A LOG-WEIGHTED MOSER INEQUALITY ON THE PLANE

C. TARSI

ABsTRACT. We establish a sharp Moser type inequality with logarithmic weight in the non-
radial mass-weighted Sobolev spaces, on the whole plane R2. We identify the sharp threshold
for the uniform boundedness of the weighted Moser functional, which is still given by 4m:
further, we prove the validity of the inequality also at the limiting sharp value 47. Even if the
increasing nature of the log weight prevents the application of any symmetrization tool, we
prove our inequality in the general framework of Sobolev space, and not on radial subspaces,
as in the available literature. The main strategy is a careful analysis of the behaviour of the
normalized maximizing sequences.
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1. INTRODUCTION
Let  C R? be an open domain with finite measure. It is well known that
H}(Q) — LP(Q) for p € [1,00);
HYQ) & L= for p = oo.
A counterexample is given by the function

u(x) = (= log |log|x|])+,
when (2 is the unit ball. The maximal degree of summability for functions in H}(Q) was es-
tablished independently by Pohozaev [32] and Trudinger [37] (see also [38]) and is of quadratic
exponential type. Several years later, Moser [28] was able to simplify Trudinger’s proof, and to
determine the optimal threshold; more precisely,

(1) sup / e dr < M(a)|Q], a < A4r
[[Vul2<1JQ

where the constant M («) stays bounded provided o < 47 and the supremum becomes infinity

when a > 47. While the proof of the validity of (1) for o < 4 is not difficult, it becomes very

delicate when o = 4m. This is usually done by showing, after reducing by symmetrization to

the radial case, that if {v;} is a maximizing sequence, it can not be “too far” from the so-called

Moser sequence. The same sequence is also used to prove the failure of (1) for a > 4.

Clearly, as the measure |2] — +00 no uniform bound can be retained in (1), and the exponen-
tial needs to be suitably regularized when w is near 0. The standard way to do this is to consider
the reduced exponential e/ — 1. Then, by restricting to smooth functions such that ||[Vulls < 1
and |julls < K, K > 0, Cao [11] proved that

(2) sup / (eo‘“2 —1) dr < C(a, K) <00 if a <4w(1—9),
R2

Vull2<1, Jlull2<K

Date: December 11, 2023.

2010 Mathematics Subject Classification. 35A23, 26D10, 46E35 .

Key words and phrases. Trudinger-Moser inequalities, weighted Sobolev spaces, concentration-compactness at
infinity.



2 C. TARSI

where § € (0,1) (see also [31]). A further result in this direction was obtained by Adachi-Tanaka
in [1] which reads as follows: for all u € H*(R?)\ {0} one has

u? 2
(3) / (ea Ivul3 _ 1) dz < C(a) ||u||22 7
R2 Vull3

where

C(a) <oo aslongas «<d4m.

Inequalities (2) and (3) are usually named as subcritical TM inequalities, since they involve only
values of the parameter o < 47. The critical Moser case in which o = 47 remained uncovered
until Ruf in [33] established the following inequality

(4) sup / (e"‘“2 — 1) dr < oo if a < 4m,
IVull3+ [lul3<1 JR?

which is sharp, namely the supremum becomes infinity as o > 4w. Note that Ruf’s inequality

yields, as a byproduct, a uniform bound for the Moser functional which is independent of the

measure of the domain when dealing with bounded domains €2, provided that one considers the

complete Sobolev norm instead of the Dirichlet norm, as in Moser’s result.

Starting from these pioneering results, a very large amount of literature has been developed,
and many interesting phenomena have been discovered: one of the most surprising is the attain-
ability of the supremum in (1), in contrast with the classical Sobolev case, both in the bounded
([12, 21]) and in the unbounded ([22, 27, 33|) setting. This striking difference highlights the
peculiarity of the 2-dimensional framework, which motivates a still very active line of research.

From the point of view of PDEs, differently from the Sobolev case, the exponent « in (1) does
not play any role: the critical growth, in terms of threshold between existence and nonexistence
of solutions, is represented by the quadratic exponential growth retained by the Orlicz class of
functions underlying (1) (see 2, 20]). Motivated by the study of a Schrodinger-Poisson system
in the plane which can be reduced to a Choquard type equation with logarithmic kernel and
exponential nonlinearity, we recently proved in [7, 14] a new log-weighted version of the Trudinger
inequality in the whole plane:

(5) sup / (62”“2 - 1) log(e + |z|)dx < +00
llullz, <1 JR?

where ||ul|2, = [(|Vu|?>+log(e+|z|)u?) is the Sobolev mass-weighted norm. It seems now natural

to investigate the validity of a corresponding log-weighted Moser type inequality. Weighted Moser

type inequalities have been already considered in the literature, starting from the pioneering work

of Adimurthi and Sandeep [3] where the authors established the following singular Moser-Hardy

inequality

eau2 ) ) a ﬂ
sup /—dac<—i—oo7 ifand only if — 4+ =<1
Ivula<1Ja ll? w2
on bounded domains containing the origin in R?, which has been generalized on the whole plane
in [35]. Note that here the Hardy type weight is singular and decreasing: if, on one hand, the
singularity affects the value of the sharp exponent, on the other hand it allows the usual reduction
to radial functions. If, on the contrary, we aim at Moser inequalities involving increasing radial
weights, as in (6), the application of standard symmetrization tools is avoided. For this reason,
these kind of inequalities have been established, till now, only in the framework of radial Sobolev
spaces (see, e.g., [23, 25, 29] and references therein). Up to our knowledge, even in the subcritical
Trudinger setting, only Albuquerque [4] and the author [36] have addressed the question in the
general framework of mass weighted Sobolev spaces, that is, without any a-priori restriction to
radial functions (see also [17] for a close result).
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The main goal of this paper is to prove a sharp, Moser type result in the whole plane in
the special case of the log-weight, in the framework of log-mass weighted Sobolev spaces. More
precisely, we will prove the following

Theorem 1. Let H. (R?) be the weighted Sobolev space, endowed with the norm

Jully = IVl + ulfo = [ 1VaPdo+ [ uloge+ [z

Then

(6) sup / (64”2 - 1) log(e + |z|)dz < +o0.
lull2, <1 JR?

Inequality (6) is sharp, that is, for any o > 4w

(7) sup / (e““2 - 1) log(e + |z|)dz = +o0.
lul2, <1 JR?

Remark 1. We choose the weight w = log(e + |z|) instead of log(1 + |z|) because we want to
avoid any role of the weight, except for its unboundedness at infinity. Indeed, the zero value of
the function log(1 + |z|) ~ |z| at the origin may affect the Moser inequality, as in the Hénon
cases, see [10].

Remark 2. As motivated above, we focus here on the effect of an increasing weight in the mass
term. A complementary interest that has been recently developing in the literature is devoted
to the impact of a weight w in the Dirichlet norm. The presence of a power weight in the
gradient term affects the sharp exponent in the radial Moser inequality, as proved in [10] in the
bounded domain framework. A much more relevant improvement can be obtained by considering
a logarithmic weight, as established by Calanchi and Ruf (see e.g. [8, 9]). Note that one needs to
restrict attention to radial functions in order to obtain any actual improvement of these limiting
inequalities: otherwise, suitable translation and dilation of the Moser’s sequence in a region far
from the origin and far from the boundary, where the presence of can be "neglected”, shows that
the sharp exponent 4w cannot be enhanced. Roughly speaking, the presence of a radial weight in
the Dirichlet norm may produce an improvement of the Moser inequalities if it can affect all the
concentrating sequences: and this is possible only if the concentration occurs at the origin.

The whole plane case have been recently considered in [5]: the authors in Theorem 1.9 prove
that the presence of a weight unbounded at infinity (independently from the growth rate) in the
Dirichlet norm does not affect the sharp exponent in the Moser functional, even in the radial
framework.

Our proof is partially inspired to [18] where the authors deal with monomial increasing weights
(even if the Moser type result, stated there, is affected by an erroneous application of rearrange-
ment results). The main tool will be a transformation which relates functions in the weighted
space H}(R?) to functions in the unweighted space H!(R?), based upon a change of variables
acting only on the radial part of x: the price to pay is a dilation term in the Dirichlet norm,
whose effect is lower and lower as |x| — oo due to the logarithmic growth of the weight. This
property is the key tool that allows to retain the sharp threshold 47. Nevertheless, the discussion
of the critical case a = 4m requires a deeper insight, which relies on a careful analysis of the
behaviour of the maximizing sequences. Inspired by the concentration-compactness principle for
Moser type inequalities on the whole plane stated by Cerny in [15], we will deal with the follow-
ing phenomena: no concentration (which includes compactness and vanishing), concentration on
bounded domains, partial concentration at infinity and concentration at infinity. The last two
are new phenomena which are not visible in the unweighted case, due to the standard reduction
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to the radial decreasing setting, first described by Chabrowski [16]: we will further split the anal-
ysis of sequences concentrating at infinity into concentration at points that diverges at infinity
and spread concentration at infinity. The key tools to deal with these last two cases, the most
delicate, will be a careful application of an improved version of Adachi-Tanaka inequality due to
the author together with Cassani and Sani ([13], see subsection 3.3.1) and the Vitali Covering
Lemma, together with suitable cut-off arguments.

We hope that the strategy adopted to deal with this special log-weight may be applied to
more general weights, such as the slowly varying ones; we recall that a measurable function
w: (0,00) = (0,00) is said to be slowly varying if

lim war)

r—+oo w(r)

=1 YVa>0,

such as w(r) = log? (1+r), for all 8> 0. Since our proof relies on the lower effect of the dilation
term near co when applying the transformation 7, due to the logarithmic growth of the weight,
we suspect that a similar phenomenon could be observed in the more general framework of slowly
varying weights.

Finally, we believe that the higher dimensional limiting Sobolev case W~ (R™) can be handled
with similar tools. We hope that the analysis performed in the last section may be useful to
approach other related and challenging questions, such as the attainability of log-weighted Moser
type inequalities.

2. SHARP SUBCRITICAL INEQUALITIES

In this section we aim at identifying the sharp threshold between uniform boundedness and
unboundedness of the log-weighted Moser functional, so improving the result stated in [14, 36]
up to 4.

Let H!(R?) be the space of measurable functions defined as

(8) H!(R?):= {u € H'(R?) : / lu|? log(e + |z|)dz < +oo}
R2
equipped with the norm
(9) lull?, = Va3 + [lull3., :/ IVUIZdIJr/ u® log(e + |z[))dz.
R2 R2

With the notations of [24], H} is nothing that W12(R?, S) where S is the set of weights given by
S = {log(e + |z]), 1}. Since the weight w = log(e + |x|) satisfies the condition w™! € L}, (R?), it

turns out that H} (R?) is a Banach space (|24, Theorem 1.11]), and further, it is a Hilbert space,
endowed with the inner product

(u,v) = VuVudz —|—/ uvlog(e + |x|)dz.
R? R?
Further, its dual can be characterized thanks to the Hahn Banach Theorem as
H, ' (R?) = (H'(R?) N L5, (R?))" = H™H(B?) |y +(L3) (R?)
(see Theorem 14.9 in [34]).

We briefly recall the proof of inequality (6) given in [14], since its main tools will be used
frequently in what follows; we also slightly modify the change of variable originally introduced.

H1

w

Proposition 1. [Theorem 1.1 in [14]] For any o < 27

(10) sup / (ea“2 - 1) log(e + |z|)dz < +o0.
R2

lull? <t
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Furthermore,
2
(11) / (eo‘“ - 1) log(e + |z|)dz < o0
R2

or any u € HY (R2) and any > 0.
[ Yy w y

Proof of Proposition 1. Let us perform a change of variable which acts only on the radial part
of any point in R2. To shorten the notation we will write

s=T(r)= \/2/ plog(e + p) dp, where r=|z|, s=|y|, z—y:= ﬁT(M)
0 X
Note that T'(r) can be explicitly determined, even if not strictly necessary; since

T 2 2

" p p
2 log(e + p) dp = r?log(e +r —/ dp and 0< <p,
/Op gle+p) dp gle+7) i Sor,SP

we easily get
(12) ry/lo (e+r)—l<T(r)<r\/lo (e+r) and L—>1as r — 400
& 2~ - : rv/log(e + 1)

where r/log(e + r) is the former change of variable suggested in [14]. The transformation 7' is
invertible on R?, even if its inverse map is not explicit. Let us define

v(y) :==u(z), thatis, v(y)=u(T""(|y|)cosd, T (|y|)sinb)

and denote by
w(r,0) :=u(rcosf,rsinf), w(s,0):=v(scosh,ssind).

Then we have

27 +o0 ,U’72
/ |Vo|2dyidys = / / {wy g} sdsdf
R2 0 0 s

B 21 p+too 2(r0) . 1 wg(r,é)). r2 T
7/0 /0 { »(7,0) [T (r)2 + 3 0 T'(r)T(r)drdo.

r
Now,
rlog(e +7) 1 1 1

13 T'(r) = < <

(13) ) T(r) - 2log(e +7) — [T"(r)]2 ~ log(e+ 1)
whereas

2
(14) 1 . 1 2

< <
log(c +7) ~ T2(r) ~ log(e+7)— L ~ log(e + 1)’
so that, at the end,

(15) 1 2 o1 2
AT (r) [T T T
Then,
S o 2m poo 27 .27
i/o /0 [w3+1:29} TTT(r()T)deQS g Vo[ 2dy: dys S/o /O [w3+1:§} rTT(T(;)de&
By (13), (14)
r*T(r) r’ 2T (r)

< 2r

= 5 rlogle+r) = 1<

T(r)  [T(r)] T(r)
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which implies
1
1/2 |Vu|2deidey < /2 |Vo|2dydys < 2/2 |Vul*dzidas.
R R R
On the other hand, thanks to (13)

/R? 2dy—/2ﬂ/ s@sdsdt‘)—/%/ "(r)T'(r)drd6

2m
/ / (r,0)rlog(e + r)drdf :/ u?log(e + |z|)dx
R2

so that, finally,
1
(16) 2l < Tl =11V oll3 + [loll3 < 2[lully.-
We have then proved that the map
T:H,(R*) — H'(R?
U = v

is an invertible, continuous map, with continuous inverse map too. As before, it is easy to verify

that
/R? (eo““2 - 1) log(e + |z|)dz = /R2 (eo‘”2 - 1) dr < 400

by [33], for any « > 0, that is (11). The uniform bound (10) follows directly by combining Ruf’s
inequality (4) with the norm’s estimate (16). O

Note that, thanks to (12) and (13), the scaling factor appearing when changing variable in
the Dirichlet norm has an interesting property:
rT'(r)  r?log(e +7)

T(r) T2(r)
This observation is essentially related to the nature of the weight, and it is the key tool which

allows us to improve the previous inequality up to the (sharp) exponent 4w, as stated in the
following.

(17) —1 as 71— +oo.

Proposition 2. For any o < 4w

(18) sup / (e“"2 - 1) log(e + |z|)dz < +o0.
llu)2,<1 JR2

The inequality is sharp, that is,

(19) sup [ (" = 1) log(e + [al)do = +oc
flu)2, <1 JR?

for any a > 4m.

Proof. The main idea of the proof is to take advantage of the property (17): since « is strictly
less then 4, we have room enough to split any function v € H] as the sum of two functions,
the first one compactly supported in a uniform bound domain and the second one supported far
from the origin, where we will perform the change of variable T

Let us consider a smooth, radial cut-off function x(|z|), such that

(o= {1l <1
x =
X 0 if |z >2
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and 0 < x <1 with bounded derivative. Set {(|x|) := 1 — x(|z|)); then scale £ as follows:
&n(lz]) := &nlel),

so that
0 if|z| <1/n
&n(|z]) = .
1 if |z > 2/n,
and |V, (|z))| = n|VE|z])| = n|Vx(n|z|)|. For any u € H. (R?) with ||u]|2, <1 let us define

Uy = u- &y

whose support is contained in BE’ I We have

/Rz Vg < Va3 + 20Vl llull2Vullz + n* [Vl lul3,

so that
(20) lugllz, < (1 +en)llully, < (1+cn)

for some positive fixed constant ¢ independent of 7. Let o < 47 fixed. Obviously,

/Rz (eo‘“z - 1) log(e + |z|) < /B (eo‘“2 - 1) log(e + |z|) + /]Rz (eo‘“% - 1) log(e + |x]).

By Ruf’s inequality

2
/ (eo‘“2 - 1) log(e + |z|) < log(e + 7)/ (ea“2 - 1) <
By n JB

%
2
<log(e + 7)/ (emﬂ 7 1) < %
n Jr2 n

since ||Vul|3 + ||ul|3 < ||ul|?, < 1. To bound the second term, let us apply the change of variable
introduced in the proof of Proposition 1 to u,, taking advantage of the fact that w,, is supported
far from the origin. Using the same notations as in Proposition 1, let v;,, be defined as

Uy (rcos B, rsinb) = v, (I'(r)cosd,T(r)sind).

2/n

Then

21 ptoo ~o 2m oo 21 27
2 ~o Wy 2w | ()
_ dsdf < ] drdf.
/}R2 [V, |“dy1dys /0 /T(?) {ws + 82:| sdsdf < /0 /1 {Uh + 7“2] T(r) r

If 7 is small enough and r > 1/n, by (13), (14)

2T/ 1 21 1

<7 (’I")ST og(e+r)1:>TS (r)< 14 .
T(r) log(e+7) — 5 T(r) 2log(1+ ;)

so that, at the end,

1
21 Vo, 2dyidys < [ 14+ ———— / Y, |?dzydzs.
(21) /Rz‘ vp|“dy1dy2 < + 2los(1 + 117)> R2| uy|*dz1dry

Since

r

/vgdy:/ luy|? log(e + |z|)dx
R2 R?

we conclude that

1 1
2 2 2 2
= ||V + <l[1l+——-— <[1+——F|(1+
||'UnH | UWHQ ||U77||2 < 2log(1 717)> ”un” > < 2log(1 717)> ( cn)



8 C. TARSI

by (20). Now, let us fix n such that

1 4
1+——a <
( * 2log(1+ ;)) (1+en) e!

so that allv,||? < 47. Then, since T'T = rlog(e + r), we have

i 27 “+o0 .
/ (e"‘“i — 1) log(e + |z|) = / / (ea"i(r cosf,rsind) _ 1) log(e + r)rdrdf
R2 0 S

_ / (6a||vnu2v§/||vnu2 - 1) dz < C(a)
R2

by Ruf’s inequality (4), as aljv,||* < 4n.
The sharpness of 47 can be verified, as usually, by means of a suitable Moser type sequence. Let

1
v/ 0, logn 0<|x\§£
1 Vo 11
(22) vl@) = —={ V1L .
N Togn og B < |CC‘ <

0 |x] > 1

where §,, € (0,1) will be fixed later. Then

5, (Y"1
V0,2 = / Lir =5,
0 '

logn
whereas
/ v2log(e + |z|)dx = / v log(e + |z|)dx < 2/ v2dx
R2 B By
logn 20, [* 51 1 2logn 1 1
— %8y log? = dr = R ———
n? nt logn/l/nr o8 e 2logn + n? n?  2nZlogn) "
so that
1 2logn 1 1
W2 < (1 - =9
loallzw < ( * 2logn T n?  2n? logn>
If we choose
1 2logn 1 1 -1 1
23 onp =11 —_— - —— =1- O(n=?1
(23) " ( + 2logn + n2 n2  2n?2 logn) 2logn +0(n""logn)

we have ||v, |l < 1. Thanks to (23), for any « > 47 there is an n,, such that if n > n,

>2+a—477
dr

«a Q@

> — (11—

2m ” 2m ( logn
so that

1/n
/ (ea”?@ — 1) log(e + |z|)dz > 277/ (6%6”’ logn _ 1) log(e + 7)rdr
R2 0

1/n
a—4m Y a—4m
> 7r/ n?e T %" og(e 4 r)rdr > g T +o00 as n — 400,
0

which ends the proof. O
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We end this section by proving a variant of Cao’s inequality (2) available in our log-weighted
setting. As before, since the parameter « involved is always less than 47, there will have again
'room enough’ to perform a change of variable when x is large, obtaining a new function whose
Dirichlet norm is larger than the former, but still less than 1.

Proposition 3. For any § € (0,1) and M >0

(24) sup / (e““z - 1) log(e + |z|)dz = C(6, M) < +o0.
u € HL(R?) R?
Vullz <1 =0, ||ullzw < M

The inequality is sharp, that is,

(25) sup / (64”“2 - 1) log(e + |z|)dx = +o0.
u € HL(R?) R?

IVulls <1, [Jullzw < M
Proof. The proof follows arguments similar to the previous one. Let M > 0 and 0 < § < 1 be
fixed. For any n > 0, u € H} (R?) with |[Vullz <1 =46, |lull2,w < M let u, := u - &, as before,
and, again, vy,

Uy(rcosf,rsin@) = v, (T'(r)cosd, T(r)sind)

as in Proposition 1. Then, for any n > 0,

/]R2 (64“"2 - 1) log(e + |z|) = /B (e‘”“2 - 1) log(e + |z|) + / ; (64““2 - 1) log(e + |z|).

2/n B2/77
Let’s estimate the two terms separately. By Cao’s inequality (2),

(26) /B% <e4m2 - 1) log(e + |z]) < log(e + 127)/32 (6477“2 - 1) -

2
<logle+2) [ (4" ~1) < 016,00 bogal.
n Jr2
On the other hand, if n < 1/M,

IVugll3 < [IVall3 + 20l Vxlloo lull2l|Vall2 + 0?1V x5 ull3
< (1 +eMy)|Vul3 + en®M?
< (T+eMn)(1—=6) +en*M? < (1+eMn)(1—6) +enM  since 1 < 1/M
< 1—(5+cM77(2—6)§1—g
if 7 < min(57, M). Further, eventually choosing 7 smaller (depending on ¢ and M)

1 c ) 1)
Volld < |14 ——— | - |[Vu 2§<1+>(1—><1—,

2 (14— 2 (1 =)z, < (1 ) M2
onl} < (14 ) ol < (1 o ) Tl < (1

In what follows, recall that u,(z) = v,(z) for any x s.t. |z| > 2/n, and that supp u, = B1C/n?
further, as in the proof of Proposition 1, denote by

whereas

w(r,0) :=u(rcosb,rsind), w(s,0):=v(scosb,ssinh).
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Then, for any n small enough, depending only on M and §, we get

(27) /BC <e4”“2 — 1) log(e + |z|) dz < /B

C
2/n 2/n

g/ (et 1) log(e+|x|)dx:/ (e — 1) log(e + [ol) da
1/n R2

5
= /027r /O+<><> (647”“3 - 1) log(e +7)rdrdf = /027f /0+0<> (647”53 — 1) sdsdf
:/]Rz <e4”727—1> dx:/B

by Cao’s inequality (2). Combining the two estimates (26), (27) with a fixed n (small enough)
yields the statement.

To prove the sharpness of inequality (24) we use the sequence of functions introduced in [13].
Since we cannot rely on dilation argument in our weighted framework, we have to perform
estimates directly by hand. Let Bg, be the ball of radius R,,, where

(64”“3 - 1) log(e + |z|) dz

et — 1) dx < C(6, M,n)

c
T(1/m)

V1 log1
(28) Rn::ﬂ 00, 5n::1—w—>1_ as n — oo,
loglogn 4logn

and consider the sequence of radial functions
o (1)
IOg I
(@) 1 log n ||
up(r) = —
' V2T R
v/ 0, logn, 0< |z < —2.
n

R
< |zl <R,
n

Then
[Vun|3 =8, — 17 asn — oo,
whereas, integrating by parts and erasing all the negative terms, we have

R,/n 6n R, ) Rn
||un|\§w =0p logn/o rlog(e + r)dr + Togn / rlog <r> log(e + r)dr

R, /n

1 n 5’!1 Ry -

< énﬂR% log(e + R—) + / rlog Bn log(e + r)dr
2n? n logn Jg, /n T
1 o, [T
<y, OgnRi + / r log(e + r)dr
n? logn Jg, /n 2
1 ) 2
<on ngn 72L 1 = Tn log(e + Rn) —0

by (28). On the other hand,
) R,/n
/ (647”‘" - 1) log(e + |z|) dx > 27r/ (e*n18™ — 1) rlog(e + r) dr
R? 0

R, /n
™ _ _ ™ _1
27_[_626nlogn/ ’I“d?“zgRie 2(1 6n)10gn:§Rie 5 loglogn
0

T R2
= — 400 as n — o0.

) Viogn
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Remark 3. Note that, in the classical, unweighted setting, Adachi-Tanaka inequality (3) can be
interpreted as a scale-invariant form of Moser’s type inequalities; indeed, if we set

Jo(u) == m /]Rz (eo‘“z — 1) dz, ux(x):=u(Ax),

then we have

(29) IVullz = [Vullz,  Ja(ur) = Ja(u), VAR
and Adachi-Tanaka inequality (3) can be written in a scaling invariant form as
sup Jo(u) < oo if and only if « < 4w.
u € H'(R?*)\ {0},
[Vull2 <1

The same scaling can be applied when proving Cao’s inequality (2), also noting that J,(bu) =
Jpzo(u) for all b € R (see [13]). This scaling have a key role when describing the lack of com-
pactness phenomena of sequences in H'(R?), as clearly described by Ishiwata in [22]. By means
of the transformation T : H. — H?' introduced in this Section, one may identify a nonlinear
replacement of the standard scaling uw — uy in the weighted framework, namely

ix(z) =T ((Tu)) (2)

which preserves the nature of the sequences (vanishing or concentrating) and the invariance
property

1 ai? 1 ou?
W/R? (e A —1) log(e + |z]) dx = W/Rz (e —1) log(e + |z]) dx;
2,w 2,w

nevertheless, the Dirichlet norm does not enjoy any invariance property. Note, finally, that our
weighted setting seems not enjoy any (at least evident) analogous property as (29).

3. THE CRITICAL CASE « = 4m: PROOF OF THEOREM 1

The aim of this section is to prove our main theorem, which deals with the critical case
o = 4m. Let us first note that, if the supremum in (6) is attained, then the statement is a direct
consequence of (11). Therefore, it remains to consider the opposite case: in the following we
will analyse the behaviour of any maximizing normalized sequence {u,}, in the spirit of [15]
(where we say that a sequence w,, is normalized if ||uy||,, = 1 for any n € N). As recalled in the
Introduction, we will deal with a new phenomenon, first described by Chabrowski in [16] and then
studied by éerny in [15]: the concentration at infinity. Compared to these two former papers,
our analysis will be more detailed; more precisely, we classify the behaviour of any normalized
maximizing sequence {u,} as follows (up to subsequences):

e 10 concentration: for some & € (0,1), ||[Vu,|3 <1 -4 for any n;
e concentration on a bounded domain: for some R > 0
/ |Vun|? =1 as n — +oo;
Br(0)
e partial concentration at infinity:

[Vun|2 =1 and  lim 1imsup/ 'V, | € (0,1);
|z|>R

R—+00 n—s4o00
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e concentration at infinity:

[Vun|3 =1 and  lim limsup/ |Vu,|? = 1.
|z|>R

R—+00 n—+oo
We will further specify this last class in two different sub-classes, see section 3.3.

The first case is the easiest one: if no concentration phenomenon occurs, then the statement
follows directly from Proposition 3. So, let us consider the remaining ones.

3.1. Concentration on a bounded domain. We consider here maximizing sequence concen-
trating on a bounded domain. That is, we suppose that there exists R > 0 such that

/ |Vun|?> =1 as n — +oo.
Br(0)

This implies that
/ |V, |> =0, lunll2,w — 0 as n— +oo.
|z|>R

Obviously,
(30)

/]R (47— 1) toge + J2]) < log(e + 2R) /B (e - 1) + /| . (e 1) tog(e + Ja|
2R x

< C-log(e+2R) + / (e4mi _ 1) log(e + |z|)

|z|>2R

by Ruf’s inequality, since [|un |3 = [[Vun|3 + [[ua]3 < [Jull?, < 1.
To bound the second term in (30), let us consider a C!-piecewise radial monotone cut-off function

1 if |z <1
— v <1/2
x(lz) {Oiﬂﬂ>2 19X <1/

as in the proof of Proposition 2, and the associated function £(|z|) := 1 — x(]z|)), together with
¢r(|z]) == &(|z|/R). Set ul! = u, - &g: the function uf has support in {|z| > R}, and for any
€ > 0 there is n. such that for n > n.

w2 < <. / Vun? < e,
|z|>R

which yields directly
2 1
Lot < [ v p I [l Vuaal + g 9 e
R2 |z|>R R<|z|<2R

€ € 1
<et+—4+—< =
et R + 4R? — 2
for a proper choice of e. Since uZ is supported on {|z| > R}, if we consider the change of variable
T—! introduced in the proof of Proposition 1 we obtain a sequence of functions v,, such that

Uy (2) = va(T(2)), vnll3 = lufllzw < llunll3 . = o(1),

1 1
Vo |2 <1 vull|2 < =

which yields ||v,]|?, < 1. Applying again Ruf’s inequality we obtain

/z>2R (64Mi a 1> log(e +[]) < /z|>R (64W(u5)2 - 1) log(e + |z|) = /]R2 (64”3 N 1) <C
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which yields the statement, thanks to (30).
3.2. Partial concentration at infinity. We deal here with maximizing sequence such that

V|3 =1 and  lim limsup/ |Vu,|? := As € (0,1).
R |lz|>R

—+00 p—+oo
Eventually considering subsequences, we assume that the limsup in the previous condition is
actually a limit. Hence, for any € > 0 there are R, such that for any R > R, there is a ng . with
/ |Vun|? € (Ao — &, Ao +€) Vn>nge.
|z|>R
Fix now &¢ such that A, — 20 > 0, Ao + 269 < 1. Since ||Vu,||3 — 1 we have also
/ |Vu,|? < 1+507/ |V, <1 — As + 269 < 1, if n > max(ng, nr.e, )
|z|<R |lz|>R

Applying the same argument used to prove the previous case, we have

/ (e — 1) log(e + Ja]) < log(e + 2R) /
Bar

. (emi - 1) < C - log(e + 2R)

and

/ (64”“171) log(e + |z]) < / (64”(“5)271) log(e + |z]) = / (64”371),
|z|>2R |z|>R R2

where the last term on the right hand side is uniformly bounded if, for some § < 1

1
+ 2log(1 + R)

But this estimate can be easily verified choosing R large enough and n > ng, since

Vo2 < (1 ) Va3 < 6.

2 1
[t < [ Tl FIxe [l Vaal + g [V e
R2 |z|>R R<|z|<2R

1 1
§A00+50+E+@§A00+250<1

by assumption.
3.3. Concentration at infinity. We deal here with maximizing sequences such that

[Vun|3 —1 and  lim limsup/ |Vu,|? = 1.
|z|>R

R—+400 n—4o0

We further distinguish between sequences concentrating at points running at infinity or not, that
is, between the two following behaviours:

e for any p,d < 1 (small) there are a subsequence u,, and a sequence of points x5, such

that
/ [V, > > 6;
Bp(wp,5=nk)

e there are two constants p,d € (0,1) such that for any x € R? and for any n

/ Vun|2 < 6.
BP(I)



14 C. TARSI

3.3.1. Concentration at points x, — oo. Let us suppose that the maximizing sequence satisfy
the first condition: by choosing p = %, 0= %, up to subsequence, for any n there is a point
such that

1
/ |Vun|2 > —
By (an) 2

and z,, — co. To get a uniform bound for the Moser functional, we split the integral as the sum
of two terms:
(31)

/R2 (e““i — 1) log(e+ |z]) = /B

In the first term, since the domain of integration is By (zy,), the log-weight behaves like log |x.,|:
the uniform bound will follow by applying a refinement of Adachi-Tanaka inequality proved by
the author together with Cassani and Sani in [13], that we recall here for the reader’s convenience,
in a slightly different, but equivalent statement:

(6471'qu _ 1) log(e + |z|) +/

BS(x,) <e4Mi B 1) log(e + [z]).

1(1'71)

Theorem 2 (Theorem 1.2 in [13]). There exists C > 0 such that the following inequality holds
for all u € HY(R?) with ||Vull2 < 1

2
32 / A 1Y) dr < oz

The second term in (31), instead, presents an unbounded domain of integration where, never-
theless, the Dirichlet energy is not concentrating: the bound will be, then, a consequence of the
subcritical inequality proved in the previous section. Note that in both the two cases we have
to perform first a suitable cut-off in order to assure that the supports of the functions lie in the
proper domains, and checking that this operation do not increase to much the energy.

Let us start by performing a smooth cut off on the ball centered in x,, with radius 2, with a very
careful choice of the cut off function. Let us consider

1 if |2] < 1
wal) = { 1= (L= Jal)? i 1< Jo] <2
0 if |z| > 2

and set wy, := Uy, + Xn(x — T,,), whose support is Ba(x,). Then, applying the inequality 2ab <
4a® + %,

(33) Va2 < / V[ + / V3% 42 / n| Ve[V xlX
Bi(z, 1<|z—z,|<2 1<|z—z,|<2
+f IVl
1<|z—z,|<2

<[ vwPe [ Va3 4 ui
Bi(xn) I<|z—x,|<2 I<|z—z,|<2

1
= Vun P9 + [ VX
1<|$—$n|<2

1I<|z—z,|<2

v 2
<1 fun]2, + / Va2 [f ('j' . 1> _ 1]
1<|z—2,|<2

2 2,2
+4/ un+/ Vx| us,-
1<|z—z,|<2 1<|z—z,|<2
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Now, if r = |z| € (1,2)

X2(|VX|2+1> = D= =-m(1=r2+1) = 0=(1=-r2(Q-(1-r" < 1,

4
Vx|?
v ? [ (2 1) 21 <o,
/1<:t—mn|<2 U| |:X ( 4 + -

which yields, thanks to (33),

so that

IVualB <1-funlBu+s [ a2

1I<|z—z,|<2

2
2 ¢ 2 [[un |3,

—&—7/ ur logle + |z]) <1 - ————
Hw IOg |£En| 1<|z—z,]<2 " 2

for large n, since x,, — 4+o00. Therefore, for large n,

<1 — lun

(34) / (e4mi _ 1) log(e + |z|) < clog |y (647”%21 — 1)
Ba(mn) Bi(ws)

< clog|zy] (64’”"3& - 1) < cloglx \M
— n — n
Ba(wn) 1= [[Vwnlf3
2
u
< 2clog |xn|f32(m7”2)n < 2,
[unll3,0
which yields the first uniform bound.
To estimate the second term in (31), note that, by assumption
1
/ |Vu,|? < =.
|z—2p >3 2
Let us perform a piecewise linear cut off as follows:
0 if |z| < 1/2
) =42z -1 ifl/2<|z] <1, Wy, i= Uy, - E(x — Tp).
1 if |z > 1

The functions w,, are supported on B? /Q(xn), and

e (N Y N T\ P (-
|o—2n|> 5 |o—2n|>% |z—2p|>%

1 1
< 5 + 2V2[unlo + 4lun 3 < ) + 2\[2”1%”2,111 +4H“”H§,w < as n — +09,

NNy

so that, by Proposition 3

(35) /BG( )(64”“i —1) log(e + [a]) < / 2 ( —1) log(e + [z]) < C.
1(Zn

The statement now follows combining (31), (34) and (35).

15
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3.3.2. Spread concentration at infinity. Let us suppose that the maximizing sequences satisfy the
second condition: there are two constants p,d € (0,1) such that for any € R? and for any n

/ |Vu,|* < 6.
B,,(m)

The main tool here will be the Vitali Covering Lemma (see e.g.[19]): we are inspired by the paper
[4], which, however, deals only with the much more easier case of vanishing bounded weights and
subcritical inequalities. The idea is to split the log-weighted Moser integral as the (infinite) sum
of integrals whose domains are balls with the same fixed radius: on each ball, as before, the
log-weight behaves like a constant, which allows us to apply inequality (32) and to conclude the
estimate. Again, we have to perform a suitable cut off which has not to increase too much the
energy: this is possible since we are analysing sequences whose energy ’is spreading’ away.
More precisely, by Vitali Covering Lemma, for any fixed radius R there exists a (countable)
covering of R? of balls B(x;, R) such that each point of R? belongs to at most 5 balls. Let us
now fix R = p/2 and perform a piecewise linear cut off as follows

if |z| < p/2
olx) =<2 —lz|/p) ifp/2<]|z|<p, Upi 2= Up - H(T — 7).
0 if |z| > p

Then each u,; is supported in the ball Bp(a:i), and

|z—=zi|<p lz—x;|<p lz—a2;]<p

0+1

< 8+ 2V |unl2 + 4llunll3 < 6 + 2V5]|un 20 + lunll3 . < <1l asn— +o0.

Then, by (32)

/ (6471'113l o 1) IOg(e + |£L’|) S CQ/ (6471'“?1,-; — ]_) log(e + ‘$|)
R2 Ui Boy2(x4)
< Gy /
; Bp(xi
< Oy Zlog(e + |1’1| + p)/ (647T“i,i — 1)
i BP(QZ,)

oy log(e + |zil + p) [, (4. Un.i
=L 1~ [Vun,il3

(64ﬂui‘i _ 1) log(e + |l‘|)
)

Now we have to ’bring’ again the log-weight inside the integrals: note that if |xz;| > 3p then
log(e + |z;| + p) < 2log(e + |z;| — p), and log(e + |z;| — p) < log(e + |z|) for any = € B,(z;).
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Hence,

2

n,i§202 Z

|zi|>3p

log(e + [i] — p) [ 01y U2

1 —[[Vu,,ill3

. Z log(e + |zi| + p) fBP(Ii) u
2 1— [ Vun,i13

i

oy 3 I e
2

‘ 1= [[Vun,qll3

|| <3p

up ;i log(e + |z|)
jﬁAm) , , + O, 2:
1= [[Vunll3

|zi|<3p

log(e +4p) [ (s, tn.ilog(e + |z])
1= [[Vun,l[3

<20 Z

|zi|>3p

21log(4 2log(4
< ¢, 2ol tp) [ ogeriah < o, 2ol Py, e
1-9 Uin(1z‘) ’ 1-9 ?

where we have used (36) to bound the Dirichlet energy. This yields directly the statement.

Acknowledgments

The author is grateful to the anonymous referees for their careful reading of the paper and for

the valuable suggestions.

The author is partially supported by "Progetto di Ricerca GNAMPA-INdAM” CUP-E53C22001930001.

REFERENCES

[1] S. Adachi and K. Tanaka, Trudinger type inequalities in RN and their best exponents, Proc. Amer. Math.
Soc. 128 (2000), 2051-2057.
[2] A. Adimurthi, Ezistence of Positive Solutions of the Semilinear Dirichlet Problem with critical Growth for
the n— Laplacian, Ann. Sc. Norm. Sup. Pisa XVII (1990), 393-413.
[3] A. Adimurthi and K. Sandeep A singular Moser-Trudinger embedding and its applications, Nonlinear Differ.
Eq. Appl. 13 (2007), 585-603.
[4] F.S.B. Albuquerque, On a weighted Adachi-Tanaka type Trudinger-Moser inequality in nonradial Sobolev
spaces, Z. Anal. Anwend. 40 (2021), 209-216.
[5] S. Aouaoui and R. Jlel, A new singular Trudinger-Moser type inequality with logarithmic weights and appli-
cations Adv. Nonlinear Stud. 20 (2020), 113-139.
[6] W. Beckner, Sharp Sobolev inequalities on the sphere and the Moser-Trudinger inequality, Ann. Math., 138
(1993), 213-242.
[7] C. Bucur, D. Cassani and C. Tarsi, Quasilinear logarithmic Choquard equations with exponential growth in
RY, J. Differential Equations 328 (2022), 261-294.
[8] M. Calanchi and B. Ruf, On Trudinger-Moser type inequalities with logarithmic weights, J. Differential
Equations 258 (2015), 1967-1989.
[9] M. Calanchi and B. Ruf, Trudinger-Moser type inequalities with logarithmic weights in dimension N, Non-
linear Anal. 121 (2015), 403-411.
[10] M. Calanchi and E. Terraneo, Non-radial mazimizers for functionals with exponential non-linearity in R?,
Adv. Nonlinear Stud. 5 (2005), 337-350.
[11] D. Cao, Nontrivial solution of semilinear elliptic equation with critical exponent in R?, Comm. Partial
Differential Equation, 17 (1992), 407-435.
[12] L. Carleson and Sun-Yung A. Chang, On the existence of an extremal function for an inequality of J. Moser,
Bull. Sci. Math. 110 (1986), 113-127.
[13] D. Cassani, F. Sani, C. Tarsi, Equivalent Moser type inequalities in R? and the zero mass case, J. Funct.
Anal., 267 (2014), , 4236-4263.
[14] D. Cassani, C. Tarsi, Schrédinger—Newton equations in dimension two via a Pohozaev-Trudinger log-weighted
inequality, Calc. Var. Partial Differential Equations, 60 (2021).
[15] R. éerny, Concentration-compactness principle for embedding into multiple exponential spaces on unbounded
domains, Czechoslovak Math. J. 65(140) (2015), 493-516.
[16] J. Chabrowski, Concentration-compactness principle at infinity and semilinear elliptic equations involving
critical and subcritical Sobolev exponents, Calc. Var. Partial Differential Equations 3 (1995), 493-512.



18

C. TARSI

[17] S. Cingolani and T. Weth, Trudinger-Moser-type inequality with logarithmic convolution potentials, J. Lond.

Math. Soc. 105 (2022), 1897-1935.

[18] M. Dong and G. Lu, Best constants and ezistence of mazimizers for weighted Trudinger-Moser inequalities,

Calc. Var. Partial Diff. Eq. 55 (2016), 324-353.

[19] L.C. Evans and R.F. Gariepy, Measure theory and fine properties of functions, Textb. Math. CRC Press

(2015) xiv+-299 pp.

[20] D.G. de Figueiredo, O.H. Miyagaki and B. Ruf, Elliptic equations in R? with nonlinearities in the critical

growth range, Calc. Var. Partial Differential Equations 3 (1995), 139-153.

[21] M. Flucher, Extremal functions for the Trudinger-Moser inequality in 2 dimensions, Comment. Math. Helv.

67 (1992), 471-497.

[22] M. Ishiwata, Ezistence and nonexistence of maximizers for variational problems associated with Trudinger-

Moser type inequalitites in RN, Math. Ann. 351 (2011), 781-804.

[23] M. Ishiwata, M. Nakamura and H. Wadade, On the sharp constant for the weighted Trudinger-Moser type

inequality of the scaling invariant form, Ann. Inst. H. Poincaré C Anal. Non Linéaire 31 (2014), 297-314.

[24] A. Kufner, B.Opic, How to define reasonably weighted Sobolev spaces, Comment. Math. Univ. Carolin. 25

(1984), 537-554.

[25] N. Lam, G. Lu and L. Zhang Fquivalence of critical and subcritical sharp Trudinger-Moser-Adams inequal-

ities, Rev. Mat. Iberoam. 33 (2017), 1219-1246.

[26] E. H. Lieb, M. Loss Analysis. Second edition, Graduate Studies in Mathematics 14. American Mathematical

Society, Providence, RI, 2001.

[27] Y. Li and B. Ruf, A sharp Trudinger-Moser type inequality for unbounded domains in R™, Indiana Univ.

Math. J. 57 (2008), 451-480.

[28] J. Moser, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20 (1970/71), 1077-1092.
[29] V.H. Nguyen, The weighted Moser-Trudinger inequalities of Adimurthi-Druet type in RN, Nonlinear Anal.

(30]
(31]
32]
(33]
34]
(35]
(36]

[37]
(38]

50,

195 (2020).

V.H. Nguyen, F. Takahashi On a weighted Trudinger-Moser type inequality on the whole space and related
mazimizing problem, Diff. Int. Eq. 31 (2018), 785-806.

T. Ogawa, A proof of Trudinger’s inequality and its application to nonlinear Schrédinger equation, Nonlinear
Anal. 14, (1990) 765-769.

S.I. Pohozaev, The Sobolev embedding in the case pl = n, Proc.Tech. Sci. Conf. on Adv. Sci., Research
1964-1965, Mathematics Section (1965), 158-170, Moskov. Energet. Inst., Moscow.

B. Ruf, A sharp Trudinger-Moser type inequality for unbounded domains in R2, J. Funct. Anal 219 (2005),
340-367.

J.Simon, Banach, Fréchet, Hilbert and Neumann spaces, Analysis for PDEs set. Vol. 1. Mathematics and
Statistics Series, John Wiley & Sons, Inc., Hoboken, NJ (2017).

M. de Souza and J.M. do’O, On singular Trudinger-Moser type inequalities for unbounded domains and their
best exponents, Potential Anal. 38 (2013), 1091-1101.

C. Tarsi, Trudinger type inequalities in RN with radial increasing mass-weight, Lenhart, Suzanne and Xiao,
Jie. Potentials and Partial Differential Equations: The Legacy of David R. Adams, De Gruyter, (2023),
197-213.

N.S. Trudinger, On embeddings into Orlicz spaces and some applications, J. Math. Mech. 17 (1967), 473-483.
V.I. Yudovich, Some estimates connected with integral operators and with solutions of elliptic equations,
Dokl. Akad. Nauk. SSSR 138 (1961), 805-808.

Email address: Cristina.Tarsi@unimi.it

CrisTiNA TARsI, Dip. b1 MaTEMmATICA “F. ENRIQUES”, UNIVERSITA DEGLI STUDI DI MILANO, VIA C. SALDINI
20133 MiLano - ITALY



