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Abstract

We deal with the geometrical inverse problem of the shape reconstruction of cavities
in a bounded linear isotropic medium by means of boundary data. The problem is
addressed from the point of view of optimal control: the goal is to minimize in the class of
Lipschitz domains a Kohn-Vogelius type functional with a perimeter regularization term
which penalizes the perimeter of the cavity to be reconstructed. To solve numerically
the optimization problem, we use a phase-field approach, approximating the perimeter
functional with a Modica-Mortola relaxation and modeling the cavity as an inclusion
with a very small elastic tensor. We provide a detailed analysis showing the robustness
of the algorithm through some numerical experiments.

1 Introduction

The main focus of this paper is to propose an efficient and robust algorithm, based on a
phase-field approach, to address the geometrical inverse problem of identification of cavities
contained in an elastic isotropic body, utilizing tractions and displacement boundary measure-
ments. We work in the framework of linear elasticity, representing the medium by a bounded
domain Q ¢ R%, where d = 2,3. These kinds of inverse problems appear in non-destructive
testing techniques used by industry to detect defects, voids, cracks in a medium, which can
appear during manufacturing processes, and to evaluate properties of materials and structures
without causing damage to the medium ([6, 22, 34, 52, 59]). For instance, non-destructive
testing methods are particularly important in the fields where the new techniques of additive
manufacturing are replacing traditional methods of metal manufacture [38, 57, 69, 72].

Let Q be a bounded domain, with 92 := Xy U Xp, where Xp is closed. Given a bounded
Lipschitz domain C, with C' C €2, we consider the following boundary value problem

div(CoVun) =0 inQ\C
(CoVun)n=0  on dC (1)
((C()%’U,N)l/ =g on Yy '

uy =0 on Xp,

where n, v are the unit outer normal vectors to C, Xy, respectively, Cy is a fourth order elastic
tensor, uniformly bounded, strongly convex and satisfying minor and major symmetries, and
Vuy represents the deformation tensor. We assume that g € L2(Zy).

Given Cg, C, and g, the forward or direct problem corresponds to find the solution uy in
€. On the contrary, the inverse problem consists in the identification of the cavity C' given
Cy, and g, and making use of the additional boundary measurements represented by the
displacement vector f = un|x,. It has been proved that uniqueness for cavities detection
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holds in the class of Lipschitz domains [67, 9] while stability estimates (of logarithmic type)
have been proved for more regular cavities, precisely assuming a-priori O regularity, with
0 < o <1 ([67]). Similar stability estimates hold also in the case of elastic inclusions ([68]).
Due to the very weak stability estimates, identification of cavities (and also inclusions) from
boundary measurements is an ill-posed problem which needs of regularization techniques to
be solved. In [71, 70] a phase-field method has been applied for the reconstruction of cracks
and cavities in the case of the conductivity equation. Recently, a phase-field approach has
been proposed in [33] and then applied also in [15] for the identification of inclusions in the
framework of a linear and a semilinear elliptic equation, respectively. The same approach has
been also extended to the detection of cavities in the case of a semilinear elliptic equation
in [14] and of linear elasticity in [8]. All these papers propose an algorithm rephrasing the
inverse problem as an optimization procedure, where the goal is to minimize a suitable misfit
functional, defined on the boundary of €, with the addition of a regularization term which
involves a relaxation of the perimeter of the domain to be reconstructed.

A similar point of view is utilized in this paper, i.e., we apply again a phase-field method
but this time for the minimization of a Kohn-Vogelius type functional ([56]), that is an energy-
gap functional, regularized with a penalization on the perimeter of the cavity. To the author’s
knowledge, phase field methods have never been applied, in the inverse problems context, to
Kohn-Vogelius type functionals. More precisely, we consider the minimization of the following
functional

Jreg(C) = Jrv (C) 4+ a Per(C),

where Per(C) is the perimeter of the set C, « is the so-called regularization parameter, and
Jiv is a Kohn-Vogelius type functional defined as

JKv(C)Z% Co%(uN(C)—UD(C)) @(uN(C)—uD(C’))dx

a\c

The states un(C) and up(C) are, respectively, solutions to the problem (1.1) and

div(CoVup) =0 inQ\C
(CoVup)n=0  on oC
up = f on Xy
up =0 on Xp.

The first part of the paper is devoted to prove the existence of minima for the functional J,¢g4.
This result follows by showing the continuity of the functional Jgy with respect to pertur-
bations of C in the Hausdorff metric which is obtained by means of the Mosco convergence
(23, 24, 43, 47].

The second part of the paper concerns with the phase-field relaxation of the functional
Jreg in order to obtain a continuous and Frechét differentiable functional on a convex subset
of H(€). More precisely, we adopt the same strategy applied in the optimization field (see,
for example, [21]): assuming Cy extended in the whole domain 2, we fill the cavity with a
fictitious material with a very small elastic tensor, that is we define C; = §Cq, where § > 0 is
a small parameter. Introducing a phase field variable v which belongs to H' and takes values
in the interval [0, 1], and using the Modica-Mortola relaxation of the perimeter, see [65], we
study the following functional

1
Js.e(v) := Ty (v) + 7/ (6\Vv|2 +-v(l1— v)) dz,
Q g
where v is a suitable rescaling parameter, and J?(v (v) is defined as
1 ~ N
Tiev (v) = §/§1C5(U)V(U§v(v) —up(v)) : V(uy(v) = up(v)) da,

where C°(v) = Co + (C; — Co)v, and the states ud,(v) and u$,(v) are solutions to

div(C (v)Vus(v)) =0  inQ, div(Co(v)Vud,(v)) =0  inQ,
((C%v)@u?v(v))u =g on Yy, and u%,(v) =f on Xy,
udy (v) =0 on Xp, u% (v) =0 on ¥p.



Note that, as € — 0, the phase-field variable v attains mainly values close to 0 and 1, due
to the fact that L [,v(1-v) dx prevails, with a smooth change between the two values in the
zone around the interface of the cavity. The thickness of the interface is of order . We show
the existence of minima for the functional Js. and then we find the first necessary optimality
condition for the relaxed optimization problem on which the reconstruction algorithm is
based. In fact, we derive a robust iterative method similar to the one in [33], providing
some numerical experiments. Numerically, we observe that minima of the functional Js . give
an accurate approximation of the minima of Jyq4, for § and e sufficiently small. Analytical
justifications of the convergence of the minima of Js. to those of J;,..q have not been studied
in this paper. However, they will be subject of future researches.

Kohn-Vogelius type functionals are widely applied in reconstruction algorithms for detec-
tion of cavities and inclusions, and for identification of unknown parameters [37, 53]. For
instance, the following two groups of papers analyse the minimization of Kohn-Vogelius func-
tionals, see [12, 13, 20, 28, 31, 61, 62] and [27, 32, 42, 49, 64], making use of shape gradient
and topological derivative techniques. We finally mention that the mathematical literature
on reconstruction methods for elastic inclusions and cavities is always of remarkable interest
thanks to the intimate connection with the industrial applications. Among the vast literature
on the subject, we refer the reader to [5, 6, 7, 19, 10, 25, 35, 36, 50, 51, 54, 55, 60] to have an
idea of the reconstruction techniques applied in this context.

The paper is organized as follows. In Section 2, we recall some of the preliminaries defini-
tions and results needed in the paper. In Section 3, we introduce the mathematical problem
and investigate continuity properties of the solution of the forward problems with respect to
perturbations of the cavity in the Haussdorff topology. Then, we show the existence of minima
for the Kohn-Vogelius functional Jy..4(C). In Section 4, we approximate the cavity with an
inclusion of small elastic tensor, studying the properties of the corresponding Kohn-Vogelius
functional. Then, we introduce its phase-field relaxation, analyzing its differentiability prop-
erties and deriving the necessary optimality conditions related to the phase-field minimization
problem. In Section 5, we introduce the discretization of the forward problems and we pro-
pose the iterative reconstruction algorithm based on the optimality condition derived in the
previous section, proving its convergence properties. In Section 6, we show the efficiency and
robustness of our approach through some numerical experiments. In Section 7, we give some
conclusions and provide some mathematical open problems.

2 Notation, geometrical setting, and preliminaries

We introduce the needed notation and the functional setting for the analysis addressed in the
paper. From now on, we concentrate on the space dimensions d = 2, 3.

Notation.

We denote scalar quantities, points, and vectors in italics, e.g. x,y and u, v, and fourth-order
tensors in blackboard face, e.g. A, B.

We denote with A := % (A + AT) the symmetric part of a second-order tensor A, where
AT is the transpose matrix. Standard notation is utilized for inner products for vectors and
matrices, that is, u-v = 37, uv;, and A B =37, a;jb;; (B is a second-order tensor). |4
denotes the norm induced by the inner product on matrices:

Al = VA A

Domains.

We need to represent locally a boundary as a graph of functions, hence we adopt the notation:
Vo € RY we set © = (2/,24), where 2/ € R¥™! 24 € R. Given r > 0, we denote by
B,.(z) C R? the set B.(z) := {(2/,2q)/ |2'|> + 2% < r?} and by B.(2') C R4 the set
Bl (z') := {2z’ e R/ |2']? < r?}.



Definition 2.1 (Lipschitz regularity of domains).
Let Q be a bounded domain in R%. We say that a portion ¥ of O is of Lipschitz class with
constant ro, Lg, if for any p € X, there exists a rigid transformation of coordinates under
which we have that p is mapped to the origin and

QN B, (0) ={z € B, (0) : zq > (")},
where v is a C%' function on Bl (0) C R4, such that
$(0) =0,
||¢||C°v1(B;,O(O)) < Lo.
Given a bounded domain 2, we define
Qlo = {x € Q / dist(z,00) < do}. (2.1)

In the sequel, we deal with the Hausdorff distance between two sets 21 and Q5. For reader’s
convenience, we recall its definition:

dp(Q21,Q2) = max{sup inf dist(x,y), sup inf dist(z,y)}.
zeQ YEQ 2€Q, YEN

Functional setting.

Let 2 be a bounded domain. Given a function v € L'(Q), we recall the definition of the total
variation of v, that is

TV () = sup{ /Q wdiv(p); € CAQ), ollimo < 1}, (2.2)

and of the BV space, i.e.,
BV(Q)={ve L'Y(Q) : TV(v) < co}.

The BV space is endowed with its natural norm ||v[| gy () = [|v||z1 ) + TV (v).
The perimeter of €2 is defined as

Per(Q2) =TV (xq), (2.3)

where xq is the characteristic function of the set €.
Let 09 := Q¢ U 0. For the well-posedness of the boundary value problems involved in the
paper, we need to utilize the following classical Sobolev spaces:

H&(Q) ={ve HY(Q) : v|ga= 0}, and HéQU Q) :={ve HY(Q): vlan,= 0},
Finally, we recall the following inequalities, see for example [2].

Proposition 2.2. Let Q be a bounded Lipschitz domain. For every v € HE(Q) (or v €
HéQO(Q)), there exists a positive constant ¢, depending only on the Lipschitz constants of €1,
such that

lvll a1 ) <€ [[VllLza) (Poincaré inequality). (2.4)

[Vulle@) <€ H@UHLZ(Q) (Korn inequality). (2.5)

3 Problem formulation - a Kohn-Vogelius approach

In this paper, we deal with the geometrical inverse problem of identification of cavities in
an elastic body Q C R, with d = 2,3, by boundary measurements, given by tractions and
displacements. The reconstruction procedure is based on a phase field approach applied to a
Kohn-Vogelius type functional.

We assume that  is a bounded domain with Lipschitz boundary, with constants r¢ and Ly,



and 90 := Xy UXp, where | Xy, |[Xp| > 0 and Xp closed.
In the presence of a cavity C, we consider the following mixed boundary value problem

div(CoVuy) =0 inQ\C

((CoﬁuN)n =0 ondC

~ 3.1
(CoVun)v =g on Yy (3.1)

uny =0 on Xp,

where n, v are the unit outer normal vectors to C, ¥y, respectively, Co is a fourth order elastic
tensor, and Vuy represents the deformation tensor. We introduce the needed assumptions
on the elastic tensor, the cavity and the boundary data.

Assumption 3.1. Cy = Cy(z) is a fourth-order uniformly bounded tensor which satisfies
minor and major symmetries, that is

(Co)ijkh(x) = (Co)jikh(x) = ((Co)khij(w), V1l < i,j, k,h < d, and x € .

As usual, we also assume that Cqy is uniformly strongly convex, that is, Cy defines a positive-
definite quadratic form on symmetric matrices: for & > 0

Co(z)A : A > &|A)?, a.e in Q.

Remark 3.1. The tensor Cy is assumed to be defined in ), and not only in Q\ C, because we
develop a reconstruction algorithm based on the strategy of filling the cavity with a fictitious
elastic material, as is often applied in the context of optimization problems (see, for example,

[21]).
Assumption 3.2. The Neumann boundary data
g € L*(ZN). (3.2)
The cavity, denoted by C, satisfies the following properties.
Assumption 3.3. Let C € C, where

C:={C Cc Q: compact, simply connected OC € C* with constant ro, Ly and
dist(C,00) > 2dy > 0}.

Remark 3.2. The class C is compact with respect to the Hausdorff topology, see for example
[47, Theorem 2.4.10], and also [30, 63].

We emphasize that the choice of Lipschitz regularity is a standard assumption in geomet-
rical inverse problems related to identification of cavities, see for example [66, 67]. In fact, in
this setting, it is possible to show uniqueness for the inverse problem.

Remark 3.3. From now on, we will denote with ¢ any constant possibly depending on Q, rq,
Lo, d, &, do, ¢, and on the uniform bounds of the elasticity tensor.

Existence and uniqueness of a weak solution in Hy, (Q\ C) for the problem (3.1) is a
classical result and follows from an application of the Lax-Milgram theorem to the following
weak formulation of (3.1): Find uy € Hy, (Q\ C) solution to

/ CoﬁuN;de:/ g-pdo(z), Ve Hsy (2\C). (3.3)
Q\C XN

With the choice ¢ = ux in (3.3), and with an application of the strong convexity of the elastic
tensor, and the use of Korn and Poincaré inequalities (see Proposition 2.2) is simple to find
that

e CoVuy : Vuy dz > | VunllFz ) > el Vunlliz o) = clunlinoey  (3:4)



At the same time, using a Cauchy-Schwarz inequality, we get

/EN g un do(z)

Putting together the estimates (3.4) and (3.6), we find the standard H'—estimate of the
solution of (3.3), that is

<|lgllez e lunllzzy) < cllglizz s llunlla@c)- (3.5)

lunllzr o) < cllgllzsy)- (3.6)

Note that uy|gn€ HY?(99Q), with uy|x,= 0 (by hypothesis) and uy |z, = f.
In this paper, we address the following problem.

Problem 3.1. Let Assumptions 3.1, 3.2, and 3.3 hold. Given the Neumann datum g and
the measured displacement f on the boundary X, identify and reconstruct the cavity C.

To this aim, we transform Problem 3.1 into the following optimization problem
. 1 ~ ~
min Jgy(C) = = CoV(un(C) —up(C)) : V(un(C) — up(C)) dx, (3.7)
ceC 2 a\C
where Jgy is a Kohn-Vogelius type functional, and the states uy (C) and up(C') are, respec-
tively, solutions to (3.1) and
div(CoVup) =0 in Q\C
(CoVup)n=0  on dC

(3.8)
up = f on EN
up = 0 on ED.
Remark 3.4. The Kohn-Vogelius functional (3.7) can be rewritten as
Jrv(C) = Jn(C)+ Jp(C) + Inp(C),
where
1 ~ ~
JN(C) = — (CoVUN(C) : VUN(C) dCC, (3.9)
2 Jac
1 ~ ~
Jp(C) = 7/ CoVup(C) : Vup(C) dz, (3.10)
2 Ja\c
Jnp(C) = — CoVun(C) : Vup(C)de = —/ g- fdo(x)=:Jnp, (3.11)
o\c Y

where in the last functional an integration by parts to Jyp has been applied. Note that Jnp
s a constant term independent on C. Therefore

Jkv(C) = JN(C) + Ip(C) + Inp. (3.12)

Remark 3.5. Note that the weak variational solution up of the problem (3.8) is the minimizer
of the following energy functional

1 PN
E(u,C) =< CoVu : Vudz, (3.13)
2 Ja\c
that is
Jp(C) = min E(u,C). (3.14)
u€H(Q\O)

u=f on Yn,u=0 on Xp

As a standard approach in inverse problems, we add to the functional in (3.7) a regular-
ization term (Tikhonov regularization). In this context, we introduce a penalization on the
perimeter of the cavity C. Therefore, given a regularization parameter o > 0, we consider

rélelg Jreg(C) = Jrv(C) + a Per(C), (3.15)

where Per(C') is the perimeter of the set C' (see definition (2.3)).



3.1 Continuity of Jgy with respect to C'

Thanks to the decomposition of Jxv as in (3.12), in this section we show that the functionals
Jn(C) and Jp(C) are continuous with respect to perturbations of the cavity C in the Haus-
dorff distance. For, we apply the Mosco convergence which is one of the techniques applied
in the optimization context to show continuity of solutions with respect to perturbations of
domains. The continuity property of these functionals is the key step to prove the existence
of a minimum for problem (3.15).

First, we recall the definition of Mosco convergence with some of its properties. For more
details, we refer the reader to [23, 47, 43, 63] and references therein.

Definition 3.6. Let H be a Hilbert space, and Gy a sequence of closed subspaces of H, and
G a subset of H. It is said that Gy converges in the sense of Mosco to G if the following
assertions hold

(i) If ug; € Gy, is such that ux; — u in H, then u € G;
(i) Yu € G, Juy, € Gy, such that up, — u in H.

Given Q and Q\ C, we can identify the Sobolev space H'(Q\ C) with a closed subspace
of L?(9, Rd+d2) through the map

HY(Q\ C) < L2(Q, R4

(3.16)
u— (u,du;), Vi, l=1,---d,

where v and Vu are the extension to zero in C of u and Vu, respectively. Denoting by Cj a
sequence of sets in C (see Assumption 3.3) and with uy a sequence of functions in H(Q\ Cy),
we have that the same identification holds for Q \ Cy, extending uy and Vuy to zero in Cy.
Mosco convergence holds in the class of uniform Lipschitz domains, see for example [23, 29],
in fact we have the following result.

Proposition 3.7. Let us assume that Cy,C C Q belong to the class C. If C, — C in the
Hausdorff metric, then H(Q\ Cy) converges to H*(Q\ C) in the sense of Mosco.

Remark 3.8. Mosco convergence holds also for Sobolev subspaces of H'(Q\ C), such as
Hi(Q\ C) and Hy, (2\ C), see for example [23].

We can now prove the continuity of the functionals Jy(C) and Jp(C) with respect to
perturbations of the cavity C.

Proposition 3.9. Consider a sequence Cy, € C converging to C' in the Hausdorff metric (cf.
Remark 3.2). Let uny = un(Cy) € Hy (Q2\ Cx) and uy := un(C) € Hy, (Q\ C) be
solutions of (3.3) in Q\ Cy and Q\ C, respectively. Then

/ CoVun i : Vuy g dz —s CoVuy : Vuy dz as k — 400 (3.17)
o\C o\C

Proof. The first part of the proof of this proposition is completely analogous to the one in [8,
Theorem 2.5]. After proving that uy x — uy in L?(Zy), it follows that, as k — +oo,

/ C()%u]v,k : @uN,k dox = / g-unydo(z) —
Q\Ck EN

— g-undo(z) = C()@u]v : %uN dz,
SN Q\c

that is the assertion. O

To prove the continuity of the functional Jp(C), we use the fact that, by hypothesis,
the cavity C does not touch the boundary of €2, see Assumption 3.3. Therefore, we define a



partition of the unity of , that is two functions ¢,y € C> (€), such that ¢(z) + ¥ (z) = 1,
for all z € 2, and

1 in Q/2 1 inQ\Qd
= d =
¢ {0 mo\oe Y {0 in o/2,

We need to consider a lifting operator of the trace of the solution of the Dirichlet problem
on the boundary of Q. Specifically, since up|,, € H 1/2(9Q) (by construction) and the trace
operator has a right continuous inverse on Lipschitz domains (see [44]), we construct

u’ € HY(Q) such that o/ = UD | pe - (3.18)

oo

Proposition 3.10. Let Cy,C € C such that Cy, — C in the Hausdorff metric. Then, for all
u € HY(Q\ C) such that Ul poroe = u{m there exists a sequence u, € HY(Q\ Cy) such that

_ . f
Uk gono0, = oo and

/ Coﬁuk : @uk dr — / Coﬁu Vu dx, as k — +oo.
Q Q

Proof. The proof of the proposition is based on the application of the Mosco convergence.
First, note that, thanks to Definition 3.6, point (ii), of Mosco convergence, for all u € H* (2
C) there exists a sequence uj € H'(2\ Cy) such that u} — u in L?*(2). At the same time,
for all u € HY(Q\ C), we have that (u—uf)p € H}(Q\ C), then there exists, applying again
the Mosco convergence, a sequence v, € Hg(2\ Cy) such that vy — (u — ul)¢ in L3(9).
Therefore, we define

ug = Yul + vp +ul .

Note that uy|,, = u{m. Moreover, thanks to the convergence of u; and vy, we get that

up — u in L2(Q), as k — +o0.

Therefore, by construction, we have that Vu, — Vu in L?(Q) (strongly), as k — +oc.

Hence, thanks to the definition of the deformation tensor, it follows that Vuy, — Vu in L2(2)
(strongly). Finally, using the boundedness of the elastic tensor, see Assumption 3.1, and the
strong convergence of the deformation tensor, the assertion of the proposition follows. O

We can now prove the existence of a minimum for the functional (3.15).

Theorem 3.11. For all o > 0, the minimum problem (3.15) related to the regularized func-
tional Jycq has at least one solution.

Proof. Let C} € C be a minimizing sequence for J,.,. Thanks to Remark 3.2, there exists a
subsequence that converges to C' € C. We show that C is in fact a minimum for J,.,.
Firstly, from Proposition 3.10, given u solution of (3.14), with cavity C, there exists a se-
quence, that we denote by uy such that

E(u,C) < lkiminf E(ug, Cy),

—4o0
where F is defined in (3.13), hence, Jp(C) < lkimJirnf Jp(Ck). Secondly, by the lower semi-
—-+00

continuity of the perimeter functional (see, for example, [39, Section 5.2.1, Theorem 1]), it
holds
Per(C) < liminf Per(Cy).

k—o0
Then, by Propositions 3.9, we get
Jreg(C) = Inp + IN(C) + Jp(C) + aPer(C)
< Jnp +liminf Jy(Cy) + liminf Jp(Cy) + aliminf Per(Cy)
k—o0 k—o0 k—o0
< liminf(Jxp + Jn(Ck) + Jp(Ck) + aPer(Cy)) = lm Jpeg(Cr) = inf Joy(CH).
k—o0 k—o0 ctec

O



4 A phase field approach

The aim of this section is to describe a phase-field relaxation of the functional J,.4, see (3.15),
introduced in the previous section in order to overcome, from a numerical point of view, the
non-differentiability of the functional.

To be more specific, we consider in (3.15) an approximation of the perimeter by a Ginzburg-
Landau type functional ([21]). This approach is widely applied in optimization procedures.
We refer the reader to [3, 11, 18, 16, 17, 26, 40, 41] and references therein for some recent
papers on phase-field approaches.

In the inverse problem context, applications of a phase-field approach have been proposed
in [33, 70, 71] for a linear elliptic equation, in [15, 14] for a semilinear elliptic equation, and
very recently in [8] for the Lamé system and in [58] for a quasilinear Maxwell system.

Firstly, we introduce the space

Xo1:={veBV(Q) : v=xc ae inQ, CeC}

where x¢ is the indicator function of C'. The space Xy ; is endowed with its natural norm
lvllBvi) = llvllLi) + TV (v) (see Section 2). Using this setting, Problem (3.15) can be
rephrased in the following way

Ugl)i(?l J() == Jgy(v) +a TV (v), (4.1)

In the sequel, we often use the following result related to compactness properties of the
space BV.

Remark 4.1. As a consequence of compactness properties of BV (), [4, Theorem 3.23], any
uniformly bounded sequence in Xo1 has a subsequence converging in L'(Q2) to an element in
Xo,1. In fact, let v, a sequence uniformly bounded in Xo 1, then there exists, possibly up to a
subsequence, v € BV (Q) such that

v = v in LNQ) = v — v oae in Q.
Using the fact that vy, attains values 0 and 1 only, it follows that v € Xo 1.

We can now regularize the problem by using a common approach in optimization pro-
cedures, that is of filling the voids (cavities) with a fictitious material with a small elastic
tensor: Let § > 0 be sufficiently small. We define

C°(v) = Co + (C; — Co)v, with Cy := dCy. (4.2)

Tensors Cy and C; correspond to the elastic tensors of Q\ C and C, respectively. Moreover,
C%(v) is strongly convex by using the Assumption 3.1, and the fact that § is positive and
small.

Then, we consider the following optimization problem.

Problem 4.1. Given § > 0, find

Ien)i(n J5(v) = J%y (v) + a TV (v), (4.3)

where, recalling the definition (3.11) of Jnp,
J?(V(U) =Jnp+ %) + JD

/(C5 () : Sud(v)de, TP, /cé (v) : Fudy (v) da.
(4.4)
Functions u), and u§, are solutions to the following problems (similarly to (3.1) and (3.8))

div(Co (v)Vud(v)) =0  inQ,
(COW)Vul(v))y =g  onXy, (4.5)
u‘]sv(v) =0 on Xp,



and R
div(C?(v)Vu,(v)) =0 in ,
D ) = f on EN7 (46)
u% (v) =0 on Xp.

Similarly to (3.1) and (3.3), the Neumann problem (4.5) has the following weak formula-
tion: Find u) (v) € HE_ () solution to

/ Co(0)Vuly (v) : Vo do = / g-pdo(x), Vo € Hy, (). (4.7)
Q EN

Well-posedness in Hy; | () of the Neumann problem (4.7) follows by the Lax-Milgram theorem
similarly as showed for Problem (3.3), and in addition, analogously to (3.6), we have

ludy () 1) < cllgllzz - (4.8)

The weak formulation of the Dirichlet problem can be obtained by using the lifting term u/

defined in (3.18). In fact, we can define w$,(v) := u$(v) —uf and consider the following weak

formulation: find w$,(v) € HE(S2) solution to
/ C* (v)Vuwd,(v) : Vip da = —/ C’(v)Vu! : Vi da, Vih € Hy (). (4.9)
Q Q

Well-posedness in HE () of the Dirichlet problem (4.9) follows by the Lax-Milgram theorem,
analogously to (4.7), and in addition

lwh (W)l < el fllmzeyys  hence  |[ud(v)|me) < cll fllm/zsy)-

The proof of the existence of a minimum for (4.3) is based on a continuity result of the
functional Jg, in Xo 1.

Remark 4.2. We often use the following simplified notation similar to the one applied in the

previous section to denote sequences: u‘;\ﬂk = udy (vg), udy = u?v(v),u‘sDJC = ud(vg), uy =

ud (v),CY := C?(vy), C° := C(v).
Proposition 4.3. The maps v — J%(v) and v — J2(v) are continuous in the L' topology.

Proof. Let vy be a sequence in X1 be strongly convergent in L*(Q) to v € X 1. We divide
the proof into two cases.

Case 1: continuity of J§(v) with respect to v.

Let us consider the weak formulation (4.7) associated to v and vy, respectively, that is

/(C‘S§u§\,:§@=/ g P, VQOGHéD(Q),
Q 3N

/CWU?V,;CI@P:/ g ¢, Vo€ Hs (Q).
Q XN

Subtracting the two equations, we get
/Q(Ciﬁ(u}s\,’k — u‘;\,) : 690 + /Q((Ci - C‘S)@u}s\, : §ap =0, Vpe HéD (Q),

hence, choosing ¢ = U(ZSV, P uf\,, and applying the same argument to get H'!— estimates as in
(4.8), we find that

e = uly [l ) < el(C = C)Vullzz(o).

Note that (Ci —C% = (Cy — Cy)(vg —v). Since vy —v — 0 in L'(Q) as k — 400, then,
possibly up to a subsequence, vy — v — 0, a.e. in 2. Moreover, since the elastic tensor is
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uniformly bounded, see Assumption 3.1, the dominated convergence theorem implies that
[(C — C°)Vuy || r2(0) — 0. Therefore,

5 5
|un k. — un @) = 0, as k — oo.
From the trace theorem, it follows that ||u§$\,k —uy|lr2(sy) — 0, as k — 400, hence

/Q((jzﬁu‘;\,’k : §u‘;\,7k dx = / g- u}s\,’k do(x) LEasoN /2 g - uly do(z)
N

3N

= / C‘S@u?\, : @u% dz,
Q

that is the assertion.
Case 2: continuity of J9 (v) with respect to v.

The proof of the second case follows the same arguments applied to Case 1. Let us define

wY, = uf, — ul, where u/ has been defined in (3.18), solution to (4.9). Writing the equation

(4.9) for vi, and v, we get
/ch@wgk Vpde = — /Q CiVu! : Vipdr, Y € HE (),
/Q@@w,g Vi da = —/Qcéﬁuf Vipdr, Yo e HHQ).
Subtracting the two equations, and adding and subtracting suitable terms, we get

/ Ci%(w%,k — w%) : Vo da +/ (Cz - C6) §w5D Vi de = f/ (Cz — (C‘;) Vol : Vi da.
Q Q Q

(4.10)
Choosing ¢ = w‘;D’ kT w% in the previous equation, we get, for the first integral term,

~

[ Ci¥ b —wh) : Vs —wh) > by —whline- (@D

For the other two integral terms in (4.10), we find that

~

7/ ((Ci - C‘s) @w‘sD : V(wéD,k, — w%) dr — / ((Ci — C5) Vu! @(w%yk — w‘SD) dz
Q Q

= 7/ ((Ci - (C‘S) %u% : @(w%vk — w5D) dz,
Q
(4.12)
where in the last equality we have used the fact that u‘sD = w‘SD + uf. Therefore, estimating
the term on the right-hand side of (4.12), we get
‘ /Q (C) —C°) Vus, : V(w‘SD’k —w)) dx‘ <[l (C§ —C°%) V’U/(SDHL2(Q)||'[U6D’,€ — | g (-

(4.13)
Putting together (4.11) and (4.13), we find

1w, — wh i) < el (C4 - C°) Vb L2

As in Case 1, we have that the term on the right-hand side tends to zero.

Therefore ||w5DJC — w) ||y — 0 hence, from the fact that w‘;D’,C = u‘;D’k —uf and wf, =
u%, — uf, we have that ||u‘]5:,7,C —ul || ) — 0.

We can now show the continuity of the functional J,(v) with respect to v. Since

/Q(Ci§w%,k : @w%yk dz
= —/ Ci@uf : ?w%’k da 2ty —/ COVul §w5D (4.14)
Q Q

= / C‘S@w% : §w5D dz,
Q

11



from straightforward calculations, we find
/Q(Ci§ui : @ui dr = /Q((jz@w%,k : %w%’k dz
+ 2/9((?2@111‘5[)’,C . Vol dx +/Q(Ci§uf . Vu! d
LmasoN /Q(C&%w% : %w% dz
+ Q/S)C‘s@w% . Vu! dac—i—/Q(C‘sﬁuf . Vu! dx
= ; C'Vul : Vil dx,

hence the continuity of the functional J%,. O

Using the same arguments in [8], it is straightforward to prove the following existence
result.

Proposition 4.4. The functional Js(v) has at least a minimum v € Xg 1.

4.1 Modica-Mortola relaxation

In this section, we consider a further regularization of the functional defined in (4.3) in order
to obtain a differentiable cost functional on a convex subspace of H!(Q), see for example
(33, 15].

Recalling (2.1), we define the convex set

K={ve HY(Q): 0<v(z) <1ae. inQ, v(x) =0 ae. in QP}.

For every € > 0, we replace the total variation term in (4.3) with the Modica-Mortola relax-
ation ([65]), that is

Problem 4.2. Given 6, > 0, find
min Js . (v) := J v(v) +7 (5\V1}|2 + flv(l - v)) dx (4.15)
veEK € K Q g ’

where v = 2o, where 4/ = (2 fol Vu(1 —v)dv)~! is a rescaling parameter ([1]) and J2, is
defined in (4.4).
The following result is completely analogous to the one in [33, 8, 15], so we omit its proof.

Proposition 4.5. For every ,5 > 0, Problem (4.15) has a solution v = vs. € K.

4.2 Necessary optimality condition

In this section, we find the first order necessary optimality condition related to the minimiza-
tion problem (4.15). For, we define

Fy:K— HYQ) and  F): K —HY(Q),

4.16
v— FY(v) =ul(v) and v —=FY () =ud(v), (4.16)

where u%; (v) and uf,(v) are solutions to (4.5) and (4.6), respectively. Moreover, in the sequel,

we use the set
K—-—v={zst z4+vek} (4.17)

In the following propositions, we first show that F;{, and Fg are Frechét differentiable in
K c L*®(Q) N HY(). Then, we state and prove the theorem on the necessary optimality
condition for Js.
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Proposition 4.6. The operator FY,, in (4.16), is Frechét differentiable in K and

(F%) ()[9] = (v), (4.18)

where U is any of the elements of the set in (4.17) and ud; (v) is solution to
/(C5 Wi (v) : Vo da = / 9(Co — C1)Vuly(v) : Vodu, Vo € Hy, (Q).  (4.19)

Proof. Taking the weak variational formulation (4.7) for u% (v + 9), u, (v), we get that the
difference ud; (v + 9) — uy (v) satisfies

| ST+ 0) - i (0): Fpds

“ (4.20)

+ / (CP(v+9) — CO(0))Vuly(v) : Vodz =0, Ve HL ().
Q

Choosing ¢ = uy (v + 9) — uy(v) and recalling that C°(v + ) — C?(v) = (C; — Co)d, we
obtain

/Q<c6(v+z9)€(u;iv(u+q9)—u§v(u)) Ty (0 + 9) — udy (v) dar

- /Q B(Cy — Co)Vudy (v) : V(ud (v +9) — udy(v)) da.

By means of the assumptions on the elasticity tensors, see Assumption 3.1, Korn and Poincaré
inequalities, and since v + ¥ € K, we find that

[ufy (v +9) = uiy (V)| 1(0) < elldlle @ llun (W) a1 @) < elldllLe()- (4.21)
Subtract (4.19) from (4.20), hence for all ¢ € Hy, (€2)

/ Colw+ )V (ud (v + 1) — uly(v) : Vodr = /QC%’U)%’E(]SV(Q)) : Ve da. (4.22)

In the previous equation, choosing wQ := u% (v + ) — ud (v) and adding and subtracting

C‘%v)@wf\, . Voo, we get

/C5 WV (wly — % (v)) : V(pdx——/g((cé(v—&—ﬁ)—(cg(v)) Vw : Vodr

H(Co — C1)Vw : Vodr, Ve e Hy, ().
Q
Then, taking ¢ = wQ, — Uy, and using the estimate on w9, given in (4.21), we find

oy = @l @) < elldll e lwiv @) < ell?F ),
hence the assertion. O
As corollary, we find the differentiability of the Neumann functional Jg,.

Corollary 4.7. The functional J%,, as defined in (4.4), is Frechét differentiable in K and
(73) )] = -2 / 9(Cy — Co)Fuly (v) : Ty (v) dar, (4.23)

where ¥ is any of the elements of the set in (4.17) and ud(v) is solution to (4.5).

Proof. Let us consider
T (v+ ) — T (v /cé (w+ DT (0 +9) : VFS (0 + 0) de

—f/cé )WWFS(v) : VFY(v) da.
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Adding and subtracting suitable quantities in the previous equation, we get
I (v +9) = T (v)
= ; / (C2(v+9) — C*(v)) V(F{ (v +9) — F(v)) : V(Fg (v +9) — F3(v)) da
/cé S (Fo(w+9) — F () : V(Fy (v +0) — F§(v)) du
41 / (C3 (0 +9) — C(0)) VS (v) : VF (v) do
/ Co (v +9) Y (Fi(v + 0) — Fy(v)) : VFY (v) da.
Using H'—estimates for F§ (v +9) — Fg(v) in (4.21), we have that the first two terms of the

previous equation behaves as Hﬁ”ic@(ﬂ) and H19||%M(Q), respectively. Moreover, by means of
equation (4.18), and recalling that C?(v + ) — C%(v) = ¥(C; — Cy), we get that

(73) @ = (91~ €0 Ul Fuh () o
+ Qcé(v)Vﬂfv(v) Vud (v) da

From (4.19), choosing ¢ = ud; (v), we find

(R) @)t} = =5 [ (€1~ Co) Fuk(0): Tu (o) do.

that is the assertion. O

Proposition 4.8. The operator FY,, in (4.16), is Frechét differentiable in K and

!/
(Fp) (w)[0] = up(v), (4.24)
where ¥ is any of the elements of the set in (4.17) and u%,(v) is solution to
C(0)Vad, () : Vipde = [ 9(Cy — C1)Vudy(v) : Vi da, Vap € Hy (). (4.25)
Q Q

Proof. The proof of this proposition is analogous to the one of Proposition 4.6.

Let us consider w$,(v) = uf,(v) — uf and the related weak formulation (4.9). Taking the

weak variational formulation (4.9) for wd (v + ¥) and w$(v), we get that the difference
wh (v +19) — wh(v) = u) (v +9) — ud)(v) satisfies

[ S R whor0) - wh): Fvde+ [ (©0+9) - C@)Tuhlo): Fuda
- _/ (CP(v+0) — C2(v)) Vud : Vpdar, Vb € HY(Q),
Q
that is
/(C6U+19 V(ws) (v +9) — w(v)) : Vip da
) ) (4.26)
- /Q (CO(v+9) — C(v)) Vu(v) : Vipda, Vi € HL(S.

Choosing ¢ = w$ (v + 9) — wd,(v) and recalling that C°(v + 9J) — C°(v) = (C; — Cp)d, we
obtain

| S+ 0T wh(o+9) —wh) s Twh(o+ )~ wh(v)

/wcl Co)Fudy(v) : ¥ (wh (v +9) — wh(v)).
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By means of the assumptions on the elasticity tensors, see Assumption 3.1, Korn and Poincaré
inequalities, and since v + ¥ € K, we find that

[wp (v +0) = wh ()l a1) < elldll=@)llub®) @) < eld]Le=(); (4.27)

hence
[udy (v 4+ 9) — udy (V)| 1 (@) < €9 Lo (@)- (4.28)

Subtract (4.25) from (4.26), hence, for all ¢ € H}(Q)
/ Co (v + )V (wh (v + 1) — wh(v)) : Voo do = / C () Vs (v) : Vi) da. (4.29)
Q Q

In the previous equation, choosing w% = w% (v+ 1) — w‘ls) (v) and adding and subtracting

Cé(v)ﬁw% : Vi, we get
CO ) () — % (v)) : Vb dar = —/ (CP(v+9) — C° () Vs : T da
Q

= / HCo — C1)VwS, : Vipdz, Vip € HE(Q).
Q

Then, taking ¢ = w% — E‘SD, and using the estimate on w‘SD given in (4.27), we find
s~ )
lwp — @p (@) < elldll L@ lwblla@) < i),
hence the assertion. O

As corollary, we prove the differentiability of the Dirichlet functional J9,.
Corollary 4.9. The functional J%, as defined in (4.4), is Frechét differentiable in K and

(78) (0)[0] = % /Q 9Ty — Co)Tul, (v) : Vi (v) dar, (4.30)

where ¥ is any of the elements of the set in (4.17) and u3,(v) is solution to (4.6).

Proof. Let us consider

Jo(w+10) —Jo(w) == | COo+9)VEY(v+1): VEY(v+ 1) da

Adding and subtracting suitable quantities in the previous equation, we get
Ih (v +9) = Jp(v)
1 ~ ~
=3 /Q ((Cé(v +9) — (C‘s(v)) V(Ffj(v +9) — Fg(v)) : V(Fg(v +9) — Fg(v)) dx

/ (COw+9) — C°()) T (Fh (v + ) — F5(v)) : VF(v) do
/<c5 S (Fo v+ 9) — F ) : V(Fh(v+9) — Fiv)) du
+31 / (CO(0 + ) — C*(0) VES (v) : VES (v) do
/@ T(Fh(v+0) — F5(v)) : VF(v) do.

Using H'! —estimates for F?%(v+19)—F9(v) of Proposition 4.8, we have that the first term of the
previous equation behaves as Hﬁ”iw(ﬂ) while the second and the third behave as ||19||%OO(Q).
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Moreover, by means of equation (4.24), and recalling that C®(v + ) — C°(v) = ¥(C; — Cy),

we get that .
(1) 9] = 5 [ 9(€— o) Tuy(v): Fupo) d

2 Ja
+ / C () Vi (v) : Vud, (v) da.
Q

Integrating by parts the last term, we find that

/ C (0) VS, (v) : Vud (v) do = / (CO(v)Vud, () - T (v) dae
Q

XN
[ i (€0Fub0) - 5l0)de =0

where we have used the fact that u9,(v) € H}(Q) and uj, is solution to (4.6). O

Finally, we provide the optimality condition satisfied by the minimizers of Js.

Theorem 4.10. Any minimizer vs. of Js. satisfies the variational inequality
J&E(’Ug,g)[w - vts,s] Z 07 Yw € K:7 (431)

where

~

T4 (o)) :% /Q I(Cy — Co)Tud, (v) : Vuds (v) dar — % /Q I(C1 — Co) Tl (v) : Ty (v) da

+ 2ve @v:@ﬂﬁ-l/(l—%)ﬁ
Q €Ja

(4.32)
where ¥ is any of the elements of the set in (4.17), and ul,(v), uy (v) are solutions to (4.6)
and (4.5), respectively.

Proof. The statement of the theorem follows putting together the results in Corollaries 4.7,
4.9 and simply calculating the Frechét derivative of the Modica-Mortola functional. Since
Js e is a continuous and Frechét differentiable functional on a convex subset K of the Hilbert
space H'(), the optimality conditions for the optimization problem (4.15) are expressed in
terms of the variational inequality (4.31). O

5 Reconstruction algorithm

For numerical purposes, from now on, we assume a polygonal or polyhedral domain §2.
We denote with (75)o<h<h, @ regular triangulation of Q and we define

Vi i={vy, € C(Q) : vp|lr €PU(T), YT € Tn}, (5.1)
where P (T) is the set of polynomials of degree one on 7. Then, let us denote by
Visp = Vi N H%}D (Q), and Vyo: =V, N Hol(Q), and K, =V,NK. (5.2)

For every h > 0, we represent the discretized version of the solutions of problems (4.7) and
(4.9) by u‘]s\,yh(vh) and u‘SD’h(vh), respectively. More specifically, u‘]s\,yh(vh) is solution to

/ Cé(vh)ﬁutjsv,h(vh) : Veon da = / gn - pndo(z), Ven € Visp, (5.3)
Q EN

where gy, is a piecewise linear, continuous approximation of g, such that g, — g in L?(Xy) as
h — 0. For the Dirichlet problem, we use a piecewise linear, continuous approximation u£ of
the lifting term u/, defined in (3.18), assuming that u{L —ul in HY(Q), as h — 0. For every

h > 0, we define w3, ;, : Kp, = Vho, w$ 5 (vn) = u , (vp) — ui, where w9, , (vp,) is solution to

/ C‘S(vh)§w5[,’h(vh) : Vi, da = —/ C‘S(vh)@u'}; : Vi, da, Yipp, € Vh 0. (5.4)
Q Q

16



We recall that for every v € K there exists a sequence v;, € Kj such that v, — v in H*(£),
see for example [33].

Proposition 5.1. Let hy, vy, be two sequences such that hi, — 0, as k — 400, and vy, € Ky,
with vy, — v in LY(Q). Then, as k — +oo0,

uy p, (vn) = uly (), in Hy, (),

and
u6D7hk (Uhk> — U(SD(U)’ in Hl(Q)’

with uéD,hk o= uﬁk loa— v [aa= u [ aa in L2(09), as k — +oo.

Proof. For the sake of simplicity, let us denote by vy := v, u‘?\”c = u‘ls\,’hk (vg), u‘SDJC =
u‘;D’hk (V), 9k = Ghy» u£ = uik, and C¢ := C%(vy). Since, by hypothesis, vy, — v in L*(Q),

then it holds vy, — v a.e. in {). Consider the weak formulation for u‘;\,’k and u%, that is

/Q((jzﬁu‘;v’k : §g0dm = /2 gi - pdo(z), Yo € Vs,
N

and
/C‘S@u?\,:ﬁapd‘r:/ g-pdo(z), V@EH%D.
Q XN

Note that, since Vj, 1, C HéD, we have that the last equation holds also for all ¢ € V}, 5.
Then, subtracting the two equations, we get

/ Ci@u}s\,’k : @cpd:r — / (C‘S§u(]5\, : @godx = / (9x — 9) - pdo(z), Yo € Vs,
Q Q >

N

hence

Ci@(ujsv,k —udy): Vedr — /Q((C‘s - (Ci)@u?v :Vods = / (gx — g) - pdo(x). (5.5)

Q N

Let us choose Unx € Vi, such that Ty — u) in Hy (Q). Adding and subtracting

suitable terms in (5.5), we get, for all ¢ € Vy 5,

~

/ Ci@(ufvyk —TUny): Vods = / CoV (udy —Tng) : Voda
Q Q

+ [ (€ =)V : Veda

S

+ [ =9 o)
XN
Hence, choosing ¢ = u?mk —Uunk, we get

[uy =Tkl 1) < ¢ [Hu?v — TN gl o) + I1C° = CHVu | L2 + llgx — gHLQ(Q)} , (5.6)

where the constant ¢ is independent on k. Note that, thanks to the fact that vy — v a.e. in
Q, by means of the Lebesgue dominated convergence theorem |(C° — C2)Vuy||r2) — 0,
as k — +oo. Then, using this result in (5.6) together with the convergence of Ty — ud
in HY(Q), and gx — g in L?*(Xy), we get that the right-hand side of (5.6) goes to zero as
k — +o0o. Then, the first assertion of the theorem follows.

For “(ISD, 1> we make analogous calculations which involve w%y B = u‘fl P uﬁ. Writing the weak

formulations for w%)k and w{, and noticing that V, o C H(Q), we have that
/ CoVw ;. : Vipda = —/ CoVul : Vipdr, Y € Vo,
Q Q
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and

/cﬁﬁwg Vi de = 7/ COVul : Vde, Vi € Vho.
Q Q

Subtracting the two previous equations, and then adding and subtracting suitable terms, we
find

/cgﬁ(wgk—wg);Wdﬂ/(cg—cé)%gﬁwx

Q Q

- _/ CoV (ul —u'): 6¢dw+/(c5—<c;§)§uf Vipdr, Vi € Vho.
Q Q

Let us choose wp 1 — w% in H}(Q), as k — +00. Then, we get that the previous equation
is equivalent to

/QC2§(U)5D,1€ —Wp): Vipdo = — /Q CLV (@p i — wh) : Vip da
- /Q(Ci — CHVwS, : Vip da
—/S)Ciﬁ(uﬁ —ul): Vi dz
+ /Q(Cé —CHVu! : Vodz,  Vip € Vhp.
Choosing 9 = w‘SD’k —Wp,k, we get that
lwp s = Wp el o) SC[HWD,I@ — wh o) + II(C] = C)Vwd |2
il = 10y + 1(CL — €V |y |

where the constant ¢ is independent on k. Arguing as in the previous case, we get that the
right-hand side of the last equation is going to zero, hence, since Wp , — w?, in H}(Q) we

have ||w%7k —w) | ) — 0 as k — 0. Now, since u/‘SDJ€ = u‘SDJC - u{; and wl, = u, —u’, we

have that

b 5 5 b
lwh s — whlla @) = [lubs — ublla@) — lluf — ul g )], (5.7)
hence, since u£ — uf, as k — +oo and w%’k — wY, in HY(Q), we find that u‘sD’k — uf, in
HY(Q). O

Denote by Js.e.p : K, — R the approximation of Js ., defined in (4.15), hence we consider
the problem

. — 1
min Js . p(vp) = JJ‘S\,,h(vh) + J,‘;,h(vh) +JINDn + 'y/ <5|Vvh|2 + gvh(l - vh)> dz, (5.8)
Q

v EXH

where
5 _1 5 S5 o)
JN,h(Uh) D) C (Uh)VUN,h(Uh) : VUN,h(Uh) dz,
Q

1 ~ ~
ngh(vh) = §/QC6(’Uh)VU5D7h(Uh) : Vu‘gDJL(vh) dx,

INDH = Jn - gndo(x).
XN
Theorem 5.2. For every §,e > 0, problem (5.8) has a solution vy, € Kj,.
Moreover, let hy be a sequence such that hy — 0, as k — +oo. Then, any v, has a
subsequence strongly convergent in H*(Q) and a.e. in Q to a minimum of Js..

Proof. The existence of a minimum follows straightforwardly, thanks to the fact that the
analysis is addressed in a finite-dimensional space.
We prove the second part of the statement. Let vy := vy, € K, a minimizing sequence for
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(5.8). Hence, as in the continuous case, see Proposition 4.5, we get that vg is bounded in
HY(), hence, there exists a subsequence (still denoted by v) such that vy — v in H(Q)
and vy — v in L2(Q). Then, it follows that vy — v in L'(Q) and vy — v a.e. in 2. Thanks
to Proposition 5.1, we have that

uly i (vr) = uy(v),  in Hy, (),

and
u‘SD’k(vk) —>u5D(U), in Hl(Q)7

with u‘SD’k loa— u%|oq in L2(09). Let us show that v is a minimum for Js.. Let n € K be
arbitrary and choose ny, := np, € Kp, such that n, — 1 in H'(Q). Since vy is a minimizing
sequence, we have that
Ts.ek(Vr) < T, (1)
Thanks to the lower semicontinuity of the norm, we have that || Vv||2, o, < liminf |V |25 -
L2(Q) = 0 L2(Q)

Hence,

Js.e(v) < Lim inf Js.e.k(vr) < lim inf Jo.e, (M) = GJm Is.e k(M) = Js.e(n),
that is, since 7 is arbitrary, Js(v) = 7%rellfC Js.c(n). We now show that v, converges strongly to
vin HY(Q). Let Ty € Ky, such that v, — v in H(2). Therefore,

Js.e(v) < 1ikH_1)iorolf Is.e.k(Vg) < 1ikH_l>iI‘}f Is.e.5(U) = kEToo sk (Tk) = J5.2(v),

that is Js.(v) = kEToo JIs.e.k(Uk).

Finally, it is simple to show that HVkazLQ(Q) — ||Vv||2L2(Q). In fact,

'75/ |Vor|? de = Js.c i (vg) — 1/ vp(1 —vg) da
Q € Ja

1 ~ ~
— 5/ C‘S(vk)Vu?V}k(vk) : Vu‘;\,,k(vk)dx
Q
1 ~ ~
- 5/ (C‘S(vk)Vu‘sD’k(vk) : Vu‘SD’k(vk) dx — fr - grdo(x).
Q

Thanks to the continuity results (Proposition 5.1) and the dominated convergence theorem,
we get that the right-hand side of the previous equation goes to, as k — 400,

Jse(v) — g/ﬂv(l —v)dx
- %/ Céﬁu}s\[(v) : @u?\,(v) dx
Q

1 ~ ~
- f/ C°Vul (v) : Vud,(v) d —/ f-gdo(z) = '75/ |Vo|? d.
2 Jo Q Q
Therefore, ||vr, —v| 1) — 0, as k — 0. O

For the implementation of a numerical algorithm, we use the discretized version of the
optimality condition (4.32), that is we search for v;, € K}, satisfying

J5e.n(vn)wn — vn] >0, Vwp, € Kp. (5.9)
Analogously to the continuous case, one can prove that
1 ) A~
Toelonlon =] = 5 [ (@ = 00)(C1 = C0) T () : Fup p(on) o
1

~3 /Q(wh —up)(Cy — (CO)@u(]S\,yh(vh) : @u?v’h(vh) dx

—l—2’y£/ Vvh-V(wh—Uh)dsc—i—g/(l—th)(wh—vh)deO
Q Q
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for all wy, € Ky,.
Let us prove the following theorem.

Theorem 5.3. Let hy be a sequence such that hy, — 0, as k — 400, and vy, a sequence
satisfying (5.9). Then, there exists a subsequence of vy, converging strongly in H(Q) and
a.e. in Q to a solution v of the continuous optimality condition (4.32).

Proof. We use the following notation: vy := vy, , u‘;\ﬁk = uly g, (), udy = ud,, (vr), and

EU%”)C = u‘sD’k —hui Using the discretized weak formulation of ufv}k, see (5.3), and w%’k, see
5.4), we get that

lue il @) < cllgrllzeyy,  and  Jlup pllae) < ellfillmesy.

where ¢ is a constant independent on k. Consequently, from the discretized optimality con-
dition (5.9), choosing wy, = 0, and recalling that vy is uniformly bounded since v, < 1, for
all k, we get that

1 1
275/9 |Vvk|2d$ <c |:2||vu(]s\/,k”2L2(Q) + §||VU6D,I€H%2(Q) +co(Q,7,¢) < ¢,

where c is independent of k. Therefore, vy, is uniformly bounded in H*(2), hence there exists
a subsequence (still denoted by v;) and v € K such that vy — v in HY(Q), vx — v in L*(Q),
and vy — v a.e. in . Thanks to Proposition 5.1, we have that ujsv}k(vk) — ud(v) in Hy (Q)
and u‘fj,k(vk) — ud(v) in HY(Q) with u5D7k loa— u%)aa. We have to show that v satisfies
the variational inequality (4.31). Let us choose w € K, then there exists wy € K such that
Wy — w in HY(Q) and a.e. in Q.

Consider the variational inequality

1 ~ N
J5 e () [0k — vx] = B /Q(wk — v)(C1 — Co) Vs . (vr) : Vu, 4 (ve) da
1 ~ N
-3 /Q @k — 08) (€1 — Co)Tu p(vx) : Tl () de (5.10)

+ 273/9 Vg - V(@k — o) dz + g /9(1 — 20) @k — v) dz > 0.
For example, taking the integral related to u‘ls\,, +(vk) in the previous equation, we get
/Q(Ek — vk)(C1 — Co)Vauly 1 (vr) : V. (vy) dav
= [ @ = 01 = L)V (ueaon) = w0) = 9 (00) = (0 d
+ [ @ = 0)(C1 = Co)F(uhplon) = (o) : (v do

udy (v) : Vudy (v) da

<

+ /Q(wk — ) (Cqy — Cy)
= [ @0 = 0(C1 — C) T (ueao0) =~ 0] = D (00) = (0 d
+ [ @ = 0)(C1 = Co)F(uhplon) = (o) : () o
+ [ (@ = ) = (= o)1 = Co) Ty () : Ty (v)
+ [ @=0)(C = Co)Fu0) : Fuy(o) da
Note that, the first and the second integral on the right-hand side of the last equation tend to

zero thanks to the L>°(Q) estimates on Cy, Cy, @k, vk, and the H!—estimates for u‘ls\,)k(vk) -
u%(v). The third term tends to zero thanks to the dominated convergence theorem.
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The same arguments above apply to the first integral on the right-hand side of (5.10) related
to uD «(vr). Inserting these results in (5.10), and using the fact that vy, — v in H'(Q), hence
V[l < hmlnf ||Vvk||L2(Q and noticing that [, vx@r dz — [, vwdz, as k — 400, we

get
%/Q(w —0)(Cy — Co)Vul,(v) : Vud,(v) da

_ %/Q(w —v)(Cy — (Co)ﬁu‘;v(v) : %u?v(v) dx

+275/QVU~V(UJ—U)CZJ:+g/(l—%)(a}—v)dm

Q

1 N N
> lim inf {2 / (W — vg)(Cqy — (C())VU(SDJC(U]C) : VuéD’k(vk) dx
Q

k— oo

1 ~ ~
-5 /Q @k — v) (€1 — Co) Ty (01) : Fud(vg) d

+2’y€/Vvk-V(wk—vk)dx—i—Z/(1—2vk)(wk—vk)dx} 20
Q Q

To conclude the proof, we have to show that vy — v in H*(2). Taking v), € K, such that
v — v in H(Q) and substituting wy, = vy, in (5.10), we find

275/ |Vvk|2 dx < 275/ Vo - VUi dox + g / (1 — 2vg) (T, — vg) dx
Q Q

Q
1 ~ ~
+ 3 /Q(Fk —vp)(Cy — (CO)Vu‘sDyk(vk) : Vu‘sD’k(’uk) dx
1

-5 /Q (T — vk)(C1 — Co)Vud . (vi) 1 Vuk . (vp) da

Analogously to the last part of the proof of Theorem 5.2, we get that on the right-hand side
of the previous inequality is non-zero only the first term that converges to [|Vvl|12(q), hence
VukllLz) = Vo[l L2(q), that is the assertion.

6 The algorithm and numerical examples

For the reconstruction procedure, we adopt the method utilized in [33], based on a parabolic
inequality and the implementation of the Primal Dual Active Set (PDAS) method.
For every 6, > 0, consider v solution to the following parabolic inequality

/atv(w—v)—l—Jg’s(v)[w—v]zO, Ywe K, te (04 00),
Q

U(~,O) =1y € K.

Let us denote with v} ~ v(-,t") and with v) = vy € K;,. We consider the discretized version
of the parabolic inequality, using a semi-implicit time discretization, that is: given ’U}OL e Ky,
find ’UZ-H € Ky, satisfying
= [t = en = o) = 5 [ =o€ = CoIFuku(of) : T (uf) do
Q
1 ~ ~
+5 [ o =) = Co) Ty (07) : Db (o) da
+ 2’}/8/ Vot V(wy —optt) da

+ - a /(1 — 207 (wp, — v de >0, Vwp, € Kpyn >0,
Q

(6.1)
where 7, is the time step, and u‘;\,,h(v,’;) € V5, and u%,h(vﬁ) € V), are the discrete solutions
of (4.5) and (4.6), respectively, for v = vj.
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6.1 Convergence analysis

We now show the following result related to a monotonicity property of the algorithm based
on the discrete parabolic inequality.

Lemma 6.1. For each n € N, there exists a constant ¢c; > 0 such that, if 7, < (1 +¢1)~ !
then

’

ot = o220y + Jo.en (Wi ™) < Jsen(vh), (6.2)

where C1 = Cl(Q h 5 fo,’l“o,LO7 ||(COHLOO(Q H(C1||Loe (Q)» ||uN||W1 120 () HuDHWl oc(Q))

Proof. Let us choose wy, = v} in (6.1). Then,

ot = ol — 5 [ (08 = o (C ~ Co) T (o) : Fua(ef) do
45 [ (0 = (s = Co) Ty (oh) : () d
+ 27€/QVUZ+1 V(v — vt da

+2 / (1 =20 (v — vyt da.
€ Ja

After lengthy but simple calculations, we get

7||vn+1 —vill7ag) + el V(o =R ) Tage) + = ||vh — o 22 )
1 1
—I—V/ |:E|VUZ+1|2 — —opt (1 - vﬁ"'l)} dx — 7/ [6|V1}LL|2 + —vp(l—op)| dx
Q € Q €
1 (6.3)
<=3 [ 0F =o€ = CopFu(eh) - Tu (o) do
1 n n+1 <., 6 n <,,0 n
+ 5 Q('Uh )(Cl (CO)VUD,h(Uh) : V'U,Dyh(vh)dx = IN + ID.
‘We now work on the two terms Iy and Ip. Note that
1 ~ ~
Iy =5 [ (@R = o )€1 Co)Fuy (o) D (o) d
Q
= [k = o€ = CoTuden(eh) Ty o)
Q
hence, using the discretized version of (4.19), we get
1 n n < n o n
Iy = 5/9 (Cé(vh) - (C&(Uthl)) V“?v,h(vh) : vu(]s\],h(vh)dx
- [ ST ) s Tup(eh) da
Q
Using a discretized version of (4.22) in the previous equation, we get that
1 n n - n < n
Iy = =5 [ (€)= C700) Fulu o) : T (of) da
— [ T o) ~ e (4h) s Vo) d o

= =T pth) + T3 (vp)

+5 [ OO = o) : ko) (o) do
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Completely analogous calculations can be made for Ip, using the discretized versions of (4.25)
and (4.29). Then, by means of (6.4) (and the analogous expression for Ip) in (6.3), we get

;HU”H = Vill7a) + el VR = vp D Ee) + = ||Uh = v )
1 1
+ ’y/ [€|V1}Z+1|2 -~ - "'H)} dx — / {€|VUZ|2 + —vp (1 —op)| do
Q € Q €
< =T (Wpth) + TR (i) = I (oY) + T (vh) (6.5)

/ C (VY (uy (o) = uken (07)) : V (uy (0p ) = uep (07)) do
/ CO (i TV (uh (o) = uh p (0R)) = V(uy , (0771) = ub p (07)) dav

Finally, adding and subtracting Jxp, which is defined in (3.11), in (6.5) we get

n n n "Y n
7||U - Uh||2L2(Q + e[|V (vy — Uh+1)||2L2(Q) + g”“h - Uh+1||L2(Q + s (vp )
< T ) / CO ()T (U (0 1) — e (0) 9y (oY) — e (0)

3 [ OO ha0r )~ uba(eh) s Fubalof ™) = b 07) do.

Estimating the last two terms on the right-hand side of the previous expression, using the

H'—norm of the differences u‘ls\,,h(v}?“) - u?\,ﬁ(v,’;) and u5D7,L(vZ+1) u§D7h(vﬁ) in terms of

[t — v || Lo (), see (4.21) and (4.28), we have that there exists a constant
c1 = c1(82,h, 0,80, 70, Lo, | Coll o (), [C1 | L= (02), HU};\/HHl(Q), [l Er(e))s (6.6)

such that

n

< Jse(vp),
that is

1 . Viom
(5 = 1) Wk = o sy + 1€V R = o ey + 2ok = 0¥ ey + T ()

1
(= 1) 1™ = B + Joo0h™) < i)

n
Therefore, the assertion of the theorem follows by choosing 7,, < ﬁ
Finally, we state a convergence result for the algorithm.
Theorem 6.2. Let v) € Ky, be an initial guess. Under the assumptions of Lemma 6.1, there
exists a sequence of timesteps T, such that 0 < 8 < 7, < (1 +c¢1)7 Y, Vn > 0, where 3
depends on the data and possibly on h. The corresponding sequence vy generated by (6.1) has
a convergent subsequence (still denoted by vy') in Wb such that

vy — Up, as n — +0o0o,
where vy, € Ky, and satisfies the discrete optimality condition
J(§7E7h(vh)[wh — Uh} >0, VYw, €K

Proof. Let us take a collection of timesteps bounded by (1 + ¢1)~1, for all n > 0. By means
of Lemma 6.1, we have

Z lvr, — UZ+1||L2(Q) < J(;,E,h(vg), (6.7)
sup Js.e n (V) < Js.en (). (6.8)
neN
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Therefore, we deduce that v? is bounded in W1, since in finite-dimensional spaces all the
norms are equivalent, and
: +112 _
im o — o) = 0. (69)

Using the weak formulations of the forward problems for U§V7 R(v7), and

w%y R(O1) = u5D7 L) — uﬁ, we deduce, applying analogous arguments described in the previ-
ous sections, that uj, , (v) and ud, , (v7) are bounded in H'(Q), hence in W1>°(Q2), where the
constants appearing in the estimates do not depend on n. This implies that, recalling (6.6),
there exists a constant C' > 0, independent on n, such that ¢; < C, and equivalently there ex-
ists a positive constant 3 > 0, independent of n, such that 8 < (1+¢1)~!. Moreover, from the
convergence in W1>°(Q), we find that there exists a subsequence of (vj, u%y ,(v}!), uf, , (v}))
(still denoted the same) such that, as n — +oo,

(’UZ, u(ISV,h(U}?% u(ls),h(vl?)) - (Uhﬂ u(]s\f,h(vh)7 uéD,h(Uh» in WLOO(Q)v
hence,

ujsvyh(vﬁ) — u?v,h(vh), a.e. in €, u%,h(vﬁ) — ugh(vh), a.e. in Q.
Therefore, u?v’h(vh) and u%’h(vh) are the solutions of the discrete forward problems. To
conclude, from (6.1) and the fact that 7,, > 3, we get

1 o < ny . o n
~5 ] (o = (€ = Co) Dl (47 (o) d

45 [ o = )€ = Co)F b (0f) : Ty (07 do
+2fy€/ @vZ‘H -V (wn — vty + g/Q(l — 207 (wp, — v
> - 3 anﬂ — vz llwn — vl L2 (o)
Finally, using (6.9) it follows that v, satisfies the discrete optimality condition (5.9). O

6.2 Numerical Experiments

This section is devoted to present numerical reconstructions of cavities from an implemen-
tation of the so-called Primal Dual Active Set (PDAS) method to the variational inequality
(6.1). PDAS has been introduced in [48] and it has been shown its effectiveness and robust-
ness in the reconstruction procedures, for examples in [11, 26, 33, 41, 45]. In the inverse
problem context, it has been applied for the reconstruction of conductivity inclusions in [33]
and in [15] in the case of a linear and of a semilinear elliptic equation, respectively. Recently,
it has been applied for detection of elastic cavities and inclusions in [8]. The reconstruction
procedure in all previous papers is based on the use of a boundary quadratic misfit functional,
not on a Kohn-Vogelius functional.

The aim of this section is to show that choosing § and e sufficiently small, we are able to
reconstruct elastic cavities (inclusions) of different shapes. Precisely, we adopt the following
reconstruction algorithm.

Algorithm 1 Discrete Parabolic Obstacle Problem

Given tol > 0, set n =0 and v% = g, the initial guess
while [[vf — v || > tol do
solve the forward problem (4.5) with v = v}};
solve the forward problem (4.6) with v = v}};
determine v} "' solving (6.1) via PDAS algorithm ;
update n =n + 1;
end while
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We focus the attention only on numerical experiments in d = 2, performing the reconstruc-
tion procedure in a square, i.e, Q = [—1,1]?, using a triangulation 7}, of , and synthetic data
generated by the Finite Element (FE) method implemented in FreeFEM++ ([46]). Here, we
provide some information on the implementation of the algorithm and the resolution of the
foward problems.

Tessellation of Q: Given g € L?(Q2), the boundary measurements f, appearing in (3.8), are
obtained by solving the Neumann problem (3.1). In order to not commit an inverse crime,
which can happen solving the direct and inverse problems using the same tessellation Ty, we
use a more refined triangulation Thmf than 7}, for solving the forward problem (3.1). Note

that 'T;Lref is a tessellation of the square with cavities (holes), see Figure la, while Tj is a
full tessellation of €2, see Figure 1b. Finally, once extracting the values of the solution of

-0.5 0 0.5 1
X

(a) Mesh 7,7 for forward (b) Mesh 7, for inverse prob- (c) Refinement of the mesh
problem. lem. around the inclusion.

Figure 1: Example of the meshes and the refinement.

the forward problem on the boundary of the domain 2, computed by the mesh ’ﬁlmf , we
interpolate these values on the mesh 7. In this way there is no chance to commit an inverse
crime.

Refinement of the mesh. The triangular mesh 7}, is adaptively refined during the reconstruc-
tion procedure with respect to the gradient of the phase-field variable vy, see Figure lc.
Specifically, we fix an a-priori bound and an a-priori number of iterations, which we denote
by tolyes (with tol.cy > tol) and n,.r, respectively, such that if ||v}} — vZ‘l | > tolyes there is
no refinement of the mesh. If ||vf — v/~ < tol,s, then the refinement can occur if the re-
mainder of n/n,.y is equal to zero. In numerical examples, we always choose tol,.y = 7x 1079,
while n,..¢ is almost always 2000 or 3000, depending on the numerical experiment.
Boundary data: We assume the knowledge of two different boundary measurements, that is of
two pairs (g1, f1) and (g2, f2), where g1 and go are the given Neumann boundary conditions
in (3.1), while f; and f5 are the measured displacement on the boundary. It is a common
assumption the use of N, different boundary measurements (g;, f;), for i = 1,..., Ny, in
order to improve the numerical results. In this way, the functional to be minimized is the
following one which is a slight modification of the original optimization problem (4.15),

3 Jsum
min J32" (v),
N’I’IL

sum 1 s 9 1 (610)
J(575 (U) = N § JKV,'L'(U) =+ ’Y/Q (€|V’U| + EU(I - U))v
moi=1

where J};(V,i is the Kohn-Vogelius functional, introduced in (4.4), related to the data (g;, f;),
for i =1,---, Np,. The necessary optimality condition related to (6.10) can be equivalently
obtained reasoning similarly as we did to derive (4.32).

In the numerical experiments, we choose g1 = (z,y) and g3 = (—y, —x).

Noise in the data: Since f;, for i =1,..., N,, are measured data, it is natural to assume that
the available data are noisy perturbations of them. Therefore, we add a uniform noise to
the boundary data. Specifically, given noiseless boundary measurements f; € H'/ 2(Zy), for
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i=1,---,Np, the noisy data f/°**¢ is obtained by

£ = ol fll e,

where 7 is a random real number, n € (—a,a) with a > 0, where a is chosen according to the
noise level. We use the following relative error to determine the noise level

VIR 57905 — fll s o)
VEY 1 fillze

Initial guess: In all the experiments, we assume that vg = 0, which corresponds to not having
a-priori information on the cavity to be reconstructed.

Finally, we report here a table containing some of the values and ranges of the parameters
utilized in most numerical tests. Possible changes in these values are highlighted in the caption
of the figures related to each specific experiment.

(o[ 7 [ =] 7]

’ 107° ‘ [1072,1077] ‘ [10-%,1077] ‘ - ‘ 1072 ‘

Table 1: Values of some parameters utilized in Algorithm 1.

Numerical results.

In Figure 2, we start showing the numerical experiment related to the identification of a
circular inclusion in presence of noiseless measurements. One can observe the reconstruction
at different time steps. In Figure 3, we provide the same numerical example of Test 1 (Figure
2) but considering noisy measurements, with different levels of noise. In Figure 4 we show
the reconstruction of a circular inclusion varying the values of the Lamé parameters. The
level of noise in this case is fixed at 5%. In Figure 5, we present the results related to the
reconstruction of a rectangular cavity for different values of the noise level and . The Lamé
parameters are fixed. We also propose the case where the cavities to be reconstructed are
two, see Figure 6. We provide two examples where for the rectangular cavity we consider two
different positions in €. In Figure 7, we provide the numerical results of an elliptical cavity.
We consider the case of noiseless measurements, the case of noise level at 2% and 5%. Note
that when the noise level is 5% we change the position and the size of the cavity. In Figure 8
we show an example of reconstruction of a non-convex domain. We observe that the cavity is
located but its non-convexity is not reconstructed. The convexification of the cavity is due to
the presence of the Modica-Mortola relaxation that approximates the perimeter of the cavity.
In Figure 9, we finally provide a numerical experiment for a comparison between the results
given by Ji%™, as defined in (6.10), and the misfit functional studied in [8] (see the section
titled “Numerlcal Examples”), which is, in the notation adopted in this paper, equal to

N,
1 s 1
’rmsfzt L meas |12 5
75, : NZ( -5 |L2(EN)> +V/Q (EIVvl +gv(1—v)) (6.11)

where u‘]s\,’i, fori =1,..., Ny, are solutions to (4.5) with g = g;. To compare the numerical
outcomes of the two functionals, we use the numerical setting proposed in Figure 6a.

7 Conclusions
In this paper we have introduced a phase-field approach for a Kohn-Vogelius type functional

for the reconstruction of cavities. This type of functionals is typically used in the imple-
mentation of reconstruction algorithms for the identification of defects (cavities, inclusions,
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-1 -0.5 0 0.5 :
X

(b) At n =100 (c) At n = 500

-1 -0.5 0 05 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
x X x

(d) At n = 1000 (e) At n = 1500 (f) At n = 3033 (final step)

Figure 2: Test 1. Reconstruction of a circular cavity without noise in the measurements. We
provide the reconstruction at different time steps n. Dotted line represents the target cavity.
In this test we use n,.¢ = 800, 7, =2 x 1073, and (u, \) = (0.5, 1).

(a) Noise 2%. Final iteration (b) Noise 5%. Final iteration (c) Noise 6,5%. Final itera-
at n = 12928. n,.r = 2000, at n = 13695. n,.r = 2000, tion at n = 20978. npey =
v =101 and 7, =4 x 1074, v=10"% and 7, = 4 x 1074, 2000, v = 107!, and 7, =
(u,A) = (0.5, 1). (u,A) = (0.5, 1). 4 x107% (i, A\) = (0.5,1).

Figure 3: Test 2. Reconstruction of a circular cavity with noise in the measurements. Dotted
line represents the target cavity.

cracks) embedded in a domain via shape derivative and topological derivate tools (see the
introduction, Section 1, for some literature on the topic).

Numerical results of our approach show a robust, efficient, and promising algorithm, at least
in the case of convex domains. In fact, a comparison between the misfit functional, defined
in (6.11) and studied in [8], and the Kohn-Vogelius type functional (6.10) seems to show
moderately better results in the case of the regularized Kohn-Vogelius type functional (see
Figure 9) in the presence of multiple inclusions. However, it should also be noted that the
Kohn-Vogelius functional provides reconstructions with more artifacts around the boundary
of the domain compared to the misfit functional (6.11). The numerical outcomes in the case
of one single inclusion, such as a circle, an ellipse, or a rectangle, are equivalent for the two
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X

(a) Noise 5%. Final iteration at n = 17723.
Nref = 2000, v = 5x 1072, and 7, = 4x 1077,

(1, ) = (1,0.2).

1

v(x)
1

0.8 0.9
0.6 0.8
0.4 0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

(c) Noise 5%. Final iteration at n = 20978.
Nref = 2000, v = 5x 1072 and 7, = 4x107%.

(1, \) = (0.5,0).

=1 -0.5 0 0.5 1
X

(b) Noise 5%. Final iteration at n = 21967.
Nref = 2000, v = 5x 1072, and 7, = 4x 10™%.
(1, A) = (1,-0.2).

1

vix)

0.8
0.6

0.4

-1 -05 0 0.5 1
X

(d) Noise 5%. Final iteration at n = 11147.
Nrey = 3000, v = 107!, and 7, = 107%.
(1, A) = (100, 100).

Figure 4: Test 3. Reconstruction of a circular cavity with noise in the measurements and for

different values of the Lamé parameters.

v(x)

1
09
08

—
07
06
S 05
0.2 04
- 03
- 0.2
- 01
s 0

-1 05 0 05 1
x

(a) Noise 2%. Final iteration
at n = T198. mn,.y = 2000,
v =5x10"2 and 7, = 5 X
107 (u,A) = (0.5,1).

Figure 5: Test 4. Reconstruction of a rectangular

] 05 0 05 1

(b) Noise 5%. Final iteration
at n = 19221. n,.y = 2000,
v = 10717 and 7, = 1074
(1, A) = (0.5,1).

Dotted line represents the target cavity.

(c¢) Noise 5%. Final iteration
at n = 23101. npe; = 2000,
7:5><1072, and 7, = 5 X
107 (,A\) = (0.5,1).

cavity with noise in the measurements.

functionals. For non-convex domains it is necessary to introduce some modifications in the
perimeter functional which are able to mimic the non-convexity of the domain in order to
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-1 -0.5 0 0.5 1
X

(a) Noise 5%. Final iteration at n = 35318. (b) Noise 5%. Final iteration at n = 20716.
Nref = 3000, v = 107, and 7, = 1077, Nref = 3000, v = 107!, and 7, = 107%.
(1, A) = (0.5,1). (1, A) = (0.5,1).

Figure 6: Test 5. Reconstruction of two cavities with noise in the measurements. Dotted
lines represent the target cavities.

get better numerical results. From the analytical point of view, it is open the problem of
proving that the minima of the relaxed functional J5. converge to those of the functional
Jreg through, for example, the I'-convergence theory. Moreover, in order to make the prob-
lem closer to possible applications, it would be interesting to consider, both in the analytical
and the numerical framework, the case where there is an uncertainty on the knowledge of the
material property, introducing, for example, some noise in the Lamé parameters.
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