Fuzzy Sets and Systems 530 (2026) 109749

Contents lists available at ScienceDirect

Fuzzy Sets and Systems

journal homepage: www.elsevier.com/locate/fss

.o . . . Check for

A Godel logic descriptor for chains of regular languages
Stefano Aguzzoli ¥ ?, Brunella Gerla 2 ®, Sarah Nastasi (=) >+

2 DI, University of Milan, Via Celoria 18, Milano, 20133, Italy

Y DiSTA, University of Insubria, Pad. Rossi, Via O. Rossi 9, Varese, 21100, Italy

ARTICLE INFO ABSTRACT

Keywords: Fortresses constitute a class of language descriptors completely based only on two fundamental
Godel propositional logic concepts of propositional logic: the notion of logical consequence and the notion of substitution.
Regular languages

Fortresses based on classical propositional logic precisely recognise the class of regular languages.
In this paper, we characterise the formal languages obtained by replacing, in fortresses, the
notion of logical consequence in classical logic with the one in Godel infinitely-valued logic.
We prove that fortresses in Godel logic exactly recognise finite chains of inclusions of regular
languages. To prove this, we make use of a Stone’s type categorical duality between the algebraic
semantics of Godel propositional logic and the category of finite forests and open maps.

Categorical duality
Finite forests
Automata

1. Introduction

Godel (or Godel-Dummett) propositional logic [1,2] is the extension of intuitionistic propositional logic with the axiom of prelin-
earity (p — y) V (v — @), or, equivalently, it is one of the major mathematical fuzzy logics, as it is obtained by extending either Esteva
and Godo’s Monoidal 7-norm based logic MTL, or Hajek’s Basic fuzzy logic BL with the axiom of idempotence of the monoidal conjunc-
tion ¢ — (p&) [3,4]. As a matter of fact, Godel propositional logic is the logic of the minimum #-norm min{x, y} and its residuum,
and as such it is one of the three fundamental logics based on continuous #-norms. One of the main tasks faced by mathematical
fuzzy logic is to understand the semantic features, similarities and differences among the infinitely many propositional logics, which
generalise classical Boolean logic over the two-element truth-value set {0, 1} to the much richer setting of the real unit interval [0, 1]
as the set of truth-values. In this perspective, a useful approach to a many-valued logic L consists in generalising to L the classical
concepts of Boolean logic using some reasonably robust conceptual framework, beyond the mere enlargement of the truth-value set.

We recall here two milestones in the study of classical propositional logic: its algebraic semantics, given by the variety of Boolean
algebras, and the categorical dual equivalence between Boolean algebras and the category of Stone spaces, that is, totally disconnected
compact Hausdorff topological spaces [5]. Notice that Stone’s duality, when restricted to the subcategory of finite Boolean algebras,
states that the latter is dually equivalent to the category of finite sets and maps between them.

Godel propositional logic too, is algebraisable in the sense of Lindenbaum-Tarski and Blok-Pigozzi [6], and its algebraic semantics
is given by the variety of Godel algebras (which contains Boolean algebras as a subvariety). Drawing a parallel with the Boolean
case, the category of finite Godel algebras is dually equivalent to the computationally manageable category of finite forests and
order-preserving open maps between them (which clearly contains the category of finite sets as a full subcategory).

The duality between finite Godel algebras and finite forests has been used in several directions to generalise concepts from classical
logic to Godel logic. For instance, duality has been used to describe coproducts among finite Godel algebras [7,8], to characterise
homomorphisms and automorphisms of finite Godel algebras [9,10], to define probabilities over events described by formulas of
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$\Theta $


$s=a_1\cdots a_u$


$\Sigma ^*$


$i$


$\mathcal {F}$


\begin {equation*}\Theta _i \models \varphi [\sigma _{a_1}\circ \cdots \circ \sigma _{a_u}]\end {equation*}


$\varphi $


$\sigma _{a_1}\circ \cdots \circ \sigma _{a_u}$


$\Theta _i$


$\mathscr {L}_i$


$i$


$\mathcal {F}$


$i < j$


$\Theta _j \subset \Theta _i$


$\Theta _j \models \varphi [\sigma _{a_1}\circ \cdots \circ \sigma _{a_u}]$


$\Theta _i \models \varphi [\sigma _{a_1}\circ \cdots \circ \sigma _{a_u}]$


$\mathscr {L}_j \subseteq \mathscr {L}_i$


$\mathscr {L}_h \subseteq \cdots \subseteq \mathscr {L}_1$


$i$


$\varphi $


$\psi $


$a \in \Sigma $


$x \in Var(n)$


$\sigma _a(x)$


$\sigma '_a(x)$


$(\varphi , \{\sigma _a\}_{a \in \Sigma }, \Theta )$


$(\psi , \{\sigma '_a\}_{a \in \Sigma }, \Theta )$


$\F _n=Spec(\G _n)$


$\G _n$


$\varphi $


\begin {equation*}\{\mathfrak {p} \in Spec(\G _n) \mid [\varphi ] \in \p \}\end {equation*}


$\F _n$


$\Theta $


\begin {equation*}\Theta \models \varphi \hbox { iff } \varphi \in \Theta \hbox { iff } [\Theta ] \in \{\mathfrak {p} \in Spec(\mathscr {G}_n) \mid [\varphi ] \in \p \} \,.\end {equation*}


$\sigma : Var(n) \rightarrow Form(n)$


$\widetilde {\sigma }$


$\mathscr {G}_n$


$\widetilde {\sigma }([\varphi ])=[\varphi [\sigma ]]$


$Spec(\widetilde {\sigma }):\p \in \mathscr {F}_n \mapsto \widetilde {\sigma }_a^{-1}(\p ) \in \F _n$


\begin {equation*}\mathcal {F}=( \varphi , \{\sigma _a\}_{a \in \Sigma }, \Theta )\end {equation*}


$n$


$\Sigma $


$\mathscr {A}_{\mathcal {F}} = (Q, \delta , C, F)$


$\Sigma $


$Q =\mathscr {F}_n$


$\mathscr {G}_n$


$\delta : Q \times \Sigma \rightarrow Q$


$\delta (\p ,a)=\tau _a(\p )=\widetilde {\sigma _a}^{-1}(\p )$


$C=\{[\Theta ]=\p _h \subseteq \cdots \subseteq \p _1\}$


$[\Theta ]$


$F=\{\mathfrak {p} \in Spec(\mathscr {G}_n) \mid [\varphi ] \in \p \}$


$\F _n$


$\varphi $


$\mathcal {F}$


$\mathscr {A}_\mathcal {F}$


$\mathcal {F}=( \varphi , \{\sigma _a\}_{a \in \Sigma }, \Theta )$


$n$


\begin {equation*}\Theta =\Theta _h \subseteq \cdots \subseteq \Theta _1\end {equation*}


$\Theta $


$\mathscr {A}_{\mathcal {F}}$


$s=a_1\cdots a_u$


$s$


$i$


$\mathcal {F}$


$\Theta _i \models \varphi [\sigma _{a_1}\circ \cdots \circ \sigma _{a_u}]$


$\sigma =\sigma _{a_1}\circ \cdots \circ \sigma _{a_u}$


$\Theta _i \models \sigma [\varphi ]$


$\sigma [\varphi ] \in \Theta _i$


$\mathscr {A}_{\mathcal {F}}$


$i$


$s$


$\widetilde {\sigma }_{a_u}^{-1} \circ \cdots \circ \widetilde {\sigma }_{a_1}^{-1}([\Theta _i]) \in \{\mathfrak {p} \in Spec(\mathscr {G}_n) \mid [\varphi ] \in \p \}$


$[\varphi ] \in \widetilde {\sigma }_{a_u}^{-1} \circ \cdots \circ \widetilde {\sigma }_{a_1}^{-1}([\Theta _i])$


\begin {equation*}\sigma [\varphi ]\in \Theta _i \hbox { iff } \widetilde {\sigma }([\varphi ]) \in [\Theta _i] \hbox { iff } [\varphi ] \in \widetilde {\sigma }^{-1}( [\Theta _i])= (\widetilde {\sigma }_{a_1} \circ \cdots \circ \widetilde {\sigma }_{a_u})^{-1}([\Theta _i])\,.\end {equation*}


$s$


$i$


$\mathcal {F}$


$i$


$\mathscr {A}_{\mathcal {F}}$


$\varphi \in Form(n)$


$M_\varphi $


$\{m \mid [m] \leq [\varphi ]\}$


$n$


$\mathscr {A}= (\F _n, \delta , C, F)$


$\Sigma $


$\mathcal {F}_\mathscr {A}=( \varphi ^F,$


$\{\sigma _a\}_{a \in \Sigma }, \Theta ^C )$


$\Sigma $


$\varphi ^F=\bigvee _{m \in M}m$


$M=\{m \mid \langle [m]\rangle \in F$


$C$


$[\Theta _h] \subset \cdots \subset [\Theta _1]$


$\Theta ^C = \Theta _h$


$a \in \Sigma $


$m \in Form(n)$


\begin {equation*}\sigma _a(m) = \bigvee \{\,t \mid \langle [t]\rangle \in \tau _a^{-1}(\langle [m]\rangle )\,\}\,.\end {equation*}


$\sigma _a$


$\sigma _a$


$x \in Var(n)$


$\sigma _a(x) = \sigma _a(\bigvee _{m \in M_x} m)$


\begin {equation*}\sigma _a(x) = \bigvee \{\,t \mid \langle [t]\rangle \in \tau _a^{-1}(\langle [m]\rangle ), m \in M_x\}\,.\end {equation*}


$\widetilde {\sigma }_a \colon \mathscr {G}_n \to \mathscr {G}_n$


$S$


$\mathscr {F}_n$


$\widetilde {\sigma }_a(S) = \{\langle \widetilde {\sigma }_a( [\varphi ]) \rangle \mid \langle [ \varphi ] \rangle \in S\}$


$\mathscr {A}$


$\mathcal {F}_\mathscr {A}$


$\mathscr {A}=(\F _n, \delta , C, F)$


$C= [\Theta _h] \subset \cdots \subset [\Theta _1]$


$s=a_1\cdots a_u$


$i$


$\mathscr {A}$


\begin {equation*}(\tau _{a_u}\circ \cdots \circ \tau _{a_1})([\Theta _i]) \in F\,.\end {equation*}


$\mathcal {F}_\mathscr {A}$


$i$


$s$


$\Theta _i \models \varphi ^F[\sigma _{a_1}\circ \cdots \circ \sigma _{a_u}]$


$[\Theta _i] \in \{\mathfrak {p} \in \mathscr {F}_n \mid [\,\varphi ^F[\sigma _{a_1}\circ \cdots \circ \sigma _{a_u}]\,] \in \mathfrak {p}\}$


$\sigma _{a_1}^{-1}([\Theta _i]) \in \{\mathfrak {p} \in \mathscr {F}_n \mid [\,\varphi ^F[\sigma _{a_2}\circ \cdots \circ \sigma _{a_u}]\,] \in \mathfrak {p}\}$


$(\sigma _{a_u}^{-1} \circ \cdots \circ \sigma _{a_1}^{-1})([\Theta _i]) \in \{\mathfrak {p} \in \mathscr {F}_n \mid [\,\varphi ^F\,] \in \mathfrak {p}\}$


$\{\mathfrak {p} \in \mathscr {F}_n \mid [\,\varphi ^F\,] \in \mathfrak {p}\} = F$


$\varphi ^F$


$\mathcal {F}_\mathscr {A}$


$i$


$s$


\begin {equation*}(\sigma _{a_u}^{-1} \circ \cdots \circ \sigma _{a_1}^{-1})([\Theta _i]) \in F\,.\end {equation*}


$a \in \Sigma $


$m$


\begin {equation*}\widetilde {\sigma }_a(\{\langle [m]\rangle \}) = \{\,\langle [t]\rangle \mid \langle [t]\rangle \in \tau _a^{-1}(\langle [m]\rangle )\,\} = \tau _a^{-1}(\langle [m]\rangle )\,.\end {equation*}


$(\sigma _{a_u}^{-1} \circ \cdots \circ \sigma _{a_1}^{-1})([\Theta _i]) \in F$


$[\Theta _i] \in (\widetilde {\sigma }_{a_1} \circ \cdots \circ \widetilde {\sigma }_{a_u})(F)$


$[\Theta _i] \in ({\tau }^{-1}_{a_1} \circ \cdots \circ \tau ^{-1}_{a_u})(F)$


$({\tau }_{a_u} \circ \cdots \circ \tau _{a_1})([\Theta _i]) \in F$


$\mathcal {F}_\mathscr {A}$


$i$


$s$


$\mathscr {A}$


$i$


$s$


$\F _2$


$\G _2$


$\F _2$


$m_i$


$[m_i]$


$q_i=\langle [m_i]\rangle $


$\G _2$


$\F _2$


$\mathscr {A} = (\F _2, \delta , C, F)$


$\emptyset \subset aa^\ast b \subset a^\ast b$


$F=\{q_7\}$


$m_7=y \wedge \neg x$


$C$


$q_1 < q_2 < q_3$


$m_1=x\wedge y$


$m_2=x \wedge \neg \neg y$


$m_3=\neg \neg y \wedge ((x \to y) \to x)$


$C$


$\mathscr {A}$


$\emptyset \subset aa^\ast b \subset a^\ast b$


$\mathcal {F}_{\mathscr {A}}$


$x$


$y$


$\{m \mid \langle [m]\rangle \in F\}=\{m_7\}$


$\varphi ^F = m_7$


$\Theta ^C$


$[\Theta ^C]=q_3$


$\Theta ^C = \{ \psi \mid m_3\models \psi \}$


$\sigma _a$


$\sigma _b$


$x$


$x$


$M_x=\{m_{10}, m_1, m_2\}$


$y$


$M_y=\{m_7, m_1,m_5\}$


$\tau ^{-1}_a$


$\tau ^{-1}_b$


$\mathscr {A}$


\begin {align*}&\tau _a^{-1}(\langle [m_1]\rangle )=\{q_1\} ; & \tau _b^{-1}(\langle [m_1]\rangle )=\emptyset ; \\ &\tau _a^{-1}(\langle [m_2]\rangle )=\emptyset ; & \tau _b^{-1}(\langle [m_2]\rangle )=\emptyset ; \\ &\tau _a^{-1}(\langle [m_{10}]\rangle )=\{q_{10}\} ; & \tau _b^{-1}(\langle [m_{10}]\rangle )=\{q_{10}\} ; \\ &\tau _a^{-1}(\langle [m_5]\rangle )=\{q_2,q_5\} ; & \tau _b^{-1}(\langle [m_5]\rangle )=\emptyset ; \\ &\tau _a^{-1}(\langle [m_7]\rangle )=\emptyset ;& \tau _b^{-1}(\langle [m_7]\rangle )=\{q_1,q_5\}.\end {align*}


\begin {align*}&\sigma _a(x)=m_1\vee m_{10} & & \sigma _b(x)=m_{10}\\ &\sigma _a(y)=m_1\vee m_2 \vee m_5 \equiv m_2 \vee m_5 && \sigma _b(y)=m_1\vee m_5\equiv m_5.\end {align*}


$s=ab$


$\neg m$


$m$


$\neg \neg m$


$m$


$\varphi ^F=m_7=y \wedge \neg x$


$\sigma _a$


$\sigma _b$


\begin {equation*}\varphi ^F[\sigma _b]=m_5\wedge \neg m_{10} \equiv m_5 = y \wedge \neg \neg x\end {equation*}


$\neg m_{10}=\bigvee _{i=1}^9 m_i$


\begin {equation*}(\varphi ^F[\sigma _b])[\sigma _a]=(m_2 \vee m_5) \wedge \neg \neg (m_1\vee m_{10}) =m_2\vee m_5,\end {equation*}


$\neg \neg (m_1 \vee m_{10}) =m_3 \vee m_4 \vee m_6 \vee m_{11}$


$m_2 \vDash m_2 \vee m_5$


$m_1 \vDash m_2\vee m_5$


$m_3 \nvDash m_2\vee m_5$


$ab$


$1$


$2$


$3$


\begin {equation*}\mathscr {L}_h\subseteq \cdots \subseteq \mathscr {L}_1\end {equation*}


$\Sigma $


$\mathscr {A}=(Q,\delta ,C,F)$


$|C|=h$


$\mathscr {L}_h\subseteq \cdots \subseteq \mathscr {L}_1$


$\mathscr {L}_j$


$\mathscr {A}(\mathscr {L}_j) = (Q_j, \delta _j, i_j, F_j)$


$\mathscr {A}_{1}=\A (\mathscr {L}_1)$


$j \in [2, h]$


$\A _{j}=\A _{j-1} \cap \A (\mathscr {L}_{j})$


$\mathscr {A}(\mathscr {L}_{j})$


${\mathscr {A}}_{1}, \ldots , \mathscr {A}_{h}$


${\A }_j=(Q^\cap _j,\delta ^\cap _j,i^\cap _j, F^\cap _j)$


$k \in [1, h]$


$\A _k$


$(\cdots (((q_1, q_2), q_3), \ldots , q_k)$


$q_j$


$\A (\mathscr {L}_j)$


$(q_1 q_2 q_3 \cdots q_k)$


$(\cdots (((q_1,q_2),q_3)\cdots q_k)$


$\A =(Q,\delta , C, F)$


$Q=\bigcup _{k=1}^h Q^\cap _k$


$\mathscr {A}_{1}, \ldots , \mathscr {A}_{h}$


$Q$


$p,r \in Q$


$p \leq r$


$p$


$r$


$p = (p_1 p_2 \cdots p_v)$


$r = (r_1 r_2 \cdots r_w)$


$v \leq w$


$p_j = r_j$


$j\in [1,v]$


$\leq $


$Q$


$(Q,\leq )$


$\mathscr {A}_1$


$(i_1 i_2 \cdots i_h)$


$i_j$


$\A (\mathscr {L}_j)$


$(i_1 i_2 \cdots i_k)$


$k \in [1,h]$


$\A _k$


$C$


$\A _1,\ldots ,\A _h$


$C = (i_1),\, (i_1 i_2),\, \cdots \, ,\,(i_1 i_2 \cdots i_h)$


$Q$


$F=\bigcup _{k=1}^h F^\cap _k$


$F^\cap _k$


$\A _k$


$F$


$Q$


$r \in F$


$r \in F^\cap _k$


$k \in [1,h]$


$r = (r_1\cdots r_k)$


$r_j \in Q_j$


$p \leq r$


$p = (r_1\cdots r_v)$


$v \leq k$


$p \in F^\cap _v$


$p \in F$


$\delta :Q \times \Sigma \to Q$


$(p_1 \cdots p_v) \in Q$


$a \in \Sigma $


\begin {equation*}\delta ((p_1 \cdots p_v),a) = (r_1 \cdots r_v),\end {equation*}


$j \in [1,v]$


$\delta _j(p_j,a) = r_j$


$\delta (\_,a)$


$(Q,\leq )$


$p \leq r$


$r = (r_1 \cdots r_w)$


$p = (r_1 \cdots r_v)$


$v \leq w$


$t_1,\ldots ,t_w$


$t_j \in Q_j$


$\delta (r,a) = \delta ((r_1\cdots r_w),a) = (t_1\cdots t_w)$


$\delta (p,a) = \delta ((r_1\cdots r_v),a) = (t_1\cdots t_v)$


$\delta (p,a) \leq \delta (r,a)$


$\delta $


$t \leq \delta (r,a)$


$r,t \in Q$


$a \in \Sigma $


$t = (t_1 \cdots t_v)$


$\delta (r,a) = (t_1 \cdots t_w)$


$t_1,\ldots , t_w$


$t_j \in Q_j$


$v \leq w$


$r_1,\ldots ,r_w$


$r_j \in Q_j$


$r = (r_1\cdots r_w)$


$\delta _j(r_j,a) = t_j$


$p = (r_1\cdots r_v)$


$Q$


$p \leq r$


$\delta (p,a) = (t_1\cdots t_v) = t$


$\A $


$\mathscr {L}_h\subseteq \cdots \subseteq \mathscr {L}_1$


$\mathscr {L}(\A _k) = {\mathscr {L}(\A _{k-1}) \cap \mathscr {L}(\A (\mathscr {L}_k))}$


$\mathscr {L}(\A (\mathscr {L}_k))=\mathscr {L}_k$


$\mathscr {L}(\A _1)=\mathscr {L}_1$


$\mathscr {L}_h\subseteq \cdots \subseteq \mathscr {L}_1$


$\mathscr {L}(\A _k)=\mathscr {L}_k$


$k \in [1,h]$


$\mathscr {A}(\mathscr {L}_i)$


$\mathscr {L}_1 = a^*b$


$\mathscr {L}_2 = aa^*b$


$\mathscr {A}(\mathscr {L}_1) = (\{q_1,q_2,q_3\}, \delta _1, q_1, \{q_2\})$


$\mathscr {A}(\mathscr {L}_2) = (\{q_4,q_5,q_6,q_7\}, \delta _2, q_4, \{q_7\})$


$aa^\ast b \subseteq a^\ast b$


$\mathscr {L}_2 = aa^\ast b \subseteq \mathscr {L}_1 = a^\ast b$


$\mathscr {A}(\mathscr {L}_1)$


$\mathscr {A}(\mathscr {L}_1)$


$\mathscr {A}(\mathscr {L}_2)$


$q_1$


$q_1q_4$


$q_2$


$q_2q_6$


$\A (\mathscr {L}_{1})$


$\A _2 = \mathscr {A}(\mathscr {L}_1) \cap \mathscr {A}(\mathscr {L}_2)$


$aa^\ast b \subseteq a^\ast b$


$q_1q_5$


$q_2q_6$


$q_3q_7$


$q_1$


$q_2$


$q_3$


$n \geq 0$


$\mathscr {F}_n$


$n$


$\mathscr {F}_n$


$\mathscr {F}$


$m$


$\mathscr {F}$


$\mathscr {F}_m$


$(\mathscr {F},\delta ,C,F)$


$n$


$\mathscr {F} \subseteq \mathscr {F}_n$


$\F _n = Spec(\G _n)$


$\mathscr {F}_n$


$f \colon \mathscr {F} \hookrightarrow {\quad } \mathscr {F}_n$


$\mathscr {F}$


$\mathscr {F}_n$


$f(C)$


$\mathscr {F}_n$


$f(F)$


$\mathscr {F}_n$


$f$


$T$


$\mathscr {F}$


$f(T)$


$T'$


$\mathscr {F}_n$


$f$


$f(T)$


$\tau _a = \delta (q,a)$


$T$


$f(\tau _a) \colon f(\mathscr {F}) \to f(\mathscr {F})$


$f(\tau _a)(q) = f(\tau _a(q))$


$q \in f(\mathscr {F})$


$f(\tau _a)$


$T'$


$f$


$f(\tau _a)$


$\mathscr {F}_n$


$x \in \mathscr {F}_n \setminus f(\mathscr {F})$


$\mathscr {F}_n$


$x$


$y \in f(\mathscr {F})$


$x > y$


$f(\tau _a)$


$x \xrightarrow {a} x$


$a \in \Sigma $


$x$


$y$


$y \in f(\mathscr {F})$


$x > y$


$f(\tau _a)$


$x \xrightarrow []{a} \delta (y, a)$


$a \in \Sigma $


$f(\tau _a$


$\mathscr {F}_n$


$f(\delta ) \colon \mathscr {F}_n \times \Sigma \to \mathscr {F}_n$


$f(\delta )(q,a) = f(\tau _a)(q)$


$q \in \mathscr {F}_n$


$(\mathscr {F}_n,f(\delta ),f(C),f(F))$


$(\mathscr {F},\delta ,C,F)$


$L$


$L$


$L$


$L$


\begin {equation*}\Theta \models _L \varphi [\sigma _{a_1} \circ \cdots \circ \sigma _{a_u}],\end {equation*}


$\Gamma \models _L \psi $


$\psi $


$L$


$\Gamma $


$L$


$L$


$L$


$L$


$L$


$L$


$L$


$\mathbb {L}$


$\mathbb {L}$


$C$


$L$


$k$


$2^n$


$n \geq \log _2 k$


$\mathcal {B}_n$


$\mathscr {G}_n$


$\mathscr {G}_n$


$4 B(n) - 1$


$B(n)$


$n$


$n$


$GR(n)$


$0$


$1$


$(\varphi ,\{\sigma _a \colon a \in \Sigma \},\Theta )$


$\Theta $


$\mathscr {B}_n$


$\mathscr {B}_n$


$\Theta $


$\Theta $


$\Theta $


$\Gamma $


$\Gamma $


$\Gamma $


$\Gamma \models _L \varphi [\sigma _{a_1} \circ \cdots \circ \sigma _{a_u}]$


$\Theta \models _L \varphi [\sigma _{a_1} \circ \cdots \circ \sigma _{a_u}]$


$\Theta $


$\Gamma $


$s$


$w = a_1 a_2 \cdots a_u \in \Sigma ^*$


$\mathcal {W}(w) = (W,\leq ,\{\bar {a}\}_{a \in \Sigma })$


$W$


$u$


$\leq $


$W$


$a \in \Sigma $


$\bar {a}$


$x \in W$


$a \in \Sigma $


$\bar {a}(x)$


$x$


$i$


$(W,\leq )$


$\bar {a_i}(x)$


$L$


$\Sigma $


$\varphi $


$L = \{w \colon \mathcal {W}(w) \models \varphi \}$


$\textbf {L}=(L, \leq )$


$L$


$\leq $


$\textbf {G}$


$\textbf {L}$


$\mathcal {L}$


$\Sigma $


$L$


$\Sigma ^*$


$\mathcal {L} \colon \Sigma ^* \to L$


$s \in \Sigma ^*$


$\mathcal {L}(s)$


$s$


$\mathcal {L}$


$\alpha \in L$


$\alpha $


$\mathcal {L}$


$\Sigma ^*$


$\{s \in \Sigma ^* \mid \mathcal {L}(s) \geq \alpha \}\subseteq \Sigma ^*$


$\mathscr {L}= (\mathscr {L}_h \subseteq \cdots \subseteq \mathscr {L}_1)$


$\mathscr {L}_i$


$\alpha $


$L = (\{0,1,\ldots ,h\},\leq )$


$\leq $


$\mathscr {L}_i = \{s \in \Sigma ^* \mid \mathcal {L}(s) \geq i\}$


$i$


$\mathcal {L}_{\mathscr {L}} \colon \Sigma ^* \to \{0,1,\ldots ,h\}$


$\mathcal {L}_{\mathscr {L}}(s)=h$


$s \in \mathscr {L}_h$


$\mathcal {L}_{\mathscr {L}}(s)=i$


$1\leq i< h$


$s\in \mathscr {L}_i\setminus \mathscr {L}_{i+1}$


$\mathcal {L}_{\mathscr {L}}(s)=0$


$\mathscr {L}= (\mathscr {L}_h \subseteq \cdots \subseteq \mathscr {L}_1)$


$\mathcal {L}_{\mathscr {L}}$


$\Sigma $


$\textbf {L}=(L, \leq )$


$A= (\mathsf {Q}, \{\mathsf {D}_a\}_{a\in \Sigma }, \mathsf {I}, \mathsf {F})$


$\mathsf {Q}$


$\mathsf {D}_a$


$L^{\mathsf {Q}\times \mathsf {Q}}$


$\mathsf {I}\in L^\mathsf {Q}$


$\mathsf {F}\in L^\mathsf {Q}$


$(\mathcal {L}(A))(s)$


$s = a_1 \cdots a_u$


\begin {equation*}(\mathcal {L}(A))(s) = \mathop {\bigvee }\limits _{q_1, \cdots q_{n+1} \in Q} I(q_1) \land D_{a_1}(q_1, q_2) \land \cdots \land D_{a_u}(q_u, q_{u+1}) \land F(q_{u+1}).\end {equation*}


$\mathcal {L}(A)$


$A$


$\A =(Q, \delta , C, F)$


$\mathscr {L} = (\mathscr {L}_h \subseteq \cdots \subseteq \mathscr {L}_1)$


$A= (\mathsf {Q}, \{\mathsf {D}_a\}_{a\in \Sigma }, \mathsf {I}, \mathsf {F})$


$(\{0,1,\dots h\}, \leq )$


$\mathsf {Q}$


$Q$


$\mathsf {D}_a$


$\mathsf {D}_a(p, q)=h$


$\delta (p,a)=q$


$\mathsf {D}_a(p, q)=0$


$\mathsf {I}(q_i)=i$


$q_i \in C= (q_h > \cdots > q_1)$


$\mathsf {I}(q_i)=0$


$\mathsf {F}(q) = h$


$q \in F$


$\mathsf {F}(q) = 0$


$A$


$\mathcal {L}_{\mathscr {L}}$


$A$


$A$


$A = (\mathsf {Q},\delta ,s_0,\mathsf {F})$


$\delta $


$\delta \colon Q \times \Sigma \to Q$


$s_0 \in Q$


$\mathsf {Q}$


$\mathsf {F}$


$A = (\mathsf {Q}, \delta ,s_0,\mathsf {F})$


$\mathcal {L}(A) \in \textbf {L}^{\Sigma ^*}$


$\textbf {L}$


$(\{0,1,\ldots ,h\},\leq )$


$\A =(Q, \gamma , C, F)$


$Q = \mathsf {Q} \times \textbf {L}$


$\gamma ((s,i),a) = (\delta (s,a),i)$


$s \in \mathsf {Q}$


$i = 0,1,\ldots ,h$


$C = \{s_0\} \times \textbf {L}$


$F = \{(s,i) \mid s \in \mathsf {Q},\, i = 0,1,\ldots ,h,\, \mathsf {F}(s) \geq i \}$


$\mathscr {L} = (\mathscr {L}_h \subseteq \cdots \subseteq \mathscr {L}_1)$


$\A $


$\mathcal {L}_{\mathscr {L}} = \mathcal {L}(A)$
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Godel logic [11,12]. As far as we know, this approach has not yet been pursued for classical models of computation, such as the
automata for recognising formal languages. In this paper we shall generalise the approach introduced in [13] to develop a notion of
automaton based on Gddel logic.

The authors of [13] propose a descriptor of formal languages which is based only on two fundamental concepts of classical
propositional logic: the notion of logical consequence (of a formula ¢ from a theory ®), and the notion of substitution of a variable
with a formula (a map o from the set of variables to the set of formulas, which is canonically extended to a map from formulas to
formulas). As a matter of fact, they define the notion of classical fortress as a triple formed by a theory, a formula, and a bunch of
substitutions (one for each letter in an alphabet X), and show that a very natural relation between these logical ingredients and an
input string s € =* allows to characterise each regular language as the set of words satisfying this relation for a specific fortress, and,
by converse, for each fortress, the set of words satisfying the relation constitutes a regular language.

To prove the correspondence fortress-regular language, the paper [13] actually uses algebraic semantics and duality to prove a
correspondence between fortresses and deterministic finite state automata, as is well known that these computational devices exactly
recognise the class of regular languages.

In this paper we generalise the approach formulated in [13] from classical propositional logic to Godel logic, using the algebraic
semantics of finite Godel algebras, and the dually equivalent category of finite forests, to associate bijectively with each fortress a
computational finite-state device that we call Godel automaton. We prove that Godel automata recognise exactly the finite sequences
of inclusions of regular languages.

We stress that our notion of Godel fortress only differs from the notion of classical fortress as it replaces classical logical conse-
quence with logical consequence in Godel logic: that is to say, any classical fortress is a Godel fortress when interpreted with the
Godel logic consequence relation. This observation indicates that the structure of a Godel automaton arises naturally from Godel logic
and its logical consequence, and therefore, also the class of formal languages recognised by such devices (the finite inclusion chains of
regular languages) stands to the class of regular languages as Godel logic stands to classical Boolean logic. Furthermore, the approach
we have used to obtain the above characterisation can be generalised in principle to every propositional logic in the same language
of classical logic.

The main motivations of this paper lie in characterising the formal languages recognised by the purely logic oriented definition
of Godel fortresses, and we introduce Godel automata as instruments to obtain this characterisation. This notwithstanding, Godel
automata are of interest in themselves, as they constitute another class of automata that recognise fuzzy languages as defined, for
instance, in [14].

The paper is organised as follows: In Section2, first we briefly recall the basics of regular languages and automata, and a description
of the main concepts in Godel algebra and duality follows. In Section 3 we summarise the main concepts and results of the paper
[13] for the Boolean case. Our main definitions and results, that is Godel automata, Godel fortresses and their relation with chains
of regular languages, are discussed in Sections 4 and 5. In Section 6 we discuss some features of fortresses, their relations with the
Biichi-Elgot-Trakhtenbrot theorem and the relations between Godel automata and fuzzy automata.

2. Preliminaries
2.1. Languages and automata

We collect in this section some definitions and results on regular languages and finite deterministic automata that we will use in
the paper. We refer the reader to [15] for further details.

An alphabet X is a finite set of elements that we identify as letters or symbols. Each ordered concatenation of n € N letters is a
string (or word) of length n. We take ¢ as a special character representing the string of zero length, also called the empty string. The
concatenation of letters naturally extends to strings of any length, such that for any two strings s and ¢, the concatenation sot = st
results in a string of length |st| = |s| + |¢|. A set of possibly infinitely many strings is a (formal) language. Similarly to what we do for
letters and strings, the concatenation of two languages ¥, and %, is the set 0%, = £, %, = {xy | x € &,y € £, }.

Besides concatenation, there are other relevant operations for strings and languages like the power and the Kleene star, which are built

on it. Given any string s in any language Z and n € N, we define the power as s" = ¢ if n = 0 while 5" = sos"~!, otherwise. Analogously,

ZY = (e}, while " = LoZ""!, otherwise. The Kleene star (Kleene closure, or Kleene operator) is defined by &* = Uf:o Z". In

particular, if & = {s} we use the notation s* instead of {s}*. The aforementioned operations let us specify the family of regular

languages. A language # over an alphabet ¥ is a regular language if and only if & =@ | {¢} | {x} | L UL | Lo&L | &¥*, with x € X.
A deterministic finite automaton (DFA) on an alphabet X # @ is a quadruple </ = (Q, §, i, F), where:

. Q is a finite set of states

. 6 1 O XX - Q is the transition function
. i € Q is the initial state

. F C Q is the set of final states.

A WN =

Notice that in our definition, the automaton is complete, that is, § is a total function.
Graphically, each DFA is represented as a directed network where states are drawn as circles. They are marked with a small entering

a
arrow if initial, and they are circled twice if final. Each transition 6(q, a) = p is depicted as g— p, where a directed arrow from the
state g to p (possibly coinciding) is labelled with the input letter a € . The transition relation 6 naturally extends to 6* : Q X X* - Q
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by setting (i) 6*(q,€) = q and (ii) 6*(q, as) = 6*(6(g, a), s) for every a € £, s € £* and q € Q. A state g is said to be reachable if there
exists a string s € £* such that §*(i, s) = q. We say that an automaton is reachable when every state is reachable.

Definition 1. A string s € £* is accepted by the DFA & = (Q,4,i, F) if and only if 6*(i,s) € F. A language & is accepted by o if
and only if o/ accepts exactly all the strings in . We denote by </(¥) an automaton accepting a language &, while the language
accepted by an automaton ¢/ is denoted by £ ().

We recall that every regular language can be recognised by a reachable deterministic finite automaton, and any language recognised
by a DFA is regular.
Finally, we introduce an important operation between automata, which will be used in the proof of Theorem 4.

Definition 2. The intersection automaton of two deterministic automata </, = (Q,,6;,i,, F|) and &/, = (Q,, 6,,i,, F,) on an alphabet %,
denoted by &, N &,, is the reachable version of the automaton & = (Q,,, 5. i, F,) such that:

1. 0,=0,%X0,

2. 5,((q1>q2), @) = (61(qy,a), 65(q2, @), witha €, q, €0}, ¢, € 0,
3. in=(iy,ip)

4. Fy=F X F,.

The intersection automaton is hence obtained from the two original automata, </, and </,, by making them flow together in parallel.

Proposition 1. Let Z(¢/,) and Z(o/,) be two regular languages accepted by automata &/, and </,, then Z (o, N o1,) = L(oA)) N L(A,).
2.2. Gddel algebras

Godel propositional logic is the axiomatic extension of intuitionistic propositional logic by the prelinearity axiom (¢ — y) V (v — @)
[2]. It also arises in the framework of fuzzy logics as the propositional logic associated with the minimum t-norm, obtained by
extending Hajek’s Basic Fuzzy Logic BL with the idempotence axiom ¢ — (p&¢) [3].

The algebraic counterparts of Godel logic are Godel algebras, see for instance [3,16]. A Godel algebra A = (A, Vv, A, —,0,1) is an
algebraic structure such that:

1. (A,V,A,0,1) is a bounded distributive lattice with 0 as its largest element and 1 as its smallest element;
2. for any a,b,c € Aranb<ciffa<b -
3. (Prelinearity equation) for any a,b € A: (a > b) V(b - a) = 1.

In other words, Godel algebras are prelinear Heyting algebras. We also recall to the reader that in every Godel algebra the order < of
the lattice may be recovered from the implication, i.e. a < biffa > b= 1.

In what follows, the signature (4, A, —,0) will be employed for Godel algebras without loss of generality, since the remaining
operations can be defined from the given ones, being aVv b = ((a = b) - b) A((b > a) - a) and 1 = 0 — 0. Further, as it is customary,
we define ~a as a » 0, and a & b as (a - b) A (b = a).

A filter U of a Godel algebra A = (A, A, —,0) is an upward closed subset of A such that if a,b € U thenaA b € U. A filter U of A is
principal if and only if it has the form {b € A | a < b} for some element a € A, called the generator of U. In this case we write U = (a).
A filter p of A is prime if and only if it is proper, that is, p ¢ A, and for all a,b € A either a » b € p or b - a € p. A filter is maximal
if it is not properly included in any other filter. Maximal filters are prime, but in general prime filters are not maximal. The set of all
prime filters of A, ordered by reverse inclusion, is called the prime spectrum Spec(A) of A. If A is a finite Godel algebra, for every prime
filter p € Spec(A) the (finite) set {p’ € Spec(A) | p C p’} is totally ordered by inclusion: this is one of the key observations leading to
the duality between finite Godel algebras and finite forests, as described in Section 2.3 (see also [2]).

A join-irreducible element in a Godel algebra A is a join-irreducible element in the underlying lattice, that is an element 0 # j € A
such that if there are a,b € A with j = a Vv b then either a = j or b= . If A is a finite Godel algebra, for every a € A there are join-
irreducible elements ji, ..., j; such that a = \/;_, j;. We observe that, in any finite Godel algebra A, the prime spectrum Spec(A) is
order-isomorphic with the poset JIA of the join-irreducible elements, since each prime filter is principal and it is generated by a join-
irreducible element (and distinct join-irreducible elements generate distinct filters). The map sending each prime filter p of A to its
minimum element j, = min p is an order isomorphism between (Spec(A), 2) and (JI A, <). Its inverse map sends each join-irreducible
element j to the prime filter (j)={a € A|a > j}.

The main example of Godel algebra is the standard Godel algebra

([0, 1], min, = 5, 0),

where a —»;, b=1if a < b, while a —;, b = b otherwise. Indeed, Godel algebras form a locally finite variety G that is generated by
the standard Godel algebra. Further, since every Godel algebra satisfies the prelinearity axiom, every Godel algebra is a subdirect
product of linearly ordered Godel algebras [2].

The set Form(n) of formulas of Godel logic with n variables is inductively built from the constant 0 and the set Var(n) = {x, ..., x,}
using binary connectives A and —.

An evaluation is a map v : Var(n) — [0, 1] canonically extended to a map v : Form(n) — [0, 1] by defining v(0) =0, v(p Ay) =
min(v(e), v(y)) and v(p — y) = 1 if v(@p) < v(y) while v(¢ — w) = v(y) otherwise. If v(p) = 1 we write v F ¢ and we say that v satisfies
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the formula ¢. Given a set of formulas ©, we have © E ¢ if every evaluation that satisfies all formulas of © also satisfies ¢. We write
w E @ tomean {y} E @.

A theory © over Var(n) is a set of formulas in Form(n) such that if ® k ¢ then ¢ € ©.! A theory is prime if ¢ v y € © implies that
either ¢ € © or y € ©. A theory O is principal if there exists a formula ¢ such that ® = {y | ¢ F w}. Let us notice that every finite
theory of Godel logic is principal. A theory is maximal if it is not properly included in any other consistent theory.

Two formulas ¢ and y are logically equivalent, and we write ¢ = y, if v(¢p) = v(y) for every evaluation v. Logical equivalence is
a congruence with respect to the operations induced by connectives (that is [¢] * [y] = [¢ * y] for *€ {A, —}). The algebra

g, = (Form(n)/ =, A, —,[0])

is the free Godel algebra over n free generators &,. Note that &, is a finite Godel algebra.

As join-irreducible elements of the Godel algebra €, are equivalence classes of formulas, we recall here a normal form theorem
(see for instance [16-18]) that allows us to pick a formula (that we shall call a minterm) in each join-irreducible element of ¥,.

Let [0,1]1%1" be the Godel algebra of all functions f: [0,1]" — [0, 1] equipped with pointwise defined operations (that is (f *
)y, ....t) = f(ty,....1,) * g(ty, ..., t,) for x€ {A, >}, and the bottom element is the function constantly 0). Since the standard Godel
algebra generates the whole variety G, a standard universal algebra argument (see [19]) proves that &, is isomorphic with the
subalgebra of [0, 1]1%!" generated by the projections functions x; : (f,...,t,) — t,. Following the characterisation of €, as an algebra
of [0, 1]-valued functions given in [18], we introduce the notion of Godel n-variate region as the set of points (x,...,x,) € [0, 1]"
satisfying an expression of the form

0 <o X1y <1 = <u1 Xy <a L,

where <;€ {<,=} (<; must be < for at least one index i) and :: {1, ...,n} — {1,...,n} is a permutation. Given Godel n-variate regions
P, Q, we stipulate P C Q iff there is an index j such that P is obtained replacing in Q all <, with = for all indices # > j. For instance,
O<x=y=1)C(O<x<y=1)C(0<x<y<]l).Clearly, C is a partial order relation. Let us write GR(n) for the poset of all Godel
n-variate regions partially ordered by L.

Proofs of the following statements can be found in [16-18].

Lemma 1. For each n > 0, there is a poset isomorphism n,, : GR(n) — J1E,. Given the Gddel n-variate region P C [0, 11", satisfying 0 <,
X1y <1t =<yt Xy <n L, write x,) for 0 and x,,,, for 1. Then, the minterm m is the formula

n
mp = /\ Hi»
i=0

where y; = x4y < x,q41) iff <; is =, while y; = (x,341y = X)) = X541y Iff <; is <. It holds that mp € n,(P).

Remark 1. Some simplifications can be applied in writing minterms: for instance (x — 0) - x is equivalent with =—x, and 0 & x is
equivalent with —x; further (1 - x) — 1 is equivalent with 1 and x < 1 is equivalent with x. By a slight abuse of terminology we shall
call minterm any formula belonging to a join-irreducible element of €.

Example 1. There are eleven Godel 2-variate regions in GR(2):

P ={(x,»|0<x=y=1}
P={(x,»|0<y<x=1}
P={(x,»]|0<y<x<l1}
Pi={(x,»)|0<x=y<1}
Ps={(x,y)|0<x<y=1}

P={x,»]0=x<y=1}
P={(x»]0=x<y<1}
Py={(x,»)|0=x=y<1}
Po={(x,»]|0=y<x=1}
Pp={xy|0=y<x<1}

Po={(,»)|0<x<y<l}
with the following order relation:

P CPCP;
P; C F;

P CPCP
Py C Py

P C Py

Let us determine the formulas of the minterms m,, m; from the corresponding Godel 2-variate regions P,, P;. According to Lemma 1,
we should consider m, = u; A puy A 3 such that y; =(y - 0) - y, g = (x > y) - x and p3 = x < 1. Then, since y; =~y - y = -y,
u3=(x-> DA > x)=1Ax=1and u, A p3 = 3 (4, equals x when x < y, 1 otherwise), we may also rewrite m, = =y A x. Similarly,
ms = py A iy A g With gy = (1 > x) —> 1. As above, the formula for the minterm can also be shortened as m; = ==y A (x = y) = x),
being u, = x — 1 = 1. For a comprehensive list of minterms in &,, see Fig. 1 where the nodes of the poset JI &, are labelled by minterms
as representatives for each join irreducible element.

Remark 2. GR(n) (and then JIZ, and Spec(Z,)) can be effectively constructed by recursion on » as specified for instance in [8,16].

Lemma 2. Each formula ¢ € Form(n) is logically equivalent to a disjunction of minterms: those minterms m such that m — ¢ is equivalent
with 1 (or, equivalently, [m] < [¢] in &,).

In the following lemma, we collect some results about theories, minterms, and filters in the free Godel algebra, see [16].

! In this paper we assume theories are deductively closed sets of formulas.
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mg = ——xA((y—z)—y)

Fig. 1. %, labelled with minterms. Minterms m such that m F x are marked with white circles, while those for which m F y are marked with white
squares.

Lemma 3. Every prime theory © corresponds to a prime filter {[¢] | ¢ € ©} of &,, which is generated by the minterm m such that ® = {¢ |
mE @} (we say that © is generated by m). Given a prime theory © generated by a minterm m there are prime theories ©,, ..., ©,, respectively
generated by minterms m,, ... ,m, such that ® = ©,, C ... C ©, and [m] = [m},] > --- > [m;]. ©, is a maximal theory, and the filter generated
by [m,] is maximal.

Example 2. Let us consider the minterms m;, m,, m; in Fig. 1, which are such that m; F m,, m, ¥ m; and m; k ms. If we consider their
equivalence classes, we get the chain [m,] < [m,] < [m3] of join-irreducible elements of Z,. Since ©; = {¢ | m; F ¢}, then®; C ©, C O,.
Moreover, ©; is maximal.

Lastly, we shall need the following notion. Substitutions are defined as functions ¢ : Var(n) - Form(n) and, for every formula
@ € Form(n), we denote by ¢[c] the formula obtained by replacing in ¢ all the occurrences of x; with ¢(x;). Composition of substitutions
is denoted by o and it acts so that ¢[cor] = (¢[7])[c].

2.3. Duality for finite Godel algebras

The dual equivalence between finite Godel algebras and finite forests (and order-preserving open maps) is implicit in [2,20]. See
[7,16] for details. It can also be obtained by specialising Esakia’s duality [21] to finite prelinear Heyting algebras.

A forest is a poset F such that the downset | x = {y € F | y < x} of every element x € F is totally ordered. The minimal elements
of & are called roots. A tree is a forest with minimum.

An order-preserving map f : F — G between forests is open if for all x,y € F if y < f(x) then there is z < x such that f(z) = y.
Equivalently, an open map carries downward-closed sets to downward-closed sets.

We shall write FF for the category whose objects are the finite forests and whose arrows are the order-preserving open maps
between them.

It is possible to check that prelinearity implies that the prime spectrum of a Godel algebra is a forest, that is the set {p’ €
Spec(A) | p C p'} is always totally ordered by inclusion. Further, the intersection of two non-disjoint prime filters is again a prime
filter. Equivalently, the meet of two join-irreducible elements is either [0] or again join-irreducible. This is a key observation for the
following result. Let Sub(¥) be the set of all downward-closed subsets of F.

Theorem 1. [16, Thm. 4.2.1] The category of finite Godel algebras and their homomorphisms G ,, is dually equivalent to the category of
finite forests FF, via the following functors:

Sub: FF — Gy,
and

Spec: Gy;, — FF,
where:

e for each finite forest F, Sub F = (Sub(F),n,—,#), where H - K = F\ 1 (H \ K) (for 1 S being the upward closure of S), and for
each order-preserving open map f : F — G, the homomorphism Sub f : SubG — Sub F is defined by Sub(f)(H) = f~'(H) for each
H € SubG;

e for each finite Godel algebra A, Spec(A) is the prime spectrum of A and for each homomorphism of finite Godel algebras h: A — B, the
order-preserving open map Spec(h) : Spec(B) — Spec(A) is defined by Spec(h)(p) = h™'(p) for each p € Spec(B).

In Fig. 1, the forest %, dual of the free Godel algebra &, over two variables is depicted. Nodes are marked with minterms, that is
formulas corresponding to join-irreducible elements of &, that generate the prime filters of &,.
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a,b a

Fig. 2. Godel automaton that 1-accepts ¥, = a*b and 2-accepts &, = aa*b. Notice that &, Cc Z,.

3. Inheritance from the Boolean case

In this section, we briefly recall the main concepts in the paper [13] in order to pave the way to the generalisation of those
concepts from classical Boolean logic to Godel logic. For any background notion on algebraic logic we refer to [6,19].

We recall that, given a finite alphabet %, a classical fortress over Var(n) is a triple F = (¢, {0, : a € X},0), where ¢ is a formula
in Form(n), ® C Form(n) is a prime theory, and each o, : Var(n) > Form(n) is a substitution mapping each variable x; to a formula
y; € Form(n). Clearly, any substitution ¢ : Var(n) — Form(n) naturally extends to a map 6 : Form(n) - Form(n). By definition, the
fortress F recognises a string s = a, --- a, if

OF q;[aal o--o0, ],

u

where y[o] = 6(y) denotes the formula obtained by application of the substitution ¢ to the variables in y, and ¢,00, denotes the
substitution obtained by functionally composing ¢, with o,.

Let us denote by & (F) the language recognised by F. In [13] it is proved that each fortress F over V ar(n) determines a complete
deterministic finite state automaton with 2" states &/(F) recognising & (F), and, by converse, each complete deterministic finite state
automaton with 2" states o/ determines a fortress (/) over V ar(n) recognising the same language of &/. Since the constraint on the
number of states poses no limitation on the recognising power of DFA’s (see Section 6.2 for a discussion), the languages recognised
by classical fortresses are exactly the regular languages.

Notice that the notion of language recognised by a fortress involves only the purely logical concepts of logical consequence of a
formula from a (prime) theory and of substitution of variables with formulas: this is all that is needed to replicate the behaviour of
every deterministic finite state automaton.

The proof that classical fortresses recognise exactly the regular languages makes use of algebraic semantics and categorical dual-
ities, as we are going to sketch:

First, as is well known, the Lindenbaum-Tarski algebraic semantics of classical propositional logic is given by the variety of Boolean
algebras. In particular, a formula ¢ € Form(n) is a logical consequence of a theory ® C Form(n) if and only if the element [¢] is the
top element 1 of the Lindenbaum algebra given by %, /0, where %, is the free n-generated Boolean algebra, and @ is the congruence
generated by {[y] = 1: y € ©}. Equivalently, [¢] belongs to the filter [0] of B, where [@] = {[y]: y € ©}. Further, each substitution
o : Var(n) » Form(n) corresponds bijectively to an endomorphism ¢ : &, - %,, as 6([y (x|, ..., x,)]) = [w(c(x;), ..., 0(x,))].

Second, the finite slice of Stone’s categorical duality between Boolean algebras and Stone spaces proves that the category of finite
Boolean algebras with homomorphisms is categorically equivalent to the opposite of the category of finite sets and maps between
them. In particular, the free Boolean algebra %, corresponds dually to the set of its 2" many atoms, or, equivalently, the set M (n) of
maximal filters, each one of them singly generated by one of the atoms, while each (equivalence class of a) formula ¢ corresponds
to the set of maximal filters containing [¢], as well as each theory ©® corresponds to the set of maximal filters whose union is [®].
Further, each endomorphism & : %, — %, corresponds dually to a map M (n) > M (n).

The algebraic semantics given by finite Boolean algebras and the categorical duality with finite sets allows to have a dictionary
to translate the definition specifying a complete deterministic finite state automaton with 2" states into the definition of a fortress,
and viceversa: the set of states is M (n), the subset of final states corresponds to a formula ¢, the initial state to a prime theory ©, and
the transition function to the collection of substitutions {c,: a € L}.

In this paper we shall adapt the notion of classical fortress to Godel infinitely valued logic. That is, a Godel fortress will actually
be a classical fortress, but the notion of acceptance is changed into

®l t:C; ¢[o-al O oGﬂu]i

where here with I k; y we mean that y is consequence in Godel logic of the theory I', and @' is a prime theory extending the prime
theory ©.
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We shall prove, using the algebraic semantics given by Godel algebras and the categorical dual equivalence with forests, that
Godel fortresses recognises exactly the finite chains of inclusions of regular languages.

4. Godel automata and Godel fortresses

In this section, we define automata and fortresses based on Gddel logic and we investigate the class of languages that they
recognise. We recall here the notions and corresponding notation that we are going to use:

e Formulas ¢ € Form(n) of Godel logic;

¢ The free Godel algebra ¥, whose elements are equivalence classes [¢] of Godel formulas;

¢ The finite forest %, dual to the free Godel algebra €,, whose elements are the prime filters ([m]) of €, generated by join-irreducible
elements [m] of &,, that is, by equivalence classes of minterms m of Godel logic.

¢ Theories © of Godel formulas and corresponding filters, denoted [0], where [0] = {[¢] | ¢ € O} of &,.

Definition 3 (Godel Automaton). A Godel automaton on an alphabet X is a quadruple < = (Q, 5, C, F) such that:

1. Q is a finite forest F;

2. § : QXX - Q is such that, for each a € X, the map 7, : QO — Q defined by 7,(¢q) = 6(q, a) is open and order preserving over F;
3. C C Q is a downward-closed chain of the forest #, the chain of initial states;

4. F C Q is a downset of &, the downset of final states.

If # is isomorphic with %,, then we say that < is a free Godel automaton (over n variables).

A Godel automaton can accept words with different levels of acceptance, depending on the considered starting state in the chain
of initial states.

Definition 4. Given a Godel automaton & = (Q, 6, C, F) on an alphabet X, where C = ¢, < --- < g;, we say that a word a, - g, is
i-accepted, for i =1, ..., h, if
o, (Tay, (- (74, (@) ) € F
where Taj(q) =4(q.a;) forevery g€ Q, j = 1,...,u. We set Z; = {5 € ¥ | 5 is i-accepted by &/}.
Lemma 4. Given a Godel automaton & = (Q, 6, C, F) as in the above definition, if q; < q; then < C 2

Proof. Let ¢; < ¢; and consider a € X. Since 7, is order preserving, then 7,(g;) < 7,(q;). If 7,(q;) € F, since F is a downset
then also 7,(¢;) € F. By iterating this process, we get that for every word a, --- q, € T* if 7o, (Ta, (- (74, (q;)) ) € F, then also
7, (7, (- (7, () =) € F. Hence &, C &,. O

u—1

The chain of languages accepted by a Godel automaton & = (Q, 5, C, F), where C = q; < -+ < gy, is
FpCC P
where &, = {s € £* | s is i-accepted by &/}.
Lemma 5. Each language in the chain of languages accepted by a Godel automaton is regular.

Proof. Let o =(Q,5,C, F) be a Godel automaton recognising the chain of languages &, C --- C #,. Let us consider ¢; in C, and let
Q; be the set of states which are reachable from g;. Let §; : Q; X £ — Q; be the restriction of § to the set Q,. Let 7, : Q; - Q; be
defined by 7,(¢q) = 6(q, a) for each a € X. Then, by Definition 4, the automaton (Q;, §;,¢;, F n Q;) is a DFA recognising %;, hence %, is
regular. O

Example 3. In Fig. 2 we see an example of a Godel automaton & = (Q, 5, C, F) on the alphabet X = {a, b}.

The set Q = {g; | i = 1, ...,6} equipped with the order relation given by the dashed lines is a downset of the forest &, (see Fig. 1).
The open and order-preserving transition function is represented with labelled arrows, C = {q,.¢,} and F = {g,}.

Such automaton 1-accepts & = a*b and 2-accepts &, = aa*b, as, for example, 7,(q;) = g4 € F, but 7,(q,) = g5 ¢ F. Moreover,
& =Z(d) and &, = L(of,) with o, =(0,,6,,q,, F), o, =(0,,6,,q,, F), where O, = {q,,494.9¢} and O, = {q,-}f,’=2 are the set of
states that are reachable from ¢, and ¢,, and §;, 6, are the restrictions of 6 to O, and Q, respectively. The regular languages &, and
%, satisfy the inclusion %, C Z;.

Definition 5 (Godel Fortress). A Godel fortress in n variables over an alphabet X is a triple F = (¢, {6, } .5, ®), Where

1. ¢ is a Godel formula with variables in V ar(n);
2. for each a € X, o, is a substitution, i.e. 6, : Var(n) > Form(n);
3. O is a prime theory in the variables V ar(n).

Definition 6. Given the fortress F = (¢, {0, },c5. 0), let
9, 560,>:-20,=0

be the maximal chain of inclusions of prime theories including © (see Lemma 3). A word s = a; --- g, in X* is i-accepted by F if
0, k glo, 0 o0, ]

that is, the formula obtained from ¢ by substituting variables via the composite substitution o, o - og, is a logical consequence of
the theory ©,;. We define %, as the set of words i-accepted by F.
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Let us notice that if i < j then ®; C ©;, and then if ©; F ¢[c, o -+ o0, ] also ©; F g[o, o - o0, ]. Hence &; C &;. We conclude that
Z, C - C .
The proof of the following proposition is a straightforward consequence of the definition of i-acceptance:

Proposition 2. Let ¢ and y be two logically equivalent formulas and, for every a € X and x € V ar(n), let c,(x) be logically equivalent to
o!(x). Then the Godel fortresses (, {0, )} ,ex, ®) and (v, {6),} ,cx, ©) accept exactly the same chain of languages.

Using Theorem 1 we can show a correspondence between fortresses and Godel automata.
Recalling that the forest %, = Spec(¥,) is made by the prime filters of &, ordered by reverse inclusion, it is easy to check that for
every formula ¢ the set

{p € Spec(@,) | [9] € p}
is a downset of &,. With this notation we have, for any theory ©:
OF ¢ iff p € Oiff [0] € {p € Spec(¥,) | [p] € p}.

We recall that every substitution ¢ : Var(n) - Form(n) can be naturally extended to a homomorphism & from &, to itself, where

([¢]) = [¢lo]]. When considering its dual counterpart, we get the open and order-preserving map Spec(s) : p € F, — Ea‘l ») € #,.

Definition 7 (From fortress to automaton). Given a fortress
F=(9,{0,}4ex.0)
in n variables over X, we consider the free Godel automaton o/ = (Q,§,C, F) over X, where:
. O = %, is the finite forest dual to the free Godel algebra ¥,
. 6 : QXX - Qis defined by &(p,a) = ,(p) = 5, (p),

. C={[®] =p, C - Cp,} is the chain of prime filters containing [©],
. F={peSpec(¥,) | [¢] € p} is the downset of F, determined by ¢.

HWN =

Theorem 2. The Gddel fortress F and the Gédel automaton o/ recognise the same chain of languages.
Proof. Let F = (¢, {6,} 4c5. ©) be a Godel fortress in n variables such that
0=0,C - C0O,

is the maximal chain of inclusions of prime filters including ® and let o/ as in Definition 7. Let s = a; --- a,. Then s is i-accepted by
F if and only if ©; F @[o, o - o0, I. Let us write ¢ = o, o - o0, , then ©; F o[g], hence c[¢] € ©;. In order to show that /. i-accepts
5, we have to prove that 5, 'o --- OE;]I([GJ) € {p € Spec(%,) | [¢] € p}, hence that [p] €0 o’&;]l([(a,.]). And indeed:

ol € 0, iff 5([¢]) € [0,]iff [¢] € 57'([0,]) = (g0 - 05%)_1([@,-]%
We hence proved that s is i-accepted by F if and only if it is i-accepted by /. O
For each ¢ € Form(n) we let M, be the set of minterms {m | [m] < [¢]}.

Definition 8 (From automaton to fortress). Given a free Godel automaton over n variables & = (%,,8, C, F) over an alphabet X, we
consider the fortress F; = (¢F, {6,},ex, OF) over = where:

o of =\/,cpy m where M = {m | ([m]) € F};
o displaying C as [@,] C -+ C [0,], let ©€ = ©,;
o for every a € X and minterm m € Form(n) let

oa(m) = \/ {1 1([1) € 7' ((mI) } .

Notice that the definition of ¢, on minterms determines the definition of ¢, as a substitution, since, for each x € Var(n) we have that
64,(x) = 6,(\/ epr. M), that is,

0,0 = \/{11([1]) € 7;' (Im])).m € M, } .
We further extend 5, : ¥, — &, to arbitrary downward-closed subsets S of &, by putting 5,(.5) = {(c,([¢D) | {[¢]) € S}.

Theorem 3. The chain of languages recognised by a free Godel automaton &/ is the same chain of languages recognised by the Godel fortress
Fy-

Proof. Let & = (%,,6,C, F) be a free Godel automaton with C = [0,] C --- € [@,]. The word s = a, - q,, is i-accepted by ¢ if and only
if

(Tﬂuo °Ta1)([®i]) eF.
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a,b

Fig. 3. Free Godel automaton accepting § C aa*b C a*b.

Now, F, i-accepts s iff ©;F¢ (o, 0 00,1 iff [O]€(peF,|[olo,000,11€p} iff o (ODE(PEZF,]

[qu[O'azo o0, 11€p} iff (g;“]ou-oa;l')([@[]) e{peZ, |[oflep). But (peF, |[@lep}=F by the definition of ¢f.
Whence, 7, i-accepts s iff

a,

(6o 06;11)([6,.]) EF.
We observe that for each a € £ and each minterm m,

G, ({ImD) D) = () 111y € = Iml)) } = = ' (Lm])) -

Whence, (5,0 - Oaa_]l)([QiD € Fiff (0] € (G, 0 - 05, )(F)iff [0;] € (Ta_11° ot D)(F) iff (74,0 -+ 07, )([8;]) € F. That is to say that
F i-accepts s iff o i-accepts s. O

4.1. An example

Consider the forest &,, dual of the free Godel algebra over two variables &,. In Fig. 1, nodes of the forest #, are labelled by the
minterms m; whose equivalence classes [m;] generates all the prime filters ¢; = ([m;]) of &,. On %, we consider the Godel automaton
o =(%,,6,C, F)inFig. 3, where F = {g;} is the filter generated by m; = y A =x and C is the chain ¢, < ¢, < g3 corresponding to filters
generated by minterms m; = x A y, my, = x A ~myand m3 = ==y A (x = y) — x). Since the chain C has three elements, o/ accepts a chain
of three languages. It can be checked that the accepted chain of languages is § C aa*b C a*b.

We are going to build the fortress 7, as in Definition 8, using the two variables x and y.

Since {m | ([m]) € F} = {m;} then ¢* = m,.

e The prime theory OF is such that [@] = g; hence we can take O = {y | m; F w}.

In order to describe o, and o, we focus on variables. From Fig. 1, we can check that the minterms generating filters containing x
(i.e., minterms that are smaller than x) are those marked with white circles, namely M, = {m,y, m;, m,}, while those corresponding
to the variable y are the squared ones, namely M, = {m;, m;, ms}. Checking ;! and rb" in o, we get:

o (m ) = {4 ) 7, (Imy1) = 8

' (Imy]) = B 7, (Imy]) = B

o (Imyp) = {a10): 7 (Imyol)) = (a1}

o (Ims1) = {42, a5} 7 ' (Ims1)) = 0;

o ([mg])) = 8 o ' (Im7))) = (41, 95)-

Hence
G,(x) =my Vmy op(x) = myg
c,(¥) =myVmyVms=myVms op(y) = my Vms = ms.

Consider now the string s = ab. In order to speed up the calculations with substitutions, we refer to the syntax of minterms as in
Fig. 1 and we note that the negation -m of a minterm is the disjunction of minterms on the trees not containing m. Further, the
double negation = is the disjunction of all minterms in the same tree as m, cfr. Theorem 1. We start from @ = m; = y A =x and
apply substitutions ¢, and o, on both variables:

(pF[ab] =ms A-my = mg =y A X
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(since —m;, = \/‘.9:1 m;) and
(@FloyDlo,] = (my Vv ms) A==(m; Vv myg) = my V ms,

(since ~—=(m; V myy) = m3 Vmy vV mgV m;). We have m, E m, v ms and m; = m, v ms, while m; ¥ m, v ms. Hence, the string ab is
l1-accepted and 2-accepted, but it is not 3-accepted.

5. From a chain of languages to a free Godel automaton

Now that we have already exposed the correspondence between a fortress and a (free) Godel automaton, we show a procedure to
get a (free) Godel automaton from a chain of languages.

Theorem 4. Given a chain of regular languages
A N
over %, there is a Godel automaton o/ = (Q, 6, C, F) with |C| = h that accepts &), C - C Z,.

Proof. We split the proof into subtasks:

Construction of classical automata: for each &; in the chain, we fix a complete deterministic finite-state automaton #(¥;) =
(Q;.6;,i;, F)) that recognises it.

Intersection: we let o, = (%)) and, for j € [2,h], &; = d;_; N H(Z)), Le., the intersection automaton of &/(¥;) and the one re-
sulting from the preceding iteration. At the end of this stage, we have the set of automata {</,, ..., &,} each one of them denoted by
;= (07,60,i7, F).

For each k € [1, h], every state of o, is a nested tuple of the form (-- (4, 42), 43), --- » ), where each g; is a state of the automaton
A(Z;). To simplify notation we write (g,¢,4; - q;) instead of (--- (((q;, 42), 43) - qi)-

Construction of the Godel automaton: we build the automaton & = (Q, §, C, F) as follows.

LetQ = Uf:] QQ be the disjoint union of the set of all states of </, ..., ;. We endow Q with the following relation: given p,r € Q,
we stipulate p < r iff p is a prefix of r, that is, p = (p;p, -- p,) and r = (ryr, -+ r,,), with v <w and p; =r; for each j € [1,v]. It is
straightforward to check that < is a partial order relation on Q such that (Q, <) is a forest in which the states of </, are the roots.

We consider the initial state (i, i, --- i) for each i; being the initial state of </ (Z)). Notice that each prefix (i,i, -+ iy) (for k € [1, h]) is
the initial state of ¢/, . Clearly, the sequence C of initial states of <, ..., &, thatis C = (i)), (i;ip), -+, (iyi, --- i},) is a downward-closed
chain in Q.

Further, we take the set F = UZ=1 F as the set of final states, where each F|' is the set of final states of &/. In order to prove
that F is a downset of Q, note that if » € F then r € F;‘ for some k € [1, h], that is, r = (r; --- r;) where each r; €0;. If p < r then
p = (r -+ r,) for some v < k, and by Definition 2 of intersection of automata, p € F;), whence p € F.

In order to define the transition function 6 : O XX — Q, for each state (p, --- p,) € O and each a € T we set

8((py =+ pp)s@) = (ry -+,

where, for each j € [1,0], 6;(p;,a) = r;.

We need to prove that §(_, a) is an open and order-preserving map of the forest (Q, <).

Indeed, if p <r, then r = (r, ---r,,) and p = (r| --- r,) for v < w. Whence, for suitable states 7, ...,1,,, where each 1, €Q;, we have
that 6(r, a) = 6((ry -+ ), a) = (t; -+ 1), while 6(p, a) = 6((r ---r,),a) = (¢, --- 1), that is 6(p, a) < 6(r, a).

In order to prove the openness property of &, let t < 6(r,a) for some states r,z € Q, and symbol « € =. Then 7 = (¢, ---7,) and
8(r,a) = (t; - 1,,) for suitable states 7y, ...,t,, each t; € Q; and v < w. Then, there are states ry,...,r,, with each r; € Q;, such that
r=(ry - r,) (thatis, 6;(r;,a) = ;). But then p = (r, - r,) is a state of Q such that p < r and 6(p,a) = (t; --1,) = 1.

Finally, we check that the chain of languages accepted by « is exactly as desired: &, C --- C &,. Indeed, by Proposition 1,
L) = L) NZL(H(Z))) and since (A (L)) = Zy, L) =% and &), C -+ C &), then X(,) = &) forany k € [1,h]. O

Note that during the proof, it was not necessary to impose constraints on the properties of the automata &/ (#;)—for example, min-
imality on the number of states. Therefore, given the same chain of languages, the construction may yield Gédel automata that are
quite different from one another. Furthermore, the proof provides only one of the possible ways to construct the required Godel au-
tomaton. In fact, starting from the result thus obtained, in some cases, it is possible to merge certain states into one that corresponds
to their prefix, as observed in Example 4, allowing us to reduce the total number of states.

Example 4. Letus consider two languages &, = a*band %, = aa*b. For each of them, we can take the minimal automaton recognising
the language by setting /(%) = ({q;,42: 43}, 61,41, {92 }) and (L) = ({44, 95,965 47} 625 - {97}) Where
S lla | 4| as

q1 q3 q3
bl @ | 4| 4

& || s | as | 46 | a0
a qs qs a7 a7
b q7 de q7 q7

10
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a,b a

Fig. 4. Godel automaton corresponding to the chain aa*b C a*b.

b
qs & @ b Q1

a,b a

Fig. 5. Alternative Godel automaton corresponding to the chain aa*b C a*b.

In Fig. 4, a Godel automaton recognising the chain of languages %, = aa*b C &, = a*b is depicted. The lower automaton in the
picture is &/(#,) while the upper one is the intersection of &/(Z)) and /(%,). States in the intersection are denoted by sequences of
states of the two initial automata and the dashed line is the order relation of being a prefix. The initial states are ¢, and ¢, q,, while
¢, and ¢, g are final. The transiction function is inherited from &/(#)) and o, = o/ (Z)) N A(Z>).

Notice that some states can be collapsed into their "prefix" state. As shown in Fig. 5, for the given example, ¢,¢s, ¢,45 and g3q;
can be collapsed in their prefixes by migrating their incoming arrows respectively to ¢, ¢, and g5, without modifying either the
fundamental properties of the transition map of the automaton or the accepted chain of languages.

We recall that for each integer n > 0, there exists a forest &,, unique up to isomorphism, that serves as the dual of the free n-
generated Godel algebra. Leveraging the combinatorial structure of &,, a classification algorithm for forests, called Linnaeus ([22],
Algorithm 2), has been developed that classifies a given forest # by determining the smallest non-negative integer m such that & is
isomorphic to a subforest of Z,,.

Theorem 5. For each Godel automaton there is a free Godel automaton recognising the same chain of regular languages.

Proof. Let (#,6,C, F) be a Godel automaton and » be the minimum integer such that # C &, where &, = Spec(%,). %, will constitute
the underlying structure of the corresponding free Godel automaton. Let f: & < %, be the open and order-preserving injection
that maps % isomorphically onto a subforest of &,. Clearly f(C) is a downward-closed chain of %,, as well as f(F) is a downset
of &%,. The injection f maps each tree T of F onto a Godel tree f(T) that is a subtree of some tree 7’ of %, having enough nodes
per level to host it. Moreover, the injection f lets f(T) inherit the open and order-preserving maps 7, = 6(q,a) of T: that is, we
define f(z,): f(F) = f(F)by f(z,)(q) = f(z,(¢)) for all ¢ € f(F). Notice that, the map f(z,) may be not completely defined over T’
because f is not necessarily surjective. To extend the map f(z,) to the whole of &%, we have to consider every node x € %, \ f(%).
Considering the natural order enforced by the forest %,, for every state x such that there is no node y € f(%) such that x > y, we add

to the definition of f(z,) the set of transitions x—> x for each a € X. For all the other states x, there is a node y being the maximal

11
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one such that y € /(%) and x > y. For every such node, we add to the definition of f(z,) a transition x> 5(y,a) for all a € X. Clearly,
the resulting map f(z,) is open, order-preserving, and defined on the whole of %,. Whence, letting f(5): %, XX — &, be defined by
f(6)(q,a) = f(z,)(g) for all ¢ € F,, we conclude that (%,, f(6), f(C), f(F)) is a free Godel automaton recognising the same chain of
languages as (#,6,C, F). O

The just-mentioned procedure is a way to complete an open and order-preserving map by maintaining both the openness and the
order-preservation properties: this completion is far from being unique.

Theorem 6. The class of Gddel fortresses recognises exactly the class of finite chains of regular languages.

Proof. The proof follows straightforwardly from Theorems 2-5. O
6. Observations on fortresses, Godel automata, and Fuzzy automata

In this section we collect some further results and observations concerning classical and Godel fortresses and their associated
classes of automata, and we investigate a relationship between Gédel automata and Fuzzy automata, as defined, for instance, in [14].

6.1. Generalising fortresses to other logics

Let L be a non-classical logic in the same language of classical propositional logic. We can then generalise the notion of classical
fortress to a notion of fortress in L: we only need to use the notion of logical consequence in L instead of the classical notion. That
is, an L-fortress is actually a classical fortress, but the notion of acceptance is changed into

@ ':L (p[Ga] O e OO-QM]’

where with ' F; y we mean that y is consequence in the logic L of the theory I'.

The fact that L-fortresses are exact descriptors of a class of formal languages will constitute the natural generalisation of the fact
that classical fortresses are exact descriptors of the class of regular languages, contributing in this way to clarify some aspects of
the natural semantics of L. The task then is to identify the class of formal languages recognised by L-fortresses. To accomplish this
task, it would be extremely useful to be able to construct a new dictionary that allows us to translate a fortress into a computational
model akin to a finite state automaton. We can try to build the correspondence L-fortress—L-automaton if we can carry over from the
classical case some of the key concepts used there: 1) L is algebraisable, and the Lindenbaum-Tarski algebras of L constitute a locally
finite variety L; 2) There is a Stone-type categorical duality between the finite algebras in L and some category C sufficiently akin
to the category of finite sets. As an instance of this approach, in this paper we have dealt with the case L is Godel infinitely-valued
logic.

6.2. On the size of the automata determined by fortresses

The fact that the number of states of the DFA determined by a fortress is a power of two is not a limitation, as each DFA with
k states can be extended to a reachable DFA with 2" states, for some n > log, k, recognising the same language. On the other hand,
[13] introduces the notion of reduced fortresses, which are associated with DFA’s with no constraints on the number of states. This is
achieved by adding to the definition of classical fortress another theory, which defines a subset of the atoms of 13, as the set of states
of the described automa.

Analogously, the fact that a free Godel automaton has by definition the number of states corresponding to the cardinality of the
prime spectrum of a free Godel algebra &, is not a limitation, as we have shown how to embed any Godel automaton into a free one.
Furthermore, it is possible to introduce a notion of reduced Godel fortress, analogous to the notion of reduced classical fortress.

For what regards the cardinalities of the set of states of a free Godel automaton, the prime spectrum of &, has exactly 4B(n) — 1
elements, where B(n) is the nth ordered Bell number (or Fubini number), which in turn counts the ordered partitions of a set with
n elements (as a matter of fact, each element of GR(n) corresponds to an ordered partition of the set consisting of the generators
together with 0 and 1).

6.3. Prime, maximal, and general theories

We collect here some observations about classical fortresses that have not been developed in [13].

In a fortress (¢, {o, : a € £},0), the theory O is assumed to be a prime theory, that is, it corresponds to a prime filter of %,. One
may observe that, being 2, a Boolean algebra, a filter is prime iff it is maximal.

Whence, one may wonder why the notion of being prime for the theory © has been preferred to the notion of being maximal.
Actually, this choice is to maintain an approach suitable to be generalised: the paper [13] proposes some directions for generalisation,
and in general, prime theories and maximal theories are distinct concepts and play a different réle (however, we recall that every
maximal theory is prime). In particular, in the algebraic semantics of non-classical logics, as for instance, in Godel algebras, prime
theories are not necessarily maximal.

The second observation in the choice of limiting to prime theories in the definition of fortresses is actually just a simplifying
computational consideration, which is tacit in [13]; the theory © is prime since it mimics the unique initial state of a complete

12
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deterministic finite state automaton. If we relax, in the definition of fortress, the requirement that © is prime, and we allow any
theory I to be admissible, nothing changes in the set of recognised languages: as a matter of fact, no extra language is recognised,
since, in the automaton view, I" describes a set of initial states over the same automaton, and a word is then accepted iff it is accepted
starting from any one of the states in I'. Whence, I' F; ¢[o, o -+ o0, 1iff ® F; @lo, o+ oo, ] for each prime theory © extending I".

The same considerations on theories apply to Godel fortresses. As a matter of fact, in Godel algebras, prime theories are not
necessarily maximal. Moreover, if we replace in the definition of fortress the prime theory with a general theory, we do not change
the recognising power of Godel fortresses, for the same reasons expounded above for the case of classical fortresses.

6.4. On the Biichi-Elgot-Trakhtenbrot theorem

It is worthwhile stressing that fortresses are not meant to describe, using the language of logic, the dynamics of an automaton
(as this, by Biichi-Elgot-Trakhtenbrot Theorem, [23-25] can be done in the monadic fragment of classical second-order logic (see
below for details), but, instead they are meant to mimic that dynamics through fundamental concepts of logic. Of course, once the
correspondence fortress-automaton is established, one can, in principle, use only the formal notion of fortress and the logic concepts
of consequence and substitution to determine whether any given string s belongs to the language recognised by the fortress.

We now state a straightforward corollary of the correspondence classical fortress-regular language which could be of independent
interest.

We recall that a finite word w = a,a, -+ a, € * can be conceived as a structure W(w) = (W, <, {a},c5), Where the universe W is
a set of cardinality u, < is a total order induced on W and for each a € %, a is a one-place predicate such that for all x € W, there is
at most one a € X such that a(x) holds (if x is the ith element of (W, <) then g;(x) holds). Then a language of finite words L over X is
monadic definable if there is a second-order monadic sentence ¢ such that L = {w: W(w) F ¢}.

Biichi-Elgot-Trakhtenbrot Theorem states that a language of finite words is monadic definable iff it is regular. Then, the following
result is straightforward.

Corollary 1. A language of finite words is monadic definable iff it is recognised by a classical fortress.

Since all passages in Biichi-Elgot-Trakhtenbrot Theorem are effective, as well as the passage from regular language to classi-
cal fortress, we can reduce satisfiability of second-order monadic sentences over finite words to the decidable problem of logical
consequence (from a finite theory) in classical propositional logic.

6.5. Chains of languages as fuzzy languages

Let us denote with L = (L, <) a complete lattice with support set L and lattice order <. Recall that there is a uniquely determined
Godel algebra G having L as its lattice reduct. We consider a fuzzy language £ over an alphabet ¥ as an L-fuzzy subset of ¥*, that is,
a function £ : ¥* — L. For any s € X*, let L(s) be the degree of membership of s in the language L. Recall that for each a € L, the
a-cut of a fuzzy set £ in I* is the subset {s € Z* | L(s) > a} C Z*. Then, in a chain of regular languages & = (&), C --- € &), each &,
can be considered as an a-cut of a fuzzy regular language. Indeed, considering the lattice L = ({0, 1, ..., h}, <) (for < being the usual
order of the natural numbers), the language &; = {s € * | L(s) > i} is the i-cut of the fuzzy language L : ** — {0,1, ..., h} such
that Lo (s)=hforse€ Z), Lo(s)=iforl <i<hiff s€ &\ £, and L4(s) = 0 otherwise. Hence, each chain of regular languages
& =(Z), € - € &) corresponds to the fuzzy language L, so defined.

We recall that a fuzzy automaton over a finite alphabet %, in the complete lattice L = (L, <), is a tuple A = (Q, {D, } ,c5. I, F) where
Q is the finite crisp set of states, each D, is a fuzzy transition relation in L9, while I € LQ and F € L? are the fuzzy sets of the
initial and final states, respectively (see [14]).

The degree (£(A))(s) to which a fuzzy automaton accepts a word s = q; --- a, is defined as

(L(A)(s) = \/ I(q) A Dy (41,92) A - A Dy (Gy 4y 1) A F(Gyyy)-
q1>4n+1 €0
The fuzzy set £(A) is the fuzzy language accepted by A.
Let us consider a Godel automaton & = (Q, 8, C, F) recognising a chain & = (&), C --- C &)). We define the fuzzy automaton
A =(Q,{D,} 5L F), in the complete lattice ({0, 1, ... 1}, <), as follows:

1. Q is the set of states in Q;

2. each D, is such that D,(p, q) = h iff §(p, a) = g, D,(p. q) = 0 otherwise;
3. lg,) =iiff g € C =(g, > - > q)), Il(g;) = 0 otherwise;

4. F(q) = hiff ¢ € F, F(q) = 0 otherwise.

It is straightforward that the language accepted by A corresponds to £ ,. Notice that in the definition of A the fuzzy sets of transitions
and of final states are actually crisp sets.

In [26] the author introduces the notion of deterministic fuzzy automata, and proves that deterministic fuzzy automata and general
non-deterministic fuzzy automata are equally powerful, in the sense that the two classes of automata recognise the same fuzzy
languages. A fuzzy automaton A is deterministic iff the fuzzy sets of transitions and initial state are actually crisp, thatis, A = (Q, 8, s, F)
where 6§ is a function § : O XX — Q, and s, € O, while Q and F are as in the general definition of fuzzy automaton.

Let A =(Q,5,s,,F) be a deterministic fuzzy automaton, recognising the fuzzy language £(A) € L*", with L being the lattice
({0, 1, ..., h},<). We define the Gédel automaton & = (Q,y,C, F) as follows:
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1. O =QxL as a poset;

2. y((s,i),a) = (8(s,a),i) foreach s€ Qand i =0, 1, ..., h;
3. C={sy} xL;

4. F={(s,i)|s€Q,i=0,1,...,h, F(s) > i}.

A simple check shows that the chain of languages & = (&), C --- C &) recognised by ¢ is such that L4 = L(A).

We conclude that the chains of languages recognised by Godel fortresses (that is, finite nested chains of regular languages)
corresponds bijectively with the fuzzy languages (with values in finite chains) that are recognised by fuzzy automata. Whence we
can add the purely logic-oriented Godel fortresses (together with Godel automata) to the set of equally powerful systems recognising
fuzzy languages, such as fuzzy automata, deterministic fuzzy automata, nested systems of non-deterministic classical automata, nested
systems of deterministic classical automata.

7. Conclusions

This study has extended to Godel logic the logical descriptor for regular languages introduced in [13]. By leveraging the duality
between finite forests and finite Godel algebras, we established a correspondence between the new notions of Gédel automata, that
recognise chains of regular languages, and Godel fortresses that are defined by logical means.

The main approach used to characterise the languages recognised by Godel fortresses, namely, the use of the dual equivalence
of Godel algebras with finite, combinatorially described objects (the finite forests), could be applied to other non-classical logics,
in order to interrelate the logics themselves, their algebraic semantics and the insights yielded by the dual structures, towards the
interpretation of non-classical fortresses as computational devices.
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