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Abstract

This thesis investigates the design and analysis of distributed and delayed online learning
algorithms. First, we introduce delayed online learning, where model updates rely on feedback
arriving with variable delays. We study the online learning problem with curved losses and delayed
feedback, designing algorithms that exploit loss curvature to achieve improved guarantees with delayed
feedback. Furthermore, we demonstrate how intermediate observations can mitigate the deleterious
effects of delayed feedback in settings with partial feedback (e.g., multi-armed bandits) by developing
a meta-algorithm that achieves near-optimal regret with significantly reduced sensitivity to total
delay. Second, we consider distributed online convex optimization over communication graphs, in
which a network of agents cooperatively minimizes a global convex loss function expressed as the sum
of local loss functions, using only neighbor-to-neighbor exchanges and local computation. We propose
and rigorously analyze a distributed online convex optimization algorithm that accommodates both
random communication and stochastic agent availability, where two agents communicate only when
both are simultaneously active. We then present a unified algorithmic framework that simultaneously
addresses network decentralization and delayed feedback in distributed online convex optimization.
We design distributed online learning algorithms that adapt to unknown, time- and agent-varying
delays while maintaining near-optimal regret guarantees. Finally, transitioning from adversarial to
stochastic regimes, we extend this framework to distributed stochastic multi-armed bandit settings
over random communication graphs. We derive improved regret bounds that combine the optimal
centralized regret with a natural term depending on the graph’s algebraic connectivity and edge

probability.
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Chapter 1

Introduction

1.1 Online Learning

Online learning (Littlestone, 1990, Vovk, 1990) treats optimization as an inherently sequential process
in which data or loss functions arrive over time. It has become a key tool across machine learning
at scale, powering systems for contextual recommendation (Li et al., 2010), and market decision
problems such as online portfolio selection and dynamic pricing (Cover, 1991, Kleinberg and Leighton,
2003, Besbes and Zeevi, 2009). Online and bandit formulations are also used in adaptive medical
trials and A /B testing, where allocation policies trade off exploration and exploitation (Thompson,
1933, Scott, 2015) as well as in web advertising and sponsored search (Chapelle and Li, 2011). In
forecasting applications, online aggregation and expert-advice methods have been successful for
weather prediction (Flaspohler et al., 2021) and electricity-consumption/load forecasting at utility
scale (Gaillard et al., 2016). In online learning setting, a learner repeatedly makes decisions with
only past information while an environment (often modeled as an adversary) selects losses; the
central objective is to design algorithms with provably low regret.

We begin with the general and powerful framework of Online Convex Optimization (OCO)(Zinkevich,
2003). At each round ¢ € [T, the learner decides on a prediction z; € X', where X C R" is a closed,
convex set. An adversary then reveals a convex loss function ¢, : X — R, and the learner incurs loss
li(x¢). The learner’s performance is measured by the regret against the best fixed comparator in
hindsight:

T
Regr = qulea%Z(ft(ﬂft) - Et(u)) :
t=1

The learner’s goal is to guarantee that Regp is sub-linear in T for any sequence of losses. Let

gt = Vi(x¢) be gradient of the current loss at the current iterate. By convexity,
by (I’t) — Et(u) < <gt,:vt — ’LL> for all u € X,
and hence, writing 2* € argmin, ¢y Zthl O (u),
T

Regr < (g, — ).
t=1

This linearization reduces the analysis to online linear optimization in the observed gradients.

1



1. Introduction

A generic and intuitive approach in OCO is Follow-the-Regularized-Leader (FTRL). At each time
step, FTRL minimizes the cumulative linearized losses plus a regularization term. Let ¥ : X — R

be 1-strongly convex with respect to a norm || - ||; then, FTRL with a learning rate n > 0 updates

Typ1 = arg min( 2957 + 1/1( )
zeX T

A standard analysis (see Corollary 7.7 in Orabona (2025)) yields the regret bound

T
¥ (27) — L0 2
Regy < P42 o
K =1
where || - ||« is the dual norm of || - ||. Optimizing the bound over n and invoking the common

assumptions [|g¢||« < L (Lipschitz losses) and ||z — y|| < D for all z,y € & (bounded diameter)
gives Regyr = O (DL\/T). Through appropriate choices of ¥, FTRL subsumes several classic
algorithms-including Hedge /multiplicative weights and is closely related to Online Mirror Descent
(see Chapter 6 in Orabona (2025))-while providing a unified route to sublinear regret guarantees.
For comprehensive treatments of OCO, we refer the reader to the monographs of Shalev-Shwartz
et al. (2012), Hazan (2016), and Orabona (2025).

Many real-world systems do not reveal full-information feedback. Instead, the learner only
sees the loss of the chosen decision. Regarding the partial information problem, the adversarial
multi-armed bandit (MAB) (Auer et al., 2002b) is a canonical framework. The learner’s decision
set consists of K arms. In each round ¢ € [T, the learner chooses arm I; € [K] and suffers loss
¢ (I) € [0,1]. Crucially, only the loss ¢; (I;) of the chosen arm is observed, and losses of unplayed

arms remain hidden. The regret compares the learner to the best single arm in hindsight:

T
Regr = [Z 0y ([t)] - min Z&:
t=1

Although this problem is directly subsumed by the OCO framework; it can still be embedded
naturally into it. Firstly, we replace the (unavailable) full loss vector ¢; € [0, 1] with a carefully

constructed importance-weighted estimator based on the observed scalar feedback:

0(i) = ii((?)]l{lt =i}, forallie[K],

where z; is the sampling distribution at time ¢ and I{-} is the indicator function. As for the decision

set, it can be seen as the probability simplex Ag = {x € RIZ(O : Zf(l x(i) = 1}, such that upon
choosing z; € Ak at round ¢, the learner plays I; ~ x;. This perspective suggests the following

approach: run FTRL over Ax with the negative entropy regularizer ¥ (x) = Zfil x(i) log x():

t
: ~ 1
Zgy1 = arg min( E ls,x) + %1/1(93), n >0

zeX o—1

This formulation recovers the EXP3 algorithm (Auer et al., 2002b), where at each round ¢, the

distribution x; is given by

2



1.2. Delayed Online Learning

(i) o<exp< ”Zf )

Via a more refined analysis of FTRL using the local norm (see Lemma 7.16 in (Orabona, 2025)),

we obtain

T T K R
Z p— Zt § Z Z xt(z)ﬁt(z)Q
t=1 t=1 i=1

where the expectation of the left-hand side is equal to Regy. By upper bounding the expectation

1\3\3

of the right-hand side, we obtain
log K n nKT

2

Regp <

Optimizing over 7 yields the regret bound O(v/KT log K). Moreover, FTRL with the negative
1/2-Tsallis entropy ¥ (x) = 2 (1 - Zfil \/il?(i)) obtains the sharper bound O(v KT'), which is

minimax-optimal up to constants, matching a lower bound by Auer et al. (2002b).

1.2 Delayed Online Learning

In many realistic systems, feedback about a decision does not arrive immediately. Examples include
online advertising, where outcomes such as click-through rates or conversions are often delayed
due to subsequent user interactions; medical trials, where the effects of a drug or treatment may
only be observed after an initially unknown period; and financial investments, where returns or
risk signals may materialize over days or weeks. This has prompted the investigation of online
learning algorithms that are robust to such delays (Joulani et al., 2013, Cesa-Bianchi et al., 2016a,
2019, Zimmert and Seldin, 2020a, Masoudian et al., 2022a, 2023). To capture this phenomenon, we
augment the standard online protocol with an arbitrary, possibly adversarial, delay sequence {d;}_;

indicating when the feedback for round ¢ becomes available, see Online Protocol 1.1.

Online Protocol 1.1: OCO with delayed feedback

fort=1,...,T do
The learner selects an action z; € X
The learner incurs loss ¢;(x;) immediately, but only observes ¢;(z;) at time t + d;.

Let diot = Z;‘le d; denote the total amount of delay. We now adapt FTRL to the delayed setting.
The learner maintains the set of indices whose feedback has been received by the start of round ¢,

op ={s€t—1]:s+ds <t} and computes the updates using only the arrived information:

= argmin() g, @) + w< )
reX o,
For convex losses, the delayed variant of FTRL with the optimized n satisfy Regy = O(DLv/T + diot)
(Quanrud and Khashabi, 2015, Gyorgy and Joulani, 2021, Flaspohler et al., 2021), matching a known
lower bound by Joulani et al. (2013).

In the case of multi-armed bandit with delayed feedback, FTRL with a hybrid regularizer can
achieve regret O(vV KT + v/dyoy In K) (Zimmert and Seldin, 2020a), which matches a lower bound by

3



1. Introduction

Cesa-Bianchi et al. (2016a). These results illustrate that the presence of delays negatively affects the

regret in an unavoidable manner.

1.3 Distributed Online Learning

Distributed online convex optimization (DOCO) (Yan et al., 2013, Hosseini et al., 2013) arises in
emerging applications such as smart grids (Wang et al., 2014), sensor networks (Li et al., 2002),
and robotics (Shorinwa et al., 2024), where both data and decision-making are distributed across
physically separated subsystems represented by agents. These agents are interconnected through
a communication network and collectively aim to minimize global losses. DOCO integrates the
strengths of OCO and distributed optimization (Nedic and Ozdaglar, 2009b, Duchi et al., 2011),
yielding robust and scalable optimization frameworks for complex multi-agent systems (see Online
Protocol 1.2). In its simplest form, the communication network is modeled as an undirected graph
G = (V,&), where V is a finite set of indices representing agents, and {u,v} € £ indicates that
agents u and v can exchange information. At each time step t € [T, each agent u € V = {1,..., N}
observes a local loss £;(u, z¢(u)) and incurs a global loss » y, £;(v, z¢(u)). Each agent then selects
a decision x¢(u) € X while exchanging information with its neighbors over the communication graph

G. The regret of agent u € V over T rounds is defined as

T
Regr(u) £ max (Y2 D ({0, 21(u) = (v, 2)) ).

t=1 vey

Online Protocol 1.2: Distributed OCO for each agent u € V

fort=1,...,T do

The agent selects an action x;(u) € X

The agent incurs a global loss >, oy, £+(v, 2¢(u)) and observes a local loss £ (u, 2¢(u))

The agent u receives neighbors’ messages over G (e.g., decisions z;(v) or local summaries) for
all v € Ny, Ny & {v € V: {u,v} € £} be the neighbor set of agent u.

This quantity captures the performance gap between the sequence of decisions made by agent u
and the best fixed decision in hindsight. Since distributed systems must balance local autonomy
with global objectives, the network-level performance is naturally evaluated through the worst-case
regret across all agents:

Regr = max Regp(u).
ueV

Minimizing Regp ensures that no single agent suffers disproportionately large losses compared to
others, thereby promoting fairness and robustness in distributed decision-making. This system-
wide perspective makes DOCO particularly suitable for large-scale, heterogeneous networks where
individual agents may encounter different environments or loss functions, yet the collective outcome
must remain reliable.

The primary challenge in DOCO is reconciling the robustness inherent in online learning with
the scalability requirements of distributed multi-agent systems. Existing online learning algorithms
must be carefully reformulated to accommodate decentralized settings, giving rise to distributed

online learning algorithms. The attainable global performance—typically quantified by regret—is
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1.4. Outline of the Thesis

fundamentally influenced by factors such as the choice of learning rate, the underlying network
topology, and the communication complexity. These interdependencies pose significant challenges
for rigorous performance evaluation and theoretical analysis.

Let W € RY*N be a symmetric, doubly-stochastic matrix consistent with the communication
graph G (i.e., W(u,v) > 0 only if u = v or {u,v} € £). Define the spectral gap as 1 —o2(W) € (0,1],
where oo(W) denotes the second-largest eigenvalue. A larger spectral gap indicates faster mixing of
information across the network. A distributed variant of FTRL algorithm (Hosseini et al., 2013)
operates as follows. Each agent u € V maintains a local accumulator z;(u) of (sub)gradients. At
each round, the agent first performs a mixing (or gossip) step with its neighbors, then adds its local

gradient:

zpa(u) = D W, v)z(v) + Vi (u, 21(u)),
veENy,

i1 () = arg min(zy (u). ) + L().
xe

In contrast to the omniscient centralized FTRL update, where the cumulative gradient

1 t
Nz D Vi (v, 24(v))

s=1veEN,

is directly accessible, the decentralized version replaces it with the locally maintained accumulator
z¢+1(u). This variable is computed by averaging (via the gossip step) the accumulators of neighboring
agents and then incorporating the local gradient V¢ (u, z¢(u)). For convex losses, this decentralized
variant of FTRL achieves a regret bound of Regy = O (N5/4 (1-— UQ(W))*l/Q\/T) , for each agent

u € V. Moreover, Wan et al. (2024b) obtained a improved regret bounds O (N(l - GQ(W))*1/4\/T>
and provide a nearly matching lower bound (2 (N(l - UQ(W))*1/4\/T).

1.4 Outline of the Thesis

This thesis is organized as follows. Chapter 2 and Chapter 3 study online learning with delayed
feedback, while Chapter 4 focuses on distributed online learning. Chapter 5 presents a unified
algorithmic framework for handling delayed feedback in distributed online convex optimization.
Finally, Chapter 6* moves from the adversarial to the stochastic regime and investigates distributed

stochastic bandits.

Delayed Online Convex Optimization with Curvature In Chapter 2, we study the OCO
with curved losses and delayed feedback. The main objective is to exploit the loss curvature to
improve regret guarantees even with delayed feedback. For strongly convex losses, we propose
a variant of FTRL that obtains regret of order min{omax In T, v/diot } + InT, where opay is the
maximum number of missing observations. We then consider exp-concave losses and extend the
Online Newton Step algorithm to handle delays with an adaptive learning rate tuning, achieving
regret min{dmaxn In T, /diot } +nInT where n is the dimension. We further consider the problem

*Note that in this chapter, we adopt slightly different notation to align with the conventions commonly used in
the stochastic bandit literature.



1. Introduction

of unconstrained online linear regression and achieve a similar guarantee by designing a variant of

the Vovk-Azoury-Warmuth forecaster with a clipping trick.

Delayed Bandits with Intermediate Observation In Chapter 3, we study a multi-armed
bandit problem with delayed bandit feedback and intermediate observations. In this model, an
intermediate observation is any element from a finite state space S and is observed immediately
after taking an action, whereas the loss is observed after an adversarially chosen delay. The main
objective is to understand when intermediate observations help reduce the effect of the total delay
on the regret. We show that the regime of the mapping of states to losses determines the complexity
of the problem, irrespective of whether the mapping of actions to states is stochastic or adversarial.
If the state-loss mapping is adversarial, then we prove that intermediate observations cannot help.

Otherwise, if the same mapping is stochastic and uniform delays d, we design an algorithm whose

regret grows at rate \/ (K + min{|S|, d})T without logarithmic factors, implying that intermediate
observations can reduce the negative effect of the total delay if their number |S| is sufficiently small.

We also provide refined high-probability regret bounds for non-uniform delays.

Distributed Online Convex Optimization with Stochastic Agent Availability In Chapter 4,
we investigate a variant of DOCO where agents v € V are active with a known probability p, at
each time step, and communication between neighboring agents can only take place if they are
both active. We propose a distributed variant of FTRL algorithm and analyze its individual regret,
defined for each agent as the cumulative regret with respect to the global loss function, restricted to
the time steps when the agent is active. Our analysis shows that, for any connected communication
graph G over N agents, the expected individual regret of our FTRL variant after T steps is at most
of order (m/p3/4)N1/4\/T for any agent, when p, = p for all agents and where « is the condition
number of the Laplacian of G. Moreover, we show a regret lower bound that implies that our bounds

are not significantly improvable.

Distributed Online Convex Optimization with Feedback Delays In Chapter 5, we study
DOCO under unknown, time- and agent-varying feedback delays. The main objective is how to
design decentralized online learning algorithms that adapt to unknown, time- and agent-varying
delays while maintaining near-optimal regret guarantees. We propose a novel algorithm based on
FTRL that achieves an improved regret bound of (5(\/m + N3T ), where diot denotes the

V1—o9
average total delay across agents, N is the number of agents, and 1 — o9 is the spectral gap of

the network. We also show that the dependence on T, diot and 1 — o9 is tight by providing a
matching lower bound. Our approach crucially incorporates an adaptive learning rate mechanism
via a distributed communication protocol. This enables each agent to estimate delays locally using
a gossip-based strategy without the prior knowledge of the total delay. We further extend our

framework to the strongly convex setting and derive sharper regret bounds.

Distributed Stochastic Bandits over Random Communication Networks In Chapter 6,
we study the distributed multi-agent multi-armed bandit problem with heterogeneous rewards
over random communication graphs. Uniquely, at each time step ¢ agents communicate over a

time-varying random graph G; generated by applying the Erds—Rényi model to a fixed connected

6



1.4. Outline of the Thesis

base graph G, where each potential edge in G is randomly and independently present with probability
p. Additionally, each agent’s arm rewards follow time-invariant distributions, and the reward
distribution for the same arm may differ across agents. The goal is to minimize the cumulative
expected regret relative to the global mean reward of each arm, defined as the average of that
arm’s mean rewards across all agents. To this end, we propose a fully distributed algorithm that
integrates the arm elimination strategy with the random gossip algorithm. We analyze the regret
of our algorithm and also provide a lower bound. We theoretically show that the regret upper
bound is of order logT and is highly interpretable, where T is the time horizon. It includes the
optimal centralized regret O (Zk:Ak>0 %) and an additional term O (p/\N]\j(liig(g)) + KN2plogT)

where N and K denotes the total number of agents and arms, respectively. This term reflects the

impact of G’s algebraic connectivity Ay_1(Lap(G)) and the link probability p, and thus highlights a

fundamental trade-off between communication efficiency and regret.
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Chapter 2

Exploiting Curvature in Online Convex

Optimization with Delayed Feedback

2.1 Introduction

As mentioned in the introductory chapter, feedback in many real-world applications is not immediately
available after the learner’s decision but is instead subject to a delay. Another crucial element
in OCO is given by properties of the loss functions such as the curvature. It is indeed often the
case that losses have additional curvature properties such as strong convexity or exp-concavity.
For example, exp-concave losses are prevalent in portfolio management (Cover, 1991), in which
the learner (investor) needs to distribute her wealth over a set of financial instruments in order to
maximize her return. When the loss functions have a certain curvature, previous works (Hazan et al.,
2007) have shown that a significantly better regret guarantee can be achieved (i.e., the so-called fast
rates). However, this type of assumption received little attention when assuming that the feedback

suffers some delay. Therefore, we are interested in investigating the following question:

Can we design algorithms that exploit the loss curvature to obtain improved guarantees even with
delayed feedback?

There is a line of works studying OCO with delayed feedback. For general convex functions,
Quanrud and Khashabi (2015) provided an algorithm called Delayed Online Gradient Descent
(DOGD) and achieves a regret of O(y/T + diot) where T is the time horizon and dy is the total
delay. Subsequently, Wan et al. (2022a), Wu et al. (2024) focused on strongly convex losses,
introducing DOGD-SC and SDMD-RSC, which achieve a regret bound of O((dmax + 1) InT'), where
dmax represents the maximum delay for any single round of feedback. However, the O((dpax+1) InT)
regret bound can sometimes be much worse than O(y/T + dyot). This occurs in scenarios when even
a single round of feedback is delayed by ©(T) rounds (e.g., missing feedback), undermining the
benefits of having both regret guarantees under stronger curvature assumptions. Furthermore, to
the best of our knowledge, no prior work has investigated whether improved regret guarantees are

achievable for exp-concave losses under delayed feedback, leaving an important gap in the literature.

Contribution. To address these gaps, we propose a suite of algorithms and offer a comprehensive
analysis for OCO with delayed feedback under both strongly convex and exp-concave losses, and we

include a special case of (unconstrained) online linear regression with delays.
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Regret bound

Loss type Quanrud and Wan et al.
Khashabi (2022a); Wu Our work
(2015) et al. (2024)
Strongly convex Vot + T (dmax +1)InT min{omax In T, v/dior } + InT
Exp-concave Vot + T N/A min{dyaxn In T, /diot } + nlnT
Online linear regression N/A N/A min{dmaxn In T, \/diot} +nlnT

Table 2.1: Main results and comparisons with prior work. Here 7' is the number of rounds, n is the
dimension of the feasible domain, dax is the maximum delay, omax < dmax is the maximum number
of missing observations, and di is the total delay. In Table 2.1, we omit the dependency on the
curvature parameters, Lipschitz parameters, the norm of the comparator and domain diameter for
conciseness. The detailed dependencies are explicitly shown in the respective theorem statements.

The main contributions of this work can be summarized as follows (see also Table 2.1):

e We first consider the class of strongly convex losses in Section 2.3. Specifically, we propose an al-
gorithm based on the follow-the-regularized-leader framework and obtain a O (min {O’maX InT, /diot } + In T)
regret, where opax is the maximum number of missing observations over rounds. Compared
with the results obtained by Wan et al. (2022a) and Wu et al. (2024), our results have several
advantages. First, since opmay is always no larger than dp.x and can be significantly smaller
than it, our opax In 7T bound improves upon the dpyax In 7" bound in Wan et al. (2022a) and Wu
et al. (2024). Second, we prove that our algorithm simultaneously achieves a O (m +1In T)
regret bound, making our algorithm no worse than the bound achieved by DOGD (Quanrud
and Khashabi, 2015) either. Third, compared with the regret bounds obtained in Wan et al.
(2022a) and Wu et al. (2024), our regret guarantee does not depend on the diameter of the action
domain and recovers the one proven in Hazan et al. (2007) when there is no delay. Additionally,
we provide a novel and improved analysis of the OMD-based algorithm originally proposed by
Wu et al. (2024) in Appendix A.5, obtaining a regret bound that is again independent of the

diameter of the action domain.

e In Section 2.4, we consider exp-concave losses, a broader function class compared to the
strongly convex one. Specifically, we propose an algorithm based on the Online Newton Step
(ONS) method that achieves a O (min {dmaxn In T, /diot } + nInT) regret bound. To the best
of our knowledge, this is the first algorithm to achieve logarithmic regret for exp-concave losses
under delayed feedback, answering an open question proposed in Wan et al. (2022a). While
both the bounds dmaxn InT and v/dior can be achieved using a simple learning rate within the
ONS framework, it is essential to use a delay-adaptive learning rate tuning scheme to achieve

the best of these two guarantees within our analysis.

e In Section 2.5, we investigate online linear regression (OLR) problem, where the feasible domain
is unconstrained, i.e., it corresponds to the entire n-dimensional Euclidean space R™. Leveraging
the specific structure in OLR, we develop an algorithm based on the Vovk-Azoury-Warmuth
forecaster, achieving a regret bound of O (||u|3(min {dmaxnIn T, /diot } + nInT)) without
requiring any prior knowledge of neither the comparator u € R™ nor the data. This result is
achieved by incorporating a carefully designed clipping technique and, once again, employing

an adaptive tuning of the learning rate.

10
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e Finally, in Section 2.6, we implement all our proposed algorithms and conduct experiments to
validate our theoretical results across multiple delayed settings and loss functions with different
curvature properties. We also compare our methods with existing approaches to demonstrate

their effectiveness.

2.1.1 Related works

Online learning with curved losses. While Abernethy et al. (2008) have shown that ©(v/T) is
the minimax regret for OCQO, if the loss functions further enjoy curvature, the minimax regret can
be improved. Hazan et al. (2007) show that OGD with a specific choice of learning rate achieves
(’)(LT2 InT') regret for strongly convex losses where L is the maximum /5 norm of any loss gradient
and A is the strong convexity parameter.* This upper bound is also minimax optimal as proven
in Abernethy et al. (2008). For exp-concave losses, Hazan et al. (2007) proposed Online Newton
Step (ONS) achieving O((2 4+ LD) InT) regret where « is the exp-concavity parameter and D is
the diameter of the feasible domain. Hazan et al. (2007) also proposed Exponential Weight Online
Optimization (EWOO), achieving diameter and gradient scale independent guarantees. However, the
algorithm is less practical due to its sampling complexity. For OLR, Vovk (2001) and Azoury and
Warmuth (2001) independently introduced the Vovk-Azoury-Warmuth (VAW) forecaster achieving
O(InT) regret without requiring prior knowledge of the data and the comparator. For a more
detailed survey on OCO, we recommend the reader to Hazan (2016) and Orabona (2025).

Online learning with delayed feedback. Weinberger and Ordentlich (2002) initiated the study
of online learning with delayed feedback, proposing an algorithm achieving d - Reg;(7'/d) where
d is the fized and known per-round delay and Regp(T) is the regret upper bound for some base
algorithm that assumes no delay in the feedback. Specifically, their meta-algorithm runs d + 1
independent copies of the base algorithm on disjoint time lines in a round-robin fashion. However,
this meta-algorithm is computationally expensive and does not show good empirical performances.
Subsequently, Langford et al. (2009) proposed a practical algorithm by simply performing the gradient
descent step using the observed gradients at each round, and achieved O(v/dT) and O(dInT) regret
bounds for convex and strongly convex functions, respectively.

When delay is not uniform, Joulani et al. (2013) proposed BOLD (Black-box Online Learning with
Delays) extending the method of Weinberger and Ordentlich (2002) and achieve dyax - R(T/dmax)
regret, but the algorithm still maintains multiple instances of base algorithms, which could be
prohibitive in terms of computational costs. For convex functions, Quanrud and Khashabi (2015)
achieved O(v/diot) Where dot is the total delay accumulated over T' rounds. Wan et al. (2022b, 2023)
proposed a first Frank-Wolfe-type online algorithm to handle delayed feedback and obtain a regret
bound of (Q(T3/ A4 dt T3/ 4) for general convex loss and O (T2/ 3 4 diax In T') under strong convexity.
There is also an interesting line of works whose focus is to obtain adaptive regret guarantees with
delayed feedback (McMahan and Streeter, 2014a, Joulani et al., 2016b, Flaspohler et al., 2021) or
variants of delayed feedback (Gatmiry and Schneider, 2024, Bar-On and Mansour, 2025, Ryabchenko
et al., 2025).

Two most related works to ours are Wan et al. (2022a) and Wu et al. (2024), which consider
strongly convex losses together with delays. Specifically, Wan et al. (2022a) first proposed DOGD-SC

*The definitions of these parameters are deferred to Section 2.2.

11
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for strongly convex losses, and establish a regret bound of (’)(LD ;\'LQ dmax InT). Subsequently, Wu

et al. (2024) proposed SDMD-RSC and obtained a O(d%’ﬁﬁ + LQ/J\FD dimax In T') regret bound.

Beyond full-gradient feedback, there exists a growing interest in developing algorithms with

delayed bandit feedback for a range of problems, including multi-armed bandits (Cesa-Bianchi et al.,
2016b, Cella and Cesa-Bianchi, 2020, Zimmert and Seldin, 2020b, Masoudian et al., 2022b, van
der Hoeven and Cesa-Bianchi, 2022a, Esposito et al., 2023, van der Hoeven et al., 2023a, Masoudian
et al., 2024b, Schlisselberg et al., 2025, Zhang et al., 2025), Markov decision processes (Lancewicki
et al., 2022, Jin et al., 2022, van der Hoeven et al., 2023a), and online convex optimization (Héliou
et al., 2020, Bistritz et al., 2022b, Wan et al., 2024d).

2.2 Problem setting

Let T' € N be the time horizon and n € N be the dimension. Denote by X C R™ the domain, which
we assume to be closed and non-empty. In each round ¢ € [T, the learner selects a point z; € X as
its decision and incurs a loss ¢;(z;) given by some unknown function ¢;: X — R that we assume
to be convex and differentiable. Normally, in the standard OCO setting, the learner would then
immediately observe the gradient g; = V{;(x¢). On the other hand, here we consider the delayed
feedback scenario in which such a gradient g; is only observed at round t 4+ d; with some unknown
arbitrary delay d; > 0. We assume t + d; < T for all t € [T] without loss of generality Joulani et al.
(2013, 2016b) because the feedback of any round ¢ with ¢ + d; > T cannot be used the learner. The

performance of the learner is then measured via the regret, which is defined as follows:

T
Regr = Elea}é Regr(u) = Tea%;(gt(xt) - ft(u)) :

For convenience, we define o = {7 € N: 7+d,; <t} C [t —1] to be the set of rounds whose gradients
are observed before round ¢, and let m; = [t — 1] \ o¢ be the set of rounds whose observation is yet to
be received at the beginning of round ¢. Define oyax = max,c(z) [m:| to be the maximum number of
missing observations over 1" rounds, dyax = max;e|(r] d: to be the maximum delay, and dioy = ), dy
to be the total delay. Also define d=!

Stk = max,<;min{d,,t — 7} as the maximum delay that has

been perceived up to round t.
Before presenting our main results, we must first introduce some definitions about the curvature

of the loss functions.

Definition 2.1. A function f: X — R is A-strongly convex with respect to ||-|| for X > 0 if, for all
7,y € X, f(y) > f(x) +(VI(2),y — z) + 3lly — 3.

Definition 2.2. A function f: X — R is a-exp-concave for a > 0 if z — exp(—af(x)) is concave

over X.

We finally introduce some standard boundedness assumptions relating to the gradients and the

domain.

Assumption 2.1. For every t € [T], the gradient of ¢; has norm bounded by L > 0, i.e.,
maxgex |V (z)|2 < L.

TWu et al. (2024) also considers the class of relative strongly convex loss functions.

12
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Algorithm 2.1: Delayed FTRL for strongly convex functions

1: input: strong convexity parameter A > 0

2: initialize: 1 € X

3: fort=1,2,... do

4 Play x¢; receive g, = VU, (x;) for all 7 € o441 \ 0t
5 Update

: A
Zy41 = arg min Z (gr,x>+§Z||x—x5H§ (2.1)

TE€X TEOL+1 s<t

Assumption 2.2. The diameter of X is bounded by D > 0, i.e., maxy yex||z —yll2 < D. We also

assume 0 € X.

Other notations. For a positive semidefinite matrix A € R"*" and = € R¢, we denote |z|4 =
V' Ax to be the Mahalanobis norm induced by A and, i is positive definite, let ||z||4-1 =
T Az to be the Mahalanobi induced by A and, if A i itive definite, let A

Va T A=1x be the dual norm. We denote 1 as the all-one vector in an appropriate dimension.

2.3 Delayed OCO with Strongly Convex Losses

In this section, we consider the problem of delayed OCO with strongly convex losses and propose
Algorithm 2.1, which is built upon the follow-the-regularized-leader (FTRL) algorithm. Specifi-
cally, after receiving the gradients g, for all 7 € 0441\0; at the end of round ¢, we compute the
updated decision x;4; as shown in Equation (2.1), which is the minimizer of the cumulative lin-
earized loss with respect to all the currently observed gradients, plus a squared fs-regularization
term with respect to all the past decisions. The following theorem shows that Algorithm 2.1
achieves (’)(LT2 (1nT + min {O’max InT, /diot })) regret bound without any diameter assumption on

the domain.

Theorem 2.1. Assume that {1,...,0r are A-strongly convex with respect to the Euclidean norm

II|l2- Then, under Assumption 2.1, Algorithm 2.1 guarantees that

Regr =0 <I;\2 <lnT+ min {omax InT, @})) )

Theorem 2.1 highlights two advantages over previous works. From the perspective of the delay-
related term, while both DOGD-SC (Wan et al., 2022a) and SDMD-RSC (Wu et al., 2024) achieve
a O (dmax InT) regret bound, the terms opax and V/diot in our regret bound can be substantially
smaller than dyax, With omax < dmax always being true (Masoudian et al., 2022b).i Second, while
both DOGD-SC and SDMD-RSC have polynomial dependence on the diameter D of the action set
X, we remark that our bound does not depend on D and recovers the optimal (’)(LT2 In T) regret in

the no-delay setting.

In fact, we also show in Lemma A.7 that omax S Vdiot, and in Lemma A.9 that there are delay sequences such
that omax <€ Vdior and omax ~ Vdiot, respectively.

13



2. Exploiting Curvature in Online Convex Optimization with Delayed Feedback

2.3.1 Regret Analysis

Here we provide a proof sketch of Theorem 2.1, whereas the full proof is deferred to Appendix A.2.

Specifically, using the strong convexity property, we first decompose the regret:

T T T T
A A
R () < 3 (o =) = Gllr—wlB) = 3ot o)+ D) =5 Dl
1 t=1

t=1 t=1

Reg}(u) Driftp

(2.2)

where 2} = arg min, ¢y Zi;ll«gf7 x)+ %H:p —x.|]3) for t > 2 and 2% = z; are the decisions assuming

that all gradients before round ¢ are observed.

Next, we analyze the term Regp(u) and Drifty separately. For the term Driftr, applying the
Cauchy-Schwarz inequality and using the fact that ||g||2 < L for all ¢ € [T] by Assumption 2.1, we

can obtain that

T
Drifty < LY |} — o2 . (2.3)
t=1
For the term Reg}(u), following a standard FTRL analysis and using the optimality of =}, we are
able to obtain that

Reg (u Z e — ull3 + Z (gt % — 27 4q) -

Since the first term can be canceled by the last negative term shown in Equation (2.2), we only
need to control the second term (g;, x7 — x7, ), which is further bounded by L||z} — z7 |2 via
Cauchy-Schwarz and the fact that ||g¢|[2 < L. Then, using a stability lemma for FTRL (Lemma D.1),

we can show that

2L
[2f — 2f4ll2 < e + [|zF — 2|2 -

Interestingly, this inequality relates the Euclidean distance between adjacent “cheating” iterates
(7 )¢>1 in the stability term of FTRL to the distance between z; and x}, which is also present in the

Drifty term and intuitively quantifies the influence of delays on the regret.

Combining the inequalities involving Reg}(u) and Drifty, we can finally bound the regret from
above as follows:
T 2 T L2 T
Regy < z:: zt 5 +20) ot = @l < S @ +1)+ 2L " |laf — w2 -

t=1 t=1

It remains to show how to bound ||z} — 2|2 by O(% min{omax In T, v/dier } ), which is the key novelty

in our analysis compared to previous works. Recalling the definitions of z; and x}, we can apply the
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2.4. Delayed OCO with Exp-concave Losses

stability lemma of FTRL (Lemma D.1) again and show for all ¢ > 2 that

2
)‘(t 1) * HZ‘I'Gmt gTH2
— < = 2.4
meaning that Zthl |lxf — |2 < ZtT 9 HZ;GW Il < Zt 5 /\L(Lnjtl‘), where we also use the fact that

x] = x1. Here, we highlight the importance of 1nclud1ng all previous decisions x, for 7 < t, instead
of 7 € o441 only, in the regularization term of the update rule of x4y; shown in Equation (2.1).
Doing so particularly ensures that the updates of z; and z} share the same regularization terms,
which is crucial in leading to a diameter-free upper bound for ||z} — z¢||2 using the stability lemma.

lme] tl . Directly bounding |m;| from above by oyax leads to the first

Finally, we study the term Zt 27
Omax InT bound. To further obtain the Vdiot bound, it is crucial to observe that ngt Im,| < (t—1)2
since m, C [r — 1]. Therefore, by also using Orabona (2025, Lemma 4.13) we are able to prove that

tT 9 ‘tmtl‘ < Zt 9 % < 24/diot, which concludes the regret analysis.

\/ <t [mr|

2.4 Delayed OCO with Exp-concave Losses

In this section, we consider the delayed OCO problem with exp-concave losses. Exp-concave losses
are a more general class of loss functions that require more sophisticated techniques to be tackled.
To address this problem, we design Algorithm 2.2, a variant of Online Newton Step (ONS) which
effectively handles delayed feedback. Specifically, after receiving the gradients g, for all 7 € o441\oy,
we select xy1 as the minimizer of the cumulative surrogate loss over all the already observed
gradients and the past actions, with an additive squared fs-regularization term. For simplicity,
in this section we omit dependencies on curvature parameters, Lipschitz constants, and domain
diameter; they appear explicitly in the theorem statements. The following result provides a first

regret bound for Algorithm 2.2.

Algorithm 2.2: Delayed ONS for exp-concave functions

1: input: § > 0, learning rate rule {n:}:>1,

2: initialize: 21 € X

3: fort=1,2,... do

4: Play x; receive g = VI, (x;) for all 7 € 0441 \ 04

5: Update

. . B 2 Yo 2
s —argmin 3 ({gr2) + gm0 — 2)2) + 2l (2.5)
rzeX 2 2
TEOt+1

Theorem 2.2. Assume that 01,. ..,y are a-exp-concave and let 5 = m1n{4LD, a}. Then, under

Assumption 2.1 and Assumption 2.2, Algorithm 2.2 with 0 < ng <mn < --- < np guarantees that

BL*T

non

Regp = O(% ln<1 + ) +nrD? + min { By, Bz}>,

where By = (Lf2 + %) Ndmax In (1 + ng) and By = L? 2321 qlﬁitll .
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We can now introduce two careful tunings of the time-varying learning rates (n;);>1 to derive

the regret bounds O(dmaxn InT') and O(v/dyot) individually.

Simple tuning. With a constant learning rate constant 7 = 1 for all ¢ € [T] , Algorithm 2.2
directly obtains O(dmaxn InT) regret. Alternatively, setting n, = %\/ngt |ms| + |my| + 1 for all

t > 1, Algorithm 2.2 achieves O(v/diot) Tegret; here, the |my|+1 term is an essentially tight worst-case
estimation of |my41], since myy; C my U {t}.

Note that either of these two bounds can be significantly better than the other under different
delay sequences, e.g., as shown by our Lemma A.10 in the appendix. Therefore, we ideally want to
achieve O(min{dyaxn InT, /diot }) regret via a single choice of the learning rates. In fact, we can
show that it is indeed possible to obtain such a bound by a careful delay-adaptive learning rate

tuning.

Adaptive tuning. The adaptive learning rate is given by 79 = 1 and 7y = min{ay, b} + 1 for all
t > 1, where

2 1 BL*T
== (?2+= <t n (1 2.
ay LD( +B>ndmaxn< + - ), (2.6)
b= 2 I3 gl + el + 1 (2.7)
t—D £ mg my . .

The overall idea behind this learning rate tuning is to keep track of both the dyaxnInT and /dio
regret guarantees over the rounds via a; and by, respectively. Then, 7 is set depending on the best
of the two, i.e., min{a, by}, which then leads to achieve the best of both regret bounds. Note that
this adaptive tuning requires the knowledge of the time-stamps of the received gradients since we

need to compute d=

Sax = max,<;min{d,,t — 7} which, we recall, is the maximum delay that has

been perceived up to round ¢. The following corollary provides a regret bound for Algorithm 2.2

with this adaptive tuning. The full proof of Corollary 2.1 can be found in Appendix A.3.

Corollary 2.1. Assume that £1,. ..,y are a-exp-concave and let § = %min{ﬁ, a}. Then, under
Assumption 2.1 and Assumption 2.2, Algorithm 2.2 with the adaptive learning rate n, = min{as, by }+1,
where a; and by are defined in Equations (2.6) and (2.7), guarantees that

BL*T

RegT—O<Zln<1+ ) —|—D2+min{Cl,C'2}>,

where C7 = (% + 1) (L2 + %) Ndmax In (1 + %) and Cy = (L2 + LD) (\/dtot + 1).

Corollary 2.1 shows Algorithm 2.2 with the adaptive learning rate obtains regret O (min {dmaxn InT, /diot }) .
The main advantage of an adaptive learning rate is that it requires no prior knowledge of di or
dmax, nor does it rely on a doubling trick that would throw away information via resets.

2.4.1 Regret Analysis

In this section, we provide a proof sketch of Theorem 2.2 and Corollary 2.1, while their full proofs

are deferred to Appendix A.3. Specifically, using the exp-concavity property and Lemma A.3, we
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2.4. Delayed OCO with Exp-concave Losses

decompose the overall regret as follows:

T T T
x ) B
Regr(u) < Z (g, 27 — u) +Z (g 21 — x7) -3 Z g, T —w))”, (2.8)
=1 =1 t=1

Reg;_, (u) Driftr

where we define 27 = z; and, for ¢t > 2, 2} = argmin, Zi_:ll(<gﬁa:>+§ ({(gr,x — $r>)2)+m%”$’\§

to be the decisions assuming that all gradients before round ¢ are observed.

For the term Regp(u), following a standard FTRL analysis, we are able to obtain that

T T
* nr /B .
Regy(u) < - |lufl3 + 2;<<gt,u —w))* + > min { LD, gl 1, - (2.9)

t=1

where A; 1 =n 11 + ﬁZT 1 9-9, . Applying Lattimore and Szepesvari (2020, Lemma 19.4), the

last sum on the right-hand side of the above inequality satisfies

T 2
3" min {LD, HgtHit_jl} ~0 <Z In (1 n BLnT» , (2.10)
t=1

Now we consider the Drifty term. By applying the Cauchy-Schwarz inequality followed by the
stability lemma (Lemma D.1) again, it follows that for all ¢ > 1,

T T
praftr <3 ol o — oflla, <43 ool ( ) HgTHAt_ll) (2.11)
t=1

t=1 TEML
By applying Lemma A.11, it holds that

Drifty = O <<L2 + ;) Ndmax 1N (1 + ﬁ[iT)> . (2.12)

At the same time, we can also prove that

Drifty = <L2 > ’mt‘> (2.13)

t177t1

Combing Equations (2.8) to (2.13) concludes the proof of Theorem 2.2. To prove Corollary 2.1, we
carefully consider the adaptive learning rate tuning and separate the analysis into two cases. In case
ar < br at the end of the T rounds, we utilize a delayed version of the elliptical potential lemma
(Lemma A.11) to achieve the logarithmic regret. On the other hand, if by < ap we split the regret
analysis at the last round 7* at which a,« < b.«. Then, we use again the logarithmic bound up to
round 7% and the v/dio; bound for the remaining rounds. It suffices to observe that the first bound

is no worse than v/diot since a,« < by~ to conclude the proof.
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2.5 Online Linear Regression with Delayed Labels

Here we consider the problem of online linear regression (OLR) with delays. This setting essentially
corresponds to a variant of OCO where the domain is X = R™ and loss functions are ¢;(z) =
%((zt, x) — ;)% comparing any point z € R™ to a label y; € R given some feature vector z; € R"; to
be precise, the predicted label by a given point  corresponds to the inner product (z;,z). At each
round ¢, the learner first observes an n-dimensional feature vector z; before performing its prediction
x¢, but the true label y; is only revealed at a later round ¢t + d;. A common assumption on feature
vectors and labels in this setting, analogous to the ones we introduced in Section 2.2 for instance, is

their boundedness.

Assumption 2.3. The feature vectors z1, ...,z and the labels y1, ..., yp are bounded, i.e., ||z¢]|2 < Z
and |y | <Y for any t € [T], givenY,Z > 0.

Algorithm 2.3: Delayed VAW forecaster with clipping

1: input: learning rate rule {n;}+>1
2: initialize: p; =0
3: fort=1,2,... do

4: Observe z;
5: Update
. 1 2
2y = argmin Y —yr(er,2) + 2 lzl3 + 5 D (=, 2) (2.14)
zeR™ oo, T<t
6: Play 7; = x4 - min{7‘<2t’j;t>| , 1}
7: Receive y, for all T € 0441 \ 04
8: Set pyy1 = maxreo, |7

Note that the loss ¢; becomes exp-concave when the domain is also bounded. If this were the
case, we could solve this problem by designing a version of ONS that can handle delayed labels. In
OLR, however, the domain is unconstrained as it corresponds to the whole n-dimensional Euclidean
space, which makes it particularly challenging to simply adapt one of the techniques seen so far
without further assumptions. We instead design an algorithm for this problem (see Algorithm 2.3)
that corresponds to an adaptation of the Vovk-Azoury-Warmuth (VAW) forecaster (Azoury and
Warmuth, 2001, Vovk, 2001) in order to handle delayed labels. We can then prove that the regret
guarantee for this algorithm in the delayed OLR setting becomes as stated in Theorem 2.3 below
(whose proof is in Appendix A.4).

Theorem 2.3. In the OLR problem with delayed labels under Assumption 2.3, Algorithm 2.8
guarantees for any 0 < ng < ny < --- < ny that
2

zZ°T
Regp(u) < n?THuH% + nY? 1n<1 - 770”) + (’)(Y2 (0max + min { M, MQ})) ,

2 T
where Ml == ndmax 111(1 =+ %) a‘nd M2 = Z2 Zt:l |T”717tt|

The idea behind the regret analysis is once again to decompose the regret into a cheating regret
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2.5. Online Linear Regression with Delayed Labels

term and a drift term:

N

T

Regp(u Z ﬁt (xF) — 4y ( )) +Z(£t(5§t) —ft(ff)) )

t=1 t=1

J/

Reg,}(u) Drifto

where (Z;);>1 are the actions played by Algorithm 2.3, while (z});>1 are the “cheating” iterates that
assume to have knowledge about all labels from past rounds. To bound the cheating regret Regp(u),

it is important to leverage the curvature of the squared loss. Specifically, by definition,

T
z,x*2 (zt,u
(21, f) t +Z e, @t — ).

E

Regr(u) =

t=1

Then, we can study the second sum via the standard tools for the regret analysis of FTRL with

respect to the linear losses = — —y;(z¢, z), which yields

Regr(u) < U?THuH% + nY? ln(l + i{?f) :
This is exactly the first line in the regret guarantee presented in Theorem 2.3, and it corresponds to
the part that does not depend on delays.

On the other hand, the drift term Drifts requires much more care and novel techniques. By
the convexity of ¢;, we have that Drifty < ZZ;KV&(:@), Zt — 7). Here we immediately observe
the importance of the additional clipping of z; to define the selected point Z;, which is inspired
from the clipping ideas by Cutkosky (2019), Mayo et al. (2022). Its scope is to guarantee that the
predicted label (z¢, T;) falls within the range of true labels; the reason for this is to avoid the gradient
of ¢; evaluated at T; to blow up, otherwise obstructing an attempt to nicely bound Driftp. We
also remark that, differently form Mayo et al. (2022), we do not require to clip the labels used in
the iterates update too. If we had knowledge of Y, we could use it to clip to the interval [-Y,Y],
thus guaranteeing ¢,(7;) <Y. However, since we want to assume no prior knowledge of Y, the best
clipping we can do at any time ¢ is via p;. Doing so requires to handle possible rounds when the
label falls outside the clipping interval, which in turn requires a careful analysis that accounts for
the feedback to be revealed only after some delay (as p; could possibly be updated much later in
time). We are then able to prove that

Drifty = O(Y?omax + V> min{ My, My}) .

which is the delay-dependent part of the regret; the Y2oax term, in particular, is the one due to
clipping mistakes.

Given any v > 0, we may now set g = v and 7 = y(min{a, b} + 1) for all t > 1, where

Z*T
a; = 2nd=! In <1 + ’7”) be = Z4\/ > s<tlmsl - (2.15)

By doing so, we obtain the following Corollary 2.2 which provides a regret bound for Algorithm 2.3
with this adaptive tuning, and whose proof is deferred to Appendix A.4.
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Figure 2.1: Comparison with relevant baselines. The shaded areas consider a range centered around
the mean with half-width corresponding to the empirical standard deviation over 20 repetitions.

Corollary 2.2. In the OLR problem with delayed labels under Assumption 2.3, Algorithm 2.3 with
the adaptive learning rate ny = y(min{ay, b} + 1), where a; and by are defined in Equation (2.15) for
any v > 0 guarantees that

2 Z*T
Regp < ’YH2U||2 +nY? ln<1 + 7“) + O(min {Q1, Q2}),

where Q1 = (7|[ull2 + Y2) ndinax In (1 + %) and Qz = (YZ||ull2 + (Z + 1)Y2) /oy -

To achieve this final result, we leverage similar ideas from the adaptive tuning for delayed ONS
in Corollary 2.1, as mentioned above, together with a nontrivial relation between omax and v/dio; to
handle the additive Y20,y term from the clipping errors (see Lemma A.7). We remark that here
we used directly Z for the tuning, which requires its knowledge since the first round; we could easily
do without this prior knowledge by using Z; = max,<¢||z,||2 instead because we always observe all

the previous and the current feature vectors by the beginning of round ¢.

2.6 Experiments

In this section, we evaluate the performance of the proposed algorithms on three types of loss
functions in the delayed OCO setting. All experiments are conducted over T' = 10000 round and
results are averaged over 20 independent trials. To showcase the advantage of our algorithms,
we consider two delay regimes. For the first case, each delay d; is independently and uniformly
sampled from the set {0,1,...,5}, thus leading to E[v/dios] = O(VT) and E[omax] < E[dmax] < 5.
In the second case, we define p = T-1/3 = 0.1. Then, for each t, d; is sampled from the same
distribution with probability 1 — p, and it is set to be d; = T — t with probability p. In this case,
E[Vdiot) = o(T), E[dmax] > T(1 — (1 — p)T), and E[omax] = O(pT). We compare our algorithms
against several baselines designed for delayed feedback settings. Below, we describe how we construct

losses, together with the baseline algorithms we compare against. We provide additional experiments
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2.6. Experiments

in Appendix A.6.

Strongly convex loss. We consider the following strongly convex losses ¢y(z) = ({21, z) — y)* +
l|lz||3. The feasible set is the ball X = {z € R®, ||z||2 < 2}. Each coordinate of the feature vector
2 € R? at round ¢ is uniformly chosen from [—1,1] while y; = (2, 1) +¢;, where € is an i.i.d. standard
Gaussian noise. We evaluate Algorithm 2.1 on this loss sequence and compare its performance with
DOGD-SC (Wan et al., 2022a), SDMD-RSC (Wu et al., 2024, Algorithm 6), and BOLD-OGD which
applies the reduction proposed by Joulani et al. (2013) to OGD.

Exp-concave loss. The loss functions we consider for exp-concave ones are £;(x) = %((zt, x) —yt)Z.
The other configurations are the same as the experiments in the strongly convex case. We evaluate
our Algorithm 2.2 and compare its performance with that of DOGD (Quanrud and Khashabi, 2015)
and BOLD-ONS, which applies the reduction proposed in Joulani et al. (2013) to ONS (Hazan et al.,
2007).

Online linear regression. We still consider the loss function ¢;(z) = ({2, z) — yt)2 for all
t € [T, the same one as used in the exp-concave setting. The only difference is that the action space
is now unconstrained (X = R®). We empirically evaluate Algorithm 2.3 on this loss sequence and
compare the performance with DOGD (Quanrud and Khashabi, 2015) and BOLD-VAW, which is
again a combination of the reduction in Joulani et al. (2013) and the VAW forecaster (Azoury and
Warmuth, 2001, Vovk, 2001).

Experimental results. Figure 2.1 shows the mean cumulative regret and its standard deviation
over 20 rounds for the instances with strong convexity, exp-concavity, and OLR under the two
previously mentioned delay regimes. For strongly convex losses, we find that our algorithm performs
much better than DOGD-SC (Wan et al., 2022a) and have similar performances compared to SDMD-
RSC, which is proven to only achieve O(dmax InT') regret (Wu et al., 2024). However, we point out
that this mismatch in the empirical performance and the theoretical guarantee of SDMD-RSC is due
to a loose analysis of this algorithm. In fact, we show that SDMD-RSC can also achieve the same
O(min{omax In T, v/diot }) regret via a refined analysis. The proof is deferred to Appendix A.5.

For both exp-concave and OLR settings, our algorithms consistently outperform DOGD, which
does not leverage the curvature of the loss function, as well as the reduction-based algorithms proposed
in Joulani et al. (2013), under both delay regimes, showing the effectiveness of our algorithms under

different delay conditions.
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Chapter 3

Exploiting Intermediate Feedback in
Multi-Armed Bandits with Delayed
Feedback

3.1 Introduction

The impact of delay on the performance of sequential decision makers, measured by regret, has been
extensively studied under full information and bandit feedback, and in stochastic and adversarial
environments (Joulani et al., 2013, Pike-Burke et al., 2018, Lancewicki et al., 2021, Zimmert and
Seldin, 2020a). Yet, in many real-life situations, intermediate observations may be available to
the learner. For example, a health check-up might give a preliminary indication on the effect of a
treatment, an advertisement click might be a precursor for an upcoming purchase, and preliminary
reviews might provide some information regarding an upcoming acceptance or rejection decision.
In this chapter, we investigate when and how intermediate observations can be used to reduce the
impact of delays in observing the final outcome of an action in a multi-armed bandit setting.
Online learning with delayed feedback and intermediate observations was studied by Mann et al.
(2019) in a full-information setting, and subsequently by Vernade et al. (2020) in a non-stationary
stochastic bandit setting. In the paper of Vernade et al. (2020), at each round the learner chooses an
action and immediately observes a signal (also called state) belonging to a finite set. The actual loss
(i.e., feedback) incurred by the learner in that time step is only received with delay, which can be
fixed or random. More formally, the observed state is drawn from a distribution that only depends
on the chosen action, and the incurred loss is drawn from a distribution that only depends on the

observed state (and not on the chosen action), forming a Markov chain.

Action no delay . State delay d; . | Loss
Ay 1.i.d. stochastic ! St = St(At) 1.i.d. stochastic ! gt(st)

or adversarial or adversarial

Figure 3.1: Scheme depicting the delayed feedback setting with intermediate observations.

The work of Vernade et al. (2020) studies a setting where mappings s; from actions to states are

non-stationary and losses #; over states are i.i.d. stochastic. In this chapter, we instead consider
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3. Exploiting Intermediate Feedback in Multi-Armed Bandits with Delayed Feedback

two possible regimes for the action-state mappings s; (stochastic and adversarial) and two possible
regimes for the mappings ¢; from states to losses (also stochastic and adversarial). Altogether, we
study four different regimes, defined by the combination of the first and the second mapping type
(see Figure 3.1).

We characterize (within logarithmic factors) the minimax regret rates for all of them, by giving
upper and lower bounds. Similar to Vernade et al. (2020), we assume that the states are observed
instantaneously, and that the losses are observed with some delay d € N. We show that the minimax
regret rate is fully determined by the regime of the state-loss mapping, regardless of the regime of
the action-state mapping. The results are informally summarized in Table 3.1, where K denotes the
number of actions, S denotes the number of states, and T denotes the time horizon. It is assumed
that the losses belong to the [0,1] interval. All of our upper bounds hold with high probability
(with respect to the learner’s internal randomization) irrespective of the regime of the action-state

mapping.

State-loss mapping Regret bounds References
. Cesa-Bianchi et al. (2019)
Adversarial vdT'+ VKT Theorem 3.7

Theorems 3.2 and 3.3

Stochastic min{ VST +dV/S, dT} + VKT Corollary 3.2

Table 3.1: Summary of our results with fixed delay d, ignoring logarithmic factors.

We recall that, up to logarithmic factors, the minimax regret rate in multi-armed bandits with
delays without intermediate observations is of order /(K + d)T" (Cesa-Bianchi et al., 2019, Zimmert
and Seldin, 2020a). Therefore, given our findings we conclude that, if the mapping from states to
losses is adversarial, then intermediate observations do not help (in the minimax sense) because the
regret rates are the same irrespective of whether the intermediate observations are used or not, and
irrespective of whether the mapping from actions to states is stochastic or adversarial. However, if
the mapping from states to losses is stochastic, and the number S of states is smaller than the delay
d, then intermediate observations are helpful, and we provide an algorithm, AdaMetaBI0, which is
able to exploit them. Our result improves on the (’3(\/K75T ) regret bound obtained by Vernade

et al. (2020) for the case of stochastic and stationary action-state mapping.

Our algorithm also applies to a more general setting of non-uniform delays (dt)te[T] where we

achieve a high-probability regret bound of order \/ KT + min {ST, dio }, ignoring logarithmic factors
once more and terms not depending on 7. This improves upon the total delay term dyot = d1+- - -+dp

similarly to the respective term in the fixed delay setting.

Roadmap. We provide a formal definition of the problem in Section 3.2. In Section 3.3, we
introduce two algorithms, MetaBI0O and AdaMetaBIO, for the model of bandits with intermediate
observations. Section 3.4 contains the analysis of both algorithms, where we prove high-probability
regret bounds for the setting of adversarial action-state mappings and stochastic losses. We provide

regret lower bounds in Section 3.5, and experimental validation of our results in Section 3.6.
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3.2. Problem Setting

3.1.1 Related Works

Adaptive clinical trials have served an inspiration for the multi-armed bandit model (Thompson,
1933) and, interestingly, they have also pushed the field to study the effect of delayed feedback
(Simon, 1977, Eick, 1988). In the bandit setting, Joulani et al. (2013) have studied a stochastic
setting with random delays, whereas Neu et al. (2010, 2014) have studied an adversarial setting
with constant delays. Cesa-Bianchi et al. (2019) have shown an Q(max{vKT,vdT In K}) lower
bound for adversarial bandits with uniformly delayed feedback, and an upper bound matching
the lower bound within logarithmic factors by using an Exp3-style algorithm (Auer et al., 2002b),
whereas Zimmert and Seldin (2020a) have reduced the gap to the lower bound down to constants by
using a Tsallis-INF approach (Zimmert and Seldin, 2021). Follow up works have studied adversarial
multi-armed bandits with non-uniform delays (Thune et al., 2019, Bistritz et al., 2019, 2022a, Gyorgy
and Joulani, 2021, van der Hoeven and Cesa-Bianchi, 2022b) with Zimmert and Seldin (2020a)
providing a near-optimal algorithm, and Masoudian et al. (2022a) and Masoudian et al. (2024a)
deriving best-of-both-worlds extensions and a matching lower bound for special sequences of delays.
Two key techniques for handling non-uniform delays are the skipping technique, introduced by Thune
et al. (2019), and algorithm parametrization by the number of outstanding observations (an observed
quantity at action time related to delays), as opposed to the delays (an unobserved quantity at action
time), introduced by Zimmert and Seldin (2020a). Finally, the presence of delays has been further

considered in more complex extensions of multi-armed bandits (van der Hoeven et al., 2023b).

3.2 Problem Setting

We consider an online learning setting with a finite set A := [K] of K > 2 actions and a finite set
S = [S] of S > 2 states. In each round ¢ € [T, the learner picks an action A; € A and receives
a state Sy == s4(Ay) € S as an intermediate observation according to some unknown action-state
mapping s; € SA. The learner then incurs a loss £;(S;) € [0, 1], which exzclusively depends on the
state associated to the selected action and is only observed at the end of round ¢+ d;, where the delay
d; > 0 is (fully) revealed to the learner only when the loss observation is received. The difficulty of
this learning task depends on three elements, all initially unknown to the learner:

e the sequence of action-state mappings si, ..., s € S*;

e the sequence of loss vectors £y, ..., ¢y € [0,1]%;

e the sequence of delays dy,...,dp € N, where d; < T —t for all t € [T] without loss of generality.

Note that unlike standard bandits, as remarked above, here the losses are functions of the
states instead of the actions. However, since actions are chosen without a-priori information on the
action-state mappings, learners have no direct control on the losses they will incur and, because of
the delays, they also have no immediate feedback on the loss associated with the observed states.
Note also that, for all ¢ > 1, the states s¢(a) for a # A; and the losses l(s) for s # S; are never
revealed to the algorithm. For brevity, we refer to this setting as (delayed) Bandits with Intermediate
Observations (BIO).

In the setting of stochastic losses, we assume the loss vectors ¢; € |0, 1]3 are sampled i.i.d. from
some fixed but unknown distribution @, and let 6 € [0, 1]3 be the unknown vector of expected
losses for the states. That is, ¢;(s) ~ Q(-|s) has mean 6(s) for each ¢ € [T] and s € S. Note
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that we allow dependencies between the stochastic losses of distinct states in the same round, but
require losses to be independent across rounds. In the setting of stochastic action-state mappings, we
assume that each observed state S; is independently drawn from a fixed but unknown distribution
P(-] A¢). If both losses and action-state mappings are stochastic, then ¢;(S;) is independent of A;
given S;. When losses or action-state mappings are adversarial, we assume an oblivious adversary as
in previous chapters.

Our main quantity of interest is the regret measured via the learner’s cumulative loss Zthl 0(Sy),
where S; = s1(A¢) and (A¢),epp) is the sequence of actions chosen by the learner. In the case of
stochastic losses, we define the performance of the learner by Z?:l 0(S¢). In the case of stochastic
action-state mappings, we average each instantaneous loss over the random choice of the state:
Yo li(s)P(s | Ay) for adversarial losses and ) 0(s)P(s|A;) for stochastic losses. Regret is always
computed according to the best fixed action in hindsight with respect to some appropriate notion of
cumulative loss. In particular, for stochastic state-action mappings, the cumulative losses of the best
action are

IIllIl 2 ( (s]a) and mln 0(s)P(s|a),

respectively, whereas for adversarial state-action mappings they are, intuitively,

T T

min Z li(si(a)) and gg\l O(st(a)) -
t=1 t=1

3.3 A Reduction to Standard Delayed Feedback

In this section, we introduce MetaBIO (Algorithm 3.1), a meta-algorithm that transforms any
algorithm B tailored for the delayed setting without intermediate observations into an algorithm
for our setting. We then propose AdaMetaBIO, a modification of MetaBIO that delivers an improved
regret bound for our setting. The idea of MetaBIO is to reduce the impact of delays using the
information we get from intermediate observations. More precisely, if we have enough observations
for the current state Sy at time ¢, we immediately feed to B an estimate of the mean loss of this state
as if it were the actual loss at time ¢; otherwise, we wait for d; time steps and refine our estimate
using the additional loss observations.

The are two key steps in the design of our algorithm: how we construct the mean estimate and
when we use it instead of waiting for the actual loss. They are the steps highlighted in green in
Algorithm 3.1 (Lines 10 and 16). For all ¢ € [T] and all s € S, we use 6;(s) to denote the estimate
of f(s) at round t and n.(s) to denote the number of observations for state s that we want to
observe before using 6;(s). We add a subscript ¢ to £(s) in Algorithm 3.1 to denote the set of loss
observations L¢(s) == {(j,¢;(s)) : j +d; <t,S; = s} for state s that we have collected by the end of
round t. Thus, 6;(s) is computed by using Ny(s) :== |£;(s)| loss observations.

Fixed delay setting. When all rounds have delay d, we simply choose n;(s) :=d for all s € S,t €
[T]. In other words, if we have at least d observations for some state, then we can compensate for
the effect of delays and construct a well-concentrated mean estimate around the actual mean. Let

@(s) = jecy(s) (s)/Ni(s). Then our mean loss estimate is a lower confidence bound for 6(s)
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Algorithm 3.1: MetaBIO
1: input: Algorithm B for standard delayed bandits, confidence parameter 6 € (0,1)
2: initialize L(s) < () for all s € S
3: fort=1,...,T do
4: get Ay from B and play it

5: observe Sy = s;(A;)
6: for j:j+dj=tdo
7: receive (j,4;(S;))
s update £(S)) e £(5;) UG 4(5,)}
9: initialize feedback set M; + 0
10: compute ny(St)
11: if |£(S¢)| > ne(St) then
12: add t to M,
13: for j:j+dj=tA |£(SJ)| < nj(Sj) do
14: add j to My
15: for j € M, do
16: compute @(SJ) from L(S;) > using 0
17: feed (7, Aj,gj(Sj)) to B
defined by

for e4(s) == 4 /NtQ(S) In 4STT .

Arbitrary delay setting. In the arbitrary delay setting, where we do not have preliminary
knowledge of delays, we cannot really use the delays to set n;(s). Instead, at the end of time t, we
have access to the number of outstanding observations o; := |{j € [t] : j + d; > t}|, which is the
number of yet-to-arrive loss observations at the end of round ¢.* Then, for any s € S, we may set
ny(s) == oy. With this choice, incurring zero delay at some round implies that we received at least
half of all the loss observations we could have received in the no-delay setting (see Appendix B.2.4).
In Section 3.4 we see that this ensures our mean estimate is well concentrated around its mean.
Since Algorithm 3.1 waits for the actual loss at time ¢ only if Ny(S;) < oy, then Jt =
di I{N¢(S¢) < o¢} is the actual delay incurred by the algorithm, and £, 7 (s) is the set of loss
observations used to compute the estimate of the mean loss at time ¢. Because some losses may
arrive at the same time, the high-probability analysis of MetaBIO requires these observations to be
ordered. More precisely, we construct our mean estimate at time ¢ 4 cjt for the feedback of round ¢

using the set

£y(s) = {(. 4i()) € £,,.7.(5) ‘j +d<t+d v j<t}. (3.2)
Letting N/(s) := |L£}(s)|, we define the empirical mean
G.(s) e ti(s)
0,(s) = Z OR (3.3)
JELL(s)

*This differs from prior work that considers outstanding observations at the beginning of the round.
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2
N{(s)

45T

Then, we set g.(s) = In =3= and define the mean loss estimator gt(s) as a lower confidence

bound similarly to Equation (3.1). We remark that, while 6;(s) is employed for the estimation of
the mean loss 6;(s) of the state s, the estimator is only ever adopted starting from time ¢ + dy with
some (possibly nonzero) delay d;. We may thus use all the collected losses in £}(s) C L, g (s) for
its definition. Therefore, once receiving the losses at the end of round ¢, Algorithm 3.1 constructs
the estimator gj(Sj) for the incurred loss at any (previous) round j € M; from the feedback set M;

using as much information as possible gathered thus far, i.e., losses in £}(S;) C L:(S5;).

The AdaMetaBIO algorithm. As we already anticipated, the goal of intermediate observations
is to reduce the impact of delays. However, if the number of states is too large compared to the
average delay, then the information we get from intermediate observations could be misleading. We
introduce AdaMetaBI0 (Algorithm 3.2) to address this issue. Given a horizon T,! this algorithm runs
B (which is tailored for the setting without intermediate observations) until the total incurred delay
exceeds ST, and then switches to MetaBIO. We precise that AdaMetaBIO computes D; = ) i<t 0j
as the sum of outstanding observation counts up to round ¢, which is then used in the switching

condition.

Algorithm 3.2: AdaMetaBIO

input: Algorithm B for standard delayed bandits, confidence parameter ¢ € (0, 1)
initialize Dy < 0
:fort=1,...,T do
get A; from B
for j:j+dj=tdo
receive (j,¢;(S;))
feed (], Aj,ﬁj(Sj)) to B
set oy Z;;ll I{j+d; >t}
update D; + Dy 1 + 04
if ©; (3In K +1n(6/5)) > 49ST In 85 then
break
. if t <T then
run MetaBIO(B,d/2) for the remaining rounds

—_ = =
L 29

3.4 Regret Analysis

We analyze MetaBIO and AdaMetaBIO in the setting of adversarial action-state mappings and

stochastic losses where the regret is defined by

T T
Regr =) _6(S;) — gg}é‘lz 0(se(a)) -
=1

t=1

Our analysis guarantees a bound on Regp that holds with high probability (and not just in
expectation), hence the reason why Regy is not defined by taking the expectation over the internal

randomization of the learner or the stochasticity of the environment (as done in all previous chapters).

fNote that we may remove the a-priori knowledge of T' by using a doubling trick at the cost of a polylog factor in
the regret. See Remark 3.1 for further details.
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A related notion of regret is

T T
Regr = (S) —mind i(si(a)) ,
=1 R
which considers the realized losses instead of their means. The two quantities are close with high

probability: each inequality in

—/2T'In(2K/6) < Regp — Regr < v/2T'In(2/4) (3.4)

individually holds with probability at least 1 — § for any given 6 € (0,1); see Lemma B.1 in
Appendix B.

Let diot == Z?:l d; be the total delay. We start by showing an upper bound on the total actual
(or effective) delay diot = z;";l dI{N(St) < o1} < diot incurred by MetaBIO0. Then, we provide a
high-probability regret analysis of both MetaBIO and AdaMetaBIO.

More precisely, we can show that MetaBIO incurs the delays of no more than min {2Soax, T'}
rounds, where oy ‘= maxe(7] o¢. In the worst case, these rounds correspond with those from the
set

O € arg max{dj T = min{QSamax,T}} . (3.5)
JCIT
where we denote dy =), ;d; for any J C [T].

Note that the set ® is fully determined by the delay sequence dy,...,dr. Moreover, the total

delay incurred by MetaBIO0 cannot be worse than the sum of delays corresponding to the rounds in

®, as stated in the lemma below.

Lemma 3.1 (Total effective delay). If MetaBIO is run with any algorithm B on delays (di)ie[r),
then its total effective delay is Ciot < dg.

Lemma 3.1 (proof in Appendix B.2.1) implies that, if all delays are bounded by dpax, then
c?tot < 250 maxdmax, which does not depend on T'. In the fixed-delay setting with delay d, for example,
we get a total effective delay of at most 25d?, rather than the total delay dT we would incur without
access to intermediate observations (when T is large enough).

We now turn MetaBIO0 into a concrete algorithm by instantiating B. Specifically, we use DAda-Exp3
(Gyorgy and Joulani, 2021), a variant of Exp3 which does not use intermediate observations and is

robust to delays. DAda-Exp3 guarantees the following regret bound.

Theorem 3.1 (Gyorgy and Joulani (2021, Corollary 4.2)). For any 6 € (0,1), the regret of

DAda-Exp3 with respect to the realized losses in the adversarial bandits with arbitrary delays satisfies

2KT + diot Omax 2
<2 2KT In K 1|ln-
Regr < \/3( + diot) In K + (\/ S i + 5 + > n 5

with probability at least 1 — 9.

While Theorem 3.1 shows a high-probability bound on Regr, Equation (3.4) shows that a
high-probability bound for one notion of regret ensures a high-probability bound for the other.
Although the original bound by Gyoérgy and Joulani (2021) was stated with dpax instead of opax,
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we can replace the former with the latter by observing that, in the analysis of Gyorgy and Joulani
(2021, Theorem 4.1), they only use dpnax to upper bound the number of outstanding observations.
Note that opax is never larger than dp .y, indicating it is a well-behaved term that is not vulnerable
to a few large delays. See Masoudian et al. (2022a, Lemma 3) for a refined quantification of the
relation between opax and dmax.

If we consider a fixed confidence level 6 € (0,1), then we can make the learning rate 7; and
the implicit-exploration term -4 in DAda-Exp3 depend on the specific value of § so as to achieve an
improved regret bound (see Appendix B.2.2). This allows us to show that in the BIO setting with
adversarial action-state mappings and stochastic losses, the regret Regr of DAda-Exp3 is bounded

from above by

Omax +2. 2
20/2KTCk 65 + 2/ diot Cic 65 + % In < (3.6)
with probability at least 1 — §, where
12
CK76 = 31I1K +h’l? (37)

is a negligible logarithmic factor in K and 1/§ only.

Next, we state the regret bound for MetaBI0O. We remark that we initialize DAda-Exp3 with
confidence parameter §/2 so as to guarantee the high-probability bound as in Equation (3.6) with
probability at least 1 — §/2 as required.

Theorem 3.2. Let 6 € (0,1). If we run MetaBIO using DAda-Exp3, then the regret of MetaBIO in

the BIO setting with adversarial action-state mappings and stochastic losses satisfies

4

4ST max 2
Regy < 2/2KTCregs + 71| STIn = +2,/daCicss + % In’s (3.8)

with probability at least 1 — 4.

We begin the analysis of Theorem 3.2 by decomposing the regret into two parts: (i) the regret
Regr of DAda-Exp3 with losses 9~,5(St), and (ii) the gap Regy —Regr, corresponding to the cumulative
error of the estimates fed to DAda-Exp3. For the first part, we follow an approach similar to Gyorgy
and Joulani (2021) and apply Neu (2015, Lemma 1) to obtain a concentration bound for the loss
estimates defined using importance weighting along with implicit exploration. When using the actual
losses, the application of Neu (2015, Lemma 1) is straightforward. However, when the mean loss
estimate ét(st) is used rather than the actual loss, there is a potential dependency between the
chosen action A; and @(St). In Appendix B.2.3 we carefully design a filtration to show that we may
indeed use the high-probability regret bound of DAda-Exp3 in order to upper bound the first part
(regret Regr defined in terms of the estimates ;).

The second part requires to bound the cumulative error of our estimator in Equation (3.3) for the
observed states (St)te[T]~ To this end, we use the Azuma-Hoeffding inequality to control the error of
these estimates. Doing so causes a (5(\/57) term to appear in the regret bound. The detailed proof
of this part is in Appendix B.2.4, together with the proof of Theorem 3.2.

The presence of the additive (5(\/57 ) term in the regret bound implies that, when S >

max {diot /T, K}, using intermediate feedback leads to no advantage over ignoring it. So we ideally

30



3.4. Regret Analysis

want to recover the original bound in Equation (3.6) when this happens. AdaMetaBIO0 is an adaptive
extension of MetaBIO that solves this issue and gives the following regret guarantee. The proof of
this result is deferred to Appendix B.2.5. We remark that, to achieve this bound, before the eventual
switch at some round ¢* we use algorithm DAda-Exp3 with confidence parameter set to §/3 so as
to guarantee a high-probability bound on Reg,. with probability at least 1 — §/2 over the first ¢*
rounds (during which DAda-Exp3 runs by itself).

Theorem 3.3. Let ¢ € (0,1). If we run AdaMetaBIO with DAda-Exp3, then the regret of AdaMetaBIO

in the BIO setting with adversarial action-state mappings and stochastic losses satisfies

T
Regy < 3min{7 ST In %, \/dtOtCKygg} + 6/ KTCk 25 + 21/doCrk 25 + (Omax + 2) ln§ (3.9)

with probability at least 1 — .

If we consider any upper bound dpyax on the delays (dt)te[Tb we can further observe that the
regret Regp of AdaMetaBIO (with DAda-Exp3) satisfies

Regr = 6(@ + mln{\@(ﬁ + dmax), dmaXT}>

with high probability. This also follows from the fact that, as previously mentioned, we can bound
the total delay of MetaBIO by dg < 2Sd2,..

Given the previous regret bounds, we observe that we may further improve the dependency on
the delays by adopting the idea of skipping rounds with large delays when computing the learning
rates. This “skipping” idea was introduced by Thune et al. (2019) and has been leveraged by Gyorgy
and Joulani (2021) to show that DAda-Exp3 can achieve a refined high-probability regret bound—see
Gyorgy and Joulani (2021, Theorem 5.1). As a consequence, we can indeed provide an improved
bound in our setting by following similar steps as in the proof of Theorem 3.2. The only main change

is the adoption of the version of DAda-Exp3 that uses the skipping procedure.

Corollary 3.1. Let 6 € (0,1). If we run MetaBI0 with DAda-Exp3 with skipping (Gyorgy and Joulani,
2021, Theorem 5.1), then the regret of MetaBI0 in the BIO setting with adversarial action-state

mappings and stochastic losses satisfies

ST 1 .
Regy = O<\/KTCK,5 + STlnT —l—lng + C’K,gan}%nglg{\m + \/d¢\Ran}>

with probability at least 1 — 4.

This result could also be extended in a similar way to AdaMetaBIO, so as to achieve the best
result from the presence of intermediate feedback.

So far, we have provided some high-probability guarantees for the regret of both MetaBIO and
AdaMetaBIO, by which we can derive some expectation bounds as well (e.g., by setting § ~ 1/T).
However, using the empirical mean estimators 5,5 as the mean loss estimators at time ¢ and working
directly with the expected regret allows us to improve the achievable bound by a polylogarithmic
factor. Hence, for the expected regret we use Tsallis-INF (Zimmert and Seldin, 2020a), a learning

algorithm for the standard delayed bandit problem that uses a hybrid regularizer to deal with delays
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and gives a minimax-optimal expected regret bound in the standard delayed setting. The proof of

this expected regret upper bound is in Appendix B.2.6.

Proposition 3.1. If we erecute AdaMetaBIO with Tsallis-INF (Zimmert and Seldin, 2020a), and
use the switching condition /80 In K > 61/ST In(25T) at each round t € [T], where Dy = 2;:1 gj,
then the regret of AdaMetaBI0 in the BIO setting with adversarial action-state mappings and stochastic

losses satisfies

E[Reg;] < AV2KT + 2v/2dp In K + 4min{3\/ST (25T, \/2dsos In K} .

Remark 3.1. In MetaBIO, we can replace T by t> in the definition of the confidence intervals for
Equation (3.3) and remove the need for prior knowledge of the time horizon T. In AdaMetaBIO,
we could use a doubling trick to avoid the prior knowledge of T in the switching condition. On the
other hand, it is not required to know the number of states S for expectation bounds on the regret
of MetaBIO. However, removing the prior knowledge of S in the high-probability regret bounds is
challenging. Indeed, to the best of our knowledge, there is no result in the BIO setting that avoids
prior knowledge on the number of states. Lifting this requirement in the high-probability analysis is

thus an interesting question for future work.

3.5 Lower Bounds

The lower bounds in this section are for the expected regret E [Regy]. Since our algorithms provide
high-probability guarantees, the upper bounds also apply to the expected regret. Throughout this
section we will make use of constant delay, i.e., d; = d for all ¢ € [T]. We will first prove a general
VKT lower bound for all algorithms in BIO, after which we specialize to particular cases.

We start by proving a Q(\/ﬁ ) lower bound for any algorithm in our setting and for any
combination of stochastic or adversarial action-state mappings and loss vectors. The construction is

a reduction to the standard bandits lower bound construction.

Theorem 3.4. Irrespective to whether the action-state mappings and loss vectors are stochastic or
adversarial, there exists a sequence of losses such that any (possibly randomized) algorithm in BIO
suffers regret E [Regr] = Q(VKT).

Proof. Our construction only uses two states hy and hy. The loss vectors, which are deterministic
and do not change over time, are defined as follows: ¢;(hy) := 1 and ¢;(hg) := 0 for all ¢ > 0. The

stochastic action-state mapping, which is also constant over time, is given by

hy  with probability p,
si(a) =
hy  with probability 1 — p,

for all a € A and ¢ > 0, where the probabilities p, are to be determined. Thus, the loss of an arm
a is 4i(s¢(a)) == € (h1) = 1 with probability p, and ¢;(s;(a)) = £;(ha) = 0 with probability 1 — p,.
Since the loss is determined by the state, the learner receives bandit feedback without delay. We can
then choose p, for a € A to mimic the standard Q(\/ﬁ) distribution-free bandit lower bound—e.g.,

see Slivkins (2019, Chapter 2). By Yao’s minimax principle, the same lower bound also applies to
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the case with adversarial action-state mappings. Since the loss vectors are deterministic, this covers

all possible cases in BIO. O

Adversarial action-state mapping and stochastic losses. We first prove a lower bound of
order /ST for any number K > 2 of actions. However, we do need a minor generalization of our
setting to allow correlation between unseen losses. Specifically, we allow all pairs of losses ¢;(s), £ (s")
of distinct states s # s’ to be correlated if j > j’ and j — j' < d, while we guarantee the i.i.d. nature
of losses for any fixed state. Since E [¢,(S;)] = E[6(S;)], this does not affect the analysis for the upper
bound on the regret of our algorithms since E [Regy| < E[Regr] (see Lemma B.3). However, for a
high-probability upper bound, we need to relate Regr and Regr, which now leads to an additive
O(V/ST) term rather than an additive O(v/T) term as in Equation (3.4).

In the proof of the v/ST lower bound, we leverage the fact that losses are independent only
across time steps for a fixed state, while they may depend on the losses of the other states. Note
that our lower bound holds even when the learner knows the action-state assignments beforehand.

We provide a sketch of the proof of Theorem 3.5 below; see Appendix B.3 for the full proof.

Theorem 3.5. Suppose that the action-state mapping is adversarial and the losses are stochastic
and that dy = d for all t € [T]. If T > min{S,d} then there exists a distribution of losses and

a sequence of action-state mappings such that any (possibly randomized) algorithm suffers regret
E [Regr] = Q(y/min{S, d}T).

Proof sketch. First, suppose that S < 2d. For the construction of the lower bound we only consider
two actions and equally split the states over these two actions. Then, we divide the 7' time steps
in blocks of length S/2 < d. In each block, each state has the same loss. Since the block length is
smaller then the delay, we have effectively created a two-armed bandit problem with 77 = T'/(S/2)
rounds and loss range [0,5/2], for which we can prove a Q(SV7T") = Q(V/ST) lower bound by
showing an equivalent lower bound for the full information setting. If S > 2d, we use the same
construction with only 2d states, and obtain a Q(\/ﬁ) lower bound. OJ

Finally, we can show the following lower bound, whose proof can be found in Appendix B.3.

Theorem 3.6. Suppose that the action-state mapping is adversarial, the losses are stochastic, and
that dy = d for all t € [T]. If T > d+ 1 then there exists a distribution of losses and a sequence of

action-state mappings such that any (possibly randomized) algorithm suffers regret

E[Regy] = Q(min{(d + 1)V, m}) .

This term is also present in the dynamic regret bound of NSD-UCRL2, but it is necessarily incurred
from their analysis even in the stationary case (Vernade et al., 2020, Theorem 1).

This last lower bound implies that the regret of our algorithm is near-optimal. Since the lower
bound of Theorem 3.4 applies to the case where the action-state mapping is adversarial and the
losses are stochastic, we find the following result as a corollary of Theorem 3.4, Theorem 3.5, and
Theorem 3.6.

Corollary 3.2. Suppose that the action-state mapping is adversarial, the losses are stochastic, and
that dy = d for all t € [T]. If T > 1+ min{S,d}, then there exists a distribution of losses and a
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sequence of action-state mappings such that any (possibly randomized) algorithm suffers regret

E [Regr] = Q(max{\/KT, Vmin{S, d}T, (d + 1)\@}) .

Stochastic action-state mappings and adversarial losses. In this case, we recover the

standard lower bound for adversarial bandits with bounded delay.

Theorem 3.7. Suppose that the action-state mapping is stochastic, the losses are adversarial, and
that dy = d for allt € [T]. Then there exists a stochastic action-state mapping and a sequence of losses
such that any (possibly randomized) algorithm suffers regret E [Regp] = Q(max {\/ KT,V dT}).

Proof. Since by Theorem 3.4 we already know that any algorithm must suffer Q(\/ﬁ) regret, we
only need to show a Q(\/diT ) lower bound. We use two states, hy and hy. Our action-state mapping
is deterministic and, for all ¢ > 0, assigns s;(a) := h1 to all but one action a*, to which the mapping
assigns s¢(a*) = ha. We now have constructed a two-armed bandit problem with delayed feedback
and T rounds, for which a Q(v/dT) lower bound is known (Cesa-Bianchi et al., 2019). O

Adversarial action-state mappings, adversarial losses. Since we can recover the construction

of the lower bound in Theorem 3.7, we immediately have the following result.

Corollary 3.3. Suppose that the action-state mapping is adversarial, the losses are adversarial, and
that dy = d for all t € [T]. Then there exists an action-state mapping and a sequence of losses such

that any (possibly randomized) algorithm suffers regret E [Regr| = Q(max{\/ KT, dT}),

3.6 Experiments

We empirically compare our algorithm MetaBI0 with the following baselines: DAda-Exp3 (Gyorgy
and Joulani, 2021) for adversarial delayed bandits without intermediate observations (which we used
to instantiate the algorithm B), the standard UCB1 algorithm (Auer et al., 2002a) for stochastic
bandits without delays and intermediate observations, and NSD-UCRL2 (Vernade et al., 2020) for
non-stationary stochastic action-state mappings and stochastic losses. We run all experiments with
a time horizon of 7' = 10*. All our plots show the cumulative regret of the algorithms considered
as a function of time. The performance of each algorithm is averaged over 20 independent runs in
every experiment, and the shaded areas consider a range centered around the mean with half-width
corresponding to the empirical standard deviation of these 20 repetitions. In the first two experiments,
we consider both fixed delays d € {50, 100,200} and random delays d; ~ Laplace(50, 25) sampled
i.i.d. from the Laplace distribution with E [d;] = 50.

Experiment 1: stochastic action-state mappings. Here we use a stationary version of the
experiments in Vernade et al. (2020)—see Table B.1 in Appendix B.4 for details. We set K = 4 and
S = 3, while we repeat this experiment for the previously mentioned values of delays. Figure 3.2
shows that, across all delay regimes, MetaBI0 largely improves on the performance of DAda-Exp3 by

exploiting intermediate observations.
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Figure 3.2: Cumulative regret over time for the stochastic action-state mapping when delays are
fixed or random.

Experiment 2: adversarial action-state mappings. In this construction, we simulate the
adversarial mapping using a construction adapted from Zimmert and Seldin (2021): we alternate
between two stochastic mappings while keeping the loss means fixed. We set K =4, S = 3, and
we consider multiple instances for the different values of delays as in the previous experiment.
The interval between two consecutive changes in the distribution of action-state mappings grows
exponentially. See Table B.2 in Appendix B.4 for details. Figure 3.3 shows that MetaBI0 and
MetaBIO with “skipping” outperform both UCB1 and NSD-UCRL2.

Experiment 3: utility of intermediate observations. Here we set K = 8, d = 100, and investi-
gate how the performance of MetaBIO changes when the number S of states varies in {4, 6,8,10,12}.
The mean loss is always 0.2 for the optimal state and 1 for the others. The optimal action always
maps to the optimal state. The suboptimal actions map to the optimal state with probability 0.6
and map to a random suboptimal state with probability 0.4. This implies that the expected loss of
each arm remains constant when the number of states changes. Figure 3.4 shows that the regret
gap between MetaBIO and DAda-Exp3 shrinks as the number of states increases. This observation
confirms our theoretical findings about the dependency of the regret on the number of states, which

leads to a larger improvement the fewer they are.
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Figure 3.3: Cumulative regret over time for the adversarial action-state mapping when delays are
fixed or random. All algorithms have small variance except for UCB1 and NSD-UCRL2.

Experiment 4: performance of AdaMetaBIO when S < d. We use the same setting as in
Experiment 1 with delay d = 20.} Figure 3.6 shows the performance of AdaMetaBIO compared
with both DAda-Exp3 and MetaBIO. Before the switching point, AdaMetaBIO runs DAda-Exp3 (up
to independent internal randomization). Afterwards, AdaMetaBIO switches to MetaBIO (which in
turn runs DAda-Exp3 as a subroutine) and quickly aligns with its performance. Note that, at the
switching time, AdaMetaBIO uses (via MetaBIO0) the same instance of DAda-Exp3 that was already
running, rather than starting a new instance. It can be shown that our analysis of AdaMetaBIO

applies to this variant as well without changes in the order of the bound.

Experiment 5: performance of AdaMetaBIO when S > d. We use a setting that is almost
identical to that of Experiment 3, except we set d = 4 and S = 14. The performance of the three
algorithms is shown in Figure 3.5. We can observe that AdaMetaBIO does not switch to MetaBIO

and its performance is thus the same as that of DAda-Exp3, whereas MetaBIO0 incurs a larger regret.

fCompared to the switching condition used for the analysis of AdaMetaBIO, we replace 4957 In SSTT with ST. This
change allows the switching condition to be triggered more easily to provide a better visualization of the behaviour of
AdaMetaBIO0, while it only introduces a polylog factor in its regret bound.
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Figure 3.4: Cumulative regret over time of both DAda-Exp3 and MetaBIO0 with different numbers of
states S € {4,6,8,10,12}.
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Figure 3.5: Cumulative regret over time of Figure 3.6: Cumulative regret over time of
DAda-Exp3, MetaBIO and AdaMetaBIO when DAda-Exp3, MetaBI0 and AdaMetaBIO. The ver-
S >d. tical blue line marks the switching point of
AdaMetaBIO.

37



3. Exploiting Intermediate Feedback in Multi-Armed Bandits with Delayed Feedback

38



Chapter 4

Distributed Online Convex Optimization
under Stochastic Agent Availability and

Random Networks

4.1 Introduction

In this chapter, we study a variant of distributed online convex optimization (DOCO) in which
agents may not be available at every time step. When inactive, an agent neither contributes to the
regret nor can it communicate with its neighbors. In practice, this scenario may arise due to machine
failures, disconnections, or devices (e.g., mobile phones) being turned off. While the problem of
intermittent agent availability has been investigated before in distributed convex optimization (Gu
et al., 2021, Wang and Ji, 2022, Yan et al., 2024), we are not aware of any such study in the online
framework. More specifically, we consider random agent activations where, in each round, each agent
v becomes independently active with some unknown probability p,. As a consequence, the active
communication network at time ¢ becomes stochastic, as it is induced by the random subset of active
agents at time t. Because the number of active agents is a random variable, to ensure a uniform
scaling of losses across time steps we define the global loss function as an average (as opposed to
a sum) over the active agents. The individual regret of an agent w is then defined as the regret
they accumulate with respect to this global loss function, but only during time steps in which they
are active. On average, this corresponds to p, T time steps, implying that expected regret bounds
should be compared to v/p,T, the typical regret rate in the absence of communication constraints.
This notion of regret subsumes the standard notion of regret used in DOCO. We also introduce an
alternative notion of regret, called network regret, which rather than relying on one single agent,
is a cumulative average over active agents. The network regret accounts for (1 —[Lyey (1= pv)) T
time steps in expectation, which under some mild assumptions is close to T'.

To propagate information about local losses, a possible approach is to use message passing. While
it may seem adequate, it comes with significant drawbacks: in dense networks or when activation
probabilities are high, the number of messages becomes prohibitively large; in sparse networks or
with low activation probabilities, agents take too long to gather the necessary gradient information
within a round. Instead, we use standard gossiping techniques (Xiao and Boyd, 2004b, Boyd et al.,
2006) — widely used in DOCO — to aggregate gradient information from neighboring agents.
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4.1.1 Related Works

To contextualize our contributions, we briefly review prior work on DOCO in time-varying com-
munication networks. For space considerations, a more comprehensive literature review, including
additional references, is deferred to Appendix C. DOCO in time-varying networks was first considered
by Mateos-Nunez and Cortés (2014), who proved regret rates under the assumption that the union of
communication networks over any m time steps is strongly connected. Akbari et al. (2015) considered
unbalanced time-varying digraphs. Nedi¢ and Olshevsky (2014) studied a time-varying sequence of
directed graphs that is uniformly strongly connected. Hosseini et al. (2016) proposed a distributed
algorithm that changes the weights on the communication links to adapt to the varying reliability
of neighboring agents. They established the convergence rate of the algorithm as a function of the
underlying network topology. It is worth mentioning that all aforementioned works are restricted
to graphs that evolve deterministically. The work closest to ours is Lei et al. (2020), who studied
the special case where communication networks are Erdos-Rényi graphs, in which each edge has a
probability ¢ of existing at each round. They proposed a gradient descent algorithm and proved
regret upper bounds for the convex and strongly convex case, also extending their result to the
bandit feedback framework. However, Lei et al. (2020) only consider stochastic edge availability.
Our analysis of networks with random node availability provides a set of results that can be applied
to both edge and node availability. In particular, we recover the bounds of Lei et al. (2020) for the

full information setting as a special case of ours.

Main contributions. The main contributions of this chapter can be summarized as follows.

e We introduce two notions of regret relevant in the presence of random activations. The first,
individual regret, is a natural extension of the standard regret used in DOCO, enabling direct
comparison with state-of-the-art results. The second, network regret, is defined as a cumulative

average over the active agents at each time step.

e We analyze Gossip-FTRL, a distributed variant of the FTRL algorithm for online convex
optimization, and establish general upper bounds on both individual and network regret for

arbitrary connected communication graphs G and arbitrary activation probabilities.

e In the p-uniform case (activation probabilities equal to some known p > 1/N), the expected
individual regret of our algorithm is bounded by ﬁ—pN 1/4p1/4/T where T is the known time
horizon, N is the known number of agents, and p is the unknown spectral gap of the expected

gossip matrix supported on the active agents.

e For a standard choice of the gossip matrix, we show that 1%/) is of order x(G)/p?, where x(G) is

the condition number of G *. The maximal individual regret is bounded by O (;gi) NV 4\/T).

We also extend this result to non p-uniform cases and obtain O (Ipp 'f(? N 1/4 \/§> where

I, = P/Pmin is an imbalance factor.

e We provide a lower bound showing that any distributed online algorithm must suffer, on some G,
and for some activation probabilities, a network regret at least of order (n(g))é/ An1/2-6 %\/T
for any 0 < § < 1/2. This is the first lower bound for DOCO with random networks.

*defined more formally in Equation (4.7)
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e We extend our upper bounds to the case where edges are randomly deleted after the selection

of active agents. We thus establish a strict generalization of the results of Lei et al. (2020).

e To provide empirical support to our results, we run experiments on synthetic data comparing
Gossip-FTRL with DOGD by Lei et al. (2020) for different choices of the relevant parameters.

Our most general bounds (Theorem 4.1) hold when agents only know {p, },cy, N and T'. In particular,
agents need not know the structure of G and Gossip-FTRL is run with the same initialization for all
agents. The more refined bounds in Corollary 4.2 and Corollary 4.3 also need preliminary knowledge

of the spectral gap of G (or a suitable bound on it).

Technical challenges. The main technical challenge lies in controlling regret when the set of
active agents varies randomly over time, unlike in standard DOCO. Partial participation impacts
the rate of consensus and requires adapting the standard regret decomposition—into the regret of a
virtual omniscient agent and the deviations from it—to handle random activation. Key hurdles in
tightening the upper bounds are: (i) bounding deviations from the virtual agent so that the bound
scales with the number of active agents |S;| rather than N; and (ii) bounding the virtual agent’s
regret in terms of the imbalance in activation probabilities, instead of V.

The lower bound also introduces novel technical difficulties: while previous arguments rely on
deterministic feedback delays induced by the graph structure (e.g., bottlenecks), our setting requires
accounting for stochastic feedback delays due to random agent activations, necessitating nontrivial

probabilistic arguments in the analysis.

4.2 Problem Setting

In multi-agent online convex optimization, agents are nodes of a communication network represented
by a connected and undirected graph G = (V, ), where V = {1, ..., N} = [N] indexes the agents and
the edge set € defines the communication structure among agents. We use N, = {u € V : (u,v) € £}
to denote the neighborhood of v € V. Let X C R”™ be the agents’ common decision space, which we
assume to be convex and closed. At every round t = 1,2, ..., each agent v € V becomes independently
active with fixed probability p,. Without loss of generality, we assume py;n = min, p, > 0 and, for
simplicity, >, py > 1 (otherwise less than one active agent would be active per round on average).
Note that this implies ppax = maxy, py > % We call p-uniform the special case when p, = p for
all v € V. We assume that active agents v know which of their neighbors in N, are active. Let S; be
the set of active agents at time t and & = € N {(u,v) : u,v € S} be the set of active edges at time
t, i.e., edges in £ whose both endpoints are active in that round. An adversary sets an unknown
sequence £1(v,+),la(v,"),... of local losses ly(v,-) : X — R for each agent v € V. The adversary
is allowed to observe (Sj)r<¢ before setting ¢;(v,-). For all t > 1 we assume ¢;(v, -) is convex and
L-Lipschitz with respect to an arbitrary norm || - ||.

We say that a doubly stochastic matrix W} is a gossip matrix for the set S; of active agents at time
t if Wi(v,v") = 0 for all distinct v, v € V such that (v,v") & &. Let Wi be a random gossip matrix
(with respect to a graph G and activation probabilities p, for v € V) and define p = /Ao (E[W,W[]),

for i.i.d gossip matrices W;, where we denote by A;(+) the i-th highest eigenvalue of a matrix (keeping
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track of multiplicity). Clearly, 0 < p < 1. In what follows, we often write p leaving G and {py }yey
implicitly understood from the context.
Next, we define the distributed online optimization protocol used in this chapter.
At eachround t =1,2,....T,
1. Each active agent v € Sy chooses an action = = x(v) € X and observes the gradient V£, (v, z)
of the local loss ¢;(v,-).
2. Each active agent v € S; sends a message z¢(v) to their active neighbors and uses the messages
received from the active neighbors to compute a new message z;11(v).
Note that this protocol implicitly defines an active communication graph G; = (S, &) for round ¢.
As the number of agents that incur loss in a step is a random variable, we define the network loss at
step t as the average over the active agents of the local losses in that round,
O(
E 1;& t
and let £2°%((),-) = 0. Hence, unlike the standard DOCO model where £§°" scales linearly with N, in

our model £ is independent of N.

gnet St ,

The performance of each agent is evaluated using the individual regret Regy(u) defined by

Regp(u) = Z Enet(St,xt(u))fglin Z E?et(St,x),

ex
t<T: ueSt t<T: ueSt

for all w € V. In this chapter, we provide uniform bounds in high probability and in expectation for

the individual regret of any u € V.

Remark 4.1. When pnin = 1, we recover the standard DOCO setting Yan et al. (2013), Hosseini
et al. (2013) and our regret Regp(u) becomes

reX

T
Z 03 (V, z¢(u)) — min Z 0t W, ) . (4.1)
t=1

In standard DOCO, (7" is a sum over the N local losses. The resulting regret Regl is then defined
by
T
/
rgleagcz Z G (v, (v ;Iél;(lz Z TG (4.2)
t=1v'ey t=1v'€y

Hence, when pmin = 1, max,ecy Regp(u) = Regln/N. Recently, Wan et al. (2024a) proved that
Reg/r(u) = (:)(N(l — ,0)*1/4\/?) where the upper bound relies on accelerated gossiping and © hides
factors logarithmic in N. They also proved a lower bound on(N(l - p)*l/‘lﬁ) that consequently
also holds up to a factor N for the individual regret when pmin = 1.

Remark 4.2. We sometimes refer to the network regret Regh, as opposed to the individual regret.
It is defined as

Z Zgnet St,xt ) _iréi;? ’St|£net(st, z)

th uEV

which should not be confused with the average of the individual regret across agents. In general, there
is no clear ordering between the network regret and the maximal individual regret. For the p-uniform

case, for example, when p is large, we expect the mazximal individual regret to be larger, since it is
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Algorithm 4.1: Gossip-FTRL An instance of this algorithm is run by each agent v € V.

1: Input: Learning rate n > 0
2: Initialize: z;(v) =0

3: fort=1,2,...do

4: if v € S; then

5: Predict

24(v) = arg min {(zt(v), z) + ;w(x)}

zeX

6: Observe g;(v) = Vi (v, z4(v))

7 Send z¢(v) to N, N Sy

8: Receive and store z(j) from j € N, N Sy

9: Compute W (v, j) > 0 for j € N, NS

10: Update zi4+1(v) = > icprns, Welv, 3)z(d) + g:(v)
11: else

12: zir1(v) = z(v)

the case when p = 1, while for small values of p, we expect it to be smaller, since it only accounts for
a fraction p of the time steps. In presenting our main results, we focus on the notion of individual
regret to remain consistent with prior work. Nevertheless, we obtain counterparts of our upper bounds
for the network regret.

Note that the network regret defined here bears similarities with that of Cesa-Bianchi et al. (2020),
and even reduces to theirs if all the local losses are identical. However, their setting is not comparable
with DOCO, precisely because losses in DOCO are agent-varying. In their setting, agents can achieve
an expected network regret of order O(V/T) even without communicating. In DOCO, instead, ignoring

communication leads to a linear expected network

4.3 The Gossip-FTRL Algorithm

We assume each agent runs an instance of Gossip-FTRL (Algorithm 4.1), a gossiping variant of
FTRL with a regularizer ¢ : X — R that is p-strongly convex with respect to the same norm || - ||
with respect to which the Lipschitzness of the losses is defined. Our analysis depends on the choice
of 1 only through u and the diameter D? = max,cx ¥(x) — ming ey 1(z'). At any time step ¢, the
instance of Gossip-FTRL run by an active agent v computes a weight vector Wy (v, -) over the set
N, N Sy of active neighbors. In the section about the gossip matrix, we introduce a simple way of
choosing these weights so that the gossip matriz Wy(-,-) is an i.i.d. doubly stochastic matrix, which
is a requirement for our analysis.

The algorithm considered here is a natural extension to arbitrary regularizers and random
activations of those traditionally used for DOCO, e.g., (Hosseini et al., 2013), but the optimal choice

for the learning rate is different, as it depends on the activation probabilities.

4.4 Upper Bounds

Recall that at each round, each agent v € V is independently active with probability p,. Let p be

the average of these probabilities. The next result establishes an upper bound on the expected
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individual regret of Algorithm 4.1 (all missing proofs are in Appendix C).

Theorem 4.1. Assume each agent runs an instance of Gossip-FTRL with learning rate n > 0 and

1.4.d gossip matrices Wy. Then, the expected individual regret for each w € V can be bounded by

D?I, L?
E[Regy(u)] < =2 + =16 + 21, + 3pu /PN )T, (4.3)
oo 1—p
where p = \/ \(E[W1W']), and I, = p/pmin is an imbalance factor. In the p-uniform case, we have,
for allu eV,
E[R ()]<D—2+L—2(8+3\/ N2 7 (4.4)
egr(w)] <+ = PVPN )T . .
If, in addition, n = % , then for any u € V,
DL 1
E[Regp(u)] < 2vV2==NV4pl/4t_— /T, 4.5
[Regr()] < 230N p!/ (4.5

Note that, in the p-uniform case, even lacking any knowledge on p, except for pN > 1, one can
set = (D/L)N'Y4\/u/T and get the suboptimal bound E [Regy(u)] < 8DLN%1%p\/m.

In the first bound of Theorem 4.1, the presence of the imbalance factor shows that the regret
grows with the heterogeneity of the activation probabilities p,.

The bounds of Theorem 4.1 capture the structure of G through the reciprocal of the spectral
gap l%p. In the section on the gossip matrix, we give upper bounds on lflp for an appropriately
chosen gossip matrix W;. Specifically, combining Equation (4.3) with Theorem 4.3 and choosing an

appropriate 17 which only requires knowing puin, P, IV, and the spectral radius of G we get,
T
max E[Regy(u)] = O DLIpﬁJ(ig_zélNl/‘* =, (4.6)
u€ey PminP / H

as proved in Corollary 4.2, where k(G) is the condition number of Lap(G), i.e.

#(9) = Mi(Lap(G))/An-1(Lap(G)) (4.7)

(note that Ay (Lap(G)) = 0) and represents a notion of connectivity of G (a smaller value of x(G)
corresponds to better-connected graphs). Together with the assumption that ) p, > 1, this
also yields maxueyE[RegT(u)] =0 (DLI]D]@NI/2 \/%) . This bound holds in particular when

min

Pmax = 1. When p, = p, Bound Equation (4.6) is replaced by O <DL;§§4) N1/4\/m), as proved in
Corollary 4.2. This makes us lose a factor p®/# with respect with the bound @ (\/ﬁ ) for the case
when all losses are equal across agents, which cancels the need for communication.

Comparison with previous bounds.

To compare with previous results, we restrict our analysis to the special case when p, = 1 for all
v € V. In this case, our bound Equation (4.5) is of order of N1/41%p\/f This matches the upper
bounds of Hosseini et al. (2013), Yan et al. (2013)—recall that our global loss is divided by the
number of active agents, so the upper bounds for the standard DOCO setting must be divided by N.

If the active graph G; is an Erd&s-Rényi random graph with parameter ¢, our setting reduces to
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that of Lei et al. (2020) for convex losses and full feedback. As shown later in the section on random
edges, our analysis recovers the upper bound of order %lepp\/f in (Lei et al., 2020, Theorem 1)
when 7 is tuned based on N. In Corollary 4.3, we also prove a general bound that holds for all p and
q and where p is expressed in terms of simple graph-theoretic quantities. When p =1 and ¢ =1,
Wan et al. (2024a) recently showed that using accelerated gossip one can achieve a bound of order
(1 — p)~Y*In NVT when 5 is tuned based on both N and p. Under the same tuning assumptions,

our bound Equation (4.5) is instead of order N1/4, /ﬁT.

Network regret. The network regret may be bounded as E[Reg?pet] < % + LTQW(G + 21, +
3PN ?%)T (Theorem C.1 in Appendix C). When ppax = 1, this matches the bound of Theorem 4.1,
indicating that the difference between the bounds primarily arises from the individual regret
being accumulated over fewer time steps. In the p-uniform case, the network regret becomes
O(DLN1/4p_5/4\/W) with the right 7.

Trade-off between regret and communication. While the activation probabilities are
exogenous variables that cannot be tuned, it is interesting to compare their effect on regret and
communication costs (measured as the expected number of simultaneously active pairs of agents
in each round). In particular, while the maximal individual regret scales with x(G)/p*/* in the
p-uniform case, the communication cost scales with p?|&|.

High probability upper bounds. In the Appendix, we complement these results with high prob-
ability guarantees showing that the individual regret is upper bounded by O (DL\/W / m) In(NT/6)
with probability larger than 1 — é. The degradation of the bound with respect to the dependence on
N and p is natural, since the analysis must involve high-probability upper and lower bounds on |Sy|,

which yields a dependence on IV instead of p.

4.5 Lower Bound

We provide a generalization of the lower bound from Wan et al. (2024a) to the case of random agent

availability.

Theorem 4.2. Let A be any algorithm for D-OCO on the decision set X. Let N = 2(M + 1), where
M > 4 is an even integer, and suppose T > N3. Then, there exists a graph G with N nodes and
a set of activation probabilities {p, | v € [N]} with pninlN > 1, and sequences of linear functions
{l(v, -)}tT:1 , with each £y (v,-) chosen adaptively based on (Sk)k<t, and satisfying ||V (v,-)|l2 < L,
such that the expected individual regret of A satisfies:

max E[Regp(u)] > DL k(G)*?N1/2=°/T

u€[N] 27pmin

forall0 < 4§ < %, while the imbalance factor satisfies I, = Q-Fp%({\f—?) < 3.

This result justifies the 1/ppnin scaling in the upper bound for the non-uniform case Equation (4.6).
Notably, this dependence is not due to the imbalance factor, which remains below 3 in this setting. It
shows that the dependence on {p, },cy obtained in Equation (4.6) is only suboptimal by a factor of
1/p'/*. The dependence on £(G) and N is inherited from the lower bound established for standard
DOCO in Wan et al. (2024a). The full proofs are deferred to Appendix C.5.
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4.6 The Gossip Matrix

Following the literature on gossip algorithms, we set
Wt = IN — bLap(gt) s (48)

where G, = (V, &) and b > 0 is a parameter set so that b < 1/A;(G;). One can easily verify that this
a gossip matrix for S;. Indeed, it is a symmetric and doubly-stochastic matrix, whose off-diagonal
elements W, (i,j) are zero whenever either i or j are not in S;. In particular, W; is nonnegative
because A1(G;) < A\1(G), since Gy is obtained by removing edges from G. Note also that by knowing b
and its active neighborhood, an agent v can compute Wy (v, -), as required by Gossip-FTRL. Finally,
since the sets S7, S9,... of active agents are drawn i.i.d., the matrices Wi, Wo, ... are also i.i.d.

A general bound on p. The following result provides a general upper bound that, when applied
to the bounds of Theorem 4.1, characterizes the dependence of the regret both on the probabilities
py and on the graph structure (through the Fiedler value Ay_1(G) or the condition number x(G)).
The full proofs in this section are deferred to Appendix C.6.

Theorem 4.3. If W; is set according to Equation (4.8), then

p* <1 =bppinAn-1(9) - (4.9)
Moreover, for b=1/\1(G) we have
2
2<1— fmin 4.10
r=1-00) (4.10)

This choice of b, which is the best possible under the constraint that the gossip matrix is
nonnegative, reveals that the regret is naturally controlled by the condition number of G.

In the p-uniform case, we can refine this and obtain a closed-form expression for p.

Theorem 4.4. If W, is set according to Equation (4.8), and b = 1/A1(G), then in the p-uniform

case we have

5 _ 2p* ( 1—p p )
pr=1- 1-— — :
K(9) M(G)  26(9)
Wether in the p-uniform case or not, we can always derive the following bound on the factor

1/(1 — p), which appears in Theorem 4.1.

Corollary 4.1. If W, is set according to Equation (4.8) and b =1/A1(G), then

BLNICN
1_/) N pr2nin

Combining this with Equation (4.4), we immediately get the following result.

Corollary 4.2. Assume each agent runs an instance of Gossip-FTRL with learning rate n > 0. If
the gossip matriz Wy is chosen as in Equation (4.8) with b =1/ (G) and n tuned with respect to
{pv}vey and N, the expected individual regret can be bounded by

uey Pmin

max E[Regy(u)] = O <DLIp/{(]g53/4N1/4\/T/M) , (4.11)
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in the general case and

max E [Regy(u)] = O (DL’;gi)Nl/‘l\/T/u> (4.12)

uey

in the p-uniform case, for all p < 1.

The bounds in Equation (4.11) and Equation (4.12) capture the intuition that bottlenecks in G
(causing a small Fiedler value or a high condition number) negatively impact the regret due to a
slower propagation of the information in the network.

Note that the appropriate choice of i only requires knowing pmin, p IV, and the spectral radius
of G

Spectral properties of the gossip matrix in the p-uniform case. To better visualize the

dependence on the graph structure, we study specific graphs of practical importance. Specifically,

we give results in the p-uniform case for cliques, strongly regular graphs, and grids (see Figure 4.1).
Clique. We have A\{(G) = Any_1(G) = N and

2(1-p)

2 2, ,2

=1-2 .

p P~ +Dp < N +p>

Strongly regular. Let G be strongly regular with parameters k (the degree of any node), m (the
number of common neighbors for any two adjacent nodes), and n (the number of common neighbors
for any two nonadjacent nodes). Then A\(G) =k — s, Ay—1(G) = k —r, and

-r
2

p,
s

k
21—
p —_ k—

m—n+4/(m—n)2+4(k—n)
r= 5 ,

where m—n—y/(m—n)2+4(k—n)

5§ = 5
In particular, when G is the lattice graph, i.e. the graph with vertices [M]? and an edge between

any two vertices in the same rows or columns (yielding k¥ = 2M — 2, m = M — 2 and n = 2),
p<1-gp°

2-dim grid. We have A\1(G) =4 —4cos(m(M — 1)/M) and An_1(G) = 2 — 2cos(w/M), where
M = +/N is the grid side length. Then

1 — cos(m/M) ?

P g st (M — 1)/30)

Note that 5— i(;c(;s((&/ﬁ;/m ~ ﬁ, which goes to zero when M — oo.

Figure 4.1 shows the empirical behavior of p? for b = 1/A1(G). The quantity p? is the second
eigenvalue of W2 averaged over 1000 different draws of active agents, where each agent is activated
with probability p ranging from 0 to 1. We also plot the exact value p? (Theorem 4.4) and its upper
bound p3, Equation (4.10).

Figure 4.1 reveals that for dense graphs, p? decreases quickly as p — 1, implying a better
regret rate. For the clique we have p = 0, implying an expected regret rate of order v/T, which is
independent of N—see Equation (4.4). On the other hand, in sparse graphs p may remain high. For
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example, in the grid p > 0.9 for all p. Note also that pﬁp approximates p? well, especially when p is

small.

4.7 Random Edges

We now study a setting where, after agents are activated, edges between pairs of active agents are
independently deleted with probability 1 — q. More specifically, given a graph G = (V, ), the active
graph G; = (S, &) at time t is defined by Pr((i,j) € &) = q Pr(i,j € S)I{(i,j) € £}. When
Pr(i,j € S¢) =1 for all distinct i, 5 € V we recover the model of Lei et al. (2020). To simplify, we
only consider the p-uniform case. In that case, we write G; ~ G(G, p,q). Note that G1,Gs, ... is i.i.d.
because S1,S2, ... is i.i.d.; moreover, if W; is chosen as in Equation (4.8), then Wi, Wa, ... is also an
i.i.d. sequence. Using Equation (4.4), we can prove the following result. The full proofs are deferred
to Appendix C.7.

Corollary 4.3. Assume each agent runs an instance of Gossip-FTRL with learning rate n > 0. If

the gossip matriz Wy is chosen as in Equation (4.8) with b =1/X(G), then

o 2% (. l-pg  pq
) <1 M(G) 2m<g>>'

By tuning n with respect to p and N ,the expected individual regret of each uw € V on G1,Ga, ... drawn
i.i.d. from G(G,p,q) can be bounded by

o 1/4
E[Regr(u)] = O < (qg) ];73/4 ﬁ) . (4.13)

4.8 Experiments

We empirically evaluate our theoretical results on synthetic data. As the closest setting to ours
is the one considered by Lei et al. (2020), we compare Gossip-FTRL with DOGD. Recall that while
Gossip-FTRL can deal with arbitrary values of p and ¢ in (0, 1], DOGD is designed for settings with
p =1 (agents are always active) and 0 < ¢ < 1 (edges of G are active with probability ¢). To run
DOGD when p < 1, we feed a zero gradient vector to instances run by agents that are inactive in that
round. Our synthetic data are generated based on the distributed linear regression setting of Yuan
et al. (2020). In particular, the agents’ decision space X is the 10-dimensional Euclidean ball of
radius 2 centered at the origin. The local loss functions are £,(v, z) = 3 ((w(v), z) — yt(v))2 for all
v eV and x € X. The feature vectors wy(v) are generated independently, by picking each coordinate
independently and uniformly at random in [—1,1]. The labels y;(v) are generated according to
Yt (v) = e¢(v) for 1 < v < [N/2] and y(v) = (we(v), 1) + €¢(v) for the remaining agents, where e¢(v)
is independent Gaussian noise (zero mean and unit variance). As it corresponds to roughly 7" rounds
(as opposed to pT') and offers greater practical relevance, we opt to report the network regret rather
than the individual regret.

Each of the following experiments is run with |V| = N = 36 and 7" = 1000. Plots are averages over
20 repetitions, where repetitions use the same labels and feature vectors and only agent (and possibly

edge) activations are drawn afresh in each repetition. Both algorithms are tuned according to the
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theoretical specifications (ignoring constant factors): we set n = p 3/AN-VAT=1/2 for Gossip-FTRL
(see the optimal setting of 7 for the network regret in Theorem C.1) and n = N~'/4T~1/2 for DOGD.

Our experiments show that Gossip-FTRL performs consistently better than DOGD, although the
difference is not huge. Both algorithms are surprisingly robust to sparsity induced by low values
of ¢ when G is dense (Figure 4.2a and Figure 4.2c). When G is sparse, the regret goes up much
more quickly as g becomes smaller (Figure 4.2b and Figure 4.2d). Figure 4.3 shows the behavior
of Gossip-FTRL and DOGD on a grid for pairs (p,q) in the set {0.4,0.6,0.8}2. In Figure 4.4 the plot
of the network regret for Gossip-FTRL is consistent with Regi scaling with ﬁ as predicted by
the third bound of Theorem C.1 Equation (C.7)—at least for sufficiently small values of p—and
DOGD exhibits a similar behavior. Finally, Figure 4.5 shows the impact of Ax_1(G) on the network
regret of Gossip-FTRL. The regret decreases as Ay_1(G) is increased by adding more edges to the

bottleneck between the two cliques.
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Figure 4.1: Empirical estimate p compared to p and the upper bound p,, Equation (4.10) for
b=1/A1(G) plotted as a function of p € [0, 1].

50



4.8. Experiments

140 140

120 120

100

. 80 _ 80
i 25
& 60 = 60

40 40

—— Gossip-FTRL —— Gossip-FTRL
2 —— DOGD . —— DOGD
0 0 200 400 600 800 1000 0 0 200 400 600 800 1000
T T
(a) Clique p =0.5,q = 1. (b) Grid p = 0.5, = 1.

140 140

120 120

100 100
.80 _ 80
e e
= 60 = 60

40 40

—— Gossip-FTRL —— Gossip-FTRL
2 —— DOGD . —— DOGD
0 0 200 400 600 800 1000 0 0 200 400 600 800 1000
T T
(c) Clique p = 0.5,¢q = 0.05. (d) Grid p = 0.5, = 0.5.

Figure 4.2: Growth over T' = 1000 steps of the network regret of Gossip-FTRL and DOGD on a clique
and on a grid for N = 36 and for different choices of p, g.
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Figure 4.3: Network regret of Gossip-FTRL and DOGD after T' = 1000 steps on a grid with N = 64.
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Chapter 5

Distributed Online Convex Optimization
with Delayed Feedback

5.1 Introduction

In practical distributed systems, local delays are ubiquitous and stem from factors such as fluctuating
connectivity reliability, varying processing and computation times across heterogeneous devices,
queuing latency in congested network links, or even delays introduced by human-in-the-loop feedback.
These delays can significantly degrade learning performance and raise fundamental challenges for
algorithm design. While the impact of delays has been extensively studied in centralized online
learning settings (see in Chapter 2), the interplay between decentralization and delayed feedback
introduces unique complexities that remain less understood. Several works have considered delays
in distributed settings, but most assume either bounded time-invariant (Cao and Basar, 2022) or
known delays (Nguyen et al., 2024), which fail to capture the uncertainty and variability encountered
in real-world systems. For example, in sensor networks, each node may incur delays both when
acquiring measurements and when processing data (Rabbat and Nowak, 2004, Olfati-Saber, 2007).
Recently, Nguyen et al. (2024) made progress by proposing a distributed algorithm that handles
arbitrary delays in DOCO. However, their approach suffers from two limitations: (i) it requires prior
knowledge of the total delay to set the learning rate appropriately, which is usually unavailable in
practice, and (ii) even with this knowledge, their regret bounds suffer from suboptimal dependencies

on both the total delay and network-dependent parameters. This raises a fundamental question:

Can we design distributed online learning algorithms that adapt to unknown, time- and agent-varying

delays while maintaining near-optimal regret guarantees?

In this chapter, we answer this question affirmatively by developing novel distributed online
learning algorithms that achieve improved regret bounds under unknown, agent- and time-varying

feedback delays. Specifically,

e For general convex losses, we derive an algorithm that achieves a regret bound of 6(\/ N3dyo +

NvVNT
(1_02)1/4
agents, T is the time horizon, and 1 — o9 is the spectral gap of the communication network.*

), where diot denotes the average total delay across agents, N is the number of

*A formal definition of the communication network is introduced in Section Preliminary. We use (5() to hide
logarithmic factors of V.
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Our algorithm is inspired by the recent advance in DOCO (Wan et al., 2024b) but with an
important adaptive learning rate mechanism combined with a distributed communication
protocol, where agents use gossip-based strategies to locally estimate delays without centralized
coordination or prior knowledge of the total delay. Comparing to the results in Nguyen et al.
(2024) whose regret bound is no better than O (%m + ]1\[_\{5 \/T), our result not only
improves upon the regret bound dependency on N and o9, but also eliminates the need for
prior knowledge of delays.! We further complement with a Q(N+v/dio; + NVT/(1 — 02)/*)

lower bound, demonstrating that our algorithm’s dependence on 7" and 1 — o3 is tight.

e We then consider the case where the loss functions are all strongly convex, and extend our
. 3/2 .

framework to derive regret bounds of O <NT5maX In(T) + %), where dmax 1S the

maximum number of missing observations averaged over agents, showing that strong convexity

enables improved regret guarantee under DOCO with delayed feedbacks. We remark again

that our algorithm does not require the knowledge of the total delay.

e Finally, we implement extensive experiments on various network structures and loss functions,
demonstrating superior empirical performances of our proposed algorithms comparing to

existing baselines.

5.1.1 Related Works

Distributed online convex optimization Distributed online convex optimization (DOCO) is
a framework in which multiple agents cooperatively solve an online optimization problem over a
network, without relying on a central coordinator. Early foundational work in distributed optimization
focused on offline settings, leveraging techniques from gossip algorithms — originally used to achieve
consensus (i.e. local convergence to an average  when each agent u in a graph holds static local
information z(u)) — to enable distributed optimization Boyd et al. (2011), Nedic and Ozdaglar
(2009a). The first formal treatment of the online counterpart was given by Hosseini et al. (2013),
who analyzed a dual averaging algorithm and established sublinear regret guarantees. Specifically,
they showed that a regret bound of order (1 — o3)~'/2y/NT is achievable, where oy is the second
highest singular value of the communication matrix W, whose definition is shown in later sections.
Since then, various algorithmic approaches have been developed, including distributed mirror descent
Shahrampour and Jadbabaie (2018), for which a similar regret rate is provable and accelerated
gossiping for DOCO Wan et al. (2024b). The method from (Wan et al., 2024b) notably improves the
previous regret bound by a factor scaling loosely with v/N/log(N) - (1 — oo(W))~1/4. The DOCO
framework has seen various extensions, including work on settings with random communication
graphs Hosseini et al. (2016), Lei et al. (2020). For a comprehensive overview of such developments,

we refer the reader to the recent monograph by Yuan et al. (2024).

Online learning with delayed feedbacks This chapter is closely related to the literature
on online learning with delayed feedback, initiated by Weinberger and Ordentlich (2002). They
considered the setting with uniform, known per-round delays and proposed a general reduction

to non-delayed online learning. Subsequent studies extended these results to handle non-uniform

tWe also remark that Nguyen et al. (2024) requires S-smoothness for the loss functions for all agents, which is not
assumed in this chapter.
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delays (Joulani et al., 2013). Various aspects of delayed feedback have been explored, including
adaptive regret guarantees (Joulani et al., 2016a), diverse delay structures (Gatmiry and Schneider,
2024, Bar-On and Mansour, 2025, Ryabchenko et al., 2025), and limited-feedback scenarios (Cesa-
Bianchi et al., 2016b, Cella and Cesa-Bianchi, 2020, Zimmert and Seldin, 2020b, Lancewicki et al.,
2022, van der Hoeven et al., 2023a).

DOCO with delayed feedbacks In DOCO with local feedback delays, agents receive the gradient
of their decision after a certain lag. For settings involving time-invariant but agent-specific delays,
Cao and Basar (2022) proposed an online distributed gradient descent algorithm, accommodating
such delays for both convex and strongly convex loss functions. Meanwhile, Mao et al. (2025) studied
online distributed convex optimization under delayed feedback within unbalanced, time-varying
communication graphs. Additionally, Xiong et al. (2023a,b) considered DOCO and its bandit
counterpart with event-triggered communications and delayed feedback. For the more challenging
setting with time- and agent-varying delays, Nguyen et al. (2024) introduced a projection-free
approach; however, their method relies on prior knowledge of the cumulative delay to appropriately
set the learning rate. Beyond local feedback delays, communication delay is also considered in the
literature. For example, Tsianos and Rabbat (2012) analyzed distributed optimization under fixed

communication delays.

5.2 Preliminary

Throughout this chapter, we denote the set {1,2,...,m} for some positive integer m by [m] and let
1 be an all-one vector in an appropriate dimension. For a vector v € R™, denote its i-th entry by
v(i) and for a matrix M € R™*", denote its (7, j)-th entry by M (7, ). In this section, we introduce

the preliminary of our problem.

Protocol In our model of DOCO, agents are organized in a communication network defined by a
connected and undirected graph G = (V, ). The node set V = [N] corresponds to the N agents,
and £ denotes the set of edges indicating permissible communication among agents. We use V and
[N] interchangeably throughout the chapter. Each agent u € V is associated with an arbitrary and
unknown sequence of local loss functions €1 (u,-),la(u,-),...¢r(u, ) decided by an adversary, where
li(u,-) : X CR™ — [0,1] for t € [T] has a bounded feasible domain and is L-Lipschitz with respect

to 3 norm.

Assumption 5.1 (Bounded domain). The common decision space X C R"™ is convex and closed.
Let D = sup, ey ||z — yll2 be the diameter of X and 0 € X'

Assumption 5.2 (Lipschitzness). For everyt € [T], we assume that {(u, -) is convex and L-Lipschitz

with respect to || - ||2 for all u € V.

The learning protocol of DOCO with time- and agent-varying feedback delays is defined as
follows. The interaction between the agents and the environment proceeds in T rounds. At each
round ¢, each agent u € V selects an action x(u) € X' simultaneously and suffers a loss ¢y (u, x¢(u)).
For each agent u, instead of observing the gradient V/;(u, z;(u)) immediately in the standard OCO

setting, agent u observes this gradient information at the end of round t + d¢(u). Without loss of
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generality, we assume that ¢ + dy(u) < T, for all u € V, t € [T] since any feedback received at round
T will never be used in the learning process. In addition, here we consider the anonymous delayed
feedback setting where the agent does not know the time stamp of the received gradient. After
receiving feedback, each agent shares the information it received with its neighbors in G. The goal
for all agents is to minimize each agent’s regret defined as follows, which is in terms of the global

loss function ) ., £ (v, z):

T

Regp(u) £ max (Z Z(ﬁt(v,xt(u)) - Et(v,x))). (5.1)

reX
t=1 vey

We also define Regy £ max, ey Regr(u).

It remains to introduce how agents communicate their information with each other in this
network. Specifically, following previous works of DOCO (Yan et al., 2013, Hosseini et al., 2013,
Wan et al., 2024b), we consider a gossip mechanism, or more specifically, an accelerated one defined

as follows. This mechanism is defined by a communication matrix W constructed based on G.

Definition 5.1. A matriz W € [0, 1J¥*N is a valid communication matriz with respect to G = (V, )
if W satisfies that (i) W(u,v) =0 if u # v and (u,v) ¢ E; W is symmetric and doubly-stochastic
meaning that (ii) W(u,v) >0, Yu,v € V; (iii) W(u,v) = W(v,u), Yu,v € V; (iv) Y o, W(u,v) =
1, Yu € V. Consequently, a valid communication W is positive semi-definite with 0 < oo(W) < 1

where ao(W) is the second-largest eigenvalue.

A typical construction of this matrix is as follows:
W =1y —c-Lap(G), (5.2)

where Iy € RV*YN denotes the identity matrix and Lap(G) denotes the Laplacian of the graph G
with Lap(G)(i,i) = deg(i) for all i € V, Lap(G)(i,j) = —1if i # 4, (3,4) € &, and Lap(G)(i,7) =0
if i # j5,(4,7) ¢ €. c is a certain constant such that 0 < ¢ < 1/01(Lap(G)), with o1(Lap(G))
being the largest eigenvalue of the Laplacian Lap(G). In particular, building row W (u,-) defined in
Equation (5.2) only requires knowing agent u’s direct neighbors.

Based on this communication matrix W, whose u-th row is given to each agent u at the beginning
of the learning process, the gossip communication process is defined as follows. Suppose there are
N vectors {x(u)}yep for each agent where x(u) € R™ represents the information agent u wants to
communicate. In the context of DOCOQO, this information can correspond to various quantities such
as predictions (Shahrampour and Jadbabaie, 2018) or loss gradients (Hosseini et al., 2013). In order
to approximate the averaged vector Z = % >_, ., #(u), Liu and Morse (2011) considers the following

accelerated gossip process:

) = (1+0) > W(u,v)ak(v) - 025 (u), (5.3)
vEN,

for k > 0 where 2°(u) = x(u) for all u € V, N, = {v: (u,v) € €} U {u} the set of neighbors of
u according to G, and € > 0 is the mixing coefficient. Let X* € RYX™ be a concatenation of
{2¥(u)}uey and X = Z1T. Ye et al. (2023a) shows that X* converges to X in a linear rate.
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Proposition 5.1 (Proposition 1 in Ye et al. (2023a)). The iterations of Equation (5.3) with

0 = (1 ++1- U%(W))il ensure that

|xt - x| < vz | x°- x|,
F

for any k € N, where b = (1 —(1-1/v2){/1 - @(W)) and || - || denotes the Frobenius norm of

a matriz.

Other Notations Let 0 be an all-zero vector in an appropriate dimension. For each agent
u € V, define set oy(u) = {7 € N: 7+ d;(u) <t} C [t — 1] to be the set of rounds for agent
u whose gradients are observed before round ¢, and let m;(u) = [t — 1] \ o4(u) be the set of
rounds for agent u whose observation is yet to be received at the beginning of round ¢. Define
Omax = MaX;c[7] + > uev Imu(u)| to be the maximum number of per-round missing observations
averaged over all agents and dyoy = % Ete[T] > ucy di(u) to be the total delay averaged over all

agents.

5.3 DOCO with General Convex Loss Functions

In this section, we study the setting where the loss functions for each agent at each round are convex.
We first consider the case where the total delay dio is known and propose an algorithm that achieves
an O (N Vot + %) regret guarantee. We then extend this approach to the more realistic
case where diot is unknown, using a specific adaptive learning rate tuning. Finally, we provide a
lower bound of €2 (N Vot + ONiﬁ), showing that our upper bound is tight in its dependence

702(W))1/4
on T, diot, and 1 — oo(W).

5.3.1 Non-Adaptive Algorithm with Known Total Delay

When the total delay is known, our algorithm is built upon the algorithm proposed in Wan et al.
(2024b), whose idea is to incorporate the accelerated gossiping process into a blocking update
mechanism to estimate the gradient of the global loss function. Specifically, the algorithm operates in
blocks of size B. Without loss of generality, we assume that T'/B is an integer such that each block

contains exact B time steps. Following Wan et al. (2024b), within each block s € [T/ B], every agent u

k+1

%% (u) using the accelerated

uses a fixed decision z4(u) and iteratively updates an auxiliary variable z

k+1

%+ (u) aims to approximate the

gossip procedure defined in Equation (5.4). From a high level, z
gradient of the global loss function collected from all previous epochs. The parameters § and B are

chosen based on the spectral gap of the communication matrix W, specifically:

B= V2In(V14N) . (5.6)

1
0 = ,
1++/1—a2(W) (V2 — 1)\/1 = oo(W)
After completing all iterations within block s, each agent updates her decision for the next block
by solving a Follow the Regularized Leader (FTRL) Equation (5.5) with learning rate ns(u). Then,
different from Wan et al. (2024b) which aggregates the received gradient within this block, due to the

feedback delay, we compute ys(u) which only aggregates all gradients g,(u) received during block s.
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5. Distributed Online Convex Optimization with Delayed Feedback

Algorithm 5.1: Accelerated Distributed Follow the Regularized Leader with Delayed Feedback
(AD-FTRL-DF) for Agent u.
Initialize: z(u) = 2; ' (u) = 29(u) = 0.
for s=1,2,...,7/B do
Define 7, ={(s—1)B+1,...,sB}
for t € T, do.
Play zs(u) and set k<t — (s — 1)B — 1.
Update 281 (u) using accelerated gossiping:

2 u) = (14+6) > W(u,0)zE(v) — 025 (w). (5.4)
vey

Send z¥*1(u) to every neighbor v € Nj,.

Compute xsy1(u) for next block as follows:

. 1
Zor1(u) = argmin(z (u), z) + 13- (5.5)

reX Ns (’U,)

Aggregate gradients observed during the block:

Ys (u) = Z 9r (u) )

T€0sB+1(u)\o(s—1)B+1(1)

with gr(u) £ Vi (x4 (u)), s(7) is the block 7 lies in.
Compute z;rll (u) and 29, (u) for next block:

2 (u) = 277 (u) + ys(u),
2041 (u) = 27 (u) + ys(u)

This is formalized through the difference set osp1(u) \ 0(s—1)p+1(u), which captures newly received
gradients within the block. Finally, we compute the first two iterates of the subsequent block using
the prior iterates and the aggregated gradient ys(u). In the absence of delay, our algorithm exactly

recovers the algorithm proposed in Wan et al. (2024b).

The pseudo code of our algorithm is formally shown in Algorithm 5.1 and the following theorem
shows that our algorithm achieves O(Nv/dio; + N*/*V/T /(1 — o9(W))"/*) when ns(u) is fixed over

all blocks and is dependent on dy.

Theorem 5.1. Assume each agent w € V runs an instance of Algorithm 5.1 with a valid communi-

cation matrix W, parameters 6 and B defined in Equation (5.6), and a fized learning rate

D

ns(u) =n = -
L\/dyot +VNBT

Then, under Assumption 5.1 and Assumption 5.2, the regret is bounded as

NY4/TIn N ))
(1 — o (W))/*/ /"

(5.7)

Regy = O(DLN( drop +
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5.3. DOCO with General Convex Loss Functions

Furthermore, when dy(u) = d(u) for all t € [T], we have

VIInN
Regr =0 (DLN ( diot + (1 —O'Q(W))l/4>) )

. _ D
with n = IV TBT"

Two remarks are as follows. First, note that Nguyen et al. (2024) considers the exact same
case where diot is known and obtain a regret bound no better than O (%@ 4+ NN \/T)

s
Comparing to their results, our result not only achieves a better dependency on the spectrgal gap
o2(W) and the number of agents N, but also shows that the effects of the delay and those of the
network topology can be decoupled. Specifically, the portion of the regret that does not depend on
the delay scales with N°/4/(1 — UQ(W))1/4\/T in Theorem 5.1 instead of Nv/N/(1 — o2(W))V/T in
their bound. For the delay related terms, our bound does not depend on the spectral gap 1 — oo(W)
while theirs suffer from a suboptimal 1/(1 — o2(W))? dependency. Second, we save an additional
N4 factor when delays are time-invariant and agent-specific. i.e when dy(u) = d(u) for all t € [T).
Specifically, our results improves upon the O(N+/diot + %) achieved by Cao and Basar (2022)
and also matches the lower bound up to logarithmic factors in this setting as will be shown later. In
addition, our bound also recovers the regret bound proven in Wan et al. (2024b) when d(u) = 0 for

all uw e V.

5.3.2 Proof Sketch

The full proof of Theorem 5.1 is deferred to Appendix D and we introduce the proof sketch in this

section. With some calculation we decompose the regret for agent u as follows:

T/B T/B
Regr(u) <> Y (g:(v), 8 —a*)+BLY Y O (||as(v) = Zslla + [[s(u) — 25)),
s=1t€T; ve[N] s=1 ve[N]
S *

where T, = argmin,c v {(3>_,cp ZT€0(3_1)B+1(U) g-(v),z) + %Hx”%} denotes the FTRL decision as-
suming that agent u receives all agents’ gradients that have been observed up to time ¢ and we
use 7) to represent 7,(u) since ns(u) is fixed over all agents and blocks. Intuitively, # accounts for
the regret incurred by the agent if she only suffers from the delayed feedback, while # accounts
for the regret incurred due to the communication among the network. To bound #, following the
analysis on online learning with delayed feedback, we further split it into the regret of the decision
assuming no feedback delay and the distance between the decisions with and without feedback delay.
With some rather standard calculations, the first part can be bounded by O(ND?/n + nBNL?T)
while the second term can be bounded by O(nN L?(ds + BT)).To bound &, we analyze the effect
of gossip-based averaging. While agents can not locally receive the true global gradient, using
accelerated gossip, the disagreement between local and average quantities decays exponentially in B
as shown by Proposition 5.1. Specifically, we show that for any agent v € [N], Zg? |xs(v) — Zs||2
is bounded by O(nv/NTL), which is the main technical part of the proof and require an involved
analysis. When the delay is fixed over all rounds, we further show a tighter O(nTL) bound for
ZSTL f |lzs(v) — Z4||2, which removes an extra /N factor. Finally, picking n optimally leads to our
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final bound.

5.3.3 Adaptive Algorithm with Unknown Total Delay

The main issue with the algorithm described above is that the learning rate choice ns(u) relies on
the unknown total delay diot. To illustrate the difficulty of adaptively tuning the learning rate
with respect to the total delay in DOCO, consider the single-agent setting, where it is indeed
possible to adjust the learning rate dynamically by tracking the cumulative number of the agent’s
own missing observations (McMahan and Streeter, 2014b, Gyorgy and Joulani, 2021). In contrast,
in the distributed setting, each agent cannot directly observe the number of gradients missed by
other agents, and thus cannot directly compute the global cumulative delay. However, note that
diot = + >_uelN] Ethl |m¢(u)|. Therefore, if each agent additionally communicates their own number
of missing observations to others through a gossiping protocol, every agent can well estimate the
total number of averaged missing observations, leading to an estimation of dioy.

Specifically, each agent still runs an instance of Algorithm 5.1 to perform the decision update
and track the average gradients under delay. In addition, each agent also runs an instance of
Algorithm 5.2 in parallel to compute the learning rate by gossiping the number of their own missing
observations with their neighbors. The algorithm is formally shown in Algorithm 5.2. From a high
level, Algorithm 5.2 closely mirrors the accelerated gossip routine of Algorithm 5.1, but instead
focuses on gossiping the cumulative number of missing observations. Concretely, Algorithm 5.2 still
goes in blocks and updates the auxiliary variable ¢* using the accelerated gossiping, which can be
viewed as an approximation of the cumulative missing observations averaged till block s — 1. The
learning rate 7s4+1(u) is then computed by replacing the exact total delay dior used in Equation (5.7)
by this local estimate till block s — 1 as shown in Equation (5.8). At the end of the epoch s, similar
to Algorithm 5.1, we update the first two iterates (_ +11 and ¢ +11 of the subsequent block by adding
the number of missing observations at the end of block s to ¢(Z~1 and ¢Z. This finishes our algorithm
for adaptive learning rate tuning. Each agent u is then supposed to run Algorithm 5.1 alongside
Algorithm 5.2 (with the same 6 and B described in Equation (5.6)) to use 1s(u) computed in
Equation (5.8) to update zs;+1(u). The following theorem shows that with this adaptive learning
rate tuning, we achieve O(N?y/dyor + NY5VT /(1 — 09(W))/4) without knowing .

Theorem 5.2. Assuming each agent u € [N] runs an instance of Algorithm 5.2 with a valid
communication matric W and parameters 0 and B defined in Equation (5.6) together with an
instance of Algorithm 5.1 parametrized by the same W, 0 and B and using ns(u) computed by
Algorithm 5.2. Then, under Assumption 5.1 and Assumption 5.2, the regret is bounded as

~ VNVT
Regp = O <DLN (x/ﬁ@+ a _02(W))1/4>> .

Compared to Theorem 5.1 using a fixed learning rate with prior knowledge of dtot, the degradation
is a factor of v/N in the delay-dependent term and N/4 in the T-dependent term, coming from
some technical issues when using adaptive learning rates. The proof of Theorem 5.2 is provided in
Appendix D. We emphasize that our analysis is non-trivial, which includes (i) a careful bounding on
the gossip-based estimation error of the adaptive learning rate compared to the optimal rate defined

with respect to diot, and (ii) a more involved analysis of the FTRL updates, particularly due to

60



5.3. DOCO with General Convex Loss Functions

Algorithm 5.2: Accelerated Gossip Routine for the Adaptive Learning Rate for Agent u
Initialize: n;(u) = m, ¢ ) = ¢Q(u) = 0.
for s=1,2,...,7/B do
fort=(s—1)B+1,...,sB do
k«t—(s—1)B—1.
Update ¢¥!(u) using accelerated gossiping:

G ) = (14+60) Y W(u,0)¢E(v) = 02" ().

veY

Send ¢¥*1(u) to every neighbor v € N,,.

Count missing observations at the end of the block
QS<U) = ‘msB-i-l (uﬂ

Update

D
Ns+1(u) = .
L\/\/NBT + B - (B(u) + 3sB2

Compute first iterates for next block:

possibly non-decreasing learning rates ns(u).

5.3.4 Lower bound

Finally, we complement our obtained upper bounds with the following Q(Nv/T/(1 — oo(W))Y/* +
N+/diot) lower bound.

Theorem 5.3. Let d be the constant feedback delay suffered by all agents u € [N] in the network.
Then, there exists a graph G = ({0,1,...,N},E&), with N = 2M + 1 where M is an even integer, and
a sequence of L-Lipschitz loss functions {€1(0,-),...,01(N,)},...,{€r(0,-),...,¢p(N,-)} such that

any algorithm has to suffer regret at least:
Regr =9 (LDN (VT/(1 - oa(W)Y/* + VaT))

— 1
where W =1 — m . Lap(g)

Compared to this lower bound, our obtained upper bounds are optimal in the dependence on 7',
1 — 09(W), and diot, though they still incur a gap of polynomial factors in the number of agents N.
We provide a proof sketch here and the full proof is deferred to Appendix D. Our proof is adapted
from the construction in Wan et al. (2024b) which considers a carefully designed problem instance
where the global loss is supported on one half of the graph, while the remaining half consists of agents
with identically zero local loss functions. Focusing on an agent u in the latter group, we observe

that its optimization problem effectively reduces to an instance of online linear optimization (OLO)
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Figure 5.1: Comparison with relevant baselines across three network topologies—complete (left),
grid (middle), and cycle (right)—under convex losses (top row) and strongly convex losses (bottom
row).

with feedback delay. The total delay experienced by agent u in this setting consists of the constant
delay d, combined with a graph-dependent communication delay due to the network structure. The

remaining proof builds on standard lower bound analysis for centralized OLO with delayed feedback.

5.4 DOCO with Strongly-Convex Loss Functions

In this section, we consider the case where all loss functions satisfy a-strongly convexity defined as

follows.

Assumption 5.3 (strong convexity). For everyt < T andv € V, we assume that €;(v,-) is a-strongly

convex: Vr,y € X
o
((v,y) > b(v,2) + (Vi (v,2),y = 2) + S lly — 5.

In order to show an improved regret bound when losses are strongly convex in DOCO with
feedback delay, following the algorithm proposed in Wan et al. (2024b) for strongly convex functions,
we propose our algorithm AD-FTRL-DF-SC outlined in Algorithm 5.3. Compared to AD-FTRL-
DF shown in Algorithm 5.1, there are two key differences. First, the cumulative gradient ys(u) are
replaced by y (u), which includes an additional —aBxs(u) term (Equation (5.9)); second, we do not
need to apply a gossip-based communication among agents to tune the learning rate adaptively but
only need n,(u) = —25 for all u € [N]. The following theorem shows that Algorithm 5.3 achieves

@(% +NInNInT/(ay/1 - g2(W))) regret.

Theorem 5.4. Assume each agent uw € V runs an instance of AD-FTRL-DF-SC with a valid commu-
nication matric W and parameters 6 and B defined in Equation (5.6). Then, under Assumption 5.1,

5.2 and Assumption 5.3, the global regret is bounded as

N(aDL + L?) In(N)
@ <Oé (mdmax + m) In (T)> ’

62



5.4. DOCO with Strongly-Convex Loss Functions

Algorithm 5.3: Accelerated Distributed Follow the Regularized Leader with Delayed Feedback
under Strong Convexity (AD-FTRL-DF-SC) for Agent .
Initialize: z1(u) = 2, *(u) = 2{(u) = 0
for s=1,2,...,7/B do
_ 2
ls = asB
fort=(s—1)B+1,...,sB do
Play zs(u) and set k <t — (s — 1)B — 1.
Update 28! (u) using accelerated gossiping:

) = (14 6) 3 W(u,0) () — 625 (u).
veV

Send z¥*1(u) and z4(u) to every v € N,,.

Compute action z11(u):

. 1
zsp1(u) = argmin(zf (u), z) + — 3.
x€X Ms

Compute augmented aggregated gradients y (u):
v (u) = > 9r(u) — aBzy(u). (5.9)
T€0sB+1(u)\0(s—1)B+1(1)
Compute first iterates for next block:
2o (u) = 277 (w) + y (u),

21 (u) = 27 (u) + yf (u).

where Omax = MaXe[7] %ZUE[N] |m¢(u)|. Moreover, when di(u) = d(u) for all t € [T], define
d= %> ,cpd(v) and the global regret is bounded as

N(aDL+L?) | - In(N)
o (MeDLLI (g, b))

The full proof is deferred to Appendix D. To our knowledge, there are no previous results
for DOCO under strongly convex losses with time- and agent-varying delays. Several remarks
are as follows. First, to interpret the delay-dependent term .y, it is not hard to see that
Omax < % Zne[ N MaXie[T] d¢(u), which is the maximum delay averaged over all agents. Following
Qiu et al. (2025a), we can also show that dyax < v/ Ndiot. Second, reducing to the case where the
delay is time-invariant, we achieve an improved bound compared to Cao and Basar (2022), which
obtained a regret bound of O(%‘Z InT + %fh%) We also recover the bound proven in Wan et al.
(2024b) when d(u) = 0 for all v € [N]. Finally, in Appendix D, we also provide a lower bound of
Q((d+1/(1 — 02(W))?) - Naln(T/d)) when di(u) = d for all ¢ € [T] and u € [N], and all loss
functions are aD-Lipschitz and a-strongly convex, showing that our upper bound is tight with

respect to T, Omax (Since dmax = d in this case), and 1 — oo(W).
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5.5 Experiments

In this section, we evaluate the performance of our proposed algorithms in the delayed DOCO
setting, using two representative sets of loss functions that capture the convex and strongly convex
regimes, respectively.

Setting. To show the algorithms’ performances under the general convex loss case, following

the experiment setup used in Yuan et al. (2020), we define the local losses for all agents v € V as

(v,2) = L ((we(v), ) — ye(v)), (5.10)

where each feature vector wy(v) has independent coordinates drawn uniformly from [—1, 1]. Labels
are generated as follows: for 1 < v < N/2, y:(v) = &(v), and for the remaining agents, we have
yt(v) = (w(v),1) + &(v) with &;(v) being zero-mean, unit-variance Gaussian noise clipped to [—1, 1].

For strongly convex losses, we augment each local loss with an ¢s-regularizer:

b(v,z) = 3 ((we(v), z) — g () + 33 (5.11)

We evaluate the performance of our algorithms and baselines on three network topologies with
N = 36 nodes — the complete graph, in which all agents are connected to one another; the grid,
in which agents are organized in a two-dimensional lattice and communicate with their immediate
horizontal and vertical neighbors; and the cycle, where each agent v is connected to v — 1 and
v+ 1. We use Equation (5.2) with ¢ = 1/N to set the communication matrix W. Therefore,
1/(1 — a9(W))'/* associated to each of the above topologies is respectively 1, 3.40 and 5.87. Each
local delay d¢(v) is independently and uniformly drawn from {0,1,...,50}. All experiments are
conducted over T' = 1000 rounds, and each result is averaged over 20 independent trials. We set the
agents’ decision space to be X = {z € R, ||z|]z < 2}.

Baselines. For the general convex loss setting, we compare our algorithm AD-FTRL-DF (Algo-
rithm 5.1) with adaptive learning rate tuning (Algorithm 5.2) against De2MFW (Nguyen et al., 2024).
In the strongly convex loss setting, we compare our algorithm AD-FTRL-DF-SC (Algorithm 5.3)
against AD-FTRL-DF (Algorithm 5.1) with adaptive learning rate tuning.

Results. Figure 5.1 shows the regret curve (with the shaded area the standard deviation over
20 trials) of our algorithms and the above baselines with losses defined in Equation (5.10) and
Equation (5.11) for all three topologies. From the plots, we observe that for the losses defined in
Equation (5.10), AD-FTRL-DF with an adaptive learning rate substantially outperforms De2MFW
across all network topologies. In the strongly convex loss case, AD-FTRL-DF-SC achieves consistently
lower regret than the baseline AD-FTRL-DF, which matches our theoretical guarantees. Comparing
among different network topologies, for both convexity regimes, the regret is significantly higher
with the grid and cycle graph compared to the one with the complete graph. This is consistent with
the regret dependence on the reciprocal of a power of the spectral gap since the associated spectral

gap for complete graph is smaller than that for grid and cycle graph.
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Chapter 6

Distributed Stochastic Multi-Armed
Bandits Over Random Networks

6.1 Introduction

The emergence of large-scale cooperative systems holds true in various applications ranging from
sensor networks (Ganesan et al., 2004, Zhu et al., 2016) to federated learning (Ye et al., 2023b,
McMahan et al., 2017) and edge computing (Wang et al., 2022a, Ghoorchian and Maghsudi, 2020).
It has naturally motivated interest in distributed multi-agent multi-armed bandit (MA-MAB)
problem, where multiple agents collaboratively learn to optimize rewards. MA-MAB settings
are typically categorized as homogeneous (Landgren et al., 2016a, Martinez-Rubio et al., 2019)
or heterogeneous (Zhu et al., 2021, Xu and Klabjan, 2023), depending on whether the reward
distributions for the same arm are identical across agents. The heterogeneous setting, in which
reward distributions vary across agents, is significantly more general but more challenging, and
thus has attracted growing attention. It introduces substantial difficulties, as agents must make
sequential decisions under uncertainty while relying on limited information about both their own
rewards and the actions or observations of other agents.

Another challenging aspect of MA-MAB lies in the underlying communication protocol, which
constrains how agents share information with one another. Decentralized MA-MAB settings are
more realistic than centralized ones—where all agents can communicate with any other agent—as
they restrict communication to immediate neighbors defined by a graph structure. Much of the
existing work has focused on time-invariant graphs (Zhu et al., 2021), where the communication
graph remains fixed throughout. However, the complexity of many real-world decentralized systems,
such as wireless ad-hoc networks, necessitates the use of time-varying graphs (Zhu and Liu, 2023),
particularly random graphs (Xu and Klabjan, 2023). This added complexity significantly complicates
both the communication and learning dynamics. Notably, (Xu and Klabjan, 2023) is the first to
consider classical Erdés—Rényi (E-R) random graphs in the MA-MAB setting, where any two agents
can communicate with probability p at each time step. However, it is possible that some pairs of
agents can never communicate directly due to inherent topological constraints. This scenario has
been formulated as a more general version of the E-R graph, where two agents can communicate
with probability p only if there is an edge between them in a base graph. Note that when the base

graph is a complete graph, it is equivalent to classical (E-R) random graphs, implying consistency.
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6. Distributed Stochastic Multi-Armed Bandits Over Random Networks

To date, this setting remains unexplored, which motivates our work.

To date, a line of work has studied regret bounds under various graph structures, where
connectivity or sequential connectivity is typically required. For example, in the context of time-
invariant graphs, Martinez-Rubio et al. (2019) and Zhu et al. (2021) analyze distributed bandits
over connected graphs and derive log T regret bounds. For time-varying graphs, Zhu et al. (2025)
obtains logT regret bounds under the assumption of B-connectivity, where the union of any I
consecutive graphs must be connected. In the classical Erdds—Rényi model (Erdos et al., 1960)
over fully connected agent communication, Xu and Klabjan (2023) derive a regret of order logT
, but only under the assumption that p > 1/2 + 1/2y/1 — (¢/NT)¥N-1 which is larger than 1/2 and
can even approach 1 when the number of agents N or the time horizon T is large. This is a strong
assumption, as it may not hold in many real-world settings, but is required in their analysis to ensure
that the graph is connected with high probability. Relaxing this connectivity requirement to allow
arbitrary p presents a significant challenge. Moreover, their regret bound does not reflect how the
link probability p impacts the regret. Incorporating p into the regret expression would significantly
improve our understanding of how to choose p in practice—a gap that remains open. In this chapter,
we address both of these gaps. To this end, we address the following key research question: Can we
solve MA-MAB under new Erdds—Rényi random networks and heterogeneous rewards, and derive

regret bounds that captures graph complexity under much milder assumptions?

Contribution.  We provide an affirmative answer to the above question through the following
contributions. Methodologically, we solve the MA-MAB problem over general Erdés—Rényi communi-
cation networks using a gossip algorithm, which is widely adopted in distributed settings. Moreover,
we adopt an algorithm based on arm elimination with a minimal number of arm pulls required for
each arm to guarantee sufficient information collecting for each agent, which addresses the E-R

communication networks.

Analytically, we study the regret of MA-MAB under our proposed algorithm over general
Erdgs—Rényi communication networks for any p € (0, 1], leading to novel contributions. We are the
first to 1) explore general Erdos-Rényi graphs induced by any fixed connected base graphs beyond
classical setting that assumes a complete base graphs; 2) obtain the a tighter and more interpretable
regret bound, which generalizes the bound from the homogeneous fixed-graph setting studied
in Martinez-Rubio et al. (2019) to our more challenging heterogeneous setting, as shown in Section
6.4; 3) relax the assumption of a sufficiently large p used in Xu and Klabjan (2023) and reduce the order
of N in the upper bound in their analysis of classical Erdés—Rényi models with complete base graphs.
Precisely, we obtain a regret upper bound of order of O (Ek:Ak>0 IOAng + p/\N]\j (liig(g)) + KNQplOgT>

where the first term accounts for an optimal centralized regret, aligning with the lower bound

established in Section 6.4.2, and the last two terms capture the effects of both the link probability p
and the algebraic connectivity Any_1(Lap(G)) of the base graph. Moreover, we uniquely characterize
how the regret upper bounds are influenced by p and Ay_1(Lap(G)), which highlights a tradeoff

between the communication cost (i.e., the number of communication rounds) and regret performance.

Numerically, we implement our proposed algorithm and conduct experiments to validate our
theoretical results with multiple random graph settings and edge generation probability p. We also

compare our methods with existing approaches to demonstrate their effectiveness.
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6.1.1 Related Works

Distributed online algorithm. Our framework builds on the classical line of work on gossip
algorithms (Xiao and Boyd, 2004a, Boyd et al., 2006). Specifically, when an agent has access only
to local information and communicates solely with its immediate neighbors, it adopts a gossip
algorithm to aggregate information from agents beyond its local neighborhood, based on a weight
matrix. Notably, gossip algorithms are widely used in distributed optimization. For example, Duchi
et al. (2011), Nedic and Ozdaglar (2009b) address distributed convex optimization problems using
gossip algorithms. Subsequently, Hosseini et al. (2013), Yan et al. (2013) extend the gossip approach
to the online setting and achieve a regret of order v/T', assuming convex loss functions. Later,
Mateos-Ntnez and Cortés (2014) consider distributed online optimization over B-connected and
design a distributed online primal-dual algorithm coupled with a gossip protocol, also achieving a v/T'
regret bound. More recently, Lei et al. (2020) study the same problem over random communication
networks (Erdds-Rényi networks) and obtain the same regret order. They further characterize how
regret is affected by the link probability p in the Erd6s—Rényi model and the algebraic connectivity
of the base graph G. We consider the same graph topology but focus on multi-agent multi-armed
bandits, which differ significantly from online convex optimization and introduce the additional
challenge of learning the dynamics of bandits. For a more comprehensive survey on distributed

online optimization, we recommend the reader to Li et al. (2023) and Yuan et al. (2024).

Distributed multi-agent multi-armed bandit. Along the line of work on MA-MAB, several
studies (Landgren et al., 2016a,b, Zhu et al., 2020, Chawla et al., 2020, Wang et al., 2022b, 2020,
Zhu et al., 2025, Martinez-Rubio et al., 2019, Agarwal et al., 2022, Sankararaman et al., 2019, Zhu
et al., 2021, Zhu and Liu, 2023, Xu and Klabjan, 2023, Yi and Vojnovic, 2023) have investigated
both homogeneous and heterogeneous settings. In homogeneous settings, numerous work incorporate
gossip algorithms to reduce regret in terms of the number of agents; information sharing among
agents accelerates the concentration of reward observations. For example, Landgren et al. (2016a,b)
first formulate this problem and solve it using gossip algorithms. Martinez-Rubio et al. (2019) achieve
the optimal centralized regret—independent of the number of agents and matching that of the
single-agent bandit—plus an additional term that depends on the spectral gap of the communication
matrix. (Chawla et al., 2020) characterizes the regret-communication trade-off, considers circular ring
graphs, and establishes regret improvement. Wang et al. (2022b, 2020) further focus on optimizing
communication efficiency to minimize the number of communication rounds while guaranteeing
regret performance. In contrast, we consider more challenging heterogeneous settings and also
characterize the regret-communication trade-off. Here gossiping enables regret reduction in terms
of the order of T'; without information from other agents, the regret can easily be linear in 7' Xu
and Klabjan (2025). In this direction, Zhu et al. (2021) is the first to study heterogeneous rewards
over a time-invariant connected graph and establishes regret bounds of order logT". (Zhu and Liu,
2023) extends this to B-connected graphs, also achieving regret bounds of order logT'. Recently, Xu
and Klabjan (2023) propose a gossip-based algorithm for the classical E-R model and obtain regret
bounds of order logT" when p is sufficiently larger than 1/2 to ensure the graph is connected with
high probability. More generally, Yi and Vojnovic (2023) consider MA-MAB with heterogeneous
rewards in the adversarial environment and establishes a regret bound of order 7%/3. In contrast, we

consider the stochastic setting with general Erdés—Rényi random networks, without any assumption

67



6. Distributed Stochastic Multi-Armed Bandits Over Random Networks

on p.

6.2 Setting and Notations

In this section, we formally define the problem of interest, starting by the presentation of general

notations.

General Notations. For a matrix M € RP*? let [M]; ; denote the entry in the i-th row and
j-th column. Given a doubly stochastic matrix P € R¥¢, we denote by \y(P) its second largest
eigenvalue. Let e; € R? be the i-th standard basis vector, 1 € R? the all-ones vector, and I the
d x d identity matrix. We use I to denote the indicator function, which equals 1 if the condition

inside holds, and 0 otherwise. Moreover, we use [n] = {1,2,--- ,n} to denote a set of indices.

Multi-agent Multi-armed Bandit. We consider a multi-agent multi-armed bandit (MA-MAB)
setting involving N agents. The bandit problem is run over a time horizon of T'. In each round
t € [T], every agent i € [N] selects an arm A;(t) € [K]. The local reward of arm k for agent 4
follows an unknown, time-invariant probability distribution P;; supported on [0, 1], with mean
pir = E[X ~ ;] € [0,1]. When agent i selects arm A;(t) at round ¢, it only observes a local
stochastic reward X; 4, () (t) drawn independently from the distribution IP; 4, each round. However,
the agent’s true objective depends on the global reward, defined as X 4, (t) = % Zje[N} X a:) ().
Accordingly, we define the global mean reward for arm & as uy = % > FEIN] Mk where p; ;. is the
mean of P . We denote T; 1 (t) to be the total number of times agent i has selected arm k up to
time ¢ by T; () = 320 I(A;(s) = k).

Throughout, we focus on a decentralized setting where N agents are distributed on undirected
time-varying graphs and communicate via the graphs. Specifically, we consider a communication
protocol based on Erdés—Rényi random graphs. More precisely, agents communicate via a
time-varying graph G, = (V, &), where the vertex set V = [N] is fixed, but the edge set & may vary
at each round ¢. Uniquely, each communication graph G, is generated based on an underlying
undirected, fixed, and connected (but not necessarily complete) base graph G = (V, ) that defines
all feasible communication edges. The connectedness of the base graph is essential to avoid linear
regret as proved in Theorem 4 in Xu and Klabjan (2025). In every round ¢, each edge in graph G is
independently in G; with probability p € (0, 1]. Two agents can communicate if and only if there is
an edge between them in G;—mnamely, an active edge. Formally, the random graph generation reads

as follows.
Assumption 6.1 (Erdés—Rényi Random Graph). In each round t, the random communication graph

G: = (V, &), generated from the base graph G meets:

p. if(i,5) €E,

0, otherwise,

P((i,7) € &) =

for all vertices i,j € V.

Thus, & C € for all t. Let N; = {j € V: (i,j) € £} denote the neighbors of agent ¢ in the base
graph G, and N;(t) ={j € V : (i,j) € &} denote the active neighbors of agent i in round ¢, clearly
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satisfying N;(t) C N;.

The objective is to design a distributed algorithm 7 that minimizes the total global regret over T
rounds. Let p* = maxy¢ (k) p be the optimal global average reward. The total regret for algorithm
7 is defined as

T T
Ress (1) = NT* — - D man = 30 D Auy o1
i€[N] t=1 ie[N] t=1

where A = p* — pyg is the global suboptimality gap for arm k.

6.3 Algorithm: Gossip Successive Elimination

In this section, we present the proposed methodology. Unlike prior work on gossip bandits, which
assumes fixed graphs or graphs that become connected within a few rounds (with high probability),
our setting faces the core challenges of randomness and disconnection in the communication graph.
To address this, our algorithm guarantees an upper bound on the number of rounds needed for any
agent’s information to reach its neighbors via gossip, enabling accurate estimate construction. It also
uses a round-robin strategy combined with an arm elimination strategy (Even-Dar et al., 2006) to
ensure that agents maintain consensus on arm pull counts. More specifically, we present the precise
steps in Algorithm 6.1, namely, Gossip Successive Elimination (GSE), which integrates the arm

elimination strategy with a gossip-based communication protocol.

The agent needs several parameters, including the link probability p and algebraic connectivity
Anv—1(Lap(G)) as inputs. Initially, agent i’s active arm set S; is set to the full set of arms [K],
while both the local reward estimate fi; (t) and global reward estimate z; (¢ + 1) are initialized
to zero (¢t = 0). Notably, Algorithm 6.1 requires knowledge of the link probability p and the
algebraic connectivity Ay_1(Lap(G)). Following the standard practice in existing work Martinez-
Rubio et al. (2019), Zhu et al. (2021), Xu and Klabjan (2023), we assume that Ay_j(Lap(G)) is
known, while allowing the link probability p to remain unknown. In this case, the algorithm can still
be implemented, and the corresponding regret upper bound preserved, by adding a short burn-in
phase to estimate a value p € (p/2,p]. This estimation requires only O(logT') time steps. We refer

the reader to Appendix E.3 for the details and theoretical analysis of this procedure.

At each round ¢, agent i observes its active neighbors N;(¢) in the communication graph G,
which is randomly generated from the base graph G according to Assumption 6.1. As part of our

key contributions, we consider a weighting matrix W; for gossip as

1
Wy =1In — N Lap(Gy), (6.2)

where Lap(G;) denotes the Laplacian matrix of the communication graph G;.

The execution steps of agents run as follow. Agent ¢ selects arm A;(t) from the active set S;
with the least number of pulls T; 1 (t), observes the local reward of A;(t), and updates the reward

estimates as follows:
1 t
AitzigﬂAi =k} X; ,
ILL ’k( ) z‘vz’k(t) \/ 1 7_:1 { (T> } 7k(7-)
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Algorithm 6.1: Gossip Successive Elimination for Agent i € [N]

1: Input: Algebraic connectivity Ay_1(Lap(G)), total time horizon T, set of arms [K], link
probability p
2: Initialization: Active set S; <— [K], local reward estimate [i; ;(0) <— 0, global reward estimate
2 (1) <= 0 for all k € [K].
fort=1,2,...,T do
Select arm A;(t) € S; with the minimum pull count T; ;(t) and update T; 1 (t)
Receive feedback and update statistics for each arm using Equation (6.3)
Remove arm k € S; if there exists an arm k' € S;, k' # k, satisfying the elimination condition
in Equation (6.6)
Update the active set S; according to Equation (6.7)

=

Zip(t+1) = Z (Wilijzjn(t) + Tk (t) — fig(t — 1), (6.3)
JEN; (t)Ufi}

where X ;,(7) is the feedback observed by agent 4 from pulling arm & at round 7. The global estimate
z; (t) is updated via a gossip protocol: at each round ¢, agent i aggregates its own and its active
neighbors’ estimates, weighting each neighbor j € N;(t) U {i} by the corresponding entry [W]; ; of
the matrix W;. We also define the gossip-based upper and lower confidence bounds for arm &, which

remain key criteria for arm elimination and updating &;, as
GUCBijk(t) = Zi,k(t) + Ci,k(t), GLCBLk(t) = Zi,k(t) — Ci’k(t).

Here the confidence bound c¢; ;(t) reads as

_ 4log(T) A(VN + 1)
cirl(t) = \/N max{T; (t) — KL* 1} * max{T; x(t) — KL* 1}’ (6.4)
with
L[ 2Nlos(r) ] . T 2ls(VT)
T {W\Nl(Lap(g))w =N [ log(1 —p)—‘ ' (6:5)

The confidence radius in Equation (6.4) decomposes into two parts. The first term captures the
estimation error, arising from the statistical variance of independently sampled rewards for
each arm. The second term captures the consensus error, which stems from the cumulative
approximation error error incurred as agents reach consensus via a gossip-based communication

protocol.

Arm elimination occurs if and only if there exists an arm k' # k in S; that meets the condition
GLCB; i (t) > GUCB; (1), (6.6)

which means that arm &’ has a higher global reward estimate than arm k with high probability.
Subsequently, the active set S; is updated as

Si— [ S (6.7)
JEN; (UL}
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This procedure coupled with the arm-elimination strategy ensures that, for every agent, each

arm in the active set is pulled a roughly equal number of times, ensuring consensus.

6.4 Regret Analyses

In this section, we analyze the regret of the proposed algorithm and establish an upper bound on
the corresponding regret, demonstrating its theoretical effectiveness. Additionally, we derive a lower
bound for our new problem setting, highlighting the problem’s inherent complexity and showing

that the algorithm is nearly optimal up to some interpretable factors.

6.4.1 Upper Bound

We start by presenting the regret upper bound for Algorithm 6.1. To that end, we first introduce
several technical lemmas that play a key role in the regret analysis. The proofs can be found in
Appendix E.2.

Lemma 6.1. Let us assume that the communication protocol follows Assumption 6.1. Then we have
that for Algorithm 6.1, for any agent i € [N] and any arm k € [K], and any t € [T, the following

. e 3NK
holds with probability at least 1 — ==,

|zi i (t) — pi] < €ig(t),

where ¢; i,(t) is the confidence bound defined in Equation (6.4), and 7™ and L* are the parameters

introduced in Equation (6.5).

Importantly, we show that the estimation error compared to the global mean value is upper
bounded by the confidence bound ¢; ;(t). Notably, ¢; x(t) is monotonically decreasing in the number
of pulls of arm k by agent i, i.e., T; (), when T; (t) > KL*. Here, KL* is the minimal number of
pulls required to ensure that agent ¢ has collected sufficient information from all other agents. This
also implies that the global estimate z; 1 (¢) becomes increasingly accurate and approaches the true
mean reward py as the number of pulls increases. As a result, based on Lemma 6.1, we derive the

following regret bound for individual agents.

Lemma 6.2. Let Reg; p(m) = Tu* — Zf:l Ha;(t) denote the regret incurred by agent i using policy
w. Under the communication protocol assumed in Assumption 6.1, the regret of agent i under

Algorithm 6.1 is guaranteed to meet

64 log(T) . .
. < hudiatont =\l
Reg, (GSE) < k A§ ] ( VA, 10 (\/N s )) FKL* 4+ 3K NApax
Ak

where Amax = maxye(x) Ak denotes the largest reward gap across all arms.

In other words, Lemma 6.2 shows that the regret incurred by any individual agent can be
effectively bounded. This result naturally extends to the global regret, as stated in the theorem

below.
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Theorem 6.1. The global regret defined in Equation (6.1) for Algorithm 6.1 is bounded as:

log(T) ,  N?log(T)  KN’log(NT)
E) = ) E) <
Regy(GSE) %}Rem(es ) <O MZO Ay T pwatan@) T ’

where Ay—_1(Lap(G)) is the second smallest eigenvalue of Lap(G).

We continue our discussion on how the base graph G topology affects the regret bound. In
addition to the parameter p, which determines the difference between G and G;, another key factor
is Any—1(Lap(G)), which reflects the topology of the base graph G. This value is the algebraic
connectivity or Fiedler value of G, which reflects how well connected the overall graph is. To
illustrate this, we next provide more explicit regret upper bounds by specifying Ay_1(Lap(G)) for
different base graph topologies commonly used in distributed optimization Duchi et al. (2011).
The following corollary summarises how the choice of the random gossip matrix in Equation (6.2)
interacts with different topologies of the base graph. The proof of Ay_1(Lap(G)) for various base
graphs G can be found in Corollary 1 of Duchi et al. (2011).

Corollary 6.1. For specific choices of the base graph G, the regret upper bound in Theorem 6.1
simplifies as follows:

1) When G is a complete graph with An_1(Lap(G)) = N, and refining L* = {— 215(;%]!;)-‘ in

Equation (6.5), the regret upper bound simplifies to:

O

3 logT  KNlogT

A
kiAR>0 Tk p

2) When G is a VN x /N 2D grid, we have A\y_1(Lap(G)) = 2 <1 — Cos (ﬁ)) = O(1/N).

The corresponding regret bound becomes:

Z logT N?(K+ N)logT

@) +
Ay, P

k:Ap>0

3) When G is an expander graph with a bounded ratio between minimum and mazimum node

degrees, we have Ay_1(Lap(G)) = O(1). In this case, the regret bound simplifies to:

Z logT n KNZ?logT

O
Ay, P

k:AR>0

Remark 6.1 (Comparison of Regret Bounds). In Theorem 6.1, for any fized connected base graph
G and 0 < p < 1, we obtain the optimal centralized regret O (Zk:Ak>0 %) (see the lower bound

in Section 6.4.2) plus an additional term O <p/\N]\_[?(liga§(g)) + KNQplogT) We emphasize that our

regret bound outperforms existing work—many of which are special (degenerated) cases of our more
general framework—and is easier to interpret. Notably, Xu and Klabjan (2023) study MA-MAB
under the classical E-R model (where G is a complete graph) with p largely over 1/2, and derive a

regret bound of O (Zk:Ak>0 NLOET). In the same setting, based on Corollary 6.1, we obtain a regret
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bound of O (Zk:Ak>0 loi(kT) + KN log(T)), which is significantly smaller. Also, Zhu and Liu (2023)

consider B-connected graphs, which do not capture E-R random graphs; the distinction between the
two models is discussed in detail in Yuan et al. (2024). Finally, when p = 1, the communication

graph becomes time-invariant, which corresponds to most existing work where connected graphs are

assumed. For example, Zhu et al. (2021) and Zhu and Liu (2023) study such settings. The former

derive a regret bound of O Zk:Ak>0 NZI(;gT), which is worse than our results with a dependency on

N. The latter obtain O (max (Zk:Ak>0 %, K, Kg)), where K1 and Ko depend on T but lack
explicit formulas, may grow arbitrarily large, and are difficult to interpret—at least to the best of our

knowledge.

Remark 6.2 (Regret and Communication Trade-off). We emphasize that our regret upper bound
exhibits a novel trade-off between regret performance and communication efficiency in the presence
of random graphs. It is straightforward to observe that increasing p reduces the regret bound but
increases communication overhead, thereby lowering communication efficiency. For classical E-R
graphs, the expected number of agent-to-agent communications per agent over the given time horizon
is pNT, while the expected regrets decrease as p increases. Therefore, for a fixed time horizon T and
a given base graph G, the parameter p can be tuned to balance communication overhead and reward

mazimization, informing practical decision making.

6.4.2 Lower Bound

In this section, we establish a lower bound on the global regret, as defined in Equation (6.1). Unlike
the upper bound, this lower bound applies to any reasonable algorithm under a specific problem
instance, highlighting the problem complexity. Detailed proofs are deferred to Appendix E.2. We
begin by introducing several definitions related to the problem instance and the notion of a reasonable

algorithm.

Definition 6.1 (Gaussian Instance). An instance v is called a Gaussian instance if, for every agent

i € [N] and arm k € [K], the reward distribution P; ;, is Gaussian with unit variance.

Definition 6.2 (Consistent Policy). Let Z be a class of problem instances. Let Regy(m) denote the
regret incurred by policy m on instance v. A policy (algorithm) 7 is said to be consistent on T if
there ezist constants C > 0 and s € (0,1) such that Regy(m) meets Regy(m) < CT*® for all instances
vel.

We next present the problem instance constructed to establish the regret lower bound. Note

that an alternative, equivalent expression of the global regret reads as

Regh(m) = Z Ay Z E[T; 1(T)].

ke[K] 1€[N]

Thus, to derive a lower bound on regret, it suffices to lower bound the total expected number of
pulls 3,1y E[T; 1 (T")] for suboptimal arms k € [K]. To this end, we consider a Gaussian instance v

where each P; , = V(i x, 1) with the random graph communication protocal based any connected
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base graph G and connection probability p, and construct a perturbed instance v/ such that:

N(Mi,a71)> lfa# k,

Pio = ,

N(Mi,a+(1+E)Aaal)7 lf(],: ka
for a small constant € € (0, 1) representing the level of perturbation. The communication protocal
for v/ is the same as that for v. Under this perturbation, which defines a new problem instance, we

derive the following information-theoretic inequality:

1 N2

E[T;,(T)] - ~——— = log ( ;

P 2 4 (Regi(r) + Regf. (7))

which imposes a lower bound on the total number of pulls of arm k across all agents.
By applying this inequality to a consistent policy m and rearranging the terms, we obtain the

following lower bound on regret. The formal statement reads as follows.

Theorem 6.2. Let 7 be a consistent policy on the class T of Gaussian instances for some s € (0,1).
Then, for all instances v € T and any € € (0,1], the following holds:

Regi(r) | 5~ 2(1-3)

lim ————= —_—.
Toeo logT ~— (1+¢e)2A,

k:AR>0
Remark 6.3 (Comparison with Upper Bounds). Recall that the regret upper bound in Theorem 6.1
consists of two components: a centralized term and additional terms that capture the influence of
the communication graph. The lower bound in Theorem 6.2 shows that the centralized component,
O (Zk:Ak>0 %), is tight, thereby establishing the optimality of the centralized regret achieved by
Algorithm 6.1. This result is intuitive: the problem effectively involves N agents collaboratively solving
a global multi-armed bandit task. With appropriate information sharing, the collective performance
can match that of a single-agent bandit problem with full access to all rewards. Hence, achieving a

global regret of the same order as the classical centralized bandit setting is both natural and optimal.

6.5 Experiments

In this section, we demonstrate the effectiveness of our algorithm through numerical experiments on
both synthetic and real-world datasets. The objective is twofold. First, we show that the cumulative
regret of our algorithm grows logarithmically with respect to T and is significantly smaller than that
of existing benchmarks, thereby validating our theoretical findings. We use DrFed-UCB, proposed
by (Xu and Klabjan, 2023), as the baseline. Second, we conduct a simulation study to examine how
the regret depends on the link probability p and the algebraic connectivity of the base graph G, as
reflected in the regret bound. We evaluate the impact of different values of p across various base
graphs, including the complete graph, grid, and Petersen graph (Holton and Sheehan, 1993). Each
edge in the base graph G appears in the communication graph G; with probability p.

Experimental Settings. For synthetic experiment setting, We set T' = 10000, N = 16, and
K = 5; for the Petersen graph, we use N = 10 by definition. For the comparison with DrFed-UCB,
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Figure 6.1: Comparison of the empirical results of our algorithm and DrFed-UCB. The base graph is
a complete graph and the link probability p = 0.9.
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Figure 6.2: Regret of our algorithm on different base graphs with different p value.

we consider a complete graph and a high link probability (p = 0.9), as required therein. Before the
game starts, we sample each ¢; independently and uniformly from the interval [0, 1] for each agent 3.

The local mean reward of arm £ on agent ¢ is given by 1, 5 = g; - %, and the global mean reward

of arm k is pp = % . % At each time step ¢, each agent i € [N] selects an arm and observes

the local reward. For real-world experiments, we use the MovieLens dataset and refer to Yi and
Vojnovic (2023) for details. We set the horizon 7' = 10,000, and select 20 users as agents (N = 20)
and 5 genres as arms (K = 5). At each time step ¢, each agent randomly selects a movie from the

genres. All ratings (rewards) of movies are normalised to [0, 1].

Experimental results. All experiments are performed with 20 independent replications. The
shaded areas consider a range centered around the mean with half-width corresponding to the
empirical standard deviation over 20 repetitions. In Figure 6.1, we observe that our algorithm
consistently outperforms DrFed-UCB on both synthetic and real-world datasets. In all runs, after
an initial exploration period, our algorithm eliminates a significant number of suboptimal actions,
resulting in near-constant regret thereafter. In Figure 6.2, we observe that increasing the link
probability p improves the algorithm’s performance, clearly validating the regret—communication
trade-off. Additionally, different base graphs significantly impact the regret under the same p
value—with the complete graph yielding the lowest regret.
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Chapter 7
Summary and Discussion

In Chapter 2, we study how to leverage the curvature of the loss functions in online convex
optimization with delayed feedback so as to improve regret guarantees. For strongly convex functions,
we derive an algorithm achieving O(min{omax In T, v/diot }) Tegret, improving upon previous work
(Wan et al., 2022a, Wu et al., 2024), which only obtain O(dmaxInT') regret. We also derive
O(min{dmaxn In T, /diot }) for exp-concave losses and online linear regression, answering an open
question proposed in Wan et al. (2022a). It is still left open whether O(min{omaxnIn T, /diot }) is
achievable for exp-concave losses.

In Chapter 3, we study a K-armed bandit with delayed feedback and intermediate finite-state
observations, where the state is observed immediately but the loss arrives after an adversarial delay.
Our results show that the central factor governing regret is the mapping from states to losses: if
this mapping is adversarial, the regret matches the classical delayed bandit rate (5(\/m )7 S0

intermediate observations bring no benefit. However, when the state—loss mapping is stochastic, the

regret improves to 6(\/ (K 4+ min{|S|,d})T), implying that intermediate observations help whenever
the state space is smaller than the delay. We extend these bounds to non-uniform delays. The
work of Vernade et al. (2020) also considers a non-stationary action-state mapping and derive regret
bounds for the switching regret. Preliminary results suggest that, as long as there is an algorithm
that can provide bounds on the switching regret with delayed feedback, our ideas also transfer to
this setting. Unfortunately, there is currently no algorithm that can provide bounds on the switching
regret with delayed feedback and we leave this as a promising direction for future work.

In Chapter 4, we investigated a variant of DOCO where agents communicate only when simulta-
neously active. We proposed a distributed FTRL algorithm and established an expected individual
regret bound of order (k/ p3/ HN 1/4\/T. This result is supported by a lower bound indicating that
the dependence on the activation probabilities is not significantly improvable. While we considered
applying block-based techniques similar to those in Wan et al. (2024a), the stochastic nature of
the communication graph necessitates longer block lengths to ensure convergence, likely negating
the potential benefits in this setting. Finally, two key directions for future work remain: extending
the analysis to settings where active agents perform multiple local updates before communicating
(Scaman et al., 2019), and developing adaptive algorithms that eliminate the need for preliminary
knowledge of p or pyi, for parameter tuning.

In Chapter 5, we study D-OCO in the presence of unknown, time- and agent-varying feedback

delays. We introduce a novel algorithm that significantly improves the existing theoretical guarantees,
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V1—o9
time horizon, diox denotes the average total delay across agents, and 1 — oy represents the spectral

achieving a regret bound of (5(\/N3dt0t + NET ) Here, N is the number of agents, T is the

gap of the network adjacency matrix. Crucially, we also demonstrate the tightness of our result
by providing a matching lower bound, confirming the necessity of the dependencies on N, T, di.t,
and 1 — g9. Future work could consider a setting incorporating communication delays, where signal
communication across each network link is subject to a fixed bounded delay. It remains an important
and non-obvious question how these communication delays fundamentally influence the performance
of the learning process, specifically their impact on each agent’s regret. We hypothesize that the
effect of communication delays is intricately linked to the network topology, which dictates the speed
at which local information propagates across the network. A rigorous study into the impact of these
communication delays on D-OCO performance is a compelling direction for future research.

In Chapter 6, we study the multi-agent multi-armed bandit (MA-MAB) problem under general
Erdss-Rényi random networks with heterogeneous rewards. To the best of our knowledge, we are the
first to formulate MA-MAB with Erdés—Rényi random networks, where the communication graph is
induced by a base graph and each edge in the base graph appears in the communication graph with
probability p. This formulation generalizes the classical Erdgs—Rényi model, in which the base graph
is complete. We propose an algorithmic framework that incorporates the gossip communication
protocol into arm elimination. Importantly, we analyze the regret bound of the algorithm and show
that it improves the regret even under the classical Erd6s—Rényi model. Moreover, our regret bound
holds for any p, explicitly characterizes its dependency on p and the algebraic connectivity of the
base graph. This naturally reveals a trade-off between regret and communication efficiency. Moving
forward, while we focus extensively on the stochastic setting, it would be valuable and exciting
to explore other reward models—such as contextual bandits, where rewards depend on dynamic,
non-stationary contexts. In addition, achieving the optimal trade-off among regret, communication,
and privacy, as previously studied in homogeneous MA-MAB settings, points out a meaningful

direction for future research.
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Appendix A

Proof Details for Chapter 2

A.1 Auxiliary results

In this section, we show several auxiliary lemmas that will be helpful throughout the paper.

A.1.1 General results for the regret analysis

The following lemma is a standard result for the regret of FTRL.

Lemma A.1 (Orabona (2025, Lemma 7.1)). Let X C R" be closed and non-empty. Denote by
Fy(x) = ¢u(z) + 2 0. (x). Assume that arg min, y Fy(x) is not empty and z; € arg ming Fy(x).
Then, for any u € X,

T T
Z (Ce(ze) = Le(w)) = Yria(u) — mlﬂ@bl )+ Z [Fi(2t) = Froa(ze1) + G(x0)] + Froa(erga) — Frya(u) -
=1 =1

The next lemma bounds the distance between two FTRL iterates with different linear losses
and possibly different regularizers. It also shows a simplified upper bound in the case when the two

iterates have the same regularizer.

Lemma A.2 (Stability lemma). Let X C R™ be closed and non-empty. Let Ay, A = 0 be two positive

semidefinite matrices, by, by € R, and c1,ca € R. Define ¢y (z) = " Ajx + b]—x +c1 and Yo(x) =

x" Aoz + by + cp. Suppose that z1 € arg mingey { (w1, ) +¢1(z)} and 22 € argmin, ¢y { (w2, z) +
z)}. Then, we have

21 = 22l%, + ll21 — 2all%, < (w1 —wa, 20 — 21) + (¥1(22) — Ya(z2)) — (¢1(21) — Ya(z1)) -

Furthermore, if 1 (x) = ¥o(x) = 2T Az + bz + ¢ with positive definite A = 0, we have
1
Iz = 22lla < S llwr —walla-r .

Proof. Let hi(x) = (w1, z) + ¢¥1(x) and ho(x) = (we, z) + 2(x) be twice-differentiable functions
with Hessians A; + AI and Ao + A;—, respectively. Note that z; € argmin,cy hi(z) and 23 €

arg min,c y ho(x). By Taylor’s theorem and first-order optimality conditions, we know that

((w1, z2) +91(22)) — (w1, 21) + P1(21)) = ha(22) — ha(21) = |lz1 — 22|[%,
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((wa, 21) + ¥a(21)) — (w2, 22) + 1ha(22)) = ha(z1) — ha(22) > |21 — 2%, -

Summing up the above two inequalities, we obtain

21 = 225, + ll21 — 2all%, < (w1 —wa, 20 — 21) + (¥1(22) — Ya(z2)) — (Y1(21) — Ya(z1)) -

The second result is directly obtained by applying the Cauchy-Schwarz inequality when 1 (z) =

The following lemma is the quadratic bound of a-exp-concave functions.

Lemma A.3 (Hazan et al. (2007, Lemma 2)). Let £: X — R be an a-exp-concave function. Then,

under Assumption 2.1 and Assumption 2.2, we have that

) > y) +(Ve). o —y) + 5 ((92). 2 — )

for any x,y € X, where 8 = %min{ﬁ,a}.
The following lemma is the link of the Bregman divergences between 3 points.

Lemma A.4 (Wei et al. (2021, Lemma 10)). Let A be a convex set and xo = arg min,e 4 {(g, ) + Dy(x,z1)}.
Then, for any u € A,
<.’E2 - u,g) < Dw(u7x1) - DT/J(UNTQ) - D¢($2a 131) .

The following lemma is the general bound on (g, v) — %H’UHQ, which related to the one achievable

via the Fenchel-Young inequality but strengthened thanks to a norm constraint on v.

Lemma A.5 (Flaspohler et al. (2021, Lemma 18)). Let ||-|| be a norm over R™ and let ||-||« be its

dual norm. For any constants A\,c,b > 0 and any g € R",

A9 .1 9 C
-3 < oy N %5 x (-
swp - ((gvoh = 3lol?) < mind 501l Sl vlal.

vER™:||v||<min{ b}

A.1.2 Results for delay-related quantities

The following three lemmas quantify the relationship between omax, dmax, and diot-

Lemma A.6 (Masoudian et al. (2022b, Lemma 3)). Let dyax(S) = max,esd, and S = [T]\ S for
any S C [T]. Then,
max S i S dmax S .
Omase < 1010 (|| + dinax(5))

Lemma A.7. Let diot(S) =Y., cqdr and S = [T|\ S for any S C [T]. Then,

< i \/ )| .
Omax > 2\/55{21[% <|S| + dtot(s)>

Proof. First, observe that di(S) = Y1, |ms N S| for any S C [T]. Also note that the bound

trivially holds if omax = 0; hence, assume oy > 1 without loss of generality. Let t* be any round

92



A.1. Auxiliary results

such that |my| = omax. Consider any S C [T], and define A = my NS and B = my« N S. If

4] > (V2= 1)|mye], then
|S| + \/ dtot(g) > |S| > [A] > (\[2_ 1)0max -

Otherwise, we have that |B| > (2 — v/2)|m|. Hence, denote B = {t1,...,tp} such that t; < - <
t|p| and observe that |my,+1 N B| > i for any ¢; € B. We can consequently prove that

‘S‘—f—\/dtot \/dtot )— Z]mtﬂS\ > Z‘mt-l-lmB‘ > _1)0max y
teB
which concludes the proof as \[1_ N < 2V/2. O

Lemma A.8. Let o, = = max¢[rjlm- N S| and S = [T]\ S for any S C [T]. Then,

max

Omax = Inl[% (|S| + Umax) :

Proof. First, it trivially holds that

Omax > Hll[% (|S| +0 ) .

We now only need to show the inequality in the other direction. Consider any S C [T] and let t* be

any round such that |[mg«| = opax. Then,

= Omax »

S|+ omax = IS] + [me- 1 S| = |S] + [my= \ S| = |-

which concludes the proof. O

The following lemma further illustrates the relationship between o, and v/diot in a more

concrete way.

Lemma A.9. There exists a delay sequence (dt>te[T] such that omax > V1.5 - diot. In addition, there
also exists a delay sequence such that omax = 1 and /dior = VT.

Proof. Given a positive integer N > 5, consider the sequence (dt)te[T}a where dy = N —t forallt < N
and d; = 0 for all ¢ > N. In this case, omax = on_1 = N — 1 and 1.5 - dior = w <N-1

On the other hand, consider the sequence where d; = 1 for all ¢t € [T']. In this case, omax = 1 and

Vot = VT. O
On a similar note, we show another similar result depicting the relationship between dp . and
\% dtot-

Lemma A.10. There exists a delay sequence (dt)te[T} such that dpax = T and V/diot = VT. In
addition, there also exists a delay sequence such that dpax = 1 and v/diot = VT.

Proof. Consider the sequence (d)yc[r) where one round to < T'/2 with dy, = T —to and all the other
rounds d; = 0 for t # to, then we can choose tg = 1 and have dpax = T and /dior = VT. On the
other hand, consider the sequence where d; =1 for all ¢t € [T], then dpax = 1 and /dior = VT. O
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A.2 Omitted details in Section 2.3

In this section, we show the omitted details in Section 2.3. For completeness, we restate the theorem

and provide its proof.

Theorem 2.1. Assume that ¢1,...,0p are A-strongly convex with respect to the Euclidean norm

IIll2. Then, under Assumption 2.1, Algorithm 2.1 guarantees that

2

Regy = O (LA <lnT + min {amax InT, dmt})> .

Proof. First of all, define

t—1 A
@)= (gr) Zux sl and F@) = Y ((ana) 4 e - ol

TEOt =1

for any t > 1. Observe that x; € argmin, Fy(x) and additionally define 2} € argmin,cy F}(z)
for ¢ > 2, while 7 = x; (since Fj(x) = Fi(z)). The sequence (z})¢>1 represents the “cheating”
sequence that uses the gradients from all rounds up to ¢ — 1, including those from rounds in m; that

are yet to be received because of the delays. As mentioned in Section 2.3, we decompose the regret

as follows:
T T Y
Rogr(u) = 32 () ~ 60) = 3 ({ore =) = s — ulf)

=1 =1
T T \ T
= (gnaf —u +Z<9t,xt—l’?>—§ e —ulls, (A1)
t=1 t=1 t=1

Reg? (1) Drifty

where the first inequality follows from the A-strong convexity of £;. Next, we analyze the cheating
term Reg’(u) and the drift term Drifty individually, and their respective upper bounds will then

be combined to derive the final regret bound.
To analyze Regh(u), first define 4 (z) = 2 Z "z — 2|3 for t > 1. We can therefore rewrite

both Fy(z) = > ¢, (9r, ) + Yi(x) and Ff(z ) = Zi ' (gr, ) 4+ i(x). Hence, applying Lemma A.1,
we can bound Reg?-(u) as follows:

T
Regh(u) = > (s, 2} —u)
t=1
T
= ¢ry1(u) — mm Yi(z) + Z Fy(x7) — Ffa(21) + (96 28)] + Fryq (2741) — Frya(w)
t=1

<trii(u) + Z[ F (@) + (g, 7)) — (B (wq) + (96 2541)) — Y (274) + ¢t($f+1)} )
(A.2)

where the last inequality holds because F7 (27, ;) < Ff(u) by optimality of 2%, ,, together with
the non-negativity of ;.
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Focus on the difference between the terms Fy(z) + (g¢, x7) and Fy(x7, ) + (g¢, v7,,) within the

sum in the right-hand side of Equation (A.2). Applying Lemma A.2 for 2y =z} | with 4; = %I

A(t—1)
2

and w1 =Y, gr, and 29 = x} with Ay = I and wa =) ., 1 gr, we have that

A
(2t = 1) ll=f — winlls = oy — et + llaf — 25,
A A
< (g6 0F — xi) + 5l — |3 - 51wt = 413
* * A * 2
< llgellallz = 2 llz + S llzg —aellz

where we used the Cauchy-Schwarz inequality in the last step. By straightforward calculations, we

can show that the above inequality implies that

20lgellz | Mlaf —allz o 2lgell2

27 — 22 < =2 1)+ 1 S a@t- 1)

We can leverage this inequality to show that

+ 2 — a2 (A-3)

(FY () + g6, 7)) — (B (2i1) + (96, 2741)) < {9627 — 241) (FY (2f) < Ffa(2ii)
< llgell2llzy — 27 ll2 (Cauchy-Schwarz)
. 2ol

= A2t —1) + |lgell2]|zf — z¢ll2, (Equation (A.3))

where the first inequality is due to the optimality of x} with respect to F}". Plugging the above into
the bound on Reg’(u) from Equation (A.2), we obtain

T
29 *
Regd(u) < drs1 (u +Z[ Ioul S Lol = ol + (o) - wm(xm)}

T
A HgtH A
2 Z | — ul3 + Z [ 2 5T lgellzllef —@tlle — 5 ll2ie — i3
T T
A L? 2
< 52”%—“”2‘*‘7 +LZH% — zt]2
t=1
T T
A L?
<2 e —uld + 5@+ 1) + LY oy — a2 (A4)

t=1

o~
Il
—

where the equality is due to the definition of ¢, while the second inequality follows from |[|g:||2 < L
by Assumption 2.1.

Observe that, given such a bound on the cheating term, we now have to consider three different
terms as shown in Equation (A.4). While the second one is a desirable logarithmic term, and the first
one is negligible since it will be canceled when plugging this bound on Reg’.(u) into Equation (A.1),
the third one needs some further analysis. Interestingly enough, this latter term involves a difference
between x} and zy, in an analogous way as in the drift term Drifty. We indeed show that we can

handle both terms in the same way.
We thus move to the analysis of the Drifty term. One can immediately observe that, by
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Cauchy-Schwarz and by Assumption 2.1,

T

T T
Driftr =) (gnar—af) < ) lgelalaf —zellz < LY llaf —llz - (A.5)
t=1 t=1

t=1

While it immediately follows that ||z} — z1||2 = 0 by definition of x7, we require some additional
effort when studying the other norms ||z} — x¢||2 for ¢ > 2. To this end, we rely once more on
Lemma A.2 for z; = a} with w; = ngt—l gr and 29 = x; with wy = ZTGot gr, using A = (t — 1)%],
and show that

2
At —1) 1
R LRI ER TR DOP IS v DOFS
TEMY A-1 TEML
We can thus rewrite this inequality in the following way:
L]mt|
ot 2l < Sy =3 2ol < 557 (A.6)
TEm

where we used once again that ||g-||2 < L by Assumption 2.1. The above considerations consequently

imply that the sum of interest for bounding Drift satisfies

L~ |my|
* t
Dt —mla <Y (A7)

T
\mt] 1
> [ < Omax > 7 < Omax In(27) (A.8)

by definition of oyax. Furthermore, by using the fact that > __,/m,| < (t — 1)? since m, C [r — 1]

for any 7, we can prove at the same time that

T T T

Cma| ] <2 Z Ime| < 24/diot (A.9)

:2 t2\/t—1 t2\/ T<t’m7—

where the second inequality is due to Orabona (2025, Lemma 4.13).

Combining all the results gathered so far, we can finally derive the overall regret bound as follows.

In particular, for any v € X', we have

T
A
Regr(u) < Regf(u) + Drifty — 2 > Ny — ull3 (Equation (A.1))
t=1
2 T
L . . .
< ~ In(2T'+1)+ L Zth — 2¢||2 + Drifty (Equation (A.4))
t=1
L2 4
< (2T +1) +2L > Nt — il (Equation (A.5))
t=1
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T

L? 212
< — In(2T 1 —_—
=3 n(27T + 3 z;

(Equation (A.7))

L? 212
< 5% In(27" + 1) + - min {amax In(27), 2\/dtot} (Equations (A.8) and (A.9))

:(9([;\2 (lnT—i—min{amaxlnT, @})) . a

A.3 Omitted details in Section 2.4

In this section, we show the omitted details from Section 2.4. To do so, we first introduce the
following useful lemma that will be crucial in the regret analysis of Algorithm 2.2. It essentially

corresponds to the standard elliptical potential lemma, but here adapted to the presence of delays.

Lemma A.11. Let ¢ >0, L >0, and 0 <ng <mn < --- <nn. For any t € [N], let a; € R" such
that ||latll2 < L and define Ay =ml + ¢, o ara] . Then, it holds that

N
2ndsN [ oL? OL2N
>l ( > ||aT|At-11> < 2 (25 4 (14 220

remy "o Ton

and that

nd<N. L?N
ZHatHA 1<Z s, > < ¢ln<1+ ¢n0n ) .

TEM:

Proof. Define B, = L1 A, and C; = B; — %I =< B, for any t € [N]. By the AM-GM inequality, we
first show that

N
|| 2 1 2
ZHatHA 1 Z HaT”At o < ( 5 HatHA;_ll + By Z HG/THA;_ll

TEmt t=1 TEML

o ((Imil L

¢ 9 2
< 2(2|@t||At_11 t3 Z |aT||AT}1>

t=1 TEMY

1 ||

SONCARRED w1

t=1 TEmt

where we also used the fact that A1 < A;_1 for any 7 < t. Now observe that

Z|mt| Jael?, <d:1;i§juat||23;_11
=1

since |my| < dSN for t < N. Similarly, we can show that
N
S larlt s = ZdtllatHQ L o<dsh, Z||at||23;11
t=11EM ” =1 B

as for any 7 € [N] there are no more than d, rounds ¢ such that 7 € m;. Putting these results
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together, we obtain that

|14 N N
Z( la tH2—1 + 5 Z IIaTIIQ— driaxZHatllz—l <driaxZIIatHQt—g1
=1

t=1 TGmt

By the fact that ||at||zc,1 < ¢TL02’ we can use Lemma 19.4 in Lattimore and Szepesvari (2020) and
-1
show that '

N 1.2 2
z:Hat”?;11 < < +1> Zmln{l ||atHC } < 2n<¢)77 >ln<1—|— L N> ‘
t=1

non

Concatenating all the above results concludes the proof of the first inequality.

For the second inequality, similar steps suffice to prove it, but with a different observation that

now ||6Lt||20t,1 < min{l, ||a,5|%,1 } because

1 T 2 4 2

1 aa llat| ] ||

2 T T T tUt t112 t]l2 t]l2
a1 < a, | v + aa ap=a, | =1 — a; = — = <1
ey < e < t ) o (v v2+vr|at||%> v 4ol vtlledd T

where we used the Sherman-Morrison formula in the first equality with v = 79/¢, and since
o< 1 g L =C,.
||atHCt 1 < ||a,5HCt711 given that C;_1 < Cy 0

For completeness, we restate Theorem 2.2, the main result of Section 2.4.1, and provide its proof.

Theorem 2.2. Assume that ¢1,...,0r are a-exp-concave and let 5 = %min{ﬁ, a}. Then, under

Assumption 2.1 and Assumption 2.2, Algorithm 2.2 with 0 < ng <mn < --- < np guarantees that

L2T
RegT:(’)(ﬁ]n(l—FIB )+77TD2+min{BlvBZ})’
B Non

where By = (Lf2 + %) Ndmax In (1 + /3L2T> and By = L? Zthl e :

non MNt—1

Proof. First, in a similar way as in the proof of Theorem 2.1, we define

t—1
Fyi(x) =) (gr @) +u(x) and  Ff(x) =) (gr,2) + ¢} (2),
TEOL =1

where vy (z) = 22|23 + § 2, co, ((9r,@ — 27))” and ¢ (@) = 252 |2]3 + 5 302, (g7, @ — 7)),
Observe that x; € argmin, Fi(z), and define 7 € argmin,y FY(x) for ¢ > 1 to be the predictions
following a similar update rule while using all the information up to round ¢ — 1. Similarly to the
regret decomposition for the strongly convex case shown in Appendix A.2, we decompose the regret

as follows:

T T 3
Regr(u Z () Z ( g, Ty —U) — §<$t - U,9t>2)
t=1

t=1
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M\Q

T
Z Ty —u gt ) (AlO)

T T
- Z <gt7$? - u>+z gt, Tt —
t=1

t=1

Regh(u) Drifty
where the inequality holds thanks to Lemma A.3.

Let us begin the analysis of the “linearized” regret by first focusing on the cheating term
Regh(u). Let F{(z) = F¥(x) + (gt,x) and define z} € argmin,cy F{(z). Leveraging Lemma A.1
with 4;(-) = (g, ), we show that

=1
T
=7y (u) — gg(l Yi(z) + Z LFF (7)) = Fiy (2i4a) + (96 20)] + Frg (2741) — Frga(u)
t—1
T
< ¥ (u) + Z [(FY () + g6, 7)) — (B (2h1) + (g, 2740)) — Ui (@) + 9 (23]
=1
T
< Py (u) + Z [y (x7) = Fy(x3) + 97 (2741) — ¥ (2744)] (definition of F} and z)
=1
T
< Ypia(u) + Z (Fi(x7) — F{(x})) , (A.11)
=1

where in the first inequality we used the facts that 77 | (25, ) < Fr,;(u) and that 97 is nonnegative,
while the last inequality is due to ¥y (z}, ;) < ¥f +1(;1:f 1) Applying now Lemma A.2, we have
lzr — zilla,, < ||gt||A—1 , where A,y = ne_1I + 8"} g,rg]. This further means that

F/(z}) — F{(z}) < (VF/(a} — )
= <VFt l‘t) + g¢, xf _$:e>

< <gt7$: - $;>

convexity of F})
definition of FY)
first-order optimality)

(
(
(
(

< min{llglallz7 = il ol 1, o = aflla,_, } - (Canchy-Sehwarz inequality)

< min{LD, Hgt”At—jl |z} — xQHAt_I} (Assumption 2.1 and Assumption 2.2)

< min {LD, |gu]%-: } - (A.12)

We now focus on the sum of terms on the right-hand side of Equation (A.11). Because 7 is

non-decreasing by assumption, we have

T T
S (F(a}) - Fi(«}) Z min {LD ||gt||A;11} (Equation (A.12))
t=1 t=1

4 1

<Y {LD,Bugty%%EKMT) } (sl = mol)

smaX{LD }me{l loeton o5, grar) }
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< (LD + ;) nln <1 + 5L2T) , (A.13)

nmno

where the last inequality follows by Lattimore and Szepesvari (2020, Lemma 19.4). Combining the

previous inequalities, we can show that Reg’-(u) satisfies

T
Regr(u) < ¥y (u) + Z (Ff(x7) — F/(x})) (Equation (A.11))
t=1
T 2
< Py (u) + g Z ({gr,u — z4))? + (LD + 1> nln <1 + AL T) (Equation (A.13))
t=1 p no
" By 1 BL2T
= ;\|u|]%+2;(<gt,u—xt>)2+ (LD—l—B)nln <1+ o~ > , (A.14)

where we simply replace 17, | with its definition in the last step.

We thus move to the analysis of the Drifty term. Using the Cauchy-Schwarz inequality, we have

T

T
Drifty = Z (Gt xt — Z gell a2, - llwe — 2l 4, - (A.15)
t=1 t=1

Applying Lemma A.2, we obtain that
* 1 * (12 1
Ff () — FY(oF) > 5 5 lwe = illa, and  Fy(a) = Fi(ze) 2 5 [loe — 23 HA

where Ao, =11+ 35 ¢ o ng;r . Summing the above inequalities, and replacing Fy* and F; with
their definitions, it follows that

1 2 1 2
B |zt — 1’?||Aot + B lze — 27|14,
t—1 -1
<Y Agma) = D> g xl) + > (g at) = Y {gr,wr)
=1 TEOt =1 TEOL
Y= t—1
(D om0 St P 4 5 st 207 3 G20
=1 T=1 TEOL TEOL
s
<Y g2+ 5| D0 (gnm =) = Y ({gr 2] —20))?
TEMY TEMY TEMY
= Z <gT,{L‘t—l‘?>+§<Z <gT,xt—x:> . <g7_,l‘t+ﬂ?:—2l‘7—>>
TEMY TEMY
§Z|g7—7$t xt ’+B2|g77xt H<g7—,xt+$t—2$7—>|
TEM TEMY
< (1+2LDp) Z [{gr, 2t — )| (Assumptions 2.1 and 2.2)
TEMY
< (1+2LDp) ( Z HgTHAt—11> |zt — 7| 4,4 (Cauchy-Schwarz inequality)
TEMY
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5
<- (Z Il ) i = a7l (8 < stp)

TEMY

<2 (Z ||97'||At—11> |z — 2F]l 4, -

TEM

Rearranging the terms, we can obtain that ||z, —xfll4, | < 4> ., HgTHA_ll‘ Plugging this
_ !

inequality into Drifty, we have

T
Drifty < Z HgtHA;_ll Nl =t 4, (Equation (A.15))
t=1

T
<43l (Z r\gfr\A,;ll)

TEM:

2 1 TL?
< 8d=L n ( + ) In <1 + b ) : (A.16)
m B nio

where the last inequality is due to Lemma A.11. On the other hand, we can also bound Drifty in a

different way:

T
Drifty <) 1gell g2, - Nl = Flla,
t=1
T
< 42 lgell a1, (Z ||97||At_11>
TEMY
<ap2y el AT
; Mt—1 ( )
where in the last step we use the fact that ||gs H2 -1 < 5 forany s € [T'], also due to Assumption 2.1.
Combining all bounds together, we finally obtaln that
B T
Regr(u) < Regp(u) +Drifty — 5 Z ((xt —u, gt)) (Equation (A.10))
L2
< TI?THUH% + <LD + ) In <1 + b ) + Driftyp (Equation (A.14))
nno

IN

BL*T
DT |2 + <LD + > In <1 + >
2 nNo

L2 1 BL*T |
+ 4min{ 2d=T n ( > In < > L?
{ g non Z; N1

(Equations (A.16) and (A.17))

L*T
=0 <Z In (1 + Bn - ) +nrD? + min { By, Bz}) , (Assumption 2.2)
0

where

L? 1 LT
B, = < + > Ndmax I (1 + b > and By = LZZ e
Tlo B Ton —1 Nt—1
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are defined as in the theorem statement, and we used the fact that GD < O

1
5
The following corollary is a restatement of Corollary 2.1, which shows that via an adaptive tuning

of the learning rate used by Algorithm 2.2, we are able to guarantee O(min{dmax In 7T, v/diot }) regret.

Corollary 2.1. Assume that ¢4, ...,¢p are a-exp-concave and let B = %min{ﬁ, a}. Then, under
Assumption 2.1 and Assumption 2.2, Algorithm 2.2 with the adaptive learning rate n, = min{ay, by }+1,
where a; and by are defined in Equations (2.6) and (2.7), guarantees that

BL?*T

RegT:O(;ln(l—k ) +D2+min{01,02}>7

where Cr = (2 41) (L2 + 5 ) ndmax 0 (1+ 257 and Cy = (12 + LD) (Vdior +1).

Proof. The adaptive learning rate is given by 79 = 1 and 7, = min{ay, b} + 1 for all ¢ > 1, where we
recall that

t
2 5 1 <t BL2T L
at_LD<L +B>ndmaxln<1+ - and bt—ﬁ Z]msl+|mt\+1,

s=1

Note that 7; is non-decreasing since a; and b; are non-decreasing. When ar < by, we have

1 GT 2D 1 L?T
Regp(u) < (LD + 5) nln (1 + ﬂﬂ) +D* 4+ <G +8) (L2 + ﬁ) Nidmax In (1 + p - ) ,
A.18)

where ||ull2 < D by Assumption 2.2. When ap > by, we instead have

1 BL2T T
Regr(u) < (LD+6>nln <1—|—n> +D*+GD Z]th—l
=1

T* T
3 Ngrlar, - llae =ty + 3 Nl as - llee — il
t=1 t=7*+1

where 7* is last round a.« < b,«. Hence, we have

” . 1 . LT ,
S ol e = atllacy <8 (224 5 ) ndiZen (14225 ) (Bauation (4.16)
t=1

T*

<8L? Z |me| + |me~| + 1
=1

T
<8L [ ([ muf +1 (A.19)
t=1

Regarding the remaining rounds until 7', we can also show that

T T

m .
E gell -1 - e — 27 lla, -, < AL E ] (Equation (A.17))
t=7*+1 P—— -1
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T
< AL? Dl
T Gy Il 4 | 1
T
<8L2 Y Sl
t
t=7*+1 G\/m
Ti
<8LD,| Y |myl
\ t=7*+1
—
< 8LD\ > lmal, (4.20)
t=1

where the last inequality is due to Orabona (2025, Lemma 4.13). Combining the above three

inequalities together, we have

1 BI2T d
Regy(u) < <LD + B) nln (1 +— > + D?+ (8L2 + 9LD) | | > |me| +1
t=1

Finally, we obtain
1 L*T
Regp(u) < <LD + B) nln <1 + b > + D?
n
. 2D 2 <T dr%ix BLQT 2
+min g (=2 +8) L5k + nin (14—, (8L*+9LD) (\/dtot+1> .

p
—0 <;1n (1 + B]:jT> +D? +min{01a02}> :

where H . BLoT
Cy = <L+1> <L2+ﬁ> Ndmax In <1+ - >
and
Cy = (12 + LD) (Vi + 1)
as in the theorem statement. O

A.4 Omitted details in Section 2.5

Here we present the omitted details from Section 2.5. For completeness, we restate the main result

(Theorem 2.3) and provide its proof.

Theorem 2.3. In the OLR problem with delayed labels under Assumption 2.3, Algorithm 2.3
guarantees for any 0 <mg < m < --- < nr that
2

z°T
Regp(u) < %HUH% +nY? 1n<1 + 770”) + (’)(Y2 (Omax + min { M, Mg})) ,

2 T
where My = ndmax In(1 + %) and My = Z* 33, %t'
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Proof. We begin by defining

T
L

F(@) = Y —prlema) +u(e)  and  Fr(@)= Y —yr(er.a) + (),

TEOt =1

where ¥ (z) = 130 (2, z))? + 2|z|j3 for ¢t € [T], and we let ¢p41 = ¢p. Observe that
x; € argmingcpn Fy(x), and define z} € argmin,cgn FY(z) for ¢ > 1 to be the predictions following
a similar update rule while using all the information up to round ¢ — 1, including the labels y, for

rounds 7 € my that the algorithm is missing because of the delays.

Similarly to the regret decomposition for the strongly convex case shown in Appendix A.2, we

rewrite the regret as follows:

T T T
Regr(u) = > (C(Fr) — bi(w) = (b(af) - )+ (@) — b)) (A.21)
t=1 t=1 t=1
Reg}(u) Driftp
where Reg7(u) is the cheating regret for the iterates z7,..., 27}, while Drifty is a drift term that

quantifies the influence of the missing labels on the regret because of the delayed feedback. Note
that, contrarily to other regret analyses in this work, here Drifty is also affected by the clipping in

the definition of z;.

Let us first analyze the cheating regret Reg’(u). By the definition of the loss ¢y(z) = % (2, z) —

yt)z, we can rewrite the regret in the following way:

—_

T T T T
1
Reg(u Z ft (@) 52 Zt,fUt +Z —yelze, 7)) + Yz, u *Z 2ty U
t=1 t=1 t=1 t=1

(A.22)

\)

We can now move our focus on the central sum, which essentially corresponds to the regret of

the same sequence (xf) against the comparator u € R™, but with respect to the linear losses

t>1
x — —y(z, ). Additionally define F/(z) = F}(x) — yi(zt, z) for notational convenience. Hence, we

analyze the above-mentioned term by applying Lemma A.1, which yields

T
Z —y(ze, T7) +yt<2t7U>)
t=1

T
= Yy (u) — mln Y1 (x) + Z [Ft xp) = Fpa (i) — welan afpn) | + Fro (@) — Frya(u)

=1
T
< Yrg1(u) + Z [F* xy) — Fiy (Ti) — vela, $§+1>}
t=1
T T
= ¢ry1(u) + Z F, (z7) F/ iUt+1)) Z(W—i—l(x?-s-l) - ¢t(x:+1))
t=1 =1
) 1 T 2
—|—Z F(a7) = F{(2741)) — 52((2,:,33?))
=1 =1
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T

T
—|—Z (F/(x}) — F{(z})) — %Z((zt,xf))2, (A.23)
t=1

t=1

where we let z; € argmin . F/(z); in particular, the first inequality is due to the fact that
F7 (o%,,) < Ff, (u) and that ¢ is non-negative, whereas the last equality follows by definition
of Y and x7 = 0.

Consider now any term F}(z}) — F{(z}) in the sum after the last inequality and let A; =

ned + ZT 1| %r%r T Applying Lemma A.2 for z; =z, and 2o = 27 with A = A;, we derive that

Iyt!
lf = willa, < 5 [zl o0 (A.24)
We can now use this fact to show that
Fl(a}) — Fl(x}) < (VFl(a2), i} — ) (convesity of F)
= (VF}(x}) — yzt, xf — x}) (definition of F})
< ylz, vy — x}) (first-order optimality)
< yel||ze| At |z} — 2} 4, (Cauchy-Schwarz inequality)

2
< ’yt‘ Hzt||2 B (Equation (A24))

Y2
< *H%HA—l ; (A.25)

where the last step is a consequence of |y;| <Y by Assumption 2.3. Further notice that HthZ_l <
t

||Zt||124;11 since A;—1 = Ay, as well as

A

1 2 ) EAF [ [

||Zt||271 <z ml + 220 ) 2 =2 ( _
A; 0 ( i) "\ =3 m a2 me )zl

using the Sherman-Morrison formula at the first equality. Therefore, we show that the sum of the

terms involving F} is

T
Z F/(x}) — F{(z})) < ZHthA_ (Equation (A.25))
t=1
Y . 2
<5 ;mln{l, BT
Z°T
<nY? ln(l + ) , (A.26)
Non

using Lemma 19.4 in Lattimore and Szepesvari (2020) at the last step. Then, combining together all

these observations, we can bound Reg’(u) from above and obtain that

T

Regh(u) < > (F(xf) — F{(x})) + ¥r(u

t=1

[um—y

T
Z 2, U (Equations (A.22) and (A.23))
t=1

[\
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Z°T 1
< nYy? 1n<1 + 77”) + 1 (u) — 3 Z((zt,u))Q (Equation (A.26))
0 t=1
2 Z°T .
HU||2 +nY"In( 1+ o ) (definition of ) (A.27)
0

Let us now consider the drift term Drifts from the decomposition in Equation (A.21). Define
T =A{te[T]: l(x) > £(z})} to be the rounds when 7; is worse than x} with respect to the square
loss ¢;. Moreover, recall the definition of p; = max; ¢, |yr| as the threshold used for clipping in the

definition of z;. By the convexity of ¢;, we immediately have that

Drifty < Y (G(T)—li(x})) <D (VL&) To—a7) =Y (20 Te) — i) ((21, Fe) — (20, 27)) - (A.28)

teT teT teT

Now, we distinguish the two following cases for any ¢ € T

o Ui(x) < li(xy): thus, if (24, 74) < y¢ it must be the case that (z;, x) < (2, 7), otherwise if

(21, T¢) > y¢ then (24, x1) > (24, Ty); in either case we have that

(<Zt,55t> - yt)(<Zt,5t> (2, 0} ) ( 24, Ty) — yt)(<Zt,$t> - <Zt,$?>)

< (lpe] + lyel) (22, 20 — 27)] (triangle inequality, definition of ;)
< 2Y|(z, ¢ — 7)) (Assumption 2.3)
<2Y HthA 1@ — xf | 4, - (Cauchy-Schwarz)

(A.29)

o (y(Zy) > ly(x¢): here it must be the case that Ty # x¢, yi(z¢, Tr) > 0, and |y¢| > p; (otherwise,
clipping would have only decreased the square loss ¢;); since t € T implies that |(z¢, z}) — y¢| <
|(zt, 1) — ye|, it follows that

(Czt, Te) — ye) (2, Te) — (2, 27)) < (2, Te) — v (1(26, Ze) — we| + [(z, ) — w|)  (triangle inequality)
< 2((z¢, 7¢) — yt)2

= 2ol = (e @)’ (901, T1) 2 0)

IS (0] = 1)

<20y (0 <pt < |yl)
(A.30)

Given the above remarks, let 71 = {t € T : £:(T+) < lt(2¢)} be the subset of rounds in 7 when
clipping does not worsen the value of ¢;, and let 7o = 7 \ 71 be the remaining rounds in 7. Then,

Driftr <Y ((ze, @) — wr) ({20, 31) — (2, 2)) <2V Y lzell gt llze = 27|, +2 ST lwl? . (A31)
teT teTh teTs

At this point, for any round t € 77 we are interested in understanding the behavior of || 2| A7t ||z —

x7||4,- Applying Lemma A.2, we have that

1 1 Y
lwe— a3, <5 D wrlemat—ae) <5 3 lyelllzrll gollaf —zella, < 5 3 llzell o lof = @ila,

TEMY TEMY TEMY
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where the second inequality follows by Cauchy-Schwarz, while the last one comes from Assumption 2.3.

By rearranging terms in the previous inequality, we obtain that

Y
e —allae < 5 D llerllaz (A.32)
TEM¢
Recall that we define d5}, = max,<;min{d,,t — 7} as the maximum delay that has been

perceived up to round t. Hence, we can now bound the sum relative to rounds in 77 from above as

2V antHA;luxt —aflla, Y2 [EA [y > [ENpe (Equation (A.32))
teTy teTh TEMYL
T
< YQZ\IztIIA;l > 27l 41 -
t=1 TEM

If we now adopt Lemma A.11, we have that

¢ <T z°T
Slillat 3 el < 2odihn(1+ 20)
t=1

n
TEM: "o

while at the same time we have

T T ‘m ’
Y lzllazr Do llerllgr < 22y 5,
=1 t t nt

TEMY t=1

where we used the fact that || z]| At < %2 for any s € [T]. Thus, we have that

22T d
2V 3 " llztll gl = 27l a, < ¥ min {mdﬂx ln<1 + >,Z2 ) |mt|} . (A.33)
teTy Ton P

If we instead consider the sum over rounds in 73, it is possible to further bound it from above
and relate it to the rounds for which the corresponding label does not belong to our estimate for
the label range given by p;. Indeed, if we let Reg = {t € [T] : |y:| > p+} and given our previous
remarks about 73, we have that 73 C Reg. Now let ¢1 = min{[logy pi] : pr > 0,t € [T+ 1]} and
q2 = [logy pry1]. For convenience, define Z; = [27,2/F1) for any j € {qi,...,q2}. Then, for any
t € Reg, there exists j. € {q1,...,q2} such that |y| € Z;,. Moreover, if we denote by v; € [T+ 1] as
the first time when p,; € Z; for any j € {q1,...,q2}, we can further show that any ¢t € Reg has to
be such that ¢ € m,,; _1; if it were not the case, y; would have been observed before time v, which

is a contradiction because |y;| > p, for any 7 < vj,. All things considered, we can derive that

q2 q2
2 P <2 > mlP<2d ) 3wl <2d ] 2¥my,

teT2 tEReg I=q tGmVj,1 I=q1
& 8 32
27+1 2 2
< Omax ) 2 < Comand™ < S omaxpFin < 1Y 20ma (A.34)
Jj=q
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Combining all the results gathered so far, we can finally derive the overall regret bound as follows:

Regp(u) < Reg}(u) + Drifty
2

Z°T
§ ||u||2 +nY?In (1 + ) + Driftp (Equation (A.27))
non

Z2T
< lull3 +ny? 1n<1 T n) + 1Y 2omax + 2V Y 2t g 1o — 27 4,
0
teTr

(Equations (A.31) and (A.34))
2

Z2T
< ||u||2 +nY? ln<1 + ) + 11V Oimax
on

+Y? min { 2ndpax ln(l—l— ) Z? Equation (A.33
{ )y (Bauation (459)

O

The following corollary is a restatement of Corollary 2.2, which shows that we can further
achieve a O(min{dpax In T, \/diot }) regret guarantee via an adaptive tuning of the learning rate of
Algorithm 2.3 similar to the one adopted for Algorithm 2.2.

Corollary 2.2. In the OLR problem with delayed labels under Assumption 2.3, Algorithm 2.3 with
the adaptive learning rate n, = y(min{a, b} + 1), where a; and by are defined in Equation (2.15) for
any v > 0 guarantees that

ZT
Regp < ’Y‘;LH2 +nY?In <1 + ) + (’)(mm {Ql,QQ})

where Q1 = (V[|ull3 + Y?)ndmax In (1 + %) and Q2 = (VZ||ull3 + (Z + 1)Y?) Vdior -

Proof. By performing a similar analysis as in the proof of Theorem 2.3 up to Equation (A.33), for
any time threshold 7% € [T] we can actually separately analyze the time ranges {1,...,7*} and
{T* 4+ 1,...,T} in an analogous way as in the proof of Corollary 2.1, and have a bound of the

following form:

Z2T 4
2YZ||zt|]At_1th—xf||At <Yy? <2nd;;X1n<1+ > +2° ) |mt|> : (A.35)

n
teTi Mo Pl

Then, we use an adaptive tuning of the learning rate in a similar way as performed for the proof

of Corollary 2.1. In particular, we define

72T !
=2nds! In <1 + vn) and by =2, |myl,

and, for any v > 0, we set ng = v and 7 = v(min{as, b} + 1) for any ¢ > 1. First, when ap < by
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we have that

Regp(u) <

2 72T

Z2T
HUHQ +nY? ln(l + > +Y? <1lamax + 2ndpax In (1 + >)
m m
(Equations (Equations (A.31) and (A.34)) and (A.33))
2 72T 72T
< lallz 74 nY? ln(l ) + Y?dpax <11 +2nln (1 + )) (Cmax < dimax)
2 yn mn
72T Z2T
’Y” Vluli3 +nY?In ( + > + 11Y 2dmax + (v]|ull3 + 2Y?) ndmax In <1 + )
2 n mnm
72T Z2T
< Al |y ln(l + > + (v]|ull3 + 13Y2) ndipay In (1 + ) .
2 yn yn

On the contrary, when ar > bp, we let 7* be the last round such that a,« < b« and show that

Regp(u) <

72T 72T d
0 “ ln<1 + > + 11Y %0 pax + Y2 <2nd;;X1 <1 + > +2° ) Jme]
™ m M
(Equations (Equations (A.31) and (A.34)) and (A.35))
HUH% 2 Z*T 2 2 |mt’
<Y In( 14 S )+ 1Y 2oy + 2V Z]mt—i-Z Z
mn t=1 L
(ars < brs)
72T 7v? [ | & d
” H277 —|—nY21n(1+n> +11Y %005 + —— Z|mt|+ Z |tmt|
v v t=1 t=r* 414/ > q|ms]
(definition of n;)
2 ZQT T T
< ”u2|277T+nY21n(1+> +11Y %005 + ZY? Z|mt\+2 Z ||
o t=1 t=7*+1
(Orabona (2025, Lemma 4.13))
2 Z°T
< Hrl/;‘z’I?T + 7’L}/2 ln<1 + W) + 11Y20max + QZYQ\/ 2dt0t
”UHg 2 Z*T 2
< ?mﬂ +nY*In( 1+ 77 +2(11 + 2)Y“\/2dsot (Lemma A.7)
2 Z°T
< gl (1 + Z\/dtot) +nY? ln<1 + W) +2(11 4+ Z2)Y?\/2do; . (definition of n7)

2

Considering the conditions in each of the two cases together with the definitions of a; and b, this

concludes the proof.

O

A.5 Online mirror descent for delayed OCO with strongly convex

losses

In this section, we prove that the following online mirror descent (OMD) algorithm achieves a

regret guarantee whose dependence on the delays is of order min{amax InT,+/ dtot}, similarly to

Algorithm 2.1. To be precise, an OMD-based algorithm which handles delays was initially proposed
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by Wu et al. (2024) in their Algorithm 6. However, Wu et al. (2024) only manage to show that this
algorithm achieves regret O (w InT + d“‘)\%G) under Assumption 2.1 and Assumption 2.2.
Here, we report its pseudocode in Algorithm A.1 and we provide an improved regret analysis for it.
Not only do we provide a significantly better guarantee, but we also manage to lift Assumption 2.2
and only require the boundedness of the gradient norms via Assumption 2.1. The key to achieve

these improvements simultaneously is a fundamentally different and more careful regret analysis.

Algorithm A.1: Delayed OMD for strongly convex functions

1: input: strong convexity parameter A > 0, learning rates 1 = % for all t € [T]
2: initialize: 1 € X

3: fort=1,2,... do

4: Play x¢

5 Receive gr = VU (x;) for all 7 € 0,41 \ 04

6

Update z441 = argmin >, (g, x) + %Hw - wt”%
TeEX T€0t+1\0t

Theorem A.1. Assume that {1, ..., ¢ are A-strongly convex functions with respect to the Fuclidean

norm ||-||2. Then, under Assumption 2.1, Algorithm A.1 guarantees

L2
Regr = O ( =
egr ()\

<lnT + min {amax InT, @})) .

Proof. We begin with a decomposition of the regret that, similarly to the proof of Theorem 2.1,
leverages the strong convexity of losses /1, ..., ¢r and attempts to isolate the discrepancy in the
information available to the learner because of the delayed gradients. However, this decomposition
differs from the one in Theorem 2.1 since the algorithm updates its predictions differently via mirror
descent. Our approach follows the idea of framing such an information discrepancy via optimism
(Flaspohler et al., 2021). For notational convenience, define g; = 0 and gs41 = g¢ + ¢ or1\oy I — 9t
for any t > 1. Note that, by definition, each g; is equal to

t—1 t—1
gt = Z(§r+1 —0r) = Z( Z > Z gs — ng = Z s (A.36)
T=1 s=1 \7€o0s+1\0s s€o0t s€Emy

and consequently gry1 = 0 since mgy1 = (). This definition of g; allows to rewrite the “linearized”

regret as

T T T
z<gt,xt—u>:z< 5 gT,xt—u>+§; e (A7)
t=1

t=1 t=1 T€0t+1\0t

and to have that, for every round t,

< Z gr, Tt — fCt+1> = <9t—§t+§t+1,$t—$t+1> = <gt—§t,$t—$t+1>+<§t+17$t—$t+1> . (A~38)

T€0t+1 \Ot
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Moreover, according to the standard regret analysis of OMD (Lemma A.4), we know that

< > grw— U> < 77*(”“ — x5 — lu— g3 — |z — $t+1||§> + < > grw— ﬂft+1> :

T€0t+1\0t TGOt+1\Ot

(A.39)

The above observations then make it possible to bound the first sum in the right-hand side of
Equation (A.37) as

T T
1
2< 3 Wt—u>szm(uu—xtu%—Hu—:ctm%—\xt—:ctm%)

t=1 \r€oit+1\ot t=1
T
+ Z< Z Gry Tt — $t+1> (Equation (A.39))
t=1 \r€oi41\ot

L
=3 = (= ell3 = = w4113 = llze = w4 3)

(Gi+1,2 —ve41)  (Equation (A.38))

+
M=
)
@)
E

|

3

+

+
E

1

A
=3 = (Il = all3 — = w5113 = Nl — w3

~~
Il
—_
-
Il

W

T
+ Z<gt =Gt — Tp1) + ) (Gi+1 — Ge, )

Il
—
-
Il
—

t
+ (g1, 1) — (9741, T741)

L
=3 (=l = N = a3 = e — s 3)

(Gt+1 — g, xe) (A.40)

WE

T
+ Z@t = Gt Tt — Tp41) +
1

~~
Il
—
-
Il

where the second equality follows by carefully rearranging the terms in the sum 23:1 (G141, Tt — Tet1),
while the last equality is due to g1 = gr4+1 = 0 by definition.

At this point, we can rewrite the regret in the following way:

Regp(u) =

M=

(ﬁt(.ﬁt) — Et(u))

1

o~
I

M=

<

Pa
(gt Tt — u) — B} ZH@“t - UH%
t=1

T T
- A .
< Z Gry Tt — u> + ;(gt — Jt4+1,%t) — 3 ;]xt —ull3 (Equation (A.37))

T€0t+1\0t

1

~
I

Il
M=

~~
Il

1

Ju — 2|3 = llu — x4 ]l5 —
Mt

T

x Tt41

l2e = @t ||2+§ (9t — Gts Tt — Tpg1) —*E ||z — UHQ
t=1

(Equatlon (A.40))

M=

~~
Il
—

111



A. Proof Details for Chapter 2

|
M=

t Ui

T 2
~ Ty — I
((th — ) = [z — ul2)t— e — ul2 ) +3 (¢ < Gy — Tepn) — ”tt+1’2>

1 =1 It

(definition of n;)

T T
=il = u = ara[3 X , _ e = e
; =5 Dller =l ) + 30 (o = v — ) - FE

1

~
I

Il
ol >
M=

t

T
AT N w2
=~ llera —ul3+ Y (<gt G — ) — HH)
t=1 Nt
T
P ¢ — zeq1]l3

<> ({o =g w —wep) -2 ) (A.41)

t=1 ui

where the first inequality holds because of the A-strong convexity of /;.

We now focus on the right-hand side of Equation (A.41). Applying Lemma A.2, we can bound

from above the distance between subsequent iterates:

e = zepallz < mellge + Gevr = Gello =m| Y. ge| < Lne(lorsa] — o) , (A.42)
T€O1+1\0¢ 2

where the last inequality follows by jointly using the triangle inequality, the bound on the gradient
norm (Assumption 2.1), and the fact that o C o4;.

What remains to analyze now is the distance ||g; — g¢||2, and a direct calculation allows us to

show that
t+ Z gr

TEM

gt — Gell2 = L(jm¢| + 1), (A.43)

2

again by using the triangle inequality and Assumption 2.1.

Applying Lemma A.5 with Equation (A.42), we show that the each term of the sum in the
right-hand side of Equation (A.41) satisfies

[|z¢

— Lt 1||2 . ~ ~
% < min {Lnellge — Gell2(Joer| — loe]) s mellge — Gell5} - (A.44)

<9t — 0t Tt — »’Ut+1> -

Therefore, starting from Equation (A.41), we are able to derive the final regret bound:

T
Regp(u Z tllg: — Gill2llge + Gevr — el (Equations (A.41) and (A.44))

T
_ 2L Z lg: = Gell2(Jor41] — |or])
A - t

(definition of n;)

2L’ i (] + 1) (o] = o)) ) (Equation (A.43))

=N
t=1 t

Crucially, what remains to analyze is the sum in the right-hand side of the above inequality. We can
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first show that

T T
1 — —
Z<|mtr+ )(|os1] — |oc]) g<omax+1>z'0t+1’ o] (definition of o)
t t
t=1 t=1
o] — lof]
.
< (Umax + 1) E s t (0t+1 - [tD
— o]

- 1)27“ (lot+1] ~ Jo])
- max
= 01 (lowra] = los)

< (Omax+ D)(1+In7T) (A.45)

where the last inequality follows by Orabona (2025, Lemma 4.13) and the fact that Y7 (Jog1| —

o)) =

T

D

t=1

lor41] = T. Second, we can also bound such a sum in an alternative way:

(Ime| + 1) (041 — lot])

t

T T
_ Z M| (los41] — |ot]) + Z (loe+1| — lorl)
t t

IN

<

t=1 t=1
ZT: [me|(Joe+1| — lot]) n ZT: t(\0t+1| — log) (definition of op)
t=1 ¢ t=1 > s—1(los+1] = los|)
i (ol ~lod) o
t—1 ¢
L (¢ (t—1
Z | (t — |my ] |myl)) T 41
t—1 t

(log| + |my| =t — 1 for all t)
ET: || (1 + |my| — |musa]) T4l
t—1 t
|l Il Tl fmgallmg
Sl - = +Z< >+1nT+1
t=1 = t—1

[mal®  Jmya[|my]
t t—1

) +InT +1 (definition of my)

(Jme—1] + Dfma| ||
t—1 t—1

)+lnT+1

(mer1 € my U {t} for all t)

2\/ dtot +1HT—|— 1

where the last inequality follows by Equation (A.9). Combing the above two inequalities, we finally

obtain

Regp(u) <

2 2
%(1 +InT) + % min {amax(l +1InT),2 dtot}
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L2

=0 T(IHT—{—min{amaXlnT,@}) . O

A.6 Additional experiments

Strongly convex, dyax <€ Vot Exp-concave, dpax <€ vV diot OLR, dypax < Vdior
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Figure A.1: Comparison with relevant baselines. The shaded areas consider a range centered around
the mean with half-width corresponding to the empirical standard deviation over 20 repetitions.
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Figure A.2: Comparison with relevant baselines. The shaded areas consider a range centered around
the mean with half-width corresponding to the empirical standard deviation over 20 repetitions.
The top plots correspond to T' = 1000, while the bottom plots correspond to T' = 10000.

We consider a real-world dataset mg _scale from the LIBSVM repository (Chang and Lin, 2011).
This dataset has 1385 samples and each sample has 6 features with values in [—1, 1] and a label in
[0,2]. The experimental setup, including constructions of losses and delays, follows what already
done for the experiments in Section 2.6. Figure A.1 shows a similar behaviour of the algorithms as

already shown in Section 2.6.
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We also designed a non-stationary environment as follows. The generation processes for the
feature vectors, as well as the definition of the loss function, remain the same as the environment in

Section 2.6. However, we modified the generation of the label y;:
Yt = <Zt79t> + e, (A.46)

where the latent vector 6, alternates every 30 rounds between the two vectors 1 and 0. This
periodic change introduces non-stationarity, reflecting scenarios where the optimal action shifts over
time. The delay d; is independently sampled from a distribution that alternates every 30 rounds

~1/3 and a uniform distribution over the

between a geometric distribution with success probability T°
set {0,1,...,5}. Additionally, we also modify the noise term ¢; inspired by Xu and Zeevi (2023).
Specifically, we flatten an abstract art piece by Jackson Pollock and take consecutive grayscale values
in [0, 1] as the noise €;. Figure A.2 shows that our algorithms again perform the best among all the

benchmark algorithms.
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Appendix B

Proof Details for Chapter 3

B.1 Auxiliary Results

Lemma B.1. Consider any algorithm that picks actions (At)te[T] in the adversarial delayed bandits
problem with intermediate feedback with arbitrary action-state mappings (St)te[T] and 1.1.d. loss

vectors (“gt)te[T}' Then, for any given § € (0,1),
Regr — Regr < v/2T1In(2/6) and  Regr — Regp < /2T In(2K/0)

individually hold with probability at least 1 — 6.

Proof. First, observe that we can relate the two notions of regret as

Regr —RegT+Z (Sp) — £e(Sy)) +m1nZ€t se(a zrélﬁ O(s¢(a)) .
t=1 =1

(&)
By Azuma-Hoeffding inequality, we can show that each side of

T
/T 1 T 1

t 1
holds with probability at least 1 — ¢’. Now, define

T T
a; € arg manEt st(a)) and ay € arg manH se(a)) .
acA a€A o

On the one hand, observe that

T T
8) < 3 o)~ S 0sa) < ) T L
t=1 t=1

where the last inequality holds with probability at least 1 — §’ by Azuma-Hoeffding inequality. On
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the other hand, we can show that

T T
> Y- tlerap) = 32 0(en(ai)) = (9]
t=1 t=1
However, in this case a; depends on the entire sequence ¢1,...,¢r. We thus need to use a union

bound in order to show that
d T K
P <(<>) < — \/—1 ) <) P (th si(a)) =Y 0(si(a)) < — 1n5/> <4d,
acA t=1 t=1

where the last inequality follows by Azuma-Hoeffding inequality. We conclude the proof by setting
8 =46/2. O

Lemma B.2. The estimates (é\t)thl defined in Equation (3.3) are such that |§t(s) —0(s)| < Zeu(s)
stmultaneously holds for all t € [T] and all s € S with probability at least 1 — 6/2.

Proof. In a similar way as in Vernade et al. (2020), define X,,(s) to be the empirical mean estimate

for 6(s) which uses the first m € [T'] observed losses corresponding to state s € S. Notice that
b,(s) = Xni(s)(s), while we define &, (s) = 4/ 2 1n 45T 50 that &(s) = ElNé(S)(S). We can additionally
observe that E [X,,,(s)] = 6(s). Then, we can use Azuma-Hoeffding inequality to show that

ﬂﬂ{let 0s)| < 5ei(s) } >e (N m{ e<s>rs;a:n<s>}

se€Ste[T) s€S me[T)

>1-2) ZT: e 2m(8)'m

seS m=1
o
=1-—,
2
where we also used a union bound in the second inequality. O

Lemma B.3. Consider any algorithm that picks actions (At)te[T] in the BIO setting with adversarial
action-state mappings (St)te[T] and stochastic loss vectors (ét)te[T]' Assume that the losses for any
fized state are i.i.d., whereas pairs of losses £;(s), 4y (s") of distinct states s # s’ might be correlated
when j > j' and j — j' < dj. Then, it holds that E [Regy] < E[Regr|, where the expectation is with

respect to the stochasticity of the losses and the randomness of the algorithm.

Proof. We know that E [£;(s¢(a))] = 0(s¢(a)) for any fixed a € A and all ¢t € [T]. We further observe
that

E [6:(S1)] = E[E [6i(s1(A0) | Ad| = E[8(S)
holds for all t € [T, as A; is independent of losses that can be correlated with ¢;. Now, define
T T

a; € argmmz& si(a)) and ay € arg manG (s¢(a)) .
acA 4 acA T4

118



B.2. Omitted Details in Section 3.4

Then, we conclude the proof by showing that

T
E [RGQT] = Z gt St th St CLZ ]
t;1 T T
> E[6(S))] th si(ah) ] =Y E[0(S)] — ) _0(si(ap)) = E [Regy] -
t=1 t=1 t=1

B.2 Omitted Details in Section 3.4

B.2.1 Total Effective Delay Bound

Lemma 3.1 (Total effective delay). If MetaBIO is run with any algorithm B on delays (di).ec[r),
then its total effective delay is Ciot < dg.

Proof of Lemma 3.1. For any s € S, we define T := {t € [T] : St = s} to be the set of all rounds
when the state observed by the learner corresponds to s. Denote by ts the last time step ¢t € Ty
such that Ny(s) < oy and let Cs := {t € T5 : t < ts} be those rounds in 75 that come no later than
ts. According to the choice of ts, all the rounds in 7 for which learner waits for the respective
delayed loss, must belong to C, while the learner incurs c?t = 0 delay for rounds t € 75\ Cs. Now
we partition Cs into two sets: the observed set CSObS ={t € Cs:t+d; <ts} and the outstanding set
Co" .= {t € C, : t +d; > ts}. From the choice of t,, we can see that the number of rounds in Co" is

|C§bs‘ < Nts(s) < 0t, < Omax >
and the number of rounds in C9"* is
’C;)ut‘ < Ot < Omax -

Therefore, we have |Cs| < 20max. So if we define Cay = (J,c 5 Cs, then [Can| < min {2S0max, T} = [P,
This also implies that
T
Sy aeYa
t=1 teCan ted

by definition of ®. O

B.2.2 TImproved Regret for DAda-Exp3 for Fixed ¢

We follow the analysis of Theorem 4.1 in Gyorgy and Joulani (2021, Appendix A) and our goal is
to use the knowledge of 6 € (0,1) to tune the learning rates (Ut)te[T] and the implicit exploration
terms (%)te[T]> accordingly. Let dy,...,dr be the sequence of delays perceived by DAda-Exp3, and
let diot == ZtT:1 dy be its total delay. Furthermore, let oy be the number of outstanding observations
of DAda-Exp3 at the beginning of round ¢ € [T]. Suppose that we take v, = ¢ with ¢ > 0 for all
t € [T, then following the same analysis as in Gyorgy and Joulani (2021, Appendix A), we end up
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with the following regret bound that holds with probability at least 1 — 26" for any ¢’ € (0,1/2):

T
In K In(K/8')  omax +c+1 ,
<22 1)K In(1
Regr < o —l—;nt(at—i-(c—i— VK) + e o n(1/4)
1 In(K/8)\ Tmax + 1 . In(1/48)
= (InK—i— —a +t§m(at_1 + (et DE) + == n(1/8) + —5— .

(c+D)Et+35 o)
2In(K)+1 In(K/d')’

Therefore, by taking n; ! = \/
least 1 — 25"

we get the following bound with probability at

T ) /
Regr < 2 ((c+ DKT + Zat) (2 In(K) + IH(IZ/(S )> + Jm;; Lnqys) + ln<12/5) -
t=1

We know that Zthl 0t = diot by definition of 0. Then, we can set ¢ = 1 to obtain that the regret
Regr (as per the original notion of regret used in Gyorgy and Joulani (2021)) is

max 2
Regr < 2¢/2KT (3In(K) +1n(1/8")) + 2¢/dio; 3In(K) +1In (1/6")) + % In(1/8") (B.2)
with probability at least 1 — 24"
From Lemma B.1, we have that
Regr < Regr + /2T In(2/d) (B.3)

holds with probability at least 1 — ¢’. So, combining Equations (B.2) and (B.3), and setting § := 3¢,

we can upper bound our notion of regret Regy as

Omax + 2

Regr < 2¢/2KT (3In(K) + In (3/8))++/2T In(6/6)+2+/dsor (31n(K) +1In (3/0))+ 5 n(3/0)
(B.4)
with probability at least 1 — 0.
B.2.3 Reduction to DAda-Exp3 via MetaBIO
Based on the reduction via MetaBIO, we require that B guarantee a regret bound
_——B T _ T o
Regr = tz_;et(st) — géi;‘ltz_;ﬂt(st(a)) (B.5)

that holds with high probability when the losses experienced by B are of the form gt (st(a)). Note
that, even though the action-state mappings s1, ..., sy are unknown to the learner, we can provide
those losses as long as B requires bandit feedback only. Indeed, we can compute @(St) defined in
Equations (3.1) and (3.3), while we cannot determine s;(a) for all actions a € A that are not A;.
As mentioned in Section 3.4, in this work we consider DAda-Exp3 (Gyorgy and Joulani, 2021) as
algorithm B used by MetaBIO. In what follows, we refer to this specific choice for the algorithm B.

The analysis of DAda-Exp3 for the high-probability bound (Theorem 3.1) is such that most steps
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only require that the loss of each action is bounded in [0, 1]. Then, those steps apply for any such
sequence of loss vectors. However, the crucial part of that analysis that requires attention is the

application of Lemma 1 from Neu (2015). We restate it below for reference.

Before that, we introduce the notation required for stating the result. We consider a learner
choosing actions Aj,..., Ap according to probability distributions pi,...,pr over actions. We
denote by F;_1 the observation history of the learner until the beginning of round ¢. The result uses
importance-weighted estimates for the losses /1, ..., ¢r with implicit exploration, where the implicit
exploration parameter is 7 > 0 for each time ¢t. These loss estimates are defined as

~  {A;=a} ’

fla) = ) Vte [T Vo A, (B.6)

Lemma B.4 (Neu (2015, Lemma 1)). Let v and ai(a) be nonnegative Fi_1-measurable random
variables such that oy(a) < 2y, for all t € [T) and all a € A. Let ly(a) be as in (B.6). Then,

T K _
D> au(a)(b(a) — ti(a)) <In(1/0)

t=1 a=1

holds with probability at least 1 — & for any 6 € (0,1).

In our case, we require an analogous result that work when loss vectors correspond with our
estimates 51, .. ,5T. However, these estimate have a dependency with the past actions chosen by

the learner. This requires some nontrivial changes in the proof of Neu (2015, Lemma 1).

Before that, we introduce some crucial definitions for this proof. Let p(t) :=t + d; be the arrival
time for the realized loss £;(S;) of the state S; observed at time ¢ € [T]. Let p(t) =t + dy be instead
the arrival time perceived by algorithm B relative to its choice of A; at time t, i.e., when B receives
6,(S;). This also means that 6;(S;) is only defined at time p(£) < p(t).

Let 7: [T] — [T] be the permutation of [T] that orders rounds according to their value of p. In

other words, 7 satisfies the following property:
w(r)<mw(t) <= p(r)<p)V(p(r)=pt)Ar<t) V.t e [T7] . (B.7)

This permutation allows us to sort rounds according to the order in which MetaBIO0 feeds B with a
respective estimate for the mean loss. In particular, the r-th round in this order corresponds with
the round t,. :== 7~ 1(r), for any r € [T]. Hence, we can equivalently define the round ¢, as the round

such that its estimate 6, (S;,) for the mean loss 6(S;,) is the r-th estimate received by B.

Define
Fri={(, A5, 85, 4;(8)) 1§ € [T, =(G) <7} Wre[T] (B.8)

as the information observed by B by the end to the time step when we feed it the estimate relative to
round t,. Note that this defines a filtration, as F,_; C F, for all r € [T], which has some desirable
properties thanks to the ordering m we consider. In particular, we have that Jtr,atr,ptr, Ny are
Fr_1-measurable random variables by the way we define them. This property is also due to the fact

that V¢, and L’;r are determined when conditioning on F,._;. Moreover, we are now interested in
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the following importance-weighted loss estimates with implicit exploration:

~ I{A; =a}~

bi(a) = ———0:(s¢(a Vie[T],Va e A. B.9

t(a) P P 1(s:(a)) [T] (B.9)
Corollary B.1. Let v, and o, (a) be non-negative F,_i-measurable random variables such that
ay, (a) < 2, for all r € [T) and all a € A. Let ly(a) be as in (B.9). Then,

T K _ _
S (@) (fila) - Bu(si(a))) < 1n(1/8)

t=1 a=1

holds with probability at least 1 — & for any 6 € (0,1).

Proof. We follow the proof of Neu (2015, Lemma 1) by considering any realization ¢1, ..., ¢p of the
losses. The main difference is that, when defining the supermartingale as in the original proof, we
need to consider the terms of the sum in the order denoted by 7 instead of the increasing order of t.

For this reason, we rewrite the sum from the statement by following the order given by :

SN ar, (a) (&, (a) — B, (s, (a))) -

r=1a=1

At this point, we need prove that E[Ztr (a) | Froa] < 0; (s¢,(a)), where we recall that ¢, = 7~ 1(r).
Also recall that ey, py, and =, are F,_j-measurable. This property allows us to prove the inequality
with the conditional expectation of (/9\,5 instead of the one with the actual optimistic estimates 91, by
the definition of the latter. In other words, we now need to prove that E [Er(a) | Froa] < 0, (s, (a)),

where 0 (a) = f)f(};;@}t@(st(a)).

We can consider two cases depending on whether d;. < d;, is true or not (and, thus, we are in

the case d;, = d;, ). In the first case, note that the realized losses used for computing é\tT (s¢,(a))
correspond to time steps in £ (s¢,(a)), for which there is a corresponding tuple in F;_;. Therefore,

we have that 6y, (s (a)) is F,_i-measurable, and we can show that

]I{Jt < dtr}

H{Atr = a}
Ni (st,(a))

pr, (@) + 1, (st (a)) -

JELY, (str(a))

E {@T(G)H{Jtr < dt,«} ‘ ]:r—l} =E [ fr—1:|

In the second case, we have that c?tr = dy,, which implies that t, € £; (s4,(a)) in the case 4;, = a.
This means that we have a corresponding tuple in F._; only for rounds in £} (s;.(a)) \ {t,}.
Nonetheless, this does not pose an issue since we have the indicator I{ A;, = a}, and thus S;, = s¢(a).

Indeed, we have that

A ~ {A;, = a} H{dtTZdtr}
E |0, (a)l3dy, =dy, b | Froy| = E - : C(st, Fr
el =dy | ] =B | N @) e |
[{Ar, = a) ‘ ]H{dtr = d }
:E s -FT‘—l E(S ’r'(a))
|1, (@) + 3, N (51, (a)) jea%r(a»f t
J#tr
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T [H{Atr a}

pe.(a) + 1, }—’”1} wgtr(str(a))

Ni, (st,.(a))

. []I{At, — a}

pt,.(a) + 1,

f] Hd, = } S ()

Ntlr(str(a)) JELY, (str(a))

and therefore the inequality

{A;, = a}

E [Ztr(a) ‘ f’“‘l} =k [ptr( )+,

fr_l} B, (s1,(a)) < B, (51, (a))

is true because ]I{c?t < dt} + ]I{(Zf = dt} =1 for all ¢t € [T], and by definition of :9\,5

As already mentioned, this is equivalent to proving that E[Er (a) | Froa] < 0;, (s¢, (a)) holds.
By using a notation similar to the original proof, if we define A, := 25:1 oy, (a)ly, (a) and A, =
Zle o, (a)0y, (s1, (a)), the process (Zy)reir) with Z,. := exp <Z§:1 (X] - )\j)> is a supermartingale
with respect to (F),c[r) which has the same properties as in the proof of Neu (2015, Lemma 1).

This concludes the current proof by following a similar reasoning as in the original one. O

Thanks to this result, we can conclude that the adoption of DAda-Exp3 for the reduction via
_——B
MetaBIO can guarantee a high-probability regret bound on Reg as stated in Theorem 3.1, but with
total delay JT = Z?zl Jt instead of dio.

B.2.4 Regret of MetaBIO

By Lemma B.2, we have that
T T T 5 I
Regr < ) 601(Sh) — min > Ou(se(a)) + D ei(S) = Regr + > eu(Sh) (B.10)
t=1 t=1 t=1 t=1
with probability at least 1 — §/2, where ﬁ? (Equation (B.5)) is the regret of algorithm B when fed

with (gt o 8t)ye[r) as losses.

Lemma B.5. Conditioning on the event as stated in Lemma B.2, the sum of errors suffered from

MetaBIO by using the loss estimates (at)te[T] from Equations (3.1) and (3.3) is

a AST
; e(S1) < (4+2V2)/STIn —

Proof. First, observe that we can rewrite the sum of errors as
T T B T N
ZEt(St) = Zst(St)]I{dt < dt} + ZEt(St)]I{dt = dt} .
t=1 t=1 t=1

We now provide an upper bound for the first sum of errors. For any s € S, we define T, =

{t € [T] : St = s} to be the set of all rounds when the state observed by the learner corresponds to s.
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We can bound it as

ZT: (S)I{dy < di} =" e(s)I{dy < dy}

seSteTs
/ 4ST
Z Z NI ]I{dt < dt}
seSteTs
45T
< 24/In i Y 7H{dt <di} (because N/ (s) > 1 M;(s))
seSteTs
45T
<44/In i Z VM (since M;(s) is increasing over Ty)
s€S

<41/ST1n45TT

where the second inequality holds because N/(S;) = N¢(S;) > lJ\J,;(S,g) when (;th < dy since My(S;) <

Ni(St) + o, while the last one follows by Jensen’s inequality and the fact that ) g Mr(s) =T.

As a last step, we provide an upper bound to the second sum. Let J; == {7" €Ts: JT = dr} and
notice that |J;| < |7:| = My (s). Observe that p(t) = p(t) for each round ¢ such that dy = dy, and
thus by Equation (B.7) we have that

7(r) < 7(t) < p(r) < p(t) V (p(r) = plt) AT < 1)
for all r,t € [T such that Jr =d, and Jt = d;. Define v, : J, — UJSH b
vs(t) = {reJs : w(r) <m(t)} vVt e Js .

Observe that vy(t) < N{(s) = |L}(s)| for all s € S and all t € J,. This is due to the fact that vy(t)
counts a subset of £}(s); to be precise, we have that vs(t) = |£}(s) N Js|. Moreover, notice that the
condition 7(r) < 7(t) defines a total order over J;. Hence, vs(t) counts the number of elements of
Js preceding t € J (including ¢ itself) in this total order. This implies that v is a bijection between

Js and UJSH Then, using a similar reasoning as before, we show that

ZetSt]I{dt di} = ,/21n45—TZZ N, ]I{dt dy }

seSteTs

+/21n 45771 Z Z N’ (by definition of Jj)

seS teds

\/WZ Z (since vs(t) < N{(s) for t € Js)

seES teJg

45T
<24/2In i Z VAPA (since vs(t) is bijective)

seS

< 2\/2IH4S—T Z VM (since |Js| < M7(s))

seS
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48T
<24/258T1In 5 (by Jensen’s inequality)

O

Theorem 3.2. Let 6 € (0,1). If we run MetaBIO using DAda-Exp3, then the regret of MetaBIO in

the BIO setting with adversarial action-state mappings and stochastic losses satisfies

45T max +2, 4
Regr <24/2KTCk 35 + 7 STlnT +24/doCr 35 + % In 5 (3.8)

with probability at least 1 — .
Proof of Theorem 3.2. By Equation (B.10), the regret Regy can be bounded as

Iy —B 45T
Regr < Regr + Zat(St) < Regr + 74/ ST In 5
t=1

with probability at least 1 — §/2, where the last inequality follows by Lemma B.5. From what we
argued in Appendix B.2.3, we can upper bound 7€e\gf~ using the high-probability regret bound of
DAda-Exp3. Notice that the delays incurred by DAda-Exp3 via MetaBIO0 are those given when providing
the estimates (@)te[T]'
DAda-Exp3 is thus (ftot = Z;‘il czg Hence, from the improved bound for DAda-Exp3 in Equation (B.2),

we have that

We denote these delays by (Il, e ,JT, and the total delay perceived by

Omax + 2

Regy < 2(/2KT BIn(K) + 1 (4/8)) + 2y/duor (31n(K) + In (4/8)) + .

In(4/6)

holds with probability at least 1 — §/2. The combination of the above two inequalities, together
with Lemma 3.1, concludes the proof. O
B.2.5 Regret of AdaMetaBIO

Theorem 3.3. Let 6 € (0,1). If we run AdaMetaBIO with DAda-Exp3, then the regret of AdaMetaBIO

in the BIO setting with adversarial action-state mappings and stochastic losses satisfies

8ST 8
Regy < 3min{7 ST In 5 \/dtotCKVQ(;} + 64/ KTCk 25 +21/doCk 25 + (Omax + 2) In 5 (3.9)

with probability at least 1 — 0.

Proof of Theorem 3.3. Let t* € [T] be the last round before AdaMetaBI0 switches from DAda-Exp3
to MetaBIO0, i.e., the last round that satisfies D+ Cg 45 < 495T In 8STT. Then, define

T
a* € argminZH(st(a)) .

a

t=1
We may decompose regret as
t* T
Regr = > (0(8) = 0(si(@)) + > (0(84) = 0(si(a")))
t=1 t=t*+1
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t* t* T
S;H(St)—aréiﬂgﬂst )+ Z 0(St) géin Z O(s¢(a))

A
=t*+1 t=t*+1

Reg;« Regyx.1

The incurred delay until time ¢* is ©4«. Thus, from Equation (B.4), we get that the following bound

/ 12 2.6
Reg; < 24/2Kt*Ck o5 +1/2t*In 5 +2/Dp+Ci 25 + % In 3 (B.11)

holds with probability at least 1 — /2, where we recall that Cxs = 3In K + In(12/6). If our
algorithm never switches, then t* = T and we get the bound in (B.11) for Regp. Note that this is

no greater than the upper bound in the statement as /©7Ck 25 < 7/ST In(85T/6) by definition
of t* in this case.

Otherwise, we use the switching condition /®Ck 25 < 74/ST In(85T/§) along with the fact
that /t*In(12/6) < \/Kt*Ck 25 to get

SST | omux +2 6
Regy. < 3y/2KE Ceas + 144/ ST == 47 2+ I (B.12)

Furthermore, Theorem 3.2 directly gives us an upper bound for Reg,.. since AdaMetaBIO runs
MetaBIO for ¢ > t* with the confidence parameter set to 6/2. We just need to bound the total
incurred delays of these rounds, namely @*:T. Let o} be the outstanding observations for any round
t > t* as perceived by the execution of MetaBIO0 starting after round t*, that is, when considering
only delays (d;)¢s¢+. It is immediate to observe that o} < o and thus max;s+ of < maxys- oy.
Moreover, from Lemma 3.1 we have

- < da

where @’ denotes a set of min {7 — t*,2S07 .. } rounds with the largest delays among (d;)¢>s+, with

/

Urnax

= maxys¢+ ;. S0 we have
der < do

due to the fact that |®'| = min{T — t*, 250!

Theorem 3.2 we obtain

8ST max T2, 8

with probability at least 1 — §/2. We conclude the proof by combining Equations (B.12) and (B.13)
along with the fact that vt* + /T — t* < V2T to get that the bound

} < min{7T,250max} = |®|. Therefore, from

max

85T

RegT<6\/KTCK25+3m1n{7 STln— «/dtotCKg(s}-i-Q d@CKg(s-l-(O'maX-l-Q)lng

holds with probability at least 1 — §. O
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B.2.6 Expected Regret Analysis of AdaMetaBI0 with Tsallis-INF

Proposition 3.1. If we erecute AdaMetaBIO with Tsallis-INF (Zimmert and Seldin, 2020a), and
use the switching condition \/80D;In K > 61/ST In(25T) at each round t € [T, where D; = Z;Zl aj,
then the regret of AdaMetaBIO0 in the BIO setting with adversarial action-state mappings and stochastic

losses satisfies

E[Reg,] < 4V2KT +2\/2dp In K + 4min{3\/ST (257, /2dor 1nK} .

Proof of Proposition 3.1. We begin by studying of expected regret of MetaBIO and we then give
a regret analysis of AdaMetaBIO. When running MetaBIO, we use the unbiased empirical mean
estimators (at)te[T} as the mean loss estimates, rather than the lower confidence bounds (@g)tem.

The expected regret is defined as

T T

E[Regr] = > E[0(S)] = _ 0(si(a”)) .

t=1 t=1

where we fix any a* € argminge 4 Y7, 0(s¢(a)). Here we use a version of Tsallis-INF that is
tailored for the delayed bandits problem (Zimmert and Seldin, 2020a), which guarantees a bound in

expectation on the regret
Tsalli T T
—— lsa lS -~ ~
Regr Ze S;) Ze (st(a

against any fixed action a € A, using the loss estimates (@) telT)’ Observe that this regret is defined
in terms of our estimates, as required in our case. By Zimmert and Seldin (2020a, Theorem 1),

Tsallis-INF guarantees that its expected regret is

T T
—— Tsallis, ~ ~ " ~
E [RegT (a )} - E[§ 0:(S) =3 bu(se(a ))] < 4VET +\/8drInK < AVKT + /3dp In K ,
t=1 t=1

where the last inequality uses Lemma 3.1. Then, we can focus on our notion of regret and use the

above regret bound to obtain that

E[Regr] = E[Regy — Regr ™ (a")] +E [Regy™ " (a")]
r T T .
=B | 30050 = 0:(50) | +E| D (Bulse(a) = 0(su(a")) | +E [Regr™(a")]
Lt=1 t=1
r T T
<E|D(08) = 0u(S) | +E| D (Bu(se(a”)) — 0(se(a™))) | +4VET + /8dp In K .
Li=1 t=1

A
(B.14)

We know that our mean estimator is unbiased. Therefore, we have that E [@(st(a*))} = 0(s¢(a*))
for any ¢ € [T], meaning that the second term in the right-hand side of (B.14) is equal to zero.
On the other hand, we can apply Lemma B.2 to get the following bound for A that holds with
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probability at least 1 — §/2 for any 6 € (0,1):

T
)1
Agmm{Q Zst(St),T} , (B.15)
t=1
where we recall that &;(s) = N,L(S) In A‘STT. In particular, the inequality A < T is true in general.
t

By Lemma B.5, we can bound the right-hand side of (B.15) as

when conditioning on the event as in the statement of Lemma B.2. If we denote such an event as &,
we have that P (€) < 6/2 and that E[A | €] < I,/ST1n (4ST/65). As a consequence, we notice that

EA]=E[A|E]P(E)+E[A|E]P(E) < ;/STlanTJrng 5/ ST In (25T) + 1

where in the last inequality we set 6 = 2/T. Since we assume that S > 2, we can easily observe that

E[A] <64/STIn (25T). Plugging this into Equation (B.14) gives us

E [Regr] < 4VKT + \/8dg In K + 6+/ST In(25T) . (B.16)

At this point, we can proceed to the proof of the overall bound on the expected regret of
AdaMetaBI0. The behaviour of AdaMetaBIO0 follows the same principle as before, but the switching

condition is different:

V8D InK > 6/STn(25T) .

Similar to the analysis of AdaMetaBI0 in Appendix B.2.5, we decompose the regret into

t* ¢ T T
ElResr] < YOE[O(5)] — min D 0ls(a) + > E[B(S)] - min 3 #(si(a)).
=1 A =t +1 ]
R;ét* Reg;‘:T

where t* is the last round satisfying /89« < 61/5T In (25T'). Then, we have

E[Reg;.] < 4VEKt* + /8D In K . (B.17)

If t* = T then Reg;» = Regy and we get the bound in Equation (B.17), where we note that
V8DrInK < 6\/STT(25’T) by definition of ¢* in this case, and we can replace ®p by drp.
Otherwise, t* < T and we can apply the bound for MetaBIO from Equation (B.16), along with the
fact that the total incurred delay after round t* is upper bounded by dg, in order to derive an upper
bound for E[Reg;-.p| that is

E[Regp.r] < 4v/K(T —t*) + /8dg In K + 61/ST In(2ST) . (B.18)
Finally, if we use the fact that /89 < 64/ST In(2ST) (by definition of ¢*) in Equation (B.17),
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and combine it with Equation (B.18), we conclude that

E[Regy] < 4V2KT + v/8dp In K + 2 min{G\/ST (25T, \/3dsos 1nK} :

where we also used the fact that vt* + T — t* < v/2T. O

B.3 Omitted Details in Section 3.5

Theorem 3.5. Suppose that the action-state mapping is adversarial and the losses are stochastic
and that dy = d for all t € [T]. If T > min{S,d} then there exists a distribution of losses and

a sequence of action-state mappings such that any (possibly randomized) algorithm suffers regret

E [Regr] = Q(y/min{S, d}T).

Proof of Theorem 3.5. Assume without loss of generality that K = 2 and let S := {hy,...,hg} be
the finite set of possible states. Let S’ := |min{S/2,d}| and let I1,..., Ir be the actions chosen by
the considered algorithm. Split the T" time steps into m := |T'/S’| blocks By, ..., By, of equal size
S’, eventually leaving < S’ — 1 extra time steps. We assume with no loss of generality that the last
step corresponds to the end of the m-th block. The feedback formed by the losses of the actions
chosen by the algorithm in a certain block is received only after the last time step of the same block
since S < 2d. Define b; == (i — 1)S" + 1 for all i € [m]. We assume that the learner receives all the
realized losses £;(s;(A)) for all t € B; and all A € {1,2} at the end of each block, which means that
we are in a full information setting, as this only helps the algorithm.

Now, we define a specific sequence of assignments from actions to states, and construct losses
so that the expected regret becomes sufficiently large. Let s;(A) = hyy_p,)44 for all t € B;, all
i € [m] and all A € {1,2}; this means that, for the first time step of any block, actions 1 and 2
will be assigned to states hy and ho respectively, then to hy and h4 respectively in the next time

step of the same block, and so on. Let ¢ = i, /ﬁ(/‘l/?ﬂ € [0, i] and let #Y) ¢ R? be a vector

Z(A) = 2 —I{i=A}e, for each A € {1,2}. We simplify the notation

with B4 [] == E [ } 9(’4)] and Py (1) =P (- ‘ (9(’4)), where the conditioning on #() means that we
sample losses for each state assigned to ¢ € {1,2} such that they are Bernoulli random variables with
(4)
i
Xi ..., X! with mean GZ(A), one for each block, for i € {1,2}. Then, the losses are defined as
li(se(2)) == X]Z: for each t € B; and each j € [m].

We can now proceed to show a lower bound for the expected pseudo-regret. Let T; be the number

of mean losses such that 6

mean #;°”. In particular, conditioning on 64 we sample independent Bernoulli random variables

of times the learner chooses action ¢ over all T" time steps. The expected pseudo-regret over the two
instances determined by 8% for k € {1,2} adds up to

E1 [Regr] 4 Eg [Regy] = & (2T — K1 [Th] — Eo [T3]) -
Following the standard analysis, we show that the difference Ey [T5] — Eq [T3] is such that
1
Ep [Io] — Eq [I3] < T'- dyv (P2, Py) < T4/ 5 Dk, (P || P2)

where the last step follows by Pinsker’s inequality.
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Let A; := {(Iy, 4:(S¢(1)),£,(S:(2))) | t € B;} be the feedback set known to the learner by the end
of block B;, and let \' := (\1,...,);) be the tuple of all feedback sets up to the end of block B;.
Denote by Py ; (-) the probability measure of feedback tuples A’ conditioned on #(4). By the chain

rule for the relative entropy, we can observe that

m

D, (Pr[|P2) =Y > Pr (A7) D (Pri (- | A7) [P (- [ X))

=1 )\i—1

< i D Py (NT) 1667 In (4/3)

i=1 )i—1
= 16me*1In (4/3) ,

where we used the fact that each relative entropy Dkr, (P1,; (- | A1) [[ P2, (- | A1) corresponds
to the sum of the relative entropy between two Bernoulli distributions with means 1/2 and 1/2 — ¢
and that between Bernoulli distributions with means 1/2 — ¢ and 1/2, respectively, which is upper
bounded by 16e%1n (4/3) for ¢ € [0,1/4]. This follows by an application of the chain rule for
the relative entropy, as well as from the fact that the distribution of I; is the same under both
Py ( \ )\ifl) and Py ; ( | /\ifl), for all ¢t € B; and any A\*~!. Therefore, we have that

EQ [TQ} — El [TQ] < 26T\/ 2m In (4/3)

which also implies that

E; [Regp| + E2 [Regyp| > T (1 — 25%) _ ¢

1
2In(4/3) = 8\/ 6In(4/3)°
where we used the facts that m < T/S” and that |S/2| > S/3 for any integer S > 2. This means

that the expected pseudo-regret of the learner has to be % % at least in one of the two

61n
instances. Now, for S > 2d we use the same construction, but now we only use 2d states, which

leads to the promised Q(y/min{S, d}T) lower bound. O

Theorem 3.6. Suppose that the action-state mapping is adversarial, the losses are stochastic, and
that dy = d for all t € [T]. If T > d+ 1 then there exists a distribution of losses and a sequence of

action-state mappings such that any (possibly randomized) algorithm suffers regret
E [Regr] = Q(min{(d +1)VS,\/(d+ 1)T}) .

Proof of Theorem 3.6. Let S" := min { 151, L%J} > 1. We counsider the first (d + 1)S’ rounds of
the game and divide them into S’ blocks By, ..., Bg of same length d + 1. In this way, we ensure
that the feedback for any time step in some block is revealed to the learner only after its final round.

Without loss of generality, we can assume that the learner observes all the losses of one block
immediately after its last time step; this only helps the learner since they would observe only the
incurred losses at possibly later rounds otherwise. We can further simplify the problem by assuming
that losses are deterministic functions of the states, i.e., ¢; = 6 for every round ¢. This also means

that the problem turns into an easier, full-information version of our problem with deterministic
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losses. Now, let the adversary choose the action-state mappings such that for each block index i
and each action a € A, Si(a) = Sy (a) € {s2;—1, s2;} for all t,¢' € B;. Furthermore, we assume that
the losses are chosen such that 6(sg;—1) € {0,1} and 0(s9;) = 1 — 0(s9;—1) for all i € [S’]. In this
construction, the learner cannot obtain any useful information from the states of a block because of
the delays. Moreover, the states observed in one block are not observed again in the other blocks.
It thus suffices to prove a lower bound for a standard full information game with S’ rounds and

loss range [0,d + 1]. Hence, we can conclude that the expected regret of any algorithm has to be

E[Regy] = 0 ((d+ VS =0 <min{(d+ VS, Vd+ 1T} . 0

B.4 Action-State Mappings and Loss Means Used in the Experi-

ments

Table B.1 and Table B.2 describe the instances used to generate the data for the experiments of

Section 3.6.

Mean loss | s=1 s=2 s=3
0(s) 0.2 0.4 0.8
Mapping | P(1la) P(2|la) P(3|a)
a=1 0.8 0.1 0.1
a=2 0.4 0.5 0.1
a=3 0.3 0.7 0.0
a=4 0.5 0.3 0.2

Table B.1: Mean losses and stochastic action-state mapping for Experiment 1 in Section 3.6.

Mean loss | s =1 §=2 s=3
0(s) 0 1 1
Environment 1
Mapping | P(1la) P(2la) P(3la)
a=1 0.06 0.47 0.47
a=2 0 0.50 0.50
a=3 0 0.50 0.50
a=4 0 0.50 0.50
Environment 2
Mapping | P(1la) P(2|la) P(3|a)
a=1 1 0 0
a=2 0.94 0.03 0.03
a=3 0.94 0.03 0.03
a=4 0.94 0.03 0.03

Table B.2: Mean losses and stochastic action-state mappings for Experiment 2 in Section 3.6.
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Appendix C

Proof Details for Chapter 4

C.1 Additional related works

Distributed optimization (DO), now central to federated learning, dates back to the work of Bertsekas
and Tsitsiklis (1991), originally applied to parallel computation. Much of the research in DO focuses
on gossip algorithms, introduced by Boyd et al. (2005, 2006) to address the distributed averaging
problem, especially in scenarios where communication is expensive. These algorithms involve
randomly selecting a neighbor for information exchange, or gossiping. The concept later expanded
to include weighted averaging of information from all neighbors using weights collected in a gossip
matrix. Nedic et al. (2010) extended gossip methods to distributed optimization, combining projected
gradient descent with gossip-based averaging of iterates. Typically, the convergence rate of gossip
algorithms is inversely related to the spectral gap of the gossip matrix.

A key constraint frequently considered in distributed optimization is that the algorithm should be
robust to random network topologies. This can arise not only from unstable communication channels
(Nedi¢ and Olshevsky, 2014), but randomization can also be leveraged to reduce communication
costs while preserving performance (Lei et al., 2020). Other constraints, considered in the literature
but less relevant to this work, include event-related communication and time delays (Yang et al.,
2019). Recent advances in DO also concern accelerated gossip algorithms that allow for accelerated
rates with respect to the number of agents (Wan et al., 2024a).

In this work, we address the problem of device unavailability, a topic explored in federated
learning from various angles. For example, availability patterns, such as diurnal cycles, can violate
the assumption of data independence, as active agents may disproportionately represent certain pop-
ulations (e.g., by geographic location) (Eichner et al., 2019, Amiri et al., 2021). Device unavailability
has not been addressed in the context of DOO, except indirectly in (Hosseini et al., 2016), which
focuses on time-varying graphs, thus tackling the case in which isolated devices are unavailable for
communication. Our approach differs in that inactive agents do not have an associated loss function
and do not contribute to the global loss. Raginsky et al. (2011) consider a notion of information
structure replacing the communication network. However, their results are based on a specific linear
structure and a horizon-dependent communication radius within which agents can freely exchange
information.

In the online DOO setting, Yan et al. (2013) proposed a (sub)gradient descent algorithm with
regret bounds of O(v/T) for the convex and O(log T) for the strongly convex case. Hosseini et al.
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(2013) later introduced an online dual-averaging algorithm, also achieving O(v/T) regret for convex

losses. Yuan et al. (2021) extended this to long-term constraints.

C.2 Additional remark on Algorithm 4.1 and Notation

The instance of Gossip-FTRL run by agent v has two local variables: g;(v), corresponding to the
local loss gradient for the prediction z4(v) of v at time ¢, and z;(v), corresponding to the estimate of

the network loss gradient computed by agent v. Let T'; € RV*? be the matrix whose v-th row is

()_{0 if v ¢Sy, ©1)
g = Vﬁt(v,xt(v)) if v € 5;. .

Correspondingly, we define Z;, the matrix whose v-th row is z;(v) for all v € V. Let e, be the
canonical basis vector for coordinate v € [N]. Let the weights W;(v, ) computed by the instance of
Algorithm 4.1 run by each v € Sy form a N x N gossip matrix W; for S; such that W (v, ) = e, for
all v € V\ S;. We may write the updates performed by the instance as Z;11 = W;Z; + I';. Note that
the definitions of W; and I'; imply that z;41(v) = 2z:(v) for all agents v € V' \ S; that are inactive at
time t. Moreover, any active agent v € S; can compute z;41(v) using the most recent value z,(j)

(for some s < t) received by agents j € N, \ S (i.e., neighbors inactive at time ¢).

C.3 Preliminary results

Lemma C.1 (Individual Regret decomposition). Denoting by * = arg mingcy > 2y <r.es, (0 (S, ),

the individual regret

Regr(u) = 30 6°(Sua(w) —min S £°(S,,2)
t<T;u€eS t<T;u€eS

can be decomposed in the following way

Regr(u <2ZZ

t=1vey

]I{'LL UESt

t=1vey

]I{'U S St

’S ‘ vgt(xt(v>?v)7yt_x*>

(a) (b)

T
+ Zﬂ{u € SihL||we(u) — el
t=1

(c)
for any y; € X, with the convention that 0/0 = 0 when |S¢| = 0.
This will be particularly useful when setting 1; as the prediction of an omniscient agent knowing
the gradients of all incurred losses up to time ¢ — 1. In this case, Term (B) is the part of the

regret related to the loss incurred by the prediction of the omniscient agent, and Term (A) and (C)

constitute the part of the regret related to the deviations with respect to these predictions.

134



C.3. Preliminary results

Proof. By definition of the regret,

Regp(u ZZ | t| (Ue(xe(u),v) — Zt(az*,v))ﬂ{u € St}ﬂ{v € St}

t vey

ZZ \S ’ (Ce(z(u),v) = Ce(ye, v) + Le(ye, v) — (2, 0)) x {w € S }I{v € S}

t wve
T
ZZ L ze(w) — yiel| + e (ye,v) — (2™, 0)) x Hu € Sy} 1{w € S},
t V
because ¢;(-,v) is L-Lipschitz over the set X w.r.t the norm | - |, i.e. |[l(z,v) — l(y,v)] <

Lz —y|,¥ z,y € X. Next, because we need to introduce individual gradients, we add and remove
each 0 (x¢,v):

T
RegT Z Z L ||xt yt” + gt(ytvv) - Kt(SUt(U),’U) + ft(It(’U),U) - gt(l’*yv))ﬂ{u S St}ﬂ{v S St}
t V
T
22 si

where we used again the Lipschitzness of the loss functions. Then by convexity of 4:(-,v),

(L ||lze(u) = ye|| + Ljze(v) = yel| + Le(ze(v),0) — Le(2z*,v))I{u € S }I{v € S;},

IN

<M

T
Regr(u) <Y ) o |S , (L [lze(w) = yell + L l|lze(v) — yell + (Vi (e (v),0), 2(v) — 2*))I{u € Si }T{v € S},

t wvey

which can be rewritten as

Regl < zT:]I{U € St}L||lwe(u) — yell + ; Z@;
n ;;} (Vl(x4(v),v), 24 (v) — 2*)
:Z]I{uest}Lth( yt|+;§

< Zﬂ{uest}m\mt( —yt|+2ZZ
P t=1vey
+ZZ

t=1 vey

]I{v € St}]I{u € St}
|St|

Llze(v) =yl

]I{v € St}]l{u € St}
|St|

]I{’U € St}]I{u € St}
|St|

Llze(v) =yl

]I{v € S’t}]l{u € St}
|St|

(Ve (2t(v),v), 24(v) — Yy + yr — )

]I{U € St}H{u € St}

Ll||lzs(v) —
5l (v) = el

]I{U € St}]l{u € St}

B (Vl(2e(v),v), 90 — 27)
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again by the Lipschitzness of the losses. Finally,

Lu,v € S Lu,v € S
g <QZZ { KA t ——a— Lllz(v leZZ { A t (Vl(z(v),v),y — *)
t=1 vey t=1 vey ¢
(a) (b
T
+ > Hu € S}L o) = we] (C.2)
(©
concluding the proof. O

Lemma C.2 (Network regret’s decomposition). Denoting by x* = arg mingcx ZZ:1 (S, x), the

network regret
ghet Z Z Enet St,xt manﬂ?et S, x)
UESt

can be decomposed in the following way

Regh® < 3 Z Z

t=1 uey

I[{u S St

t=1vey

]I{U S St

G (V) )y =),

(4) (B)

for any y+ € X, with the convention that 0/0 = 0 when |S¢| = 0.

Proof. By definition of the regret,

Regh®t = Z Z Z Et (xe(u),v) — Et(x*,v))}l{u € St}}l{v IS St}

t uEVUEV
= Z Z Z 5, Et (e(u),v) — l(ye,v) + Ly (ye, v) — L (z*,v)) X ]I{u € St}]l{v € St}
t=1 ueVveV
< Z Z Z ]S ’2 (L |lze(u) = ye|| + Le(ye, v) — be(x*,v)) x {u € S} I{v € Si},
t=1 ueVvey
because ¢;(-,v) is L-Lipschitz over the set X w.r.t the norm | - |, i.e. |[le(z,v) — l(y,v)] <

L||lx —y|,¥ z,y € X. Next, because we need to introduce individual gradients, we add and remove

each li(z¢,v):

T
egh <3 D0 S (L) = gl + felyn v) — Le(wo(v),v) + Lo (v), v) — (2%, v)) |S,zﬂ{uest}ﬂ{v65t}

t=1 ueVveV

T
<303 S () =l L (v) = el + e (v). ) = ", 0)) x gl e Sii{v € i}

t=1 ucVveV
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where we used again the Lipschitzness of the loss functions. Then by convexity of ¢;(-,v),

gl < Z > Z 3 (L llze(w) = ell + L we(v) = yell + (Ve (o), v), @(0) — 27)) x H{u € Si}I{v € S},

t=1 uey vEV

which can be rewritten as

t= 1u€V t=1 vey
]I{U S St} .
+ ;ZVW (Ves(2e(v),0), 21(v) - 2°)
T
Hues, I{v e S
= 2227{ t}L||:Ut ) = il +ZZ Hoe sip (Ve (24 (v), v), 2(v) — yo + 1 — x°)
e L vy LY
T
{u e S; IRENS St
t=1 uey ¢ t=1 vey
T
Iiv e S
+>., { B 2 (Vl(2e(v),v), 4t — 27)
t=1 vey
again by the Lipschitzness of the losses. Finally,
Iiu e S I{v e S
Regl®t < 322 { KA i — < Lllz(u WH’ZZ { 5] 2 (Vee(zt(v),v),ye —2")  (C.3)
t=1 uey t=1 veVy
(4) (B)
concluding the proof. O

Lemma C.3. Assuming that for k=1...T, Wy are doubly stochastic matrices and i.i.d., we have,
Yo €V, Vs, t € [T] such that t > s,

1\7 1
E[<Wt"'Ws+1€U_N> <Wt'-'Ws+1€v—N>] §eUTeU

< N (E[WIW, )0 (C.4)

1 t—s
E[W, W, ] — NuT

op

This can be derived exactly as in the proof of (Lei et al., 2020, Lemma 2). For completeness, we

provide a quick justification.

Proof. Let Wy, = Wy — %11T and assume

2
< evTev

2

k—s—1

1
EW,W,] - =11"

fi k—1>s.
fV or some S

1
HWkl Wiy — N

op
Let Fi_1 be the o-algebra generated by all random events up to time £ — 1. We have that

2

1 — e —
E [HW,I Wl —~| | =E [efwj;l W W W Wy - Wsﬂev]

2
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=E [ WsT 1° "WJAE[WJW/% | ]:kq]wkq . "Ws+1ev:|

=E [ Ws+1 Wl:—lE[W;WﬂWk—l e Ws+1ev:|
(by independence of W)

k—s—1

1 1
< ||EW W] — =11T|| ele, |[EW W] - —117

Nl N

p op
- 1 - k—s—1
S )\2( [WlWl ])6 (&%) [WlWl ] — N]_]_
op
which by induction, suffices to prove Equation (C.4). O

C.4 Omitted details in Section 4.4

C.4.1 Regret upper bounds in Expectation

We start by bounding the network regret, and making a few comments, before getting to the slightly
harder proof of Theorem C.1.

Theorem C.1. Assume each agent runs an instance of Gossip-FTRL with learning rate n > 0 and

1.4.d gossip matrices Wy. Then, the expected network regret can be bounded by

DI, L?ny

E[Regh'] < —2 + —(6 + 21, + 3\/pN (C.5)
np H
where p = /M (E[W1W]]), and I, = p/pmin is an imbalance factor. In the p-uniform case, we have
E[Regf™] < D + L—Qn(fs + 3\/pNL)T (C.6)
I/ L—p
If, in addition, n = M, then

2\/§p3/4N1/4\/T

DL NY4 1
i P 1= p \/T

Lower bound on activation probabilities. Our analysis assumes ), p, > 1 ensuring that

E[Regf™"] < 2V/2== (C.7)

the fraction of rounds with zero active agents is vanishingly small with high probability. If this
assumption is dropped, the time horizon T in our bounds is replaced by the expected number
T= (1 —Iyep(1— pu))T of time steps when there is at least one active agent (if no agents are active
in a give step, then that step does not contribute to the regret). However, optimizing the learning
rate with respect to T is problematic because this quantity depends on the activation probabilities.
On the other hand, note that T < (1 —(1-— pmaX)N)T < PmaxNT. Hence, when ppax is known
and smaller than % (which, in turn, implies that >, p, < 1), we can tune the learning rate using
PmaxNT < T.

Proof. In this proof we denote by z* = arg mingcy Z;le 2248y, ). The proof relies on the use of

an omniscient agent knowing the gradients of all incurred losses up to time ¢ — 1.
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Let us define the quantities z; and g,

= 3 L alev),0) = 3 A Vh o), 0)

veY veY

_ 1
=y Z zt(v)

veY

Then the decision of the omniscient agent is defined as

Ty = argmin, ¢ y {(zt,x> + lew(:z:)} :

Note that
Ziy1 = Zt + G- (C.8)

The proof of the theorem relies on Lemma C.2, where y; is set to Z;.

]I{uESt Lth —xtH—{—ZZ

|S| t=1 veVy

H{U S St

A (Vl(z(v),v), 2 — ") . (C.9)

Regnet < 32 Z

t=1 ucy

(4) (B)

General case. We start by analyzing the general case. Let us focus on Term (B) first.

sy e

t=1vey

]I{U € St}

MY €5 Gayano), o) — %) = 3" B
z:(v),v), T —2*)| =
S t(z¢ ¢ ph 1+ZueV\vH{u€St

})E [(Veli(1(v), v), T — 27)]

(by independence and a slight rewriting)

= Zvacv (Ve (z(v),v), Ty — z*)]

t=1 vey

< maxchva (VL (z(v),v), T — z¥)]

veY
t=1 vey

where ¢, = E 1 < 1. Recall that T = (1 — II 1-— T denotes the expected
v (1+ZuEV\vH{“€St}) > ( vev( pv)) p
number of time steps when there is at least one active agent. In the p-uniform case for example,

Cyp = TEN = 17(]1\7;7’)]\[ < 1. This holds because, on the one hand,
H{U S St
Su M5 = e,
veV t VeV

due to all ¢, being equal. On the other hand,

I{v e s T
Y E HoesSi)_ =Pr(S; #0) = = (C.10)
veY ’St‘ T
In th ~unif < +-+—. Indeed, bounding E 1 i tially boundi
n the non-uniform case, ¢, < 57— Indeed, bounding <1+Zuev\vﬂ{ueb’t}> is essentially bounding
where X, ; is a Poisson binomial variable with N — 1 probability parameters : {p,, Yu €

1
E( T+ X, )
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V\ v}. Then stochastically, X, is lower bounded by Binomial(N — 1, pyin). Since 1—_}_5 is decreasing,

this implies:

1
E|l—| <E
) =2 e

Yet, we know from our analysis of ¢, in the p-uniform case that

1+ Bin(N — 1,pmin) Npmin - Npmin

. 1
Finally ¢, < Npoin

Since 7; are the predictions of FTRL on linear losses (g, ), we know from standard FTRL
analysis (Orabona, 2025, Corollary 7.7),

1 & L bt | L5~ IS
sz<v&(xt(v),v),xt—x YI{ve S} < 7+—an (C.11)
t=1 veV L -
which by taking expectation and using the independence of Sy and z;(v) leads to
T

T * 2
E [Z > po (Vl(i(v),0), 2 — :c*>] < PEON L, (Nﬁ—i—ﬁ(l —p) - a§> ,

t=1 vey N K t=1

where p = % > vy Do and UZQ) = % Y owey p? — p?, where ag = % Y ey p? — p? is the variance.
This holds because E[|S;|?] = E[|S¢|]2 + Var(|S¢|), and |S| is the sum of independent Bernoulli of
parameter p,, so that Var(|S;|) = >, <y pu(1 — py), which can also be written as Np(1 — p) — Nag.

Hence

v t Tt 2
[ZZH{ € 5t} Vft($t(v),v),ii‘t—ff*>] gmaxcv(w( n)N +I/; 77(N]5+15(1_15)_01§))

t=1 vey t=1

1 D2N 12

< + = n(Np+p(l —p)— o2
Npmin n K =1 ( ( ) p))
DI, I2 & )
<=L+ =N " n(Np+p(1—p) - 0p)/(Npmin)
np L
(C.12)
DI, _L?
<Z 249 g7 (C.13)
np H
Regarding Term (A), since
_ . _ 1
o1 = argin,cx { ,0) + Lolo) .
and )
z(v) = argmingc x {(zt(v), x) + 7]w(azc)} ,
we have
[e(v) = Zel| < m/pll2e(v) — 2], (C.14)

140



C.4. Omitted details in Section 4.4

thanks to the duality between strong convexity and smoothness (Orabona, 2025, Theorem 6.11).
For any t € [T] and any v € [N], we have

i1 =WiZpy + 1Ty = WiWy 1 Zy 1 + Wiy 1 + 1 = Z Wi We 1 I's + T

Simultaneously, we have

t
i 1 -
Rt+1 = N ;1 1T,

so that
1
L1 — 1z = Z Wi Weal's + Ty — NllTF
t—1 [ 1 1
=> (Wi Wepn — 11T] Lo+, — —11"Ty.
= N N
In turn,

2e41(V) — Zeg1 = (Zt+1 —1z41) e,

1 r 1
— ZFST [ o Wt — N11T] e + 0] (1 — NllT)ev,

so that we can compute :

12641 (v) = Zegall, =

-1 N 1
Z <Z <[Wt s Ws+1]u,v - N> gs(xs(u)7 U)) + gt(l‘t(?)), U) — 0t

i <[Wt o Weiluw — ;f) gs(zs(u), u)

*

IN

+ lge(ze(v), v) = gl

*

(triangular inequality)

Wi+ Wil — ]{,\ ug5<xs<u>,u>u*> +llge(an(v),0) = gl

IA
i T
[ ) =
(_\
I =
I

[Wt T Ws+1]u,v - ]1[’ ||gs(33s(u)a u)H*) + Hgt(wt(v)’v) B gt”*

2\ 1/2 1/2
> (Z 1gs (25 (u), wll ) + llge(ze(v), v) — G,

UES}

1
[Wt o Werl]u,v - N

IN
w o~
Il |
o
~

. 1/2
Since [|gs(zs(u),v)||, <I{u € S;}L, we have (ZueSt \\gs(ajs(u),u)Hz) < L+/|Sy].
1/2
We also have (Zuest HWt o Wegtluw — %‘2) = HWt s Wepiey — %1“2 so that in conclu-
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sion,
241 (v) = Zes1]. <ZL\/|St

By independence of S; and W;... W), we have

+2L. (C.15)

1
s+1€v - Nl )

1
E [||Zt+1( ) — Zt—i—l” < ZLE [ ‘St |:HWt W3+16U - Nl

|21,
2

To bound the left hand side of this expression, we need to bound E[4/]S¢|]. By Jensen’s inequality,

E[V[S:]] < VE[Si] = VBN .

Hence

E [ll2001(0) — Z41]l.] <ZL\/pNEH|Wt Worren — =

]+2L.
2

So we also have, thanks to Lemma C.3,

E(||2e41(v) — Zea1ll,] <ZL\/pN/\2 E[W, W, )\ % 4+ 2L
<L pN—+2L
L—p

Using Equation (C.14),

B i) — 2] < 22 (Vo 12 +2) (C.16)

“

ZZ| I{u € S} Lzt (u —xt|]]<ZZLE[|S|H{u€St}] [z (w) — Z4||]

t=1 uey t=1 uey
(by independence)

L? ~ ~
<n— (2 + \/]5N1'0> T. (using the definition of T')
7 —p
Combining this with Equation (C.13) and using Equation (C.9), we get

D1, IL? (N+1)p
E[Regh'| < —=2 + ~n(6 + TT+3\/‘N
[Regi”] np un( N Pain /

Consequently
2 2

D, L -
E[Regi] < nﬁp (0 + 20,7/ + 3\/;5]\71%

We also have )

net DI, L = P
E[Regt']| < " + 777(6 + 21, + 3\/me)T,
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which is less tight in general but sufficient with the assumption that )y, p, > 1.
This yields the first result of Theorem 4.1.

p-uniform case. Equation (4.4) follows from observing that I, = 1 in the p-uniform case.

D? IL? )
net < - - N
E[Regh™] < ” + Mn(8+3\/p T

Finally, Equation (4.5) follows from simple computations. O

Theorem 4.1. Assume each agent runs an instance of Gossip-FTRL with learning rate n > 0 and

1.4.d gossip matrices Wy. Then, the expected individual regret for each w € V can be bounded by

DI, L?n

—
E|Regp(u)| < —= —1—764-2[ + 3pu/PN —)T', 4.3
[Regr(u)] < =2 + =1 VN ) (4.3
where p = \/ \(E[W1W']), and I, = p/pmin is an imbalance factor. In the p-uniform case, we have,
for allu eV,
E[Reg (u)] < D—Q + Ijn(S + 3p\/pN7p )T (4.4)
A 1—p'" " '
If, in addition, n = %, then for any u € V,
DL 1
E[Regp(u)] < 2vV2==NY4pl/t_—_/T. 4.5
[Regr()] < 2VEDLNY 4 (45)

Proof. In this proof we denote by z* = argmingcy >y <r.yes, 4° Y(Sy, ).

We will use Equation (C.2) with the same choice of Z; as in the proof of Theorem C.1. It is
obvious that with this choice, we can bound Term (b) by Term (B).

T
ZZ H{U; 5} (VU (z¢(v),0), & — 2¥) < ZZ e qugte & (Ve (zt(v),v), T — 2%)

t=1 vey

/

(0) (B)

So, thanks to the analysis in the proof of Theorem C.1,

]I{u v E St T
S LHﬁft(U) —uell Y T{u € S} |lwi(u) — el -

t=1
(a) (c)

E [RegT(u)] <

t=1 vey

It remains to upper bound Terms (a) and (¢). From Equation (C.16), we get

-~ Ly (= P
B [lov(u) = a1l) < = (m o z)
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Since

N

T
L
E | L{ue S )L |au yt||] Z [{u € S, }] LE [||z:(u) — vll] < Lpuijn <«/pN f”p n 2)

t=1

O

by independence, we have

2
Bl < v (24 VAN YT

H{u,vGSt}

It is also easy to prove that Zvev EA

< ]I{u € St}. Then

u,v e St 12 _
22 > { L z¢(v) = well | < 2E[(c)] < n— <2 + \/pTVp) T
t=1 veEY ‘S | ILL 1 — p
And , ,
D“1 L
E[RegT(u)] < —2 + —n(6pu + 21, + 3pu\/137NL)T_
nmwo 1—p
DI, IL? _
E[Regp(u)] < ——F + (620, + 3pu\/pwm)p

C.4.2 High-probability Upper Bounds

Preliminary result The main difference between the proof of the bound in expectation and that
of the high probability bound is the use of the following Lemma to bound the deviation between
Wt ce W5+1 and %111—

Lemma C.4. Assuming that for k=1...T, Wy are doubly stochastic matrices and i.i.d., we have,
Yo €V, Vs, t € [T] such that t > s,

1
Pr (HWt.”WS—FleU — Nl

> ) < HEY
2 €

1
When t — 10;’;2% = t*, we have

1
Pr <HW,5 - Wegrey — Nl

26)§e
2

This lemma is from Boyd et al. (2006). We provide a proof for completeness.

Proof. By applying Markov’s inequality, we have

1 2
26) - E(H”t”'”sﬂev—ﬁluz) .
2

1
Pr (HWt s Wegiey — Nl

€2

Denoting by Wk =W — %11T, we need to prove that E <HWt - Wepie, — %1“3) is bounded by
Ao (E[W?2]){=5. This is done by using Lemma C.3. O
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C.4.3 High-probability bound on the network regret

Like for the bounds in expectation, bounding the network regret is a bit easier than the individual

regret. We start with the network regret before proceeding to the individual regret.

Theorem C.2. Assume each agent runs an instance of Gossip-FTRL with learning rate n > 0.

Then, with probability 1 — §, the network regret is bounded by

D? I? L? 3 NT?
Regh' < N ( + 77T> + 3nTN— (1 — log 5 + 3> .
noop Iz p

There are notable differences between the bound in expectation provided by Theorem C.1 and
this one. First, the high-probability bound has a 1/(1 — p?) factor instead of p/(1 — p), where the
former is smaller than the latter when p < (V5 —1)/2.

This difference in the dependence on p is caused by Markov’s inequality, which is used here to
bound the deviation probabilities between [], W, and 117 /N in the gossiping analysis. Second, the
dependence on N and p is worse. This is to be expected since the analysis involves high-probability

upper and lower bounds on |S;|, which unavoidably yield a dependence on N instead of p.

Proof. We have

e I ueSt I UGSt _ X
Regh t<3zz { 5 —————L|jz¢(u) — Ty H—I—ZZ { S (Ve (z4(v),v), T — x¥),
t=1 uey t=1 vey
() (B)

thanks to Lemma C.2. Let us start by bounding Term (B).

H{U c St B % 1 T _ *
ZZ (Vl(ze(v),v), T — ") <N i Z Z]I{v € Si} (Vl(zi(v),v), & — ™) Pr(S; # 0)
t=1 vey t=1 vey

¥ L2 T
<N <¢(n)+u;n> (C.17)

We then proceed by bounding Term (A), by observing

Y

t=1 uecy

{u e S} d
I CRE 3 ma o)~
which is derived thanks to Equation (C.14).
Now, we focus on ||z:(v) — 2|« . Starting from Equation (C.15) and applying Lemma C.4, we

obtain

+ 2L

t—1
1
2041 (v) = Zega ||« < Z VNL HWt o Wepiey = -1 2

<VNL(t — t")e + VNLt* + 2N L
< VNLTe+VNLt* +2NL (C.18)
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with probability at least 1 — €T, V¢ > 1. For ¢t = 1, we have ||z1(v) — Z1|| = 0 Hence,

- 2 D2 12k D2 12
Reght < 3nVN—T(t* + T +2)+ N 7+7Z <N—+ N=— T(3t + €T + 3)
K =1

72
with probability at least 1 — eNT?2. Setting € = # and t* = %ﬂ) we have
D? 12 (3log (MI* 5 D? L? (3log (N2
Reght' < N2 gyrn . (B8T) gy 0 ) N DR g gyt (Bls(5T)
n I 1—p NT n I 1—p?
(C.19)
with probability at least 1 — 4. O

C.4.4 High-probability bound on the individual regret

A similar bound as in Theorem C.2 holds for the individual regret.

Theorem C.3. Assume each agent runs an instance of Gossip-FTRL with learning rate n > 0.

Then, with probability 1 — §, the network regret is bounded by

D?> I? L? 3 NT?
Regr(u) < N < + nT> + 3TN — <210g ( ) + 4) .
noop p\l-p 0

The same remarks hold as for the network regret. In particular, the dependence on N and p is
worse than in Theorem 4.1. This is not surprising, as the analysis involves high-probability upper

and lower bounds on |S;|, which unavoidably yield a dependence on N instead of p.

Proof. In this proof we denote by 2* = argmin,c x > y<r.es, G° t(St, x) We still use Equation (C.2)
with the same choice of Z; as in the proof of Theorem C.1. With this choice, we can bound Term (b)
by Term (B). Hence, thanks to Equation (C.17), we have

" T
(b)§N<w(x)+LZZn>

n L —

We can also bound Term (c) by > ;e qy Lzt (u) — 24| and Term (a) by 2L 3, maxpey [|2(v) — Z¢ |-
Thanks to Equation (C.14),

[ze(v) = 2| < nllze(v) = 2l Yo €V

We also have
|2641(v) = Zei1|l« < VNLTe +VNLt* + 2N L

with probability at least 1 — €T, Vt > 1, for each v € V, thanks to Equation (C.18). For t = 1, we
have [|z1(v) — z1|| = 0. Eventually

T
<3} (\/NLTe +VNLt* + 2NL>
t=1
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. o1 2 . _ 6 * 310g (NTTQ)
with probability at least 1 — eNT“. Setting € = {7 and t* = —1 g we have
D? L? [ 3log (N—TQ) 5 D? L? [ 3log (N—TQ)
R SN— 43 TN=— | — 2 2434+ — | < N—4+3gTN— | ——=2 " +4
egr(u) < p +3n . ( =2 t3+ 55| < 7 +3n p ey +
(C.20)
with probability at least 1 — 4. O

C.5 Omitted details in Section 4.5
In the following, we prove the lower bound presented in Section 4.5.

Theorem 4.2. Let A be any algorithm for D-OCO on the decision set X. Let N = 2(M + 1), where
M > 4 is an even integer, and suppose T > N3. Then, there exists a graph G with N nodes and
a set of activation probabilities {p, | v € [N]} with pninlN > 1, and sequences of linear functions
{l(v, -)}tT:1 , with each £, (v,-) chosen adaptively based on (Sk)k<t, and satisfying ||V (v,-)|l2 < L,
such that the expected individual regret of A satisfies:

max E[Regp(u)] > DL k(G)*/?N1/2=°\/T

u€[N] 27pmin

forall0 < 4§ < %, while the imbalance factor satisfies I, = 2+ Pmin(N=2) < 3.

Pmin

5 4

[Zero loss (nodes 0—4 and 14—17)}

Proof.

We let G denote a cycle graph with N = 2(M + 1) nodes where M is even, to simplify. Note
that, on the N-cycle, the highest and smallest non-zero eigenvalues of the Laplacian are, respectively,
A(G) =4 and Ay_1(G) = 2 — 2cos(27/N) (Spielman, 2019, Chapter 5.5). Using the inequality
1 — cos(z) > x2/5, Va € [0, 7] (recall that N > 4 implying 27 /N < 7), we have A\y_1(G) > % and

20N2 N2
so k(G) < T < 5

#(G) <

N2
—. 21
. (C:21)

We set pg = par+1 = 1 and the remaining activation probabilities to p, = p, Vv ¢ {0, M + 1}.
Now suppose that for a subset of M 4 1 nodes around node 0, the local loss functions are

identically zero at all times:
U(N—M/2,)=---= fi(M/2,:) =0 Vte]|T].
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The remaining nodes update their loss functions only after an entire path from their side of
the graph to node 0 —either (N — M /2 -1, N —M/2,...,0) or (M/2—1,M/2...0)— has been
traversed since the last update. This implies that each edge along the path has been sequentially

activated in the correct order, meaning both endpoints of each edge have been active.

Specifically, let dj denote the time required, on the k-th occasion, to traverse an entire path from
the half of the graph diametrically opposed to 0 to node 0. This time is given by dj, = min(X}, 1, Xj 2)
where each X, ; = M/2 + c?k and Jk is the minimum of two independent negative binomial random
variables with parameters (M/2,1/p?).

Then, for each k£ = 0, ..., the loss functions at nodes % + 1 through % + 1 remain constant
over the interval
k k+1
Ty = |min <deT> ,...,min (ZdT,T> ,
r=0 r=0

and are defined by
M 3M

where Hy(z) = e L(w, ), and ¢ are i.i.d. Rademacher random variables (i.e., taking values +1
with equal probability). The vector w is defined as

1 — T2

w=—"
21 — 2|2

for some x1,x9 € X such that ||z} — z2||2 = D.

The global loss observed by agent 0 at time ¢, upon playing action x, is given by

. > velmyaan/z v € St}
(@) = SR Hy, (@),

where k; denotes the index of the block such that t € Zj,.

Due to the structure of the cycle, agent 0 cannot receive information on Hj until at least dj, time

steps have passed. Thus, predictions {z;(0) : t € Zy} are made without access to H.

Defining 7 as the smallest integer k£ such that Zﬁ:o d. > T and applying a variation of the

standard lower bound from online learning (Orabona, 2025, Theorem 5.1), we obtain:

T
>E Z Z ZUE[M/Q,?)M/Q] H{U € St}Hk(.Z‘t(O))

reX k=0 teTy Skl

T T
E nget (z:(0)) — minZﬁfet(w)
t=1 t=1

T ZU v e S;
k=0

T nex 15|
T > I{v e S}
: ve[M/2,3M /2] t
SE|—
>E gélgkzzo || A Hy ()
T-1 IHvesS
> LE |max vElM/2,3M/2] { t} dreg(w, x)
zeX |St|
k=0
T-1 H{vesS
> LE | max Z ZUE[M/Q’SM/2] { '} drer{w, x)]

z€{z1,x2} o |St|
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»Jk\i—‘

Z endy, ]

(by independence and because E [

T-1
Z Ekdk
k=0

Svenzsnyy {vesi} ] >1/4)

l

1
— ZLDEqg, _ap |Ezy.cr [

4
1 [ |71
ZLDIEC;1 dr dz (Khintchine’s inequality)
|\ k=0
(C.22)
By Wald’s lemma, since 7T is a stopping time adapted to the sequence dy, ..., ds, we have:
T-1
> dz] = E[T — 1] - E[d?]. (C.23)
k=0
To lower bound E[T], let u = E[d;]. Note that:
|7/ (2p)] [T/ (2]
P Z d, <T|=1-P Z dy>T
Using Markov’s inequality,
[T/(2w)]
Dodi] _T/2 1
P > <
>, =T T T 2
k=1
Thus,
E[T]—1> L _1 (C.24)
=P . .

Hence, using Equation (C.23)

i ] ( — 1) E[d3]. (C.25)

k=0
We now bound E[d;] and E[d}]. Recall d; = min(X7, X3) where

M~ ~ (M 1
X, = > +d;, d; ~ NegBin <2’pQ> ,

and 671, 672 are independent. Using order statistics, we have:

E[X:) — /Var(dy) < E[di] < E[X4],
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and
Eld:]* < E[dY]
Now,
M 1-p? M M 1-—7p?
Var(d;) = R and E[X] = > t5 >

Thus,

M M

— < E[Xj] < —.

2p? [Xi] < p2
Then,

~~ .M M 1-p> 1 |M
Eld] > E[X1] — Var(dl)Z?-F?. 2p - 7(1_292)‘

Using /M (1 —p?) < VM, we obtain:

M 1 M
Eldi]|>—[[1-— | > —. 2
[1]_2p2< \/M>_4p2 (C.26)
Therefore,
M2
E[d]? > —. 2
G > s (c.27)

Also, since p = E[d;] < E[X;] < % we have:

T Tp?
— 1>
4u 4M
Assuming T > N3, we get:
Tp? T Tp*
— >1 —=1> . C.28
T T an T RM (C.28)

Combining Equation (C.28), Equation (C.27) and Equation (C.25), we get:

Ty M2 MT
= 8M 16p* 27p2

Zd2

Thus, thanks to Equation (C.22),

T
1 vVMT
E l A - . .
tzl t(xt( ggnz t ] 4 16p
This implies there exists a realization of g, ..., er for which:
LD
BIRr(0)) > 51T,
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From the known inequality Equation (C.21):

no
%\%
=

WO < = M2 N>

we obtain the final lower bound:

1 1
E[R7(0)] > 7 LD VT -k(G)2NY270 vo<§< <3
O
C.6 Omitted details in Section 4.6
We start by proving the general bounds on p of Theorem 4.3 and Corollary 4.1.
Theorem 4.3. If W, is set according to Equation (4.8), then
PP <1 = bppinAn-1(9) - (4.9)
Moreover, for b=1/)\1(G) we have
2
2<1— Pmin 4.10
p (C) (4.10)
Proof. Recall p? = \o(E[W W, ]). We have
Xo(E[W1W1']) < Ao (E[WA]) (C.29)
< Xo(T - bE[Lap(G))] )
< X2(I — bPLap(G)P)
< A2(I = bpiyinLan(G)) (C.30)
<1- bpmln)‘N (g) (031)

where P is the diagonal matrix such that P(v,v) = p,. Equation (C.29) holds because W is
symmetric and W2 < Wi. PLap(G)P is also symmetric and, clearly, PLap(G)P = p?, Lap(G),
implying Equation (C.30). Finally, Equation (C.31) holds because Ay_1(G) is the smallest non-zero
eigenvalue of Lap(G). O

The following corollary follows by some easy computations.

Corollary 4.1. If W, is set according to Equation (4.8) and b =1/A1(G), then

1
BRSPS
L=p DPmin
Proof. We know
1 1
11— < —
p 1 _ 1 pmin
K
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thanks to Theorem 4.3. The rest of the proof consists of proving that

B) — 2
1_ 1_pmin pmm

In general, we prove that 1 <2. %,V:c < 1.By concavity, we have: v/1 —ax <1 — %x Thus

iz
L 1 12
1—yI-2 - 1-(1-32) L1z o
Hence
1 K
<2
1_p Phin

C.6.1 Proof of Corollary 4.2

Corollary 4.2. Assume each agent runs an instance of Gossip-FTRL with learning rate n > 0. If
the gossip matriz Wy is chosen as in Equation (4.8) with b =1/\(G) and n tuned with respect to
{pv}vey and N, the expected individual regret can be bounded by

max E[Regy(u)] = O <DLIP%N1/4\/T/M) , (4.11)

uey Pmin

in the general case and

max E [Regy(u)] = O (DL’;ﬁNl/‘%/T/u) (4.12)

uey
in the p-uniform case, for all p < 1.

Proof. Thanks to Theorem 4.1 , we have

2 2
+ Nn(ﬁ(N +1)+6 +3\/13lel))T.

E[Regl] < "

We note that p(N + 1) < 2pN and

thanks to Corollary 4.1.

Consequently, we can prove

2

D’
E[Regf"] < npp + n<6 +2I, + 8\/pN1_pp)T

- ( . )
< L,(— +n|8+8/pN—— |)T
p(np n 1—p )
D? — — p
Slp(%"_n 8\/pN+8\/pNﬂ )T

o (o)
< IL,(— +nl 16/ pN—— |)T.
p(np n 5 )

min
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. 4D min . . . _ .
Setting n = %, which only requires knowing pumin, p suffices to obtain the bound
T
E[Regi] < 4DLIPR(79_34N1/4 — (C.32)
PminP / n
The proof for the p-uniform case proceeds similarly O

Now, we are interested in results holding in the p-uniform case. We first prove the following

equality that holds for arbitrary graphs, under the p-uniform assumption.

Theorem 4.4. If W, is set according to Equation (4.8), and b = 1/A1(G), then in the p-uniform

case we have
2p* ( 1—p p )
2=1- 1— — .
’ #0) U M@ 2%(0)

Proof. Denoting by L; = Lap(G), one has:
E[W?] = E[I — 2bLy + b*L3] = I — 20E[L4] + b*E(L?)
E[Li] = p’Dg — p*Ag = p’Lg
We compute:
E[L}] = E[D? — 2D, A, + A?]
where D1 and A; denote the diagonal matrix of degrees and the adjacency matrix of G.

2

E(DY)ul =B || Y 1(Ge€S)| 1€ S)
JEN;

= pE Z 1(j € 51) Z 1(k € Sy)

| JEN; kEN;

=pE | Y 1(jesS)( Y L(kesS)+1(jes)

| JEN; keNs k#j
=p (p*Dg(Dg — I) + Dgp), ,

where Dg denotes the matrix of degrees of the graph G.
Finally,
E[(D})] = p*(pDg(Dg — I) + Dg)

where Ag denotes the adjacency matrix of the graph G. Regarding A?

E[(A});] =E| Y 1k S)L(i € S)L(j € $1)
keN; keN;

_ P‘D’Wm\fj‘:p?’(%)ij ifi
E [Zk;eM 1(k e Si)l(i e 51)] =p?(Dg); ifi=j
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Hence, finally,
E[Af] = p®AZ — p’Dg + p* Dg .

Now, regarding D1 A1,
E[(D1A1)i5] = E[(D1)ii(A1)i]

=E [1(i € S)1(j € S)U((6,5) € €) Y L(k € Sy)
keN;

p*(DgAg)ij — P[Aglij + p*(Ag)ij ifi#j
0 ifi=j

Finally,
_ .3 B 2
E[D1A;] = p°(Dg — I)Ag + p~Ag .

Putting everything together,

E[L}] = p*(pDg(Dg — I) + Dg) + p* A% — p*Dg + p*Dg — 2p*(Dg — I)Ag — 2p*Ag
= p*Dg — 2p°Dg + 2p*Dg — 2p* DgAg + 2p Ag — 2p* Ag + p* A% .

So in the end we have

E[W?] = I — 2bp*(Dg — Ag) + b (p*(Dg — 2Dg — 2DgAg + 2Ag) + p* A} + p?(2Dg — 2Ag))
=1 —2bp*(Dg — Ag) + b*[p*((Dg — Ag)* + 2(Ag — Dg)) + 2p*(Dg — Ag) ]

EWE] = I —2bp®Lg + b*[p* (L — 2Lg) + 2p°Lg] . (C.33)
So if x is an eigenvector of Lg with eigenvalue \;(Lg), then

E[W?)z = & — 20p*Ai(Lg)z + b°[p°(\i(Lg)? — 2Xi(Lg)) + 2p*Xi(Lg))z
= (1 =20p°Xi(Lg) + 0°[P*(Ni(Lg)” — 2Xi(Lg)) + 2p°Ni(Lg)])
= (1+ (—2bp* + 20*p* — 2p°b*)\i(Lg) + b*p*(Ni(Lg)?) «

So that the eigenvalues of E[W?Z] can easily be expressed as eigenvalues of Lg. It is easy to

check that f;, 2+ 1+ (—2bp? + 2b%p? — 2p3b?)x + b?p32? is a quadratic function decreasing on
] —00,14(1—1b)/(bp)].
It is clear that

1+ (1-b)/(bp) =1+ (1/b—1)/p > 1/bp > 1/b > 2A(G) = Mi(Lg) -
So that f3,, is decreasing on an interval containing all eigenvalues of the Laplacian Lg and that
A2 (EWT]) = fop(An-1(Lg)) -

Hence
Ao (E[W2]) = 14 (=2bp* 4 2b%p? — 2p3b*)An_1(Lg) + b*p*(An_1(Lg))?. (C.34)
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Setting b = 1/A1(G) and rewriting yields

2 _ 2__2p2 _1—p_ P
p” =X (E[WT]) =1 ~(G) (1 M (G) 2/e(g)>'

C.6.2 Special cases

In the following, we prove inequalities on p in the p uniform case, when W; is set as in Equation (4.8),

in some specific network configurations.
Clique. When G is the clique, and b = 1/(N), since Ay_1(G) = N

M(EVE) =15~ (N —2)p* +207),

using Theorem 4.4.

Strongly Regular graphs. Strongly Regular graphs are such that
e they are k-regular, for some integer k

e there exists an integer m such that for every pair of vertices u and v that are neighbors in G,

there are m vertices that are neighbors of both uw and v

e there exists an integer n such that for every pair of vertices v and v that are not neighbors in

G, there are n vertices that are neighbors of both u and v.

Such graphs’ adjacency matrices have eigenvalues k with multiplicity 1 and r and s defined as

follows:
_ m—n+y/(m—n)2+4(k—n)
- 2
m—n—y/(m—n)2+4(k—n) . . . .
s = 5 . (Spielman, 2019, Chapter 9.6) Hence, their Laplacian have eigenvalues 0
with multiplicity 1 and and k —r and k — s. This yields Aj(Lap(G)) =k —s and Ay_1(G) =k — .

Using Theorem 4.3, we have that if b = 1/A\;(Lap(G)), then

and

k—r

PP = N(BIVE) < 1—p2 7 —

In particular, when G is the lattice graph, with N = M? vertices
1
PP = N(BIWE) < 1- 2.
replacing k by 2M — 2, m by M — 2 and n by 2.

Grid. Consider G a grid of dimension 2, with N = M?2. G is the product of two paths graphs of
length M. Then if iy ... ups are the eigenvalues of the path graph of length M, then all eigenvalues of
Lap(G) can be rewritten as pu;+p; for some i and j—see (Barik et al., 2015, Theorem 3). Furthermore
we know that p; = 2(1 — cos(n(M —i)/M))—see, e.g., (Spielman, 2019, Theorem 6.6)—so that
A (Lap(G)) =2u; =4 —4cos(m(M —1)/M and Ay_1(G) = un + pun—1 = 2 — 2 cos(w/M).
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Hence setting b = 1/\ (Lap(G))

P = M(EW]) <1 ;ii??éffj‘fi/zw>

by using Theorem 4.3.

C.7 Omitted details in Section 4.7

Corollary 4.3. Assume each agent runs an instance of Gossip-FTRL with learning rate n > 0. If

the gossip matriz Wy is chosen as in Equation (4.8) with b =1/A\1(G), then

o, 2% (. l-pg  pg
et n<g>< M(G) 2n<g>>

By tuning n with respect to p and N ,the expected individual regret of each uw € ¥V on Gy, Ga, ... drawn
i.i.d. from G(G,p,q) can be bounded by

(4.13)

E[Regr(u)] = O <K<g) N ﬁ) .

Proof. As bound Equation (4.4) in Theorem 4.1 applies, we just have to compute the spectral gap.
Regarding the expression of p? = \o(E[W?]), we take the same steps as for the proof of
Theorem 4.4.

We observe that
E[W?2] = E[I — 2bL, + b2L3] = I — 2bE[L,] 4+ b*E(L?).

We compute
E[L1] = p’Dg — p*Ag = p’Lg

and
E[L7] = E[D} — 2D A, + A7),

Mutatis mutandis in the computations of the proof of Theorem 4.4, we get the following equalities
for the first term,

r 2

E[(DD)u] =E | [ D 1((i,4) € &)
| \JeN;

=E [ Y (@) €& D> Wi k) € &)+ 1((i,]) € &))

LJEN; kEN; k]

—EE|Y 1@ )ee) Y E{]l((i,k)651)+]l((z',j)651)‘(1',14:)681})(i,j)eSl

JEN; keN k#j

= p®q (pgDg(Dg — I) + Dg);
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the second term,

E(ADy] =E| > (ki) € ENL((k,j) € &)
keN; keN;

PP INi NG| = pP¢(AZ) i if i # j
P2 e B [1((0,k) € £0)|1((0,k) € $1)] = pPa(Dg)i ifi=j

and the third term.
E[(D141)i;] = E[(D1)ii(A1)5]

=E |[1((i,j) € &) > 1((i,k) € &)

keEN;
P*?(DgAg)ij — p*¢*[Agli; + p?a(Ag)i;  ifi#j
0 ifi=3j

Finally, by adding these three inequalities and rearranging,
E[W{] = I — 2bp®’qLg + b* (p°¢*(LE — 2Lg) + 2p*qLg) . (C.35)

It is easy to check that fy,,: 2 — 1+ (—2bp%q + 20%p%q — 2p3b%¢*)x + b?p3¢*a? is a quadratic
function decreasing on (—oo, 1+ (1 — b)/(bpq)].
Again,

1+ (1-1b)/(bpg) =1+ (1/b—1)/pq = 1/bpg > 1/b > 2A(G) > Ai(Lg) -

so that fy , , is decreasing on an interval containing all eigenvalues of the Laplacian Lg and that

2p%q 1—pq Pq
7" = XBIWT) = fopa(An-1(Lg)) = 1 = oo (1 TG 2&(@))

by a s simple rewriting, concluding the proof. O
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Appendix D

Proof Details for Chapter 5

D.1 Preliminary Results

In this section, we show several auxiliary lemmas that will be helpful.

D.1.1 General properties of FTRL

The following FTRL stability lemma bounds the distance between two FTRL iterates with different
linear losses and possibly different regularizers. It also shows a simplified upper bound in the case

when two decisions are made by using FTRL with the same regularizer.

Lemma D.1 (Lemma A.2 of Qiu et al. (2025a)). Let X C R" be closed and non-empty. Let
A1, Ay = 0 be two positive semidefinite matrices, by,ba € R™, and c1,co € R. Define ¢1(z) =
T A1z + b 2+ 1 and Yo(x) = 2T Az + by o + c. Suppose that z; € argmingep {(w1, ) + Y1 (v)}
and zp € argmin,c y {(wa, ) + Y2(x)}. Then, we have

lo1 = 22ll%, + 21 — 22lf%, < (w1 — w2, 22 — 21) + (Y1 (22) — ¥a(22)) — (¥1(21) — Y2(21)) -
Furthermore, if 11 (x) = ¥o(z) = 27 Az +b"z + ¢ with positive definite A = 0, we have
1
lex = 22l < lhun — wall s,
where ||z||a = Va T Az denotes the Mahalanobis norm induced by a positive semi-definite matriz A.

D.1.2 Basic analysis facts

Lemma D.2 (Lemma 4.13 in Orabona (2025)). Let ag > 0 and let f : [0,+00) — [0,+00) be a

non-increasing function. Then

T t ZtT:O at
Z aif <a0 + Z ai> < / f(z)dx.
t=1 i=1 ap

D.1.3 Facts on the delay

The following lemma illustrates the relationship between the cumulative number of missing observa-

tions at the end of each block and total delay, which will be useful in later analysis.
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Lemma D.3. For any u € V and any fized integer B > 0 with T /B an integer,

T/B

B Z [msp1(u

u) + BT.

IIMH

Consequently, we also have for all s € [T'/B].

BM, <—ZZd )+ BT = dyo + BT,
s=1veY

where My £ £ 3 oy Imspi1 ()| for all s € [T/B].

Proof. Note that each gradient g,(u) that is delayed by d;(u) remains unobserved for d;(u) rounds,
and therefore contributes to |mypy1(u)| for exactly [dy(u)/B] consecutive blocks. Summing over all
t € [T], we obtain that

T/B

dt T T
BZ|ka+1 \_BZ[ ng(dt(u)JrB):Zdt(u)#—BT.
t=1 t=1

This proves the first inequality. To obtain the bound on Mj, since M, = + 3, oy [mspia(u)],
summing both sides over s = 1,...,T/B and applying the bound above lead to

T/B T/B
BZM_ ZZVWBH \<Z<Zdt +BT>:dm+BT.
s=1 s=1 ueV u€ey
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D.2 Omitted Details in Section 5.3

D.2.1 Non-Adaptive Algorithm with Known Total Delay

In this section, we show the omitted details in Section “Non-Adaptive Algorithm with Known Total
Delay”. For completeness, we first restate the theorem and then present its proof. After establishing
the main result, we proceed to prove several auxiliary lemmas that will be used in the algorithm’s

regret analysis.

Theorem 5.1. Assume each agent u € V runs an instance of Algorithm 5.1 with o valid communi-

cation matrix W, parameters 6 and B defined in Equation (5.6), and a fized learning rate

ns(u) =n = D (5.7)

Lv dtot‘i‘\/NBT‘

Then, under Assumption 5.1 and Assumption 5.2, the regret is bounded as

NY4/TIn N ))
(1 — oo (W)

Regy = (’)(DLN( drot +

Furthermore, when di(u) = d(u) for all t € [T], we have

VTIn N
Regr = O (DLN( diot + a —O'Q(W))l/4>> )

; _ D
with n = TVa BT

Proof. We start the proof with some notations. We define

s—1
a2 S ), (D.1)

=1 vey

Direct calculation shows that z;_1 equals to the cumulative received gradients till block s —1 averaged

over all agents:

s—1
Zs—1 = % Z Z Z g-(v) (Definition of y;(v))

I=1veV reopi1(v)\oq—_1)p+1(v)

) DD DEAT)

veV 7€0(s_1)B+1(V)

where the last inequality is due to 01(v) = () for any v € V. Then for all v € V, define

1

_ N s /= 2

Tg(V) = argmin (Ls—1, & + Zllo. D.2
S( ) gy < S > S(U)H H2 ( )

In this case, since n5(v) = n for all s € [T'/B] and v € V, we have Ts(u) = Zs(v) for all u,v € V and
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we let Zs denote this value. We also define

s—1
zs—l = %Z Z ZQT(U)

=1 T€T, veY

to be the cumulative gradients till block s — 1 averaged over all agents assuming no delay, where
Ti={(l—-1)B+1,...,IB}. We also define

~ 1
Fy(z) & (Zo-1,7) + EHQUH%
and let 7, £ argmin,y Fs(z) be the minimizer of Fi(z).

With all the above notations, we apply the regret decomposition proven in Lemma D.4 and
obtain that:

T/B
Regr(u Z Z Z g (v z”)
s=1teTs veV
L)

T/B T/B
+2BLY Y ([1Zs(u) = Zs(v)l2 + 25 (v) = Zs(v)l2) + NBL Y [|2s(u) — Zo(u)]2

s=1vey s=1

»
T/B T/B T/B
=D > > {g(v), 7 —a) +2BLY > ||as(v) = Tlla+ NBL Y [|as(u) — Zs|la,
s=1teT; veY s=1 vey s=1
» L

where the last equality uses the fact that Zs(u) = Z5(v) = Z, for all u,v € V.

We start analyzing Term # by decomposing it as follows:

T/B
S S (o) ) — T+ F )
s=1teT; veV
T/B T/B
= e S S ), E 2 3 S0 S (), ) — ) (D.3)
s=1 teTs; vey s=1 teTs; veV

full-infor drift
where full-infor corresponds to the regret assuming there is no delay and drifty corresponds to the

regret induced by delayed feedback.

To analyze full-infop, since
\tz
Ts = argmin{(— Z Z g-(v), - 1
UEV T€Ts

invoking Assumption 5.1, Assumption 5.2, and applying Corollary 7.7 in Orabona (2025) yields the

162



D.2. Omitted Details in Section 5.3

following bound

2 2
full-infor < D + nbL T. (D.4)
i 2
Now we turn to the analysis of drift; in Term #. Specifically,
, /B
drifty = Z Z Z gt - $s>
s=1 teTs; vey
T/B
< BL Z |Zs — Zsl|, (Cauchy—Schwarz inequality and Assumption 5.2)
s=1
T/B
:BLZ||3:~S—5S||2 (7, =71 =0)
T/B
BL
< — U istend Z |Zs—1 — Zs—1l5 (according to Lemma D.1)
nBL o 1 1
S 5| ED SN SRR 3) 5) pPets
5§=2 vEV TE€O(s_1)B+1(V) =1 7€TveY 9
(by definition of z;—1 and z;_1)
T/B
BL 1
S0 5] S oD SRRt
5=2 veV re€m(s_1)p+1(v) 9
(To={(s— VB +1,...,sB} and my(v) = [t — \oy(v)
T/B
nBL2
> (3 X mcnmnt) 03)
s=1 veVY

where the last inequality is by the Assumption 5.2. Combining Equation (D.3), Equation (D.4), and
Equation (D.5), we obtain

T/B

1 D? BL2

N* < 7 + Z ( Z |m(s 1 B+1 v)| + B) (D.6)
s=1 veEY

Now we start analyzing Term #. For notational convenience, we use zs(u) to denote z”(u) for
all w € V. From Lemma D.6, we know that Yw € V and Vs € [1,T/B],

|25 (w) — Zsl2 < 7st FUEL Y lw@)l; ] - (D.7)
veY

Note that z1(u) = z; = 0. Combining Lemma D.1 with Equation (D.7), we derive the following

bound on the cumulative deviation between zs(w) and zs for any w € V:

T/B T/B
Z Hxs - xSHQ - Z Hxs - i’s”Q (DS)
s=1
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T/B-1
< Z nllzs(w) — Zs|l2 (according to Lemma D.1)
s=1
T/B-1s-1
2 .
= 77\[ pls—i=1)B Z llyi (v ”2 (Equation (D.7))
s=1 I=1 vey
T/B-1 T/B

2n B
VN Z”yl(v)Hg Z p(s—1-1)B
=1 veY s—i11

(swapping the order of summation)

T/B-1

2n 1

< > 2o lm@ls (D.9)
/ _ B 2
N 1 b =1 veY

T/B-1
2n 1
e Y D lu@l3
N1- V14N =1 \/T

(since bP <

IN

shown in Equation (D.23))

QH
2

<30 S w2 ], (D.10)

where the last inequality follows from N > 1. Furthermore, according to Lemma D.10, we have

T/B-1

> Do lm)l; | < NTL. (D.11)

=1 veY

Combining Equation (D.10) and Equation (D.11),
T/B

Z Hxs(w) - jSHQ < 3’/)\/NTL
s=2

for all w € V. Hence we obtain
& < 18BnNVNTL? (D.12)

according to the definition of #. Furthermore, when di(u) = d(u) for all ¢ € [T, due to the definition
of y;(v), each agent v € V can receive at most B gradient in any block s € [T/ B]. Hence, we obtain

T/B T/B—-1
D las(v) = z4ll2 < NI Z S lu@)3 (Equation (D.10))
s=2 veY

< 3nTL.

Hence, this gives us an improved upper bound of de:

& < 18ByNTL>. (D.13)

Finally, combining Equation (D.12) with Equation (D.6), Equation (D.12) and Lemma D.4, we

can bound the overall regret as follows:
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Reg(u) < D;N BL?N > ( > Im-1ypa (v \+B> +18BnNVNTL?
s=1 9%
< D;N + LZNndtot - L2NBnT +18ByNVNTL? (Lemma D.3)
<D °N + =22 LzN ndioy + 19BnNVNTL?. (D.14)
Picking 7 to be dtotﬁ 57 leads to

B In(N)vVN o~ N1/A4
Regy(u) = O (DLN diot + WT) =0 (DLN ( diot + 0 o \/T)) .

When di(u) = d(u) for all t € [T for all u € V, we combine Equation (D.13) with Equation (D.6),
Equation (D.13) and Lemma D.4 we obtain

D?N L2N
_|_

Regp(u) < ndsor + 19BL*NnT.

Picking 7 to be L\/ﬁ gives us

Regy(u) = O (DLN drot, + BT) =0 (DLN dyor, + \/%zj . (D.16)
O

We now turn to proving the auxiliary lemmas invoked in the proof of the main theorem. The

following lemma introduces the decomposition of the regret for AD-FTRL-DF.

Lemma D.4. For any sequences {Zs(v)}seir/Blvev, Ts(v) € X, the regret of Algorithm 5.1 can be

bounded as
T/B
Regr(u) <D > > (v z")
s=1 teTs; vey
T/B T/B
+2BLY Y ([Zs(u) = Z5(0)ll2 + |25(0) = Zo(v)[|l2) + NBL Y [lw(u) — Zo(u)|2,
s=1vey s=1

where T 2 {(s — 1)B 4 1,...sB} and z* = argmin,cy Y1, Y vey li(v, ).

Proof. By definition of Regp(u), we know that

Regp(u ZZ (be(v, me(u)) — (v, z7))

t=1vey
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T
= Z (le(v, xt(v)) — by(v, " —i—ZZ (le(v, ze(u)) = b(v, 2 (v)))
t=1vey t=1 vey
T
S () e) ) + L3S ) = o) o
t=1 vey t=1vey
(Assumption 5.2 and the convexity of ¢;)
T
= > (ge(w),ze(v) + 24(v) = Zo(v) + Ze(u) — Zo(u )+ LZ D lle(w) = ze(v)l2
t=1vey t=1vey
T
LYY () ) =)+ L3S () = arwll + (o) = (o))
t=1 veVy t=1 vey
+ L Z Z |zt (u) — z¢(v)||2 (Assumption 5.2)
; t=1 vey .
Z Z — )+ LY Y (1Z:(0) = Ze(w)ll2 + lwe(v) — 2e(v)]|2)
t=1 vey t=1 vey
+L Z D lwe(w) = Ze(w)l2 + 17 () = Ze(v) ]2 + |ze(v) = Ze(0)]|2)
t=1 vey
(triangle inequality)
T/B
=33 (9w, Bs(w) — )
s=1 teTs veY
T/B T/B
+2BL Y S (155 (0) — Fo(0)l2 + 2(0) — Zo(0)2) + NBL Y flzs(u) — 74wl
s=1vey s=1

(D.17)

where the last equality is due to the fact that the algorithm uses the same decision over all time

steps in the same block. O

D.2.2 Properties induced by the gossiping mechanism

The following two lemmas characterize the properties induced by the accelerated gossiping mechanism
used in Algorithm 5.1.

Lemma D.5. For anyn >0, any u € V and any s € [T/B — 1], we define

Ye (u) = ys(u) (D.18)
ifn=0o0rn=-1 and
vt ) = (1+6) > Wu,v)yy (u) — Oys " (u) (D.19)
veY

otherwise. For any k >0, anyu € V and any s € [T/B — 1], Algorithm 5.1 ensures
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Z (s==B+k )y Wk =1,...,B. (D.20)
=1

Proof. The proof is taken from Lemma 2 in Wan et al. (2024b). We provide it here for completeness.

We introduce a new notation z,(u) to denote zZ(u). We use a double induction method. Recall that

Yo (u) = yo* (u) = ys(u). (D.21)

It is easy to verify by induction on k that Equation (D.20) holds for s = 2 due to 28(u) = 2, ' (u) =
y1(u) (initialization) and by using Equation (D.19) for the induction . Then, we assume that
Equation (D.20) holds for some s > 2, and prove it also holds for s + 1. From the update of
Algorithm 5.1, we have

zg+1(u):zs( ) +ys(u)
= 2, ( )+ yg (u)

=1

and

By induction, suppose that 2¥, (u) and z +1( u) satisfy Equation (D.20). By the update of
Algorithm 5.1, we have

() = (1+60) Y W)z (v) = 025 (u)

veY
S
veY =1 =1
- "~ (s—1)B+k—1 "\ (s—1)B4k—2
=Z <<1+9>Zw<u,v>2y§ P ) — 03 g0 <u>)
vEV I=1 I=1
_ Zy(s l)B+k
which suffices to complete the induction for block s + 1. O

The following lemma bounds the deviations between zs(u) and Zzs, for all agent u € V.

Lemma D.6. Algorithm 5.1 guarantees that for any u € V, for any s € [1,T/B],

167



D. Proof Details for Chapter 5

2
125 (u) = Zslly < \/NZZ?S mop J;I!yz OIEN . (D.22)

where b = (1 —(1-1/v2)/1— UQ(W)) and B = ’7(\/5\1511)11( 11—4;\2[2W)-‘ .

Proof. According to Equation 22 in Wan et al. (2024b), we know

1
14

vP < (D.23)

2.

Then, with the same notation as in Lemma D.5,

Z (s=1=DB, ZZ?J!

[2s(u) — Zslly = (from Lemma D.5)
l 1 vey 2
yl( 57171)3 Z y; (v (from the triangle inequality)
vEV
s—1
S s
1=1 F
s—1
< Z V14pls=OEB HYZU - YlHF (from Proposition 5.1)
s—1 1 2
V14ps—OB B
<y V14t > ) I > wi(v)
=1 veEY veVY 2

(triangle inequality)

s—1 2
1

<Y VDB LNy (o) + NHNZM(U)
=1 veY veEY 2
s—1

< 3 ovIat DB ST y)2 (D.24)
=1 veEY
9 s—1
Wzb(sfl 1)B ZH?JZ 02, (D.25)

=1 veEY

where Y are defined as
Y= [y (0), 58 (1) .yl (V)] € RV
and in the third inequality, we apply Proposition 5.1 with X* = Ysk OJ

Similarly, we can show the following two lemmas for the accelerated gossiping mechanism in
Algorithm 5.2 by replacing y™(u) with ¢”(u), ys(u) with gs(u), and 2¥(u) with ¢¥(u), noting that
the gossip mechanisms for z in Algorithm 1 and for ¢ in Algorithm 2 are identical. The proof for

Lemma D.7 is omitted as they follow exactly the same steps as the one in Lemma D.5.
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Lemma D.7. Foranyn >0, anyu €V and any s € [T/B — 1], we define

a5 (u) = gs(u). (D.26)
ifn=0o0rn=—-1 and
¢t (u) = (140) > W (u,v0)q7 (u) — 67 (u). (D.27)
veY

otherwise. For any k >0, anyu € V and any s € [T/B — 1], Algorithm 5.2 ensures

s—1
)= w), vk =1,...,B. (D.28)
=1

We introduce new notations ]\Z(u) to denote (Z(u) and My £ £ 577, 2 veN] [mkB41,0] to be
the cumulative missing observations averaged over all agents till block s. Then, we can bound the
deviations between M, (u) and Mg(u) for all agents u € V as follows. The proof follows a similar

analysis to Lemma D.6.

Lemma D.8. Algorithm 5.2 guarantees that for any uw € V, for any s € [1,T/B,

M (u) —

Zb““ \/Z|ml3+1 , (D.29)

veY
and consequently

‘ —

M (u) —

.| < 3sB, (D.30)

where b = (1 —(1-1/v2){/1 - UZ(W)) and B = Lﬂ@?ﬁ/{%-‘ :

Proof. From Equation 22 from Wan et al. (2024b), we obtain

1
14

v < (D.31)

2.

With the same notation as in Lemma D.7,

|Cs(u) — M| = Z (s=1=1B ZZQ[ (from Lemma D.7)
l 1 vey

s—1 1

< Z ql(s_l_l)B(u) N Z q’(v) ( from the triangle inequality)
=1 veY

< Z o -,

< Z V14ps~DB HQ? - QZHF ( from Proposition 5.1)
=1
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s—1
< Z \/ﬁb(S_Z)B
=1

(triangle inequality)

s—1 2
_ 1
<Y VIEDE L N g0)F + | N ‘N > )
=1

S

-1
< 2v14p(DB jar(v)[*

=1 veY
s—1
2
< —=> DB N gy (v)? (from Equation (D.31))
\/N =1 vey
s—1
2
< —=> " ptUEL N g (o) | (D.32)
\/N =1 veY

where Q7 are defined as
Q2 =16{"(0),¢{"(1)... (" (N)] € RV*!

and Proposition 5.1 is used with X* = Q. Observing that (s(u) = M, (u) directly yields Equa-
tion (D.29).
It also holds that

2 —1-1)B 2 — _I-1)B 1 2
ICo(u) — M| gﬁZb(s ) > 1Bs]* | <2BsY bl <2Bs;— g < -1 Bs<3Bs
=1 veY =1 V14N

thanks to Equation (D.31), which along with (s(u) = M, (u) directly yields the first inequality of
Lemma D.8.

O

Similarly, we can establish the following lemma characterising the properties induced by the
accelerated gossiping mechanism in Algorithm 5.3, by replacing ys(u) by y7 (u) and by observing
that the accelerated gossip mechanisms for z in Algorithm 5.1 and in Algorithm 5.3 are identical.

The proof for Lemma D.9 is omitted for conciseness since it directly follows the proof of Lemma D.9.

Lemma D.9. Algorithm 5.3 guarantees that for any u € V, for any s € [1,T/B],

s—1
2
26 () = Zolly < —== DB Syt )3 ] (D.33)
N =1 veY

where b = (1 - (1-1/v2)y1- JQ(W)) and B = [(ﬂfl)n\(/{%-‘ '

The following lemma, used in the proof of Algorithm 5.1, provides a uniform upper bound on the

square root of the cumulative squared norms of received gradient sums across all agents and blocks.
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Lemma D.10. [t holds that

T/B-1
S D lw)l; | < NTL. (D.34)
=1 veY
Proof. We have
2
T/B-1 T/B—1
> Yollw@lz ] = > > > 9-(v)
s=1 veY s=1 veY TEOSB+1(U)\0(S,1)B+1(U) 9
T/B
2 .
=L Z Z (|OsB+1(U)| - |0(s—1)B+1(v)|) (Assumption 5.2)
s=1 vEVY

T/B
= LZ (Z (lospr1(v)] — |0(s—1)B+1(U)|)> (-l <0 1h)

s=1 \veV
< NTL,

where the last inequality holds because

T/B T/B
> 2 ) 1=> >, > 1= Y 1<nNT
s=1lveVreosp1(v)\o(s—1)B+1(v) veV s=1 r€0,p11(v)\0(s—1)B4+1(V) veV r€orp41(v)

D.2.3 Adaptive Algorithm with Unknown Total Delay

In this section, we show omitted details in Section “Non-Adaptive Algorithm with Known Total

Delay”. For completeness, we first restate the theorem and then present its proof.

Theorem 5.2. Assuming each agent u € [N] runs an instance of Algorithm 5.2 with a valid
communication matriz W and parameters 0 and B defined in Equation (5.6) together with an
instance of Algorithm 5.1 parametrized by the same W, 0 and B and using ns(u) computed by
Algorithm 5.2. Then, under Assumption 5.1 and Assumption 5.2, the regret is bounded as

. VNVT
RegT = O (DLN <\/Nm+ (10’2(1/1/))1/4>> .

Proof. We define Zs_1 and z5_1 as in Equation (D.1) and Appendix D.2.1, respectively:

s—1
LS u), (D.35)

=1 vey

s—1
a2 3 Y Y ), (D.36)

=1 T€T veY

|
(>
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D. Proof Details for Chapter 5

We also define the following:

. 1
Ts(u) £ argmin (Zg_1,x) + |2, (D.37)
T€X nsfl(u)
1
Fy(u,z) 2 (Zy_q,2) + ——||z||,
0y2) £ (Eroa,2) + ol

Ts(u) = argmin Fy(u, z).
zeX

Recall that in Algorithm 5.1, we have

0 in——||z|l3
x| = :a,rgmlni x i

zEX 770(“) ?
where no(u) = m () = o2,

Applying the regret decomposition proven in Lemma D.4 with the decision sequence {Zs(u)} se[r/B],ucv
defined in Equation (D.37), we know that

T/B
Regr(w) < 37 50 S (gu(v), 7 (u) — 27)
s=1teT; veV
»
T/B T/B
+2BL Y S (17(w) = 7(0)ll2 + 24(0) — Zo(0)]l2) + NBL'S s (w) — 24 ()2
s=1veY s=1

&»

(D.38)

We start by analyzing Term #. Similar to the non-adaptive learning rate analysis, we further
decompose # as follows:

1 T/B
T2 D D (o), () = Falw) + Ty (w) — )
s=1teTs veV
1 T/B 1 T/B
= 2 2D @) Felw) 2+ 30 DT D (e(w), Bulu) — o). (D.39)
s=1teTs veV s=1 teT, veY
full-infop

driftp

For notational convenience, we define

tz) 2 <}V 3 th<v>,:c>,

TETs vEV

for all s € [T'/B]. Regarding full-infor , by using Lemma 7.1 in Orabona (2025), we obtain

T/B

full-infor = % Z Z Z (gt(v), Ts(u) — 2™)

s=1teTs veY
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/B
=Z<szgt<vm<u>—x*>
s=1

teTs vey
) T/B
< z* mln + (u,ZTs(u)) — Fyy1(u, Tsp1(u)) + Ls(Zs(u
77T/B(U)H I5 - || [E: Z +1(u, Togr () + Ls(@s(w))]
(D.40)

+ Fr/pi1 (4, Zr/p11) — Pryp(u, o)

pr L _ _
77 / + Z (u, Ts (1)) — Fyp1(u, Tor1(w)) + Ls(Fs(u))] (D.41)

T B

where the last inequality holds because Frr/p 4 (u 5T/B+1) — Fr/pi(u, %) is a negative term by
definition of Z7/p 1 (u), Assumption 5.1 and together with non-negativity of min,e X oty H 3.

To analyze the term Zs 1 [ s(u, Ts(u)) — Fsp1(u, Ts41(u)) + £s(zs(u))], we proceed as follows:

T/B
S Fu(u, Fa(w) = Fuga (1, T () + La(Fa(w)
s=1
T/B
_ _ ~ o1 o B 1 N .
< ; [(Vﬁs (Ts(u)), Zs(u) — Tsr1(u)) > L (u) — T ()| + ) 17 (u)]|* — (@ ||:cs+1(u)|]§]
(D.42)
< 3 [I96 G 0 — Fos 0y — 20 1)~ B I+ Ea? — L
= 2| s (Ts(u))]lg |Ts(u) — Tsr1(u)|ly 9 Ts(u) — Toa1(u m Tsr1(u)]|” — m |Zs(w)| ]
(Cauchy—Schwarz inequality)
T/B .
1 ~ 2 As—1 g~ ~ 9 1 _ ) 1 )
< 2|55 IVEs @s(u)llz = == [@s-1(u) = Zs ()] +m||xs+1(u)|] — )stﬂ( W) }
(ab < 52 + 210?)
T/B
2, m - -
<X S VLGB + s @I - s W]
T/B ¢ o ro
<X [BQLnS_l(u) + ns_i(u) |Forr ()2 772@ ||58+1(U)H§] , (D.43)

@
Il

where the first inequality is because ﬁ\\x!]% is As-strongly convex convexity and \s = 2/ns(u), and

the last inequality is because of Assumption 5.2.

Combining Equation (D.41) and Equation (D.43), we obtain

T/B T/B

1 D2 B2L2 1
— full-infop < Ns—1( < ) Topr1(w)|?
I — Z s— Z ) " [Zs+1(w)]|3
i BQLsz Tf( ) Bl + 2F
X u
nT/B 775 ]. 1787 773 (u) s+1 2 2 770

(D.44)
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We now analyze the drift term drift7. By definition, we have:

| /B
= drlftT =% Z DY alw — Fs(u)
s=1teTs vey
T/B
< BL Z | Zs(u) — Zs(u), (Cauchy—Schwarz and Assumption 5.2)
T/B
=BL Z 125 (u (W]l (@1(u) = 71(u) = 0)
T/B
BL ~
< - Ns—1(w) || Zs—1 — Zs—1]|5 (Lemma D.1)
s=2
T/B s—1
BL 1 1
S SN ES SRS SENPRORES 35 35 SPA
5=2 vEV T€0(s_1)B+1(V) =1 1€T,veY 9
(Definition of z;_1 and Zs_1)
T/B
BL 1
=5 Ns—1(w) N Z Z g-(v)
s=2 veY TGm(S,1)3+1(U) 9
(Ts={(s=1)B+1,...,sB}, my(v) =[t — 1] \ 0t(v))
T/B
BL? 1
< BN ) (]V»§§j|nws_1ﬂ;+1m»|) , (D.45)
s=2 veY

Combining Equation (D.39), Equation (D.44), and Equation (D.45), we obtain:

T/B

1 D2 BL2 °L?
— & < s m(s— + B
ot 2 i) (Do 8) + S
T/B )
~ 2
+ Ts+1 U D.46
§j<m n4w>” ol (D40
D2 BL2 X 1
< Ns— m(s— +B|+-BDL
———— Z 1( %}’ 1B+1(v)| 5
T/B )
~ 2
+ Tsr1(u D.47
}j(m]_ nxw>” ol (D47

Recall that M is defined as My 2 LS 571S™ 0 lmypy1(v)], and M,(u) 2 ¢B(u).

Now we focus on the second term in Equation (D.47). Using the bound ]\/4\S(u) — M| < 3sB

from Lemma D.8, we obtain

D D D D
775+1( S S S ,V’U,EV.
L\/B\/ NT + BN, (u) + 3582 LVVNBT +BM, ~ LvBT + BM, = LVBT

(D.48)
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We start with the first term in Equation (D.47). We have

1)2

= DL\/\/NBT + B]/W\T/B_l(u) +3B(T —1) (the definition of 7s(u))
nT/B(U)

< DL\/\/NBT + BMy/p_y +6B(T — 1)
(using the bound M\s(u) — M| < 3sB from Lemma D.8)

< DL\/\/NBT + BMr/p + 6BT (M, is non-decreasing)
< DL\/ VNBT + dyo, + 7TBT (Lemma D.3)
< DL\/ 8V NBT + dy, (D.49)

Focus on the second term in Equation (D.47), we thus have

T/B
BL?
9 Ns—1(u (NZ’mslBH( )H—B)
s=2 veY
B2 T/B ) ,
= 2 ~ Ns—1(u) N 1;} Im(s—1)p+1(v)] | + §DL@ (Equation (D.48))

> vey IMs—1)B4+1(V)] 1 1
<DL |B N ve ~DINVBT + ~BDL
= z:; VBT + BM,_5 *3 3

< B d - _ Db
(11 (0)] < B and () = ——L
L Ly olm @\ 1 1
—opL | BY S N ey THs— DB+ “DILVBT + ~BDL
> VABT + 4B, _, *3 *3
KLy Img @\ 1 1
—92DI N 2wey Ms—1)B+11Y “DIVBT + =BDL M| < |M. (| +T
ZE: / Als +_2 +_2 (‘ 8’_.| S 1|+' )
T/B B
my 1 1
— 2DL veY | cvsa® ) Ly e ;BDL (definition of | M,])
= % 2 ey Mz
1
<4DL,/BMy/p + §DL\/ BT + iBDL (Lemma D.2)
1 1
<4DLv/BT + diot + 5 DLVBT + S BDL, (D.50)

where the last inequality holds because of Lemma D.3.

Let us now analyze the third term of Equation (D.47).

T/B

L Tsr1(u)||?
> (5w ) el
T/B
=3 (w0 a1 8 (o) = ) = ——P-)
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T/B-1
1
< D? Assumption 5.1
Z U 773+1(u) ( )
T/B
1 1
< D? —
o ; ns(u) 778+1(U)
T/B
— D2 Z 1/nst1(u)® — 1/n4( )2
1/775 + 1/775+1 )
/B (B|M(w) - Moo ()] +382)
<DL

=1 \/B\/NT + BM,(u) + 3sB2? + \/B\/NT + BM,_1(u) + 3(s — 1) B2
(plugging the definition of the learning rate)
s (B ‘]\/Zs(u) - M\s_l(u)‘ +3852)

gDLZ

( using Equation (D.30) in Lemma D.8)

g VBVNT + BM,

T/B (B ‘J\Z(u) — J\Z,l(u)‘ + 332)
< DL . D.51
= ; VBT + BM, (D-51)

Now decomposing the numerator and using the triangle inequality,

T/B

L 1 Ter1(u)3
2 (v~ ) 1P 18

18 B (| () = My| + | My — M| + [My-1(u) — M) + 382

<DL
Z VBT + BM,
18 B (|Mo(w) = M| + | My = My-a| + My (u) = M)
<DL 3DLVBT
Z VBT + BM, *
< DLT/B BIM, — My-| + 25 S o708 (S ) Ts i (0)P)
o VBT + BM,
2B s—2 /
+ =)o T2E S g (v VBT + BM; +3DLVBT
\/N =1 veY
(from Equation (D.29) in Lemma D.8)
< DL:%? % vEY |m (s—1 B+1( )l + 22 ZS | plamimLB (\/ZUEV |mlB+1(U)|2)
= \/BT T BM,
2B s—2
2N B ST iy (0)2 / VBT + BM, + 3DLVBT  (definition of M,)
\/N =1 veY
T/B 2B s—17(s—1—
LR T (VS e
o VBT + BM,
B 2B S0 (/Y oy i (0)P)
+ DL ; AT (a rearranging of terms)
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T/B B

N ZUGV ‘m(sq)BH(UN
3DLv BT D.52
+ Z VBT + BM; + ( )

Let us consider the first two summation terms in Equation (D.52). We have

fof/EZ? LB (\/Zvev‘mlBJrl(v)P)

VBT + BM;
g BV T/B y(s—1-1)B
B )
Z Z (Zoey s 1(v)) (swapping the order of summation)
vBT + BM;,
=1 s=1+I
T/B 1 |
miB+1 . .
M is non-decreasin,
—1_bB\/> Z (Z BT+BMZ+1> ( l g)
T/B 1 |
miB+1 1 1
f < <
w2 (g ) (o = oty <0

Similarly, we have

T/B s s—
ST 2B b DB (Y ey s (0)P)
v BT + BM;

R ey |mip41(v B & |myp1(v
T (St )< 2 (el ).

Plugging above two inequalities back into Equation (D.52),

T/B

> (i~ ) 1P

s m(s— (v)]
<DL | 16V N N 2vey [Msp1(v N 2vey M(s—1)B+1 + 3VEBT
; m Z BT + BM,

s=1

T/B B

T/B

B
<DL|17VN) —Z 2vep M1 () +3VBT (definition of Mj)
S BN Sy sl
B T/B
< DL [ 17VN N Z (Z |mlB+1(U)|> + 3V BT (Lemma D.2)
=1 \vwey
<DL (17\/N\/dtot Y BT + 3\/BT) . (Lemma D.3)

The above inequality, together with Equation (D.49),Equation (D.50) and Equation (D.47),
yields

1
<N (DL\/ 8VNBT + dioi + 4DL/BT + duos + 5DLVBT + BDL+ DL (17\/N\/dtot T BT + 3\/BT>>
< 33NVNDLVBT + 33NV NDL\/dio, + NBDL
= O(N'>DL\/BT + dior + NBDL) (D.53)
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D. Proof Details for Chapter 5

Let us now turn to the analysis of Term . From Lemma D.6, we have for all w € [N],

s—1
2
25 (w) = Zsll2 < —= Y VB S ui(w)]3 ] - (D.54)
N =1 veY

A

Define 7 such that ns(v) < J%W for all v € V. Note that z1(v) = ; = 0. Using Lemma D.1,

n
we know that for any w € V,

T/B T/B
Z |2s(w) — s (W)l = Z |zs(w) — Zs(w)||2
s=1
T/B—l
< ns(w)||zs(w) — Zs|2 (according to Lemma D.1)
s=1
o T/B-1 s—1
= — ns(w) Y pETUE Nl (0)]3 (Equation (D.7))
\/N s=1 =1 veV
T/B—1s—1

27 1-1)B
< — bls= POl
N s=1 [=1 vEY

oy T/B-1 T/B-1
- > lw@)ly Do et

veY s=l+1

(Swapping the order of summation)

27 1 .
< o —— Z i (v)]]3 (Equation (D.31))
VAN =1 veV

31] 2
< — e ()ll3 ] - (D.55)
v 2 (e

Moreover, according to Lemma D.10, we have

T/B-1
> Dl lm@I3 ) < NTL.
s=1 veY

Therefore, combining the above two inequalities, we know that

T/B
Z zs(w) = Zo(w)l|2 < 37VNTL,
leading to a bound on term de:
T/B
& < I8BNGVNTL? + 2BL > > [|Zs(u) — Z4(v)]|2. (D.56)
veY s=1
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Now we bound the second term in Equation (D.56). By using Lemma D.1, we obtain

nszu)”jﬁl(w — T (V)15 + e 1 )HxSH( W) = &1 (0)]l3

< e @1 — s O + e @I - )

s+1

Rearranging the last inequality, we have

(W) £ maw)
ns(v)ns(u) 17541 (u) = Zs41(v)12

1s(u) = ns(v)

< B o I - e 0IR)
< W () — Fasr (@)l [Fapr () + Zass (0) o

Since ||Zs—1(u) — Zs—1(v)]]2 > 0 and Assumption 5.1, we have

1s(u) = 1s(v)
(

T u) — <2D .
(1) = Fara(0)2 < 2D |

(D.57)

By pure algebraic computations, we have

me) — o) | _ |Gt | _ |msl) ™ = me() 7 | _ [0s() ) = (o) 2] _ 1)) = (1s(0) )]
ns(u) +ns(v) % ns(u) =t +ns(v) 1 (ns(u) =t +ns(v)~1)2 — (ns(u)=2 +ns(v)~2)
Combining this with Equation (D.57),
T/B T/B
3 () = a0l = L () = 2 (0l (7o(u) = 74(v) = 0)
s=1
T/Bfl _ _
‘778(14) 2—773(17) |
<20 D ) T () )
T/B—1 _ _
[75(u) 2 = ns(v) 7| _ _
<20 2 T M

T/B
<2D Z

—92 -2
D _ D
<L\/TB\/N+BJ\Z (u)+3sB2 > (L\/TB\/NJrBj\Z (v)+3sB2 >

gy —
L\/TBvV/N+BM,(u)+3sB2 L\/TBvV/N+BM,(v)+3sB2
7/ [N () mm\

=P Z “ 2/ NBT + 65B2 + BM,(u) + BM,(v)

1/B ‘MS (u) —]\/Zs(fu)‘

“—~ VNBT + BM,

(re-arranging)

<DB

( using Equation (D.30) in Lemma D.8)
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T/B 2 ~~s—1(s—I-1)B
oY T i b (V2 ev Imus 1 (W) )
po VNBT + BM;
(using Equation (D.29) in Lemma D.8)

Now notice that we have

T/B (s—

ST e Tl e VB (Y s ()P)
BMS +vNBT
T/B s—1 5 (s—i—
21 SR VB (5 s (v)])

< (D.58)

~ /N~ BM, +VNBT

T/B=1 T/B (s
< L / b7 hs (ZUEV ‘mlBH(v)D (swapping sums)
~— VN = S BMs;+ VNBT
o1 i1 (v)]
1B+1 . .

< — (M is non-decreasing)

1-b8 /N ; (Z; BM; 1 + \/NBT)

T/B—1
[mup11(v)] o BB
(since b” < shown in Equation (D.23))
/ Z <ZBM1+1+ /N BT 14
v

\/14
\F TE (B s ()] ! .
Z BMHl +VNBT (from =55 < i 70avm =4

To analyze the term ZT/ Bl < EAEGVT\};‘%;;} )|>, we use Lemma D.2 and Lemma D.3:
+1

T/B—1 T/B—1
/Z £S5 ey lmsa@l) /Z B ey mip i (v)
=1 BMyy + BT =1 % Eszl > wey ImrBy1(v)| + BT

(by definition of M, 1)

T/B— L g
<In| BT+ Z Z |mip41(v)| | = In(BT)
vEV
(using Lemma D.2)
/B
<In| BT+ Z Z |mips1(v
vEV
<In(2BT + dyot) - (using Lemma D.3)

Combining the above two bounds, we can obtain the bound for ZSTL? |Zs(u) — Zs(v)]|2:

T/B
ans - )||2<8DB£ln(QBT+dtot)

= 8DV N In(2BT + diot)
< 8DVN In(2BT + T?),

where the last inequality uses dio; < T2.
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Plugging the above inequality into Equation (D.56), we have
& < 18BL’NVN#HT +16BDLNVN In(2BT + T?). (D.59)

Recall that n = L\/%W. The above upper bound further implies the following bound on .

& < 18DLN°/*/BT + 16BDLN??In(2BT + T?) = O(DLN®/*\/BT + BDLN®*?In(BT + T?)).
(D.60)

Finally, combining the above inequality, Equation (D.38), and Equation (D.53), we obtain

Regp(u) < &+ &
< O(N“YDL\/BT + dyoy + NBDL) + O(DLN®/*/BT + BDLN®/?In(BT + T?))
< O(NY>DL\/BT + dio; + NBDL + BDLN?®?In(BT + T?)).

Plugging in the form of B = © <11‘1N(W)>, we obtain our final bound:
oy

Regy(u) = O (DL <(N3/2\/T+N3/2\/E>> .

1 — oa(W))1/4

D.2.4 Lower Bound for the general convex case

In this section, we show omitted details for the lower bound for the general convex case. For

completeness, we first restate the theorem and then present its proof.

Theorem 5.3. Let d be the constant feedback delay suffered by all agents u € [N] in the network.
Then, there exists a graph G = ({0,1,..., N}, &), with N = 2M + 1 where M is an even integer, and
a sequence of L-Lipschitz loss functions {€1(0,-),...,01(N,-)},...,{€r(0,-),...,¢r(N,-)} such that

any algorithm has to suffer regret at least:
Regy =0 (LDN (\/T/(1 — oy (WA \/dT)) ,

— 1
where W = I — ey - Lap(G).

[Loss li(v,-) = 4(-) (nodes 5—13) ‘

A~
Zero loss (nodes 0—4 and 14717)]

Proof. We consider the setting where all delays are fixed and equal to d, and we let G denote a cycle

graph with N = 2(M + 1) nodes where M is even, to simplify.
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D. Proof Details for Chapter 5

For the N-cycle graph, the smallest nonzero and largest eigenvalues of the Laplacian are given by
_1(Lap(G)) =2 —2cos(27/N) and o1 (Lap(G)) = 4, respectively (Spielman, 2019, Chapter 5.5).
Applying the inequality 1 — cos(z) > 22/5 for all x € [0, 7] (which holds since N > 4 = 27 /N < 7),

we obtain

872
L (Lap(@) > £y
Consequently, we derive the bound
_ < &2 (D.61)
1-— O'Q(W) -2 '

since ao(W) = o9o( — mLap(g)) = 03(I — $Lap(G)) is the second highest eigenvalue of
I — $Lap(G). The eigenvalues of I — 1Lap(G) can be expressed as 1 — A/4, where X is an eigenvalue

of Lap(G), so oo(W) =1 — iaN,l(Lap(g)). Hence koi(W) < 5é\f24 < N2

Now suppose that for a subset of M + 1 nodes, the local loss functions are identically zero at all

times:

G(N — MJ2,-) == £,(M/2,-) =0 Vte|T].

The remaining nodes update their loss functions every M + d rounds. Specifically, for each k =
0,...,[T/(M+d)] —

GM/2+1,) = = 6,(3M/2+1,-) = £,(-) fort € [(M +d)k+1,(M +d)(k + 1)],

where (i (z) = e, L(w, z), with ¢ being i.i.d. Rademacher random variables (+1 with probability
1/2). The vector w is defined as w = (1 — x2)/||z1 — 22]|2, for 1,22 € X such that ||z1 — z2]j2 = D.

The resulting global loss at time t, observed by agent 0 when it plays x, is:

b(x) = MLy array ()

Due to the structure of the cycle, agent 0 cannot receive information about any node in
{M/2,...,3M/2} until at least M /2+d time steps have passed. Thus, predictions xg¢11(0), ..., Tk rr+4(0)

are made without access to £;.

Applying the standard lower bound from online learning (Orabona, 2025, Theorem 5.1), we

obtain:
T [T/(M+d)]-1 (k+1)(M+d)
E > (s %1;(12& = (M +1)E > > b(24(0))
t=1 k=0 t=k(M+d)+1

[T/(M+d)]-1
- ;ﬂel)Ifl(M +d) Z O ()
k=0
[T/(M+d)]-1
=(M+1)(M+dE ~ min kzzo ()
[T/(M+d)]-1

=(M+1)(M+d)LE max kz%) ep(w, x)
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[T/(M+d)]-1
> M(M +d)LE | max Z ep{w, )

ze{z1,x2}

k=0
[T/(M+d)]—-1
= M(M + d)LDE T
k=0
> M(M +d)LD T (Khintchine i lity)
intchine inequali
= M+d aney
= MLD+\/(M + d)T.
Thus, there exists a realization of o, ..., e[/ (ar44))—1 for which:
Regp > MLD+/(M + d)T.
Now, from Equation (D.61), we know:
2 1./5
¥§£,SOM21N2 4\[
1 —o9(W) 2 4 1—o9(W)
which implies the lower bound:
N 1 1
> —LDVT,\|=| ——— +d.
Regy 2 7LDVT| 3 = o) "
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D.3 Omitted Details in Section 5.4

In this section, we include the omitted details in Section “DOCO with Strongly-Convex Loss

Functions”. For completeness, we first restate the theorem and then present its proof.

Theorem 5.4. Assume each agent w € V runs an instance of AD-FTRL-DF-SC with a valid commu-
nication matrix W and parameters 6 and B defined in Equation (5.6). Then, under Assumption 5.1,

5.2 and Assumption 5.8, the global regret is bounded as

N(aDL + L?) In(N)
O (Oé (mdmax + W) In (T)> ’

where Omax = MaXe[7] %ZUE[N} |mi(w)|. Moreover, when di(u) = d(u) for all t € [T], define
d= %> ,epd(v) and the global regret is bounded as

N(aDL+ L?) (- In(N)

Proof. We start the proof with some notations. With a slight abuse of notation, we also define z;_1
as the the cumulative received augmented gradients till block s — 1 averaged over all agents in the

strongly convex case:
1 s—1
5 L - +
Zs-1= E E y; (v). (D.62)
=1 vey

Direct calculation shows that

s—1
Zs—1 = %Z Z Z gr(v) — aBx(v) (Definition of y;" (v))

I=1veV \7€opt1(v)\og—1)B+1(v)

= %Z Z gr(v) — JbiZanl(v),

vEV TE€O(s_1)B+1(V) =1 vey

where the last inequality is due to o1(v) = ) for any v € V. Again with an abuse of notation, similar
to the case where the loss functions are convex in general, we define Zg, Zs, and T in the following.
Specifically, we define Z,, which is the FTRL strategy at block s assuming the agent has the received

gradient information among all agent:

~1)B
%, = arg min {(25_1,:6) + ‘1(‘92)||x|y§} . (D.63)
zeX

We also define z;_1 as follows

s—1
Ze—1 = % Z Z Z gT(U) - O[Bxl(v) )

I=1vey \reT;
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D.3. Omitted Details in Section 5.4

where 7, = {(l = 1)B+1,...,lB}, and define Z; to be the FTRL strategy with respect to zs_1:

~ . ~ a(s—1)B
Ts = argmin {(zsl,x> + (2)||:U||%}

zeX
aB 2
—argmln < ZZZQT >+2NZZ||3«“—$I(U)\%
=1 €T veV =1 vey

Finally, we define

EENE59) ) oACE PRAE D6

=1 7€T, veV

where ¥4(z) is defined as
= Z Dz = @)l
l 1 vey

Next, we apply a regret decomposition that almost mirrors the one in Lemma D.4 except that we

use the property that all loss functions are now a-strongly convex.

T
Regr(u) =) Y (be(v,z4(w) — by(v,27))
t=1 ve
T 7 T
=3 ) (v, 24(0) = be(v,2) + )Y (G0, 34(w) — L0, 24(v)))
t=1 vey t=1 vey
T
<Y (@) welv) = ) = Slzilv) = a*13) + LY S ) — (o)l
t=1 vey t=1 vey
(Assumption 5.2 and Assumption 5.3)
T
<Y (@)wu(w) + & - 31— ") = Slleu(v) - )
t=1 vey
T
+L Z Z (lwe(w) — Zel]2 + ||zt (v) — Z¢|2) (Triangular inequality)
t=1 vey
T
<Y (o). 2 —a%) = Flla(v) =2 [3)
t=1 ve
Y T T
+20) > la(v) = Fella + NLY  [le(u) — 22 (Assumption 5.2)
t=1 vey t=1
T/B N
=333 (o), 2 —a%) = Sl (o) — °I13)
s=1teT; veV
»
T/B T/B
+2BLY > lws(v) = Zullo + NBL  [lws(u) — Zsl2 (D.65)
s=1vey s=1

S
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where the last equality holds because the algorithm uses the same decision over all time steps in the
same block, and the block length is B.

We first analyze the term # by decomposing it as follows:

T/B N
=2 Y (loha— o) — Sleu) o7 1B)
s=1teTs veV
T/B T/B
D3 D NOEEELFED BH B NAOR IS
s=1 teTs veY s=1teT; veV
full-infop driftp
T/B
-~ Z PP CROEE
s=1teTs UEV
T/B T/B
7222% o ZZZ 9:(v), Ts — T)
s=1teTs veV s=1teTs veV
full-infop driftp
T/B
Z D llas(v) = 2*3, (D.66)
s=1 vey

where the last equality is because |T5| = B. First, we analyze full-infor by using Lemma 7.1 in
Orabona (2025):

| /B
full-infor = Z DD (g(v), T —a)
s=1teTs veV
/B
DHCIWWICES >
s=1 teTs veV
T/B
= Yr/p41(27) — mine (z) + Z Gs(@s) = Go1(Ts41) < > ) ailv) >]
teTs vey
+ Gr/p1(Tr/B+1) — GryB41(T7) (Lemma 7.1 in Orabona (2025))
T/B ) .
< Yr/p(z +Z [( +<szgt(v),@>> - (Gs(fs+1)+<NZzgt(v)yfs+1>>]
teTs veV teTs veV
T/B

+ 3 (Ws(Fst1) — Vs (Fan1))
s=1

<ornte)+ 3| (0660 (X T Ta012)) - (G5 (5 T S awna)) |

teTs veY teTs veY
(D.67)

where the first inequality holds because Gr/py1(Z1/841) < Gr/p41(**) by optimality of Z7/p44
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and together with non-negativity of 11, and the second inequality holds because

T/B 1B
Z (¢S(fs+1> ¢s+1(-77s+1 Z Z H-Ts+1 —4(v Hz
s=1 s=1 vey

As for the difference between (G4(Zs) + (+ D oieT 2ovey 9t(V); Zs)) and (Gs(To1) + (& D oieT. 2ovey 9t(V), T

direct calculation shows that

(Gs@s) " <}V ) th<v>,@>> - <Gs<a?s+1> " <}V ) th<v>,a?s+1>>
teTs vey teTs veV
< <]1V 53 i), - ~+> (since G (%) = min,cx Ga(z) < Cs(Fasn))

teTs veY
< BL||Zs — ZTst1|2-

To bound [|Zs — Zs41|2, applying Lemma D.1 with w; = % Zf;ll doreTi 2ovey Ir(v) and wo =
N Yot Yoreqs Yovey 9r(0), 1 = g, P2 = hsy1 shows that

aB(2s—1), . ~ 1 ~ o~
2D i~ 3 < <N > 0elo) —xs+1> O S IFun — )R+ o S -

TETs vEV vEV UEV
aB

2N
< BL||7s — Tsy 1|2 + aBD|Ts — Tsy12.

< BL||Zs — Tstlle + 55 175 — Tsrall2 - [|Ts + Tsp1 — 25 (v) |2

Rearranging the terms leads to

2 2D
L+ .
a(2s —1) 2s—1

1Zs = Zsgall2 <

Plugging the above into Equation (D.67), we obtain

T/B
. N 2BL(L + aD) 1 . 2BL(L + aD)
full-infor < ¢r/p4 () + - Zj 5o S Vrypn(@t) + = In(2T/B)
Combining with the negative term in Equation (D.67), we know that
g1/B
2BL(L + aD)
full-infop — — s(v) — 2|3 < /=" —1n(2T/B). D.68
ull-infor ZZ;H o3 < 2D i ory By (D.68)

Now we turn to analyze drifty in the term .

| /B
%driftT = Z Z Z g1(v),Ts — Ts)
s=1 teTs; vey
/B
3 <N S (o). - >
s=1 teTs veY
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T/B
< BL Z |Zs — ||y (Cauchy—Schwarz inequality, Assumption 5.2 and |75| = B)
s=1
T/B
=BLY ||z — %l (7, =71 =0)
5s=2
T/B )
S BL ; m ||2571 - Zt71||2 (Lemma Dl)
rZ 1| 1
<Y ol X @D D e
s=2 vEV T€0(s_1)B+1(V) =1 7€Tvey 9
(definition of z;_1 and z;_1)
T/B
L 1 1
“aliTi| TNy 2 el
s=2 veV Tem(s—l)B+1(U) 2
(To={(s— DB +1,..., 5B} and my(v) = [t — \ox(v))
T/B
L? 1 1 .
< o 251 (N 1;) M (s—1)B+1 (v)|> (Assumption 5.2)
T/B
Omax L2 1
D Dl (B = M) & Sy melw))
Omax L?
< S (In(T/B) +1), (D.69)

where the second inequality applies Lemma D.1 using the definition of Z; and Z,, and the last
inequality is due to ZT/B A< ln(T/B) + 1. When d¢(u) = d(u) for all u € [N], we can further

upper bound % >, s M (s—1)B+1(V)] by % > uev d(u) £ d, leading to

1 dr?

Combining Equation (D.66), Equation (D.68) and Equation (D.69), we have

1 Smaz L? 2BL(L + aD)
i < -~ @ 7
NQ <= (In(T/B) +1) + o

In(27/B). (D.71)

We now turn to the analysis of the term #b. By definition, z1(v) = Z; = 0, which implies
|z1(v) — Z1]]2 = 0. To bound ||zs+1(u) — Zs41]|2 for any s > 1 and u € V, we proceed as follows.

T/B-1
Z [@s1(u) = Zoyrll2 (D.72)
s=1
T/B-1 1
< Z; —llzs(w) = Zll2 (Lemma D.1)

T/B-1

1
& X asB;bS“ >l @l (Lemma D.9)
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o T/BZ1 T/B
< — Hy H s—l-1)B (swap the summation order)
qu =1 ( ;é; l 2sj;£1a8£3
o T/BZ1 T/B
< 2 2 b(s—l—l)B
A E (o EE
9 T/B—
< Wi ; ( ) /Z Hyl );) (Equation (D.31) and Geometric sum)

<Tw X ( eI >|§), 0.73

where the last inequality follows from N > 1. Plugging in the definition of yf(v) in Equation (D.73),

we obtain that

T/B-1
S faeri@) - zen (D.74)
s=1
g T/B71
2
< — o D.75
=N & S+1 UZH?J V)|l ( )
g T/B1 )
= — —_— — B(If
DB 2 2 gr(v) — aBas
\/N s=1 O[(S+ ) veEY TGOSB+1('U)\O(S_1)B+1('U)
g T/B 5 T/BC 1
< — _— s — — Na?B?
SUN = S+1 Z losp+1(v)| = [0(s—1)B41(V )D N 2 (s+1)B ——  VNa )
(Triangular inequality)
5 T/B1 I
2
< — —_— 05 V)| — |ogs— v +3D(In(T/B)+1), D.76
< 7w 2 <s+1>Ba\/§(' 51 = logu-npar@)? | +30 (n(T/B) +1), (D70
where the last inequality is due to ZZL? ! s+1 < In(T/B) + 1. by definition of o,(v), we observe
that
l0s541(V)] = [os—1)B+1 (V)] = [sB] = [map1(v)] = (I(s = DB = [m(s—1)5+1(v)])

= B+ [m(s—1yB+1(v)| — Imsps1(v)].

Hence, we obtain

S (losp+1(0)] = log—np 1 (@))* < [ (B +m(s—1y11(0)] — Imspr1(v)])?

ey veY
S B+ 3 (s 0] — s (v)])
veEY vey

(triangle inequality)

189



D. Proof Details for Chapter 5

< BVN + Z Ims—1yB41(v)] + Z Imsp41(v)]

veV veV
< BVN + 2N yax, (D.77)
where the last inequality is due to the definition of dyax. Combining Equation (D.76) and Equa-
tion (D.77) and using ZZ?_I 1 <In(T/B) + 1, we obtain

T/B—1
S w0 = gl < 2OPFE o ymy 1)+ YN0l 3y 1), i)
s=1

Furthermore, when dy(u) = d(u) for all t € [T, due to the definition of y;" (v), each agent v € V
can receive at most B gradients and actions in any block s € T'/B. Hence, we obtain

T/B 3 T/B-1 1
_ + 2 .
; s (v) = &ell2 < == ; T8 /;} ()]l (Equation (D.73))
D+ L
<3eDHD) By ). (D.79)
(6%
Finally, we obtain
T/B o
Regr(u) = > 23 ((9:(0), 7 — %) = Sllas(v) =7 |3)
s=1 teTs veY
T/B T/B
+2BLY > |lws(v) = Zsllo + NBL Y [lws(u) — Zs 2 (Equation (D.65))
s=1vey s=1
mazL? BL(L + aD
< Nomaal” 4 1y 1) 4 2VBLE T OD) or
o

T/B T/B

+2BLY > |lzs(v) = Zollz + NBL  [lws(u) — Zsll2 (Equation (D.71))
s=1veyY s=1

N(smaarL2

IN

(In(T/B) + 1) + 2NBL(£ ~ab)

| 9BN(aDL + L)
«

_ N(aDL + L?) In(N) .
-0 (a <\/N5max + W) 1 (T)) .

When d;(u) = d(u) for all t € [T], we define d = + >, ., d(v), then we have d = dyax. Combining
Equation (D.65), Equation (D.68), Equation (D.70), and Equation (D.79), we obtain

« 2 - n
Resp () <0 (MOPEEE) (21 O )

In(27/B)

(n(7/B) +1) + 2N ‘/JzémaXLQ (In(T/B) + 1)

(Equation (D.78))
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D.3.1 Lower bound for the strongly convex case

In this section, we provide the proof for the lower bound for the strongly convex case.

Theorem D.1. Let d be a constant feedback delay experienced by each agent in the network, and let
A be any algorithm for DOCO over the domain X. Then, there exists a graph G = ([0, N — 1],&),
with N = 2M +1 where M is an even integer and 16(N +d)+1 < T, and a sequence of aD-Lipschitz

and a-strongly convex loss functions assigned to the agents, denoted by

{1(0,+)y ..., 01 (N, )}y, {6(0,4), .o 6(N, )

such that the regret of algorithm A satisfies the lower bound:

1 T

Regy = Q | aND? < + d) m|—— ],
1 —oo(W) Wil +d

_ 1
where W = I — ey - Lap(G).

Proof. This proof is an adaptation of that of Wan et al. (2024c, Theorem 4). Specifically, we
consider the setting where all delays are fixed and equal to d, and we let G denote a cycle graph
with N = 2(M + 1) nodes where M is even, to simplify, and V = {0,1,2,..., N — 1}.

For any DOCO algorithm A, we denote the sequence of decisions made by agent 0 as
z0(0),...,27(0). We divide the total T rounds into the following Z 4 1 blocks:

[co+ 1,c1],[c1+1,¢2),...,[cz + 1, cz41] (D.80)

where Z = |(T'—1)/7|, 7=M/2+4+d, cz41 =T, and ¢; =it for i =0,..., 2.

At each round ¢, we set:
lu, ) = %qug for u e {0,...,M/2YU{N — M/2,...,N —1},

which is a-strongly convex and satisfies Assumption 5.2 with L = aD over the set X = [0, D/+/n|™.
Let B, denote the Bernoulli distribution with success probability p and B) the distribution

of vectors whose coordinates are equal to each other and the value is drawn from B,. For any

i€{0,...,Z} and t € [¢; + 1, ¢j+1], define:

2

, forue{M/2+1,...,3M/2+1},
2

DWi

vn

where w; € {0,1} is sampled from B, meaning that with probability p, w; = 1; otherwise, w; = 0.

xr —

l(u,x) = i(x) = %

Then, the global loss function at time ¢ is:

N-1
l(z) = Z O (u, x)
u=0

(M +1)
=——

2 (M +1)

DWi
+
9 2

Jn

T — 13
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alN a(M +1)D
= 7”95”% - ?@,
n

Taking expectation, we obtain that

a(M +1)D?
2n

2

wi) + [will2-

o « « 2
Bulte(a)] = %5l + DD 4 SELE D 1

a(M +1)D? <1 B (M;l)p7p> ,

aN (M +1)Dp?
Nvn

where p = p- 1. Let F(z) £ Ey,[¢;(x)]. Then, direct calculation shows that the minimizer of F(z)

9 2n

has the following form:

- (M+1)D-p
N Nyn
and for any x € X, we have
aN (M +1)Dp|?
F(z) — F(z*) = — ||z — ——2—=|| >0. D.81
@) - F) = 5 o= CH22] >0 (1)

Moreover, according to Jensen’s inequality, we have

Ci+1 Cit+1
Fu vz [%z 3 e ]<z 3 e (0.52)

1=0 t=c;+1 =0 t=c;+1

Because of the feedback delay d and the delay M /2 + 1 induced by communication in the graph,

the decisions x¢,11(0), ..., %, ,(0) are independent of w;. Thus:

Ci+1 Ci41
Ewo,....w, [Regr(0)] [Z Z L (x4(0 gél}vlz Z l(x

1=0 t=c;+1 =0 t=c;+1

Ci+1

S S @R )] - Fe)

=0 t=c;+1

Ci4+1

> Z > E — F(z%)). (D.83)

i=0 t=c;+1

To achieve a lower bound on (D.83) , we assume without loss of generality that the DOCO
algorithm is deterministic.* Recall that given i € {0,1,2,...,Z}, for each round ¢ € [¢; + 1, ¢j41],
all local functions {¢;(0,z),¢;(1,x),...,¢;(N,z)} are jointly dependent on the same random vector
w; € {0,1} sampled from the Bernoulli distribution Bj. Consequently, the decision x;(0) made
by agent 0 at time ¢ € [¢; + 1,¢;41] can be expressed as a deterministic function of a sequence
X €{0,1}* , where X is sampled from (Bg)i, where (Bg)i represents the joint probability law of ¢
independent draws from B} (used to sample the (w;);<;). That is, z¢(0) = A;(X) for some mapping
Ay; :{0,1}° — X. Similarly, if we replace p with another value p/, the corresponding random vectors

W, ..., W, yield a new decision sequence z(0),...,2/.(0). For each t € [¢; + 1, ¢;41], the decision

“This reduction is also used in Wan et al. (2024c) and dates back to Hazan and Kale (2014). Specifically, the
analysis can be directly generalized to randomized algorithm as discussed in Footnote 3 of Wan et al. (2024c¢).
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under this new environment is then given by z}(0) = A;(X’), where X’ € {0,1}* is drawn from
(Bg,)i. Following the argument of Hazan et al. (2007), later re-used in Wan et al. (2024c), we will
show that for appropriately chosen values of p and p’, the expected regret incurred by agent 0 under

at least one of the two distributions must be large.

Lemma D.11 (Lemma 7 in Wan et al. (2024c).). Fiz a block i and let € < ﬁ be a parameter.

Assume that p,p’ € [%, %] such that 2¢ < |p — p'| < 4e. Following the above notations, for any

t € [ci + 1,¢i+1], we have:

Ex [[4(X) = &plly] + Ex [ A(x") - ¢p/|l3] =
where £ = (M +1)D/(N+/n) and p' = p'1.

Let K = |log;4(15Z + 16) — 1]. Assuming that 7" is sufficiently large such that 16(N+d)+1 < T,
we know that K > 1. To leverage the lemma above, we partition the first Z’ = 1—15(16[(+1 — 16)
blocks into K epochs, where the k-th epoch spans r, = 16* blocks for k = 1,2,..., K. Specifically,

epoch k corresponds to the block indices:

1
_ k k+1 o
Ej, = {15(16 16),..., (16 16) 1}.

This means that epoch k£ covers the time steps between CL (16 —16) + 1 and CL(16k+1_16)"
15 15
The following lemma proven in Wan et al. (2024c) shows that without the knowledge of the true

environment, any algorithm will suffer from a non-trivial gap to the optimal solution &p.

Lemma D.12 (Lemma 8 in Wan et al. (2024c)). Following the notation used in Lemma D.11, there

exists a collection of nested intervals [%, %] D11 DIy D -+ D Ig such that the length of the k-th

k+3)

interval equals to |I,| = 4~ and for every p € I,

16—(k+3)n 2
Ex [l4(X) - pl] > 21

8
holds for at least half the rounds t in epoch k.
From Lemma D.12, there exists p € ﬂﬁ(zllk such that:
G (M +1)Dp|?
E W RegT
wo Z; :Z N |,
EK: i oo o H (M +1)Dp ]
| —

k=14€E) t=c;+1 Nvn 2
K ( (165+1-16) — CL(16%— 16)) 16~ a(M +1)*D?
=2 6N
k=

- 16 YaKT(M +1)2D?

B 4N
16~ *aKTM?D?

> . D.84

> N (D.84)
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From the definitions of K, Z, 7, we get:

KTM? o (ogis(15(T = 1)/(M/2 + d)) — 2)(M/2 + d)M?

AN 4N
S (log16(15(T' —1)/(M/2+d)) —2)(M/2 +d)M
- 16
, (omalI5( ~ /N +d) =N + N, Ds5)

Recall that for the N-cycle graph, we have #(W) < NTQ as established in Equation (D.61).
2

Moreover, the second-smallest eigenvalue of the Laplacian satisfies oy —1(Lap(G)) = 2 — 2 cos (3F) <
%\%2 < 15, and the largest eigenvalue is o1(Lap(G)) = 4. Since W = I — 1Lap(G), it follows that

N2>
oa(W) =1- ton_1(Lap(G)), so #(W) > M Combining this estimate with Equation (D.84)
and Equation (D.85), we conclude that for some realization of wy, ..., wz,
V2 15(T — 1)
Regr(0) > 16 %aND? [ ——————=+d | lo —— 2. D.86
gr(0) ( [ —ou(WW) €16 V10 S ( )
1—02(W)
O
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Appendix E

Proof Details for Chapter 6

E.1 Auxiliary results

In this section, we show several auxiliary lemmas that will be helpful.
The following lemma is the concentration bound for the estimation of the observed expected

rewards,

Lemma E.1. Let [i; ;(t) be the observed empirical average of the expected reward up to the end of
round t — 1. Then,
2logT

Pr
T; (1)

<

~ 2
12,1 () — il > T2

fori e [N], k€ [K]| and t € [T] holds.

Proof of Lemma E.1. This lemma follows immediately from Hoeffding’s inequality and a union
bound. O

The following lemma is the concentration bound for the estimation of the observed expected

rewards.

Lemma E.2. Let [i; 1(t) be the observed empirical average of the expected reward for agent i pulling

arm k. Then,

_ ANTlogT 2
P ik — i . <
2 Fa= D pik| > \/mmie[m{ﬂ',k(t)} T

1€[N] 1€[N]
holds for any i € [N],k € [K| and t € [T).

Proof of Lemma E.2. We sample T; ;(t) number of random variables iid from P; j, for each i € [N],
each taking values in [0, 1], and hence X ;(7) — p;  is 1-subgaussian for each 7.

According to the property of subgaussian variables, we can obtain that

1/2

. : 1 :
> (in(t) = pig) is | D - subgaussian.

1€[N] 1€[N] Ti’k(t)
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1 < N
lek(t) - miniE[N] Ti“k(t)’

Moreover, note that Zie[ N then by applying Chernoff’s bound, we have

P fik(t) — pig| > €] <2exp

(_ e min;e vy {Tik ()} ) .

. 2N
1€[N]
. 4N log T .
Taking € = Wm, we obtain that
—~ 4N logT 2
P i g (t) = pig| > [ — < =
2 T4 2 i T} ) < T
which ends the proof of Lemma E.1 O

We provide lemmas for the convergence bound of randomised gossip algorithms. Similar proof
could be found Lei et al. (2020), Achddou et al. (2024).

Lemma E.3 (Random Graph). Let the communication protocol based on random graphs defined
i Assumption 6.1 hold. Fort=1...T, Wy is doubly stochastic matrixz and symmetric and i.i.d.
Yv € V, Vs, t € [T] such that t > s,

1
Pr <HWt s Wegrey — Nl

Ao (E[W2))F—
225)§2([52]),

When t — s > [%—‘ =1/, we have

log A2 (E[W?2

1
Pr (HW,: s Wegrey — Nl

§) <. .
22>§ (E.1)

Furthermore, whent —s > 7% = {#ﬁg@w > 7', Equation (E.1) still holds.

Proof. Using Markov’s inequality we have

1
Pr <HWt s Weg1ey — Nl

2
5)< E(Hwt..-W;leU - fl)
2

Let Wk =Wy — %11—r and assume
2 k—s—1

1
E[W, W] — NuT

E for some k —1 > s.

1
HWk—l o Wspiey — N

] < eyTev

2 op

Let Fi_1 be the o-algebra generated by all random events up to time & — 1. We have that

2

—E[IW, W W, W Wiy - Wsﬂev}

1
E [HWJ W ey — N

2

=E|el W, W EW Wy | Fra]Wi - Ws+lev:|

=B eI Wy W EW AW Wose
(by independence of W)
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1 1 k—s—1
< |BAwW ] = =117||  eTe, |[EW W] — —117
N o N
p op
1 k—s—1
< M (EW?) eflen | EIWIWY] - 117
op

which by induction, suffices to prove the lemma. Moreover, the proof of 7* > 7/ follows from the
fact that

1 1 pAv-1(Lap()) 1 1
< Do(E[W?) <1 - and <z,
loghy ' — 1= X9 BV < N log(l—p)~' T p
where the second inequality is taken from Theorem 6.1 in Achddou et al. (2024). O

The following lemmas guarantee local consistency between agents.

Lemma E.4. Let assumption 6.1 hold. With probability 1 — N?T§, Algorithm 6.1 guarantees that
for fized arm k € [K], and for every i,j € [N] and for every t € [T},

Tin(t) = Tik(t)] < KNLp(5)

log(1—p)
connected in the communication graph Gy with probability 1 — 6.

where L,(0) = { log() —‘ denotes the maximum number of rounds each edge within base graph G is

Proof. Fix an agent ¢ € [N] and a time step t € [T']. According to assumption 6.1 and Algorithm 6.1,
p be the probability that agent ¢ communicates with a fixed neighbour j € AN;(¢) in any given step,

independently of the past. For a non-negative integer L, we have

Pr (i does not contact j during the next L + 1 steps) = (1 — p)=*L.

The communication gap length at time ¢ is the number of steps starting from time t until agent ¢

next successfully communicates with agent j. Choose a confidence parameter § € (0, 1), we have
Pr (time until first contact between agents ¢ and j exceeds Ly(9)) < 0.
Applying a union bound to gives

Pr(3i € [N],j € N;,t € [T] : time until first contact between ¢ and j after time ¢ exceeds Ly(d))
< N°T6.

Note that we have N;(t) C N;, where N is a fixed superset of possible neighbors. Hence with
probability at least 1 — N2T§, for every agent i € [N], every time step ¢ € [T], and every neighbor
J € N, the time until the next communication between ¢ and j is at most L,(d) time steps.

For any two agents i and 7, let d(i,j) < N denote the shortest path length between ¢ and j in
the base graph G. Because with high probability, information can gossip across each edge within at
most L,(d) steps, it follows that information originating at i at time step ¢ reaches j at most by

time step
t+Ly(d)-d(i,j) <t+Ly)-N. (E.2)
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E. Proof Details for Chapter 6

In order to be cautious for notations, we use S;(t) to denote the active set in round ¢ for Algorithm
6.1. According to Algorithm 6.1, during every communication, each agent i replaces its active set by

the intersection with its neighbors:

Sit+1)= [ S

JEN(B)U{i}

because for all S;(0) = [K], at most K distinct arms can ever be removed. Each arm can start a new
wave of disagreement. Each wave of disagreement at most last L,() - N. In the worst case, the waves
do not overlap. Consenquently the longest possible sequence of rounds in which S;(t) # S;(t) is
K - N -Ly(5). During the disagreement period, for a fixed arm k we could upper bound of maximum

pull of k is KNL,(4) and lower bound of maximum pull of &k is 0. Hence we have

Tin(t) = Tiu()] < KNLy(9).

E.2 Omitted details in Section 6.4

In this section, we show the omitted details in Section 6.4.

Proof of Lemma 6.1. When T; j,(t) < KL*, the bound trivially holds.
Now we consider the case when T; ;(t) > KL*, We first define the following event:

_ ‘Zje[N] (1 k() — Mj,k)‘ 41og(T)
Bi=y (] N = \/N mine(n) {T5k(8)}

1 1 .
N N Hwt...ws+lej—N1H <N () I1Tik(t) = Tie(®)| < KL* 5. (E.3)
} 2

jeIN i,jE€[N]
T*<t—s<T ke[K]
te[T)

In Equation (E.3), the first event bounds the global estimation error for each arm, the second
ensures near-uniform information mixing across agents after sufficient communication rounds, and
the third guarantees that the number of pulls for any arm remains approximately balanced across
agents at each time step. By applying Lemma E.2, E.3, E.4 and union bound, we obtain that
P[E < & + & 4+ N2T6 holds for Erdés-Rényi random model defined in Equation (6.1).

We define fix(t) = & > je[N] Z,k(t) to be an intermediate variable that has access to each agent’s
average mean on arm k at time ¢.

For any agent ¢, we have

|2k (t) — bl = |zik(t) — 1k (t) + fr(t) — pl
< k() = 2 (O] + [x(t) — g (Triangle inequality)
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E.2. Omitted details in Section 6.4

e - zapl) + 2 P )] (5.4
—_———

Consensus Error

Estimation Error

The last equality is due to the definition of the global mean reward and fig(t). Let us first focus on
Consensus Error. For any i € [N], According to the update in Equation (6.3) we have

Zi k(1) = Z Wiilijzin(t — 1) + Hip(t — 1) — [ x(t — 2)

JE[N]
= Z Wiy -+ Wislijzin(t ) + Z Z (Wi—g -+ Wrialij (B (7)) — Hjx(T — 1))
JEN] T=t—s j€[N]
+ Hig(t —1) — Hig(t —2) (E.5)
= Z Wi—1 -+ Wiz k(1 +Z Z (Wi -+ Wrialij (B k(T) — Hjg(T — 1))
FE[N] T=1j€[N]
+ it — 1) — 1 1 (t — 2). (setting s =t — 1)

We also have

JE[N]
1 t—1
= pk(t —s) + N Z Z (5, (T) = 1jp(T — 1))
T=t sje[N]
1 t—1
= (1) + DY (w(r) = fiw(r — 1)) (setting s =t — 1)
T=1 j€[N]
1 1 t—1
== > s+ ST (@) — k(T — 1)
JE[N] T=1j€[N]
1 1 t—2
=N zk() + (55 (T) = Hj (T — 1))
JE[N] =1 je[N]
+ = Y (et —1) = et —2)) (E.6)
JE[N]

Hence, we obtain

t—2
MOEEHNOES Y Y <]1[ —Wig--- Wr+1]i,j> (15(T) — Bjg (T — 1))

=1 \je[N]
1 ~ - ~ ~
N > (Aiwlt = 1) = et — 2)) — (@it — 1) — Rig(t — 2))
JE[N]
1
tw Z zj k(1) — Z W1 Whlijzjn(1).
JEN] JE[N]

199



E. Proof Details for Chapter 6

t—2 1
=2 > <N — [Wi—g - WT+1]z‘,j> (P (T) = Hje(T — 1))

57 2 it = 1) = et = 2) = @it = 1) = fi(t = 2),
J€[N]

.Taking absolute values on both sides, we have

t—2
) = 22al0)] = [ 3 (002 Wraahs ) (s(r) = sl — 1)
=1 \j€[N]
+ % > (Bt — 1) = et — 2)) = (fig(t — 1) = Big(t - 2))

JE[N]

t—71* -2
| X X (- e Wonihs ) (astr) = oatr = 1)

T=1 JE[N]

Q
t—2

+ D . <;f — Wi -'Wr+1]i,j> (Fje(T) = Mje(T = 1))

T=t—7%*—1 JE[N]

Now we analyze three terms on the right-hand side of Equation (E.7).

Bounding term Q. Conditioning on event E, we obtain

t—7*—2 1
0= Z Z (N — [Wy—g--- W’T-‘rl]i,j) (1 k(7)) — Hj (T — 1))

(]
(]

— — [Wi—g - Wriilij (rewards are bounded in the interval [0, 1])

1

Wig-- - Wriie; — N

1

1

Wi—g---Wrpie — N

2

z,k(t) ’ (E8>

where the third inequality comes from the condition that ¢ —7 — 1 € [7*,¢ — 3] and the event E.
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E.2. Omitted details in Section 6.4

Bounding term #. We have

t—2 1
*= 2 Z(N—[WH---WTHL-Q (j(7) = B (m = 1))

T=t—7*=1 \j€E[N]

=2 1 i {A(s) =k} X k(s Z;lﬂAjSZkX} s
S KN_[WtIH.WTH]M>‘|<ZS_1 { T(j,k)m FXik(s) Yo {Tj,;f(r)—l)} i (s)

T=t—7%—1 JE[N]
( definition of 71, (%))

t—2

< > (X ‘(;; - [Wt—l'“WrH]i,g‘)‘ :

T=t—7%—1 je[N]

' (zz;i I{A;(s) = k}X;(s) + Xjul(r)  SIT A (s) = k}Xj,k<s>> ')

Tjk(7) Tj(r) =1

t—2

L - — ST I{A () = kY X (s) + (Tin(T) — DX,
- T—t;—l jez[z:w ‘ (N Wi W””Z”)‘ | ( Tj0:(r) (Tje(r) = 1)

-2
1 1
< Z Z ‘ ( — [Wi_y - WT+1]i,j) ‘ Tl (rewards are bounded in the interval [0, 1])

1 1
Wiy Wil t E
‘(N Wit +1] ’j>‘maX{Ti7k(7')—KL*,1} (event E)

(]
(]

T=t—7%—1 JE[N]
< 47*
= tnax {T() — KLV, 1}

where the second inequality follows from the fact that there are only two possible cases for T} ,(7)
and T} (7 —1). When T} (1) = Tj (7 — 1) the absolute difference of means is trivially 0, so the only
non-trivial case to consider is when T} ;(7) = Tj (7 — 1) + 1. The last inequality is due to that the

upper bound of the total-variation distance from any distribution to the uniform distribution is 1.

Bounding term #. Conditioning on E, we obtain

#= | ST = 1)~ Byl = 2) — Bialt — 1) = fiale — 2)
J€[N]

2 2
< +
g[;ﬂ NTju(t=1) " Tiglt = 1)
4

<
~ max{T;y(t — 1) — KL*,1}’

Next, let us analyse Estimation Error. Conditioned on E, for all k € [K] and ¢ € [T] we obtain

S jerm (r(®) = i) _ Tlog(T)
N | Nminjen{Tjx(t)}

41og(T)
= \/ N max{T, (1) — KL*, 1}’ (E-9)
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E. Proof Details for Chapter 6

where the last inequality is due to the event E.

Combining all the results collected so far, we can finally derive the concentration bound condi-

tioned on the event E. For any ¢ € [N] and k € [K], we obtain

|2ik(t) — | < \/ 41og(T) : <\/N o ) (E.10)

N max (Typ(t) — KL% 1) | max {Tip(f) - KL, 1}

O

Proof of Lemma 6.2. First, for all agents we consider the cases under the event E. According
to Algorithm 6.1, if arm k is eliminated, there are only two possible cases: 1) there exists some
k' such that z;x(t) + ¢ k() < ziw(t) — ciw(t); 2) When Algorithm 6.1 updates the active set
Si(t +1) < Njeniugy Sit), k ¢ S; for any j € Ni(t).

For Case 1, Since we have z; ,(t) +¢; 1 (t) < pr+2¢; 1 (t) as well as 2; () — ¢ 1 () > pgr —2¢4 1 (1),

then when
2(cik(t) +cip (1) < ppr — pre < Ag

arm k will be essentially eliminated. Due to the pulling rule of Algorithm 6.1, we have |T; ,(t) —
T;w (t)] < 1. Thus when

Ao 4log(T) Lo (VN +)
b= N max {T; ,(t) — KL*,1} ' max {T;x(t) — KL*, 1}

Hence, here we know that when

arm k will be essentially eliminated.
For Case 2,the optimal arm k* it cannot be eliminated, because for agents ¢ we consider the

cases under the event FE.

For all agents cases under event E¢, we have
T -P(E)Amax < 3KNApax.
Therefore, combining all inequalities above, we have

64 log(T) . .
) < SR\ )
Reg; 7(7) < k AE . < VA, 10 (\/N 47 )) KL+ 3KN Ay
AV

which ends the proof. O

Proof of Theorem 6.1. By adding up Lemma 6.2 for all agents i € N/, Theorem 6.1 can be proved
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through the facts that

1 1 An-1(L 1 1
— S ,)\Q(E[WQ]) S 1— PAN 1( ap(g)) and - S =,
loghy " — 1= X2 N log(1—p)~' ~ p
where the second inequality is taken from Theorem 6.1 in Achddou et al. (2024). O

Proof of Corollary 6.1. If G is complete, then d(i,j) = 1 for all i,j € N, and the gossip time
simplifies to ¢ + L. Recall Equation (E.2), with the same steps we can prove that

log(9) w

ITok(t) = Trn(t)] < KLy(8) = K [lgu—p)

for any arm k € [K] and agents 4, j € [IV] for any ¢ € [T].
Hence by the fact that Ay_i(Lap(G)) = N and let L* as defined in Corollary 6.1 we can prove

the case for complete graph.

For the rest two cases, we can just prove which by substituting the exact values of Ay_1(Lap(G))
in Theorem 6.1. O

Proof of Theorem 6.2. First, note that

Regfr(m Z Regjr(m Z Z T)|A, = Z Ay Z T (T)).

1€[N] 1€[N] k€[K] 1€[N]
In order to show Theorem 6.2, we only need to prove that

. e ElTiR(T)] 21— s)
lim >
T—o0 logT (1+¢)2A%

(E.11)

for p and £ and some sub-optimal arm k # k*.
Suppose the distribution over instance v is given by P = (Piva)ie[N] €K’ Consider another

instance v/ with P’ = (P’» such that

Z’a) i€[N],a€[K]

P = N(:ui,av 1)7 a 7& k
N(pia+ (1 +)Ag, 1), a=k

,a

for i € [N] where P; o = N (piq,1) and € € (0,1].
According to the consistency of policy 7, it holds that

Regh () + Regh. (7) < 2CT*

for some constant C' and p € (0,1).
Simultaneously, let event A; = {ﬂk(T) > g}, then

/ T T
Reglr(r) + Reglr(7) > 5+ Mg+ Pyal i + 5 2+ A By o[ A7)
T
Z §5Ak (]P)V,W[Ai] + ]P)I//,TI'[AZQ:I)
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T
> ZeAk exp (—KL(v, "))
T /
= ZEAk exXp Z E[T],k(T)} ’ KL(ija"Pj:a)
JE[N]
T 1+¢ 2A2
= ZgAk exp | — Z E[Tgk(T)] ) (z)k

JE[N]

Hence, summing the above inequality for all agents i € [IN], we obtain

(1+¢)%A7

/ NT
Regr(m) + Regr () > TEAk exp | — Z E[T;x(T)] - 5 (E.12)
JE[N]
Rearranging the terms in Equation (E.12), it holds that
1+4¢)2A7 NTeA/4
S E[T4(T)] - H’;)k > 1o < ; eAy/ . )
e Reg7 () + Regy ()
NTEAk N€Ak
> 1 =(1—-1s)log(T) +1 .
> 0g< SOTs ) (1 —s)log(T) + 0g< SO )
Therefore, we can show
lim > icin) BTk (T)] < 2(1—5s)
T—o0 logT ~ (14¢)2A2
which is the goal in Equation (E.11). O

E.3 Estimation of unknown link probability

Since G is connected, each agent has at least one neighbor. This allows every agent to estimate the
edge activation probability p by observing its connectivity status over multiple rounds. We design

the following procedure for each agent i € [N] to compute an estimate p of p.

Algorithm E.1: Burn-in Phase for Estimating p by Agent i € [V]

1: Input: Confidence level § € (0, 1), any fixed neighbor n; € [N]; of agent ¢ in the base graph G
2: Initialization: Set 7; <— 0, ¢t <— 0, p;(0) <— 0 and CI;(0) < co
3: while p;(t) — 3CI;(t) < 0 do

4: Increment time ¢ < ¢ + 1 and observe N (t)
5: if n; € [N]Z(t) then
6: T T+ 1
7 Select an arm uniformly at random
~ 7 [
8: Update p;(t) = % and CLi(t) = logé#

9: Output: p; = p;(t) — CL;(¢)

Lemma E.5. For the agent i and each t, it holds that
Plpi(t) — p| < CLi(t)] > 1 4.
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E.3. Estimation of unknown link probability

Proof of Lemma E.5. Lemma E.5 comes directly from Hoeffding’s inequality. O

Theorem E.1. Let 6 = % Then, with probability at least 1 — %, the estimate p; returned by

Algorithm E.1 satisfies p; € (g,p] for every agent i € [N]. Furthermore, the cumulative regret
incurred during the burn-in phase across all agents is bounded by O (%).

Proof of Theorem E.1. Suppose the end round for Algorithm E.1 is t*. As p; = p;(t) — CL;i(t) <p

according to Lemma E.5, we only need to show p; > £. This can be verified by

pi(t) + CLi(t)

~ o~ p
i = pi(t) — CLi(t > —.
B =pilt) - cnr) > PO O 5 7

By combining each ¢ € [T'] and ¢ € [N] and union bound, we can obtain the first part of Theorem E.1.

16log(T
Moreover, for t* > 6 ;)%( ), we have

logT

pi(t) — 3ClLi(t) > p — 4CIi(t) = p — 4 "

>0,

hence the stopping condition in Algorithm E.1 holds. By the fact that Apnax < 1 for all arms, we
can obtain the second part of Theorem E.1 through adding the regret for all agents i € [N]. O
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