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ABSTRACT

Aims. We explore transformations of the Friedman-Lemaître-Robertson-Walker (FLRW) metric and cosmological parameters that align with
observational data while aiming to gain insights into potential extensions of standard cosmological models.
Methods. We modified the FLRW metric by introducing a scaling factor, e2Θ(a)–the cosmological scaling function (CSF), which alters the standard
relationship between cosmological redshift and the cosmic scale factor without affecting angular measurements or cosmic microwave background
(CMB) anisotropies. Using data from DESI Year 1, Pantheon+ supernovae, and the Planck CMB temperature power spectrum, we constrained
both the CSF and cosmological parameters through a Markov chain Monte Carlo approach.
Results. Our results indicate that the CSF model fits observational data with a lower Hubble constant (although it is compatible with the value
given by Planck 2018 within 1σ) and is predominantly dark matter dominated. Additionally, the CSF model produces temperature and lensing
power spectra similar to those predicted by the standard model, though with lower values in the CSF model at large scales. We also checked that
when fitting a CSF model without dark energy to the data, we obtain a more negative conformal function. This suggests that the CSF model may
offer hints about missing elements and opens up a new avenue for exploring physical interpretations of cosmic acceleration.

Key words. cosmological parameters – cosmology: observations – cosmology: theory – dark matter – dark energy –
large-scale structure of Universe

1. Introduction

The Lambda cold dark matter (ΛCDM) cosmological model
is the simplest model of the Universe mathematically, con-
sisting of just two energetically dominant components at late
times. Namely, these are the positive cosmological constant
(Λ > 0), which approximates dark energy, and CDM. This
model is regarded as the most successful cosmological model
introduced to date, as it is consistent with observational data
from various astrophysical and cosmological probes, such as
the accelerated expansion of the Universe (Riess et al. 1998;
Perlmutter et al. 1999); the power spectrum and statistical prop-
erties of the cosmic microwave background (CMB; Page et al.
2003) and large-scale structures (LSSs) in the Universe; and
hydrogen, deuterium, and helium abundances (Cyburt et al.
2016). In fact, the 2018 legacy release from the Planck satel-
lite (Planck Collaboration VI 2020) of the CMB anisotropies
provides strong support for the standard ΛCDM cosmological
model. However, there are statistically significant tensions in
the measurement of various quantities between the CMB data,
which are cosmological model dependent and obtained assuming
a ΛCDM model, and late-time cosmological model-independent
probes.

The most statistically significant and long-standing tension
is in the estimation of the Hubble constant, H0, between the
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CMB data–which are dependent on the cosmological model
and derived under the assumption of a ΛCDM model–and
direct local distance ladder measurements. In particular, we
refer to the Hubble tension as the 5.0σ disagreement between
the Planck collaboration (Planck Collaboration VI 2020), which
gives H0 = (67.27± 0.60) km s−1 Mpc−1 at the 68% confidence
level, and the latest 2021 SH0ES collaboration (Riess et al.
2022), which provides H0 = (73.04± 1.04) km s−1 Mpc−1 at the
68% confidence level, based on supernovae calibrated by
Cepheids. However, it is important to note that there are not
only these two values but actually two sets of measurements. All
the indirect, model-dependent estimates at early times agree with
each other, such as those from the CMB and baryonic acoustic
oscillation (BAO) experiments. Similarly, the same agreement
holds for all the direct late-time ΛCDM-independent measure-
ments, such as those from distance ladders and strong lensing
(see Abdalla et al. 2022, for more details). Nevertheless, several
studies (e.g., Wojtak & Hjorth 2022, 2024) have suggested that
this tension in H0 can be significantly reduced to 2.8σ if alter-
native extinction models are applied to account for differing host
galaxy properties in the calibration of Type Ia supernovae (SNe
Ia), such as adjusting the total-to-selective extinction coefficient,
RB, and modifying the reddening distribution to better align with
that observed in high-mass host galaxies.

A possible alternative to the standard model that could pro-
vide insights into what is missing involves consideration of con-
formal gravity, which was first introduced by Weyl (1918). These
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types of gravity theories lead to late-time accelerated expansion
by modifying the Lagrangian of general relativity (GR). Confor-
mal transformations of any metric can be expressed as

g̃µν = Ω2(x)gµν, (1)

where Ω(x) is the Weyl or conformal transformation. It is a non-
vanishing regular function that affects the lengths of the time-
space-like intervals and the norm of the time-space-like vectors,
but it leaves the light-cones unchanged (Faraoni et al. 1999);
that is, it does not affect null geodesics and it preserves angles.
Therefore, an advantage of these type of transformations is that
they offer a compelling avenue for exploring substantial devia-
tions from standard cosmological models without disturbing the
observed smoothness of the CMB (Visser 2015).

Considering these conformal transformations of the metric
implies reconsidering the validity of the Friedman-Lemaître-
Robertson-Walker (FLRW) metric. This has already been
explored in previous works (e.g., Kolb 2011, Clifton 2013,
Deledicque 2019), and the investigations in such studies are
based on the fact that the homogeneity and isotropy of the Uni-
verse are not exact properties on large scales but approximate
ones. Therefore, using the FLRW metric, which is an approxi-
mation of the Universe, can lead to cosmological parameter val-
ues that do not agree with the true ones. Hence, it is important to
differentiate between the approximate metric (gµν) and the true
one (g̃µν).

The interpretation of Ω(x) within this framework goes
beyond a simple parametrization. Instead, it serves as a tool to
capture any deviations between the true metric and the standard
one. These deviations could manifest as a time-dependent evo-
lution of cosmological parameters, including the cosmological
constant (which may not remain constant over time), or as miss-
ing components in the standard model. However, the goal of our
approach is not to impose a specific functional form on Ω(x) but
to infer it directly from observational data in a non-parametric
and semi-cosmographic manner. This involves consistently cal-
culating all observables using the conformal FLRW metric while
preserving the expansion history defined by the Hubble parame-
ter, as given in standard FLRW cosmology. By maintaining the
functional form of the Hubble parameter from GR, we ensure
that any deviations from Ω ≡ 0.3 arise from local effects or pro-
cesses independent of gravity. This approach can also serve as
a consistency test for GR, where recovering the standard GR
elements confirms the validity of the framework, while devia-
tions could either indicate limitations of the standard cosmolog-
ical model or reflect inconsistencies in prior assumptions.

In this work, we fit BAO distances from DESI Year 1
(DESI Y1; DESI Collaboration 2025), the Pantheon+ supernova
sample (Brout et al. 2022), and the Planck 2018 temperature
power spectrum (Planck Collaboration VI 2020) to this confor-
mal model, and we constrain the new cosmological parameters.
We demonstrate that this new model is compatible with the CMB
temperature, matter, and lensing potential power spectra pre-
dicted by the standard ΛCDM model and that we can recover
Planck’s parameters (Planck Collaboration VI 2020) by requir-
ing that the comoving radial distance given by both models is
the same.

A similar approach has been investigated in Bassett et al.
(2015), Wojtak & Prada (2016), and Wojtak & Prada (2017).
However, the first two studies assumed an overly simplistic rela-
tionship between the observed redshift and that predicted by
the FLRW metric. Moreover, they relied on a limited number
of BAO measurements and used binned SN Ia datasets, lead-
ing to significantly large uncertainties in their results. In con-

trast, Wojtak & Prada (2017) considered a sufficiently general
relationship between the observed and FLRW redshifts (a spline
function, which we also use in this work) and combined BAO
and SN Ia data with CMB for the first time for this type of model.
However, Wojtak & Prada (2017) focused exclusively on open
CDM models, preventing a direct comparison with our results,
as we examine flat ΛCDM and CDM models.

This work is structured as follows: In Section 2, we intro-
duce the conformal FLRW metric that we use, the conditions
under which the energy-momentum tensor is conserved in this
new metric, and the impact this metric has on the relationship
between the observed redshift and the scale factor. Next, in
Section 3, we describe how the equations governing key observ-
ables (mainly distances, the Hubble parameter, and CMB tem-
perature) change with this new definition of observed redshift.
In Section 4, we explain two different methods for calculating
the conformal transformation. The first compares it with other
cosmological models, and the second involves constraining its
shape using observational data. In Section 5, we present the
observational data used to obtain the conformal transformation
of the FLRW metric. Finally, in Section 7, we show the con-
strained values for all cosmological parameters as well as the
parameters involving the conformal transformation for flat con-
formal ΛCDM models. We also demonstrate that the tempera-
ture, matter, and lensing potential power spectra predicted by
this model are compatible with those predicted by the standard
ΛCDM model. Lastly, we show that we can recover Planck’s
parameters (Planck Collaboration VI 2020) by requiring that the
comoving radial distance given by both models is the same.

2. Conformal Friedman-Lemaître-Robertson-Walker
metric and the impact on observational redshift

2.1. The conformal FLRW metric

In this work, we use the conformally distorted FLRW metric pro-
posed in Visser (2015):

ds2 = e2Θ(a)
[
c2dt2 − a(t)2

(
dr2

1 − kr2 + r2dΩ

)]
, (2)

where k = ±1, 0 describes the spatial curvature of the Uni-
verse, Θ(a) is a free function of a(t) that parametrizes a con-
formal transformation, and t is the cosmic time as measured
by clocks characterized by Θ = 0. Conformal transformations
stretch time and spatial distances while preserving the angles
and null geodesics in the standard FLRW metric. This property
is particularly important for the interpretation of CMB radiation.
As with the FLRW metric, the conformal FLRW metric auto-
matically guarantees the isotropy of the CMB on large angular
scales, and from this perspective, the new metric is the only plau-
sible generalization of the FLRW metric that does not violate the
Copernican principle.

It is important to note that a general conformal transfor-
mation depends on both time and spatial coordinates, Θ(t, x̄).
However, we can decompose this function into a time-dependent
component and a spatially dependent component, averaging the
spatial part over large scales to < exp (Θ(x̄))> = 1, as we are
only interested in large scales in this work. Thus, we can effec-
tively consider that the conformal function depends only on time,
Θ(a), and derive its dependence on redshift. Hereafter, we will
refer to this specific type of conformal function as the cosmolog-
ical scaling function (CSF).

An important exercise to perform was to check if the energy-
momentum tensor is conserved. In order to do this, we followed
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the same procedure as in Dabrowski et al. (2009). Therefore, we
considered that the imposition of the conservation law in the
standard frame gives in the conformally related frame

T̃ ab
m;b = −

Ω′a

Ω
T̃m, (3)

where T̃ is the energy-momentum tensor in the conformal frame;
Ω is the conformal factor, Ω = exp (2Θ) in our case; Ω′a is the
derivative of Ω with respect to a; and the symbol ; is the covariant
derivate.

We also checked whether the evolution of the density param-
eters remains the same as in the FLRW metric solving the pre-
vious equation for the time component. In order to solve this
equation, we had to take into account that

Ω′0

Ω
Tm = −2ȧ

∂Θ

∂a
(ρ − 3p) = −2ȧ

∂Θ

∂a
(1 − 3w)ρ (4)

and that

T̃ 0b
m;b = ρ̇ + 3

ȧ
a

(1 + w)ρ. (5)

By equating these two equations, we obtained

ρ̇ + 3
ȧ
a

(
1 + w +

1
3

a ∂Θ

∂a
(1 − 3w)

)
ρ = 0. (6)

One can see that this equation is the same as the one
obtained in the FLRW metric but with an additional component,
A = 2a(∂Θ/∂a)(1 − 3w). Therefore, if one wants to maintain
the same evolution for the density parameters as in the FLRW
model, the term a, ∂Θ/∂a must be negligible. This implies that
Θ must be approximately constant, especially for high redshifts,
as we show later.

At the decoupling epoch, a ∼ 10−3, and as highlighted in
Visser (2015), ∆[Θ(a)lastscattering] ≤ 10−5. Therefore, one can eas-
ily see that one recovers the same evolution of the density param-
eters as in the FLRW metric.

For the late Universe, we expected Θ(a) to be sufficiently
constant so that the evolution of dark energy and matter with
time remains approximately the same as in the FLRW metric. In
this way, the dynamics and structure formation in the CSF model
remains the same as in the standard model, and the evolution of
the density parameter with the scale factor would be

ρ(a) ∼ ρ0 exp
(
3
∫ 1

a
d ln (a)(1 + w(t))

)
, (7)

as in the FLRW metric.

2.2. Impact on observational redshift

The main implication of introducing a CSF in the FLRW metric
is breaking the standard relation between observed cosmological
redshift and cosmic scale factor, i.e

1 + zFLRW = 1/a. (8)

For the metric given by equation (2), cosmological redshift
results both from the expansion of space and the evolution of
Θ(a) and is given by

1 + zobs =
a0

aem

eΘ0

eΘem
, (9)

where the subscripts mark the moment of emission (em) and
observation (0). Exact values of a and Θ at the present time
have no fundamental physical meaning, and they merely set
the units of our local measurements and observations. There-
fore, without loss of generality, hereafter we use a0 = 1 and
Θ(a = 1) = Θ0 = 0 and drop subscripts (em), i.e.

1 + zobs =
1

aeΘ
, (10)

where a = 1/(1 + zFLRW). Therefore,

Θ(zobs) = − ln
[

1 + zobs

1 + zFLRW

]
, (11)

so we needed to relate zobs to zFLRW to obtain a function of Θ
that only depends on this observed redshift or suppose a general
parametrization for Θ(zobs) and constrain these parameters with
observational data.

In this framework, the relationship between the observed red-
shift and the standard FLRW redshift is modified due to the addi-
tional evolution introduced by Θ(a). This deviation can be inter-
preted as a remapping of redshifts (see Wojtak & Prada 2017,
2016, for more details), where the observed redshift zobs no
longer directly corresponds to the usual FLRW expansion his-
tory. Instead, it encodes both the standard cosmological redshift
and the effects of Θ(a), effectively redefining the link between
redshift and cosmic time. This “redshift remapping” provides a
way to test deviations from the standard metric by analysing how
distances inferred from cosmological observables are altered rel-
ative to the ΛCDM expectations.

3. Observables

In order to constrain the shape of Θ(zobs) and all the involved cos-
mological parameters, we used observational constraints from
BAO and SN Ia distances as well as the CMB power spectrum. In
this section, we introduce the fundamental equations that involve
all these quantities and explain how they must be rewritten with
the CSF model considered in this work.

3.1. Distances

The most direct comoving distance we can define is the line-of-
sight comoving distance:

DC(zobs) = c
∫ z′

0

dzFLRW

Ha(zFLRW)
, (12)

where

1 + zobs = (1 + z′)
1

eΘ(zobs)
(13)

and

H2
a

H2
a0

= Ωma−3 + ΩΛ exp
(
3
∫ 1

a

1 + w(a′)
a′

da′
)
, (14)

with Ha(a) = ȧ/a being the Hubble parameter defined by the
FLRW metric, i.e., the logarithmic expansion rate of the Uni-
verse.

It is important to remark that the expression written for Ha
is an approximate one that takes into account the approximation
that the evolution of the density parameters are the same as in
the standard model, which was stated before.
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It can be seen that the only difference between equation (12)
and the standard definition of DC(zobs) when zobs = zFLRW (Hogg
1999) is the upper limit of the integral. Both definitions coincide
when Θ(zobs) = 0.

With these two distances, we could define the transverse
comoving distance:

DM(zobs) =



DH(zobs)
1
√

Ωk
sinh

(√
Ωk

DC(zobs)
DH(zobs)

)
if Ωk > 0

DC(zobs) if Ωk = 0

DH(zobs)
1
√
|Ωk |

sin
(√
|Ωk |

DC(zobs)
DH(zobs)

)
if Ωk < 0.

(15)

This transverse comoving distance is related with the angular
distance in the following way:

DA(zobs) =
DM(zobs)
1 + zobs

. (16)

As can be seen, these two distances, (DM(zobs) and DA(zobs),
depend on Θ(zobs) only through Dc(zobs).

Apart from distances, BAO observations allow us to deter-
mine the Hubble constant and measure the Hubble parameter
at different redshifts. In order to calculate the observed Hubble
constant, we can rewrite equation (12) in the regime of small
redshifts, i.e.

DC(zobs) =
czobs

Ha(zFLRW = 0)
dzFLRW

dzobs
(zFLRW = 0)

=
czobs

Ha0

dzFLRW

dzobs
(zFLRW = 0).

(17)

One can see now that the observed Hubble constant, H0, is a
net effect of the space expansion and the evolution of the CSF.
The relation between H0 and Ha0 can be further simplified and
expressed as

H0 = Ha0

[
1 −

dΘ

dzFLRW
(zFLRW = 0)

]
. (18)

Equation (17) can be generalized to any redshift, and one can
show that the observed Hubble parameter H(z) = d(cz)/dDM
as measured, for example, from the BAO signal along the line
of sight depends on the actual expansion rate Ha(zFLRW) in the
following way:

H(zobs) = Ha[zFLRW(zobs)]
dzobs

dzFLRW
(zobs). (19)

Hereafter, H(z) and Ha(z) respectively refer to the observed
Hubble parameter and the logarithmic expansion growth as
defined above.

Having defined the observed Hubble parameter and the
angular diameter distance, we could finally define the volume-
averaged distance, which is a distance usually constrained by
BAO measurements,

DV(zobs) =
[
czobs(1 + zobs)2D2

A(zobs)H−1(zobs)
]1/3

, (20)

and the Hubble distance,

DH(zobs) =
c

H(zobs)
. (21)

On the other hand, SNe Ia are also useful for calculating dis-
tances. Knowing the distance modulus, µ, at a given redshift of
a SN Ia, we can calculate the luminous distance, DL(zobs), the
following way:

µ = m(zobs) − M(zobs) = 5 log10[DL(zobs)] + 25, (22)

where m(zobs) is the apparent magnitude, M(zobs) is the absolute
magnitude, and DL(zobs) is the luminosity distance at a given red-
shift:

DL(zobs) = (1 + zobs)DM(zobs) = (1 + zobs)2DA(zobs). (23)

3.2. Cosmic microwave background

The CMB temperature is linked to cosmic expansion through
entropy, which remains conserved in our approximation since
we do not modify the standard evolution of energy densities.
Moreover, the radiation field has a vanishing trace, and its conti-
nuity equation retains its standard form, (see Eq. (3)). Inserting
Eq. (10) into this yields T ∝ 1/(a eΘ). Inserting Eq. (10) into this
relation yields TCMB ∝ (1 + zobs).

The redshift of decoupling is set by the ratio of the CMB
temperature Tdec at decoupling to the CMB temperature T0 mea-
sured at the present time, i.e.

1 + zdec =
Tdec

T0
. (24)

The current CMB temperature is known quite precisely from
observations of the COBE-FIRAS (Fixsen et al. 1996) satellite,
yielding

T0 = (2.7255 ± 0.0006)K. (25)

With Tdec ∼ 3000 K known from atomic physics, one gets zrec ∼

1100. In the standard model with the FLRW metric, this redshift
can be automatically converted into the cosmic scale factor at

decoupling, adec =
1

1 + zdec
. This conversion, however, does not

hold when we allow in the FLRW metric with CSF. In the latter
case, the cosmic scale factor at decoupling also depends on the
CSF:
Tdec

T0
=

1
adec

1
exp (Θdec)

. (26)

One way of incorporating the CSF into the analysis of the
CMB observations is introducing a fiducial temperature of the
CMB,

T̂0 = T0 exp (−Θdec), (27)

at the present time and holding the standard CMB computa-
tions with all atomic and particle data unchanged. This new fidu-
cial temperature represents the present CMB temperature that
would be measured by an imaginary instrument at zobs = 0 in
a rest frame with Θ = Θdec (from here on, we refer to this as
the CSF frame). We therefore have to distinguish between all
the (dimensional) parameters in the CSF frame (denoted by x̂,
where x is the dimensional parameter) and the same parameters
expressed in the local frame (where, by convention, Θ = 0). The
transformation between these parameters in these two frames
occurs in the following manner: In order to transform hat param-
eters to parameters expressed in the local frame, we had to
scale all time and spatial dimensions expressed in the former
frame by exp(−Θdec). Therefore, Ĥa0 = Ha0 exp (−Θdec) and
r̂drag = rdrag exp (Θdec).
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Fig. 1. Redshift evolution of the CSF, Θ, for a range of models with
different matter density parameters, Ωm, and the Hubble constant H0 =
h100 kms−1 Mpc−1. All models recover distances and observed expan-
sion history in the Planck cosmological model with Ωm = 0.315 and
H0 = 67.4 kms−1 Mpc−1.

4. Parametrization of Θ(zobs)
4.1. Conformal function through the comoving distance

equation

One way of obtaining Θ(zobs) is to require that these new cos-
mological models recover the actual distances in the Planck cos-
mology:∫ z′

0

dzFLRW

Ha,new(zFLRW)
=

∫ zobs

0

dzFLRW

Ha,Planck(zFLRW)
, (28)

where z′ is defined in equation (13). This equation (which must
be solved numerically) allows one to relate zFLRW and zobs and,
eventually, calculate Θ(zobs) (see Eq. (11)).

In Figure 1, one can observe the redshift evolution of the
CSF, Θ, for a range of models with different density parame-
ters, Ωm, and the normalization of the Hubble constant H0 =
h100 kms−1 Mpc−1. All of these models recover distances and
observed expansion history in the Planck cosmological model
with Ωm = 0.315 and H0 = 67.4 kms−1 Mpc−1.

From Figure 1, we observed that when the new values of
Ha0 or Ωm differ significantly from the Planck values, |Θ| � 1
for high redshifts. However, if we want to maintain the same
evolution for the density parameters as in the FLRW model, then
Θ must be approximately constant, as mentioned in Section 2.
We can avoid this behavior by restricting our considerations to
models where the CSF, Θ, stays within reasonable limits around
Θ = 0.

To investigate the allowed set of values for Ha0 and Ωm, we
performed the following exercise: We checked for which values
of Ha0 and Ωm the conditions |Θ(z = 2)| < 0.3 and |Θ(z = 10)| <
0.3 are satisfied. This is shown in Figure 2, where these sets of
values are delimited by a green line (for |Θ(z = 2)| < 0.3) and
a blue line (for |Θ(z = 10)| < 0.3). Additionally, we use a color
map to show the variation of Θ between these two redshift values
for each pair of Ha0 and Ωm values.

Fig. 2. Bounds on the normalization of the Friedman equation Ha0 in
CSF models found by imposing a |Θ| < 0.3 limit at z < 2 and z < 10. In
this family of restricted solutions, cosmological models with deficient
dark energy content require Ha0 < H0. The color map demonstrates
the behavior of the Θ(z) profile at high redshifts as quantified by the
difference in Θ between z = 10 and z = 2. The map shows that for every
matter density parameter, there exists a unique solution for the CSF with
Θ(z) = const at z > 2.

From Figure 2, one can see that the imposed limits on the
CSF result in a clear trend for the preferred normalization of the
Friedman equation, depending on the relative content of dark
energy. In particular, models free of dark energy are character-
ized by Ha0 < H0 and thus Θ < 0 within a redshift range that
includes at least the Hubble flow. Furthermore, we observed that
for each value of Ωm, there is a unique solution with a plateau
(where Θ(zobs) is constant for z > 2) in the profile of Θ(zobs).

4.2. Spline function

An alternative way of obtaining Θ(zobs) without making any the-
oretical presupposition is to assume a non-parametric form for
this function for a redshift interval and to fit it with observa-
tional data, such as DESI-BAO Y1 results (DESI Collaboration
2025). One possibility is to use a cubic spline function with four
free nodes and derivatives in the extremes of this redshift inter-
val. Therefore, we would have 4+2 free parameters regarding
the spline function in addition to all the cosmological parame-
ters involved in the distances and CMB that need to be found
with observational data.

However, instead of using a cubic spline for Θ(zobs), we used
it for the ratio
zFLRW

zobs
= 1 + α(zobs), (29)

as indicated in Wojtak & Prada (2017). The relationship between
α(zobs) and Θ(zobs) is therefore

Θ(zobs) = ln
[
1 + zobs + α(zobs)zobs

1 + zobs

]
. (30)

From equation (30), one can see that Θ(zobs = 0) = 0 inde-
pendently of the value of α(zobs = 0).

Using this new parametrization (i.e., using α(zobs) instead of
Θ(zobs)) allowed us to compare our results with those obtained
in Wojtak & Prada (2017) more directly. Additionally, it has the
advantage that, as shown in the aforementioned work, the range
of α(zobs) is much wider than the expected range of Θ(zobs), so it
will be easier to find the appropriate priors for the first case than
for the second one.
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Table 1. Baryonic acoustic oscillation measurements from DESI Y1
(DESI Collaboration 2025) used in this work.

zeff Observable Measurement Tracers

0.30 DV(z)/rdrag 7.93± 0.15 DESI BGS
0.51 DM(z)/rdrag 13.62± 0.25 DESI LRG
0.51 DH(z)/rdrag 20.98± 0.61 DESI LRG
0.71 DM(z)/rdrag 16.85± 0.32 DESI LRG
0.71 DH(z)/rdrag 20.08± 0.60 DESI LRG
0.93 DM(z)/rdrag 21.71± 0.28 DESI LRG+ELG
0.93 DH(z)/rdrag 17.88± 0.35 DESI LRG+ELG
1.32 DM(z)/rdrag 27.79± 0.69 DESI ELG
1.32 DH(z)/rdrag 13.82± 0.42 DESI ELG
1.49 DV(z)/rdrag 26.07± 0.67 DESI QSO
2.33 DM(z)/rdrag 39.71± 0.94 DESI Ly α QSO
2.33 DH(z)/rdrag 8.52± 0.17 DESI Ly α QSO

5. Datasets

As mentioned in the previous section, this work uses observa-
tional data from BAO distances and the Hubble parameter, dis-
tance moduli from SNe Ia, and the CMB temperature power
spectrum. In Table 1, we present the BAO measurements from
DESI (DESI Collaboration 2025) for galaxy, quasar, and Lyman-
α forest tracers from the first year of observations compiled
in the DESI Data Release 1. These BAO measurements con-
sist of DM, DH, and DV at the effective redshifts of zeff =
0.30, 0.51, 0.71, 0.92, 1.23, 1.49, 2.33.

The SN Ia dataset used in this work is the Pantheon+ com-
pilation (Brout et al. 2022), which consists of 1550 spectroscop-
ically confirmed SNe Ia in the redshift range 0.001 < zobs <
2.26. However, we only considered supernovae with redshifts
zobs ≥ 0.01 in order to mitigate the impact of peculiar velocities
in the Hubble diagram (Peterson et al. 2022). It is important to
note that SNe Ia alone cannot constrain H0 unless they are com-
bined with other datasets (Brout et al. 2022; Abbott et al. 2024).
Therefore, we did not attempt to constrain the new parameters
using Pantheon+ alone and instead used DESI, CMB, and Pan-
theon+ data together; i.e., instead of calibrating distance using
the distance ladder, we calibrated it using the sound horizon.

Additionally, we used the sample of SNe Ia from the Dark
Energy Survey (DES), part of their Year 5 data release (DESY5).
This dataset contains 1635 photometrically classified SNe Ia
with redshifts 0.1 < zobs < 1.4 complemented by 194 low-
redshift SNe Ia (which overlap with the Pantheon+ sample)
spanning 0.025 < zobs < 0.1 (Abbott et al. 2024). We used the
two datasets interchangeably in our analysis, but they were not
combined in the same global likelihood due to partial correla-
tions.

All the data presented so far consist of low-redshift probes
(LZ). However, to ensure that Θ(zobs) remains nearly constant for
high values of zobs, we included the CMB and obtained the value
of Θ(zdec) from equation (27). This was achieved by treating the
CMB temperature, Tdec, as a free parameter.

The CMB temperature power spectrum can be computed
using the CAMB code (Lewis et al. 2000), which depends on the
following cosmological parameters: Ha0, Ωbh2

a, Ωch2
a, Mν, Ωk, τ,

Tobs0, Alens, As, ns, and r, which respectively represent the Hub-
ble constant, the physical baryon density parameter, the physi-
cal dark matter density parameter, the sum of the three neutrino
masses, the curvature density parameter, the reionization optical
depth, the CMB temperature, the dimensionless lensing param-

eter, the primordial amplitude of scalar perturbations (spectral
index), and the ratio of tensor to scalar perturbation amplitudes.
However, caution must be exercised when using CAMB to com-
pute the CMB power spectrum in the context of the CSF model.
As mentioned earlier, in this case the CMB temperature must be
treated as a free parameter, which can be related to the observed
CMB temperature by COBE through equation (27). Addition-
ally, since conformal transformations, and the CSF model in
particular, preserve angles, the power spectra in dimensionless
normalization (i.e., for ∆T/T rather than ∆T ) obtained by an
observer at the decoupling epoch in the CSF framework and
modulo standard expansion effects as well as secondary CMB
effects should remain consistent.

However, we note that if the CMB temperature is treated as
a free parameter and CAMB is used, all cosmological parameters
will be expressed in the frame of reference of an observer at the
decoupling epoch, whereas the cosmological parameters appear-
ing in the BAO distance equations are expressed in the present
epoch. To transform the former to the latter, we had to scale
all time and spatial dimensions by exp(−Θdec)–all dimensionless
quantities remain the same regardless of the frame of reference.

6. Methods

We used Markov chain Monte Carlo technique to find the best-
fitting parameters of each model. The likelihood function for the
BAO and SN Ia datasets is given by

lnL(Θ|data) ∝ −
χ2

SN

2
−
χ2

BAO

2
, (31)

where χ2 is calculated using the chi square function, which in
both cases is calculated as

χ2 =

N∑
i,j

C−1
ij [mi − m(zobs,i,Θ)][mj − m(zobs,j,Θ)], (32)

where Θ is a vector of the model parameters and C is
the covariance matrix. The likelihood function used for the
CMB temperature power spectrum includes all power spec-
tra and lensing corresponding to the Planck 2018 data release
(Planck Collaboration VI 2020).

We used the Markov chain Monte Carlo sampler from
Cobaya (Torrado & Lewis 2019, 2021) and set uniform priors
for all free parameters related to BAO distances and magnitude
distances. These priors are listed in Table 2. Chain convergence
was assessed using the Gelman-Rubin test (Gelman & Rubin
1992). Once a tolerance of 0.01 was achieved, the chains were
considered to have converged. Additionally, we discarded the
first 30% of each chain as burn-in and used the mean value along
with the 68% two-tail equal-area confidence limit to represent
the best-fit value and its uncertainty.

For the calculation of the CMB, we sampled the following
parameters: T̂0, log(A), ns, Ĥa0, Ωbĥ2

a, Ωcĥ2
a, τ, and r̂drag. Gaus-

sian priors were set for each parameter, centred on the Planck
best-fit values, except for T̂0, for which we used a uniform prior
in the range [2.5, 4].

7. Results

We begin this section by considering a flat Universe with
dark energy characterized by the condition Ωm + ΩΛ = 1.
In Figure 3, we present the function Θ(zobs) inferred from
DESI-BAO distance measurements for a flat C-ΛCDM model
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Table 2. Prior choices made in this work.

Parameter Priors

ha = H0a/(100 km/s/Mpc) [0.1–1.2]
α(0.0) [−0.7–0.01]
α(0.5) [−0.7–0.01]
α(1.0) [−0.7–0.01]
α(2.5) [−0.7–0.01]

dα/dzobs(0.0) [0.05–0.3]
dα/dzobs(2.5) [0–0.1]

Ωm [0.1–0.99]
ΩΛ 1-Ωm

rdrag/Mpc [50–200]

alongside the results from the combined DESI-BAO Y1 dis-
tances, CMB, and Pantheon+ (DESI+CMB+Pantheon+). The
shaded region represents the 68% confidence intervals. We
observed that the CSF inferred from DESI-BAO is more positive
compared to the one obtained from DESI+CMB+Pantheon+.
Additionally, the best-fit value of Θ(zdec) obtained from fitting
DESI+CMB+Pantheon+ is more negative than the one derived
from the CMB alone, although the value is still compatible with
that from the CMB within 1σ.

An important point to note is that the CSF model, when fit-
ted to the DESI-only or DESI+CMB+Pantheon+ datasets, is not
compatible with Θ(zobs) = 0 within 1σ. For the best-fit values
presented in the second column of Table 3, we find that the value
of − logP is 3.25, where P denotes the posterior distribution.
For the ΛCDM model, we obtained − logP = 11.53. When fit-
ting only the BAO data, we have two free parameters (Ωm and
hard) and 12 data points (see Table 1). Therefore, for the standard
model, we have 10 degrees of freedom, and for the CSF model,
we have 4 degrees of freedom (12-2-6, where 6 comes from the
six free parameters of the spline function). Consequently, the
reduced chi-square values are χ2

ν = 2.3 for the standard model
and χ2

ν = 1.6 for the CSF model. This indicates that the CSF
model provides a better fit to the data, as it has a lower reduced
chi-square value.

We can also compare the χ2 values when fitting
DESI+CMB+Pantheon+, although calculating χ2

ν is more com-
plicated, as calculating the number of degrees of freedom from
the CMB is a hard task. Nevertheless, − logP = 2102.66 for the
CSF model (whereP is the posterior that corresponds to the best-
fit values from the Table 3), and − logP = 2121.1993. These
two values lead to a χ2 = −2∆ logL = 37.1, which also implies
an improvement in the CSF model with respect to the standard
model. However, in this χ2 value we do not take into account the
difference in the number of degrees of freedom. To do so, we can
apply the Akaike information criterion (AIC; Akaike 1974):

AIC = 2k + 2(− logLmax), (33)

where k is the number of free parameters and Lmax is the maxi-
mum of the likelihood.

For the standard ΛCDM model, we obtained AICstandard =
4254.3986, while for the CSF model, AICCSF = 4231.31282.
Given these AIC values, the CSF model is favored, as it has a
lower AIC value, indicating a better balance between goodness
of fit and model complexity (despite having more free parame-
ters).

Focusing again on Figure 3, we also observed that for zobs >
0.5, Θ(zobs) remains approximately constant when fitting only

DESI and DESI+CMB+Pantheon+. Furthermore, when consid-
ering the value provided by the CMB at the decoupling epoch
(represented by the black point in Figure 3), we found that the
CSF remains nearly constant for zobs > 2.5 until Θdec, as dis-
cussed in Section 2.

The next step was to examine whether approximating the
evolution of the density parameters using the FLRW metric
is a reasonable approach for the CSF model. In other words,
we needed to assess whether ∂Θ/∂a in equation (6) is negligi-
ble. From the DESI+CMB+Pantheon+ column in Table 3, we
observed that Θ(2.5) = −0.096 for DESI+CMB+Pantheon+,
which results in a value of exp(Θ0 − Θ(2.5)) = exp(0.096) ∼
1.1. This suggests that we overestimated the evolution of
the density parameters by approximately 10%. However, the
uncertainties in this work are large enough to justify this
approximation.

The confidence level contours in the Ωm-hardrag (and Ωm −

Ha0) plane are shown in the left (right) panel of Figure 4. The
best-fit values of all the parameters are provided in Table 3. As
shown in Figure 3, the constraints on the CSF from DESI and
DESI+CMB+Pantheon+ are compatible within 1σ.

Regarding Ωm, we found a higher value than the one pro-
vided by Planck for the flat ΛCDM model. We also observed
that DESI and CMB yield similar results for Ωm, but the com-
bination of DESI+CMB+Pantheon+ gives a higher value, likely
influenced by Pantheon+.

We also compared the value of H0 (the observed Hub-
ble constant) obtained from the CSF model with that from
the standard model. DESI-BAO cannot constrain Ha0 or H0,
and the CMB can only constrain Ha0 (the derivative of
Θ(zobs) at zobs = 0 is needed to obtain H0 from Ha0, as
illustrated in equation (18)). However, the combination of
DESI+CMB+Pantheon+ can constrain both Ha0 and H0 simul-
taneously because DESI constrains the CSF, and the CMB
provides the Hubble constant from the standard metric, Ha0.
The value of the observed Hubble constant constrained from
DESI+CMB+Pantheon+ is H0 = 64.03± 3.39, which is compat-
ible with the Planck 2018 result (Planck Collaboration VI 2020)
(H0 = 67.36± 0.54) within 1σ.

Next, we focus on σ8. We observed that neither of
the two values (the one obtained from the CMB and
from DESI+CMB+Pantheon+ in the CSF model) is com-
patible with the value given by the standard model fitting
DESI+CMB+Pantheon+ or with Planck’s value (σ8 = 0.8111 ±
0.0060). However, this is not a problem because the power spec-
trum is preserved. It is important to note, however, that caution
is required when comparing the matter power spectrum with the
one provided by the standard model. If we wish to represent the
matter power spectrum obtained in the CSF model in terms of
Θ = 0, as observed in the standard metric, this power spectrum
must be transformed by multiplying it by exp (−3Θdec) since
the units of the power spectrum are in distance units raised to
the power of three. Additionally, we must multiply by the ratio
hPlanck/ha0, where hPlanck is the reduced Hubble constant value
from Planck in the standard metric, and ha0 is the Hubble con-
stant in the CSF model. This adjustment is necessary due to the
differing units of the matter power spectrum.

The next important parameter to study was the age of the
Universe, which is presented in the last row of Table 3. We
observed that the value obtained for a standard flat ΛCDM model
is 13.78± 0.02 billion years. However, for a CSF flat ΛCDM
model, the predicted age of the Universe is smaller: 13.11± 0.13
billion years. The tension between these two values is approxi-
mately 5σ. This decrease in the age of the Universe is a direct

A237, page 7 of 16



Fernández-García, E., et al.: A&A, 701, A237 (2025)

Table 3. Posterior mean and standard deviation for the parameters of the CSF flat ΛCDM model from DESI-BAO Y1, CMB, and Pantheon+ data
compared with the standard ΛCDM model.

Parameter DESI CMB DESI+CMB+Pantheon+ Base-ΛCDM
100Ωbh2 – 2.555± 0.122 2.622± 0.081 2.248± 0.013

Ωch2 – 0.135± 0.006 0.137± 0.003 0.1186± 0.0008
τ – 0.0515± 0.0076 0.0512± 0.0073 0.058± 0.007

ln(1010As) – 3.040± 0.015 3.038± 0.015 3.049± 0.015
ns – 0.9675± 0.0043 0.9696± 0.0056 0.9685± 0.0035

Θdec – -0.127± 0.046 −0.148± 0.026 0
Θ(0.5) −0.065± 0.028 – −0.081± 0.020 0
Θ(1.0) −0.085± 0.041 – −0.102± 0.032 0
Θ(2.5) −0.084± 0.072 – −0.094± 0.061 0

dΘ/dzobs(0.0) −0.192± 0.092 – −0.275± 0.056 0
dΘ/dzobs(2.5) 0.0202± 0.024 – 0.016± 0.021 0

Ha0 – 50.25± 6.04 47.77± 3.12 67.99± 0.39
H0 – – 64.05± 3.45 Ha0
Ωm 0.655± 0.189 0.672± 0.173 0.729± 0.111 0.3067± 0.0051
hard 77.41± 9.20 74.01± 8.85 73.10± 5.39 100.18± 0.66
σ8 – 0.667± 0.055 0.642± 0.032 0.809± 0.006

rd/Mpc – 147.27± 0.28 153.04± 6.02 147.34± 0.21
Age [Gyr] – 13.114± 0.266 13.11± 0.13 13.78± 0.02

Notes. Posterior mean and standard deviation for the parameters of CSF flat ΛCDM model. The first column shows the constraints from using
only DESI-BAO Y1 measurements, the second column shows the constraints for only CMB, the third column shows the constraints obtained
combining DESI-BAO Y1 measurements with CMB and Pantheon+, and the last column shows the constraints from DESI+CMB+Pantheon+
from the standard base ΛCDM model. The parameters above the middle line represent the fundamental parameters of each model (6+6 parameters
for the CSF models, and six parameters for the standard model).

consequence of the increase in the matter content and decrease
in dark energy within the Universe.

We can compare the obtained age of the Universe with
that from very old objects, such as some stars or globular
clusters. For example, one finds the ages of the oldest stars
2MASS J18082002–5104378 B equal to t∗ = 13.535±0.002 Gyr
(Schlaufman et al. 2018), but if the scatter among different mod-
els to fit for the age is taken into account, the age becomes t∗ =
13.0±0.6 Gyr (Jimenez et al. 2019). Furthermore, the age of HD
140283 that is equal to t∗ = 14.46 ± 0.8 Gyr (Bond et al. 2013)
becomes t∗ = 13.5±0.7 Gyr when using the new Gaia parallaxes
instead of the original HST parallaxes (Di Valentino et al. 2021).
Therefore, taking into account the scatter among different mod-
els to fit for the age, the age of the Universe we obtain in this
work is compatible within 1σ with the ages of these stars.

The next step was to examine how the CSF model affects
various power spectra. For this analysis, we considered the con-
strained parameters obtained by fitting only the CMB with the
CSF metric.

In Figure 5, we show the temperature power spectrum
obtained using the FLRW (standard) metric with Planck 2018
cosmological parameters and the one obtained with the CSF
metric using the constrained parameters1. The main differ-
ence between the two spectra is observed at low values of l,
which could have an important interpretation, namely, a decrease
in the integrated Sachs-Wolfe effect (Sachs & Wolfe 1967;
Rees & Sciama 1968; Martinez-Gonzalez et al. 1990; Sugiyama
1995).

1 We note that if we want the temperature power spectrum in the CSF
metric to be represented at Θ = 0, as in the observations, this power
spectrum must be transformed by multiplying it by exp (2Θdec) since
the units of the power spectrum are temperature squared.
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Fig. 3. For a flat CSF-ΛCDM model, Θ(zobs) inferred from DESI-
BAO Y1, Pantheon+, and DESI+CMB+Pantheon+. The shadow region
delimits the 68% uncertainty. The black and blue points represent
the values of Θ at recombination, Θdec, obtained fitting CMB and
DESI+CMB+Pantheon+, respectively, in the CSF model.

In Figure 6, we show the lensing potential power spec-
trum obtained from both the CSF (red line) and standard
(black line) models. The observational data measured by Planck
(Planck Collaboration VI 2020) is also included for comparison.
It is evident that the CSF model provides a better fit to the obser-
vational data for Cφφ

l at low values of l, although the uncertain-
ties are large, and the observational data is compatible with both
models.
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Fig. 4. Left: Marginalized 68% and 95% confidence level constraints on the matter density parameter, Ωm, and the Hubble constant, H0, multiplied
by the sound horizon scale, rdrag, assuming a CSF flat ΛCDM model using only DESI-BAO Y1, only Pantheon+, and DESI+CMB, Pantheon+.
Right: Same as in the left panel but for the Ωm − Ha0 plane.
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Fig. 5. Top panel: Temperature power spectrum obtained with the stan-
dard model using Planck 2018 best-fit values (blue line) and with the
CSF model using the best-fit values obtained fitting only the CMB
(red line). The red points are the values measured by Planck 2018
(Planck Collaboration VI 2020). Bottom panel: Difference between the
CSF and standard model.

Finally, in Figure 7, we display the functions DM(zobs)/rdrag,
DH(zobs)/rdrag, Dv(zobs)/rdrag, and µ(zobs) (distance mod-
ulus) obtained in the standard model using the best-
fit DESI-BAO parameters and Planck 2018 parameters
(Planck Collaboration VI 2020) alongside those obtained in the
CSF model fitting DESI and DESI+CMB+Pantheon+. Notably,
when fitting only DESI to the CSF model, the resulting model
is able to reproduce the value of DH(zobs = 0.51), which devi-
ates from the value predicted by the standard model with Planck
2018 parameters or DESI-Y1 BAO parameters. However, when
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Fig. 6. Top panel: Lensing potential power spectrum obtained with
the standard model using Planck 2018 best-fit values (black line) and
with the CSF model using the best-fit values obtained fitting only the
CMB (red line). The red points are the values measured by Planck 2018
(Planck Collaboration VI 2020). Bottom panel: Difference between the
CSF and standard model.

the CMB and Pantheon+ are included in the fit, the value of
DH(zobs = 0.51) moves closer to the value predicted by the stan-
dard model with Planck or DESI parameters.

Finally, we find that the CSF model obtained from
DESI+CMB+Pantheon+ yields results nearly identical to those
predicted by the standard model using Planck or DESI param-
eters for the distance modulus, µ(zobs). Specifically, the ratio
between µ(zobs) from the C-ΛCDM model with parameters

A237, page 9 of 16



Fernández-García, E., et al.: A&A, 701, A237 (2025)

0

5

10

15

20

25

30

35

40

D
M
/r d

ra
g

Planck 2018
DESI-BAO CDM
DESI-BAO C- CDM
DESI-BAO+CMB+Pantheon+ C- CDM

0.0 0.5 1.0 1.5 2.0 2.5

zobs

0.95

1.00

1.05

(D
M
/D

M
,

CD
M
)/r

rd
ra

g

10

15

20

25

30

D
H
/r d

ra
g

Planck 2018
DESI-BAO CDM
DESI-BAO C- CDM
DESI-BAO+CMB+Pantheon+ C- CDM

0.0 0.5 1.0 1.5 2.0 2.5

zobs

0.90

0.95

1.00

1.05

(D
H
/D

H
,

CD
M
)/r

rd
ra

g

0

5

10

15

20

25

30

D
V
/r d

ra
g

Planck 2018
DESI-BAO CDM
DESI-BAO C- CDM
DESI-BAO+CMB+Pantheon+ C- CDM

0.0 0.5 1.0 1.5 2.0 2.5

zobs

1.00

1.05

(D
V
/D

V,
CD

M
)/r

rd
ra

g 32

34

36

38

40

42

44

46
(d

is
ta

nc
e

m
od

ul
us

)
Planck 2018
DESI-BAO CDM
DESI-BAO+CMB+Pantheon+ C- CDM

10 2 10 1 100

zobs

0.9950

0.9975

1.0000

1.0025

1.0050

/
CD

M

Fig. 7. Top left: Obtained fitting observations (black points) of DM/rdrag to CSF models using DESI-BAO and DESI-BAO+CMB+Pantheon+.
We also show the result of fitting only DESI-BAO to a standard ΛCDM model and the results obtained with Planck 2018 parameters
(Planck Collaboration VI 2020) for a standard ΛCDM model. Top right: Same but for DH/rdrag. Bottom left: Same but for DV/rdrag. Bottom
right: Same but for the distance modulus µ.

constrained from DESI+CMB+Pantheon+ and the standard
ΛCDM model with DESI parameters is approximately 0.25%.

To assess the influence of the value of DH(zobs = 0.51) on
Θ(zobs), we repeated the analysis by replacing the values of DM
and DH from DESI BGS (zobs = 0.30) with those from SDSS
BAO (zobs = 0.38, 0.51, 0.61) (Alam et al. 2017). This test is
detailed in Appendix C. Figure C.1 from that Appendix shows
the constrained CSF, Θ(zobs), obtained from DESI-BAO Y1 data
and from DESI-BAO+BOSS. Considering the uncertainties, the
two constraints are compatible. Additionally, the best-fit value
for DESI-BAO+BOSS is more negative than the one obtained
with only DESI-BAO, with larger uncertainties.

To conclude this section, we discuss the following theoretical
exercise: We imposed that the comoving radial distance DC(zobs)
obtained in both the CSF model (with known parameters) and
the standard model (which parameters we aim to determine) are
identical. Our goal was to find the standard model parameters. If

the newly determined standard model parameters are sufficiently
close to the Planck parameters, we can conclude that the CSF
model successfully recovers the Planck parameters.

The methodology to calculate the best-fit parameters and
their uncertainties for the standard model is as follows: We
imposed that the absolute difference between the comoving
radial distance, DC (normalized by rdrag, given by the CSF
model, see equation (12)), and that given by the standard model
(as described in Hogg (1999), and also normalized by rdrag,
which has to be determined) is minimized. To do this, we defined
a uniform distribution for each CSF parameter (Ωm, H0 and rdrag)
centred around its best-fit value and with an amplitude of ±1σ.
We repeated the minimization process 2000 times, each time
using a different set of parameter values drawn from these uni-
form distributions so the value of DC(zobs) would be different
each time. The final best-fit values for Ωm, H0, and rdrag in the
standard model were calculated as the average of the optimal

A237, page 10 of 16



Fernández-García, E., et al.: A&A, 701, A237 (2025)

0.0 0.5 1.0 1.5 2.0 2.5
zobs

0.25

0.20

0.15

0.10

0.05

0.00

0.05

(z
ob

s)

DESI-BAO+CMB+Pantheon+ C-CDM
DESI-BAO+CMB+Pantheon+ C- CDM

102 103

Fig. 8. Inferred Θ(zobs) from DESI+CMB+Pantheon+ for a flat C-
ΛCDM model (blue line) and for a flat C-CDM model (orange line).
The shadow region delimits the 68% uncertainty. Both CSF models
have been obtained using DESI+CMB+Pantheon+.

values obtained in these 2000 iterations, and the uncertainties
were determined as the standard deviations of these results.

If we consider the CSF ΛCDM model obtained by fitting
DESI+CMB+Pantheon+, the mean values of the parameters
from the standard model that minimize the difference of the
comoving radial distances of the standard and CSF models are

Ωm = 0.323 ± 0.150
H0 = 64.26 ± 10.03
rdrag = 151.69 ± 22.21

.

We found that the values of Ωm and H0 are consistent
with the Planck 2018 results (Planck Collaboration VI 2020),
although our uncertainties are significantly larger due to the high
uncertainties in the CSF parameters.

We then extended this approach to find the parameters for a
standard wCDM model:

Ωm = 0.202 ± 0.122
H0 = 71.73 ± 18.10
rdrag = 153.16 ± 35.84
w = −1.404 ± 0.984

.

We found that the value of Ωm is 40% smaller than that
obtained for the ΛCDM model, while the value of H0 is 12%
larger. Once again, the values of rdrag obtained for both models
are very similar, although the uncertainty for the wCDM model
is quite large. Moreover, the uncertainty in w remains too large
to draw any definitive conclusions about the true value of this
parameter for the considered cosmological model.

Finally, in Appendix B, we present the constraints on the new
parameters and the CSF obtained for a CSF-CDM model (with-
out dark energy). As shown in the aforementioned appendix, the
best-fit value of Θ in the dark-matter-dominated CSF model is
systematically more negative than in the C-ΛCDM model across
all redshifts (see Figure 8). This result is particularly relevant, as
it reinforces the idea that the CSF encodes information about the
missing components of the standard cosmological model. While
the values of Θ remain compatible within 1σ for zobs < 2.5, the
discrepancy in Θdec between the two models suggests that the
conformal function is sensitive to the absence of dark energy.

To further explore idea that the CSF encodes information
about the missing components of the standard cosmological
model, we extended our analysis to a CSF-w0waCDM model,
allowing for a time-dependent dark energy equation of state.
However, the large uncertainties in w0 and wa prevented us from
drawing any robust conclusions. In practice, the reconstructed
conformal function in this scenario was almost indistinguish-
able from that obtained in the ΛCDM case. This highlights a
key point. The current model involves too many free parameters
when using splines (six parameters, which is excessive), making
it difficult to establish a clear relationship between the conformal
function and the evolution of w(a).

Finding a direct relationship between the conformal func-
tion and w(a) would be highly beneficial, as it would allow us
to obtain w(a) directly without making any assumptions about
its form, as is typically done when introducing two free param-
eters, w0 and wa. This would provide a more model-independent
approach to understanding the evolution of dark energy.

Moving forward, it is crucial to develop an alternative
approach capable of directly probing this relationship in a
model-independent manner. Identifying a robust link between
the conformal function and the evolution of dark energy remains
an open challenge, and we will address this in future work.

One final exercise involved replacing the Pantheon+ sam-
ple with DESY5. This is done in Appendix A, where
we show that the uncertainties of all parameters are
larger using DESI+CMB+DESY5 than those obtained with
DESI+CMB+Pantheon+. This suggests that covering a wider
range of redshift is more important than minimizing uncer-
tainties. Pantheon+ has a maximum redshift of zmax = 2.26,
while DESY5 has zmax = 1.12. A crucial test to investigate
this is repeating the DESI+CMB+Pantheon+ fit while remov-
ing all supernovae with zobs > 1.12 and comparing the results
with those from DESI+CMB+DESY5. This exercise is also
shown in Appendix A, where we find that the uncertainties from
DESI+CMB+Pantheon+(with zmax = 1.12) are similar to those
from DESI+CMB+DESY5. Therefore, this suggests that it is
more important to have data across a wide redshift range than
to focus on minimizing uncertainties within a narrow range.

8. Conclusions

In this work, we have considered a specific conformal transfor-
mation of the FLRW (standard) metric where we averaged the
spatial part over large scales to 〈Θ(x̄)〉 = 1 and defined Θ(a)
as the CSF. We also introduced a cubic spline with four nodes
and two fixed derivatives as the ratio of the redshift predicted by
the FLRW metric to the observed redshift (see equation (29)),
which is directly related to the CSF, Θ(zobs). We constrained
these six free parameters along with all the cosmological param-
eters involved in the BAO distances, supernovae distance mod-
ulus, and CMB using DESI-BAO Y1 measurements, the Pan-
theon+ SN Ia dataset, and the CMB. The key results from this
work are as follows:

– The CSF model is dark matter dominated, with the roles of
the dark matter density parameter and the dark energy den-
sity parameter exchanged. Specifically, we find Ωm ∼ 0.7
and ΩΛ ∼ 0.3.

– The value of H0 obtained from DESI+CMB+Pantheon+ in
the CSF model, H0 = 64.03 ± 3.39, is compatible with the
value predicted by Planck 2018, H0 = 67.36 ± 0.54, within
approximately 1σ.

– The obtained value of σ8 in the CSF flat ΛCDM model,
σ8 = 0.629 ± 0.029, is smaller than the Planck 2018
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prediction of σ8 = 0.8111 ± 0.0060 and is only compatible
within approximately 6σ. However, this discrepancy does
not imply that the matter power spectrum is not conserved, as
a transformation in units must be taken into account. Specif-
ically, the power spectrum must be transformed by multiply-
ing it by exp (−3Θdec) since its units correspond to distances
cubed and by hPlanck/ha0, where hPlanck is the reduced Hubble
constant from Planck assuming the standard metric.

– The temperature and lensing power spectra obtained with the
new cosmological parameters are compatible with observa-
tions. However, there is a small difference between the CSF
and standard temperature power spectra at low values of l,
where the CSF model predicts a lower temperature power
spectrum than the standard one. A possible interpretation is
that the integrated Sachs-Wolfe effect vanishes in the CSF
models.

– For a CSF-CDM model (without dark energy), the CSF
obtained is systematically more negative than in a CSF-
ΛCDM model for all redshifts. This reinforces the idea that
the CSF encodes information about the missing components
of the cosmological model, as a more negative CSF suggests
that more ingredients are absent. Furthermore, we tested a
CSF-w0waCDM model, but the large uncertainties in w0 and
wa led to a conformal function nearly identical to that of
ΛCDM, thus preventing us from drawing strong conclusions.
This highlights the need for an alternative approach to estab-
lish a direct dependence between the CSF and w(a) without
prior assumptions, which we will explore in future work.

– Finally, we attempted to recover the Planck parameters using
the CSF model. While we have demonstrated that it is pos-
sible to recover Planck’s parameters, the large uncertainties
prevent us from drawing any definitive conclusions.

Given that the results for the model with and without dark energy
are different, we expect to find a way to test the evolution of dark
energy, i.e., the dependence of w(a), using this framework. This
will be the objective of a future work.
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Appendix A: Best-fit values obtained with DESY5
SN Ia a CSF ΛCDM model

In this section, we present the results obtained by fitting the
CSF ΛCDM model using DESI-Y1 BAO measurements, CMB,
and DESY5 SN Ia, instead of Pantheon+. The comparison
between DESI+CMB+Pantheon+ and DESI+CMB+DESY5 is
shown in the second and fourth columns of Table A.1, respec-
tively. It can be seen that the best-fit value of Ωm obtained
with DESI+CMB+Pantheon+ is smaller than that obtained with
DESI+CMB+DESY5. However, both values are compatible
within 1σ when considering the uncertainties. This is consis-
tent with the fact that Pantheon+ predicts a smaller value for Ωm
(0.334 ± 0.018) (Brout et al. 2022), compared to DESY5 (0.352
± 0.017) (Abbott et al. 2024) for the standard ΛCDM model.

We also observe that the uncertainties for the
CSF parameters Θ(zobs = 0.5, 1.0, 2.5) are larger
when using DESI+CMB+DESY5 than when using
DESI+CMB+Pantheon+. The same trend is observed for
Ωm and H0. For the other parameters, the uncertainties are
similar. This can be explained by the fact that DESY5 covers a
smaller redshift range (zmax = 1.12) compared to Pantheon+
(zmax = 2.26), although the uncertainties in µ(zobs) from DESY5
are smaller than those from Pantheon+.

An exercise to assess the constraining power of high-redshift
supernovae from Pantheon+ is to consider only those with zobs <
1.12 and repeat the fits using this new sample. This would allow
us to determine whether it is more important to have data span-
ning a wide redshift range, or to focus on a narrower range with
smaller uncertainties.

The best-fit values obtained from DESI+CMB+Pantheon+,
but considering only those supernovae with zobs < 1.12, are
shown in the third column of Table A.1. From this table, we
can see that the uncertainties in all parameters are very simi-
lar to those obtained with DESI+CMB+DESY5. This indicates
that having data across a wide redshift range provides more con-
straining power than reducing the uncertainties in the magnitude
measurements.
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Fig. A.1. Θ(zobs) inferred from DESI+CMB+Pantheon+ and
DESI+CMB+DESY5 for a flat C-ΛCDM model. The shadow
region delimits the 68% uncertainty.

Appendix B: Flat CSF dark-matter-dominated
models (C-CDM)

In this Appendix, we consider a dark-matter-dominated universe
with a CSF transformation (C-CDM) and examine how all the
cosmological parameters change, especially Θ(zobs). If Θ(zobs)
deviates from 0 (i.e., if it becomes more negative than in the
C-ΛCDM model), this would suggest that Θ(zobs) carries infor-
mation about dark energy and, more broadly, about the missing
components of the cosmological model.

Figure 8 shows the CSF obtained for the C-CDM model,
alongside the result for the C-ΛCDM model. In both cases, we
have used DESI+CMB+Pantheon+ data to derive Θ(zobs) and
Θdec. The best-fit value of Θ in the dark-matter-dominated CSF
model is more negative than that in the C-ΛCDM model for
all redshifts. However, accounting for uncertainties, the values
from both models are compatible within 1σ for zobs < 2.5. A
closer look at Θdec reveals that the values from both models are
not compatible within 1σ. Table B.1 presents the best-fit values
obtained by fitting only DESI-BAO and only the CMB to the
CSF-CDM model.

Indeed, we observe that the CSF model can provide insights
into the missing components of the standard model. Specifically,
if we exclude dark energy from our CSF model, we obtain a
different, more negative CSF compared to the one derived from
a model that includes dark energy. This is crucial, as it indicates
that the CSF is capable of revealing the missing elements of the
cosmological model in question, and it does so in the expected
manner. If a cosmological model included all the components
that are currently absent in the standard model, we would expect
to see a constant zero CSF. However, identifying these missing
components falls outside the scope of our current work.

We can replicate the exercise of calculating the parame-
ters for the standard metric model by using the CSF-CDM (no
dark energy) model fitted to the DESI+CMB data to recover the
Planck parameters. The parameters we recover for a standard flat
ΛCDM model are

Ωm = 0.330 ± 0.179
H0 = 68.54 ± 10.37
rdrag = 150.71 ± 20.78

.

The obtained values for Ωm, H0, and rdrag are consistent
with the Planck 2018 results (Planck Collaboration VI 2020)
within 1σ.

Next, we delve deeper and determine the parameters for a
standard wCDM model:

Ωm = 0.215 ± 0.149
H0 = 75.32 ± 17.25
rdrag = 152.08 ± 33.81
w = −1.42 ± 1.02

.

We observe that the value of Ωm is approximately 35%
smaller than that obtained for the CDM model, while the value
of H0 is about 10% larger than in the CDM model. The values of
rdrag are nearly identical for both models, although the uncer-
tainties in the wCDM model for this parameter are significantly
larger.

Appendix C: Comparison of DESI results with
DESI+SDSS BAO data

In this Appendix, we present the results obtained by substitut-
ing the values of DM and DH from DESI BGS (zobs = 0.30)
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Table A.1. Posterior mean and standard deviation for the parameters of the CSF flat ΛCDM models from DESI-BAO Y1+CMB+Pantheon+ and
DESI+CMB+DESY5.

Parameter DESI+CMB+Pantheon+ DESI+CMB+Pantheon+(zmax = 1.12) DESI+CMB+DESY5
100Ωbh2 2.631±0.083 2.590±0.074 2.609±0.076

Ωch2 0.137±0.003 0.137±0.004 0.138±0.004
τ 0.0508±0.0069 0.0514±0.0074 0.0511±0.0078

ln(1010As) 3.036±0.014 3.039±0.014 3.039±0.015
ns 0.9708±0.0063 0.9680±0.0043 0.9681±0.0042

Θdec -0.152±0.025 -0.141±0.027 -0.149±0.027
Θ(0.5) -0.084±0.019 -0.078±0.019 -0.080±0.020
Θ(1.0) -0.106±0.032 -0.097±0.031 -0.099±0.032
Θ(2.5) -0.099±0.061 -0.088±0.061 -0.089±0.064

dΘ/dzobs(0.0) -0.281±0.054 -0.263±0.056 -0.266±0.057
dΘ/dzobs(2.5) 0.014±0.020 0.016±0.021 0.020±0.022

Ha0 55.30±1.98 48.39±3.38 47.45±3.37
H0 63.90±3.34 64.36±3.66 61.91±4.42
Ωm 0.733±0.099 0.711±0.120 0.745±0.124
hard 72.60±5.12 74.05±5.60 72.97±5.60
σ8 0.637±0.031 0.651±0.032 0.642±0.032

rd/Mpc 152.60±5.12 153.07±5.98 153.84±6.44
Age [Gyr] 13.08±0.14 13.15±0.12 13.12±0.12

Notes. Posterior mean and standard deviation for the parameters of CSF flat ΛCDM models. The first column shows the constraints from using
DESI-BAO Y1 combined with CMB and Pantheon+, and the second one shows the constraints obtained combining DESI+CMB+DESY5 in the
CSF model.
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Fig. A.2. Left: Marginalized 68% and 95% confidence level constraints on the matter density parameter, Ωm and the Hubble constant H0 multiplied
by the sound horizon scale rdrag assuming a CSF flat ΛCDM model using DESI+CMB+Pantheon+ and DESI+CMB+DESY5 Right: the same as
in the left panel but for the plane Ωm−Ha0 plane.

with those from SDSS BAO (zobs = 0.38, 0.51, 0.61) (Alam et al.
2017). This test is significant, as Figure 7 reveals a substantial
discrepancy between the value of DH/rdrag measured from DESI
Y1 and that predicted by a ΛCDM model with Planck 2018
parameters (Planck Collaboration VI 2020).

Figure C.1 shows the constrained CSF, Θ, obtained with
DESI-BAO Y1 data and DESI-BAO+BOSS. Taking into
account the uncertainties, both constraints are compatible. Fur-
thermore, the best-fit value for DESI-BAO+BOSS is more neg-
ative than that obtained with DESI-BAO alone, although with
larger uncertainties.

Table C.1 presents the best-fit values obtained for each case.
The uncertainties for DESI-BAO+BOSS are larger than those for

DESI-BAO alone. Thus, the two sets of constrained parameters
are compatible within 1σ.

In conclusion, although there is a significant discrepancy
between the BGS BAO distance obtained with DESI Y1 and
the ΛCDM model, this discrepancy is not observed in the BOSS
data. However, the large uncertainties in the BOSS data prevent
definitive conclusions.
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Table B.1. Posterior mean and standard deviation for the parameters of the flat CSF C-CDM model from DESI-BAO Y1, CMB with CSF, and
DESI+CMB+Pantheon+.

Parameter DESI CMB DESI+CMB+Pantheon+

100Ωbh2 – 2.7414±0.0003 2.742±0.027
Ωch2 – 0.1439±0.0008 0.1439±0.0009
τ – 0.0496±0.0076 0.0498±0.0077

ln(1010As) – 3.035±0.014 3.036±0.015
ns – 0.9691±0.0041 0.9693±0.0042

Θdec – -0.197±0.004 -0.197±0.005
Θ(0.5) -0.099±0.017 – -0.108±0.017
Θ(1.0) -0.125±0.034 – -0.136±0.033
Θ(2.5) -0.107±0.080 – -0.129±0.078

dΘ/dzobs(0.0) -0.307±0.050 – -0.363±0.034
dΘ/dzobs(2.5) 0.030±0.027 – -0.017±0.026

Ha0 – 41.50±0.08 41.49±0.08
H0 – – 59.92±2.22

hard 65.01±3.36 – 63.97±3.27
σ8 – 0.583±0.006 0.583±0.006

rd/Mpc – 147.38±0.26 154.15±7.89
Age [Gyr] – 12.90±0.04 12.90±0.04

Notes. Posterior mean and standard deviation for the parameters of flat CSF CDM C-CDM model. The first column shows the constraints from
using only DESI-BAO Y1 measurements, the second one shows the constraints for only CMB with CSF and the third one shows the constraints
obtained combining DESI+CMB+Pantheon+ in the CSF model.

0.0 0.5 1.0 1.5 2.0 2.5

zobs

0.20

0.15

0.10

0.05

0.00

0.05

(z
ob

s)

DESI-BAO C- CDM
DESI-BAO+BOSS C- CDM

Fig. C.1. Θ(zobs) inferred from DESI-BAO Y1 distance measurements
and DESI-BAO+BOSS for a flat C-ΛCDM model and for a flat C-
ΛCDM model (black line). The shadow region delimits the 68% uncer-
tainty.

Table C.1. Comparison of the posterior mean and standard devia-
tion for the flat CSF ΛCDM model using DESI-BAO Y1 and DESI-
BAO+BOSS.

Parameter DESI DESI+BOSS
Θ(0.5) -0.070±0.027 -0.072±0.034
Θ(1.0) -0.090±0.041 -0.097±0.050
Θ(2.5) -0.088±0.074 -0.104±0.089

dΘ/dzobs(0.0) -0.206±0.089 -0.253±0.104
dΘ/dzobs(2.5) 0.0204±0.025 0.022±0.026

Ωm 0.685±0.183 0.622±0.211
ΩΛ = 1 −Ωm 0.315±0.183 0.378±0.211

hard 75.92±8.84 76.83±10.89

Notes. Comparison of the posterior mean and standard deviation
obtained for the parameters of a flat CSF ΛCDM model using only
DESI-BAO Y1 measurements (first column) and DESI-BAO+BOSS
(second column).
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