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 a b s t r a c t

By providing optimal or nearly optimal integral estimates, we show that every positive, bounded 
or moderately growing, local weak solution to the critical 𝑝-Laplace equation in ℝ𝑛, with 𝑛 ≥ 3, 
and whose infimum over a ball decays properly must be a bubble.

1.  Introduction

We investigate the classification of positive solutions to the critical 𝑝-Laplace equation

Δ𝑝𝑢 + 𝑢𝑝
∗−1 = 0 in ℝ𝑛, (1.1)

where 1 < 𝑝 < 𝑛 and 𝑛 ≥ 3. This is a classical topic in PDEs which arises from the characterization of critical points of the Sobolev 
inequality as well as from the Yamabe problem when 𝑝 = 2.

When 𝑝 = 2, classical non-negative solutions to (1.1) were classified in the seminal works of Gidas et al. [1], Caffarelli et al. [2], 
as well as Chen and Li[3]. This classification was later extended to the full range 1 < 𝑝 < 𝑛 for weak solutions in the energy space

1,𝑝(ℝ𝑛) ∶= {𝑢 ∈ 𝐿𝑝
∗
(ℝ𝑛) ∣ ∇𝑢 ∈ 𝐿𝑝(ℝ𝑛)}
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\begin {equation}\label {eq:critica-plap} \Delta _p u + u^{\past -1} = 0 \quad \text {in } \R ^n,\end {equation}
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$1<p<n$


\begin {equation*}\mathcal {D}^{1,p}(\R ^n) := \{ u \in L^{\past }\!(\R ^n) \mid \nabla u \in L^p(\R ^n) \}\end {equation*}


$p$


\begin {equation}\label {eq:pbubb-classif} U_p[z,\lambda ] (x) := \left ( \frac {\lambda ^\frac {1}{p-1} \, n^\frac {1}{p} \left (\frac {n-p}{p-1}\right )^{\!\!\frac {p-1}{p}}}{\lambda ^\frac {p}{p-1}+\abs {x-z}^\frac {p}{p-1}} \right )^{\!\!\frac {n-p}{p}} \!,\end {equation}
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$u \in C^2(\R ^n)$


$p=2$


\begin {equation}\label {eq:shoen} \int _{B_R} \left (\abs {\nabla u}^2 + u^{2^\ast }\right ) dx \leq C_n,\end {equation}


$C_n>0$


$B_R := B_R(0)$


$u \in C^2(\R ^n)$
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$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


\begin {equation*}\int _{\R ^n} \left \langle \abs {\nabla u}^{p-2} \,\nabla u, \nabla \psi \right \rangle dx = \int _{\R ^n} u^{\past -1} \psi \, dx \quad \text {for every } \psi \in C^\infty _c(\R ^n).\end {equation*}
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$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


$p_n < p < n$


\begin {equation*}p_n := \begin {cases} 1 & \text {if } n=2, \\ \frac {n^2}{3n-2} & \text {if } n=3,4, \\ \frac {n^2+2}{3n} & \text {if } n \geq 5. \end {cases}\end {equation*}
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$u \in W^{1,2}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


$1<p<n$


$C>0$


\begin {equation}\label {eq:ass-inf} \inf _{B_R} u \leq C_\flat R^{-{\frac {n-p}{p-1}}} \quad \text {for every } R \geq 1.\end {equation}


$n \in \N $


$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$
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$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$
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$n \in \N $


$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


$u \in L^q(\R ^n)$


$q \in [\past ,+\infty ]$
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$u^\gamma $


$B_R$


$\gamma < p_\ast -1$


$p_\ast -1 \leq \gamma \leq \past -1$


\begin {equation}\label {eq:def-ps-ast} p_\ast := \frac {p(n-1)}{n-p} \quad \text {and}\quad \past := \frac {np}{n-p},\end {equation}


$u \in L^{\past -1}(\R ^n)$


$n \in \N $


$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


\begin {equation}\label {eq:cond-p-beta} 1<p<\frac {n^2+2n}{3n+1} \quad \text {and}\quad \beta := \frac {2n(n-p)}{n^2+2n-(3n+1)p}\end {equation}


$C>0$


\begin {equation}\label {eq:growth-beta} u(x) \leq C \,\abs {x}^{\beta } \quad \text {for every } \abs {x} \geq 1.\end {equation}
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$u \in L^\infty _{\loc }(\R ^n)$


$u \in C^{1,\alpha }_{\loc }(\R ^n)$


$\alpha \in (0,1)$


$u \geq 0$


$\R ^n$


$u > 0$


$\R ^n$


\begin {equation}\label {eq:defv-class} v := u^{-\frac {p}{n-p}}.\end {equation}


$P$


\begin {equation}\label {eq:defPfunct-class} P := n \,\frac {p-1}{p} v^{-1} \, \abs {\nabla v}^p + \left (\frac {p}{n-p}\right )^{\! p-1} v^{-1}.\end {equation}


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


\begin {equation*}\mathcal {Z}_u := \left \{x \in \R ^n \,\lvert \, \nabla u(x)=0 \right \}\!,\end {equation*}


$u$


\begin {equation*}\stressu := \abs {\nabla u}^{p-2} \,\nabla u,\end {equation*}


$\mathcal {Z}_u$


$\mathcal {Z}_u$


$\abs {\mathcal {Z}_u}=0$


\begin {align*}&\stressu \in W^{1,2}_{\loc }(\R ^n), \\ &u \in W^{2,2}_{\loc }(\R ^n \setminus \mathcal {Z}_u) \quad \mbox {and} \quad \abs {\nabla u}^{p-2} \,\nabla ^2\thinspace u \in L^{2}_{\loc }(\R ^n \setminus \mathcal {Z}_u) \quad \mbox {for every } 1<p<n.\end {align*}


$v$


$u$


\begin {align*}&\mathcal {Z}_v = \mathcal {Z}_u, \\ &v \in C^{1,\alpha }_{\loc }(\R ^n) \cap C^{\infty } \!\left (\R ^n \setminus \mathcal {Z}_v\right ) \quad \mbox {and} \quad \stressv \in W^{1,2}_{\loc }(\R ^n), \\ &v \in W^{2,2}_{\loc }(\R ^n \setminus \mathcal {Z}_v) \quad \mbox {and} \quad \abs {\nabla v}^{p-2} \,\nabla ^2 v \in L^{2}_{\loc }(\R ^n \setminus \mathcal {Z}_v) \quad \mbox {for every } 1<p<n.\end {align*}


$v$


\begin {equation}\label {eq:eq-for-v-classif} \Delta _{p} v = P \quad \text {in } \R ^n.\end {equation}


$u$


$v$


\begin {equation}\label {eq:psharp} p_\sharp := \frac {p-1}{p} n.\end {equation}


$p_\ast $


$p_\sharp $


\begin {equation*}p_\ast - 1 = \frac {p}{n-p} \, p_\sharp .\end {equation*}


$u$


$p$


\begin {equation}\label {eq:bbu-serzou} u(x) \geq C \,\abs {x}^{-\frac {n-p}{p-1}} \quad \text {for all } x \in \R ^n \setminus B_1,\end {equation}


$C>0$


$n$


$p$


$\min _{\partial B_1} u$


$v$


\begin {equation}\label {eq:babv-serzou} v(x) \leq C \,\abs {x}^{\frac {p}{p-1}} \quad \text {for all } x \in \R ^n \setminus B_1,\end {equation}
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$\min _{\partial B_1} u$
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\begin {equation*}\inf _{B_R} u \leq C R^{-{\frac {n-p}{p}}} \quad \text {for every } R \geq 1.\end {equation*}


$n \in \N $


$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


$R_0 \geq 1$


$R \geq R_0$


$E = B_R$


$E=A_{R,3R} := B_{3R} \setminus B_R$


\begin {equation}\label {eq:int-u-gamma} \int _{E} u^\gamma \, dx \leq C R^{n-\frac {n-p}{p-1} \gamma } \quad \text {for every } \gamma \in \left (-\infty ,p_\ast -1 \right ),\end {equation}


$C>0$


$R$


\begin {equation*}\int _{E} v^{-q} \, dx \leq C R^{n-\frac {p}{p-1} q} \quad \text {for every } q \in \left (-\infty ,p_\sharp \right ),\end {equation*}


$v$


$p_\sharp $


$R>0$


\begin {equation}\label {eq:def-uR} u_R(x) := R^{\frac {n-p}{p-1}} u(Rx) \quad \text {for } x \in \R ^n\end {equation}


\begin {equation*}\Gamma _{\! R}(u) := \min _{\partial B_1} u_R.\end {equation*}


\begin {equation*}\liminf _{R \to +\infty } \Gamma _{\! R}(u) = \sigma >0.\end {equation*}
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\begin {equation}\label {eq:lim-alpha} \lim _{R \to +\infty } \Gamma _{\! R}(u) = \sigma .\end {equation}
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$\R ^n$


$B_\rho (x) \subseteq \R ^n$


\begin {equation}\label {eq:wh-uR} \rho ^{-\frac {n}{\gamma }} \left (\int _{B_{\rho }(x)} u_R^\gamma \, dy \right )^{\!\!\frac {1}{\gamma }} \leq C_\sharp \inf _{B_{2\rho }(x)} u_R \quad \text {for every } \gamma \in \left (0,p_\ast -1 \right ),\end {equation}


$C_\sharp >0$
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$x=0$


$\rho =1$


\begin {equation}\label {eq:wh-B1} \left (\int _{B_{1}} u_R^\gamma \, dx \right )^{\!\!\frac {1}{\gamma }} \leq C_\sharp \inf _{B_{2}} u_R \leq C_\sharp \min _{\partial B_{1}} u_R = C_\sharp \,\Gamma _{\! R}(u),\end {equation}


$\gamma \in \left (0,p_\ast -1 \right )$


$R_0 \geq 1$


\begin {equation*}\Gamma _{\! R}(u) \leq 2 \sigma \quad \text {for every } R \geq R_0,\end {equation*}


\begin {equation*}\int _{B_{1}} u_R^\gamma \, dx \leq \left (2 C_\sharp \sigma \right )^{\gamma } \quad \text {for every } \gamma \in \left (0,p_\ast -1 \right ),\end {equation*}


$R \geq R_0$


$E=B_R$


$\gamma >0$


$E=A_{R,3R}$


\begin {equation}\label {eq:wh-annulus} \left (\int _{A_{\frac 12,\frac 32}} u_R^\gamma \, dx \right )^{\frac {1}{\gamma }} \leq C \min _{\partial B_{1}} u_R = C \,\Gamma _{\! R}(u),\end {equation}


$C>0$


$\{B_1(x_i)\}_{i=0}^k$


$\abs {x_i}=1$


$\abs {x_i-x_{i-1}} \leq 1$


$i=1,\dots ,k$


$u_R(x_0) = \Gamma _{\! R}(u)$


$k$
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$\gamma \leq 0$


$u \in L^{p^*-1}(\R ^n)$


$n \in \N $


$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


$q \in [p_\sharp ,p_\sharp +1)$


$\varepsilon _0 \in (0,1)$
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$R \geq R_0$


$R_0$


$\varepsilon \in (0,\varepsilon _0)$


\begin {equation}\label {eq:int-v-q-large} \int _{B_R} v^{-q} \, dx \leq C R^{\varepsilon } \quad \text {for every } q \in [p_\sharp ,p_\sharp +1),\end {equation}


$C>0$


$R$


\begin {equation}\label {eq:int-v-q-psharp-1} \int _{B_R} v^{-p_\sharp -1} \, dx \leq C.\end {equation}


$u \in L^{\past -1}(\R ^n)$


$C>0$


$R$


\begin {equation}\label {eq:1-int-toprove} \int _{B_R} v^{-q} \,\abs {\nabla v}^p \, dx + \int _{B_R} v^{-q} \, dx \leq C R^{n-\frac {p}{p-1}(q-1)} \quad \text {for every } q < p_\sharp +1.\end {equation}
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$\abs {\nabla \eta } \leq 1/R$


$A_{R,2R}$


$\psi =v^{1-q} \eta ^\theta $


\begin {align*}&\left (p_\sharp +1-q\right ) \int _{\R ^n} \eta ^\theta v^{-q} \,\abs {\nabla v}^p \, dx + \left (\frac {p}{n-p}\right )^{\! p-1} \int _{\R ^n} \eta ^\theta v^{-q} \, dx \\ &\leq \varepsilon \int _{\R ^n} \eta ^\theta v^{-q} \,\abs {\nabla v}^p \, dx + \frac {C}{\varepsilon ^{p-1} R^{p}} \int _{\R ^n} \eta ^{\theta -p} v^{p-q} \, dx,\end {align*}


$\varepsilon >0$


$\varepsilon >0$


$q < p_\sharp +1$


\begin {equation*}\int _{\R ^n} \eta ^\theta v^{-q} \,\abs {\nabla v}^p \, dx + \int _{\R ^n} \eta ^\theta v^{-q} \, dx \leq \frac {C}{R^{p}} \int _{B_{2R}} v^{p-q} \, dx.\end {equation*}


$q-p<p_\sharp $


$R \geq R_0$


\begin {equation*}\int _{B_R} v^{-q} \,\abs {\nabla v}^p \, dx + \int _{B_R} v^{-q} \, dx \leq C R^{n-\frac {p}{p-1}(q-p)-p},\end {equation*}


$q \in [p_\sharp ,p_\sharp +1)$


$\varepsilon _0 \in (0,1)$


$n$


$p$


$q$


\begin {equation*}s := p_\sharp - \varepsilon < q < p_\sharp +1 -\varepsilon =: r\end {equation*}


$\varepsilon \in (0,\varepsilon _0)$


\begin {equation*}\int _{B_R} v^{-s} \, dx \leq C R^{\frac {p}{p-1}\varepsilon } \quad \text {and}\quad \int _{B_R} v^{-r} \, dx \leq C R^{\frac {p}{p-1}\varepsilon },\end {equation*}


$\lambda \in [0,1]$


\begin {equation*}\frac {1}{q} = \frac {\lambda }{s} + \frac {1-\lambda }{r},\end {equation*}


\begin {align*}\int _{B_R} v^{-q} \, dx &\leq \left (\int _{B_R} v^{-s} \, dx\right )^{\!\frac {\lambda q}{s}} \left (\int _{B_R} v^{-r} \, dx\right )^{\!\frac {(1-\lambda ) q}{r}} \\ &\leq \left ( C R^{\frac {p}{p-1}\varepsilon } \right )^{\!\frac {\lambda q}{s}} \left ( C R^{\frac {p}{p-1}\varepsilon } \right )^{\!\frac {(1-\lambda ) q}{r}} = C R^{\frac {p}{p-1}\varepsilon }.\end {align*}


$\varepsilon _0>0$


$q = p_\sharp +1$


$\psi =v^{-p_\sharp }\eta $


\begin {equation}\label {eq:psharp-1-1} \int _{\R ^n} \eta v^{-p_\sharp -1} \, dx \leq \frac {C}{R} \int _{A_{R,2R}} v^{-p_\sharp } \,\abs {\nabla v}^{p-1} \, dx \leq \frac {C}{R} \int _{B_{2R}} v^{-p_\sharp } \,\abs {\nabla v}^{p-1} \, dx.\end {equation}


\begin {equation}\label {eq:psharp-1-2} \begin {split} \int _{B_{2R}} v^{-p_\sharp } \,\abs {\nabla v}^{p-1} \, dx &= \int _{B_{2R}} v^{(\varepsilon -p_\sharp -1)\frac {p-1}{p}} \,\abs {\nabla v}^{p-1} \, v^{-p_\sharp -(\varepsilon -p_\sharp -1)\frac {p-1}{p}} \, dx \\ &\leq \left ( \int _{B_{2R}} v^{\varepsilon -p_\sharp -1} \,\abs {\nabla v}^{p} \, dx \right )^{\!\!\frac {p-1}{p}} \left ( \int _{B_{2R}} v^{-p_\sharp +(1-\varepsilon )(p-1)} \, dx \right )^{\!\frac {1}{p}}\!. \end {split}\end {equation}


\begin {equation*}0 < \varepsilon < \min \left \{1,\frac {n-p}{p}(p-1)\right \},\end {equation*}


\begin {equation*}p_\sharp +1-\varepsilon < p_\sharp +1 \quad \text {and}\quad 0 < p_\sharp -(1-\varepsilon )(p-1) < p_\sharp ,\end {equation*}


\begin {equation}\label {eq:psharp-1-3} \int _{B_{2R}} v^{\varepsilon -p_\sharp -1} \,\abs {\nabla v}^{p} \, dx \leq C R^{\frac {p}{p-1}\varepsilon },\end {equation}


\begin {equation}\label {eq:psharp-1-4} \int _{B_{2R}} v^{-p_\sharp +(1-\varepsilon )(p-1)} \, dx \leq C R^{(1-\varepsilon )p}.\end {equation}
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$u \in L^{\past -1}(\R ^n)$


$\sigma \leq C_\flat $


$\sigma $
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\begin {equation*}\norma {u}_{L^{\past -1}(\R ^n)}^{\past -1} \leq c_{n,p} \, C_\flat ^{p-1},\end {equation*}


$c_{n,p}>0$
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$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


$r \in [0,p]$


$q < p_\sharp +1$


$R \geq 1$


\begin {equation*}\int _{B_R} v^{-q} \,\abs {\nabla v}^r \, dx \leq C R^{n-\frac {pq-r}{p-1}} \quad \text {for every } q \in (-\infty ,r),\end {equation*}


$C>0$


$R$


$n \in \N $


$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


\begin {equation}\label {eq:range-r-rem} r \in \left (0,\frac {n}{n-1} (p-1)\right ),\end {equation}


\begin {equation}\label {eq:def-qr} q_r := \frac {np-n+r}{p} > r.\end {equation}


$R_1 \geq R_0$


$R_0$


$\varepsilon _1 \in (0,1)$


$n$


$p$


$r$


$q$


$R \geq R_1$


$\varepsilon \in (0,\varepsilon _1)$


\begin {gather}\label {eq:int-tbp-1} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq C R^{n-\frac {pq-r}{p-1} + \varepsilon } \quad \text {for every } q \in \left (-\infty ,q_r \right ) , \\ \label {eq:int-tbp-2} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq C R^{\varepsilon } \quad \text {for every } q \in \left [ q_r, p_\sharp +1 - \frac {n-p}{np\left (p-1\right )} \, r \right ) ,\end {gather}


$C>0$


$R$


$p \in (1,n)$


\begin {equation}\label {eq:est-grad-p} \int _{B_R} v^{-q} \,\abs {\nabla v}^p \, dx \leq C R^{n-\frac {p}{p-1}(q-1)} \quad \text {for every } q \in (-\infty ,p_\sharp +1).\end {equation}


$q_r$


$v^{-q} \,\abs {\nabla v}^r$


$p$


$r$


$p$


$\abs {\nabla u}$


\begin {equation}\label {eq:grad-rewrite} \int _{B_{R}} \,\abs {\nabla u}^{\gamma } \, dx \leq C R^{n-\frac {n-1}{p-1} \gamma + \varepsilon },\end {equation}


$u^{\past -1} \in L^1(\R ^n)$


$\abs {\nabla u} \in L^{\frac {n}{n-1} (p-1),\infty }(\R ^n)$


$p$


$C>0$


$R$


$\ell >p-1$


$k>1+1/\ell $


\begin {equation}\label {eq:bv-poho-grad} \begin {imageonly} \begin {aligned} \left (\,\dashint _{B_{R}} \,\abs {\nabla u}^{\frac {p}{k}} \, dx \right )^{\!\!\frac {k}{p}} \leq \frac {C}{R} \left (\,\dashint _{B_{2R}} u^{\ell } \, dx \right )^{\!\!\frac {1}{\ell }}\!. \end {aligned} \end {imageonly}\end {equation}


\begin {equation}\label {eq:def-ell} \ell := \frac {p}{n-p} \, p_\sharp = \frac {n(p-1)}{n-p} > p-1,\end {equation}


\begin {equation*}\gamma := \frac {p}{k} < \frac {\ell \, p}{1+\ell } = \frac {n}{n-1} (p-1).\end {equation*}


\begin {equation}\label {eq:grad-ugamma} \left (\int _{B_{R}} \,\abs {\nabla u}^{\gamma } \, dx \right )^{\!\!\frac {1}{\gamma }} \leq C R^{\frac {n}{\gamma }-\frac {n}{\ell }-1} \left (\int _{B_{2R}} u^{\ell } \, dx \right )^{\!\!\frac {1}{\ell }} = R^{\frac {n}{\gamma }-\frac {n-1}{p-1}} \left (\int _{B_{2R}} v^{-p_\sharp } \, dx \right )^{\!\!\frac {1}{\ell }}\!,\end {equation}


\begin {equation*}\left (\int _{B_{2R}} v^{-p_\sharp } \, dx \right )^{\!\!\frac {1}{\ell }} \leq C R^{\frac {n-p}{n p_\sharp } \varepsilon }\end {equation*}


$\varepsilon \in (0,\varepsilon _0)$


$\varepsilon \in (0,\varepsilon _0)$


$\varepsilon _0>0$


\begin {equation}\label {eq:gradu-gradv} \nabla u = - \frac {n-p}{p} v^{-\frac {n}{p}} \,\nabla v \quad \text {in } \R ^n,\end {equation}


\begin {equation}\label {eq:gradv-gamma} \int _{B_{R}} v^{-\frac {n}{p} \gamma } \,\abs {\nabla v}^{\gamma } \, dx \leq C R^{n-\frac {n-1}{p-1} \gamma + \varepsilon } \quad \text {for every } \gamma \in \left (0,\frac {n}{n-1} (p-1)\right ).\end {equation}


\begin {equation*}r \in \left (0,\frac {n}{n-1} (p-1)\right ) \quad \text {and}\quad q \leq \frac {n}{p} \, r,\end {equation*}


\begin {equation*}\begin {split} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx &= \int _{B_{R}} v^{\frac {n}{p} r-q} v^{-\frac {n}{p} r} \,\abs {\nabla v}^{r} \, dx \leq C R^{\frac {p}{p-1}\left (\frac {n}{p} r-q \right )} \int _{B_{R}} v^{-\frac {n}{p} r} \,\abs {\nabla v}^{r} \, dx \\ &\leq C R^{n-\frac {n-1}{p-1} r + \frac {p}{p-1}\left (\frac {n}{p} r-q \right ) + \varepsilon } = C R^{n-\frac {pq-r}{p-1} + \varepsilon }. \end {split}\end {equation*}


\begin {equation}\label {eq:rest-r-q} r \in \left (0,\frac {n}{n-1} (p-1)\right ) \quad \text {and}\quad q > \frac {n}{p} \, r,\end {equation}


$\varepsilon \in (0,1)$


\begin {equation}\label {eq:def-theta} \theta := \frac {n}{n-1} \frac {p-1}{r} - \varepsilon .\end {equation}


$\varepsilon _1 >0$


$n$


$p$


$r$


$\theta >1$


$\varepsilon \in (0,\varepsilon _1)$


\begin {equation}\label {eq:int-grad-toest} \begin {split} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx &= \int _{B_{R}} v^{-\frac {n}{p} r} \,\abs {\nabla v}^{r} v^{\frac {n}{p} r-q} \, dx \\ &\leq \left (\int _{B_{R}} v^{-\frac {n}{p} r\theta } \,\abs {\nabla v}^{r\theta } \, dx\right )^{\!\!\frac {1}{\theta }} \left (\int _{B_{R}} v^{-\left (q-\frac {n}{p} r\right ) \theta '} dx\right )^{\!\!\frac {1}{\theta '}}\!. \end {split}\end {equation}


$\theta $


\begin {equation}\label {eq:int-gradtoest-1} \int _{B_{R}} v^{-\frac {n}{p} r\theta } \,\abs {\nabla v}^{r\theta } \, dx \leq C R^{n-\frac {n-1}{p-1} r\theta + \varepsilon }.\end {equation}


$q$


\begin {equation*}\frac {n}{p} \, r < q < \frac {np-n+r}{p}.\end {equation*}


$r$


$\varepsilon _1>0$


$q$


\begin {equation*}\left (q-\frac {n}{p} \, r\right ) \theta ' < p_\sharp ,\end {equation*}


$\varepsilon \in (0,\varepsilon _1)$


\begin {equation}\label {eq:int-gradtoest-2} \int _{B_{R}} v^{-\left (q-\frac {n}{p} r\right ) \theta '} dx \leq C R^{n-\frac {p}{p-1} \left (q-\frac {n}{p} r\right ) \theta '}.\end {equation}


\begin {equation*}\int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq C R^{n-\frac {n-1}{p-1} r - \frac {p}{p-1}\left (q-\frac {n}{p} r\right ) + r \varepsilon } = C R^{n-\frac {pq-r}{p-1} + \varepsilon },\end {equation*}


$\varepsilon _1>0$


\begin {equation*}\frac {np-n+r}{p} \leq q < \frac {np-n+p}{p} - \frac {n-p}{np\left (p-1\right )} r.\end {equation*}


$r<p$


$p<n$


\begin {equation*}p_\sharp \leq \left (q-\frac {n}{p} \, r\right ) \theta ' < p_\sharp +1 ,\end {equation*}


$\varepsilon \in (0,\varepsilon _1)$


$\varepsilon _1>0$


$q>q_r$


\begin {equation}\label {eq:int-gradtoest-22} \int _{B_{R}} v^{-\left (q-\frac {n}{p} r\right ) \theta '} dx \leq C R^{\varepsilon },\end {equation}


$\varepsilon \in (0,\varepsilon _1)$


$\varepsilon _1>0$


\begin {equation*}\int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq C R^{\left (n-\frac {n-1}{p-1} r\theta + \varepsilon \right ) \frac {1}{\theta } + \frac {\varepsilon }{\theta '}} \leq C R^{\varepsilon },\end {equation*}


$\theta $


$q=q_r$


\begin {equation*}\int _{B_{R}} v^{-q_r} \,\abs {\nabla v}^{r} \, dx = \int _{B_{R}} v^\varepsilon v^{-q_r-\varepsilon } \,\abs {\nabla v}^{r} \, dx \leq C R^{\frac {p}{p-1}\varepsilon } \int _{B_{R}} v^{-q_r-\varepsilon } \,\abs {\nabla v}^{r} \, dx \leq C R^{\varepsilon },\end {equation*}


$\varepsilon _1>0$


$C>0$


$R$


$u \in L^{\past -1}(\R ^n) \cap L^q(\R ^n)$


$q \in [\past ,+\infty ]$


$u \in L^{\past }\!(\R ^n)$


$u \in \mathcal {D}^{1,p}(\R ^n)$


$\eta \in C^\infty _c(\R ^n)$


$\psi = u \eta ^p$


\begin {equation*}\int _{\R ^n} \eta ^p \,\abs {\nabla u}^p \, dx \leq \int _{\R ^n} \eta ^p u^{\past } dx + C \int _{A_{R,2R}} u^{p} \,\abs {\nabla \eta }^p \, dx.\end {equation*}


\begin {equation*}\int _{B_R} \,\abs {\nabla u}^p \, dx \leq \int _{\R ^n} \eta ^p u^{\past } dx + C \,\frac {\abs {B_{2R}}^{\frac {1}{p}-\frac {1}{\past }}}{R^p} \left (\int _{A_{R,2R}} u^{\past } dx\right )^{\!\!\frac {p}{\past }} \leq C.\end {equation*}


$R \to +\infty $


$\abs {\nabla u} \in L^p(\R ^n)$


$u \in \mathcal {D}^{1,p}(\R ^n)$


$P$


$L^\infty $


\begin {equation*}\mathring {W} := \nabla \stressu - \frac {\tr \nabla \stressu }{n} \Id ,\end {equation*}


$P$


\begin {align*}&\int _{\R ^n} v^{1-n} P^m \tr \!\mathring {W}^2 \eta \, dx + nm \int _{\R ^n} v^{-n} P^{m-1} \,\abs {\nabla v}^{p-2} \left \langle \mathring {W}^2 \nabla v, \nabla v \right \rangle \eta \, dx \\ &\leq - \int _{\R ^n} v^{1-n} P^{m} \,\abs {\nabla v}^{p-2} \left \langle \mathring {W} \nabla v, \nabla \eta \right \rangle dx\end {align*}


$\eta \in C^\infty _c(\R ^n)$


$m \in \R $


$\varepsilon \in (0,1)$


\begin {equation}\label {eq:int-o(1)-tbp-2} \int _{B_R} v^{1-n} P^{-\frac {p-1}{p}+\varepsilon } \,\abs {\nabla v}^{2(p-1)} \, dx = o(R^2) \quad \text {as } R \to +\infty .\end {equation}


$P$


\begin {equation}\label {eq:est-int-o(1)} \int _{B_R} v^{1-n} P^{-\frac {p-1}{p}+\varepsilon } \,\abs {\nabla v}^{2(p-1)} \, dx \leq C \int _{B_R} v^{2-\frac {1}{p}-n-\varepsilon } \,\abs {\nabla v}^{p - 1 + p \varepsilon } \, dx.\end {equation}


\begin {equation*}1<p\leq \frac {n+1}{3},\end {equation*}


\begin {equation}\label {eq:rest-q-class-ener} p_\sharp +1 \leq n-2+\frac {1}{p}+\varepsilon < n\end {equation}


$\varepsilon \in (0,1)$


\begin {equation}\label {eq:u-D1p-classif} u \in \mathcal {D}^{1,p}(\R ^n) \quad \text {if and only if}\quad \int _{\R ^n} v^{-n} \, dx + \int _{\R ^n} v^{-n} \,\abs {\nabla v}^p \, dx < +\infty .\end {equation}


\begin {equation}\label {eq:int-v-q-very-lagre} \int _{B_R} v^{-q} \, dx \leq C \quad \text {for every } q \in [p_\sharp +1,n].\end {equation}


\begin {equation}\label {eq:est-grad-p-very-large} \int _{B_R} v^{-q} \,\abs {\nabla v}^p \, dx \leq C R^{\varepsilon } \quad \text {for every } q \in [p_\sharp +1,n),\end {equation}


$\varepsilon >0$


$q \in [p_\sharp +1,n)$


$\lambda \in (0,1)$


$p-1+p\varepsilon = \lambda p$


\begin {equation}\label {eq:interp-tocomb} \int _{B_R} v^{-q} \,\abs {\nabla v}^{p-1+p\varepsilon } \, dx \leq \left (\int _{B_R} v^{-q} \,\abs {\nabla v}^{p} \, dx\right )^{\!\!\lambda } \left (\int _{B_R} v^{-q} \, dx\right )^{\!\!1-\lambda }\!.\end {equation}


\begin {equation*}\int _{B_R} v^{-q} \,\abs {\nabla v}^{p-1+p\varepsilon } \, dx \leq C R^{\varepsilon } \quad \text {for every } q \in [p_\sharp +1,n),\end {equation*}


$R \geq 1$


$\varepsilon \in (0,1)$


$u^{\past -1} \in L^{1}(\R ^n)$


$u^{p^{\ast }-1}$


$u \in L^{\infty }(\R ^n)$


$C>0$


$R$


$\varepsilon \in (0,1)$


\begin {equation}\label {eq:int-o(1)-tbp} \int _{B_R} v^{1-n} P^{-\frac {p-1}{p}+\varepsilon } \,\abs {\nabla v}^{2(p-1)} \, dx = o(R^2) \quad \text {as } R \to +\infty .\end {equation}


\begin {equation}\label {eq:growth-2} v(x) \geq C \,\abs {x}^{-\frac {\beta p}{n-p}} \quad \text {for every } \abs {x} \geq 1,\end {equation}


\begin {equation*}\mathtt {q} := p_\sharp +1 - \frac {n-p}{np} - \frac {p(n-1)}{n(p-1)} \,\varepsilon \end {equation*}


$\varepsilon \in (0,1)$


\begin {equation*}p-1+p \varepsilon < \frac {n}{n-1} (p-1) \quad \text {and}\quad \mathtt {q} > q_{p-1+p \varepsilon }.\end {equation*}


\begin {equation}\label {eq:est-o(1)-1} \begin {split} \int _{B_R} v^{1-n} P^{-\frac {p-1}{p}+\varepsilon } \,\abs {\nabla v}^{2(p-1)} \, dx &\leq C \int _{B_R} v^{1-n+\frac {p-1}{p}-\varepsilon } \,\abs {\nabla v}^{p-1+p \varepsilon } \, dx \\ &= C \int _{B_R} v^{1-n+\frac {p-1}{p}-\varepsilon +\mathtt {q}} \, v^{-\mathtt {q}} \,\abs {\nabla v}^{p-1+p \varepsilon } \, dx. \end {split}\end {equation}


\begin {equation*}1-n+\frac {p-1}{p}-\varepsilon +\mathtt {q} = \frac {(3n+1)p-(n^2+2n)}{np} - \frac {n(p-1)+p(n-1)}{n(p-1)} \, \varepsilon <0,\end {equation*}


\begin {equation*}\int _{B_R} v^{1-n} P^{-\frac {p-1}{p}+\varepsilon } \,\abs {\nabla v}^{2(p-1)} \, dx \leq C R^{\frac {n^2+2n-(3n+1)p}{n(n-p)} \, \beta + c_{n,p} \, \beta \varepsilon },\end {equation*}


$c_{n,p}>0$


$\varepsilon \in (0,1)$


$\abs {\nabla u}$


$v^{-q} \,\abs {\nabla v}^{r}$


$n \in \N $


$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


$r \in (0,p)$


$q_r$


$\varepsilon _2 \in (0,\varepsilon _1)$


$n$


$p$


$r$


$q$


$R \geq R_1$


$R_1$


$\varepsilon \in (0,\varepsilon _2)$


\begin {equation}\label {eq:int-grad-all-r} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq C R^{n-\frac {pq-r}{p-1} + \varepsilon } \quad \text {for every } q \in \left (-\infty ,q_r \right ) ,\end {equation}


$C>0$


$R$


$C>0$


$R$


\begin {equation*}\mathtt {r} := \frac {n}{n-1} (p-1),\end {equation*}


$r \in (0,\mathtt {r})$


$r \in [\mathtt {r},p)$


$\lambda \in (0,1)$


$\varepsilon \in \left (0,\min \{\varepsilon _1,\mathtt {r}\}\right )$


$\varepsilon _1$


$r = \lambda (\mathtt {r}-\varepsilon ) + (1-\lambda ) p$


$q = \lambda q_{\mathtt {r}-\varepsilon } + (q-\lambda q_{\mathtt {r}-\varepsilon })$


\begin {equation}\label {eq:est-grad-gener} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq \left (\int _{B_{R}} v^{-q_{\mathtt {r}-\varepsilon }} \,\abs {\nabla v}^{\mathtt {r}-\varepsilon } \, dx\right )^{\!\!\lambda } \left (\int _{B_{R}} v^{-\frac {q-\lambda q_{\mathtt {r}-\varepsilon }}{1-\lambda }} \,\abs {\nabla v}^{p} \, dx\right )^{\!\! 1-\lambda } \!.\end {equation}


\begin {equation}\label {eq:est-grad-gener-1} \int _{B_{R}} v^{-q_{\mathtt {r}-\varepsilon }} \,\abs {\nabla v}^{\mathtt {r}-\varepsilon } \, dx \leq C R^{n-\frac {pq_{\mathtt {r}-\varepsilon }-\mathtt {r}+\varepsilon }{p-1} + \varepsilon },\end {equation}


$\varepsilon \in (0,\varepsilon _2)$


$q<q_r$


\begin {equation*}\frac {q-\lambda q_{\mathtt {r}-\varepsilon }}{1-\lambda } < p_\sharp +1,\end {equation*}


\begin {equation}\label {eq:est-grad-gener-2} \int _{B_{R}} v^{-\frac {q-\lambda q_{\mathtt {r}-\varepsilon }}{1-\lambda }} \,\abs {\nabla v}^{p} \, dx \leq C R^{n-\frac {p}{p-1}\left (\frac {q-\lambda q_{\mathtt {r}-\varepsilon }}{1-\lambda }-1\right )}.\end {equation}


$r$


\begin {equation*}\int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq \left (R^{n-\frac {pq_{\mathtt {r}-\varepsilon }-\mathtt {r}+\varepsilon }{p-1} + \varepsilon }\right )^{\!\!\lambda } \left (R^{n-\frac {p}{p-1}\left (\frac {q-\lambda q_{\mathtt {r}-\varepsilon }}{1-\lambda }-1\right )}\right )^{\!\! 1-\lambda } = C R^{n-\frac {pq-r}{p-1} + \varepsilon } ,\end {equation*}


$\varepsilon >0$


$\varepsilon _2>0$


$v^{-q} \,\abs {\nabla v}^r$


$q \geq q_r$


$n \in \N $


$1<p<n$


$u \in W^{1,p}_{\loc }(\R ^n) \cap L^\infty _{\loc }(\R ^n)$


\begin {equation}\label {eq:ass-p-r-q} r \in \left [\frac {n}{n-1} (p-1),p-1+\frac {p}{n}\right ) \quad \text {and}\quad q \geq r,\end {equation}


\begin {equation*}\mathsf {q}_r := \frac {n}{p} \, r > r.\end {equation*}


$\varepsilon _3 \in (0,\varepsilon _0)$


$n$


$p$


$r$


$q$


$R \geq R_1$


$R_1$


$\varepsilon \in (0,\varepsilon _3)$


\begin {gather}\label {eq:int-tbp-1'} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq C R^{\frac {p}{p-1}\left (\frac {n}{p} r-q \right ) + \varepsilon } \quad \text {for every } q \in \left [r,\mathsf {q}_r\right ] , \\ \label {eq:int-tbp-2'} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq C R^{\varepsilon } \quad \text {for every } q \in \left (\mathsf {q}_r, p_\sharp +1 \right ) ,\end {gather}


$C>0$


$R$


$C>0$


$R$


$m \in (0,1)$


$\phi : [0+\infty ) \to [0+\infty )$


\begin {equation*}\phi (t) := \begin {cases} (1-m) \int _{0}^{t} s^{-m} \, ds &\text {if } t \in [0,1], \\ 1 + m \int _{1}^{t} s^{-(1+m)} \, ds &\text {if } t \in (1,+\infty ). \end {cases}\end {equation*}


$\phi $


$t = 1$


$\phi (0)=0$


$0 \leq \phi \leq 2$


$\eta \in C^\infty _c(\R ^n)$


$\psi = \phi (u) \eta $


\begin {equation*}\nabla \psi = \phi (u) \nabla \eta + \left ((1-m) u^{-m} \chi _{\{u \leq 1\}} + m u^{-(1+m)} \chi _{\{u>1\}}\right ) \eta \,\nabla u.\end {equation*}


\begin {equation*}\int _{B_{2R}} \phi '(u) \eta \,\abs {\nabla u}^p + \phi (u) \left \langle \stressu , \nabla \eta \right \rangle dx = \int _{B_{2R}} u^{\past -1} \phi (u) \eta \, dx,\end {equation*}


\begin {equation*}\int _{B_R} (1-m) \frac {\abs {\nabla u}^p}{u^m} \chi _{\{u \leq 1\}} + m \,\frac {\abs {\nabla u}^p}{u^{1+m}} \chi _{\{u>1\}} \, dx \leq 2 \int _{B_{2R}} u^{\past -1} \, dx + \frac {2}{R} \int _{A_{R,2R}} \,\abs {\nabla u}^{p-1} \, dx,\end {equation*}


$\eta $


$u$


$u>0$


$\R ^n$


\begin {equation}\label {eq:gradu-su-u} \int _{B_R} (1-m) \frac {\abs {\nabla u}^p}{u^m} \chi _{\{u \leq 1\}} + m \,\frac {\abs {\nabla u}^p}{u^{1+m}} \chi _{\{u>1\}} \, dx \leq C R^{\varepsilon },\end {equation}


$\varepsilon \in (0,\varepsilon _0)$


$0 \leq \mu \leq m \leq M$


$u^\mu \geq u^m$


$\{0<u \leq 1\}$


$u^{1+m} \leq u^{1+M}$


$\{u>1\}$


\begin {equation}\label {eq:gradu-su-u-2} \int _{B_R} \frac {\abs {\nabla u}^p}{u^\mu } \chi _{\{u \leq 1\}} + \frac {\abs {\nabla u}^p}{u^{1+M}} \chi _{\{u>1\}} \, dx \leq C R^{\varepsilon },\end {equation}


$\varepsilon \in (0,\varepsilon _0)$


\begin {equation}\label {eq:p-gamma-grad} \gamma \in \left [\frac {n}{n-1} (p-1),p-1+\frac {p}{n}\right ).\end {equation}


$s>1$


\begin {equation}\label {eq:grad-comb-1} \int _{B_R} \,\abs {\nabla u}^\gamma \, dx \leq \left (\int _{B_R} \,\frac {\abs {\nabla u}^p}{u^s} \, dx\right )^{\!\!\frac {\gamma }{p}} \left (\int _{B_R} u^{\frac {s\gamma }{p-\gamma }} \, dx\right )^{\!\!\frac {p-\gamma }{p}}\!.\end {equation}


\begin {align*}\int _{B_R} \,\frac {\abs {\nabla u}^p}{u^s} \, dx &= \int _{B_R} \,\frac {\abs {\nabla u}^p}{u^s} \chi _{\{u \leq 1\}} + \frac {\abs {\nabla u}^p}{u^s} \chi _{\{u>1\}} \, dx \\ &= \int _{B_R} \,\frac {\abs {\nabla u}^p}{u^{1-\varepsilon }} u^{1-\varepsilon -s} \chi _{\{u \leq 1\}} + \frac {\abs {\nabla u}^p}{u^s} \chi _{\{u>1\}} \, dx \\ &\leq C R^{(s-1+\varepsilon )\frac {n-p}{p-1}} \int _{B_R} \,\frac {\abs {\nabla u}^p}{u^{1-\varepsilon }} \chi _{\{u \leq 1\}} + \frac {\abs {\nabla u}^p}{u^s} \chi _{\{u>1\}} \, dx,\end {align*}


$s>1$


\begin {equation}\label {eq:grad-comb-2} \int _{B_R} \,\frac {\abs {\nabla u}^p}{u^s} \, dx \leq C R^{(s-1+\varepsilon )\frac {n-p}{p-1}+ \varepsilon }.\end {equation}


$s=1+\varepsilon $


$\varepsilon _3 \in (0,\varepsilon _0)$


\begin {equation*}p_\ast -1 \leq \frac {s\gamma }{p-\gamma } \leq \past -1,\end {equation*}


$\varepsilon \in (0,\varepsilon _3)$


\begin {equation}\label {eq:grad-comb-3} \int _{B_R} u^{\frac {s\gamma }{p-\gamma }} \, dx \leq C R^{\varepsilon }.\end {equation}


\begin {equation}\label {eq:est-gradu-gamma-large} \int _{B_R} \,\abs {\nabla u}^\gamma \, dx \leq C R^{\varepsilon } \quad \text {for every } \gamma \in \left [\frac {n}{n-1} (p-1),p-1+\frac {p}{n}\right ),\end {equation}


$\varepsilon _3>0$


$\varepsilon >0$


\begin {equation}\label {eq:est-gradv-gamma-large} \int _{B_{R}} v^{-\frac {n}{p} \gamma } \,\abs {\nabla v}^{\gamma } \, dx \leq C R^{\varepsilon } \quad \text {for every } \gamma \in \left [\frac {n}{n-1} (p-1),p-1+\frac {p}{n}\right ).\end {equation}


\begin {equation*}r \in \left [\frac {n}{n-1} (p-1),p-1+\frac {p}{n}\right ) \quad \text {and}\quad r \leq q \leq \frac {n}{p} \, r,\end {equation*}


\begin {equation*}\begin {split} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx &= \int _{B_{R}} v^{\frac {n}{p} r-q} v^{-\frac {n}{p} r} \,\abs {\nabla v}^{r} \, dx \leq C R^{\frac {p}{p-1}\left (\frac {n}{p} r-q \right )} \int _{B_{R}} v^{-\frac {n}{p} r} \,\abs {\nabla v}^{r} \, dx \\ &\leq C R^{\frac {p}{p-1}\left (\frac {n}{p} r-q \right ) + \varepsilon }. \end {split}\end {equation*}


\begin {equation}\label {eq:rest-r-q-1} r \in \left [\frac {n}{n-1} (p-1),p-1+\frac {p}{n}\right ) \quad \text {and}\quad q_r \leq \frac {n}{p} \, r < q < p_\sharp +1,\end {equation}


$\varepsilon \in (0,1)$


\begin {equation}\label {eq:def-theta-1} \theta := \left (p-1+\frac {p}{n}\right ) \frac {1}{r} - \varepsilon .\end {equation}


$\theta >1$


$\varepsilon \in (0,\varepsilon _3)$


$\varepsilon _3>0$


\begin {equation}\label {eq:int-grad-toest-1} \begin {split} \int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx &= \int _{B_{R}} v^{-\frac {n}{p} r} \,\abs {\nabla v}^{r} v^{\frac {n}{p} r-q} \, dx \\ &\leq \left (\int _{B_{R}} v^{-\frac {n}{p} r\theta } \,\abs {\nabla v}^{r\theta } \, dx\right )^{\!\!\frac {1}{\theta }} \left (\int _{B_{R}} v^{-\left (q-\frac {n}{p} r\right ) \theta '} dx\right )^{\!\!\frac {1}{\theta '}}\!. \end {split}\end {equation}


$\theta $


\begin {equation}\label {eq:int-grad-toest-2} \int _{B_{R}} v^{-\frac {n}{p} r\theta } \,\abs {\nabla v}^{r\theta } \, dx \leq C R^{\varepsilon }.\end {equation}


$q$


\begin {equation*}\mathtt {q} := p_\sharp +\frac {n}{np-n+p} \, r < q < p_\sharp +1.\end {equation*}


$r$


$q>\mathtt {q}$


$\varepsilon _3>0$


$q$


\begin {equation*}p_\sharp \leq \left (q-\frac {n}{p} \, r\right ) \theta ' \leq p_\sharp +1,\end {equation*}


$\varepsilon \in (0,\varepsilon _3)$


\begin {equation}\label {eq:int-grad-toest-3} \int _{B_{R}} v^{-\left (q-\frac {n}{p} r\right ) \theta '} dx \leq C R^{\varepsilon },\end {equation}


$\varepsilon \in (0,\varepsilon _3)$


$\varepsilon _3>0$


$q>\mathtt {q}$


\begin {equation*}\mathsf {q}_r < q \leq \mathtt {q}\end {equation*}


$q=\mathtt {q}+\varepsilon $


\begin {equation}\label {eq:int-qr-qr} \int _{B_{R}} v^{-\mathsf {q}_r} \,\abs {\nabla v}^{r} \, dx \leq C R^{\varepsilon } \quad \text {and}\quad \int _{B_{R}} v^{-\mathtt {q}-\varepsilon } \,\abs {\nabla v}^{r} \, dx \leq C R^{\varepsilon }.\end {equation}


$\lambda \in (0,1)$


$q = \lambda \mathsf {q}_r + (1-\lambda ) (\mathtt {q}+\varepsilon )$


\begin {equation*}\int _{B_{R}} v^{-q} \,\abs {\nabla v}^{r} \, dx \leq \left (\int _{B_{R}} v^{-\mathsf {q}_r} \,\abs {\nabla v}^{r} \, dx\right )^{\!\!\lambda } \left (\int _{B_{R}} v^{-\mathtt {q}-\varepsilon } \,\abs {\nabla v}^{r} \, dx\right )^{\!\! 1-\lambda } \leq C R^{\varepsilon }.\end {equation*}


$\mathsf {q}_r \geq q_r$
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by Damascelli et al. [4], Vétois [5], and Sciunzi [6], who proved that positive energy solutions to (1.1), referred to as 𝑝-bubbles, are 
explicitly given by

𝑈𝑝[𝑧, 𝜆](𝑥) ∶=

⎛
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𝑛−𝑝
𝑝

, (1.2)

where 𝜆 > 0 and 𝑧 ∈ ℝ𝑛 are the scaling and translation parameters, respectively. We also mention that, still in the case of energy 
solutions, Ciraolo et al. [7] addressed classification results in the anisotropic setting in convex cones of ℝ𝑛.

The classification of solutions not assumed a priori to belong to the space 1,𝑝(ℝ𝑛) is known only for 𝑝 = 2, as established in Caf-
farelli et al. [2], Chen and Li[3]. Moreover, a remarkable result due to Schoen – quoted in Li and Zhang[8, Corollary 1.6] – implies 
that a positive solution 𝑢 ∈ 𝐶2(ℝ𝑛) to (1.1) for 𝑝 = 2 enjoys the estimate

∫𝐵𝑅

(

|∇𝑢|2 + 𝑢2
∗
)

𝑑𝑥 ≤ 𝐶𝑛, (1.3)

for some dimensional constant 𝐶𝑛 > 0, where 𝐵𝑅 ∶= 𝐵𝑅(0). As a consequence, any positive solution 𝑢 ∈ 𝐶2(ℝ𝑛) to (1.1) immediately 
belongs to the energy space 1,2(ℝ𝑛). To be precise, estimate (1.3) was originally established by Schoen using the resut of Caffarelli 
et al. [2]. However, Li and Zhang[8] later provided an alternative proof which is independent of the classification in Caffarelli 
et al. [2].

Therefore, the classification result for any 1 < 𝑝 < 𝑛 without the energy assumption remains an open problem. Specifically, one 
seeks to classify positive local weak solutions to (1.1), that is positive functions 𝑢 ∈ 𝑊 1,𝑝

loc (ℝ
𝑛) ∩ 𝐿∞

loc(ℝ
𝑛) such that

∫ℝ𝑛
⟨

|∇𝑢|𝑝−2 ∇𝑢,∇𝜓
⟩

𝑑𝑥 = ∫ℝ𝑛
𝑢𝑝

∗−1𝜓 𝑑𝑥 for every 𝜓 ∈ 𝐶∞
𝑐 (ℝ𝑛).

Some progresses have been made in the last years. The first result in this direction was obtained by Catino et al. [9]. Their work was 
significantly improved by Ou[10], and later refined by Vétois [11] and Sun and Wang[12]. All these results can be summarized in 
the following theorem.

Theorem I. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) be a positive local weak solution to (1.1). Moreover, assume that 𝑝𝑛 <
𝑝 < 𝑛, where

𝑝𝑛 ∶=

⎧

⎪

⎨

⎪

⎩

1 if 𝑛 = 2,
𝑛2

3𝑛−2 if 𝑛 = 3, 4,
𝑛2+2
3𝑛 if 𝑛 ≥ 5.

Then, 𝑢 is a 𝑝-bubble of the form (1.2).
For 𝑝 = 2, since any solution 𝑢 ∈ 𝑊 1,2

loc (ℝ
𝑛) ∩ 𝐿∞

loc(ℝ
𝑛) to (1.1) is actually smooth by standard regularity theory, the conclusion of 

Theorem I follows directly from the discussion above in every dimension.
In the general case 1 < 𝑝 < 𝑛, apart from Theorem I, the classification of local weak solutions to (1.1) is known only under additional 

global decay or boundedness assumptions. Motivated by this limitation, we establish the following higher integrability result under 
the assumption that the infimum of the solution behaves properly at infinity, namely that there exists some constant 𝐶 > 0 such that

inf
𝐵𝑅
𝑢 ≤ 𝐶♭𝑅

− 𝑛−𝑝
𝑝−1 for every 𝑅 ≥ 1. (1.4)

In particular, assumption (1.4) is required at only one point in the proof. Specifically, see the proof of Proposition 2.1.

Theorem 1.1. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satisfy-
ing (1.4). Then, 𝑢 ∈ 𝐿𝑝∗−1(ℝ𝑛). 

As a consequence, we provide a complete classification under the assumption that the solution is bounded, together with (1.4).

Theorem 1.2. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satisfy-
ing (1.4). Suppose, in addition, that 𝑢 is globally bounded, i.e. 𝑢 ∈ 𝐿∞(ℝ𝑛). Then, 𝑢 is a 𝑝-bubble of the form (1.2). 

Furthermore, Theorem 1.1 motivates the following corollary.

Corollary 1.2.1. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satisfy-
ing (1.4). Suppose, in addition, that 𝑢𝑝∗−1 is uniformly continuous. Then, 𝑢 is a 𝑝-bubble of the form (1.2). 

Actually, Theorem 1.2 is a particular case of the following more general statement.

Theorem 1.3. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satisfy-
ing (1.4). Suppose, in addition, that 𝑢 ∈ 𝐿𝑞(ℝ𝑛) for some 𝑞 ∈ [𝑝∗,+∞]. Then, 𝑢 is a 𝑝-bubble of the form (1.2). 
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We establish all these conclusions by deriving new optimal and nearly optimal integral estimates for solutions to (1.1) satisfy-
ing (1.4). These estimates are optimal or nearly optimal in the sense that they are sharp or nearly sharp for the 𝑝-bubbles (1.2). In 
this context, we say that an estimate is nearly sharp if it differs from the estimate holding for a 𝑝-bubble only by an arbitrarily small 
quantity in the exponent.

Specifically, the key idea is the derivation of integral estimates for 𝑢𝛾 on the ball 𝐵𝑅 in two different regimes: 𝛾 < 𝑝∗ − 1 and 𝑝∗ − 1 ≤
𝛾 ≤ 𝑝∗ − 1 – see (2.4) below for the definitions of these exponents.

The first estimate is, to some extend, analogous to the one established on the unit ball by Bidaut-Véron[13]. Nevertheless, Kelvin 
transform-type arguments do not seem adequate to obtain it directly from Bidaut-Véron[13]. Instead, we derive it by combining the 
weak Harnack inequality with an estimate due to Shakerian and Vétois [14]. The estimates in the second regime are obtained via 
test function arguments as in Ou[10], starting from the previous ones. In particular, we prove that 𝑢 ∈ 𝐿𝑝∗−1(ℝ𝑛), which immediately 
yields the desired results by interpolation.

In fact, the boundedness assumption can be further relaxed to allow for moderate growth at infinity.
Theorem 1.4. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝

loc (ℝ
𝑛) ∩ 𝐿∞

loc(ℝ
𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satisfy-

ing (1.4). Suppose, in addition, that

1 < 𝑝 < 𝑛2 + 2𝑛
3𝑛 + 1

and 𝛽 ∶=
2𝑛(𝑛 − 𝑝)

𝑛2 + 2𝑛 − (3𝑛 + 1)𝑝
(1.5)

and that, for some 𝐶 > 0, we have
𝑢(𝑥) ≤ 𝐶 |𝑥|𝛽 for every |𝑥| ≥ 1. (1.6)

Then, 𝑢 is a 𝑝-bubble of the form (1.2). 

1.1.  Structure of the paper

In Section 2, we introduce some auxiliary functions that will be used throughout the manuscript and establish some integral 
estimates for 𝑢. These include Theorem 1.1. In Section 3, we prove Theorems 1.2–1.4 and Corollary 1.2.1. Finally, in Appendix A, we 
derive other integral estimates involving the gradient.

2.  Integral estimates for 𝒖

Since 𝑢 ∈ 𝐿∞
loc(ℝ

𝑛), it is well known [15–17] that 𝑢 ∈ 𝐶1,𝛼
loc (ℝ

𝑛) for some 𝛼 ∈ (0, 1). Moreover, since 𝑢 ≥ 0 in ℝ𝑛 is non-trivial, the 
strong maximum principle in Vázquez[18] implies that 𝑢 > 0 in ℝ𝑛.

On top of this, we introduce the auxiliary function

𝑣 ∶= 𝑢−
𝑝
𝑛−𝑝 . (2.1)

We also define the so-called 𝑃 -function given by

𝑃 ∶= 𝑛
𝑝 − 1
𝑝

𝑣−1 |∇𝑣|𝑝 +
(

𝑝
𝑛 − 𝑝

)𝑝−1
𝑣−1. (2.2)

This has been used in Ou[10], Vétois [11], Sun and Wang[12] to prove the classification result of Theorem I, in Ciraolo et al. [19] for 
the semilinear case on Riemannian manifolds, and also in Ciraolo and Gatti [20] to tackle quantitative stability issues related to (1.1).

Let us define the critical set of 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) as
𝑢 ∶= {𝑥 ∈ ℝ𝑛

|∇𝑢(𝑥) = 0},

and the stress field associated with 𝑢 by
𝑎(∇𝑢) ∶= |∇𝑢|𝑝−2 ∇𝑢,

which is extended to zero on 𝑢. Then, thanks to the regularity results in Antonini et al. [21] and Lou[22], the set 𝑢 is negligible, 
i.e. |𝑢| = 0, and

𝑎(∇𝑢) ∈ 𝑊 1,2
loc (ℝ

𝑛),

𝑢 ∈ 𝑊 2,2
loc (ℝ

𝑛 ⧵𝑢) and |∇𝑢|𝑝−2 ∇2 𝑢 ∈ 𝐿2
loc(ℝ

𝑛 ⧵𝑢) for every 1 < 𝑝 < 𝑛.
From its definition in (2.1), 𝑣 inherits some regularity properties from 𝑢, in particular

𝑣 = 𝑢,

𝑣 ∈ 𝐶1,𝛼
loc (ℝ

𝑛) ∩ 𝐶∞(ℝ𝑛 ⧵𝑣
)

and 𝑎(∇𝑣) ∈ 𝑊 1,2
loc (ℝ

𝑛),

𝑣 ∈ 𝑊 2,2
loc (ℝ

𝑛 ⧵𝑣) and |∇𝑣|𝑝−2 ∇2𝑣 ∈ 𝐿2
loc(ℝ

𝑛 ⧵𝑣) for every 1 < 𝑝 < 𝑛.
Moreover, 𝑣 is a weak solution to

Δ𝑝𝑣 = 𝑃 in ℝ𝑛. (2.3)
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To keep the notation concise, we also define the couple of critical exponents associated with 𝑢 as

𝑝∗ ∶=
𝑝(𝑛 − 1)
𝑛 − 𝑝

and 𝑝∗ ∶=
𝑛𝑝
𝑛 − 𝑝

, (2.4)

and the exponent related to 𝑣 as

𝑝♯ ∶=
𝑝 − 1
𝑝

𝑛. (2.5)

In particular, observe that 𝑝∗ and 𝑝♯ satisfy the relation

𝑝∗ − 1 =
𝑝

𝑛 − 𝑝
𝑝♯.

Recall also that, since 𝑢 is weakly 𝑝-superharmonic, Lemma 2.3 in Serrin and Zou[23] implies that

𝑢(𝑥) ≥ 𝐶 |𝑥|−
𝑛−𝑝
𝑝−1 for all 𝑥 ∈ ℝ𝑛 ⧵ 𝐵1, (2.6)

for some 𝐶 > 0 depending only on 𝑛, 𝑝, and min𝜕𝐵1
𝑢. Hence, exploiting the definition of 𝑣 in (2.1), we deduce that

𝑣(𝑥) ≤ 𝐶 |𝑥|
𝑝
𝑝−1 for all 𝑥 ∈ ℝ𝑛 ⧵ 𝐵1, (2.7)

for some 𝐶 > 0 depending on 𝑛, 𝑝, and min𝜕𝐵1
𝑢.

We point out that assumption (1.4) and (2.6) imply that the infimum of 𝑢 on 𝐵𝑅 has the same decay rate of the fundamental 
solution. Moreover, it is easy to see that

inf
𝐵𝑅
𝑢 ≤ 𝐶𝑅− 𝑛−𝑝

𝑝 for every 𝑅 ≥ 1.

The following result provides optimal integral estimates for a positive weak solution to (1.1) in the regime of small exponents. 
This is the only point where assumption (1.4) is required.
Proposition 2.1. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝

loc (ℝ
𝑛) ∩ 𝐿∞

loc(ℝ
𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satis-

fying (1.4). Then, there exists 𝑅0 ≥ 1 such that for every 𝑅 ≥ 𝑅0 and for either 𝐸 = 𝐵𝑅 or 𝐸 = 𝐴𝑅,3𝑅 ∶= 𝐵3𝑅 ⧵ 𝐵𝑅, we have

∫𝐸
𝑢𝛾 𝑑𝑥 ≤ 𝐶𝑅𝑛−

𝑛−𝑝
𝑝−1 𝛾 for every 𝛾 ∈ (

−∞, 𝑝∗ − 1
)

, (2.8)

where 𝐶 > 0 is a constant independent of 𝑅. Equivalently, it follows that

∫𝐸
𝑣−𝑞 𝑑𝑥 ≤ 𝐶𝑅𝑛−

𝑝
𝑝−1 𝑞 for every 𝑞 ∈ (

−∞, 𝑝♯
)

,

where 𝑣 and 𝑝♯ are defined in (2.1) and (2.5), respectively. 
Proof.  We begin by defining, for 𝑅 > 0, the continuous function

𝑢𝑅(𝑥) ∶= 𝑅
𝑛−𝑝
𝑝−1 𝑢(𝑅𝑥) for 𝑥 ∈ ℝ𝑛 (2.9)

and the quantity
Γ𝑅(𝑢) ∶= min

𝜕𝐵1
𝑢𝑅.

From (2.6), we clearly have that
lim inf
𝑅→+∞

Γ𝑅(𝑢) = 𝜎 > 0.

Moreover, by assumption (1.4) we have that 𝜎 is finite and by the argument of Step 4.2 in Shakerian and Vétois [14], we obtain
lim

𝑅→+∞
Γ𝑅(𝑢) = 𝜎. (2.10)

Then, we easily see that 𝑢𝑅 is weakly 𝑝-superharmonic in ℝ𝑛, therefore it satisfies the weak Harnack inequality – see, for in-
stance, Pucci and Serrin[24, Theorem 7.1.2] – and for every ball 𝐵𝜌(𝑥) ⊆ ℝ𝑛 we have

𝜌−
𝑛
𝛾

(

∫𝐵𝜌(𝑥)
𝑢𝛾𝑅 𝑑𝑦

)
1
𝛾

≤ 𝐶♯ inf
𝐵2𝜌(𝑥)

𝑢𝑅 for every 𝛾 ∈ (

0, 𝑝∗ − 1
)

, (2.11)

where 𝐶♯ > 0 depends only on 𝑛, 𝑝, and 𝛾.
Applying (2.11) with 𝑥 = 0 and 𝜌 = 1 entails that

(

∫𝐵1

𝑢𝛾𝑅 𝑑𝑥
)

1
𝛾
≤ 𝐶♯ inf𝐵2

𝑢𝑅 ≤ 𝐶♯min
𝜕𝐵1

𝑢𝑅 = 𝐶♯ Γ𝑅(𝑢), (2.12)

for 𝛾 ∈ (

0, 𝑝∗ − 1
)

. From (2.10), we deduce that there exists 𝑅0 ≥ 1 such that
Γ𝑅(𝑢) ≤ 2𝜎 for every 𝑅 ≥ 𝑅0,
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thus, combining with (2.12), we have

∫𝐵1

𝑢𝛾𝑅 𝑑𝑥 ≤
(

2𝐶♯𝜎
)𝛾 for every 𝛾 ∈ (

0, 𝑝∗ − 1
)

,

for every 𝑅 ≥ 𝑅0. Finally, recalling (2.9) and changing variables, we infer the validity of (2.8) for 𝐸 = 𝐵𝑅 and 𝛾 > 0.
To prove (2.8) for 𝐸 = 𝐴𝑅,3𝑅, we observe that

⎛

⎜

⎜

⎝

∫𝐴 1
2 ,

3
2

𝑢𝛾𝑅 𝑑𝑥
⎞

⎟

⎟

⎠

1
𝛾

≤ 𝐶 min
𝜕𝐵1

𝑢𝑅 = 𝐶 Γ𝑅(𝑢), (2.13)

for some 𝐶 > 0. Indeed, one recovers the annulus by a family of balls {𝐵1(𝑥𝑖)}𝑘𝑖=0 with |𝑥𝑖| = 1, |𝑥𝑖 − 𝑥𝑖−1| ≤ 1 for 𝑖 = 1,… , 𝑘, 
and 𝑢𝑅(𝑥0) = Γ𝑅(𝑢). Moreover, 𝑘 is independent of 𝑅. A standard chaining argument yields (2.13), from which, thanks to the pre-
vious reasoning, we get the desired conclusion.

Finally, when 𝛾 ≤ 0, the conclusion follows directly from (2.6). ∎
We now aim to show that a positive weak solution to (1.1) enjoying (1.4) satisfies nearly optimal estimates also in the regime of 

large exponents. In particular, these estimates show that 𝑢 ∈ 𝐿𝑝∗−1(ℝ𝑛) and, hence, they include Theorem 1.1.
Proposition 2.2. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝

loc (ℝ
𝑛) ∩ 𝐿∞

loc(ℝ
𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satis-

fying (1.4). Moreover, let 𝑞 ∈ [𝑝♯, 𝑝♯ + 1). Then, exists 𝜀0 ∈ (0, 1), depending only on 𝑛, 𝑝, and 𝑞, such that for every 𝑅 ≥ 𝑅0 – where 𝑅0 is 
defined in Proposition 2.1 – and 𝜀 ∈ (0, 𝜀0), we have

∫𝐵𝑅
𝑣−𝑞 𝑑𝑥 ≤ 𝐶𝑅𝜀 for every 𝑞 ∈ [𝑝♯, 𝑝♯ + 1), (2.14)

where 𝐶 > 0 is a constant independent of 𝑅. Moreover, it holds

∫𝐵𝑅
𝑣−𝑝♯−1 𝑑𝑥 ≤ 𝐶. (2.15)

As a consequence, 𝑢 ∈ 𝐿𝑝∗−1(ℝ𝑛). 
Proof.  In the following calculations 𝐶 > 0 will denote a constant independent of 𝑅, which may vary from line to line.

We first claim that

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑝 𝑑𝑥 + ∫𝐵𝑅

𝑣−𝑞 𝑑𝑥 ≤ 𝐶𝑅𝑛−
𝑝
𝑝−1 (𝑞−1) for every 𝑞 < 𝑝♯ + 1. (2.16)

Indeed, let 𝜃 > 𝑝 be fixed and 𝜂 ∈ 𝐶∞
𝑐 (ℝ𝑛) be a cut-off function such that 0 ≤ 𝜂 ≤ 1 in ℝ𝑛, 𝜂 = 1 in 𝐵𝑅, 𝜂 = 0 in ℝ𝑛 ⧵ 𝐵2𝑅, and |∇𝜂| ≤

1∕𝑅 in 𝐴𝑅,2𝑅. Testing (2.3) with 𝜓 = 𝑣1−𝑞𝜂𝜃 and applying Young’s inequality yield

(

𝑝♯ + 1 − 𝑞
)

∫ℝ𝑛
𝜂𝜃𝑣−𝑞 |∇𝑣|𝑝 𝑑𝑥 +

(

𝑝
𝑛 − 𝑝

)𝑝−1

∫ℝ𝑛
𝜂𝜃𝑣−𝑞 𝑑𝑥

≤ 𝜀∫ℝ𝑛
𝜂𝜃𝑣−𝑞 |∇𝑣|𝑝 𝑑𝑥 + 𝐶

𝜀𝑝−1𝑅𝑝 ∫ℝ𝑛
𝜂𝜃−𝑝𝑣𝑝−𝑞 𝑑𝑥,

for 𝜀 > 0. By choosing 𝜀 > 0 sufficiently small, and since 𝑞 < 𝑝♯ + 1, we deduce that

∫ℝ𝑛
𝜂𝜃𝑣−𝑞 |∇𝑣|𝑝 𝑑𝑥 + ∫ℝ𝑛

𝜂𝜃𝑣−𝑞 𝑑𝑥 ≤ 𝐶
𝑅𝑝 ∫𝐵2𝑅

𝑣𝑝−𝑞 𝑑𝑥.

On the other hand, we also have 𝑞 − 𝑝 < 𝑝♯ and since 𝑅 ≥ 𝑅0, applying Proposition 2.1, we deduce that

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑝 𝑑𝑥 + ∫𝐵𝑅

𝑣−𝑞 𝑑𝑥 ≤ 𝐶𝑅𝑛−
𝑝
𝑝−1 (𝑞−𝑝)−𝑝,

hence (2.16) follows.
Let 𝑞 ∈ [𝑝♯, 𝑝♯ + 1) be fixed. There exists 𝜀0 ∈ (0, 1), depending only on 𝑛, 𝑝, and 𝑞, such that

𝑠 ∶= 𝑝♯ − 𝜀 < 𝑞 < 𝑝♯ + 1 − 𝜀 =∶ 𝑟

for every 𝜀 ∈ (0, 𝜀0). Hence, Proposition 2.1 and (2.16) yield

∫𝐵𝑅
𝑣−𝑠 𝑑𝑥 ≤ 𝐶𝑅

𝑝
𝑝−1 𝜀 and ∫𝐵𝑅

𝑣−𝑟 𝑑𝑥 ≤ 𝐶𝑅
𝑝
𝑝−1 𝜀,

respectively. Let 𝜆 ∈ [0, 1] be such that
1
𝑞
= 𝜆
𝑠
+ 1 − 𝜆

𝑟
,
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thus, by interpolation, we conclude that

∫𝐵𝑅
𝑣−𝑞 𝑑𝑥 ≤

(

∫𝐵𝑅
𝑣−𝑠 𝑑𝑥

)
𝜆𝑞
𝑠
(

∫𝐵𝑅
𝑣−𝑟 𝑑𝑥

)
(1−𝜆)𝑞
𝑟

≤
(

𝐶𝑅
𝑝
𝑝−1 𝜀

)

𝜆𝑞
𝑠
(

𝐶𝑅
𝑝
𝑝−1 𝜀

)

(1−𝜆)𝑞
𝑟 = 𝐶𝑅

𝑝
𝑝−1 𝜀.

Up to a redefinition of 𝜀0 > 0, this shows the validity of (2.14) and we are left with the case 𝑞 = 𝑝♯ + 1.
Testing (2.3) with 𝜓 = 𝑣−𝑝♯𝜂, we get

∫ℝ𝑛
𝜂𝑣−𝑝♯−1 𝑑𝑥 ≤ 𝐶

𝑅 ∫𝐴𝑅,2𝑅
𝑣−𝑝♯ |∇𝑣|𝑝−1 𝑑𝑥 ≤ 𝐶

𝑅 ∫𝐵2𝑅

𝑣−𝑝♯ |∇𝑣|𝑝−1 𝑑𝑥. (2.17)

Using Hölder inequality, it follows that

∫𝐵2𝑅

𝑣−𝑝♯ |∇𝑣|𝑝−1 𝑑𝑥 = ∫𝐵2𝑅

𝑣(𝜀−𝑝♯−1)
𝑝−1
𝑝

|∇𝑣|𝑝−1 𝑣−𝑝♯−(𝜀−𝑝♯−1)
𝑝−1
𝑝 𝑑𝑥

≤
(

∫𝐵2𝑅

𝑣𝜀−𝑝♯−1 |∇𝑣|𝑝 𝑑𝑥
)
𝑝−1
𝑝
(

∫𝐵2𝑅

𝑣−𝑝♯+(1−𝜀)(𝑝−1) 𝑑𝑥
)

1
𝑝
.

(2.18)

Choosing

0 < 𝜀 < min
{

1,
𝑛 − 𝑝
𝑝

(𝑝 − 1)
}

,

we have that
𝑝♯ + 1 − 𝜀 < 𝑝♯ + 1 and 0 < 𝑝♯ − (1 − 𝜀)(𝑝 − 1) < 𝑝♯,

therefore (2.16) entails that

∫𝐵2𝑅

𝑣𝜀−𝑝♯−1 |∇𝑣|𝑝 𝑑𝑥 ≤ 𝐶𝑅
𝑝
𝑝−1 𝜀, (2.19)

moreover, Proposition 2.1 yields

∫𝐵2𝑅

𝑣−𝑝♯+(1−𝜀)(𝑝−1) 𝑑𝑥 ≤ 𝐶𝑅(1−𝜀)𝑝. (2.20)

As a result, combining (2.17)–(2.20) immediately implies the validity of (2.15).
Finally, since in (2.15) the constant 𝐶 is independent of 𝑅, using the definitions of 𝑣 and 𝑝♯ given in (2.1) and (2.5), respectively, 

we deduce that 𝑢 ∈ 𝐿𝑝∗−1(ℝ𝑛). ∎
Remark 2.1.  It is clear that the, taking advantage of (1.4), we have 𝜎 ≤ 𝐶♭, where 𝜎 is the constant appearing in (2.10). Thus, by 
keeping track of the dependence on 𝐶♭ in the proofs of Propositions 2.1 and 2.2, we deduce that

‖𝑢‖𝑝
∗−1
𝐿𝑝∗−1(ℝ𝑛)

≤ 𝑐𝑛,𝑝 𝐶
𝑝−1
♭ ,

where 𝑐𝑛,𝑝 > 0 depends only on 𝑛 and 𝑝. 
We recall that, in Lemma 2.1 of Vétois [11], Vétois proved the following optimal estimate.

Proposition II. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) be a non-negative, non-trivial, local weak solution to (1.1). Suppose 
that 𝑟 ∈ [0, 𝑝] and 𝑞 < 𝑝♯ + 1, then for every 𝑅 ≥ 1 we have

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅𝑛−

𝑝𝑞−𝑟
𝑝−1 for every 𝑞 ∈ (−∞, 𝑟),

where 𝐶 > 0 is a constant independent of 𝑅.
In the following result, we extend Proposition II by providing new optimal or nearly optimal estimates for the same integral 

quantity.

Proposition 2.3. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satis-
fying (1.4). Suppose that

𝑟 ∈
(

0, 𝑛
𝑛 − 1

(𝑝 − 1)
)

, (2.21)

and set
𝑞𝑟 ∶=

𝑛𝑝 − 𝑛 + 𝑟
𝑝

> 𝑟. (2.22)
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Then, there exist 𝑅1 ≥ 𝑅0 – where 𝑅0 is defined in Proposition 2.1 – and 𝜀1 ∈ (0, 1), depending on 𝑛, 𝑝, 𝑟, and 𝑞, such that for every 𝑅 ≥ 𝑅1
and 𝜀 ∈ (0, 𝜀1), we have

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅𝑛−

𝑝𝑞−𝑟
𝑝−1 +𝜀 for every 𝑞 ∈ (

−∞, 𝑞𝑟
)

, (2.23)

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅𝜀 for every 𝑞 ∈

[

𝑞𝑟, 𝑝♯ + 1 −
𝑛 − 𝑝

𝑛𝑝(𝑝 − 1)
𝑟
)

, (2.24)

where 𝐶 > 0 is a constant independent of 𝑅. Moreover, for any 𝑝 ∈ (1, 𝑛), it holds

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑝 𝑑𝑥 ≤ 𝐶𝑅𝑛−

𝑝
𝑝−1 (𝑞−1) for every 𝑞 ∈ (−∞, 𝑝♯ + 1). (2.25)

Remark 2.2. We emphasize that the exponent 𝑞𝑟, defined in (2.22), is precisely the threshold ensuring the integrability of 𝑣−𝑞 |∇𝑣|𝑟
for a 𝑝-bubble.

Moreover, we note that the range of 𝑟 in (2.21) is related to both the regularity theory and the general theory of 𝑝-superharmonic 
functions. Indeed, this range appears in the integral estimate for |∇𝑢| – see estimate (2.29) below. Since 𝑢𝑝∗−1 ∈ 𝐿1(ℝ𝑛), Corollary 1.2.1 
in Kuusi and Mingione[25] yields the Marcinkiewicz estimate |∇𝑢| ∈ 𝐿

𝑛
𝑛−1 (𝑝−1),∞(ℝ𝑛). Additionally, the extremal exponent in (2.21) 

coincides with the maximal integrability exponent of the gradient of general 𝑝-superharmonic functions – see Heinonen et al. [26, 
Theorems 7.45 and 7.46]. 
Proof of Proposition 2.3.  In the following calculations 𝐶 > 0 will denote a constant independent of 𝑅, which may vary from line to 
line.

Observe that Formula (2.21) in Bidaut-Véron and Pohozaev[27] implies that, for any 𝓁 > 𝑝 − 1 and 𝑘 > 1 + 1∕𝓁, we have
(

−
∫𝐵𝑅

|∇𝑢|
𝑝
𝑘 𝑑𝑥

)
𝑘
𝑝
≤ 𝐶
𝑅

(

−
∫𝐵2𝑅

𝑢𝓁 𝑑𝑥
)

1
𝓁
. (2.26)

We choose
𝓁 ∶=

𝑝
𝑛 − 𝑝

𝑝♯ =
𝑛(𝑝 − 1)
𝑛 − 𝑝

> 𝑝 − 1, (2.27)

so that
𝛾 ∶=

𝑝
𝑘
<

𝓁 𝑝
1 + 𝓁

= 𝑛
𝑛 − 1

(𝑝 − 1).

Applying (2.26), we deduce that
(

∫𝐵𝑅
|∇𝑢|𝛾 𝑑𝑥

)
1
𝛾
≤ 𝐶𝑅

𝑛
𝛾 −

𝑛
𝓁 −1

(

∫𝐵2𝑅

𝑢𝓁 𝑑𝑥
)

1
𝓁
= 𝑅

𝑛
𝛾 −

𝑛−1
𝑝−1

(

∫𝐵2𝑅

𝑣−𝑝♯ 𝑑𝑥
)

1
𝓁
, (2.28)

where the last identity follows form (2.1) and (2.27). On the other hand, using Proposition 2.2, we infer that
(

∫𝐵2𝑅

𝑣−𝑝♯ 𝑑𝑥
)

1
𝓁
≤ 𝐶𝑅

𝑛−𝑝
𝑛𝑝♯

𝜀

for every 𝜀 ∈ (0, 𝜀0). This, together with (2.28), yields

∫𝐵𝑅
|∇𝑢|𝛾 𝑑𝑥 ≤ 𝐶𝑅𝑛−

𝑛−1
𝑝−1 𝛾+𝜀, (2.29)

for every 𝜀 ∈ (0, 𝜀0), up to a redefinition of 𝜀0 > 0.
Since from (2.1) we get that

∇𝑢 = −
𝑛 − 𝑝
𝑝

𝑣−
𝑛
𝑝 ∇𝑣 in ℝ𝑛, (2.30)

estimate (2.29) is equivalent to

∫𝐵𝑅
𝑣−

𝑛
𝑝 𝛾

|∇𝑣|𝛾 𝑑𝑥 ≤ 𝐶𝑅𝑛−
𝑛−1
𝑝−1 𝛾+𝜀 for every 𝛾 ∈

(

0, 𝑛
𝑛 − 1

(𝑝 − 1)
)

. (2.31)

Therefore, for
𝑟 ∈

(

0, 𝑛
𝑛 − 1

(𝑝 − 1)
)

and 𝑞 ≤ 𝑛
𝑝
𝑟,

using (2.7) and (2.31), we deduce that

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 = ∫𝐵𝑅

𝑣
𝑛
𝑝 𝑟−𝑞𝑣−

𝑛
𝑝 𝑟
|∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅

𝑝
𝑝−1

(

𝑛
𝑝 𝑟−𝑞

)

∫𝐵𝑅
𝑣−

𝑛
𝑝 𝑟
|∇𝑣|𝑟 𝑑𝑥

≤ 𝐶𝑅𝑛−
𝑛−1
𝑝−1 𝑟+

𝑝
𝑝−1

(

𝑛
𝑝 𝑟−𝑞

)

+𝜀 = 𝐶𝑅𝑛−
𝑝𝑞−𝑟
𝑝−1 +𝜀.
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We now consider the case
𝑟 ∈

(

0, 𝑛
𝑛 − 1

(𝑝 − 1)
)

and 𝑞 > 𝑛
𝑝
𝑟, (2.32)

and define, for 𝜀 ∈ (0, 1),

𝜃 ∶= 𝑛
𝑛 − 1

𝑝 − 1
𝑟

− 𝜀. (2.33)

Clearly, from (2.32), there exists 𝜀1 > 0, depending only on 𝑛, 𝑝, and 𝑟, such that 𝜃 > 1 for all 𝜀 ∈ (0, 𝜀1). Applying Hölder inequality, 
we deduce

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 = ∫𝐵𝑅

𝑣−
𝑛
𝑝 𝑟
|∇𝑣|𝑟𝑣

𝑛
𝑝 𝑟−𝑞 𝑑𝑥

≤
(

∫𝐵𝑅
𝑣−

𝑛
𝑝 𝑟𝜃

|∇𝑣|𝑟𝜃 𝑑𝑥
)

1
𝜃
(

∫𝐵𝑅
𝑣−

(

𝑞− 𝑛
𝑝 𝑟

)

𝜃′𝑑𝑥
)

1
𝜃′
.

(2.34)

Thanks to the definition of 𝜃 in (2.33), estimate (2.31) immediately yields that

∫𝐵𝑅
𝑣−

𝑛
𝑝 𝑟𝜃

|∇𝑣|𝑟𝜃 𝑑𝑥 ≤ 𝐶𝑅𝑛−
𝑛−1
𝑝−1 𝑟𝜃+𝜀. (2.35)

To estimate the second integral on the right-hand side of (2.34), we further distinguish between two cases based on the value of 𝑞. 
First, we consider the case

𝑛
𝑝
𝑟 < 𝑞 <

𝑛𝑝 − 𝑛 + 𝑟
𝑝

.

Observe that this condition is consistent in light of the restriction on 𝑟 in (2.32). Possibly taking a smaller 𝜀1 > 0, depending on 𝑞 as 
well, we deduce that

(

𝑞 − 𝑛
𝑝
𝑟
)

𝜃′ < 𝑝♯,

for every 𝜀 ∈ (0, 𝜀1). From this, Proposition 2.1 readily implies that

∫𝐵𝑅
𝑣−

(

𝑞− 𝑛
𝑝 𝑟

)

𝜃′𝑑𝑥 ≤ 𝐶𝑅𝑛−
𝑝
𝑝−1

(

𝑞− 𝑛
𝑝 𝑟

)

𝜃′ . (2.36)

As a result, combining (2.34)–(2.36), we conclude that

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅𝑛−

𝑛−1
𝑝−1 𝑟−

𝑝
𝑝−1

(

𝑞− 𝑛
𝑝 𝑟

)

+𝑟𝜀 = 𝐶𝑅𝑛−
𝑝𝑞−𝑟
𝑝−1 +𝜀,

up to a redefinition of 𝜀1 > 0. This completes the proof of (2.23).
Next, we consider the case

𝑛𝑝 − 𝑛 + 𝑟
𝑝

≤ 𝑞 <
𝑛𝑝 − 𝑛 + 𝑝

𝑝
−

𝑛 − 𝑝
𝑛𝑝(𝑝 − 1)

𝑟.

Note that this condition is consistent provided that 𝑟 < 𝑝 and this is verified since 𝑝 < 𝑛 and (2.32) is in force. Moreover, it implies 
that

𝑝♯ ≤
(

𝑞 − 𝑛
𝑝
𝑟
)

𝜃′ < 𝑝♯ + 1,

for every 𝜀 ∈ (0, 𝜀1), possibly taking a smaller 𝜀1 > 0, for 𝑞 > 𝑞𝑟. Hence, Proposition 2.2 yields that

∫𝐵𝑅
𝑣−

(

𝑞− 𝑛
𝑝 𝑟

)

𝜃′𝑑𝑥 ≤ 𝐶𝑅𝜀, (2.37)

for all 𝜀 ∈ (0, 𝜀1), possibly for a smaller 𝜀1 > 0. Therefore, combining (2.34), (2.35), and (2.37), we conclude that

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅

(

𝑛− 𝑛−1
𝑝−1 𝑟𝜃+𝜀

)

1
𝜃 +

𝜀
𝜃′ ≤ 𝐶𝑅𝜀,

where we used the definition of 𝜃 in (2.33).
For 𝑞 = 𝑞𝑟, using (2.7), we have

∫𝐵𝑅
𝑣−𝑞𝑟 |∇𝑣|𝑟 𝑑𝑥 = ∫𝐵𝑅

𝑣𝜀𝑣−𝑞𝑟−𝜀 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅
𝑝
𝑝−1 𝜀

∫𝐵𝑅
𝑣−𝑞𝑟−𝜀 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅𝜀,

possibly for a smaller 𝜀1 > 0. This shows the validity of (2.24).
Finally, estimate (2.25) follows directly from (2.16). ∎
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3.  Proof of the classification results

In this section, we prove the classification results in Theorems 1.2–1.4.
Proof of Theorems 1.2 and 1.3.  In the following calculations 𝐶 > 0 will denote a constant independent of 𝑅, which may vary from 
line to line.

Since, by assumption and Proposition 2.2, 𝑢 ∈ 𝐿𝑝∗−1(ℝ𝑛) ∩ 𝐿𝑞(ℝ𝑛) for some 𝑞 ∈ [𝑝∗,+∞], interpolating, we deduce that 𝑢 ∈ 𝐿𝑝∗(ℝ𝑛). 
Consequently, a standard test function argument yields that 𝑢 ∈ 1,𝑝(ℝ𝑛). Indeed, let 𝜂 ∈ 𝐶∞

𝑐 (ℝ𝑛) be a cut-off function as in the proof 
of Proposition 2.2 and test (1.1) with 𝜓 = 𝑢𝜂𝑝. Using Young’s inequality, we obtain

∫ℝ𝑛
𝜂𝑝 |∇𝑢|𝑝 𝑑𝑥 ≤ ∫ℝ𝑛

𝜂𝑝𝑢𝑝
∗
𝑑𝑥 + 𝐶 ∫𝐴𝑅,2𝑅

𝑢𝑝 |∇𝜂|𝑝 𝑑𝑥.

Applying Hölder inequality then gives

∫𝐵𝑅
|∇𝑢|𝑝 𝑑𝑥 ≤ ∫ℝ𝑛

𝜂𝑝𝑢𝑝
∗
𝑑𝑥 + 𝐶

|𝐵2𝑅|
1
𝑝−

1
𝑝∗

𝑅𝑝

(

∫𝐴𝑅,2𝑅
𝑢𝑝

∗
𝑑𝑥

)
𝑝
𝑝∗

≤ 𝐶.

Therefore, letting 𝑅 → +∞, we deduce that |∇𝑢| ∈ 𝐿𝑝(ℝ𝑛), and hence 𝑢 ∈ 1,𝑝(ℝ𝑛). The desired conclusion then follows from the 
classification in Theorems 1.2 and 1.1 in Damascelli et al. [4], Sciunzi [6], respectively, and Corollary 1.3 in Vétois [5].

We now present an alternative proof based solely on the 𝑃 -function approach, which in particular does not rely on any 𝐿∞-
estimate.

Setting

𝑊̊ ∶= ∇𝑎(∇𝑢) −
tr ∇𝑎(∇𝑢)

𝑛
Idn,

in Proposition 2.3 of Ou[10], Ou proved that the 𝑃 -function defined in (2.2) satisfies

∫ℝ𝑛
𝑣1−𝑛𝑃𝑚 tr𝑊̊ 2𝜂 𝑑𝑥 + 𝑛𝑚∫ℝ𝑛

𝑣−𝑛𝑃𝑚−1 |∇𝑣|𝑝−2
⟨

𝑊̊ 2∇𝑣,∇𝑣
⟩

𝜂 𝑑𝑥

≤ −∫ℝ𝑛
𝑣1−𝑛𝑃𝑚 |∇𝑣|𝑝−2

⟨

𝑊̊ ∇𝑣,∇𝜂
⟩

𝑑𝑥

for every non-negative 𝜂 ∈ 𝐶∞
𝑐 (ℝ𝑛) and 𝑚 ∈ ℝ – see also Vétois [11, Lemma 2.2]. From this, arguing as in Ou[10] – see also Vétois [11, 

Formula (2.17)] –, one can see that in order to obtain the classification, it suffices to prove, for 𝜀 ∈ (0, 1) sufficiently small, that

∫𝐵𝑅
𝑣1−𝑛𝑃− 𝑝−1

𝑝 +𝜀
|∇𝑣|2(𝑝−1) 𝑑𝑥 = 𝑜(𝑅2) as 𝑅 → +∞. (3.1)

Using the definition of 𝑃  in (2.2), we easily see that

∫𝐵𝑅
𝑣1−𝑛𝑃− 𝑝−1

𝑝 +𝜀
|∇𝑣|2(𝑝−1) 𝑑𝑥 ≤ 𝐶 ∫𝐵𝑅

𝑣2−
1
𝑝−𝑛−𝜀

|∇𝑣|𝑝−1+𝑝𝜀 𝑑𝑥. (3.2)

Moreover, we may assume that

1 < 𝑝 ≤ 𝑛 + 1
3

,

since otherwise the conclusion follows directly from Ou[10]. This also implies that

𝑝♯ + 1 ≤ 𝑛 − 2 + 1
𝑝
+ 𝜀 < 𝑛 (3.3)

for 𝜀 ∈ (0, 1) sufficiently small.
Next, we observe that

𝑢 ∈ 1,𝑝(ℝ𝑛) if and only if ∫ℝ𝑛
𝑣−𝑛 𝑑𝑥 + ∫ℝ𝑛

𝑣−𝑛 |∇𝑣|𝑝 𝑑𝑥 < +∞. (3.4)

As a consequence, interpolating (2.15) with (3.4), we obtain

∫𝐵𝑅
𝑣−𝑞 𝑑𝑥 ≤ 𝐶 for every 𝑞 ∈ [𝑝♯ + 1, 𝑛]. (3.5)

Similarly, interpolating (2.25) and (3.4), we deduce

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑝 𝑑𝑥 ≤ 𝐶𝑅𝜀 for every 𝑞 ∈ [𝑝♯ + 1, 𝑛), (3.6)

possibly after redefining 𝜀 > 0. Furthermore, for every 𝑞 ∈ [𝑝♯ + 1, 𝑛), choosing 𝜆 ∈ (0, 1) such that 𝑝 − 1 + 𝑝𝜀 = 𝜆𝑝 and interpolating, 
we obtain

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑝−1+𝑝𝜀 𝑑𝑥 ≤

(

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑝 𝑑𝑥

)𝜆(

∫𝐵𝑅
𝑣−𝑞 𝑑𝑥

)1−𝜆
. (3.7)
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Finally, combing (3.5)–(3.7), we find that

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑝−1+𝑝𝜀 𝑑𝑥 ≤ 𝐶𝑅𝜀 for every 𝑞 ∈ [𝑝♯ + 1, 𝑛),

for all sufficiently large 𝑅 ≥ 1, and provided 𝜀 ∈ (0, 1) is small enough. This estimate, together with (3.2) and (3.3), ensures the validity 
of (3.1). ∎
Proof of Corollary 1.2.1.  Since, by Proposition 2.2, 𝑢𝑝∗−1 ∈ 𝐿1(ℝ𝑛) and it is uniformly continuous, it follows that 𝑢𝑝∗−1 vanishes at 
infinity. Consequently, 𝑢 ∈ 𝐿∞(ℝ𝑛). We are now in a position to apply Theorem 1.2. ∎

We conclude this section proving Theorem 1.4.
Proof of Theorem 1.4. 

In the following calculations 𝐶 > 0 will denote a constant independent of 𝑅, which may vary from line to line.
As in the second part of the proof of Theorems 1.2 and 1.3 – see, in particular, (3.1) –, in order to obtain the classification, it 

suffices to prove that, for 𝜀 ∈ (0, 1) sufficiently small, we have

∫𝐵𝑅
𝑣1−𝑛𝑃− 𝑝−1

𝑝 +𝜀
|∇𝑣|2(𝑝−1) 𝑑𝑥 = 𝑜(𝑅2) as 𝑅 → +∞. (3.8)

We observe that the growth condition (1.6) implies

𝑣(𝑥) ≥ 𝐶 |𝑥|−
𝛽𝑝
𝑛−𝑝 for every |𝑥| ≥ 1, (3.9)

moreover, we set

𝚚 ∶= 𝑝♯ + 1 −
𝑛 − 𝑝
𝑛𝑝

−
𝑝(𝑛 − 1)
𝑛(𝑝 − 1)

𝜀

and choose 𝜀 ∈ (0, 1) so small such that
𝑝 − 1 + 𝑝𝜀 < 𝑛

𝑛 − 1
(𝑝 − 1) and 𝚚 > 𝑞𝑝−1+𝑝𝜀.

Using (2.2), we obtain

∫𝐵𝑅
𝑣1−𝑛𝑃− 𝑝−1

𝑝 +𝜀
|∇𝑣|2(𝑝−1) 𝑑𝑥 ≤ 𝐶 ∫𝐵𝑅

𝑣1−𝑛+
𝑝−1
𝑝 −𝜀

|∇𝑣|𝑝−1+𝑝𝜀 𝑑𝑥

= 𝐶 ∫𝐵𝑅
𝑣1−𝑛+

𝑝−1
𝑝 −𝜀+𝚚 𝑣−𝚚 |∇𝑣|𝑝−1+𝑝𝜀 𝑑𝑥.

(3.10)

Since, thanks to (1.5), it follows that

1 − 𝑛 +
𝑝 − 1
𝑝

− 𝜀 + 𝚚 =
(3𝑛 + 1)𝑝 − (𝑛2 + 2𝑛)

𝑛𝑝
−
𝑛(𝑝 − 1) + 𝑝(𝑛 − 1)

𝑛(𝑝 − 1)
𝜀 < 0,

Proposition 2.3, (3.9), and (3.10) yield

∫𝐵𝑅
𝑣1−𝑛𝑃− 𝑝−1

𝑝 +𝜀
|∇𝑣|2(𝑝−1) 𝑑𝑥 ≤ 𝐶𝑅

𝑛2+2𝑛−(3𝑛+1)𝑝
𝑛(𝑛−𝑝) 𝛽+𝑐𝑛,𝑝 𝛽𝜀,

for some 𝑐𝑛,𝑝 > 0 and for 𝜀 ∈ (0, 1) sufficiently small. From this, thanks to (1.5), we infer the validity of (3.8) and the proof is com-
plete. ∎
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Appendix A.  Further integral estimates involving the gradient

In this appendix, we present new estimates for the integral involving |∇𝑢| which are not used in the proofs of the main results of 
this paper. However, they generalize and improve some related estimates already available in literature and may be useful for further 
extending the classification result of Theorem I.

Specifically, in the following result we enlarge the range of exponents for which we have a nearly sharp integral estimate 
for 𝑣−𝑞 |∇𝑣|𝑟.
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Proposition A.1. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satis-
fying (1.4). Suppose that 𝑟 ∈ (0, 𝑝) and let 𝑞𝑟 be defined in (2.22). Then, there exists 𝜀2 ∈ (0, 𝜀1), depending on 𝑛, 𝑝, 𝑟, and 𝑞, such that for 
every 𝑅 ≥ 𝑅1 – where 𝑅1 is defined in Proposition 2.3 – and 𝜀 ∈ (0, 𝜀2), we have

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅𝑛−

𝑝𝑞−𝑟
𝑝−1 +𝜀 for every 𝑞 ∈ (

−∞, 𝑞𝑟
)

, (A.1)

where 𝐶 > 0 is a constant independent of 𝑅. 
Proof.  In the following calculations 𝐶 > 0 will denote a constant independent of 𝑅, which may vary from line to line.

We set
𝚛 ∶= 𝑛

𝑛 − 1
(𝑝 − 1),

so that, thanks to (2.23), estimate (A.1) holds for every 𝑟 ∈ (0, 𝚛).
Thus, we may assume that 𝑟 ∈ [𝚛, 𝑝) and choose 𝜆 ∈ (0, 1) and 𝜀 ∈ (

0,min{𝜀1, 𝚛}
) – where 𝜀1 is defined in Proposition 2.3 – such 

that 𝑟 = 𝜆(𝚛 − 𝜀) + (1 − 𝜆)𝑝. Coherently, we write 𝑞 = 𝜆𝑞𝚛−𝜀 + (𝑞 − 𝜆𝑞𝚛−𝜀), recalling (2.22). Therefore, using Hölder inequality, we get

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤

(

∫𝐵𝑅
𝑣−𝑞𝚛−𝜀 |∇𝑣|𝚛−𝜀 𝑑𝑥

)𝜆(

∫𝐵𝑅
𝑣−

𝑞−𝜆𝑞𝚛−𝜀
1−𝜆

|∇𝑣|𝑝 𝑑𝑥
)1−𝜆

. (A.2)

We now estimate both terms on the right-hand side of (A.2). For the first integral, Proposition 2.3 yields

∫𝐵𝑅
𝑣−𝑞𝚛−𝜀 |∇𝑣|𝚛−𝜀 𝑑𝑥 ≤ 𝐶𝑅𝑛−

𝑝𝑞𝚛−𝜀−𝚛+𝜀
𝑝−1 +𝜀, (A.3)

for every 𝜀 ∈ (0, 𝜀2). Moreover, since 𝑞 < 𝑞𝑟, it follows that
𝑞 − 𝜆𝑞𝚛−𝜀
1 − 𝜆

< 𝑝♯ + 1,

therefore, from (2.25), we deduce that

∫𝐵𝑅
𝑣−

𝑞−𝜆𝑞𝚛−𝜀
1−𝜆

|∇𝑣|𝑝 𝑑𝑥 ≤ 𝐶𝑅𝑛−
𝑝
𝑝−1

(

𝑞−𝜆𝑞𝚛−𝜀
1−𝜆 −1

)

. (A.4)

Combining (A.2)–(A.4) and exploiting the previously defined splitting of 𝑟 to simplify the calculations, we conclude that

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤

(

𝑅𝑛−
𝑝𝑞𝚛−𝜀−𝚛+𝜀

𝑝−1 +𝜀
)𝜆(

𝑅𝑛−
𝑝
𝑝−1

(

𝑞−𝜆𝑞𝚛−𝜀
1−𝜆 −1

))1−𝜆
= 𝐶𝑅𝑛−

𝑝𝑞−𝑟
𝑝−1 +𝜀,

up to a redefinition of 𝜀 > 0 and 𝜀2 > 0. This concludes the proof of (A.1). ∎
Propositions II, 2.3, and A.1 give a quite complete picture of the sharp or nearly sharp integral estimates for 𝑣−𝑞 |∇𝑣|𝑟. Apparently, 

only the case 𝑞 ≥ 𝑞𝑟 is missing.
In this direction, we obtain the following result, which is inspired by Lemmas 2.1, 2.2, and 2.3 in Boccardo et al. [28].

Proposition A.2. Let 𝑛 ∈ ℕ, 1 < 𝑝 < 𝑛, and let 𝑢 ∈ 𝑊 1,𝑝
loc (ℝ

𝑛) ∩ 𝐿∞
loc(ℝ

𝑛) be a non-negative, non-trivial, local weak solution to (1.1) satis-
fying (1.4). Suppose that

𝑟 ∈
[ 𝑛
𝑛 − 1

(𝑝 − 1), 𝑝 − 1 +
𝑝
𝑛

)

and 𝑞 ≥ 𝑟, (A.5)

and set
𝗊𝑟 ∶=

𝑛
𝑝
𝑟 > 𝑟.

Then, there exists 𝜀3 ∈ (0, 𝜀0), depending on 𝑛, 𝑝, 𝑟, and 𝑞, such that for every 𝑅 ≥ 𝑅1 – where 𝑅1 is defined in Proposition 2.3 – and 𝜀 ∈ (0, 𝜀3), 
we have

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅

𝑝
𝑝−1

(

𝑛
𝑝 𝑟−𝑞

)

+𝜀 for every 𝑞 ∈ [

𝑟, 𝗊𝑟
]

, (A.6)

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅𝜀 for every 𝑞 ∈ (

𝗊𝑟, 𝑝♯ + 1
)

, (A.7)

where 𝐶 > 0 is a constant independent of 𝑅. 
Proof.  In the following calculations 𝐶 > 0 will denote a constant independent of 𝑅, which may vary from line to line.

Let 𝑚 ∈ (0, 1) be fixed and define 𝜙 ∶ [0 +∞) → [0 + ∞) by

𝜙(𝑡) ∶=

{

(1 − 𝑚) ∫ 𝑡0 𝑠
−𝑚 𝑑𝑠 if 𝑡 ∈ [0, 1],

1 + 𝑚 ∫ 𝑡1 𝑠
−(1+𝑚) 𝑑𝑠 if 𝑡 ∈ (1,+∞).
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Then, 𝜙 is piecewise smooth, except for a corner at 𝑡 = 1, 𝜙(0) = 0, and 0 ≤ 𝜙 ≤ 2. Let 𝜂 ∈ 𝐶∞
𝑐 (ℝ𝑛) be a cut-off function as in the proof 

of Proposition 2.2. We test (1.1) with 𝜓 = 𝜙(𝑢)𝜂 and observe that
∇𝜓 = 𝜙(𝑢)∇𝜂 +

(

(1 − 𝑚)𝑢−𝑚𝜒{𝑢≤1} + 𝑚𝑢−(1+𝑚)𝜒{𝑢>1}
)

𝜂∇𝑢.

Hence, we deduce

∫𝐵2𝑅

𝜙′(𝑢)𝜂 |∇𝑢|𝑝 + 𝜙(𝑢)⟨𝑎(∇𝑢),∇𝜂⟩𝑑𝑥 = ∫𝐵2𝑅

𝑢𝑝
∗−1𝜙(𝑢)𝜂 𝑑𝑥,

from which

∫𝐵𝑅
(1 − 𝑚)

|∇𝑢|𝑝

𝑢𝑚
𝜒{𝑢≤1} + 𝑚

|∇𝑢|𝑝

𝑢1+𝑚
𝜒{𝑢>1} 𝑑𝑥 ≤ 2∫𝐵2𝑅

𝑢𝑝
∗−1 𝑑𝑥 + 2

𝑅 ∫𝐴𝑅,2𝑅
|∇𝑢|𝑝−1 𝑑𝑥,

where we used the definition of 𝜂. Recall here that, since 𝑢 is non-trivial, we must have 𝑢 > 0 in ℝ𝑛. The latter, thanks to Proposition 2.2 
and (2.29), entails

∫𝐵𝑅
(1 − 𝑚)

|∇𝑢|𝑝

𝑢𝑚
𝜒{𝑢≤1} + 𝑚

|∇𝑢|𝑝

𝑢1+𝑚
𝜒{𝑢>1} 𝑑𝑥 ≤ 𝐶𝑅𝜀, (A.8)

for every 𝜀 ∈ (0, 𝜀0).
Fix 0 ≤ 𝜇 ≤ 𝑚 ≤𝑀 and observe that 𝑢𝜇 ≥ 𝑢𝑚 in {0 < 𝑢 ≤ 1} and 𝑢1+𝑚 ≤ 𝑢1+𝑀  in {𝑢 > 1}. Thus, from (A.8), we obtain

∫𝐵𝑅

|∇𝑢|𝑝

𝑢𝜇
𝜒{𝑢≤1} +

|∇𝑢|𝑝

𝑢1+𝑀
𝜒{𝑢>1} 𝑑𝑥 ≤ 𝐶𝑅𝜀, (A.9)

for every 𝜀 ∈ (0, 𝜀0).
Assume that

𝛾 ∈
[ 𝑛
𝑛 − 1

(𝑝 − 1), 𝑝 − 1 +
𝑝
𝑛

)

. (A.10)

Applying Hölder inequality, for 𝑠 > 1, it follows that

∫𝐵𝑅
|∇𝑢|𝛾 𝑑𝑥 ≤

(

∫𝐵𝑅

|∇𝑢|𝑝

𝑢𝑠
𝑑𝑥

)
𝛾
𝑝
(

∫𝐵𝑅
𝑢

𝑠𝛾
𝑝−𝛾 𝑑𝑥

)
𝑝−𝛾
𝑝
. (A.11)

Moreover, we have that

∫𝐵𝑅

|∇𝑢|𝑝

𝑢𝑠
𝑑𝑥 = ∫𝐵𝑅

|∇𝑢|𝑝

𝑢𝑠
𝜒{𝑢≤1} +

|∇𝑢|𝑝

𝑢𝑠
𝜒{𝑢>1} 𝑑𝑥

= ∫𝐵𝑅

|∇𝑢|𝑝

𝑢1−𝜀
𝑢1−𝜀−𝑠𝜒{𝑢≤1} +

|∇𝑢|𝑝

𝑢𝑠
𝜒{𝑢>1} 𝑑𝑥

≤ 𝐶𝑅(𝑠−1+𝜀) 𝑛−𝑝𝑝−1
∫𝐵𝑅

|∇𝑢|𝑝

𝑢1−𝜀
𝜒{𝑢≤1} +

|∇𝑢|𝑝

𝑢𝑠
𝜒{𝑢>1} 𝑑𝑥,

where we used (2.6) for the last inequality, since 𝑠 > 1. Hence, (A.9) yields

∫𝐵𝑅

|∇𝑢|𝑝

𝑢𝑠
𝑑𝑥 ≤ 𝐶𝑅(𝑠−1+𝜀) 𝑛−𝑝𝑝−1+𝜀. (A.12)

We now choose 𝑠 = 1 + 𝜀. Thanks to (A.10), there exists 𝜀3 ∈ (0, 𝜀0) such that

𝑝∗ − 1 ≤ 𝑠𝛾
𝑝 − 𝛾

≤ 𝑝∗ − 1,

for every 𝜀 ∈ (0, 𝜀3). As a consequence, from Proposition 2.2, we infer that

∫𝐵𝑅
𝑢

𝑠𝛾
𝑝−𝛾 𝑑𝑥 ≤ 𝐶𝑅𝜀. (A.13)

Combining (A.11)–(A.13), we conclude that

∫𝐵𝑅
|∇𝑢|𝛾 𝑑𝑥 ≤ 𝐶𝑅𝜀 for every 𝛾 ∈

[ 𝑛
𝑛 − 1

(𝑝 − 1), 𝑝 − 1 +
𝑝
𝑛

)

, (A.14)

possibly taking a smaller 𝜀3 > 0 and up to a redefinition of 𝜀 > 0.
With the help of (2.30), we see that (A.14) immediately implies

∫𝐵𝑅
𝑣−

𝑛
𝑝 𝛾

|∇𝑣|𝛾 𝑑𝑥 ≤ 𝐶𝑅𝜀 for every 𝛾 ∈
[ 𝑛
𝑛 − 1

(𝑝 − 1), 𝑝 − 1 +
𝑝
𝑛

)

. (A.15)

Therefore, for
𝑟 ∈

[ 𝑛
𝑛 − 1

(𝑝 − 1), 𝑝 − 1 +
𝑝
𝑛

)

and 𝑟 ≤ 𝑞 ≤ 𝑛
𝑝
𝑟,
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using (2.7) and (A.15), we deduce that

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 = ∫𝐵𝑅

𝑣
𝑛
𝑝 𝑟−𝑞𝑣−

𝑛
𝑝 𝑟
|∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅

𝑝
𝑝−1

(

𝑛
𝑝 𝑟−𝑞

)

∫𝐵𝑅
𝑣−

𝑛
𝑝 𝑟
|∇𝑣|𝑟 𝑑𝑥

≤ 𝐶𝑅
𝑝
𝑝−1

(

𝑛
𝑝 𝑟−𝑞

)

+𝜀.

This proves the validity of (A.6).
We now consider the case

𝑟 ∈
[ 𝑛
𝑛 − 1

(𝑝 − 1), 𝑝 − 1 +
𝑝
𝑛

)

and 𝑞𝑟 ≤
𝑛
𝑝
𝑟 < 𝑞 < 𝑝♯ + 1, (A.16)

and define, for 𝜀 ∈ (0, 1),

𝜃 ∶=
(

𝑝 − 1 +
𝑝
𝑛

) 1
𝑟
− 𝜀. (A.17)

Clearly, from (A.16), we have 𝜃 > 1 for all 𝜀 ∈ (0, 𝜀3), possibly taking a smaller 𝜀3 > 0. Applying Hölder inequality, we deduce

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 = ∫𝐵𝑅

𝑣−
𝑛
𝑝 𝑟
|∇𝑣|𝑟𝑣

𝑛
𝑝 𝑟−𝑞 𝑑𝑥

≤
(

∫𝐵𝑅
𝑣−

𝑛
𝑝 𝑟𝜃

|∇𝑣|𝑟𝜃 𝑑𝑥
)

1
𝜃
(

∫𝐵𝑅
𝑣−

(

𝑞− 𝑛
𝑝 𝑟

)

𝜃′𝑑𝑥
)

1
𝜃′
.

(A.18)

Thanks to the definition of 𝜃 in (A.17), estimate (A.15) immediately yields that

∫𝐵𝑅
𝑣−

𝑛
𝑝 𝑟𝜃

|∇𝑣|𝑟𝜃 𝑑𝑥 ≤ 𝐶𝑅𝜀. (A.19)

To estimate the second integral on the right-hand side of (A.18), we further distinguish between two cases based on the value of 𝑞. 
First, we assume that

𝚚 ∶= 𝑝♯ +
𝑛

𝑛𝑝 − 𝑛 + 𝑝
𝑟 < 𝑞 < 𝑝♯ + 1.

Note that this condition is consistent thanks to the restriction on 𝑟 in (A.5). For 𝑞 > 𝚚, possibly taking a smaller 𝜀3 > 0, depending 
on 𝑞 as well, we can ensure that

𝑝♯ ≤
(

𝑞 − 𝑛
𝑝
𝑟
)

𝜃′ ≤ 𝑝♯ + 1,

for every 𝜀 ∈ (0, 𝜀3). From this, Proposition 2.2 entails

∫𝐵𝑅
𝑣−

(

𝑞− 𝑛
𝑝 𝑟

)

𝜃′𝑑𝑥 ≤ 𝐶𝑅𝜀, (A.20)

for all 𝜀 ∈ (0, 𝜀3), possibly for a smaller 𝜀3 > 0. Therefore, combining (A.18)–(A.20), we infer the validity of (A.7) for 𝑞 > 𝚚.
Finally, we suppose that

𝗊𝑟 < 𝑞 ≤ 𝚚

and observe again that this condition is consistent thanks (A.5). Moreover, by virtue of (A.6) and (A.7) for 𝑞 = 𝚚 + 𝜀, we have

∫𝐵𝑅
𝑣−𝗊𝑟 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅𝜀 and ∫𝐵𝑅

𝑣−𝚚−𝜀 |∇𝑣|𝑟 𝑑𝑥 ≤ 𝐶𝑅𝜀. (A.21)

Let 𝜆 ∈ (0, 1) be such that 𝑞 = 𝜆𝗊𝑟 + (1 − 𝜆)(𝚚 + 𝜀). Interpolating and employing (A.21), we get

∫𝐵𝑅
𝑣−𝑞 |∇𝑣|𝑟 𝑑𝑥 ≤

(

∫𝐵𝑅
𝑣−𝗊𝑟 |∇𝑣|𝑟 𝑑𝑥

)𝜆(

∫𝐵𝑅
𝑣−𝚚−𝜀 |∇𝑣|𝑟 𝑑𝑥

)1−𝜆
≤ 𝐶𝑅𝜀.

This completes the proof of (A.7). ∎
Remark A.1. Note that, under the assumption (A.5), we have 𝗊𝑟 ≥ 𝑞𝑟 which indicate that the range in (A.7) is not optimal, in view 
of Remark 2.2. Furthermore, estimate (A.6) is also suboptimal, suggesting that the bounds in Proposition A.2 could potentially be 
sharpened. 
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