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Abstract. We study the local well-posedness in the framework of the
Sobolev space HI(RN), N > 3, for a semilinear parabolic equation
with asymptotically polynomial nonlinearity up to the critical Sobolev
growth. Then we establish the dichotomy between blow-up and global
existence for solutions with small energy by means of variational meth-
ods and the so-called potential well argument.

1. INTRODUCTION

In this paper we consider the asymptotic behavior of solutions of a semi-
linear parabolic equation in R with asymptotically polynomial nonlinearity
up to the critical growth. Note that the orbit of the solution may be non-
compact due to the noncompactness of RV (and the critical growth of the
nonlinearity if this is the case), hence the structure of the omega-limit set of
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the orbit is quite different from that for the problem on bounded domains.
More precisely, we consider the semilinear heat equation

{8tu:Au—u+f(U) in RY x(0,7), (1.1)

u(z,0) = up(x) reRY,
where ug € H'(RV), N > 3, and f : R — R is a differentiable function with
f(0) = 0 and satisfying the following growth conditions:

[label=(foy)] there exist C' > 0, p € (2,2*] with 2* := 2N/(N — 2),
and ¢ € (2,p) such that

| (51)=f(s2)] < Clsi—sa| (|17~ + 2P + [51]97% + [s2|7")  for any s1, 50 € Rif]

5 1
there exists p > 2 such that 0 < F(s) := / f(r)dr < —sf(s)
0 H

for any s #0;  f/'(s) — f,(SS)

In a similar way as for the pure polynomial nonlinearity, it is possible to
prove local existence and uniqueness for (1.1) for any ug € H'(RY).

> 0 for any s # 0.

Theorem 1.1. Assume p € (2,2%). For any M > 0 there exists T =
T(M) > 0 such that the Cauchy problem (1.1) with initial datum wuy €
HY(RM), |uol|gn < M, has a unique solution v € C([0,T], H'(RY)). As-
sume p = 2*. For any ug € H'(RYN) there exists T = T(ug) > 0 such
that the Cauchy problem (1.1) with initial datum ug has a unique solution

u € C([0,T), HY(RNM)).

Moreover, thanks to the smoothing effect of the heat kernel it is possible
to prove that u is a classical solution; in fact, it belongs to the class

u € L5 ((0,T), L®(RY)) N C1((0, T), L*(RY)) 0 CH*((0,T) x RY),
see [17], [2]. We define the maximal existence time T,,, of the solution u as
T, :=sup{T > 0 : the solution u to (1.1) satisfies u € C([0,T], H'(R™V))}.]}

If T\, < 400 then the L°°-norm of the solution blows up, i.e. limsup, ;- [lu(?)[|r~ =
+00, see e.g. [3]. Moreover, in the subcritical case, 2 < p < 2%, if T, <

+oc then limsup, ;- [lu(t)||g1 = +oo (see Remark 2.4). Instead, in the

critical case, p = 2¥, it is not true, in general, that T,, < +oo yields

limsup, ;- [[u(t)||gr = +oo (see [19]).



SUBCRITICAL AND CRITICAL PARABOLIC EQUATIONS IN RN 3

The aim of this paper is to give sufficient conditions to determine whether
the solution blows up in finite time or it is global in time. Let

1 .
) = gl = [ FGyde with Juln = \/I9uls + [uls

be the energy functional associated with (1.1), and let

d:= Jg]fvf(u)

be the potential depth of I, where

N :={uec H'®R")\ {0} : J(u) =0} and J(u):= Hu||%{1—/RNuf(u)d;v

are the Nehari manifold and the Nehari functional, respectively. We consider
the splitting of the d-sublevelset of I determined by the sets:

W={uec H®RY) : I(u) <d, Ju)>0}, V:={ueHYRY) : I(u) <d, J(u)<0}.

We prove that if the solution intersects the set V' (unstable set) then it
remains in V and it blows up in finite time, while if it enters the set W
(stable set), it stays in W and it is global in time. The asymptotic analysis
of solutions intersecting the unstable set V' is not influenced by the value of
the power p in the range (2,2*] and the following result holds.

Theorem 1.2. Assume p € (2,2*]. Let u € C([0,T,,), H'(RY)) be the
solution to (1.1) with ug € H*(RN). If u(ty) € V for some tg € [0,T}y,), then
T < 00 and u(t) € V fort € [to, Tin)-

Conversely, the asymptotic analysis of solutions entering the stable set is
much easier when the value of the power p is in the subcritical range (2, 2*).
In particular, in order to tackle the critical case p = 2%, we assume an
additional growth condition as stated in the following result.

Theorem 1.3. Let u € C([0,Ty,), HY(RYN)) be the solution to (1.1) with
ug € HY(RYN). Assume p € (2,2%). If u(ty) € W for some tg € [0, T}), then
T =00, u(t) € W fort € [to,00) and limy—oo [[u(t)| 1 gry = 0. The same
result holds for p = 2* under the additional condition

s ) s
" fo) _ ()

sﬁuinoo 3‘3‘1’_2 [ re 5|3’ﬁ =8>0.

There is a significant amount of work devoted to the study of the as-
ymptotic behavior of solutions to Cauchy problems for evolution equations.



4 M. IsHiwATA, B. RUF, F. SANI, E. TERRANEO

Particularly, the method of potential-well which gives asymptotics of solu-
tions in terms of V and W as is stated in Theorem 1.2 and Theorem 1.3 was
introduced first for abstract equations with Lyapunov functionals, see e.g.
[15] for the complete form and see also [20, 9] and references therein. This
method was also applied to abstract parabolic equations by Payne and Sat-
tinger [16] and to concrete parabolic equations in bounded domains with the
nonlinearity of subcritical polynomial growth in e.g. [7, 8]. The parabolic
equation in RY with critical Sobolev exponent was treated by [10] in which
we have to deal with the noncompactness coming from the unboundedness of
R™ and the criticality of the nonlinearity. More recently, the asymptotically
linear case was studied in [5] with similar methods. Potential-well type re-
sults for parabolic equations in R? with exponential growth nonlinearities are
given in [4, 18, 11, 12]. For analogous results in the framework of nonlinear
Klein-Gordon equations, we refer to [13, 1, 6] and references therein.

While the case of general subcritical polynomial nonlinearities has been
widely studied, up to our knowledge, the critical polynomial case has been
analyzed only for the pure power nonlinearity f(u) = |u|> ~2u. The new
aspect of our analysis is that it includes more general critical polynomial
nonlinearities. An example of nonlinearity f that we consider is f(s) =
|s|P~25 4 |s|9725 with p € (2,2*] and ¢ € (2,p). Even this specific case seems
to be new.

For these nonlinearities, since the embedding

DY RY) .= {ue L¥ (RY) : |Vu| € LARY) } — LP(RY)

holds only if p = 2%, the analysis of the energy functional cannot be per-
formed in D2(RY™) when the problem is subcritical, i.e. when p < 2%
By adding the linear term —u into the equation, we can unify the study
of subcritical and critical problems in the framework of the Sobolev space
HY(RM).

As in the statement of the main results above, in what follows we will
tacitly assume that f : R — R is a differentiable function with f(0) = 0 such
that (f1), (f2), and (f3) hold. We will only specify the range of the power
p when we will need to distinguish between the subcritical and the critical
case. We will also emphasize the additional condition (fs) when we will use
it.

The plan of the paper is the following. Section 2 is devoted to the proof
of Theorem 1.1. In Section 3 we collect some geometric properties of the
unstable set V' and the stable set W, and in Section 4 we derive some char-
acteristics of blow-up and global solutions. The results in these Sections
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will be useful in the asymptotic analysis of solutions to (1.1). The proof of
Theorem 1.2 and Theorem 1.3 can be found in Section 5 and 6, respectively.

2. TIME-LOCAL WELL-POSEDNESS OF THE PROBLEM

In this Section we will prove Theorem 1.1. It will follow from the two
Propositions 2.2 and 2.3 establishing wellposedness in the subcritical and
critical case, respectively. These Propositions hold for more general nonlin-
earities, namely for any function f : R — R with f(0) = 0 and satisfying

() there exist C' > 0 and p € (2,2*] such that
f(s1) = f(s2)| < Clsy = sof (|17~ + [s2["2 +1)  for any s1, so € R.

In the proofs of the following Propositions we will use the well-known smooth-
ing effect of the heat kernel (see [2]). We denote by

1 |12
ePo(x) =

me_T x p(x) for any ¢ € LP(RY) with 1 < p < 4o0.
T

Lemma 2.1. Let 1 < p < g < 4o00. Then there exists C > 0 such that it
holds

1
le*ellre < w1 llellze (2.1)
t2Gd)
and
C
tA
< ——7— .
IVl < —rxyr ol (22)
for allt >0 and all ¢ € LP(RN). Moreover, if 1 <p < q < 400 then
N1 1
lim ¢ 2679 e3¢l 0 = 0 (2.3)

for all p € LP(RY).

Proposition 2.2. Assume p € (2,2*) and let f : R — R satisfy f(0) =0
and (ff). For any M > 0 there exists T =T (M) > 0 such that the Cauchy
problem (1.1) with initial datum |uo|lgn < M has a unique solution u €
c([o,T), H'(RY)).

(3) Proof. We transform the equation to the integral form

u(t) = e®ug + /0 t elt=9)A ( flu(s)) — u(s)> ds,
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and we prove that there exists a unique solution of the integral equation in
the space X7 = C([0, T], L*" (RY)), normed with ||u|x, = supye (o, lu(®)ll 2+ I
Let us introduce the integral operator

L@O = w0+ [ =98 (F(u(s)) - u(s)) ds

and for ug # 0 choose M = 2|ug| ;2. Then we prove that, for T' =
T'(||ugl| 72+ ) small, L has a unique fixed point in the ball

By ={ue Xr: lullx, = s [ullpes < M}
t

)

Thanks to (ff), the smoothing effect (2.1), and Holder’s inequality, for any
u, v € By and t € (0,T), we have

126~ L O = | [0 [(tato) = 106D ) + (w66 (o) )] s

2

<C /0 72 Ju(s) = o(s)] (Ju(s)P~? + [o(s) P2 + 1) ds

2"

t

<C (/0 (t =) Pllu(s) = v(s) ]l o (w522 + l(s)][522) ds + T|u — U||XT>
t

SC(/O (t—s)” ﬁdSHU—UHXT(”uH _|_H || )+T||U_U||XT>

< (T PMP2 4+ T)|lu —vl|x,,

where § = Né o ) and B < 1 for p < 2*. Using again (ff) and f(0) = 0, the
smoothing effect (2.1) and Hélder’s inequality, in a similar way as above, for

u € By and t € (0,T) we get

IO < leualz + | [ (o) = uts)) s

L2

t
< lugll- +C H [ e @t 2 + 1 as
0

r?*

<

t —s_’gus 2% || U « aS U
+C</O (t =) 7 uls) g2 lu(s)|[757 ds + T !XT>

t
c (Huuf;; [e-s ds+TuquT)

+C(TPMP2 +T)M.

<

N
SIS IS =~
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Therefore choosing T'= T'(M) such that

1

2 )

we can prove that L maps the space Xr into itself and it is a contraction.
Therefore the sequence

c (TI—BMP—2 + T) <

u® = By, wl) = LYy vj>1

converges in X7 to a fixed point u which is the unique solution in X7 of the
integral equation.

Let us now prove that the solution u belongs to the space Yy = C([0, T], H'(RV))]]
for some possibly smaller 7' = T'(||uo|[ z71). We denote by [|ully;. = supse o) |u(®)| m}
and we prove that there exists some T = T'(||ug|| 1) such that

a9y = o POl < 2ol - (2.4)

)

Thanks to the inequality (2.4), for any ¢ € (0,T) there exists a subsequence
of ul)(t) that converges weakly to u(t) in H'(RY) and

[l < 1imjinfllu(j)(t)HH1 < 2juoll -
This implies that ||u|ly; < 2|luo||z1. Next, we prove (2.4). For any ¢ > 0
1@ @)t = Nl uoll s < Jluoll s < 2o -
Let us consider u(® = L(u(®). We have
[ @) = L@ 0))]]

< |l uol g + +

L2

/0 elt=9)A (f(u(o)(s)) - u(o)(s)) ds

t

/ Velt=s)A (f(u(o)(s)) - u(o)(s)) ds
0

=I+1I+1I1I.

_l’_

L2

For the first term on the right side of the inequality it holds
I =" ug| g1 < ||uol|gr-
In view of (f;) and f(0) = 0, the smoothing effect (2.1) and Holder’s in-

equality, by choosing r € [2,2*] such that 1 < -5 <2 and g(pT_l -1 <3,
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we have the following estimate for the second term
t

/ elt=9)A (f(u(o)(s)) — u(o)(s)) ds
0

<0 [t (WO + )|
t

1I =

L2

ds

L2

N

<o ([ =s 5T DO+ 1O ds )
0

N(p—l 1

=2 luo| Pt + CT o -

For the third term, using again the assumptions (f;), f(0) = 0, the gradient
estimate for the heat operator (2.2), and Holder’s inequality, we get

/0 Velt=9)A (f(u(o)(s)) - u(o)(s)) ds L

t
<C ( R R TR O
0

p—1

< 0732 % =D ug 7! + OT* |lugl| -
Therefore we have for any ¢ € (0,7)
WD Ol < Nuoll 2 + (T, lluoll ) + BT Juoll 1)) ol 1,

11T =

1
Vt—s

1u® (s)]] 2 ds)

where
a(T, |fuo | 1) = CT= %57 =2)|lug|f7,% + €T,
and 1 N /p—1 1 _ 1
BT, Juoll ) = OTH =Dl 22 4 O,
Choosing T' = T(||uo|| 1) such that
(T, |luoll ) + B(T, [Juollgr) < 1,

we obtain
WD llyy = sup [u® @ < 2ol
te(0,T)

By a recursive argument we establish the inequality (2.4) for any w9, so we

just proved the w € L>((0,T), H'(RY)). Finally, u € Y7, since using similar

estimates as in the proof of (2.4) it is possible to show that u(t,) — wu(t) in

HY(RY) for any t, t, € (0,T] with t,, — t, and u(t,) — ug in H'(RY) as

t, — 0. In the end, uniqueness in C([0,T], H'(R")) is a consequence of the

fact that the integral operator L is a contraction on X7 = C([0, T], L*>" (RV)).
O
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Proposition 2.3. Assume p = 2* and let f : R — R satisfy f(0) = 0
and (ff). For any ug € H'(RYN) there ewists T = T(ug) such that the
Cauchy problem (1.1) with initial datum wug has a unique solution u €
c((0. 7], H'(RY)).

Proof. In the critical case the strategy to prove existence is still a fixed point
argument but in a different space. We consider the Banach space

Zr ={u € Lig,((0,T), L' (RY)) : |lullz, = o t*lu(t)]|r < +oo},
te(0,

where 2* < r < 2*(2*—1),a = %(2% — %) Let B = {u € Zyp: |ullz, <ce},

for € > 0. Using the property (f;) and f(0) = 0, the smoothing effect (2.1)
and Holder’s inequality, for any v € B, we have

L) () < e P uol|zr + 7

/0 elt=9)A (f(u(s)) - u(s)) ds

/0 =954 (jus) P2 + 1) ds

LT

< e ug |+ ¢°

Lr

2% 2

t
Stauemuouwma/ (= 5)" 3 TDsmo@ D@Dy () |27 575 u(s) |1 ) ds
0

N 2%-2

t
< %ol + C <ta/ (t—s) 27 )g—a@-D ds> lull3 "+ CT|ul 2,
0

< swp t2eBugllye +C (a2, + Tlhullz
te(0,7)

< sup t¥ePugl|pr +C <52*_1 + Ts) ,
te(0,T)
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and in a similar way for any u, v € B. we have (thanks to (f;), the smoothing
effect (2.1), and Holder’s inequality):

I L(u)(t) = L(o@))]|r < Atﬁﬂm(ﬂw@)—ﬂM$%+M@—USﬁds

LT

<o /0 3 u(s) — v(s)| (Ju(s)P2 + [u(s)P2 + 1) ds

L’l‘

272) + uls) — o(s) - ds

_E(Q*

<o [ FEP ) = o)l (Juts)

t - .
G A s L T P (T

< C (Il 2+ 0l Z,2 +T) fu = vz,

22+ llo(s)

22 bl ) + Tl = ol

<C (252**2 + T) lu — )| 2,

since a—% (%)—a(?‘—l)—f—l = 0. Choosing ¢ > 0 such that C2e% ~2 < 1,
and T > 0 such that CT < %, and possibly choosing T even smaller so that
(2.3) enables us to control the size of sup¢ (o 1) | "B up - < £, we get that
L maps the ball B; into itself and it is a contraction. Therefore there exists
a unique solution of the integral equation in B..

Moreover, as for the subcritical case since ug € H'(RY), this solution
belongs also, for some possibly smaller T, to the space C([0,T], H'(RY)).
Indeed, thanks to the previous estimates the sequence

u® = eByy, ) = L) vi>1

converges in Zr to a fixed point u which is the unique solution in Z7 to the
integral equation. Then we can prove that there exists some possibly smaller
T such that

sup |[ul?) (t)| g1 < 2l|uoll a1,
te(0,T)

and we can conclude as in the subcritical case that the solution u be-
longs to C([0,T], H(RY)). For u(® = e!®uq since ug € HY(RY) we have
|u© (@) 1 < 2|uol| g1 for any positive t. Let us consider u® = L(u(®).
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We have
[u® (@)l g2 = I Lu ()| 1

< |le®ug|| g1 + C H /0 t elt=9)A ( F(u®(s)) — u(o)(s)> ds
/ RAGEIN ( Fu©(s)) — u<°>(s))) ds
0

=]+ I+ 111
For the first term I it holds

+
L2

+C

L2

I =l uoll g < lluollp-

For the second, by using the property that u®) € Zp we have

93 (F(uO(5)) - u(5)) s
<c/ =921 ) () 5) |, ds
<C ( / (t =) T DO ()57 + [uOs) | 2 ds)

< CT2|[ul® (%1 + CTfuoll 2,

11=Cc

L2

-2y 1)’

smce2( )<1 a2 -1 <1, -HFEAE-H-a@2-1)+1=1

) —
and [Ju(®(s )HL2 = |le*Pugl|r2 < Jluoll L2 for any s € (0,7). Finally, for the
third term we get

/ Vet=92 (£(4O (s ))—u(o)(s)) ds
SC(/O (t—5)” FET D H O ()21 + ¢%||u<°><s>md5>

< Olu®| %71 + O |lug| 2,

11T =

since —7(27“—71 — 1) —a(2* = 1) + 3 = 0. Therefore since |u© ()| <
2||uo|| g1, for any t > 0, and u(®) = 'y € B, (in view of our choice of T),

we have for any t € (0,T)
1O @)1 < ol + CT +TY?)ugll 2 + O+ T2)[[u® )%
< uoll g1 + C(T +TY?)|Jug| g2 + C(1 + T2)e> 1.
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Choosing T = T'(up) small enough such that
O(T + 1) Jul 2 + O+ T2)e" ™ < fuol| .

we get the desired inequality. By a recursive argument we establish the
inequality (2.4) for any u(). Finally, in a similar way as in [2] it is possible
to prove the uniqueness of the solution in X7 = C([0,7], L* (RY)) and so
in C([0,T], HY(RY)). O

Remark 2.4. We remark that in the sucritical case p € (2,2") the exis-
tence time of the solution depends only on the size of the initial data in
HY(RY). Therefore if T,,, < 400 then lim; ,7,, |u(t)|| 1 = +o0o. We argue
by contradiction. Let us assume that

lim inf [|u(t)|| g1 < +o0.
t—Tm

Then there exists a sequence t,, — T, such that the set of values ||u(ty,)]| g1
is bounded by a positive constant K. Therefore there exists some time
T = T(K) and a solution u on [t,,T + t,] for any u(t,), as initial data.
Thus if ¢, is close to T;, the solution can be continued beyond T, but this
is impossible.

3. PROPERTIES OF THE SETS V AND W

Lemma 3.1. The Nehari functional J is positive around the origin in H'(RY) ||
and more precisely there exists o > 0 such that

J(u) >0 for any u € HYRN)\ {0} with ||ul| ;2 < o. (3.1)
Proof. Combining 1, 2, and the Sobolev inequality, we get
1 1

P 7 < P q LN
[ urtwde < 0 (lull, + ) < € (Sg/QuunHl + ||u||H1> for any u € H'(R >,|
where )

Sy 1= Hu”glv re [2?2*]
e RM)\(0} [|ullZ-

Hence

C _ C _

2 2 2 1/ mN
J(u) = Jlullz (1 - @HUH% - @HUH% ) for any u € H'(R™),

and since by assumption p, ¢ > 2, we easily deduce that (3.1) holds, provided
0 > 0 is sufficiently small. O
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We point out that 2 implies that for any sg > 0 there exists Cy > 0 such
that
F(s) > Cypls|* for any |s| > sp. (3.2)
It is not difficult to see that the Nehari manifold NV is not empty. In fact,
let u € H'(RV)\ {0} be such that

|luf >1 on Bgr
for some R > 0. Then, for any A > 1, we have

/ Auf (M) de > / Auf(Au) de > u/ F(Au)dx > MCO)‘#HUH%;L(B )
RN Br Br .
where we applied 2 and (3.2). In particular, for any A > 1

) < N (W uld = nCollull g, )

and we deduce that J(Au) < 0 if A > 1 is sufficiently large. On the other
hand, Lemma 3.1 implies that J(Au) > 0 if A > 0 is sufficiently small, and
by continuity, we find A > 0 such that J(Au) = 0.

Lemma 3.2. The level d is strictly positive, i.e. d > 0.

Proof. Let {u;}, be a minimizing sequence for d, i.e. u, € H'(RY)\ {0},
J(ug) =0 for any k > 1, and

lim I(ug)=d.

k—+o0

We have

) = I~ T(w) = [

(3.3)
and hence d > 0. We argue by contradiction assuming that d = 0. Then
(3.3) yields

li F dx = 0.
Therefore

li =l 21 2 | F(uy)dz )=
il =t (200) 42 [P dz) <o
and the positivity of J around the origin of H'(RY) expressed by Lemma

3.1 yields J(ug) > 0 for any k sufficiently large, which is a contradiction. [

The following characterization of the level d will be crucial in the proof of
the instability of the set V.

o (;ukf(uk) - F(Uk)) dz > (% - 1) /RN F(uy) dz > O,I
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Lemma 3.3. The level d can be characterized as

d=inf {H(u) : we H'(RY)\ {0}, J(u) <0}, (3.4)
where
H(u) :=1I(u) — %J(u) = /RN (;uf(u) - F(u)> dz  for any u € HY(RYN).
(3.5)
In particular, for any e >0
inf {I(u) : ue H'RV)\ {0}, J(u) = —} > d— g (3.6)

Proof. To simplify notations, we denote by d’ the infimum on the right hand
side of (3.4). Clearly d' < d and, in order to prove that d < d’, it is enough
to show that

d < H(u) for any u € H'(RY) with J(u) < 0. (3.7)
To this aim, first we point out that if u € H'(RY)\ {0} then the function
h(X) := H(Au), A>0,

is monotone increasing on (0, +00). In fact, as a consequence of 3, we have

W(\) = (dH (), u) :/ L2 (f’(/\u) - f(;u“)) dz > 0.

RN 2
Next, let u € H'(RY) \ {0} be such that J(u) < 0. In view of the
continuity of J in H'(R™) and its positivity near the origin of H*(R"Y) (see
Lemma 3.1), there exists A € (0,1) such that J(Au) = 0. Hence
d<I(A\u)=H(Mu) < H(u),
and the proof of (3.7) is complete.
Finally, (3.6) easily follows from (3.4) by direct computations. O

In the following Lemma, we collect some useful properties to describe the
sets V and W in the energy space H 1(RN ).

Lemma 3.4. The following properties of the sets V and W hold.
[label=(), leftmargin=+0.9cm] W contains a neighborhood of the
origin in H'(RN). The energy I is positive on W\ {0} and W is
bounded in H*(RY). More precisely,

2
ull3. < f_MQd for any u € W. (3.8)

0¢V. WnV={ueN : I(u)=d}.
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(8) Proof. 1 First, note that
W= {ueH'RY) : I(u) <d, J(u) >0} U{0}.

Moreover, the energy I is continuous in H'(R™) and d > 0 (see Lemma 3.2).
Therefore, in order to conclude that W is a neighborhood of the origin in
H'(RY), it is enough to recall that .J is positive around the origin in H'(RY)
(see Lemma 3.1).

2 If w € W\ {0} then J(u) > 0, i.e.

/ uf(w) dz < [Jul2p,
RN

and in view of 2 we get

L2
[, Pl de <l
Therefore
1 1
I(u) > (2 - M) [ull3,  for any uw € W\ {0},

and since p > 2, we deduce that I is positive on W\ {0}. Moreover, recalling
that if u € W we also have I(u) < d, the above inequality yields (3.8).

8 Since W is a neighborhood of the origin in HY(RY) and W NV = @, if
we assume 0 € V then we easily reach a contradiction. Hence 0 ¢ V.

4 IfueWnV then J(u) =0 and I(u) < d. Since 0 ¢ V, in particular
u # 0, and hence u € N. Moreover, from the definition of d, we deduce
that I(u) = d. On the other hand, if w € N and I(u) = d then u # 0 and
J(u) = 0. Therefore, u € WNV. O

4. BLOW-UP AND GLOBAL SOLUTIONS

Let us fix ug € HY(R™), and let u € C ([0, T},); HL(RY) ) be the maximal
solution to (1.1). It is well known that the energy is decreasing along the
solution wu(t), more precisely

d
\|8tu(t)||%2 = —al(u(t)) for any t € (0,T},). (4.1)
Moreover, the following identities hold:
1d
§£IIU(L‘)IIi2 =—J(u(t)) foranyte (0,Tn), (4.2)

and if p € H'(RY) then
[(dI (u(t)), )| < [[Oeu(®)||z2ll¢llr2  for any t € (0,Tm). (4.3)
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In view of the concavity method developed by Levine in [14], it is also well
known that if the energy of the solution becomes negative then the solution
blows up in finite time. More precisely,

Lemma 4.1 ([14]). If u(to) # 0 and I (u(to)) < 0 at some tg € [0,T,,) then
T < +o00.
We omit the proof, since it can be obtained by well known arguments.
Lemma 4.2. IfT,, = +oo then

Eltlgrnool(u(t)) € [0, 400), (4.4)

and there exists a sequence {t} satisfying

lim ¢ =400 and lim J (u(ty)) = 0.

k—+o0 k—+o0

Proof. If T,;, = +o00 then Lemma 4.1 implies I (u(t)) > 0 for any ¢ € [0, +00).
Therefore from the monotonicity of the energy (4.1), we deduce that (4.4)
holds, and

d
li Z I (ut)) = 0.
msup (u(t)) =0

This ensures the existence of a sequence {ty}; such that

lim ¢ =400 and lim ||Owu(ty)]|r2 =0,
k—+o00 k—+o00

where the second identity follows again from (4.1).

Let
e = ||Owu(ty)|| 2 > 0 as k — +oo,
so that we can rewrite (4.3) as
|J (u(t)) | < erllu(ty)||m for any k > 1, (4.5)

and the proof is complete if we show that {u(t;)} is bounded in H'(RY).
Since {I (u(tx))}, is bounded, there exists C' > 0 such that for any k > 1

sl <O+ [ Futt)) da.

Moreover, combining 2 with (4.5), we get for any k& > 1

[Pt do <% [ u(w)f (ulte)) de <l + et

In conclusion, we have for any k£ > 1

1 1

(2 B u) lu(tllzn < €+ exllult)llm.
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and since p > 2, the sequence {u(t;)}, must be bounded in H'(RY). O

5. INVARIANCE AND INSTABILITY OF THE SET V

In this section we prove Theorem 1.2, namely if u(tg) € V at some ¢y €
[0,T,,) then u(t) € V for any t € [to,T),) and T}, < +00. Since the space
variable ranges in the whole of RV the argument developed by Payne and
Sattinger in [16] for bounded domains does not work in our setting. However
a similar conclusion holds.

Proof of Theorem 1.2. 1t is enough to prove the existence of € > 0 such that
J (u(t)) < —e for any t € [to, Trn). (5.1)

In fact, combining (5.1) with the monotonicity of the energy (4.1), we can
conclude that the set V is invariant under the flow associated with (1.1),
ie. u(t) € V for any t € [to,T,,). Moreover, if we argue by contradiction
assuming that 7T},, = 400 then Lemma 4.2 ensures the existence of a sequence
{tx}x such that

lim ¢, =400 and lim J(u(tg)) =0,

k—+o0 k—+o00

which contradicts (5.1).
In order to prove (5.1), let € > 0 be such that

min {d — I (u(ty)),—J (u(to))} > e,

and let
de :=inf {I(u) : u € HY RN\ {0}, J(u) = —e}.
Then (3.6) yields
de>d— % > I (u(to)),

and using the monotonicity of the energy, we get

de > I (u(t)) for any t € [to, Tp)- (5.2)
Assume that J (u(t1)) = —¢ at some ¢; € (to, Tin), then

de < I (u(t1)),

which contradicts (5.2), and in view of the continuity of J along the solution,
we deduce that (5.1) holds. O
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6. INVARIANCE AND STABILITY OF THE SET W

In this section we prove Theorem 1.3 and we split its proof as follows.
First, in Proposition 6.1 we establish the invariance of the set W both in
the subcritical and critical case. Next, with Proposition 6.3 we complete the
proof of Theorem 1.3 in the subcritical case. The proof of Theorem 1.3 in
the critical case is more involved and the additional assumption (fs) comes
into play:

- Proposition 6.6 ensures that solutions entering W are global and bounded
in L=((7,+00) x RY) for any 7 > 0 and its proof is based on a comparison
with a suitable limiting stationary problem (see Proposition 6.5);

- finally Proposition 6.8 guarantees the vanishing of the H'-norm of solutions
entering W.

Proposition 6.1. If u(ty) € W at some ty € [0,T},) then u(t) € W for any
t e [to, Tm).

Proof. If u(tg) = 0 then by uniqueness u(t) = 0 for any t > ¢, and the proof
is complete. Therefore, from now on, we will assume that u(tg) € W \ {0}.
By the monotonicity of the energy,

I(u(t)) <I(u(ty)) <d foranyt e [to,Tmn), (6.1)

and the proof is complete if we show that J (u(t)) > 0 for any ¢ € (tg, Tpn)-
If not then there exists t1 € (to, 1)) such that

J (u(ty)) < 0. (6.2)

By continuity, and recalling that J (u(tg)) > 0, there exists to € (to,t1) such
that J (u(t2)) = 0, and either u(te) = 0 or d < I (u(t2)). The latter case
contradicts (6.1). Therefore, u(ty) = 0 and again by uniqueness u(t) = 0 for
any t > to which contradicts (6.2). O

6.1. Stability of W in the energy subcritical case. Next, we consider
(1.1) in the energy subcritical case, i.e. p € (2,2*). In this case, in order to
analyze the asymptotic behavior of solutions in W, we will use the following
convergence result.

Lemma 6.2. Assume p € (2,2%). If {up}r C W is such that
] lim I = 0,d).
i) Jim I(up) =c€[0,d)

i7) lim J(ug) =0,

k——+oc0
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then up to a subsequence

lim ||ugllgn =0 and c¢=0.
—+00
Proof. If we show that up to a subsequence

kll)gr_loo - upf(ug)dz =0 and kEI-Poo - F(ug)dz =0, (6.3)

then

k—+
from which we deduce that

. 1
c= lim (QHURH%LP _/RN F(uk)d:c> =0,

k—+4o0

limoo k3 = kBToo (J(uk) + /]RN ug f (ug) da:) =0,

and the proof is complete.

From Lemma 3.4.2, we know that the sequence {uy}x is bounded in
H'(RM). Since Schwarz symmetrization does not increase the H'-norm,
also the symmetrized sequence {u}}; is bounded in H! ,(R"). Hence, up
to a subsequence, we have

up —Vin HYRY), w} — Vin LP(RY), u} —V in LYRY), and uj — V ae. in RV ]
where the strong convergence in LP(RY) and in LI(RY) follows by the as-

sumption on p and ¢, indeed the embedding Hﬂad(RN )in L"(RY) is compact

if r € (2,2%). Therefore, the Lebesgue dominated convergence theorem en-

sures that

lim uy f(uy) de = /

Jm ) . Vf(V)dz and lim F(uy)dx = /

F(V) dx.l
k—+oc0 RN RN

In particular, we have
lim H(uy)=H(V),

k—-+oco
where H is the functional defined by (3.5).
It is easy to see that J(V') < 0. In fact, Schwarz symmetrization preserves
the nonlinear parts and hence J(u}) < J(ug), therefore

J(V) <liminf J(u}) < liminf J =0.
V)= il ) < g Jm)
Therefore, V' = 0. If not then

k——+o0 k—+o00 k——+o0

d<H(V)= lim H(ujp) = lim H(ug)= lim (I(uk) — ;J(uk)) <d,

and we reach a contradiction.
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In conclusion,

kkr}rnoo - upf(up)der =0 and kggloo - F(uy)dx =0,
and this yields (6.3). O

Proposition 6.3. Assume p € (2,2%). If u(ty) € W at some ty € [0,T},)
then T,, = +00 and
lim ||lu(t)]| g = 0.

t—+o00
Proof. Without loss of generality, we assume that u(tg) € W\{0}. Since W is
invariant under the flow associated with (1.1), u(t) € W for any ¢ € [to, Tr,)-
In particular,
I(u(t)) <I(u(tp))<d and J(u(t))>0 foranyte [tg,Tm), (6.4)
and recalling that W is bounded in H'(RY) (see Lemma 3.4.2), we also have
|lu)||gr < C for any t € [to, Tin). (6.5)

Since p € (2,2*), this is enough to conclude that T,, = +oo. Therefore,
Lemma 4.2 ensures the existence of a sequence {¢j} such that

lim ¢, = 400, (u(ty)) = c €[0,d), kll}rf J (u(ty)) =0,

lim [
k——+o0 k—+o0

in particular the fact that ¢ < d follows from the first inequality in (6.4).
Moreover, {u(t;)}r C W for any k sufficiently large, and hence we can apply
the convergence Lemma 6.2 to conclude that up to a subsequence

kggloo lu(t)||[zr =0 and ¢=0.

In view of (4.2) and the second inequality in (6.4), the function ¢ € [tg, +00) ]
|lu(t)||z2 is monotone non-increasing, and hence

3, lim_Ju(t)] 2

Since ||u(tg)||z2 — 0 as k — 400, we deduce that

i Jlu(t)] 2 = 0.

Applying the Gagliardo-Nirenberg inequality and (6.5), we can estimate
for any t > tg

=) - N(i-x
*) < Collu(®)lr2 G- >>
(6.6)

M)y

lu®IZy < ConlIVu®)l 2
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and hence
i u(t) e = 0.
Therefore
tl}inoo - F(u(t)) dz=0
and

lim |ju(t)|3: = tiiinoo (2[ (u(t)) + 2/RN F (u(t)) dx) =2c=0.

t—-+o0

O

6.2. Stability of W in the energy critical case. In the energy critical
case p = 2*, we assume the additional growth condition (f), namely
1) o S 5o

s—too §[s[P72  s—Eoo s|s|¥=2

The limiting (homogeneous) stationary equation

— AU = BU|U|™= in RV (6.7)
will play a role in the study of the stability of the W, and we denote by
1 B .
Lo@) = VU — S U3, UeDR®Y),  (68)
the energy functional associated with (6.7). Let
0 = inf I (U), .
d . (U) (6.9)
where
Noo :=={U € DRV )\{0} : Joo(U) =0} and Jo(U) := yVUH;—(BHU\)i’;* 1
6.10

Lemma 6.4. The level dsy can be characterized as

doo = inf { Hoo(U) : U € D2(RV)\ {0}, J(U) < 0},

Hoo(U) := Io(U) — %JOO(U) = %HU”%} for any U € DY*(U). (6.11)
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Proof. Let
dl, == inf {Hy(U) : U € D*(RV)\ {0}, Joo(U) < 0}.

In order to prove that do, = d., it is useful to point out that for any

U € DY2(RN) \ {0} there exists A = A(U) > 0 such that

>0 if0< A<,
J(NU)L =0 if A=,
<0 if A> A
If U € DM2(RN) \ {0} satisfies Joo(U) = 0 then X = 1 and
d, < Heo(NU) for any A > 1.

Therefore

. AT o 1 I
< U) = — Ul|5 3« = U) = U)—= =
do A11I{1+Hoo()\ ) )\hrﬁ N)\ I HL2 H,(U) =1-(U) 2JOO(U) I(U),

and we deduce that d,, < dw. On the other hand, if U € DL2(RN)\ {0}
satisfies Joo(U) < 0 then A € (0,1) and

— — —2%* * *
doo < Ino(AU) = Hoo(NU) = %)\ U2 < %HUH%Q* = Hy(U),
and we deduce that do, < d. . Therefore do, = d.. O

With the help of the above characterization of the level d, and the anal-
ogous characterization of d expressed by (3.4), we deduce the following in-
equality between d and dy.

Proposition 6.5. Assume p = 2* and assume that (f4) holds. Then d < du.

Proof. Tt is enough to prove that

d < Hoo(U) for any U € CP(RY) \ {0} with Joo(U) < 0. (6.12)
To this aim, we point out that for any U € Cg°(RY) \ {0} we have
lim () = I I — J(U), 1
i I(uy) (U) and  lim J(up) = Joo(U) (6.13)
where

N-2 N
ur(z) =A"2 U(Az), A>0, zeR".
We postpone the proof of (6.13), and first we show that it is possible to

deduce (6.12) with the help of (6.13). Let U € C°(R™) \ {0} be such that
Joo(U) < 0 then (6.13) in particular yields

J(uy) <0 for any A > X\ with A > 0 sufficiently large,
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and hence
d < H(uy) for any A > .
Clearly (6.13) also yields

lim H(uy) = He(U),

A——+o00

and we reach the conclusion d < H(U).
Next we complete the proof showing that (6.13) holds. Since

1
luxlfn = VU172 + QHUH% for any A >0,

we have only to prove that

lim uy f(uy)dr = B||U||5.+ and hm (u Ul|5ox.
Jim [ fun)de = A0S | P ds = ZIOE:
By means of the change of variable y = )\x, we can rewrite

/RNuAf(uA)d:n:/N AU FOVTU)dy  and /RNF(u,\)dx:/RN)\_NF()\VU)dy,I

R
and if we set
=N UFANTU) and Gy = A VNFOEU),
then we have only to prove that
/\Einoo - gy )dy—BHUHLQ* and hm - Gi(y) dy = —HUHLQ*.

In view of (f1), we can estimate
0< g <O (UP +]Ul) e L'®Y),

Moreover, for any y € RY

lim _gx(y) = BIU(y)*".

A=+

In fact, if U(y) = 0 then gx(y) = 0 and there is nothing to prove. On the

other hand, if U(y) # 0 then AT U(y) — oo as A — oo, and in view of (f4)
we get,

lim gy(y) = lim — - UW)I* =BIUW)* .

A—~00 A—+400 N—2
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Hence as a consequence of the Lebesgue dominated convergence theorem we
get
2*

1. d = E3
Jimf 9 w)dy = BIUIIL
Finally, in view of 2, we can estimate
ANV N - 1 .
0< Gy < e AU JOWTY) = 1oy < S (0P +UF) € LR,

Moreover, 'Hopital’s rule and (f4) yield
Fo)_ . fs) B

s—+oo ‘3‘2* s—£00 g S|S|ﬁ ¥
Arguing as before, we get for any y € RV

F(\FU(y) ) )
—( 2) AUW)* = B\U(y)lz

lim G)(y) = lim =0

A—+00 A—+00 ‘)\¥ U(y)

and, again as a consequence of the Lebesgue dominated convergence theo-
rem, we conclude that

2%

lim GA(y)dyzgﬂU Tax-

A——+00 RN

0

The above Proposition 6.5 will enable us to prove that, also in the energy
critical case p = 2*, if the solution u to (1.1) enters the set W then u is a
global solution.

Proposition 6.6. Assume p = 2* and assume that (f1) holds. If u(ty) € W
at some tg € [0,T,,) then Tp, = 400 and limsup, ., | o [lu(t)|| L~ < 400 .

Proof. In view of the invariance of W under the flow associated with (1.1),
without loss of generality, we assume that u(t) € W\ {0} for any ¢ € [to, T),)
and tg > 0. Then the boundedness of W yields

2
sup  |Ju(®)| g < 1/7“24. (6.14)
t€to,Tm) w—

Moreover, the energy functional is bounded from above and positive in W\
{0}, and hence the monotonicity of the energy along the solution yields
3 lim I (u(?)) € [0,d). (6.15)

t—Tm
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It is enough to show that
lim sup ||u(t)|| g < 400. (6.16)
t—Tm
Indeed, (6.16) and the blow-up alternative yields T, = +oc.
We argue by contradiction assuming
limsup ||u(t)|| L = 400,
t—Tm

and hence we find a sequence {t;}r C (to, Trn) satisfying

lim ty=Tp  lim [ut)li~ = oo, and  sup [u(®)llo~ = fult)l o~
k—+oc0 k—+4o00 te[to,tk]

Construction of a rescaled sequence. Let xj € RY, be such that

1
lute)re < fulzk, )],

and consider the rescaled functions
N-—-2

u(z,t) = A\, 2 ug(y,s), where X, >0, y=X(x—x), and s= /\i(t—tk).l
By construction uy solves

1 1 N—2
Osuy, = Ayuk—FuHTH f (Ak 2 uk) in RY x [Ai(to — th), A (Ton — tr)) I
k 2, 2

k

Next, we choose A; so that
lug(0,0)] = 1, (6.17)

in other words
2
A = |u(zg, tg)| V2 — 400 as k — +o0.

Moreover, with this choice of A\, we have

_ _N-=2 _N=2
sup  flug(s)llze = Ay 2 sup fu(@)|e = Ay flulte)lle <20 2 Ju(ag, te)] = 2.
SG[)\%(to—tk),O] tE[to,tk]

Locally uniform convergence of the rescaled sequence. For any k, there exists
T}, > 0such that uy, can be extended on [0, T}] as the unique L ([0, Ty ], L (R™))}}
solution of the Cauchy problem

1 1 N2
(951) = Ay’U — 19V + Tﬁf ()\k, 2 ’U) in RN X[O,Tk],
v(z,0) = uk(0) zeRY.

(6.18)
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Exploiting the integral representation formula for (6.18), we can write for
any s € [0, T]

s N-2
ug(s) = e*Aug(0) +/ els=o)A %f (x\k 2 uk(0)> - iuk(a) do,
0

A2

and we can estimate

1
+ 5 sup [ug(o)|lLe

f <)\;V22uk(0)>

1
[uk(8)llzee < [lug(0)l[Loe + 5 | —5z sup

)\kT o€[0,s] Lo Ak o€[0,s]
e 1 q—1 1
< Mur©)llzoe + 5 1C | sup |lug(o)llz=" + sup —x—rvmayg lun(@)lz | + 55 sup Jlur(o)llre=|
o€[0,s] o€l0,s] )‘kf kL 0€[0,s] I

where we applied standard L°° — L*®-estimates and 1.
Let s € [0,T] and let

My, 00(s) := sup |Jug(o)|ze,
o€(0,s]

so that

Ni2 1 g—1 1
Mp0(8) < [Jug(0)[|pee+s | C | [My,00(8)] V2 + —5—w—ay5 [Mh,00(5)] + ;Mk,oo(S)

A, ¢ k
and
Ty Ntz 1 q—1
1= 35 ) Mioo(s) < Jur(0)l| o +5C | [Maoo(8)) 2 + gy [Mioo(s)]
k A 2
k

We are going to show that T cannot tend to 0 as k — 4o00. To this aim we
assume, without loss of generality, that the sequence {T}} is bounded from
above, so that
T
lim & =0,

k——+o0 )\k
and we claim that there exists > 0 such that for any k sufficiently large
Tk > ¢ and

My 00(8) < 2[Jug(0)]| = for any s € [0, d].
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Indeed, if My, oo(s) = 2|lug(0)||z= at some s = s(k) € [0, T] then

2T}, ~ ¥ 1 1 ~ N2
(1 - )\2> ||uk(0)HL°° <Cs ”uk(0)||£voo2 + m”ﬂk(())n%oo s C:=0C27=2 >0
k )‘k 2
and
~ 2—q 5 2—q

5> (1 — 21}) .Cc! |Li‘fgo)||1:oo : > (1 — 21}’) '0_1‘42*2,(1 ’

Ak k(O 700 ! + —2m=tn=a37 Ak 2 +1

A, 2

indeed w > 0. Summarizing, we have the existence of § > 0 such

that for any k sufficiently large T}, > ¢ and

sup [Jup(s)l|zoe < max {2, 2||ug(0)[|ze} < 4.
s€[—1,4]
By standard parabolic Li-regularity theory (see e.g. [17, Remark 48.3]),
we have that {u}r is a bounded sequence in I/Vli’cl;q(RN x[—1,6]) for any
q € (1,+00). If a € (0,1), and q is sufficiently large so that ¢ > N + 2 and
1-— % > 0, then

W2L4(D) — BUC%2(D) with D ¢ RY x[—1, 8] compact,

(see e.g. [17, Equation (1.2)]), and hence the sequence {uy } is also bounded

in BUC%% (D). Finally, by standard parabolic regularity theory (see e.g. [17,
Remark 48.3]), we conclude that {uy,} is a bounded sequence in BUC?***1+3 (D)
and

. 2+a,1+2
u, — U in BUC 2

loc

(RY x[~1,46)). (6.19)
In particular, from (6.17), we deduce that
U(0,0)] =1
and U is nontrivial.

The limiting function U is time independent. It is easy to see that

é
lim |0sur(s)||32 ds = 0. (6.20)
1

k—+oo J_
In fact, by construction
S
6tu <tk =+ 2)
Ak

i

mewm:§ﬂ
L2
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and hence

) 5 tk+>\% 5
[ ool ds = [ ooz i

tyk——5
>\k

et g) (),

In order to obtain (6.20), it is enough to recall (6.15) which yields

oo ) (e 8))] o

Let s1, s € [-1,0] and let D C RY be any compact set. We can estimate
|U(s1)=U(s2)|lL2(py < 1U(s1)—ur(s1)l| 20y +llun(s1)—ur(s2)l| 2(py+Hluw(s2)=U(s2)ll L2 ()}

and

0 < ||U(s1) = U(s2)llz2(p) < G luk(s1) — wr(s2)ll 2(py = L .

52
/ Osui(s)ds
S1
1

S9 3
< lim \/|32—31\(/ H(?Suk(s)\%st) =0. I

k—+ st
In conclusion, U(sy) = U(sz) a.e. in RV,
Limiting equation for U. From (6.20), we deduce that
10sur(s)lI72 — 0 in L*([~1,4])
and up to a subsequence still denoted by {uy }
|0suk(s)||r2 = 0 for a.e. s €[—1,4].

Therefore
dsug(s) = 0 in L2RY) for ae. s € [—1,d]

and

1 1 N-—2

AyUk - Puk + T+2f </\k 2 Uk> — 0 in LQ(RN) for a.e. s € [—1,(5]
k A 2

k

In particular, if we fix any ¢ € C°(RY) then for a.e. s € [~1,6] we have

. 1 1 N2
[ [0 g9+ gt (37 o) =0
k
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In what follows, let us fix ¢ € C°(RY) and s € [~1,6]. Using (6.14), we
can estimate

2
Jur(s)llze = Mellu@)l|z2 < A sup  [Ju)||gn < Am/id (6.21)
t€to,Tm) =2

2u
IVyur(s)lizz = [Vou®)lre < sup Ju®)g < y/—d. (6.22)
t€[to,Tm) m—=

and

From (6.21), we deduce that

1 1 2%
< — LA
‘ Lt sody] e llzzllelie < Sl /=5

and hence

1

In view of (6.22), we have that uk( ) — V(s) in DV2(RY). Combining this
information with (6.19), we deduce that V(s) = U a.e. in RY. In other
words, ug(s) — U in DM2(RY) and

kEIfoo - Ayup(s)pdy = kgr—i{loo ~ L Vyur(s)-Vypdy = — /RN Vy,U-Vyp dy.I
If we show that
1 s 4
im — — N2
i [ (T wdu=p [ vFEeay 629
k

then U € DV2(RY) is a nontrivial weak solution to

— AU = BU|U|F= in RY, (6.24)
and by standard elliptic regularity theory, U is a nontrivial classical solution
for the above limiting equation.
Convergence of the nonlinear part: proof of (6.23). Fix s € [—1, 6], and set

1 N—2 4
gk = gk(8) == —x= f (x\k 2 uk(s)> and ¢ := pU|U|¥-=2.
A2

We are going to prove that for any compact set D ¢ RY

lim / lgx — g| dy = 0,
D

k——+oo
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this yields g, — ¢ in L}OC(RN ), and the proof of (6.23) is complete.

Let D € R be a compact set. From the local uniform convergence (6.19),
we deduce that for any € > 0 there exists & > 1 such that, for any y € D
and any k > k, we have

Uly)~5 Sy, s) SUW+5  and  [U@)] -5 < lunly )| < [U@)]+5.

Let € > 0 be arbitrarily fixed, there exists k > 1 such that the following
inclusions hold for any k > k:

Dm{U<—s}§Dm{uk(s)<—%}, DO{U>6}§Dﬂ{uk(5)>§},

2
3
and DN{|U|<e}CDnN {|uk(s)\ < 25} .
Therefore, for any k > k, we can estimate
/ !gk—g\dyé/ !g!dy+/ |gk| dy
D Dn{|U|<e} D{|uk(s)|<3e/2}
+ / |9k — gl dy.
D{|U|>¢}
Clearly
N+2
/ lgldy < B|D|e~==,
D{|U|<e}
and using 1
N+2 _
/ jgeldy < C (1) % + ()7 dy
D{Juk(s)|<32/2} D{|uk(s)|<3e/2}

< C|D|

()7 6]

Summarizing, for any k > k, we have

3\ M2\ nio 3 \7!
<B+C<2> )&?N—2+C<25>

and it remains to show that

/ lgx—gl dy < |D| +/ gk—g!dy,l
D DO{|U|>€}

lim lgr — g|dy = 0. (6.25)
k=400 Jpn{|U|>e}

We deduce (6.25) as a consequence of the Lebesgue dominated convergence
theorem. In fact, for any k£ > k and any y € DN {|U| > £} we have:
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o cither y € DN{U < —c} ory € DN{U > ¢}, and in view of the
following inclusions

DN{U < —¢} C Dﬂ{uk(s) < f%} and DN{U > &} C Dﬂ{uk(s) > %}

we can apply (f4) to get

f <>\:2_2Uk(y, S))

N—-2

)\k 2 Uk;(y, 8)

4

Ntz uk(y’ 8)|Uk(y, s)|m
N—-2

lim gx(y) = lim

k—+o0 k—+oco N_2

)\k 2 uk(ya S)

4
= BUWIU )72 = g(y);
e moreover, we can estimate
€
[uk(y, s)l < [U()] + 5 <2[U(y)|
and using (f4) we get
N42 _ N+2

96 (y) = 9| < C |2 + QU (y))"| + BIU (y)| 7=
Finally, we recall that D is compact and, in view of (6.19), U € L*°(D),
which yields

Ni2 -1 1
[U[~=2, [U]""" € L'(D).

Energy of U and a contradiction. We point out that the additional as-

sumption (f4) will be crucial also in this final step of the proof. Since
U € DY2(RY) solves (6.24), we have Joo(U) = 0 and hence

deo < Ioo(U) = HOO(U)7

see (6.8)—(6.11) for the definitions of the level d and the functionals J,
I, and Hy.

On the other hand using Proposition 6.5, the monotonicity of the energy
along the solution and the invariance of W, we get

N S . S
doo > d > I(u(tp)) Zlklgigl<u<tk+)\i) ) Zl};gﬁﬁ[i(u(tk—i-)\i))
.5

where the functional H is defined by (3.5). Therefore in order to reach a
contradiction it is enough to prove that

Hoo(U) < liminf H (u (tk + 8) ) . (6.26)

k—+o00 Az
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Since

(it ) )= [ n(u(tt)) de where hio) = Lof(o)-F(0) >0
¥ . ¥, 2

by means of the change of variable x = zj, + )\—yk we can rewrite

N-2
H(U<tk+82>>=/ )‘th<)‘k;2 Uk(y,S)) dy,
)\k RN

and the desired estimate (6.26) can be deduced from Fatou’s Lemma pro-
vided

. — N2 N-2 .
i () (AT ) ) = A0 (6.27)
k——+o0
and
im ANE (AT u(y,s) ) = U@ (6.28)
krtoo K kU, o IV '

Next, we show that indeed (6.27) and (6.28) hold, and in this way the proof
is completed.

For any fixed y € RY, we have ug(y,s) — U(y) as k — +oo. If U(y) =0
then in view of 1 we can estimate

_N42

08 ) 1 (AT wns) )

< C | |uk(y, s)[* + Wh%(y, s)] =0 ask— +oo,
A, 2
k

and in view of 2

1 _Ns2 N-2

S;)\k ? uk(yvs)f<Ak2 uk(y73>>
C o 1 "

< — |y, )" + ——m=luk(y, )| ]| =0 ask — +oo.
I /\Q’*T
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N-2
On the other hand if U(y) # 0 then A, > wux(y,s) — oo, and in view of

(1) we ger
N-—2
_ N+2 N-2 f<)‘k2 uk(y75)) -
i A T ) (T ) ) =t s e (5. 9)

k YT e e
e )‘k ? uk(y7 S) : ’ Ak 2 uk(yas) ‘ —2

= BlUw)*.

Therefore the proof of (6.27) is complete. Since 'Hopital’s rule and (f4)
yield
Fo) S B

s—+oo ‘3‘2* T sS5Foo 9% . slslﬁ - ?’

arguing as before we can conclude that (6.28) holds also. O

The convergence result expressed by Lemma 6.2 can be obtained also in

the critical case p = 2* at least for sequences of functions which are bounded
in L®°(RM).

Lemma 6.7. Assume p =2*. If {ug}r C W is such that

; lim [ = d
i) dm I(ug) =c€[0,d),
. I _

i1) Lm J(ug) =0,

iii)  up € L°RY) for any k>1 and sup||ug|/re < 400,
k

then up to a subsequence

lim ||ugllgn =0 and c¢=0.
k——+o0
Proof. As in the proof of Lemma 6.2, it is enough to show that

kEI—Eoo . up f(ur)dr =0 and kEI—fI—loo . F(ug)dx = 0. (6.29)

By assumption {uy }, is bounded both in H'(R™) and in L>®(R"), and hence
also the symmetrized sequence {u}}) is bounded both in H} ,(R") and in
L>®°(RY). Therefore up to a subsequence

up —Vin HYRY), w} — Vin L"(RY) for any 7 € (2,2%), and uj — V a.e. in RV |
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Since the sequence {u}} is bounded in L>®(RY), if r € (2,2*) then we
have for some positive constant M,
i = [ g < My |
and the generalized Lebesgue dominated convergence Theorem ensures
uf —V in L¥(RY).

Summarizing

uf = Vin HY(RY), wu} = Vin LYRY), wu} —Vin L> (RY), and u} — V ae. in RV

and the proof of (6.29) can be completed following the same lines of the
proof of Lemma 6.2.
O

We are now in position to end the proof of Theorem 1.3 by establishing
the vanishing of the H'-norm of the solution as time goes to infinity.

Proposition 6.8. Assume p = 2* and assume that (f4) holds. If u(ty) €
W at some ty € [0,T,,) then the global bounded solution w is such that

lim P,y o [1(8) 172 — 0.
Proof. Thanks to Proposition 6.6 if u(tg) € W at some ty € [0,7,,) then
T, = oo and

lim sup ||u(t)||pe < +00. (6.30)

t—+o0

Since T,,, = +00, Lemma 4.2 ensures the existence of a sequence {t} such
that

lim ¢ =400, lim I(u(ty)) =ce€[0,d), lm J(u(ty)) =0.

k—4o0 k—+o00 k—+o00
Moreover {u(tg)}r C W for any k sufficiently large and (6.30) yields
sgp llu(te)| oo < +o0.
Therefore we can apply the convergence Lemma 6.7 and conclude that up
to a subsequence
kEToo llu(te)|| g1 =0 and c=0.
Then the proof follows the same lines of the proof of Lemma 6.3, we have

only to justify how to replace the estimate (6.6) that we performed with the
Gagliardo-Nirenberg inequality. This is a consequence of the fact that the
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solution u € L*®((7,4+00) x RY) for any 7 > 0. Indeed, for any r > 2 there
exists some positive constant C' such that for any ¢ > 7 we have

[z = /RN [u(®)]" 2 [u(t)Pdz < (SUPIIU(t)\\ZZf) lu(®)l1Z2 < Cllu(®)]Z.
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