,

kelmor o BeTy (7 39)

Z, =exp | A Z Z L(k)g pct(k)epk) |

ket o, Be Ty

sothat T =T)and Z = Z;.
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Lemma 7.3. (Stability of number operators) Assume || v 1 < ocoand M > N* R2.
Then for every m € N there exists C > 0 such that for all A € [—1, 1] we have

TIN™T, < CIN + D)™ and TINsN™T, £ C(Ns + HN + )™ .
(7.40)
Conjugation with Z,_ leaves the total number of particles constant,

ZEIN™Zy, = N™ .

Moreover, for every m € N there exists C > 0 such that, for all » € [—1, 1], we
have

ZENSN™Z;, < CNGN™ | (7.41)

Proof. The proof of (7.40) can be found in [5, Lemma 7.2] where it is stated under
the additional assumption that V hasa compact support; however, using Lemma 7.1
it easily extends to ||V ||| < oo.

The invariance of A/ with respect to Z; follows since the exponent commutes
with A/ (the c*-operator creates two fermions while the c-operator annihilates two
fermions).

We still have to show (7.41). We consider the case m = 0; the extension to
m > 0 is straightforward. We compute that

<w ZINsZop) = ) Y Lap®)(y, Z5 [ch(k)cp k), N5] Zoyp) -
kel'mor o, BTy,
(7.42)

Using the weighted pairs operators introduced in Lemma 5.3 we have
[ (k), N5l = c§" (k) . [ep(k), NI = —cf (k)
for a weight function g with values in {0, 1, 2}. Thus

S ZNn = Y Y Lap®y 2 [ 0ep 0 + G0 ®)] z2w),

keImor o, BTy

and by Cauchy—Schwarz,
1 1
2

‘—wf ZiNaZm’ (Z | 3 Leptociwziv] ) (Z ||c,s(k)zw||2)
kernor

BeLy ey BeT;
Observe that
2
| Y tepciwziv|
ﬂGIk OlEIk
= Y Lap(Laptk) (cSK)Zvr, & () Zo)
B,a,a' €Ly,

= D LWL (S Zay, ¢ (k) Zpy) = tr [L(K)PCy

a0’ €1y



Arch. Rational Mech. Anal. (2023) 247:65 Page 39 of 57 65

with the |Z;| x |Z¢| matrix C, having entries (Cg)a,or = (c5 (k) Zy, ¢, (k) Zp ).
Since Cy is a positive matrix, we can use (7.15) to estimate that

Y La,,s(k)cg(k)ZM/fuz SOV rCy = CVR? Y N0 2oy

BeLy wa€ly aely

Applying Lemma 5.3 and using || V1 < oo, we find that

d
‘d_xw’ ZINZSZ,\I//)‘ S C(Y, ZINS Zyyr)
By Gronwall’s lemma, we conclude that for all A € [—1, 1] we have

(¥, ZZENSZoy) = C{y, Nsr)
O

We can now show that the unitary operators 7 and Z approximately act on
¢- and c*-operators as bosonic Bogoliubov transformations, up to errors that are
negligible on states with few excitations. The action of 7' is described in the next
lemma, whose proof can be found in [5, Lemma 7.1].

Lemma 7.4. (Approximate bosonic Bogoliubov transformation) For all L €
[—1,1], k € ™", and y € Iy, we have

Tie, (k)T = Z cosh(LK (k))q,yca (k) + Z sinh(AK (k) g, (k) + €, (A, k)
OtEZk OtEZk
(7.43)
where for the error term €, (A, k) there exists a C > 0 such that for all y € F we
have

Y€, 0Lyl S CMNT PN + M) 2V + Dyl
v €Ly

The same bound holds if we replace €, (A, k) with QE;; (A, k).
In the next lemma, we control the action of Z in an analogous fashion.

Lemma 7.5. (Approximate bosonic one-particle unitary) Assume || v 1 < oo. Let
M > RZN?. Then for every £ € T, y € Ty, and ) € [—1, 1] we have

Ziey(0Zi = ) expOL(O)y,pep() + Ty 0) (7.44)
BeLy

where there exists a C > 0 such that for all v € F we have

318, 0 Ol S CNTEMRIN PNy (7.45)

yel,



65 Page 40 of 57 Arch. Rational Mech. Anal. (2023) 247:65

Proof. Recall that L is antisymmetric; hence Z;‘ has the same form as Z; , but with
L replaced by —L. For A € [—1, 1] we compute that

d
5 Lo (02 = > L)y pZicp0) 2,
BeL;

+ Y D LK)y ZiE (L k)ep(k) 2,

kermot:y eTy Bely
with the error operator &, (¢, k) introduced in (5.6). In integral form, we obtain

s
Zic,(0)Zy, = ¢, (0) + E L(E)y,,g/ dt Z¥cg(0) Z,
0
Bel,

+ > ZL(k)Vﬁ/ dr ZX€, (€, k)ep (k) Zy .

kernor:y e’y Bely

Iterating ng times, we find (with L(E)V g = (L(Z)”)mg)

A n A — 7)"0 N
Zie, (0Z) = Z Y LW g0+ Y LO) 0“ A e f!) ZEcp(O)Ze

—0 C BeI, BeZ,y

+ Z P DS L(E)ﬁ,ﬂL(k)ﬁ,a/O dr( )” ZFEp(, K)ca (k) Ze

n=0 kel BT, NT, vy

where, in the last line, for n = 0, we have L(K)?, g = 8y, . Thus, completing the
first sum to reconstruct the exponential, we have

Ziey(0Z, =) exp(AL(8))y.p cp(t) + Ty (1. 0)
BeLy

with error term

n no+1 ()L - 1_—)"0 *
Fyo 0= XO:H . g L@}, gep®) + ; L)) % | dr o] ZEcp(O)Ze
n=n Y4 A

A n
+Z DD L(Z);’ﬂL(k)lg,a/ ar T) ZEER(L, K)ca () Ze

n=0kelMOr BeT,NT; ael; 0

for an arbitrary ng € N. This error term can be estimated by

Do I% s 0vl

vely

Al n
S 2 D L@y gllep@¥li+ Yo IL© "“|/

n>ng " y,BeT; v.BELy

Hcﬁ(f)ZrWH

n
) 1€, k)ca () Zz |

22 > lL(ﬁ)’;,ﬂle(k>ﬂ,a|/o art

n=0kelM°" yeZ) BeT; NIy ,a€Zy
= I4+1+1I. (7.46)
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We estimate that

1/2
1< M2 Z 2Ly ||Hs( D les0y] ) :

n>n0 ’ BeZy

With Lemma 7.2, we obtain |L(£)"||lgs < C", uniformly in N and ¢. From
Lemma 5.3,

C}’l
1S MNPl YD (7.47)

n>ngp

Similarly, using the invariance of A with respect to conjugation with Z,, we
find that

C
n< —M1/2/ dr N2 Zy ) £ < ¢ M1/2||./\/1/21//|| (7.48)
nO 0

Let us finally consider the last term on the right-hand side of (7.46). We have

1/2
HI<Z > ( Y. L@l |L(k)/30t|>
" kel nor vy ey,

aeIk,
BelyNiy

A
X/O df< > ||5ﬁ<k,2)ca(k>sz||2)

y €1y,
OéEZk,
BelinNi,

172

Using

12
> |L<£)’;,,g|2|L<k)ﬂ,a|2) SNL@ " lus ILK) | us < C"V (k) ,

y €1y,
(XGIk,
BelinNi,

the bound (5.7), the relation Ncy (k) = co(k)(N — 2), and Lemma 5.3, we find
that

A
msc V(k)N_2/3+5M3/2f dt [N PN Zoyll
0

kernor

With || I7||1 < oo and Lemma 7.3, we conclude that
< CN“2PH32 NPy (7.49)

Since the right-hand side of both (7.47) and (7.48) vanishes as nyp — oo (and
since (7.49) does not depend on ng), we arrive at (7.45). O
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8. Linearization of the Kinetic Energy

We will use Lemma 7.5 to show that (7.13) and (7.14) hold approximately
true on states with few excitations. What is still missing to conclude the argument
explained in Sect. 2 is the invariance of Hy — Dp with respect to the action of the
approximate Bogoliubov transformations (7.11). The proof is based on the fact that
the commutators of Hy and Dy with the ¢*-operators are approximately the same,
as described by the following lemma:

Lemma 8.1. (Kinetic commutators) Let RM'/?> < N'/3. For all k € T and all
o € Iy, we have
[Fo, ¢ (k)] = 2huc |k - @ (k) + €L (K)*

. 8.1)
[Dp. ¢ (k)] = 2hi |k - &g |ct (k) + hEB (k)*

where there exists a C > 0 such that for all f € €*(Z}) and all € F we have

Y|

o EIk

| 3 feeiaow| < clm= 21 £1200 vl 82)

o GIk

S IRyl < CRPMEN-HINI Ay

o GZk

1/2

erw | < ciking Py,

Proof. The bounds for GSE“ are shown as in [5, Lemma 8.2], keeping track of the
k-dependence. From (2.1) we get

1
[Ho. c} (k)] = Y (e(p)+e(p—knayas_,
ng (k) :
p: PEBENBy
p—keBrNBy

= 2hiclk - g lct (k) + e (k)*

where, using the weighted pair operators as in Lemma 5.3, Qign(k) = c¢§ (k) with
8(p. k) =" (e(p) + e(p = k) = 2l - ol ) = h(2k - (p — kedo) — KP?) .

Since By, has diameter of order N'/3M~1/2 on the Fermi surface and since p can be
at most at distance |k| from the Fermi surface, we can bound (using the assumption
|k|Ml/2 g RM1/2 é N1/3)

1g(p, k)| < Chlk| (Ip — kedal| + |kI) < ClkIM /2.

The first two estimates in (8.2) follow from (5.11) and (5.12).
The last bound in (8.2) is shown exactly as in [5, Eq. (8.6)], using the bound
|Tor| < CR3 to sum over [ € '™ there. m|
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The invariance with respect to 7 is established in the next lemma. This lemma
can be shown as [5, Lemma 8.1], replacing bounds for ¢i" and €2 with those
established in Lemma 8.1 (and using the assumption ), V(k) |k| < o00). We skip
any further details.

Lemma 8.2. (Approximate T-invariance of Ho—Dg) Let " .3 |V (k)| (1 + [k]) <
00. Then there exists a C > 0 such that for all € F we have

(T, (o — De)TY) - (v, (o — Da)y)|
< Ch (M2 + D2y + RN TN + Dyl + D)

In the next lemma, we use (8.2) to show the approximate invariance of Hy — Dp
with respect to the action of the transformation Z defined in (7.11).

Lemma 8.3. (Approximate Z-invariance of Ho—Dg) Let ) ;.31 \7(k)| 1+ k) <
00. Then there exists a C > 0 such that for all v € F we have

(Zy, (Ho —Dp)Zyr) — (¥, (Ho — Dp) )|
g Ch (M—1/2||./\[61/2w”2 +R3M3/2N—2/3+5”A[;/z'/\[l/zw””J\[é‘]/zw”) .

Proof. Recalling the Definition (7.39) of the operators Z;, we compute that

d
—(Z, Ho = D) Zay) = Y > Lap)(Za, [ch(k)cp k), (Ho — Dp)] Z,9r) .

dA
ket o, BeTy

With (8.1) we obtain

d
h_la(Zm/f, (Ho — D) Z). )

== > Y Lap()(Zutp, (€ (k) — €2 () cp(k) Zor)

ket o, BTy

= > > Lap(Zath, (€S (k) — €F(K)) Zor) .

kel'mor o, BTy,

Hence

‘h—limw, (HO—DBMM‘ < Y 2| Xt ®z lep z]

da
kelnor ﬂEIk aeZy

+ Y Y ||@32(k)ZWIIH > La,ﬁ(")cﬂ(k)ZWH '

kelmor w7y Bely
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Using Lemma 8.1 (and || Ly,. (k) [|2 < ||L(k)|lus for all @ € Z), we conclude that

d
[h! - (Zav. (o — D) Zuy)|

< > eMT Pk Y L s 2lles R Zap 1IN, Zaw |

kelror BeZy

1/2
+ 30 3 e O 2N EE @ Zy 11N 2 Zoy |
kelmor g7,
— 1/2
< CM7V2 N KIL® s IN; P Zay 11
kernor

_ 1/2 1/2
+ CRMPPNTBH N LK) s IN PN Zy 1IN, 2 Zawr
ker‘nor

With Lemmas 7.2 and 7.3 we obtain (since Zk€Z3 | V(k)| (1 + |k|) < 00)

., d B
Az (Ho—DB)Zm‘ <cM P NPy

_ 1/2 1/2
+ CROMYAN 2PN PNy | ING P

Integrating over A € [0, 1] we arrive at the desired bound. O

9. Proof of Theorem 1.1

We use the next proposition for localization in particle number sectors of Fock
space. It is taken from [23, Prop. 6.1] (given there for bosonic Fock space, but
inspection of the proof shows that the symmetry/antisymmetry of the wave function
does not play any role).

Proposition 9.1. (Particle number localization) Let A be a non-negative operator
on F with PiD(A) C D(A) and P;AP; = 0if|i — j| > ¢, where P; = x (N =1).
Let f,g : [0,00) — [0, 1] be smooth functions with f> +g*> =1, f(x) = 1
for x < 1/2, and f(x) = Oforx 2 1. For L = 1, let fi := f(N/L) and
gL = gWN/L).

Then, there exists a C > 0 (one can take C = 2(|| f'||%, + g’ |2,)) such that

ce’ ce’
_F-Adiag SA-fLAfL —grAgL = ?Adiag

where Agiag = Y 10 PiAP;.
We turn to the proof of our main result.

Proof of Theorem 1.1. The main work is for the proof of the lower bound; the
upper bound follows from the same operator estimates but using a specific trial
state, for which the errors are easier to control.



Arch. Rational Mech. Anal. (2023) 247:65 Page 45 of 57 65

Lower bound. Let s be a normalized ground state vector for the Hamilton oper-
ator Hy in (1.1). Since the Hartree—Fock energy arises from a restriction of the
many-body variational problem to a smaller set, we have

(Vras, Hyrgs) < ENF .

Let &5 = R*ygs denote the excitation vector associated with v, defined through
the unitary particle-hole transformation (2.3). From the Definition (2.4) of the
correlation Hamiltonian we have (€g5, Heorrées) < 0. With Lemma 4.1 and Corol-
lary 4.6, we find a C > 0 such that

@gSv HOSgs) § Ch, (Eg& QBEgS) § Ch, <§gs, 51§gs> é Ch. (9-1)

The last bound follows because from Lemma 4.7 and Corollary 4.9 we get £ <
C (Hcorr + Ho + k). Furthermore, from Corollary 4.2, we have

(Eas» NEgs) S CN'V3 | (£45, Nebg) S CN® foreverye > 0. (9.2)

Next we localize with respect to the number of particles. We choose smooth
functions f and g as in Proposition 9.1 and set fy := f(N/CoN'/3), gy :=
g(N/CoyN'/3) for a constant Cy > 0 large enough, to be fixed below. We set
A = Heorr + Ch, with C > 0 large enough. From Lemma 4.1 we get A = 0. From
the Definition (2.4) of Hcorr, combined with the bounds in Corollary 4.6 for the
operator Op, in Lemma 4.7 for the exchange operator X and in Corollary 4.9 for
the error term &,, we conclude that

ASCHy+ & +h) .

Since Hp and &; both commute with A, it also follows that Agiae < C(Ho + &1 +
h). From Proposition 9.1 (since, with the notation introduced in the proposition,
P;AP; =0if [i — j| > 4), we find that

—CN_2/3(H0 + & 4+ 1) = Heorr — fnHeorr [N — §NHeorr&N
SCN Py + & +h) .

We apply this bound to the ground state &gs. From the a-priori bounds in (9.1), we
obtain

(Egs. Hcorrégs) 2 (Egs. fNHcorrfNé:gs> (Egs. gNHcorrgNEgs> CNT'. 9.3)

Since &g is the ground state vector of Heorr, We can estimate

(éfgSa gNHcorrgNEgs> 2 ”gNé;‘gs”2 (Egs» Hcorrégs) .

With (9.3) (and since f2 + g2 = 1), we arrive at

1 fvEes I (ess Heombes) 2 (fwEess Hoorr f€es) =CN™' . (94)
From (9.2), we have, fixing Cy large enough,

1

lewéel® = (6us. 8N/ CoN'Pes) < s

(g5 Ngs) =

NI'—‘
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Hence || fy&gsl|> = 1/2 and, from (9.4),

(Egsr Heorrbgs) 2 (&, Heon&) — CN™! 9.5)

where we defined & = fn&os/ |l fvéesll € x(Np — Ny = 0)F (particle number
localization leaves the space invariant, since Np and M, commute with \V). Like
&g, the localized vector & satisfies (£, HcorrE) = Ch and therefore by Lemma 4.1
we get

(&, Ho§) = Ch. (9.6)
The advantage of working with & is that it satisfies stronger bounds (compared with
&gs) on the number of particles. In fact, we find that

(E,N™E) S C"N™P, (& \N"NE) < CmNEtm/3 9.7)

for every m € N and ¢ > 0 (to prove the second estimate, we used [N, N:] = 0).

From (9.5), to conclude the proof of the lower bound, it is therefore enough to
show that (¢, Heoré) = E %PA —CN~ V3 for sufficiently small « > 0 and for all
£ € x(Np — My = 0)F satisfying (9.6) and (9.7). For such vectors, it follows from
Lemma 4.7, Corollary 4.9 and Lemma 6.1 that, for any sufficiently small ¢, > 0
and for N2® « M « N2/3-2,

@:s Hcorré) 2 (év (HO + Q’f;)é)
_ Ch(N_1/3 LN—EA L Ny /34Se/4 =6/ ©5)

L RV VA NI/6H/2 R—l/Z)

with the quadratic expression Qg defined in (6.1) (notice that the definition of Q§
depends on §). Using the notation introduced in (6.3) and in (6.5), we can write

(€, (Ho + QF)&) = (€. (Ho — Dp)&) + D 2hk[kl(&, hert(k)E) . (9.9)

kernor

Next, we diagonalize the quadratic Hamiltonian /r(k) by means of the approx-
imate Bogoliubov transformations defined in Sect. 7. Recalling (7.11), we define
n = ZT*€ € x(Ny, — Ny = 0)F. From (9.7) and from Lemma 7.3, we can
control the number of particles in n and Zn = T*&: for every m € N we find a
C > 0 such that

(n, N™n) < CN"3 (Zn,N™Zn)y < CN™ (9.10)
(. N™Nsn) < CN°H™3 0 (Zn, N"NsZn) £ CNPT™3 0 (9.11)
Writing &€ = T Zn and applying Lemma 8.2 and Lemma 8.3, we obtain
(€. (Ho — Dp)&) = (T Zn, (Hy — Dp)T Zn)
> (n, (Ho — De)n) — Ch( M2 (NG + D2y
+ RAMAEN T NGO+ DOV + D' 2)

> (1, (Ho — Dg)n) — Ch (M_l/zN‘g + R3M3/2N—1/3+25) .
9.12)
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‘We now focus on the second term on the right-hand side of (9.9). Writingé = T Zn,
we compute first the action of 7. We proceed here as in the proof of [5, Lemma 10.1].
Analogously to [5, Egs. (10.13)] we find that

D" helkI(E, hefr(K)E)

kEF nor
= ) 2hlklTZn, hefe(k)T Zn)
kel nor
2 ) lwlklw (ER) = DR = WD+ Y > 2helk| &K)a,p{Zn. ¢ (k)ep (k) Zn)
kel nor kel nor o BeT;

— Ch(NTREINIR Zy)2 4 MRON TG 4+ D22l Vs + 02V + D2

+ M2RON TR G+ ) 2V + Dz (9.13)
where we introduced the |Z;| x |Zy| matrix K by

(ﬁ(k) 0 ) . (cosh(K(k)) sinh(K (k)) )

0 Ak) ) \sinh(K (k)) cosh(K (k))
D(k) + W (k) W (k) cosh(K (k)) sinh(K (k))
“\ W) D(k) + W(k) ) \ sinh(K (k)) cosh(K (k) | *

Comparing with (7.4), we find R(k) = OKk)E (k)0 (k)T The first error term in
the square brackets on the right-hand side of ((9.13)) arises from [5, Eq. (10.10)],
a bound which holds under the assumption ||\7||1 < 00; this follows from the
observation that [5, Eq. (10.9)] can be improved to

)[2 sinh(K (k))(D (k) + W (k)) sinh(K (k)) + cosh(K (k)) W (k) sinh(K (k))

+ sinh(K (k)) W (k) cosh(K (k)] .| S CVomM™".

o,

The further two error terms in the square brackets arise from [5, Eq. (10.6)]; this
estimate holds for every fixed k. The sum over k € I'™" gives the additional factor
R*. Using (9.10) and Lemma 9.2 (and recalling M > N 20y we find that

D 2huclk|(E, herr(0)E) = EX™ 4+ D > 2hwelk| R(K)a,p (21, ¢ (K)ep (k) Zn)
kel nor kel Mo o, BeTy

_ Ch<R2M1/4N’1/6+6/2 4+ N2 VANS2 4 N13ES
1 MARRANTIBH32 4 M3R4N—2/3+25> _ (9.14)
Next, we compute the action of the approximate Bogoliubov transformation

(approximate unitary transformation in the one-boson Hilbert space) Z in the
second term on the right-hand side of (9.14). With Lemma 7.5, recalling that
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exp(L(k)) = O(k)O(k), we find that

> 2hclkl Y Rapt)(n, Z*ch(k)ep(k) Zn)

kelnor a,BeT}

= Y 2mell Y (0T 00T WR®OWOK)| (. ciestom)
kemor o, BeT; *p

+ 3 2kl Y0 [0TWOTWRMK] 0 ccIFp(1 )
kelnor o, BTy

+ Y 20k Y [RDOM)OM)], 4 (0, Fa (L, k)es (o)
kel nor o, BTy

+ Y 2hlk] Y RK)ap(n. Tl Tpm) -
kel nor o, BTy

(9.15)
By Lemma 7.5 we can show that the contributions on the last three lines are negli-
gible. For example, the second term can be bounded by

| 3 2kl 3 [0T w0 MR (. km)|

kelnor o, BETy
< X 2kl 3 1Skl | 3 [07 00T WRM)] catin]
kel nor BeLy aely
< 3 2hlkl Y 1851 ORILOT R)OT ()RK) g 1IN 0l
kelnor BeZLy
SCNTM2 N k10T () 0T W) RE) usING PN 0IING P al -
kel"n()l"

Recalling R(k) = OK)E(k)OT (k) and the expression (7.8) for the matrix E (k),
we find

- 12
10T () 0T (k) &(K) [lus = ﬁ(tr &2 +2u dl/zbdl/z) <cm'? .
Since |k| < R for all k € I'™", we conclude, with the bounds (9.10), that

’ Z 2k |k| Z [0 k)O (k)R(k)] (n ,c;(k)sﬂa,k)n)’ S CNTHPTBRAM?
kel mor a,BeTy

Proceeding similarly to bound the last two terms on the right-hand side of (9.15),
we obtain

D0 2hlkl Y Rapk)(n, Z¥ch (k)cp (k) Zn)
kermnor a,BeTy

> Y 2hlkl Yy [5T(k)OT(k)R(k)0(k)5(k)} (0, ¢k (kyep(kym) — CN 7232 R 2
kermor a.pel; ol
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According to (7.10), wehave O7 (k) OT (k) &(k) O (k) O (k) = P (k), with the matrix
P defined as in (7.9). From P = D (and recalling from (6.4) and (6.5) the relation
between Dp and D), we get the key lower bound

> 20tk Y Rapt)(n, Z*ch(k)cp(k)Zn) = (n, Dpn) — CAN~'FH2REM?
kel nor o,BeTy

From (9.14), we obtain

> 2hklk|(E. her()E) Z ESXT™ + (. D g n)
kernor

_ Ch(Rle/“N*l/ﬁ”/z N2 o A2

1+ M2RANTIAH2S 4 M3R4N—2/3+25> )
(9.16)

Inserting the last equation and (9.12) in (9.9), we find that

(€, (Ho + 0%)E) = EF™ + (n, Hon)
. Ch(M—l/zNa + R2MVANTV6+8/2 4 N=8/2 4 = 1/4 N8/2

L MERANTIBH2 M3R4N*2/3+25) .

Since Hy = 0, from (9.8) we obtain
(6 H com £) = ERPA Ch(N*E/“ £ N-(=0/3+5e/4 L n—=8/2 | p2pg1/AN—1/6+8/2 | p—1/2

L MVRNS g VANS2 | a2 pAN—L3H28 M3R4N_2/3+28).

Choosing R = N°®, M = N©? for a sufficiently large constant C > 0, y <
and then both ¢ > 0 and 6 > O small enough, we conclude that (§, Hcorr§)
E]%PA — CN~1/3% for some o > 0 and thus, from (9.5), also that (£gs, Heorrfes) =
E IIE,PA — CN~!/3=%_This completes the proof of the lower bound for Theorem 1.1.
Upper bound Instead of working with the state £ = T Zn and establishing its
properties through a-priori estimates, we directly use the trial state &yiy 1= T2,
where the transformation Z is not needed. We compute explicitly the expectation
value

VIV —

<$trial» Hcorrétrial) = (gtriala (HO + QB + 51 + 52 + X)";‘_trial) .
Note that by Lemma 7.3 we have
(TQN*TQ) < Cp, forkeN. 9.17)

Furthermore, for all § > 0, we have the simple bound for the gapped number
operator

Ns SN, (9.18)
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so that all expectations values of powers of A" and N in T'Q2 are of order one with
respect to N. By Lemma 8.2 we get

(TQ.HoTQ) = (T2, (Ho ~ Dp)TR) + (T2, DpTR)
<{(TQ,DgTR)+ Ch (M—1/2 + R3MN—2/3+5) ‘

The expectation value (T2, DgT 2) can be computed by applying the approxi-
mate Bogoliubov transform according to Lemma 7.4. Expressions that are normal-
ordered in terms of bosonic pairs operators vanish on €2; only the contribution of
the form cc™* is non-vanishing but easily seen to be of order 4. We conclude that

(TQ,HTQ) < Ch. 9.19)

The bounds (9.17), (9.18), and (9.19) are sufficient to control all error terms in the
following computation. In fact, using Lemma 4.7 and Corollary 4.9 the contribu-
tions of &1, &, and X are now found to be of order N~1/3~% for some o > 0.
Furthermore, by Lemma 6.1, we can replace Op by the patch-decomposed Qg at
the cost of a only a further small error.

It remains to compute explicitly the expectation value

(TQ, (Dp + OHTQ) = Z 2hic|k (T2, heg(k)T2) < ERPA 4 CN~1/3~
kernor

for « > 0 small enough. Here, we proceeded as in (9.13) (with Zn replaced by
2) to implement the action of the approximate Bogoliubov transformation 7" and
used that all pair annihilation operators vanish on €2. This completes the proof of
the upper bound for Theorem 1.1. O

We quickly discuss how to adapt the computation of [4] of the explicit RPA
formula. The only new aspect here is the additional factor R? in the first error term.

Lemma 9.2. (Explicit RPA formula) Let || \7|| 1 < 00. Then

> |kt (E(k) — D(k) — W (k)

kernor
_ E}%PA e (h(R2M1/4N*1/6+5/2+N*5/2 +M*1/4N5/2)) _

I:roof. The proof was given in [4, Egs. (5.13)—(5.18)] under the assumption that
V has compact support. We only give the generalization of the main estimates in
original notation. With a factor |k|> < R? (for k € I'™") originating from (5.3) we
find

b
llog f(3) —log f(W)| < C (R20<k>mN—1/3+5 LN j—ﬁ) .

Furthermore,
llog fF(R)| £ CV (A2, llog f(M)] £ CV(k)r2.

Following [4, Eq. (5.18)] and using || V|1 < oo the proof is completed as before. O
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A Generalized Upper Bound

As an upper bound, the estimate (1.4) for the correlation energy holds under weaker assump-
tions on the interaction.

Theorem A.1. (Generalized RPA upper bound) Suppose V : T >RV >0, and

DKV (k) < o0 (A.1)
kez3

For kg > 0 let N := |Bg| = |{k € VAR |k| £ kg}|. Then, as kg — o0, we have
Ey < EF L ERPA L o) (A.2)

with ERPA as defined in (1.5).
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Remark. Expanding the logarithm, it is easy to check that the assumption (A.1) guarantees
that the sum defining EI%PA in (1.5) is finite.

Proof of Theorem A.1. We now give the proof of Theorem A.1, explaining how to gen-
eralize the argument presented in Sect. 9 in the paragraph devoted to the upper bound. For
given 0 < R <« N1/3, we consider the set "', defined in (5.5). Note that in particular
['POT restricts our attention to momenta |k| < R. Moreover, for § > 0 sufficiently small, we
introduce the sets Iki andZ; = I]:r UZ, asin(5.1). Fork € ', we define the |Z; | x |Z|

matrix K (k) as in Sect. 7. As stated in Lemma 7.1, we have pointwise in k € I'™°", without
using the assumption on V, the bound
V (k)
|Ka,p (k)| = C—M (A.3)

With the matrices K (k) we define the unitary operators 7" as in (7.11). In fact, it will again be
useful to consider, more generally, the family of operators T3, for A € [0, 1], as introduced
in (7.39), with Ty = T and Ty = 1.

We define the trial state wtrial = RgTQ € L2(T3N ) and the corresponding excitation

vector £l ;= R*ll/mal T e x (N, —Np = 0)F. Since R and T only create particles
with momentum at distance smaller than R from the Fermi surface, and since we assumed
R <« N3, we have

<¢_U‘ial, H[\]wtl’l&l) — (wtl‘ial’ ﬁNwmal>

where ﬁN is the Hamilton operator (2.2), with \7(k) replaced by \7(k)x(|k| < CN1/3).
Proceeding as in Sect. 2, we find that

(1//trial, ﬁNlptrial) — EII;IIF + <§trialﬁcorr%.trial> (A4)

with the Hartree—Fock energy (1.3) (replacing V(k) with V(k) x(k] £ CN l/ 3) does not
change the right-hand side of (1.3) if C > 0 is large enough) and with

Heowr =Ho+ Op + &1+ & +X

where é B> & 1 gg, X denote the operators Q g, £1, £, X, respectively, from (2.5) and (2.6),
with V (k) replaced by V (k) x (k] < CN1/3).

To estimate the expectation of Hcorr in the state & trial , we first establish rough bounds on
the number of particles and the energy of £712!,

Lemma A.2. (Bounds for particle number and kinetic energy) For every R > 0 and m € N
there exists CR ,, > 0 such that

(LH,2,NTQ) S Cryn forallk €10, 1]. (A.5)
Moreover, for every R > 0 there exists a constant Cg < 00 such that
(T, 2, HyT, Q) £ Crh  forallx € [0, 1]. (A.6)

Proof of Lemma A.2. For (A.5) we can proceed as in the proof of [4, Prop. 4.6]. The only
new aspect is that we use the assumption (A.1) together with (A.3) to estimate

12
Y IK®Ius=C Y VI SCR| Y VWK | =CR. (A7)

kel nor |k|§R |k|<R
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This allows us to show that

%(TAQ, N +5"T,Q)| < CR(TGQ, N +5"TQ) .

By Gronwall’s lemma, we conclude that
(T2, N T, Q) < eCmB-
To show (A.6) we write
(1,2, HoT) Q) = (1,2, (Hy — Dp)T1.Q) + (1,2, DpT)Q2) (A.8)
with the operator Dy introduced in (6.3). From Lemma 8.2 and (A.5), we find
(122, (Hy — D) Ty Q)| < CRA(M™'/2 + MNT2/3%0) (A9)

As in the proof of (A.5) above, the condition ZkeZ3 V(k)(l + |k|]) < oo required in
Lemma 8.2 is now replaced (since K (k) = O for |k| > R) by

1/2

Y VERU+KDSCR Y VIR = CR?
|k|<R k

which leads (together with (A.5)) to an R-dependent constant in (A.9). We also have

M
(T2, DT, Q) < Crh Y > (ThQ, ch(k)ca (K)T5.Q)
kel'or g=1

< CrRI(DQ,NT, Q) < Crhi, (A.10)

where we used (5.9) in the second and (A.5) in the third inequality. Inserting (A.9) and
(A.10) in (A.8), we obtain (A.6). This concludes the proof of Lemma A.2. O

To estimate the potential energy we need the following lemma, which shows that, when

computing expectation values in & trial \e can effectively cutoff the interaction V to momenta
|k| < R, up to negligible errors. This observation relies on the fact that T only creates
particle-hole pairs with pair momentum |k| < R.

Lemma A.3. (Control of the high-momentum cutoff) Assume ) ;.73 |k|\7(k)2 < o0. Then
for every Iﬁ > ( there exists Cr > 0 such that

— > VENTQ, b*()b(k)TQ) < CrMAN—V2H/2
keZ3:R<|k|SCN1/3

‘i 3 Vo(re, b(k)b(—k)TQ)‘ < CRM32PN~1/2+8/2

keZ3:R<|k|SCN1/3

(A.11)

Proof of Lemma A.3. Consider the second inequality in (A.11). We write

% > VT, b(k)b(—k)TR)
R<|k|SCN!1/3

1 X |
== ovm Y Y Ku.ﬂ(k’)/o dA<TAQ,[c(’;(k/)cz(k/),b(k)b(#c)}TﬁZ).
R<|k|SCN1/3 k'elmor o, BT,

(A.12)



65 Page 54 of 57 Arch. Rational Mech. Anal. (2023) 247:65

We compute that

[ (), b ()]
= g (Kb (K), b(=k)] + cg (K)ch k), b(R)Ib(—k) (A.13)
+ b(k)leg k'), b(=k)lch (k) + [cg (KN, bU)Ib(—k)ch (k') .

We consider the case «, 8 € I]j? (so that ¢} (k') = b} (k") and c/’g (K = b/’g (k") by (5.4));
the other cases can be studied in the same way. We find that

[k (), b(k)] (A.14)

1 * *
= 7na(k/) Z Z (Sp,qtsk’k/ — Sp,qap_k,aq,k — Bp_k/’q_kapaq) .
pE B% N By : 49€BENBr+k
p— k' € Bp N By
(A.15)

Thanks to the constraint |k'| < R < |k[, the otherwise dominant contribution due to § .40k’
vanishes. For such k and k" and for any ¥, ¢ € F we obtain
C

e, [k (k) bUOTY)| < mllNl/zwllllNl/zwll : (A.16)

We can use this estimate to bound all the contributions to (A.12) arising from the various
terms in the right-hand side of (A.13). For instance, consider the first. Using (A.14) we have

C
(T, cy ()b [eh (K, b(=I)ITh Q)| < m||N‘/2b*(k)cwac/msz|| IN2TQ

—[|b* (k) ca (K )N T, Q| IN2 T,

np (k")
Lemma5.1, together with the assumptiona, 8 € Ik/,impliesthatnﬁ(k’) > CN/3=8/2p—1/2
Next, we will use the bounds

1B Kl < CIKIVANBIW + D20l Ik ®)ell < CIV + D20l (A17)

where b? is either b or b*, and analogously for . Here, the first estimate follows from
[6. Eqs. (4.12) and (4.13)] (observing that |BS. N B + k| < C|k|N?/3), the second from
Lemma 5.3 (using the inequality [cy (), ch (k)] £ 1; see [5, Eq. (5.10)]). Thus

(TaQ, ¢ (K)bK)Ic k), b(—ITA Q)| < ClkITPNP M1, (W + 1’ T0) .
(A.18)
All the other contributions in (A.13) can be estimated in a similar way. We get, using the
bounds | Ky g(k")| < V(k')/M and (A.5),

1 X
‘N 3 V(k)(TQ,b(k)b(—k)TQ)‘
keZ3:R<|k|SCN'/3
§CRM3/2N_H"S/2 Z |k|1/2‘7(k) Z VK (A.19)
R<|k|<CN1/3 k' T nor

< CpM32N=1/2+/2
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where the sum over k' has been absorbed in the constant Cp (recall that |k’| < R in ['°T)
and where we estimated

1/2
> kY2 (k) < cN1/? > K|V (k)2 < CcNYZ, (A.20)
k:lk|SCN1/3 k

This concludes the proof of the second inequality in (A.11). The first can be shown similarly;
we omit the details. This concludes the proof of Lemma A.3. m]

With Lemma A.2 and Lemma A.3, we can go back to the computation of the expectation
value on the right-hand side of (A.4). We control the expectation of the error term £; with
the bound

ClIVIl

EHE THNzéll

established in [6, Eq. (4.10)]. With (A.5) and estimating

~ N 1/2
ERAGE CN1/3( 3 V(k)2|k|) < enis3,
[k|SCN1/3 kez?

we find, for a constant Cg depending on the cutoff R > 0, that

The expectation value of 52 in our trial state vanishes for parity reasons exactly as in [4,
Lemma 5.2].
Applying Lemma A.3 and (A.11) and using the fact that X < 0, from (A.4) we get

(il gy pialy < E}I—JF + (€M (Hy + ég)strial) + CRN~23 4 CrM32N—1/2+8/2

where we defined

. 1
0f=5 Y Vw (b wno + 5 (6" Wob* (k) + bkb(—h))) .
keR3:|k|<R

In order to obtain an upper bound for the expectation of the operator H + ég, we proceed
as in the proof of Theorem 1.1, now with V(k) replaced everywhere by V(k) x (k| £ R).
We conclude that
(wtrial 'HNllftrial>
< ENF 4 gy Z |k| l/oolog 1+ 27k V(k)(l —karctan(l)) dr — ﬁl{ V(k)
S Ey 0 = Jo 0 X 50
kISR
+CrNT2B 4 CrNTIBMTY2 4 cpmPAN T2
SENF+ERP 40 Y VWK + Cr(NT2R NI B 2 M3/2N*1/2+5/2) ‘

|k|>R

Fixing M = N%, choosing « > 0 small enough and then R = R(N) so that R(N) — oo
as N — oo at a sufficiently slow pace, we obtain (A.2). This concludes the proof of the
generalized RPA upper bound, Theorem A.1. m]
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