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Abstract
We study moduli spaces of stable objects in Enriques categories by exploiting their
relation to moduli spaces of stable objects in associated K3 categories. In particu-
lar, we settle the nonemptiness problem for moduli spaces of stable objects in the
Kuznetsov components of several interesting classes of Fano varieties, and deduce the
nonemptiness of fixed loci of certain antisymplectic involutions on modular hyper-
kähler varieties.

Mathematics Subject Classification 14J28 · 14J42 · 18G80 · 18N60

1 Introduction

The goal of this paper is to studymoduli spaces of stable objects in Enriques categories
arising as the Kuznetsov components of Fano varieties.We develop a general approach
to this problembased on the relation tomoduli spaces of stable objects inK3 categories.
We work over the complex numbers for the overview of our results below.
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1.1 K3 categories and their moduli spaces

In the celebrated work [51], Mukai proved that moduli spaces of stable sheaves of
primitive class on K3 surfaces are smooth projective hyperkähler varieties of the
expected dimension, deformation equivalent to Hilbert schemes of points on a K3
surface (see also [4, 54, 70, 71]). This result has been extended in [9] to moduli spaces
of stable objects, in the sense of Bridgeland [17, 18], in the bounded derived category
of coherent sheaves Db(S) on a K3 surface S.

Recently, these results have been further extended to the case where Db(S) is
replaced by a suitable K3 category. The first such example arises as the Kuznetsov
component Ku(Y ) of a cubic fourfold Y ⊂ P5 [40], defined by the semiorthogonal
decomposition

Db(Y ) = 〈Ku(Y ),OY ,OY (1),OY (2)〉.
The component Ku(Y ) is a K3 category in the sense that it has the same homological
invariants, namely Serre functor and Hochschild homology, as Db(S) for a K3 surface
S. Stability conditions onKu(Y )were constructed in [8], and in [7] an exact analog of
Mukai’s results were proved in this setting, leading to new unirational locally complete
families of polarized hyperkähler varieties, as well as tight connections between the
geometry of Y and the structure of Ku(Y ).

Other examples of K3 categories can be constructed as Kuznetsov components of
Fano varieties using the results of [41]. Among them, the best understood are those
associated to even-dimensionalGushel–Mukai (GM) varieties [34],which are obtained
by taking a quadric section or double cover of a linear section of the Grassmannian
Gr(2, 5) ⊂ P10 (see Example 3.10). In [61], we constructed stability conditions on
such K3 categories and proved analogs for their moduli spaces of the known results
for cubic fourfolds.

In general, the results of [58] show that given a family of K3 categories equipped
with a family of stability conditions, relative moduli spaces of stable objects are
smooth. This allows one to deduce Mukai-type structure results for moduli spaces
on a generic fiber when there are special fibers of the form Db(S) for a K3 surface S.

1.2 Kuznetsov components of Fano threefolds

Besides the above examples, Fano threefolds are the main case where stability con-
ditions have been constructed on Kuznetsov components [8]. In fact, for many Fano
threefolds Y there exists a stability condition σ on Ku(Y ) such that:

(1) σ is Serre invariant, i.e. fixed by the Serre functor modulo the natural ˜GL
+
2 (R)-

action on the space of numerical stability conditions.
(2) σ is the unique Serre invariant stability condition modulo the ˜GL

+
2 (R)-action.

Namely, by a combination of various works [25, 31, 62, 64] (see also [63, §5.5]),
this holds for Fano threefolds of Picard number 1, index 2, and degree d ≥ 2, as
well as for Fano threefolds of Picard number 1, index 1, and and degree d ≥ 10.1

1 In general, however, Serre invariant stability conditions need not exist onKu(Y ); see [35, Corollary 1.9],
which implies for instance that they do not exist when Y has Picard number 1, index 1, and degree 6.
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Note that stability conditions which differ by the ˜GL
+
2 (R)-action have the same set of

(semi)stable objects, so they are the same from the perspective of their moduli spaces;
therefore, when σ as above exists, its moduli spaces are canonical to Ku(Y ).

There is a rich emerging theory of moduli spaces of stable objects in Kuznetsov
components of Fano threefolds, with applications including the realization of classi-
cal moduli spaces in these terms [2, 25, 43, 48, 72] and the proofs of (categorical)
Torelli theorems [3, 10, 31]; see [63] for a survey. What is still lacking, however, are
general structure theorems for these moduli spaces, parallel to the situation for K3
categories discussed in §1.1. In particular, a fundamental open problem is to show
that these moduli spaces are nonempty when the expected dimension is nonnegative.
In comparison to the case of K3 categories, the main difficulty is that the categories
Ku(Y ) arising from Fano threefolds within a given deformation class are typically not
equivalent to the derived category of a variety for any choice of Y ; this precludes any
direct deformation-theoretic reduction of the problem to a more geometric one.

In this paper, we solve the nonemptiness problem in two interesting cases, based on
a general strategy that also allows access to other structural properties of the resulting
moduli spaces, like their singularities.

The first case is quartic double solids, i.e. smooth double covers Y → P3 branched
along a quartic surface, whose Kuznetsov component is defined by

Db(Y ) = 〈Ku(Y ),OY ,OY (1)〉.

Among Fano threefolds of Picard number 1 and index 2, these are the ones of lowest
degree, namely 2, for which Serre-invariant stability conditions are known to exist and
be unique modulo ˜GL

+
2 (R). To state our result, we recall from [39, Proposition 3.9]

that the numerical Grothendieck group Knum(Ku(Y )) has rank 2, and there is a basis
μ1, μ2, described in (6.1), with respect to which the Euler form is given by

(−1 −1
−1 −2

)

.

Theorem 1.1 Let Y be a quartic double solid. Let v ∈ Knum(Ku(Y )) and let σ be a
Serre invariant stability condition on Ku(Y ).

(1) The moduli space Mσ (Ku(Y ), v) of σ -semistable objects of class v is nonempty.
(2) If v = aμ1+bμ2 where gcd(a, b) = 1 and a is odd, then for generic Y the moduli

space Mσ (Ku(Y ), v) is smooth and projective of dimension −χ(v, v) + 1.

Above, by the moduli space Mσ (Ku(Y ), v) we mean more precisely the good
moduli space for the algebraic stack Mσ (Ku(Y ), v) of σ -semistable objects of class
v, whose existence follows from the results of [7]. Note that Knum(Ku(Y )) is negative
definite, so −χ(v, v) + 1 is always positive.

Remark 1.2 The moduli space Mσ (Ku(Y ), v) may fail to be smooth for all Y when
v is not of the form described in part (2) of the theorem; indeed, by [2, Theorem
5.2], Mσ (Ku(Y ), μ2) is singular for every Y . On the other hand, we expect that
Mσ (Ku(Y ), v) is projective for every v and Y . This would follow from projectivity
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of moduli spaces of semistable objects in K3 categories with respect to non-generic
stability conditions (Remark 6.7).

The second class of Fano threefolds we consider are GM threefolds X , which come
in two different types: a smooth quadric section of Gr(2, 5) ∩ M where M ⊂ P9 is a
codimension 2 linear subspace of Plücker space (in which case X is called ordinary),
or a smooth double cover of Gr(2, 5) ∩ M branched over a quadric section where
M ⊂ P9 is a codimension 3 subspace (in which case X is called special). Among
Fano threefolds of Picard number 1 and index 1, these are the ones of lowest degree,
namely 10, for which Serre invariant stability conditions are known to exist and be
unique modulo ˜GL

+
2 (R). The Kuznetsov component is defined by

Db(X) = 〈Ku(X),OX ,U∨
X 〉

where UX is the pullback of the tautological rank 2 bundle on Gr(2, 5).

Theorem 1.3 Let X be a GM threefold. Let v ∈ Knum(Ku(X)) and let σ be a Serre
invariant stability condition on Ku(X).

(1) The moduli space Mσ (Ku(X), v) of σ -semistable objects of class v is nonempty.
(2) If v is primitive, i.e. not divisible in Knum(Ku(X)), then for generic X the moduli

space Mσ (Ku(X), v) is smooth and projective of dimension −χ(v, v) + 1.

As for quartic double solids, −χ(v, v) + 1 is always positive, since Knum(Ku(X))

is negative definite.

Remark 1.4 The moduli space Mσ (Ku(X), v) may fail to be smooth when X is not
generic; indeed, by [72, Theorem 1.5], Mσ (Ku(Y ), κ1) is singular for certain X , where
κ1 is one of the basis vectors for Knum(Ku(X)) described in (7.1). On the other hand,
similar to the quartic double solid case, we expect that Mσ (Ku(X), v) is projective
for every v and X (Remark 6.7).

Remark 1.5 By the duality conjecture proved in [36, Theorem 1.6], for any GM five-
fold there exists a GM threefold with equivalent Kuznetsov component. Therefore,
Theorem 1.3 is also true verbatim for GM fivefolds.

Theorem 1.3 has an interesting consequence for moduli spaces of stable objects
in Kuznetsov components of GM fourfolds. For such a fourfold W , in [61, Theorem
4.12 and Proposition 4.16] we constructed full numerical stability conditions σα,β on
Ku(W ), depending on suitable real parameters α and β; let Stab◦(Ku(W )) denote
the collection of these stability conditions. We proved in [61, Theorem 1.5] that if
w ∈ Knum(Ku(W )) is primitive and σ ∈ Stab◦(Ku(W )) is w-generic (i.e. the notions
of σ -semistability and σ -stability coincide for objects of class w), then the mod-
uli space Mσ (Ku(W ), w) is a smooth projective hyperkähler variety of dimension
−χ(w,w) + 2.2 Moreover, there is a canonical sublattice

−A⊕2
1 =

(−2 0
0 −2

)

⊂ Knum(Ku(W )),

2 In fact we showed that this statement holds for any σ in the connected component Stab†(Ku(W )) of
Stab(Ku(W )) containing Stab◦(Ku(W )), but below we will be interested in Stab◦(Ku(W )).
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described as the projection of K0(Gr(2, 5)) [34, Lemma 2.27], and we observed in
[61, Proposition 5.16] that for w ∈ −A⊕2

1 the moduli space Mσ (Ku(W ), w) admits
a natural antisymplectic involution ι. As noted in [16, Remark 5.8], this involution is
induced by an explicit involutive autoequivalence of Ku(W ).

Theorem 1.6 Let W be a GM fourfold. Let w ∈ −A⊕2
1 be a primitive vector, and let

σ ∈ Stab◦(Ku(W )) be a w-generic stability condition. Then the fixed locus of the
involution ι on Mσ (Ku(W ), w) is a nonempty smooth Lagrangian subvariety.

Remark 1.7 By the same reasoning as in Remark 1.5, Theorem1.6 is also true verbatim
for GM sixfolds.

The content of the theorem is the nonemptiness of the fixed locus; indeed, then by a
general result on antisymplectic involutions [5, Lemma 1], it is automatically a smooth
Lagrangian. As we explain below, our proof in fact gives a description of the fixed
locus of ι in terms of a moduli space of stable objects in the Kuznetsov component of
a GM threefold. Finally, we note that Theorem 1.6 in particular gives a new proof of
the nonemptiness of Mσ (Ku(W ), w), which was one of the main results of [61].

1.3 Enriques categories and their moduli spaces

Nowwe explain themain ideas behind the proofs of the above theorems, which involve
some results of independent interest.

The key to our analysis is that the Kuznetsov components of quartic double solids
andGMthreefolds areEnriques categories in the sense that, like the derived categoryof
an Enriques surface, they have Serre functor of the form τ ◦[2]where τ is the generator
of a nontrivialZ/2-action. To anyEnriques categoryC, there is an associatedCY2 cover
D = CZ/2 defined as the invariant category for the Z/2-action. When C = Db(S) for
an Enriques surface S, thenD = Db(T )where T is the K3 double cover of S, while for
the Kuznetsov components of interest, the results of [33] show thatD can be described
as follows:

(1) If Y → P3 is a quartic double solid branched over a quartic K3 surface S ⊂ P3,
then the CY2 cover of Ku(Y ) is Db(S).

(2) If X is a GM threefold, then the CY2 cover of Ku(X) is Ku(W ) where W is the
“opposite” GM variety (Example 3.10), which is either a Fano fourfold or a K3
surface.

By the above descriptions, the CY2 cover is in fact a K3 category in these cases.
An important feature of the CY2 coverD is that it comes equipped with a residual

Z/2-action — which should be thought of as an analog of the covering involution
of a K3 surface over an Enriques surface — such that the invariant category DZ/2

recovers C. In fact, as we review in §2.3, this is an instance of a more general result of
Elagin [23], which shows that for a finite abelian group G, taking G-invariants gives
a duality between categories equipped with a G-action and categories equipped with
a G∨-action, where G∨ is the dual group.

Strictly speaking, to have a well-behaved theory of G-invariants, we work with
enhanced triangulated categories in the ∞-categorical sense. In Proposition 2.7 we
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prove that the operation of taking G-invariants commutes with taking the homotopy
category (cf. [23] and [66] for similar results in the DG setting). This essentially allows
us to ignore higher-categorical phenomenon when studying G-equivariant stability
conditions, since stability conditions are defined at the level of the homotopy category.
By results of [50, 60], we thus find that if a finite group G acts on an enhanced
triangulated category C, and σ is a stability condition that is fixed by each g ∈ G,
then there is an induced stability condition σ G on CG (Theorem 4.9). Moreover, we
observe in Lemma 4.12 that σ G is fixed by the G∨-action on CG , and that (σ G)G∨

recovers σ under the equivalence (CG)G∨ 
 C mentioned above.
In particular, in the case of an Enriques category C with CY2 cover D, we obtain

a correspondence between stability conditions σC on C and σD onD which are fixed
by the Z/2-actions. We will consider the case where C and D are semiorthogonal
components of derived categories of varieties and the stability conditions σC and σD
are proper (in the sense of Remark 4.8), which in particular means that for numer-
ical classes v ∈ Knum(C) and w ∈ Knum(D), there exist proper algebraic stacks
MσC(C, v) andMσD(D, w) of semistable objects of class v andw.3 Let π∗ : D → C

and π∗ : C → D suggestively denote the forgetful and inflation functors from and to
D = CZ/2; when C = Db(S) for an Enriques surface S with K3 cover π : T → S,
then π∗ and π∗ agree with the usual pushforward and pullback functors along π . For
an object in C or D, we say it is “fixed by the Z/2-action” if it is isomorphic to the
object obtained by applying the generator of the action.

Theorem 1.8 Let C be an Enriques category with CY2 cover D, and assume that C
and D arise a semiorthogonal components of the derived categories of smooth proper
varieties. Let σC be a stability condition on C fixed by the Z/2-action, let σD be the
corresponding stability condition on D, and assume that σC and σD are proper.

(1) For any v ∈ Knum(C), the moduli stack MσC(C, v) is smooth at any point corre-
sponding to a σC-stable object E that is not fixed by the Z/2-action on C. If v is
fixed by the Z/2-action, then the functor π∗ : D → C induces an isomorphism

f :
⊔

π∗(w)=v

MσD(D, w) → MσC(C, v)Z/2,

where the target is the stacky fixed locus of the Z/2-action on MσC(C, v) and the
union in the source ranges over w ∈ Knum(D) such that π∗(w) = v. Moreover,
the corresponding morphism on moduli spaces

f̄ :
⊔

π∗(w)=v

MσD(D, w) → MσC(C, v)Z/2

is étale at σD-stable objects not fixed by the residual Z/2-action and degree 2
over the fixed locus Mst

σ (C, v)Z/2 of the stable locus.
(2) For any w ∈ Knum(D), the moduli stack MσD(D, w) is smooth at any point

corresponding to a σD-stable object. If w is fixed by the residual Z/2-action, the

3 By the results of [7], all known constructions of stability conditions lead to proper ones.
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functor π∗ : C → D induces an isomorphism

g :
⊔

π∗(v)=w

MσC(C, v) → MσD(D, w)Z/2,

where the target is the stacky fixed locus of the Z/2-action on MσD(D, w) and
the union in the source ranges over v ∈ Knum(C) such that π∗(v) = w. Moreover,
the corresponding morphism on moduli spaces

ḡ :
⊔

π∗(v)=w

MσC(C, v) → MσD(D, w)Z/2,

is étale at σC-stable objects not fixed by the Z/2-action and degree 2 over the
fixed locus Mst

σ (D, w)Z/2 of the stable locus.

We refer to [65] for background on fixed point stacks; in particular, [65, Theo-
rem 3.3] shows that the stacky fixed point loci for finite group actions considered in
this paper are automatically algebraic.

Remark 1.9 A stability condition σC which is fixed by the Z/2-action is in particular
Serre invariant. By the results of [25, 31, 62, 64], when C is the Kuznetsov component
of a quartic double solid or GM threefold, a Z/2-fixed σC exists and is unique up
to the action of ˜GL

+
2 (R). Furthermore, the Z/2-action on Knum(C) is trivial in these

examples (Lemmas 6.1 and 7.3), so (1) applies for arbitrary v ∈ Knum(C).

Theorem 1.8 combines several results: smoothness criteria for moduli of objects in
Enriques and CY2 categories, proved in more general relative forms in Corollary 5.6
and [58, Theorem 1.4], as well as Proposition 5.7 and Remark 5.9 which describe the
morphisms f and g in amore general setting of categories equippedwith aZ/2-action.
We note that in case C = Db(S) for an Enriques surface S and D = Db(T ) where T
is the associated K3 surface, the construction and properties of the morphism ḡ in (2)
go back to Nuer [53] (see also [32]).

Theorem 1.8 provides a useful tool for studyingmoduli spaces of objects in C, since
those of theCY2coverD are oftenwell-understood in examples. For instance, consider
the nonemptiness problem for a vector v ∈ Knum(C). By part (1) of the theorem, it
would be enough to find a vectorw ∈ Knum(D) such that π∗(w) = v andMσD(D, w)

is nonempty. Unfortunately, in our examples, for a given C and v there often does not
exist such a w. However, we prove the following more flexible deformation-theoretic
criterion for nonemptiness. The formulation uses the notions of an Enriques category
C over a base S (see Definition 3.6) and of a stability condition σ = (σs)s∈S on C over
S (see [7] and §4.2), which consists of proper numerical stability conditions σs on the
the fibers Cs satisfying certain compatibility and tameness properties.

Theorem 1.10 Let C be an Enriques category arising as a semiorthogonal component
of the derived category of a smooth proper variety, let σ be a proper numerical stability
condition on C, and let v ∈ Knum(C). Assume there exists:

(1) An Enriques category C over a complex variety S such that C is an S-linear
semiorthogonal component of Dperf(X) for a smooth proper morphism X → S.
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(2) A stability condition σ = (σs)s∈S on C over S with respect to a lattice 
 and
homomorphisms vs : Knum(Cs) → 
.

(3) A point 0 ∈ S(C) such that C0 
 C and under this equivalence σ0 = σ and the
map v0 : Knum(C) = Knum(C0) → 
 is injective.

(4) A point 1 ∈ S(C) such that:

(a) σ1 is fixed by the Z/2-action on C1 and Mσ1(C1, v0(v)) consists of stable
objects.

(b) If π1∗ : D1 → C1 is the CY2 cover ofC1 with corresponding stability condition
σD1 , then σD1 is proper.

(c) There exists a class w1 ∈ Knum(D1) such that if v1 = π∗(w1) then
v1(v1) = v0(v), MσD1

(D1, w1) is nonempty, and −χ(w1, w1) + 2 <

−χ(v1, v1) + 1.

Then the moduli stack Mσ (C, v) is nonempty.

Remark 1.11 In our applications, by known resultsMσD1
(D1, w1) will be nonempty

if and only if−χ(w1, w1)+2 ≥ 0, so (4c) becomes a purely lattice theoretic condition.

Theorem 1.10 provides an effective tool for proving nonemptiness of moduli spaces
of semistable objects in Enriques categories. Indeed, we prove Theorems 1.1 and 1.3
by considering specializations ofKu(Y ) orKu(X) forwhich theK3 cover becomes the
derived category of a K3 surface and the hypotheses of Theorem 1.10 can be verified.
The smoothness statements in Theorems 1.1 and 1.3 are proved via the smoothness
criterion of Theorem 1.8(1).

Finally, Theorem 1.6 is proved by combining the nonemptiness result of Theo-
rem 1.3 with the description of the fixed locus as the image of the morphism ḡ in
Theorem 1.8(2). As an important technical ingredient, we prove that the stability con-
ditions σ ∈ Stab◦(Ku(W )) are fixed by the residual Z/2-action (Theorem 8.2), and
deduce that they are all in the same ˜GL

+
2 (R)-orbit (Corollary 8.9).

1.4 Further directions

Now that their nonemptiness is known, it would be interesting to study other geometric
properties of the moduli spaces from Theorems 1.1 and 1.3, like their singularities,
Kodaira dimension, number of irreducible components, map to the intermediate Jaco-
bian, and so on.

Our approach to proving Theorems 1.1 and 1.3 is quite general and should apply
to other geometric examples of Enriques categories, like Examples 3.11 and 3.12, but
for brevity we have focused on just two interesting cases. Even in the case of Enriques
surfaces, it would be interesting to reprove nonemptiness results for moduli spaces
using our method.

Finally, we expect a similar nonemptiness result for moduli spaces of stable objects
in theKuznetsov component of a cubic threefoldwith respect to Serre invariant stability
conditions. Building on themethod of this paper, one potential approach to the problem
would be to use the relation between the Kuznetsov component of a cubic threefold
and that of a cyclic cubic fourfold branched along it.
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1.5 Related work

The nonemptiness result in Theorems 1.1 and 1.3 has been applied in [44] to show
that the Kuznetsov components of quartic double solids and GM threefolds have a
strongly unique enhancement.

In [16] the remaining case ofKuznetsov’s Fano threefold conjecture, concerning the
Kuznetsov components of quartic double solids and GM threefolds, was settled. Like
ours, the paper [16] is based on the relation between Enriques and CY2 categories.

In a somewhat similar spirit to this paper, in [14] the authors studied finite group
actions on bounded derived categories of smooth projective varieties and fixed loci in
the moduli space of the equivariant derived category.

Fixed loci of antisymplectic involutions on projective hyperkähler manifolds have
been extensively studied in [24]. We also mention that the fixed loci studied in The-
orem 1.6 have a conjectural description in terms of the Lagrangian subspaces arising
from smooth hyperplane sections in the GM fourfold by [27].

Finally, we note that Lemma 4.12 on the correspondence between G-fixed and
G∨-fixed stability conditions was independently proved by Dell [20].

1.6 Organization of the paper

In §2 we provide some preliminary material on group actions on categories and their
(co)invariants. In §3 we give the definition of Enriques categories with a list of geo-
metric examples, as well as recall some results on the derived categories of branched
double covers. In §4 we provide a quick introduction to stability conditions, mod-
uli spaces, stability conditions on equivariant categories, tilt stability, and the known
results for the Kuznetsov components of GM varieties and quartic double solids. In
§5 we prove our general structural results on moduli spaces: a smoothness criterion
(Lemma 5.1 and Corollary 5.6), the relation between moduli spaces in an Enriques
category and its CY2 cover (Theorem 1.8), and our deformational nonemptiness crite-
rion (Theorem 1.10). In the final three sections, we apply these results to our examples
of interest: §6 deals with quartic double solids, §7 with GM threefolds, and §8 with
GM fourfolds.

1.7 Conventions

Avariety over a field k is an integral schemewhich is separated and of finite type over k.
For a scheme X , Dperf(X) denotes the category of perfect complexes, Dqc(X) denotes
the unbounded derived category of quasi-coherent sheaves, and Db(X) denotes the
bounded derived category of coherent sheaves. In fact, in all cases where we consider
Db(X) in this paper, X will be a smooth variety, so Db(X) = Dperf(X). All functors
are implictily derived; e.g. we write simply f ∗ and f∗ for the derived pushforward and
pullback functors along a morphism f : X → Y , and E ⊗ F for the derived tensor
product of objects E, F ∈ Dperf(X).

For technical reasons, we work with linear categories, which are ∞-categorical
enhancements of triangulated categories; see §2 and in particular Example 2.5 for our
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47 Page 10 of 66 A. Perry et al.

conventions and terminology. For a k-linear category C and objects E, F ∈ C, we
denote by Homk(E, F) the corresponding mapping complex, which coincides with
RHom(E, F) in case C = Dperf(X) for a variety X .

2 Group actions on categories

In this section, we cover some preliminaries about group actions on categories and
their (co)invariants. In particular, we compare the invariants of a group action on an
enhanced category and its homotopy category, and we recall that for abelian groups
the formation of invariants gives rise to a duality on categories equipped with group
actions (subject to an assumption on the characteristic of the ground field).

Throughout this section, we fix a finite group G and a field k (often assumed to
have characteristic prime to |G|, but we state this explicitly when it is needed).

2.1 Higher-categorical actions

If X is an object of a 1-categoryD, there is only one reasonable definition of a G-action
on X : a group homomorphism φ : G → Aut(X). If X is an object of a 2-categoryD,
then it is more natural to define a G-action to consist of an automorphism φg of X for
every g ∈ G, together with isomorphisms φg,h : φg ◦ φh ∼= φg·h for every g, h ∈ G
which satisfy a cocycle condition. Taking this to the limit, one arrives at the notion
of a G-action on an object in an ∞-category, as well as the corresponding notions of
invariants and coinvariants:

Definition 2.1 Let X be an object of an ∞-categoryD. A G-action on X is a functor
φ : BG → D such that φ(∗) = X , where BG denotes the classifying space of G
regarded as an ∞-groupoid and ∗ ∈ BG is the unique object.

Given a G-action φ on X , the G-invariants X G and G-coinvariants XG are defined
by

X G = lim(φ) and XG = colim(φ)

provided the displayed limit and colimit exist.

Remark 2.2 We refer to [16, §3.1] which spells out how Definition 2.1 recovers the
classical notions of actions on objects in 1- or 2-categories.

2.2 Linear categories

In this paper, we will be interested in G-actions on categories C which are linear over
a field k. There are several relevant settings:

Example 2.3 (Classical linear categories) Suppose C is a classical k-linear cate-
gory, i.e. a 1-category enriched in k-vector spaces which admits finite products and
coproducts. Equivalently, C is a 1-category equipped with a module structure over
the symmetric monoidal category of finite-dimensional k-vector spaces Vectfdk . Then
we can regard C as an object of the (2, 1)-category Catclk with objects classical k-
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linear categories, 1-morphisms k-linear functors, and 2-morphisms isomorphisms of
functors.

In the language of [45], the category Catclk can also be compactly described as
follows. Let Catcl denote the (2, 1)-category of small 1-categories. Since Catcl admits
finite products, it is equipped with a Cartesian symmetric monoidal structure in the
sense of [45, §2.4]. Then by [45, Proposition 2.4.2.5], for a category C ∈ Catcl,
giving a symmetric monoidal structure on C is equivalent to giving C the structure of a
commutative algebra object in Catcl (with respect to its Cartesian symmetric monoidal
structure). The category Vectfdk is naturally symmetric monoidal via tensor product of
vector spaces, and hence has the structure of a commutative algebra object in Catcl.
Then Catclk can succinctly be described as the category of modules over Vectfdk ∈ Catcl,
i.e.

Catclk = ModVectfdk
(Catcl).

It is well-known that Catcl admits all small limits and colimits. Thus, it follows from
[45, Corollary 4.2.3.3] (taking there C = Catcl equipped with the Cartesian symmetric
monoidal structure andM = Catcl with its natural structure as a left-tensored category
over itself [45, Example 4.2.1.32]) that Catclk also admits all small limits and colimits.
Although it is possible to give a more down-to-earth proof of this result for Catclk ,
the above argument is useful because, as we will see, it generalizes directly to the
enhanced setting.

Due to the existence of small limits and colimits in Catclk , the categories CG and
CG exist for any G-action φ in this setting. For instance, let us recall the explicit
description of CG . The action φ consists of autoequivalences φg of C for every g ∈ G
and compatible isomorphisms φg,h : φg ◦ φh ∼= φg·h . Then the objects of CG are
“linearized objects” of C, i.e. pairs (E, θ) where E ∈ C and θ is a collection of
isomorphisms θg : E ∼= φg(E) for g ∈ G such that the diagram

E
θgh

θg

φgh(E)

φg,h

φg(E)
φgθh

φgφh(E)

commutes for all g, h ∈ G.

Example 2.4 (Triangulated categories) Suppose C is a k-linear triangulated category.
Then we can regard C as an object of the (2, 1)-category Cattrk with objects k-linear
triangulated categories, 1-morphisms triangulated k-linear functors, and 2-morphisms
isomorphisms of functors. However, Cattrk does not admit all limits and colimits, and
in particular it is not clear when CG exists in this setting.

Some positive results were proved by Elagin [23]. Namely, we can form CG as a
classical k-linear category, and ask when CG is triangulated. The shift functor on C

induces one on CG , and we can consider the class of triangles in CG which become
distinguished under the forgetful functor CG → C. Elagin proved that this gives CG

the structure of a triangulated category, assuming the existence of a DG-enhancement
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of C and invertibility of |G| in k [23, Corollary 6.10]. For this and other reasons, it is
natural to instead work with enhanced categories4 from the outset.

Example 2.5 (Linear categories) Suppose C is a small idempotent-complete stable
∞-category equipped with a Dperf(k)-module structure; for short, we simply refer
to such a C as a k-linear category. The collection of all k-linear categories (with
morphisms between them the exact k-linear functors) is organized into an∞-category
Catstk . More precisely, via tensor product the category Dperf(k) is symmetric monoidal,
and hence (as in the discussion in Example 2.3) it may be regarded as a commutative
algebra object in Catst. Then by definition Catstk is the category of modules over
Dperf(k) ∈ Catst, i.e.

Catstk = ModDperf (k)(Cat
st).

The∞-category Catst admits all small limits and colimits [49, Proposition 2.4]. Thus,
by the same argument as in Example 2.3, Catstk also admits all small limits and colimits.
In particular, the categories CG and CG exist for any G-action in this setting.

Example 2.6 There is a simple description of CG in the case where X is a scheme
with a G-action and C = Dperf(X) with the induced action. Namely, descent along
X → [X/G] shows that Dperf(X)G 
 Dperf([X/G]), where [X/G] is the quotient
stack [22, Theorem 9.6].

Taking the homotopy category of a k-linear category gives a functor Catstk → Cattrk .
Essentially every k-linear triangulated categoryT appearing in nature, and in particular
any that appears in this paper, admits a natural enhancement, i.e. a k-linear category
C with T as its homotopy category. Moreover, given a G-action on a k-linear category
C there is an induced G-action on its homotopy category, and under mild hypotheses
a G-action on a k-linear triangulated category T can be lifted to a G-action on an
enhancementC [16, Corollary 3.4]. In this situation, it is useful (both for psychological
and practical reasons) to have a comparison between the homotopy category ofCG and
the G-invariants of the homotopy category computed in Catclk . We prove such a result
below; see [23, Theorem 8.7] and [66] for related statements in the DG setting. Let
h : Catstk → Catclk be the functor given by taking the homotopy category (so it is the
composition of the functor Catstk → Cattrk with the forgetful functor Cattrk → Catclk ).

Proposition 2.7 Assume that the order of the group G is invertible in the field k.
Then for any k-linear category C with a G-action, there is a natural equivalence
h(CG) 
 (hC)G.

Remark 2.8 Since CG is a k-linear category, its homotopy category h(CG) inherits
a natural triangulated structure. The corresponding triangulated structure on (hC)G

via the equivalence of the proposition can be described explicitly: the shift functor is
induced by that on hC, and a triangle in (hC)G is distinguished if and only if it becomes
distinguished under the forgetful functor (hC)G → hC (cf. Example 2.4).

4 Below for technical reasons we work with stable ∞-categories instead of DG categories, but in a precise
sense these notions are equivalent [19].
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Remark 2.9 As we will see in the proof, there are also equivalences

CG 
 CG and (hC)G 
 (hC)G ,

so the assertion of Proposition 2.7 also holds for coinvariants in place of invariants.

Proof Note that there is a canonical morphism h(CG) → (hC)G induced by the uni-
versal property of (hC)G as a limit, which we need to prove is an equivalence. In
other words, if φ : BG → Catstk is the given G-action on C, we want to prove that
h : Catstk → Catclk commutes with taking the limit along φ. To do so, we will consider
a factorization of the functor h.

By definition,
Catstk = ModDperf (k)(Cat

st)

is the category of modules over the commutative algebra object Dperf(k) ∈ Catst,
where Catst is the ∞-category of small idempotent-complete stable ∞-categories.
Similarly,

Catclk = ModVectfdk
(Catcl)

where Catcl denotes the (2, 1)-category of small 1-categories. It will be convenient to
consider two intermediate variants of these constructions. Namely, if Cat denotes the
∞-category of small∞-categories, then both Dperf(k) and Vectfdk can be considered as
commutative algebra objects in Cat, so we can consider the corresponding categories
of modules.

Now consider the factorization

h : Catstk a−→ ModDperf (k)(Cat)
b−→ ModVectfdk

(Cat)
c−→ Catclk (2.1)

wherea is the obvious inclusion,b is given by restriction along the symmetricmonoidal
functor Vectfdk → Dperf(k), and c is given by taking homotopy categories. We will use
the following observations about limits and colimits in the above situation:

(1) All of the categories appearing in the factorization (2.1) admit all small limits
and colimits. Indeed, for Catclk and Catstk , we have already observed this in Exam-
ples 2.3 and 2.5. The same argument as in Example 2.3 also applies to the other
two categories, since they are both by definition categories of modules over com-
mutative algebra objects in Cat, which (see [46, §3.3.3 and §3.3.4]) admits all
small limits and colimits. In particular, for an object in one of these categories
with a G-action, we may form the invariants and coinvariants.

(2) Let D be an idempotent-complete category contained in one of the classes of
categories appearing in (2.1), and assume D is equipped with a G-action. Then
there is an equivalence DG 
 DG given by the norm functor; see [57, Proposi-
tion 3.4] where this is proved for D ∈ Catstk , but the same argument works for
ModDperf (k)(Cat), ModVectfdk

(Cat), and Catclk . This is where we use the assumption
that |G| is invertible in k.

(3) The functor a preserves small limits; see [45, Theorem 1.1.4.4] where this is
proved in the non-k-linear setting, but the situation over k is analogous.
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(4) The functor b preserves small limits by [45, Corollary 4.2.3.3].
(5) The functor c preserves colimits. Indeed, c is the left adjoint to the nerve functor;

see [47, Tag 004N]where this is proved in the non-k-linear setting, but the situation
over k is similar.

The proposition now follows formally from the above observations. Indeed, let
D = (b ◦ a)(C) with its induced G-action. Then we have

h(CG) = c((b ◦ a)(CG)) 

(3),(4)

c(DG) 

(2)

c(DG) 

(5)

h(C)G 

(2)

h(C)G,

where the subscripts indicate the invoked observation from above. ��

2.3 Reconstruction theorem

Let C be a k-linear category with G-action. By functoriality of the operation of taking
G-invariants, the k-linear structure of C induces the structure of a Dperf(k)G -module
onCG . Note that Dperf(k)G is identifiedwith the derived category of finite-dimensional
G-representations. In particular, if G∨ = Hom(G, k×) is the dual group of characters
ofG, thenCG inherits a residual G∨-action. Concretely, forχ ∈ G∨ the corresponding
autoequivalence is

− ⊗ χ : CG → CG, (E, θ) �→ (E, θ ⊗ χ),

where θ ⊗ χ is the linearization on E given by (θ ⊗ χ)g = χ(g)θg for every g ∈ G.
For abelian groups, the category C together with its G-action can be reconstructed
from CG with its G∨-action:

Theorem 2.10 ([23, Theorem 4.2]) Assume that G is abelian and k is algebraically
closed of characteristic prime to |G|. Let C be a k-linear category with a G-action.
Then there is an equivalence

ρ : (CG)G∨ ∼−→ C

of k-linear categories, under which the G-action on C is identified with the
G ∼= (G∨)∨-action on the left-hand side.

Proof In [23, Theorem 4.2] this is proved for C an idempotent-complete classical k-
linear category, but the analogous arguments work in the setting of k-linear categories.

��
Recall that there are mutually left and right adjoint functors between CG and C: the

forgetful functor
ForgG : CG → C

given by forgetting the G-equivariant structure, and the inflation functor

InfG : C → CG
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given on objects by E �→ ⊕

g∈G φg(E), where φg are the autoequivalences of C given
by the G-action and the sum is given the natural G-linearization (see [23, Lemma 3.8],
[57, §3.2]). When it is clear from context, we will omit G from the notation and write
Forg and Inf. For later use, we make an observation about the interaction of these
functors with the equivalence of Theorem 2.10.

Lemma 2.11 Under the assumptions of Theorem 2.10, there is an equivalence of func-
tors

ForgG∨ 
 InfG ◦ ρ : (CG)G∨ → CG .

Proof The equivalence ρ is the composition of two comparison functors
(CG)G∨ 
 (CG)T (q∗,q∗) and C 
 (CG)T (p∗,p∗), where

p∗ = InfG , p∗ = ForgG, q∗ = InfG∨ , q∗ = ForgG∨ ,

(CG)T (q∗,q∗) is the category of comodules over the comonad T (q∗, q∗) on CG ,
(CG)T (p∗,p∗) is the categoryof comodules over the comonadT (p∗, p∗)onCG , together
with an equivalence (CG)T (q∗,q∗) 
 (CG)T (p∗,p∗). By the Comparison Theorem (see
[23, Proposition 2.6]), we have that p∗ ◦ ρ 
 q∗, which in our notation means
InfG ◦ ρ 
 ForgG∨ . ��

3 Enriques categories

In this section we define Enriques categories, give some important examples, and
recall a related result about derived categories of branched double covers.

3.1 Semiorthogonal decompositions

Since many examples of Enriques categories arise as components in semiorthogonal
decompositions, we very briefly review some of the basic definitions; see for instance
[6, 15] for more details.

Let C be a k-linear category. A semiorthogonal decomposition of C consists of a
collection C1, . . . ,Cm of stable subcategories of C such that:

(1) Hom(F, G) = 0 for every F ∈ Ci , G ∈ C j , i > j ;
(2) For every F ∈ C, there is a sequence of morphisms

0 = Fm → Fm−1 → · · · → F1 → F0 = F,

such that the cone of Fi → Fi−1 is in Ci for 1 ≤ i ≤ m.

A semiorthogonal decomposition is denoted by C = 〈C1, . . . ,Cm〉. We note
that passing to homotopy categories, this induces a semiorthogonal decomposition
hC = 〈hC1, . . . , hCm〉 in the usual triangulated sense, and conversely any semiorthog-
onal decomposition of hC in the triangulated sense corresponds to a semiorthogonal
decomposition of C (with components the full subcategories of C spanned by the
components of hC).
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Examples of semiorthogonal decompositions arise from exceptional collections in
C. An object E ∈ C is exceptional if Homk(E, E) 
 k[0] is a copy of k in degree
0. An exceptional collection is a sequence of exceptional objects E1, . . . , Em in C

satisfying Homk(Ei , E j ) = 0 for all i > j . In this case, we have a semiorthogonal
decomposition

C = 〈D, E1, . . . , Em〉
whereD := 〈E1, . . . , Em〉⊥ = { F ∈ C | Homk(Ei , F) = 0 for all 1 ≤ i ≤ m } is the
right orthogonal to the exceptional collection.

If E ∈ C is an exceptional object, then the left mutation functor LE : C → 〈E〉⊥ is
defined by the exact triangle

Homk(E, F) ⊗ E → F → LE (F).

Analogously the right mutation functor RE : C → ⊥〈E〉 is defined by the exact triangle

RE (F) → F → Hom(F, E)∨ ⊗ E .

More generally, given an admissible subcategoryA ⊂ C, i.e. a full triangulated subcat-
egory whose inclusion admits left and right adjoints, one can similarly define mutation
functors LA andRA throughA. Consult [37, Section 3] for general results onmutations
and semiorthogonal decompositions. We only recall the following properties which
are often used in §6, §7, §8 (see [41, Lemma 2.2]):

• If C = 〈C1, . . . ,Cm〉 is a semiorthogonal decomposition, then

LC = LC1 ◦ · · · ◦ LCm , RC = RCm ◦ · · · ◦ RC1 .

• If � : C → C is an autoequivalence andA ⊂ C is an admissible subcategory, then

� ◦ LA 
 L�(A) ◦ �, � ◦ RA 
 R�(A) ◦ �.

3.2 Definition and examples of Enriques categories

Below we consider smooth proper k-linear categories, where k is a field. We refer to
[55, §4] for background on this notion, but note that if X is a smooth proper k-variety
and C is a semiorthogonal component of Dperf(X), then C is a smooth proper k-linear
category [55, Lemma 4.9]. Further, recall that if C is a proper k-linear category, then
a Serre functor is an autoequivalence SC such that there are functorial equivalences

Homk(E,SC(F)) 
 Homk(F, E)∨

for E, F ∈ C. A Serre functor is unique when it exists, and it exists for any smooth
proper k-linear category, e.g. any semiorthogonal component of a smooth proper vari-
ety [6].

Definition 3.1 Let C be a smooth proper k-linear category.
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(1) C is an Enriques category if it is equipped with a Z/2-action whose generator τ

is a nontrivial autoequivalence of C satisfying SC 
 τ ◦ [2].
(2) C is a 2-Calabi–Yau (CY2) category if SC 
 [2]. If C further has Hochschild

homology isomorphic to that of a K3 surface, then we say that C is a K3 category.

Although we have made the definition of an Enriques category without any restric-
tions on the characteristic of k, in the paperwewill often avoid pathologies by assuming
char(k) �= 2.

Remark 3.2 In the literature, sometimes more assumptions are imposed in the defini-
tion of a CY2 category. For instance, in [58, Definition 6.1] it is required that:

(1) C is connected as a k-linear category, in the sense that its Hochschild cohomology
satisfies HH0(C) = k and HH<0(C) = 0; and

(2) C is geometric, in the sense that it can be realized as a semiorthogonal component
in Dperf(X) for a smooth proper variety X over k.

We have taken the least restrictive definition asmany argumentswork in that generality.

Remark 3.3 Let us emphasize that in general it is an extra condition for an involutive
autoequivalence to lift to a Z/2-action. Namely, suppose that C is a connected k-linear
category and let τ be an autoequivalence of C such that τ ◦ τ 
 idC. Then there
is an obstruction ob(τ ) ∈ H3(Z/2, k×) (= Z/2 when k is algebraically closed of
characteristic different from 2) which vanishes if and only if there exists a Z/2-action
on C with generator τ , in which case this action is unique up to equivalence; see
[16, Corollary 3.4 and Remark 4.2]. All of the examples of Enriques categories C
considered in this paper will be connected, so there will be a unique Z/2-action with
generator the involutive autoequivalence τ = SC ◦ [−2].

Passing to Z/2-invariants leads to a correspondence between Enriques and CY2
categories, summarized in the following lemma; note that the second statement is just
a special case of Theorem 2.10.

Lemma 3.4 ([16, Lemmas 4.5 and 4.6]) Let C be an Enriques category over an
algebraically closed field k of characteristic prime to 2. Let D = CZ/2 be the invariant
category for the Z/2-action on C.

(1) D is a CY2 category, called the CY2 cover of C.
(2) D is equipped with a natural Z/2-action, called the residualZ/2-action, such that

there is an equivalence C 
 DZ/2.

Remark 3.5 In the definition of an Enriques category C, it would be natural to require
that its CY2 cover is a K3 category. Indeed, Lemma 3.4(2) would then say C is a
“Z/2-quotient” (i.e. Z/2-invariant category) of a K3 category, parallel to the situation
for a geometric Enriques surface. We have not included this as part of the definition
as it is not necessary for our arguments, but it will be satisfied in all of the examples
of interest in the paper.

We define an Enriques category over a base scheme by the requirement that its
fibers are so. To formulate this, we use the formalism of categories linear over a base
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scheme S, of which the k-linear categories of Example 2.5 are the special case when
S = Spec(k); see [58, §2] for a quick summary of the key points of this theory. In
particular, for any S-linear category C and morphism T → S, we can form the base
changed T -linear category CT , compatible with semiorthogonal decompositions. For
a point s ∈ S, this gives a κ(s)-linear category Cs , called the fiber of C over s.

Definition 3.6 Let S be a scheme and let C be a smooth proper S-linear category. We
say that C is an Enriques category over S if for every point s ∈ S, the fiber Cs is an
Enriques category over κ(s).

Remark 3.7 There are other possible notions of Enriques categories over a base. For
instance, a more global definition would require the existence of an S-linear Z/2-
action on C such that the relative Serre functor is given by τ ◦ [2] for the generator τ

of the action. For our purposes in this paper, the fibral definition will suffice.

3.3 Examples

Below we identify some interesting Enriques categories and their CY2 covers, assum-
ing char(k) �= 2 throughout.

Example 3.8 (Enriques surfaces) Let S be an Enriques surface. Then Db(S) is an
Enriques category, with Z/2-action given by tensoring with the canonical bundle ωS .
If T → S is the corresponding K3 double cover of S, then Db(T ) 
 Db(S)Z/2 is the
corresponding CY2 cover, with residual Z/2-action given by the covering involution.

Example 3.9 (Quartic double solids) Let Y → P3 be a quartic double solid. Then the
Kuznetsov component Ku(Y ) := 〈OY ,OY (1)〉⊥ ⊂ Db(Y ) is a connected Enriques
category, withZ/2-action given by the covering involution, see [16, Proposition 4.14].
IfYbr ⊂ P3 is the branch locus of the double coverY → P3, thenDb(Ybr) 
 Ku(Y )Z/2

is the CY2 cover, and the residualZ/2-action can be described in terms of the spherical
twist around OYbr , see [33] and [16, Theorem 4.15].

Example 3.10 (Gushel–Mukai varieties) A Gushel–Mukai (GM) variety of dimension
n, 2 ≤ n ≤ 6, is a smooth intersection

X = CGr(2, 5) ∩ Q ⊂ P10,

where CGr(2, 5) is the cone over theGrassmannianGr(2, 5) embedded via the Plücker
embedding in a 10-dimensional projective space P10, and Q is a quadric hypersurface
in a linear subspace Pn+4 ⊂ P10. If n = 2 then X is a Brill-Noether general degree 10
polarized K3 surface, while for n ≥ 3 GM varieties coincide with the class of smooth
Fano varieties of Picard number 1, degree 10 and coindex 3 [21, 28, 52].

The linear projection from the vertex ν of CGr(2, 5) restricts to a well defined
morphism γX : X → Gr(2, 5). We say that X is an ordinary GM variety if ν does
not belong to the linear space Pn+4. In this case, X is isomorphic to a quadric section
of a linear section of Gr(2, 5). If ν belongs to Pn+4, then X is a special GM variety.
In this case, γX is a double cover of a linear section M := Gr(2, 5) ∩ Pn+3 ramified
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in a quadric section X ′ of M , which is an ordinary GM variety of dimension n − 1.
We say that X and X ′ are opposite GM varieties, and use the notation Xop := X ′ and
(X ′)op := X for the operation of passing to opposites.

For technical reasons and ease of reference to the literature, we will assume
char(k) = 0 in our discussion of derived categories of GM varieties below. The
Kuznetsov component is defined by the semiorthogonal decomposition

Db(X) = 〈Ku(X),OX ,U∨
X , . . . ,OX ((n − 3)H),U∨

X ((n − 3)H)〉
where UX andOX (H) denote the pullbacks to X of the tautological rank 2 bundle and
Plücker line bundle on Gr(2, 5). Note that when n = 2 the exceptional collection is
empty andKu(X) = Db(X). The categoriesKu(X) were first introduced and studied
in detail in [34].

If X is an odd-dimensional GMvariety, then the results of [33, 34] show thatKu(X)

is a connected Enriques category, with Z/2-action given by the covering involution
when X is special. Moreover, the CY2 cover of Ku(X) is Ku(Xop), and the residual
Z/2-action is given by the covering involution of Xop when X is ordinary and in terms
of certain mutation or spherical functors in general (see [16, Theorem 4.15] for the
explicit formula).

Example 3.11 (Verra threefolds) AVerra threefold is a smooth Fano threefold V which
is either a (2, 2)-divisor V ⊂ P2 × P2, or a double cover V → M of a (1, 1)-divisor
M ⊂ P2 × P2 branched along the K3 surface Z ⊂ M given by the intersection with
a (2, 2)-divisor5. We say V is ordinary in the first case, and special in the second.
In either case, if π1 : V → P2 is the projection to the first P2 factor, then there is a
semiorthogonal decomposition

Db(V ) = 〈Ku(V ), π∗
1 D

b(P2)〉,
where Ku(V ) is a connected Enriques category. Indeed, one can compute the Serre
functor ofKu(V ) using [41,Corollaries 3.7 and 3.8] obtaining that it is the composition
of an involutive autoequivalence τ with the shift by 2, which is induced by the covering
involution if V is special. Thus if V is special, then τ generates aZ/2-action onKu(V ).
If V is ordinary, we argue as in [16, Proposition 4.14]. Let W → P2×P2 be the double
cover branched over V . Then W is a Verra fourfold and has a Kuznetsov component
defined by

Db(W ) = 〈Ku(W ), π∗
1 D

b(P2), π∗
1 D

b(P2) ⊗ O(H2)〉,
where π1 : W → P2 is the projection to the first P2 factor and H2 is the pullback of the
hyperplane class on the secondP2 factor. By [33, Theorem 1.1], there is an equivalence
Ku(V ) 
 Ku(W )Z/2, where the Z/2- action on Ku(W ) is generated by the covering
involution. Then by [33, Proposition 7.10] it follows that τ is the generator of the dual
action to that on Ku(W ). This shows that Ku(V ) is an Enriques category.

To prove that Ku(V ) is connected, one can argue as in [34, Proposition 2.12],
computing the Hochschild cohomology of Ku(W ) using [57, Corollary 1.3], and the

5 Similar to the definition of aGMvariety, we could also define V more uniformly as a complete intersection
in the cone over P2 × P2 ⊂ P8.
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equivalenceKu(V )Z/2 
 Ku(V op), where V op = W if V is ordinary, while V op = Z
is V is special from [33]. We leave the details to the interested reader.

The results of [33, Theorem 1.1 and Proposition 7.10] show that the CY2 cover of
Ku(V ) is Db(Z) if V is special, or the Kuznetsov component of the Verra fourfold
W corresponding to V if V is ordinary. In fact, Ku(W ) 
 Db(S, α) for a degree 2
K3 surface S with a 2-torsion Brauer class α. Indeed, this follows from Kuznetsov’s
results on the derived category of a quadric fibration [38]; see [1] for details.

Using the results of [33] and [41], more examples of geometrically interesting
Enriques categories can be constructed by taking a double cover branched along a
variety with a CY2 Kuznetsov component. Let us give just one more example.

Example 3.12 Let T → P2 be a K3 surface of degree 2, i.e. a double cover of P2

branched along a smooth sextic curve C . We can also regard T as a degree 6 divisor
T ⊂ P(1, 1, 1, 3); here and below, we use P(w0, w1, . . . , wn) to denote the weighted
projective stack with weightswi , i.e. the Deligne–Mumford stack given as the quotient
ofAn+1

k \{0}byGm actingwithweightwi on the i-th coordinate. LetY → P(1, 1, 1, 3)
be the double cover branched alongT ; as above,we can also regardY ⊂ P(1, 1, 1, 3, 3)
as a degree 6 divisor. Then Y is a stacky Fano threefold with a semiorthogonal decom-
position

Db(Y ) = 〈Ku(Y ),OY ,OY (1),OY (2)〉,
and Ku(Y ) is a connected Enriques category with CY2 cover Db(T ).

By [33, Theorem 1.1] the K3 cover ofKu(Y ) is Db(T )6; by [33, Proposition 7.10],
combined with [33, Theorem 7.7] applied to the double cover T → P2, the generator
of the residual Z/2-action on Db(T ) is i∗, where i is the involution of the double
cover T → P2. It follows that Ku(Y ) 
 Db(T )Z/2 
 Db([T /i]), where [T /i] is the
quotient stack. Moreover, if f : [T /i] → P2 is the map induced by the double cover
and j : C → [T /i] is themap obtained from the inclusion ofC in T as the ramification
divisor, then by [33, Theorem 4.1] there is a semiorthogonal decomposition

Ku(Y ) 
 Db([T /i]) = 〈 f ∗Db(P2), j∗Db(C)〉,

where f ∗ and j∗ are fully faithful. Altogether, we conclude that the Enriques category
Ku(Y ) admits a semiorthogonal decomposition with a copy of the derived category
of a sextic plane curve and 3 exceptional objects.

Remark 3.13 It is easy to show that the above examples work in families. For instance,
suppose that f : Y → S is a smooth proper morphism equipped with a line bundle
OY(1) such that the fibers Ys for s ∈ S are quartic double solids with OYs (1) the
pullback of OP3(1). Then there is a S-linear semiorthogonal decomposition

Dperf(Y) = 〈Ku(Y), f ∗Dperf(S), f ∗Dperf(S) ⊗ OY(1)〉

where Ku(Y) is an Enriques category over S with fibers Ku(Ys). For families of GM
varieties, see [16, Lemma 5.9(1)].

6 In the notation of [33], here m = nd = 6, Z is T , and BZ is Db(T ).
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3.4 Kuznetsov components of branched double covers

The descriptions of the CY2 covers of Enriques categories listed in Section 3.3 are
special cases of a general result proved in [33] about semiorthogonal decompositions
of certain ramified cyclic covers. In this section, we review this result in the case of
double covers, fixing the notation we will need later in the paper.

Let M be a variety with a line bundle OM (1). Assume that the bounded derived
category of M admits a rectangular Lefschetz decomposition with respect to OM (1)
of length m. Explicitly, there exists an admissible subcategory B of Db(M) sitting in
a semiorthogonal decomposition of the form

Db(M) = 〈B,B(1), . . . ,B(m − 1)〉,
where B(i) := B ⊗ OM (i).

Let d be a positive integer such that 2d ≤ m. Let f : Y → M be a double cover
ramified in a Cartier divisor X in the linear system |OM (2d)|. In particular, we are in
the setting of [33] in the special case n = 2.

We denote by j : X ↪→ Y the inclusion of the ramification divisor and by
i : X ↪→ M the inclusion of the branch divisor, which fit into the commutative diagram

Y

f

X
i

j

M .

By [33, Lemma 5.1] the pullback f ∗ is fully faithful on B, and if BY denotes the
essential image of B via f ∗, then there is a semiorthogonal decomposition of the form

Db(Y ) = 〈Ku(Y ),BY , . . . ,BY (m − d − 1)〉,
whereKu(Y ) := 〈BY , . . . ,BY (m −d −1)〉⊥. Analogously, by [33, Lemma 5.5] there
is a semiorthogonal decomposition

Db(X) = 〈Ku(X),BX , . . . ,BX (m − 2d − 1)〉,
whereBX is the essential image ofB via i∗ andKu(X) := 〈BX , . . . ,BX (m−2d−1)〉⊥
(if m = 2d, thenKu(X) = Db(X)). The group Z/2 acts on Y over X via the covering
automorphism, and induces an action of Z/2 on Db(Y ) which preserves Ku(Y ).

Theorem 3.14 ([33], Theorem 1.1) In the above setting, there is an equivalence

Ku(X) 
 Ku(Y )Z/2.

Let us recall the definition of the functor realizing this equivalence. We equip X
with the trivial Z/2-action, so that there is a completely orthogonal decomposition

Db(X)Z/2 = 〈Db(X) ⊗ 1,Db(X) ⊗ χ〉,

123



47 Page 22 of 66 A. Perry et al.

where 1 and χ are the trivial and nontrivial characters of Z/2. The morphism
j : X → Y is Z/2-equivariant, so there is a pushforward functor jZ/2∗ : Db(X)Z/2 →
Db(Y )Z/2 on equivariant categories. Let j0∗ : Db(X) → Db(Y )Z/2 be the restric-
tion to the first component in the above orthogonal decomposition, given by
j0∗(E) = jZ/2∗ (E ⊗ 1) = j∗(E) ⊗ 1.
Next, note thatZ/2-action onDb(Y ) induces a trivial action onBY ; hence, as above,

we have a completely orthogonal decompositionBZ/2
Y = 〈BY ⊗1,BY ⊗χ〉. Moreover,

by [33, Lemma 5.4] there is a semiorthognal decomposition

Db(Y )Z/2 = 〈Ku(Y )Z/2,BZ/2
Y , . . . ,BZ/2

Y (m − d − 1)〉.

Then by [33, Proposition 6.5] the functor

�0 := L〈BY ⊗1,...,BY (d−1)⊗1〉 ◦ j0∗ ◦ (− ⊗ OX (d)) : Ku(X) → Ku(Y )Z/2 (3.1)

gives the equivalence ofTheorem3.14. For later use,wenote a simple description of the
composition of this equivalencewith the forgetful functor Forg : Ku(Y )Z/2 → Ku(Y ).

Lemma 3.15 The composition Forg ◦�0 is isomorphic to the functor

L〈BY ,...,BY (d−1)〉 ◦ j∗ ◦ (− ⊗ OX (d)) : Ku(X) → Ku(Y ).

Proof For E ∈ Db(X), we have

�0(E) = L〈BY ⊗1,...,BY (d−1)⊗1〉( j∗(E(d)) ⊗ 1).

Therefore, the claim follows from the observation that for F ∈ BY and G ∈ Db(X),
we have Hom(F ⊗ 1, j∗(G) ⊗ 1) ∼= Hom(F, j∗(G)). ��

Let us also recall the definition of the following autoequivalences introduced in [33,
Section 7.2], called rotation functors7:

OY := LBY (− ⊗ OY (1))[−1] : Ku(Y ) 
 Ku(Y ),

OZ/2
Y := LBZ/2

Y
(− ⊗ OY (1))[−1] : Ku(Y )Z/2 
 Ku(Y )Z/2,

OX := LBX (− ⊗ OX (1))[−1] : Ku(X) 
 Ku(X).

By [33, Theorem 7.7, Proposition 7.9] the rotation functors satisfy the following
compatibility conditions:

Od
Y 
 ι[1 − d], (3.2)

(OZ/2
Y )d 
 (− ⊗ χ)[1 − d], (3.3)

OZ/2
Y ◦ �0 
 �0 ◦ OX , (3.4)

7 The rotation functors in our notation are the shift by −1 of those in [33].
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where ι denotes the involution of Ku(Y ) induced by the involution of Y over X and
χ denotes the nontrivial character of Z/2.

On the other hand, the group Z/2 defines a dual action on Ku(X) given by

τ 
 Od
X [d − 1] (3.5)

by [33, Proposition 7.10]. We denote by Ku(X)Z/2 the associated invariant category.
As recalled in Theorem 2.10, there is an equivalence

ρ : (Ku(Y )Z/2)Z/2 → Ku(Y ).

Then �0 induces an equivalence (�0)
Z/2 : Ku(X)Z/2 → (Ku(Y )Z/2)Z/2 and

(�−1
0 )Z/2 ◦ ρ−1 : Ku(Y ) ∼= Ku(X)Z/2.

4 Stability conditions

In this section we review the definition of stability conditions, their associated moduli
spaces, their behavior in the equivariant setting, and their construction from tilt stability
in the case of quartic double solids and GM varieties.

4.1 Stability conditions

The notion of a stability condition, due to Bridgeland [17], gives awell-behaved notion
of a stable object in a triangulated category. Below we recall the definition, as well as
a “weak” variant which comes up in the known construction methods.

Definition 4.1 Let C be a triangulated category and let v : K(C) → 
 be a homomor-
phism from the Grothendieck group of C to a finite rank free abelian group. A (weak)
stability condition on C with respect to v is a pair σ = (A, Z), where A is the heart
of a bounded t-structure on C and Z : 
 → C is a group homomorphism called the
central charge, satisfying the following compatibility conditions:

(1) The composition K(A) = K(C)
v−→ 


Z−→ C is a (weak) stability function on A:
for any 0 �= E ∈ A we have �Z(E) ≥ 0, and in the case that �Z(E) = 0, we
have �Z(E)(≤) < 0, where for simplicity we write Z(−) instead of Z(v(−)).
The slope of E ∈ A is

μZ (E) =
{

−�Z(E)
�Z(E)

if �Z(E) > 0,

+∞ otherwise.

We say that an object E ∈ C is σ -(semi)stable if E[k] ∈ A for some k ∈ Z, and
for every proper subobject F ⊂ E[k] in A we have μZ (F)(≤) < μZ (E[k]/F).
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(2) Every object E ∈ A admits a Harder–Narasimhan (HN) filtration: there is a
filtration

0 = E0 ↪→ E1 ↪→ . . . Em−1 ↪→ Em = E

in A, whose factors Ai := Ei/Ei−1 �= 0 are σ -semistable and
μZ (A1) > · · · > μZ (Am).

(3) The support property holds: there exists a quadratic form Q on 
 ⊗ R such that
the restriction of Q to ker ZR ⊂ 
 ⊗R is negative definite and Q(E) ≥ 0 for all
σ -semistable objects E in A.

Remark 4.2 If C ⊂ Dperf(X) is a semiorthogonal component of the derived cate-
gory of a smooth proper k-variety X , then there is a natural choice for the lattice 
.
Namely, consider the Euler pairing K(C) × K(C) → Z, given by χ(E, F) =
∑

i (−1)i dimk Exti (E, F). The left and right kernel of this pairing agree (by Serre
duality on C), and the numerical Grothendieck group Knum(C) is by definition the
quotient of K(C) by the kernel. It is a finite rank free abelian group [7, Lemma 12.7],
equipped with a canonical homomorphism vnum : K(C) → Knum(C). A numerical
stability condition is one for which v factors via vnum, and a full numerical stability
condition is one for which v = vnum.

More generally, if C is a proper k-linear category whose numerical Grothendieck
group Knum(C) has finite rank, then we can similarly define the notion of a (full)
numerical stability condition.

Instead of slopes, it is often convenient to order objects by their phase. Given a
(weak) stability condition σ on C, the phase of an object E ∈ A is

φ(E) =
{

arg(Z(E))
π

if �Z(E) > 0,

1 otherwise.

We can define a collection of full additive subcategories P(φ) ⊂ C for φ ∈ R as
follows:

(1) for φ ∈ (0, 1], the subcategory P(φ) is the union of the zero object and all σ -
semistable objects with phase φ;

(2) for φ + n with φ ∈ (0, 1] and n ∈ Z, set P(φ + n) := P(φ)[n].
WewriteP(I ), where I ⊂ R is an interval, to denote the extension-closed subcategory
of C generated by the subcategories P(φ) with φ ∈ I . Note that P((0, 1]) = A.

Remark 4.3 The collection of subcategories P = (P(φ))φ∈R form what is known as
a slicing, and the definition of a stability condition can be rephrased as the data of a
pair (P, Z) of a slicing and a suitably compatible central charge [17, Proposition 5.3].

By Bridgeland’s deformation theorem [17], the set of all stability conditions
Stab
(C) (with respect to v : K(C) → 
) has the structure of a complex manifold.
We will be particularly interested in full numerical stability conditions in the setting
of Remark 4.2, whose stability manifold we denote simply by Stab(C). There are two
natural group actions on Stab(C), corresponding to reparameterizations of the category
C or of the central charge:
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(1) Let Aut(C) be the group of triangulated autoequivalences of C, modulo isomor-
phisms of functors. Then Aut(C) acts on Stab(C) on the left, via

� · (A, Z) := (�(A), Z ◦ �−1∗ ) (4.1)

where �∗ denotes the induced automorphism of Knum(C).
(2) Let ˜GL

+
2 (R) → GL+

2 (R) be the universal cover of the group of 2×2 real matrices
with positive determinant. Explicitly,

˜GL
+
2 (R) =

⎧

⎨

⎩

(M, f )

∣

∣

∣

∣

∣

∣

M ∈ GL+
2 (R), f : R → R is an increasing function

such that for all φ ∈ R we have f (φ + 1) = f (φ) + 1
and M · eiπφ ∈ R>0 · eiπ f (φ)

⎫

⎬

⎭

.

(4.2)
The group ˜GL

+
2 (R) acts on the right on Stab(C), via

(A, Z) · (M, f ) := (P(( f (0), f (1)]), M−1 ◦ Z).

4.2 Moduli spaces and stability in families

One of the main upshots of stability conditions is that they allow for the formulation
of (potentially) well-behaved moduli problems. Although the notion of a stability
condition is defined for any triangulated category, to make sense of moduli spaces
one needs to assume the existence of an enhancement8, either via a realization as
a semiorthogonal component of a variety or as the homotopy category of a linear
category as in Example 2.5. For simplicity, we take the first approach, which will
suffice for our purposes. We will also work in a relative setting, needed for some of
the applications later in the paper. Our discussion will proceed in steps, from moduli
of complexes on a scheme, to moduli of objects in a semiorthogonal component, and
finally to moduli of (semi)stable objects in such a component, with each step resulting
in an open substack of the previous.

Let f : X → S be a flat and finitely presented morphism of schemes. We need
to recall some properties of objects in Dqc(X), the unbounded derived category of
quasi-coherent sheaves. An object E ∈ Dqc(X) is relatively perfect over S if it is
pseudo-coherent (in the noetherian setting, equivalently E has bounded above coherent
cohomology) and locally of finite Tor-dimension over f −1OS . By [67, Tag 0GEH],
this holds if and only if E is pseudocoherent, locally bounded below, and for every
s ∈ S the restriction Es ∈ Dqc(Xs) is locally bounded below (where “locally bounded”
means that there exists an open covering such that the restriction is bounded on each
open). The base change of a relatively perfect object is relatively perfect [67, Tag
0DI5], and when S = Spec(k) is the spectrum of a field, E is relatively perfect if and
only if it lies in Db(X) [67, Tag 0DI1]; therefore, a relatively perfect object can be
thought of as a family of bounded coherent complexes on the fibers of f .

8 By definition, a stability condition on an enhanced category is just a stability condition on the underlying
triangulated category.
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Remark 4.4 An object E ∈ Dqc(X) is a perfect complex precisely if it is relatively
perfect over X , i.e. relatively perfectwith respect to the identitymorphism X → X [67,
Tag 08CQ]. This directly implies that perfect complexes on X are relatively perfect
over S [7, Lemma 8.3]. Conversely, if f : X → S is smooth, then any S-relatively
perfect complex is perfect. Indeed, if E ∈ Dqc(X) is S-relatively perfect, then by the
facts recalled above, it is pseudocoherent, locally bounded below, and Es ∈ Db(Xs)

for all s ∈ S. If f : X → S is smooth then Xs is smooth and Db(Xs) = Dperf(Xs).
Then for any x ∈ X , the restriction Ex ∈ Dqc(κ(x)) is the pullback of Es ∈ Dperf(Xs),
where s = f (x), and hence Ex is bounded.

An object E ∈ Dqc(X) is universally gluable over S if Ext<0
κ(s)(Es, Es) = 0 for

all s ∈ S. Lieblich proved the following; see also [67, Tag 0DLB] for a convenient
exposition.

Theorem 4.5 ([42]) Let f : X → S be a proper, flat, finitely presented morphism of
schemes. Then the moduli functor

Mpug(X/S) : (Sch/S)op → Gpd

taking T ∈ (Sch/S) to the groupoid of all T -perfect, universally gluable objects in
Dqc(XT ) is an algebraic stack locally of finite presentation over S.

Now we consider the sub-moduli problem parameterizing objects in a fixed
semiorthogonal component. For simplicity, for the rest of this subsection we work
with a smooth proper morphism of varieties, but at the expense of extra technical
details everything works in much greater generality (see [7]); note that due to the
smoothness assumption, the notions of relatively perfect and perfect objects coincide.

Proposition 4.6 ([7, Proposition 9.2]) Let C ⊂ Dperf(X) be an S-linear semiorthog-
onal component, where X → S is a smooth proper morphism of varieties. Then there
is an open substack Mpug(C/S) ⊂ Mpug(X/S) parameterizing objects whose fibers
are contained in the fibers of C.

For C as above (or again, in an even more general setting), in [7] the notion of a
stability condition on C over S is developed. This consists of a collection σ = (σs)s∈S

of numerical stability conditions on the fibers Cs whose central charges all factor via
a fixed finite rank free abelian group 
, satisfying certain compatibility and tameness
conditions. For details see [7], where among other things it is shown that a stability
condition on C over S exists in all of the cases where stability conditions are known
to exist on fibers.

Theorem 4.7 ([7, Theorem 21.24]) Let C ⊂ Dperf(X) be an S-linear semiorthogonal
component, where X → S is a smooth proper morphism of varieties. Let σ be a
stability condition on C over S with respect to a lattice 
. Let v ∈ 
. Then there are
algebraic stacks Mst

σ (C/S, v) and Mσ (C/S, v) parameterizing objects in C that are
fiberwise stable (in the first case) or semistable (in the second) with respect to σ , such
that:
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(1) There are open immersions Mst
σ (C/S, v) ⊂ Mσ (C/S, v) ⊂ Mpug(C/S).

(2) Mst
σ (C/S, v) and Mσ (C/S, v) are finite type over S and Mσ (C/S, v) → S is

universally closed.
(3) If Mst

σ (C/S, v) = Mσ (C/S, v), then this stack is a Gm-gerbe over an algebraic
space Mσ (C/S, v) proper over S.

(4) If S is characteristic 0, thenMσ (C/S, v) admits a good moduli space Mσ (C/S, v)

proper over S.

Remark 4.8 We emphasize that even in the case where S = Spec(k) is the spectrum
of a field, a stability condition on C over S is a stability condition σ in the sense of
Definition 4.1 satisfying additional properties — essentially, the existence of proper
moduli spaces of semistable objects — which a priori may not be satisfied by an
arbitrary σ ∈ Stab(C). To differentiate the terminology more clearly, in the special
case where S = Spec(k) we say σ is a proper stability condition to mean that it is a
stability condition on C over S.

4.3 Equivariant stability

Let C be a k-linear category equipped with an action by a finite group G. Let 
 be a
finite rank free abelian group equipped with a G-action, and let v : K(C) → 
 be a
G-equivariant homomorphism; for instance, in the situation of Remark 4.2we can take

 = Knum(C) to be the numerical Grothendieck group. There is an induced G-action
on Stab
(C) where g ∈ G acts on σ = (A, Z) ∈ Stab
(C) by

g · σ = (φg(A), Z ◦ g−1∗ )

where φg is the autoequivalence corresponding to g and g∗ is the action of g of 
. We
say that σ ∈ Stab
(C) is G-fixed if for every g ∈ G we have g · σ = σ .

Theorem 4.9 ([50, 60]) In the above setup, assume that the order of G is invertible
in the field k. Let σ = (A, Z) ∈ Stab
(C) be a G-fixed stability condition. Define

vG = v ◦ Forg∗ : K(CG) → 
,

AG =
{

E ∈ CG | Forg(E) ∈ A
}

,

Z G = Z ◦ vG,

where Forg∗ is the map on Grothendieck groups induced by the forgetful functor. Then
the pair σ G = (AG , Z G) is a stability condition on CG with respect to vG. Moreover,
for an object E ∈ CG we have:

(1) E is σ G-semistable if and only if Forg(E) is σ -semistable.
(2) If E is σ G-stable, then Forg(E) is σ -polystable.
(3) If Forg(E) is σ -stable then E is σ G-stable.

Remark 4.10 As the notation suggests, AG as defined above is indeed equivalent to
the category of G-invariants for the induced action of G on A.
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Proof That σ G is a stability condition is essentially [60, Proposition 2.2.3] and [50,
Theorem 1.1], with two caveats. First, the references consider the special situation
where C = Db(X) and G acts through a geometric action on X ; however, the argu-
ment from [50] goes through in our context, using the identification of the homotopy
category of CG from Proposition 2.7. (Note that a stability condition on CG is by
definition one on its triangulated homotopy category.) Second, the notion of a stability
condition in the references is slightly different than ours (which is now the standard
one) and does not require the support property with respect to 
; however, the argu-
ments still go through in our context, cf. [11, Theorem 10.1]. Finally, the claims (1)-(3)
follow formally from the construction. Explicitly, (1) is observed in [50, Theorem 1.1],
and (2) and (3) in [13, Lemma 4.3]. ��

Remark 4.11 In [50] it is also proved that the above construction gives a closed embed-
ding Stab
(C)G → Stab
(CG) from the set of G-fixed stability conditions, with
explicitly describable image which is a union of connected components. However, we
will not need these finer statements.

Note that in the construction from Theorem 4.9, the map vG : K(CG) → 
 is G∨-
equivariant for the trivial G∨-action on 
 and the stability condition σ G is G∨-fixed,
so we may apply the theorem again to obtain a stability condition (σ G)G∨

on (CG)G∨

with respect to (vG)G∨ : K((CG)G∨
) → 
. We observe that when G is abelian, this

iterated construction is compatible with the duality between k-linear categories with
G-action and G∨-action from Theorem 2.10, up to a factor of |G|.

Lemma 4.12 In the setup of Theorem 4.9, further assume that G is abelian and
k is algebraically closed. Then under the equivalence ρ : (CG)G∨ ∼−→ C of The-
orem 2.10, the stability condition (σ G)G∨

corresponds to the stability condition
|G| · σ = (A, |G| · Z).

Proof By definition we have

(vG)G∨ = v ◦ (ForgG ◦ForgG∨)∗ : K((CG)G∨
) → 
,

(AG)G∨ =
{

E ∈ (CG)G∨ | ForgG ◦ForgG∨(E) ∈ A
}

,

(Z G)G∨ = Z ◦ (vG)G∨
,

where ForgG∨ : (CG)G∨ → CG and ForgG : CG → C are the forgetful functors.

By Lemma 2.11, under the identification ρ : (CG)G∨ ∼−→ C, the functor ForgG∨ cor-
responds to InfG . Note that ForgG ◦InfG 
 ⊕

g∈G φg , where as usual φg is the
autoequivalence of C corresponding to g. Therefore, if σ ′ = (A′, Z ′) with respect to
v′ : K(C) → 
 denotes the stability condition on C corresponding to (σ G)G∨

, then
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v′ =
∑

g∈G

g∗ ◦ v : K(C) → 
,

A′ =
⎧

⎨

⎩

E ∈ C |
⊕

g∈G

φg(E) ∈ A
⎫

⎬

⎭

,

Z ′ = |G| · Z ,

where the first line holds by G-equivariance of v : K(C) → 
 and the third holds by
G-fixedness of Z . Moreover, by G-fixedness ofA we find thatA′ ⊂ A, and therefore
A′ = A as both are hearts of bounded t-structures. The above shows that σ ′ can
also be regarded as a stability condition with respect to the original homomorphism
v : K(C) → 
. ��

4.4 Construction of stability conditions

Consider C = Db(X) for a smooth projective variety X of dimension n defined over
an algebraically closed field of characteristic 0. Fix an ample class H on X and denote
by chi (F) the i-th Chern character of an object F ∈ Db(X). The slope stability

σslope = (Coh(X), Zslope = −Hn−1ch1 + √−1Hnch0)

is a weak stability condition on Db(X) with respect to

v : K(Db(X)) → Z2, v(F) = (Hnch0(F), Hn−1ch1(F)),

and 
 := Im(v) (see [8, Example 2.8]). If X is a curve, then σslope is further a proper
stability condition.

We now recall the tilting procedure in this special case, which allows to construct
stability conditions on surfaces and weak stability conditions on higher dimensional
varieties. Assume n ≥ 2. Fix β ∈ R and consider the following subcategories of
Coh(X):

Tβ := {F ∈ Coh(X) : all HN factors of F have slope μZslope(F) > β},

Fβ := {F ∈ Coh(X) : all HN factors of F have slope μZslope(F) ≤ β}.
By [29] the extension-closure Cohβ(X) := 〈Tβ,Fβ [1]〉 is the heart of a bounded
t-structure. Define

v : K(Db(X)) → Q3, v(F) = (Hnch0(F), Hn−1ch1(F), Hn−2ch2(F))

and 
 := Im(v). For α > 0 in R, define Zα,β : 
 → C by

Zα,β = −(Hn−2ch2 −βHn−1ch1 + β2 − α2

2
Hnch0)+√−1(Hn−1ch1 −βHnch0).
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Then the pair
σα,β = (Cohβ(X), Zα,β)

is a weak stability condition on Db(X) with respect to 
, and it is a proper stability
condition if n = 2 [7, 11, 12, 18]. We call σα,β tilt stability and we denote its slope
by μα,β .

For the construction of stability conditions on Kuznetsov components it is useful
to consider the following rotation of σα,β . Fix μ ∈ R and let u be the unit vector in
the upper half plane with μ = −�u

�u . We set

T
μ
α,β := {F ∈ Cohβ(X) : all HN factors of F have slope μα,β(F) > μ},

Fμ
α,β := {F ∈ Cohβ(X) : all HN factors of F have slope μα,β(F) ≤ μ}.

Then the extension-closure Cohμ
α,β(X) := 〈Tμ

α,β,Fμ
α,β [1]〉 is the heart of a bounded

t-structure on Db(X) and the pair

σ
μ
α,β := (Cohμ

α,β(X), Zμ
α,β := 1

u
Zα,β)

is a weak stability condition on Db(X) with respect to v by [8, Proposition 2.15].
Now assume that a k-linear triangulated categoryC admits an exceptional collection

with right orthogonal category D. Then [8, Proposition 5.1] provides a criterion to
ensure that the restrictionof aweak stability conditiononC induces a stability condition
on D. This criterion has been applied in [8] to construct stability conditions on the
Kuznetsov components of Fano threefolds of Picard rank 1 and index 2 or 1 and cubic
fourfolds, and in [61] for GM fourfolds.

More precisely, let Y be a quartic double solid (see Example 3.9). By [8, Theorem
6.8] there exist values of α and β such that the pair

σ(α, β) = (A(α, β) := Coh0α,β(Y ) ∩ Ku(Y ), Z(α, β) := Z0
α,β |Knum(Ku(Y ))) (4.3)

is a numerical stability condition on Ku(Y ). Further, by [7, Proposition 25.3] we
have that σ(α, β) is a proper stability condition. If X is a GM threefold, the same
construction defines numerical proper stability conditions on Ku(X) by [8, Theorem
6.9].

If X is a GM fourfold, the construction of proper stability conditions on Ku(X) is
more involved. Similarly to the case of cubic fourfolds studied in [8, Section 9], it has
been proved thatKu(X) embeds in the bounded derived category of a twisted quadric
threefold (Y , C�0); then the restriction of a rotation of tilt stability induces a stability
condition on the Kuznetsov component by the criterion in [8]. More details about this
construction will be explained in Section 8.3.

Remark 4.13 The above mentioned construction of stability conditions works more
generally in families. More precisely, assume thatX → S is a family of quartic double
solids orGM threefolds over a complex variety S. Then combining [7, Proposition 25.3
and Theorem 23.1] and Remark 3.13, we have that there exists a stability condition
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σ = (σs)s∈S on Ku(X) over S such that σs is the numerical stability condition on
Ku(Xs) defined in (4.3).

Remark 4.14 By the duality conjecture proved in [36, Theorem 1.6], the existence of
stability conditions on the Kuznetsov components of GM threefolds and fourfolds
implies the same for the Kuznetsov components of GM fivefolds and sixfolds.

5 Structure of moduli spaces

In this section we prove some general results about the structure of moduli spaces of
objects, with a focus on the case of Enriques categories. First, we give a smoothness
criterion, which is often easy to verify for Enriques categories. Second, we study the
relation between moduli spaces in a category and its invariant category for a Z/2-
action. Third, we prove the nonemptiness criterion for moduli spaces, Theorem 1.10,
from the introduction.

5.1 A smoothness criterion

The following smoothness criterion is certainlywell-known in the classical situation of
moduli of sheaves, but we prove it here for lack of a suitable reference in the generality
we need.

Lemma 5.1 Let X → S be a proper, flat, finitely presented morphism of schemes.
Let s : Spec(k) → S be a field-valued point of S, and let E be a relatively perfect,
universally gluable object on Xk such that Ext≥2

k (E, E) = 0. Then the morphism
Mpug(X/S) → S is smooth at the k-point given by E.

Proof SinceMpug(X/S) → S is locally of finite presentation, it suffices to show that
it is formally smooth at E . More precisely, given

0 → I → A′ → A → 0

a square-zero extension of artinian local rings over S with residue field k such that the
composition

Spec(k) → Spec(A) → Spec(A′) → S

equals the given k-point s of S, and given F ∈ Dqc(X A) an A-perfect, universally
gluable object, wemust show that there exists an A′-perfect, universally gluable object
F ′ ∈ Dqc(X A′) such that F ′

A
∼= F . By [42, Theorem 3.1.1], the obstruction to the

existence of F ′ is an element in Ext2A(F, F ⊗ I ), so it suffices to show that this group
vanishes.

In fact, we claim that Ext≥2
A (F, F ⊗ I ) = 0. Note that by base change and the

identification Fk ∼= E , we have

s∗HomA(F, F ⊗ I ) 
 Homk(E, E ⊗ s∗ I ).
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Therefore, we have a spectral sequence

Ei, j
2 = H j (s∗ ExtiA(F, F ⊗ I )) �⇒ Exti+ j

k (E, E ⊗ s∗ I ).

As s∗ I ∈ D≤0(k), our assumption Ext≥2
k (E, E) = 0 implies that the right-hand side

vanishes for i + j ≥ 2. If i is maximal such that ExtiA(F, F ⊗ I ) is nonzero, then
also H0(s∗ ExtiA(F, F ⊗ I )) must be nonzero, and it survives the spectral sequence;
therefore, i ≤ 1, which proves our claim. ��

5.2 Invariant stability

To formulate an interesting situation in which Lemma 5.1 applies, we use the notion of
invariant stability. Recall from §4.1 the actions of Aut(C) and ˜GL

+
2 (R) on the stability

manifold Stab(C) of full numerical stability conditions, defined when C is proper with
finite rank Knum(C).

Definition 5.2 Let C be a proper k-linear category whose numerical Grothendieck
group Knum(C) has finite rank. Let � be an autoequivalence of C. A full numerical
stability condition σ on C is called �-invariant if there exists g̃ ∈ ˜GL

+
2 (R) such that

� ·σ = σ · g̃, i.e. the action of� preserves the ˜GL
+
2 (R)-orbit of σ . If C admits a Serre

functor SC, we say σ is Serre invariant if it is SC-invariant.

Remark 5.3 In the situation of Definition 5.2, we can also consider the notion of a �-
fixed stability condition σ appearing in Theorem 4.9, namely one for which� ·σ = σ .
It is slightly weaker to require that σ is�-invariant. However, if σ is�-invariant, then
σ and � · σ have the same collections of (semi)stable objects, so from the perspective
moduli spaces they are essentially equivalent. In fact, as we observe below,when� has
finite order, the collections of (semi)stable objects of any given phase also coincide.

Lemma 5.4 In the situation of Definition 5.2, assume that � has finite order, i.e.
�n 
 idC for some integer n, and σ is �-invariant. Then � preserves the collection
of σ -(semi)stable objects of given phase φ, i.e. �(P(φ)) = P(φ) for every φ ∈ R
where P is the slicing for σ .

Proof Write g̃ = (M, f ) as in (4.2). Let P be the slicing for σ . Together with
�n(E) ∼= E , it follows that the increasing function f : R → R satisfies f n(φ(E)) =
φ(E), where f n is the n-fold composition of f . This implies that f (φ(E)) = φ(E).

��
Lemma 5.5 Let C be an Enriques category over a field k. Let σ be a Serre invariant
stability condition on C. If E is a σ -stable object of C such that E is not fixed by the
Z/2-action on C, i.e. τ(E) � E where τ is the generating involution of the action,

then Ext≥2
k (E, E) = 0.

Proof For any object E ∈ C, Serre duality gives

Extik(E, E) ∼= Ext2−i
k (E, τ (E))∨.

123



Moduli spaces of stable objects in Enriques categories Page 33 of 66 47

If E is σ -(semi)stable, then by Lemma 5.4, τ(E) is σ -(semi)stable of the same phase
φ(E). In particular, it follows that the above group vanishes for i > 2. If E is σ -stable
and τ(E) � E , then there can be no nonzero morphism E → τ(E), so the above
group also vanishes for i = 2. ��

In summary, we obtain the following smoothness criterion for the moduli space of
objects in a family of Enriques categories.

Corollary 5.6 Let C be an Enriques category over S such that C ⊂ Dperf(X) is an
S-linear semiorthogonal component, where X → S is a smooth proper morphism of
varieties. Let s : Spec(k) → S be a field-valued point of S, let σs be a Serre invariant
stability condition on the fiber Cs , and let E be a σs -stable object which is not fixed by
the Z/2-action on Cs . Then the morphism Mpug(C/S) → S is smooth at the k-point
given by E.

Proof By Proposition 4.6,Mpug(C/S) → S factors throughMpug(X/S) → S via an
open immersion, so it suffices to show the latter is smooth at E , which follows from
Lemmas 5.1 and 5.5. ��

5.3 Maps betweenmoduli spaces

Next we explain the relation between moduli spaces of stable objects for categories
related by a group action as in Theorem 4.9, restricting for simplicity to the case where
G = Z/2.

Proposition 5.7 Let C ⊂ Dperf(X) be an k-linear semiorthogonal component of a
smooth proper variety X over a field k such that char(k) �= 2. Assume that C is
equipped with a Z/2-action such that CZ/2 also embeds as a k-linear semiorthogonal
component of the derived category of a smooth proper variety. Let σ be a proper
stability condition on C (in the sense of Remark 4.8) with respect to a Z/2-equivariant
homomorphismK(C) → 
 such that σ isZ/2-fixed. Let σZ/2 be the stability condition
on CZ/2 given by Theorem 4.9 and assume that σZ/2 is proper. Then for any v ∈ 
,
the forgetful functor Forg : CZ/2 → C induces a morphism of moduli stacks

Forg : MσZ/2(CZ/2, v) → Mσ (C, v)

such that if v ∈ 
 is fixed by the Z/2-action, then:

(1) Forg factors via an isomorphism

f : MσZ/2(CZ/2, v) → Mσ (C, v)Z/2

onto the fixed locus of the induced Z/2-action on Mσ (C, v).
(2) The induced morphism on moduli spaces

f̄ : MσZ/2(CZ/2, v) → Mσ (C, v)Z/2
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is étale at points corresponding to σZ/2-stable objects of CZ/2 not fixed by the
residual Z/2 = (Z/2)∨-action from §2.3, and degree 2 over the fixed locus
Mst

σ (C, v)Z/2 of the stable locus.

Proof The fixed stack Mσ (C, v)Z/2 parameterizes Z/2-linearized (in the sense of
Example 2.3) objects in C of class v such that their image via the forgetful functor is
σ -semistable; therefore, (1) follows from Proposition 2.7 and Theorem 4.9.

For (2), the fact that f is degree 2 over Mst
σ (C, v)Z/2 follows from [59, Lemma

1]. For the claim about étaleness, we argue similarly to [53, Proposition 6.2]. Set
E = (F, θ) where F = Forg(E) is σ -stable. Up to shifting, we may assume E is in
the heartAZ/2 of σZ/2. By [42, Theorem 3.1.1 and Proposition 3.5.1] and the fact that
E is stable, the tangent space of MσZ/2(CZ/2, v) at the class of E is identified with
Ext1(E, E). An analogous identification holds for the tangent space of Mσ (C, v) at
the class of F , and the differential of f̄ at the class of E is given by the map

d f̄ : Ext1(E, E) → Ext1(F, F)

which operates as follows. An element of Ext1(E, E) is by definition an extension in
AZ/2 of the form

0 → E → E ′ → E → 0. (5.1)

Indeed, E ′ is semistable inAZ/2 with the same slope of E . Writing E ′ = (F ′, θ ′), we
have d f̄ (E ′) = F ′, where F ′ is an extension in Ext1(F, F) and is σ -semistable in the
heart A of σ with the same slope as F .

Now if d f̄ (E ′) = 0, then the sequence

0 → F → F ′ → F → 0

in A defining F ′ splits. Applying the inflation functor Inf : C → CZ/2Z we get a
triangle

Inf(F) → Inf(F ′) → Inf(F). (5.2)

By Lemma 5.8 below, we have Inf(F) ∼= (F, θ) ⊕ (F, θ ⊗ χ). Moreover, as
Forg(Inf(F)) ∼= F⊕F is σ -semistable inA, we have that Inf(F) is σZ/2-semistable in
AZ/2. The same observation holds for Inf(F ′) and thus (5.2) is a short exact sequence
in AZ/2. The sequence (5.2) also splits, because the one defining F ′ does. Thus we
get a split sequence

0 → E ⊕ E ⊗ χ → E ′ ⊕ E ′ ⊗ χ → E ⊕ E ⊗ χ → 0. (5.3)

Now assume that E is not fixed by the residual action, i.e. E � E ⊗ χ . Since E is
stable, we deduce that Hom(E, E ⊗ χ) = 0 = Hom(E ⊗ χ, E), and hence by the
exact sequence (5.1) we have Hom(E ′, E ⊗ χ) = 0 = Hom(E ′ ⊗ χ, E). It follows
that a splitting of (5.3) must also induce a splitting of (5.1). ��
Lemma 5.8 With the same assumptions as in Proposition 5.7, for every B ∈ C, we
have Inf(B) ∼= (B, θ) ⊕ (B, θ ⊗ χ) for every linearization θ on B.
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Proof By adjunction we have HomC(Forg((A, ψ)), B) ∼= HomCZ/2((A, ψ), Inf(B))

for every (A, ψ) ∈ CZ/2. So the statement is equivalent to showing

HomC(Forg((A, ψ)), B) ∼= HomCZ/2((A, ψ), (B, θ) ⊕ (B, θ ⊗ χ)),

which is the same as proving

HomC(A, B) ∼= HomCZ/2((A, ψ), (B, θ)) ⊕ HomCZ/2((A, ψ), (B, θ ⊗ χ).

Denote by ι the generating involution of the Z/2-action on C. First, note that if

f ∈ HomCZ/2((A, ψ), (B, θ)) ∩ HomCZ/2((A, ψ), (B, θ ⊗ χ),

then f = 0. Indeed, by definition f satisfies θι◦ f = ι( f )◦ψι and−θι◦ f = ι( f )◦ψι,
which is possible only if f = 0. Thus we have an injective map

HomCZ/2((A, ψ), (B, θ)) ⊕ HomCZ/2((A, ψ), (B, θ ⊗ χ)) ↪→ HomC(A, B), f1 ⊕ f2
�→ f1 + f2.

We claim that this map is an isomorphism. To define an inverse, for f ∈ HomC(A, B),
we set

f1 = 1

2
( f + θ−1

ι ◦ ι( f ) ◦ ψι),

f2 = 1

2
( f − θ−1

ι ◦ ι( f ) ◦ ψι).

To check that f1 ∈ HomCZ/2((A, ψ), (B, θ)), f2 ∈ HomCZ/2((A, ψ), (B, θ ⊗ χ)), it
is enough to observe that θι ◦ f1 = ι( f1) ◦ ψι, −θι ◦ f2 = ι( f2) ◦ ψι, which follows
from ι(ψι)

−1 = ψι, ι(θι)
−1 = θι. ��

Remark 5.9 (Symmetrized version of Proposition 5.7) Via the duality of categories
equipped with a Z/2-action and a Z/2-fixed stability condition, explained in §2.3
and §4.3, we can reverse the roles of C and CZ/2 in Proposition 5.7. To explain this,
for notational clarity we let D = CZ/2 equipped with the residual Z/2 = (Z/2)∨-
action, and write σC = σ and σD = σZ/2. Then by Lemma 4.12, the pairs (C, σC)

and (D, σD) (up to scaling by 2 the central charge of the stability conditions)
correspond to each other under the above-mentioned duality. Therefore, in addi-
tion to the morphism f : MσD(D, v) → MσC(C, v)Z/2, we also get a morphism
g : MσC(C, v) → MσD(D, v)Z/2 with similar properties.

Note that above, both σD and σC are both regarded as stability conditions with
respect to a fixed lattice 
. It is perhaps more natural, however, to use the numerical
Grothendieck groups to fix the class of objects, as follows. Let us suggestively denote
by π∗ : D → C and π∗ : C → D the canonical functors, namely, the forgetful and
inflation functors between D = CZ/2 and C. Then for any v ∈ Knum(C) fixed by the
Z/2-action, we obtain an isomorphism

f :
⊔

π∗(w)=v

MσD(D, w) → MσC(C, v)Z/2,
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where the unions ranges over w ∈ Knum(D) such that π∗(w) = v. Similarly, in
the other direction, for any w ∈ Knum(D) fixed by the Z/2-action, we obtain an
isomorphism

g :
⊔

π∗(v)=w

MσC(C, v) → MσD(D, w)Z/2,

where the union ranges over v ∈ Knum(C) such that π∗(v) = w. Similarly, we get
morphisms f̄ and ḡ at the level of moduli spaces with domains decomposed as a
disjoint union as above, which are étale at stable objects not fixed by the Z/2-action
and degree 2 over the fixed locus of the stable locus.

Proof of Theorem 1.8 The result follows fromCorollary 5.6, Proposition5.7,Remark5.9,
and [58, Theorem 1.4]. ��

5.4 Nonemptiness criterion

In this section,we proveTheorem1.10 from the introduction.Wewill use the following
lemma.

Lemma 5.10 In the setup of Remark 5.9, assume that C is an Enriques category
equipped with the corresponding Z/2-action. Let v ∈ Knum(C) be class such that
MσC(C, v) consists of stable objects. Let w ∈ Knum(D) be a class such that
π∗(w) = v,MσD(D, w) is nonempty, and the inequality −χ(w,w)+2 < −χ(v, v)+
1 holds. Then there exist objects in MσC(C, v) which are not fixed by the Z/2-action.

Proof By Theorem 4.9(3), MσD(D, w) also consists of stable objects. Therefore
there are Gm-gerbes MσC(C, v) → MσC(C, v) and MσD(D, w) → MσD(D, w)

over proper algebraic spaces. By [58] the space MσD(D, w) is smooth of dimension
−χ(w,w) + 2. By deformation theory, the dimension of MσC(C, v) at any point E
satisfies

dimE MσC(C, v) ≥ dim Ext1(E, E) − dim Ext2(E, E) = −χ(v, v) + 1,

where the last equality uses that E is stable, and in particular simple; therefore, the
irreducible components of MσC(C, v) all have dimension at least−χ(v, v)+1.Another
consequence of the simplicity of E which we will use below is that, if E is fixed by the
Z/2-action, there exists an object F ∈ D such that π∗(F) ∼= E , and the isomorphism
classes of such F form a torsor under the Z/2-action on D; this follows from [59,
Lemma 1], since H2(Z/2, k×) = 0 by our assumption that char(k) �= 2.

Let M0 be an irreducible component of MσC(C, v) which meets the image of
MσD(D, w). We claim that an object in C corresponding to a generic point of M0
is not fixed by the Z/2-action. Assume on the contrary that every point of M0 is
fixed by the Z/2-action. Then by Remark 5.9, there exists w′ ∈ Knum(D) such that
π∗(w′) = v and an irreducible component of MσD(D, w′) which surjects onto M0.
Let E be an object in M0 contained in the image of map MσD(D, w) → MσC(C, v),
say π∗(F) ∼= E for F in MσD(D, w). By our choice of w′, there also exists F ′ in
MσD(D, w′) such that π∗(F ′) ∼= E . By the remarks in the previous paragraph, we
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conclude that F and F ′ are related by theZ/2-action onD, and in particular, it follows
that χ(w,w) = χ(w′, w′). But then

dim MσD(D, w′) = −χ(w′, w′) + 2 < −χ(v, v) + 1 ≤ dim M0

which contradicts that a component of MσD(D, w′) surjects onto M0. ��

Proof of Theorem 1.10 We consider the relative moduli space Mσ (C/S, v0(v)) → S.
Note that by (3) its fiber over 0 ∈ S(C) is given by Mσ0(C0, v0(v)) ∼= Mσ (C, v),
and its fiber over 1 ∈ S(C) is Mσ1(C1, v0(v)). By (4) and Lemma 5.10, there exists
a C-point of Mσ1(C1, v0(v)) for which the corresponding object E ∈ C1 is σ1-
stable and not fixed by the Z/2-action on C1. Thus by Corollary 5.6 the morphism
Mpug(C/S) → S is smooth at E ; as by Theorem 4.7(1) there is an open immer-
sion Mσ (C/S, v0(v)) ⊂ Mpug(C/S), it follows that Mσ (C/S, v0(v)) → S is also
smooth at E , hence flat and in particular dominant. But by Theorem 4.7 the morphism
Mσ (C/S, v0(v)) → S is also universally closed, so it must be surjective. In particular,
its fiber Mσ (C, v) over 0 is nonempty.

6 Quartic double solids

This section is devoted to the proof of Theorem 1.1, which is obtained as an application
of Theorem 1.10.

6.1 Preparation

Let Y be a quartic double solid. As seen in Example 3.9, its Kuznetsov component
Ku(Y ) is an Enriques category.

We denote by i : X ↪→ P3 the branch locus of the double covering f : Y → P3,
which is a quartic K3 surface, and by j : X ↪→ Y its inclusion as the branch divisor.
Let H be the hyperlane class on P3, whose pullbacks to Y and X we also denote by
the same symbol.

The category Db(X) is the CY2 cover of Ku(Y ). Indeed, we are in the setting of
§3.4 with d = 2, m = 4, B = 〈O〉. In particular, we have the equivalence

�0 := L〈OY ⊗1,OY (H)⊗1〉 ◦ ( j0)∗ ◦ (− ⊗ OX (2H)) : Db(X) 
 Ku(Y )Z/2.

The Z/2-action on Ku(Y ) is induced by the involutive autoequivalence
ι : Ku(Y ) → Ku(Y ) given by pullback along the double cover involution. The Serre
functor SKu(Y ) of Ku(Y ) satisfies SKu(Y ) = ι[2] by [41, Corollary 4.6].

By [39, Proposition 3.9] the numerical Grothendieck group Knum(Ku(Y )) has rank
2, with a basis μ1, μ2 such that

ch(μ1) = 1 − 1

2
H2, ch(μ2) = H − 1

2
H2 − 2

3
p, (6.1)
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where p denotes the class of a point. Moreover, the Euler form is given in this basis
by

〈μ1, μ2〉 =
(−1 −1

−1 −2

)

.

Since ι is induced by the double covering involution, and the latter preserves H , we
have the following lemma.

Lemma 6.1 The involution ι∗ induced by ι on Knum(Ku(Y )) is trivial.

In the next lemma, we show that the stability conditions constructed on Ku(Y ) in
[8] are fixed by the action of ι.

Lemma 6.2 ([64, Lemma 6.1]) Let σ(α, β) be a stability condition defined in (4.3) as
constructed in [8]. Then ι · σ(α, β) = σ(α, β).

Proof Note that ι preserves Coh(Y ) and fixes the Chern character of every object in
Db(Y ), since it preserves H . Thus ι preserves the tilted heart Cohβ(Y ) and acts as the
identity on the weak stability function Zα,β . Analogously ι preserves Coh0α,β(Y ) and

fixes Z0
α,β . Since ι restricts to an involutive autoequivalence of Ku(Y ), we conclude

that σ(α, β) is ι-fixed. ��
To simplify the notation, we set

σY := σ(α, β). (6.2)

By Theorem 4.9 it follows that σY induces a stability condition σ
Z/2
Y on Ku(Y )Z/2

and thus a stability condition
σX := �−1

0 (σ
Z/2
Y )

on Db(X). We also introduce the notation

� := Forg ◦�0 : Db(X) → Ku(Y ), (6.3)

as this functorwill occur inmany of our computations below.Note that byLemma3.15,
we have the formula

� = L〈OY ,OY (H)〉 ◦ j∗ ◦ (− ⊗ OX (2H)). (6.4)

Lemma 6.3 The stability condition σX onDb(X) is geometric, i.e. the skyscraper sheaf
Ox at any point x ∈ X is σX -stable.

Proof By Theorem 4.9 it is enough to show that�(Ox ) = Forg(�0(Ox )) is σY -stable.
By (6.4), we thus need to compute L〈OY ,OY (H)〉(Ox ). The first mutation is

LOY (H)(Ox ) = Ix/Y (H)[1],

where Ix/Y denotes the ideal sheaf of the point x in Y . Applying LOY we find

Forg(�0(Ox )) = Kx [2],
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where Kx fits into an exact triangle

Kx → O⊕3
Y → Ix/Y (H).

In particular, we have that

ch(Kx ) = 2 − H − 1

2
H2 + 2

3
p,

from which it follows that

[Kx ] = 2μ1 − μ2 ∈ Knum(Ku(Y )). (6.5)

We need to show the σY -stability of Kx . Note that since Knum(Ku(Y )) has rank 2,
the central charge of σY is injective, and [Kx ] is primitive, this is equivalent to the
σY -semistability of Kx .

If f : Y → P3 denotes the double covering map, then f ∗Ix/P3 is a subsheaf of
Ix/Y , since x is in the ramification locus and the pullback via f of a function vanishing
at x will vanish at x to order 2. SinceOY (H) is pulled back from the base, by the above
computation f ∗Ix/P3(H) is a subsheaf of Ix/Y (H). Computing the Chern character,
we observe that the cokernel of this map is Ox and we get the commutative diagram
of exact triangles

F f ∗O⊕3
P3 f ∗Ix/P3(H)

Kx O⊕3
Y Ix/Y (H)

Ox [−1] 0 Ox

where the first row and the third column are short exact sequences of sheaves. In
particular, this implies that the nonzero cohomology sheaves of Kx areH0(Kx ) = F
and H1(Kx ) = Ox .

Next we show that

homi (Kx , Kx ) =

⎧

⎪

⎨

⎪

⎩

1 if i = 0, 2

4 if i = 1

0 else

By adjunction between Ku(Y ) ⊂ Db(Y ) and L〈OY ,OY (H)〉 we have

HomKu(Y )(Kx , Kx [i]) = HomY (Ox , Kx [i + 2]),
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so the claim for i ≥ 2 follows directly from the spectral sequence

E p,q
2 = Hom(Ox ,Hq(Kx )[p]) �⇒ Hom(Ox , Kx [p + q]).

Since Kx is ι-invariant, using the Serre functor of Ku(Y ) we have

Hom(Kx , Kx [ j]) = Hom(Kx , ι(Kx )[2 − j])∨ = Hom(Kx , Kx [2 − j])∨,

so the claim for i ≤ 0 follows. Finally, using (6.5) we compute χ(Kx , Kx ) = −2,
from which the claim for i = 1 follows.

If Kx is not σY -semistable, then consider the destabilizing sequence A → Kx → B
where B is the last semistable factor in theHNfiltration.Applying ιweget the sequence

ι(A) → ι(Kx ) ∼= Kx → ι(B).

Since σY is ι-invariant, we have that ι(B) is semistable of the same phase as B. But
then ι(B) ∼= B by uniqueness of the HN filtration. It follows that

hom(A, B) = hom(A, ι(B)) = 0.

By [64, Lemma 6.4] it follows that

hom1(A, A) + hom1(B, B) ≤ hom1(Kx , Kx ) = 4.

By [25, Proposition 3.4(c)] the only possibility is hom1(A, A) = hom1(B, B) = 2.
However, B would then be a ι-invariant semistable object with hom1(B, B) = 2, and
hence

χ(B, B) = 2 hom(B, B) − hom1(B, B) ≥ 0.

This contradicts the inequality χ(v, v) ≤ −1 for every 0 �= v ∈ Knum(Ku(Y )). We
conclude that Kx is σY -stable. ��

The above computations show that Ku(Y ) and Db(X) together with the stability
conditions σY and σX satisfy the assumptions of Theorem 1.8. Moreover, since σX

is a geometric stability condition, by [9] for a primitive Mukai vector w, the moduli
space MσX (Db(X), w) is nonempty if and only if the inequality w2 + 2 ≥ 0 holds,
where w2 = −χ(w,w). Thus the missing ingredient to apply Theorem 1.8 to prove
Theorem 1.1 is to find for every v ∈ Knum(Ku(Y )), a class w ∈ Knum(X) such that
�∗(w) = v and w2 ≥ −2. We will see in the next section that this property does not
hold for every v ∈ Knum(Ku(Y )), so instead we will use the deformational criterion
of Theorem 1.10.

6.2 Numerical Grothendieck groups

Let us keep the notation of §6.1.
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Lemma 6.4 We have the following equalities in Knum(Ku(Y )):

�∗([Ox ]) = 2μ1 − μ2 for all x ∈ X ,

�∗([OX (−H)]) = 2μ1,

�∗([OX ]) = 2μ1 − 2μ2,

�∗([OH ]) = −2μ2.

Further, if X contains a line L, then

�∗([OL ]) = 3μ1 − 2μ2.

Proof We already computed �∗([Ox ]) in the proof of Lemma 6.3.
For�∗([OX (−H)]), by the formula (6.4) for�, we need to compute the numerical

class of L〈OY ,OY (H)〉 j∗(OX (H)). A straightforward computation gives

χ(OY (H), j∗OX (H)) = 2, χ(OY , j∗OX (H)) = 4, χ(OY ,OY (H)) = 4.

Therefore, in Knum(Ku(Y )) we have

[LOY (H) j∗(OX (H))] = [ j∗(OX (H))] − 2[OY (H)],

from which we find

[L〈OY ,OY (H)〉 j∗(OX (H))] = [ j∗(OX (H))] − 2[OY (H)] + 4[OY ]
= −[OY (H)] − [OY (−H)] + 4[OY ],

where in the last line we used that the class of X ⊂ Y is 2H . Now computing the
Chern character of this class and comparing to (6.1), we conclude that it equals 2μ1.

The formulas for �∗([OX ]) and �∗([OL ]) can be proved similarly, while the one
for �∗([OH ]) follows from [OH ] = [OX ] − [OX (−H)]. ��
Remark 6.5 Since [OX ], [OH ], [Ox ] form a basis for the numerical Grothendieck
group of a general K3 surface, in this case it follows that �∗ is not surjective. Indeed,
if X is general, i.e. X has Picard rank 1, then classes of the form aμ1 + bμ2, where a
is an odd integer, are not in the image.

Theorem 1.1 will be obtained in virtue of Theorem 1.10, by specializing to quar-
tic double solids whose ramification K3 surface contains a line, using the following
lemma.

Lemma 6.6 Assume that Y is a quartic double solid whose ramification K3 surface X
contains a line L. Then for every v ∈ Knum(Ku(Y )), there exists w ∈ Knum(X) such
that �∗(w) = v and w2 ≥ −2.

Proof Consider v = aμ1 + bμ2 ∈ Knum(Ku(Y )). Note that it is enough to prove the
statement for a ≥ 0. Indeed, if a < 0, we have �∗(−w) = v, where w ∈ Knum(X)

satisfies �∗(w) = −v. So assume a ≥ 0. We distinguish several case.
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Assume a is even, so a = 2a′. If a′ + b ≥ 0, we may write

v = 2a′μ1 + bμ2 = a′(2μ1 − μ2) + (a′ + b)μ2

= a′�∗([Ox ]) + (a′ + b)μ2

= a′�∗([Ox ]) − (a′ + b)�∗([Ix ]),

since �∗([Ix ]) = �∗([OX ]) − �∗([Ox ]) = −μ2. Then the statement follows from

(a′[Ox ] − (a′ + b)[Ix ])2 = −2a′(a′ + b)〈[Ox ], [Ix ]〉 = 2a′(a′ + b) ≥ 0

by our assumption. Instead if a′ + b < 0, write b = −a′ − k for k > 0. If k = 2h is
even, then write

v = 2a′μ1 − (a′ + 2h)μ2 = a′�∗([Ox ]) − h(2μ2) = a′�∗([Ox ]) + h�∗([OH ]).

Then the statement follows from

(a′[Ox ] + h[OH ])2 = 4h2 ≥ 0.

Otherwise, we can write k = 2h − 1 for h ≥ 1. Then write

v = 2a′μ1 − (a′ + 2h − 1)μ2 = a′(2μ1 − μ2) + μ2 − h(2μ2)

= a′�∗([Ox ]) − �∗([Ix ]) + h�∗([OH ]).

Then
(a′[Ox ] − [Ix ] + h[OH ])2 = 4h2 + 2a′ − 4h ≥ −2.

Indeed, the above inequality is equivalent to

(h − 1)2 + h2 + a′ ≥ 0

which is satisfied since a′ ≥ 0.
Now if a is odd, write a = 2a′ + 1. If a′ + b + 1 ≥ 0, then

v = (2a′ + 1)μ1 + bμ2

= a′(2μ1 − μ2) + (a′ + b)μ2 + μ1

= a′�∗([Ox ]) − (a′ + b)�∗([Ix ]) + �∗([OL ] − [OX ]).

Then

(a′[Ox ] − (a′ + b)[Ix ] + [OL ] − [OX ])2 = −2 + 2a′(a′ + b + 1) ≥ −2,

as we want. If a′ + b + 1 < 0, write b = −1 − a′ − k, for k > 0. If k = 2h − 1 for
h ≥ 1, then b = −a′ − 2h and we can write

v = (2a′ + 1)μ1 − (a′ + 2h)μ2 = a′�∗([Ox ]) + h�∗([OH ]) + �∗([OL ] − [OX ]).
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Then

(a′[Ox ] + h[OH ] + [OL ] − [OX ])2 = 4h2 − 2h − 2 + 2a′ ≥ −2,

since h ≥ 1. Finally, if k = 2h for h ≥ 0, then

v = (2a′ + 1)μ1 − (1 + a′ + 2h)μ2

= a′(2μ1 − μ2) + (μ1 − μ2) + h(−2μ2)

= a′�∗([Ox ]) + �∗([OL ] − [Ox ]) + h�∗([OH ]).

The element a′[Ox ] + [OL ] − [Ox ] + h[OH ] has square

−2 + 4h2 + 2h ≥ −2

as h ≥ 0. This implies the statement. ��

6.3 Proof of Theorem 1.1

Wefirst prove part (1). If v = 0, then the only σ -semistable object of class v is the zero
object, so Mσ (Ku(Y ), v) is nonempty and consists of a single point. Assume v �= 0.
Since Serre invariant stability conditions onKu(Y ) are in the same ˜GL

+
(2,R)-orbit by

[25, Theorem 3.2 and Remark 3.8], and the stability conditions onKu(Y ) constructed
by [8] are Serre invariant by [64, Proposition 5.7], it is enough to prove the result
for σY ∈ Stab(Ku(Y )) defined in (6.2) (see also (4.3)). Note also that we can reduce
to proving the statement in the case v primitive. Indeed, if v = k(aμ1 + bμ2) and
we know there exists F ∈ MσY (Ku(Y ), aμ1 + bμ2), then F⊕k will be an object in
MσY (Ku(Y ), v).

Assume v = aμ1 + bμ2, where a, b are coprime integers. Since all quartic double
solids are deformation equivalent, we may choose a family Y → S of quartic double
solids over a smooth connected curve S with two points 0, 1 ∈ S(C) such thatY0 ∼= Y
andY1 ∼= Y ′, where Y ′ is a quartic double solid whose branch locus is a K3 surface X ′
containing a line. LetC := Ku(Y) be the associated Enriques category over S such that
C0 ∼= Ku(Y ) and C1 ∼= Ku(Y ′) (see Remark 3.13). Moreover, by Remark 4.13 there
exists a stability condition σ = (σs)s∈S on Ku(Y) over S such that σs is a stability
condition as defined in (4.3). By construction, C and σ satisfy the conditions (1)-(3)
in Theorem 1.10, with C = Ku(Y ) and σ = σY .

We claim that condition (4) also holds. First, σY ′ = σ1 satisfies (4a) due to
Lemma 6.2 and the primitivity of v. The induced stability condition on the CY2
cover D1 := Db(X ′), denoted σX ′ , satisfies (4b). Indeed, by Lemma 6.3 the stabil-
ity condition σX ′ is geometric, so it lies in the connected component described by
Bridgeland [18, Definition 10.2, Proposition 10.3]. The existence of moduli spaces
follows then from [68, Theorem 1.4]. Finally, by Lemma 6.6 there exists a class
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w ∈ Knum(X ′) such that π∗(w) := �∗(w) = v and w2 ≥ −2. Thus by [9] the moduli
stackMσX ′ (Db(X ′), w) is nonempty. It remains to show

−χ(w,w) + 2 = w2 + 2 < −χ(v, v) + 1 = a2 + 2ab + 2b2 + 1.

By a straightforward computation it is possible to check that this condition holds for
all w computed in Lemma 6.6, thus (4c) is satisfied.

We conclude by Theorem 1.10 that the moduli stackMσY (Ku(Y ), v) is nonempty,
and so is the moduli space MσY (Ku(Y ), v).

We now prove part (2) of Theorem 1.1. As noted in Remark 6.5 the class v is not in
the image of�∗. By Theorem 1.8(1) it follows that the fixed locusMσY (Ku(Y ), v)Z/2

of the action induced by ι on MσY (Ku(Y ), v) is empty, so MσY (Ku(Y ), v)

is smooth and there is a Gm-gerbe MσY (Ku(Y ), v) → MσY (Ku(Y ), v). By
deformation theory the dimension of MσY (Ku(Y ), v) at any point E is equal to
dim Ext1(E, E) = −χ(v, v)+1. Finally, MσY (Ku(Y ), v) is projective by [69, Corol-
lary 3.4] (applied to Y = U = MσY (Ku(Y ), v), ψ = id and L is the Bayer-Macrí
divisor [9, Theorem 1.1]). ��

Remark 6.7 We expect that the moduli space Mσ (Ku(Y ), v) is projective for every Y ,
v, and σ Serre invariant. The strategy to show this would be to make use of Theo-
rem 1.8(2) and deduce the projectivity of MσY (Ku(Y ), v) from the projectivity of the
moduli space of semistable objects in the associated CY2 category Db(X). However,
the stability condition on Db(X) may fail to be w-generic and, at this moment, struc-
ture results for moduli spaces of semistable objects in K3 categories with respect to
non-generic stability conditions are unavailable.

Remark 6.8 Note that it is possible to show a stronger version of (4c) in the case of
the deformation used in the proof of Theorem 1.1. More precisely, a straightforward
but long computation implies that for every lifting w of v the inequality

−χ(w,w) + 2 = w2 + 2 < −χ(v, v) + 1

holds. As a consequence, no irreducible component of Mσ (Ku(Y ), v) is fixed by the
Z/2-action.

7 Gushel–Mukai threefolds

In this section we prove Theorem 1.3(1), as an application of Theorem 1.10. The
strategy consists in deforming to a special GM threefold and arguing similarly as in
the case of the quartic double solid. The difficulty in this case compared to the previous
one is that a different deformation is needed for each numerical class v. We postpone
the proof of Theorem 1.3(2) until §8.2, as it uses the relation toGM fourfolds discussed
later.
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7.1 Special GM threefolds

A special GM threefold is a double cover f : Y → M of a codimension three linear
section M ofGr(2, 5) ramified over a smooth divisor S ∈ |OM (2H)|, where H denotes
the (restriction to M of the) ample generator of Pic(Gr(2, 5)). The branch locus S is a
GM surface, or equivalently a Brill-Noether general polarized K3 surface of degree 10
by [21, Proposition 2.13]. As mentioned in Example 3.10, the Kuznetsov component
Ku(Y ) is an Enriques category with CY2 cover given by Db(S).

In fact, we are in the setting of §3.4 with d = 1, m = 2, B = 〈OM ,U∨
M 〉. In

particular, we have the equivalence

�0 := L〈OY ⊗1,U∨
Y ⊗1〉 ◦ ( j0)∗ ◦ (− ⊗ OS(H)) : Db(S) 
 Ku(Y )Z/2.

The Z/2-action on Ku(Y ) is induced by the involutive autoequivalence
ι : Ku(Y ) → Ku(Y ) defined by the double cover involution.

By [39, Proposition 3.9] the numerical Grothendieck group Knum(Ku(Y )) has rank
2, with a basis κ1, κ2 such that

ch(κ1) = 1 − 1

5
H2, ch(κ2) = 2 − H + 5

6
p, (7.1)

where p denotes the class of a point. Moreover, the Euler form is given in this basis
by

〈κ1, κ2〉 =
(−1 0

0 −1

)

.

In fact, this description of Knum(Ku(Y )) applies to any GM threefold Y , whether
special or ordinary 9.

In the next lemmas, we show that the known stability conditions on Ku(Y ) are
ι-fixed, and the induced stability conditions on Db(S) are geometric.

Lemma 7.1 Let σY be a stability condition constructed in [8]. Then σY is ι-invariant.

Proof Recall that the Serre functor of Ku(Y ) satisfies SKu(Y ) = ι[2]. Then the result
follows from [62, Theorem 1.1, Corollary 4.3]. Alternatively, one can argue as in
Lemma 6.2. ��

By Theorem 4.9 it follows that σY induces a stability condition σ
Z/2
Y on Ku(Y )Z/2

and thus a stability condition
σS := �−1

0 (σ
Z/2
Y )

on Db(S). Similarly to §6, we introduce the notation

� := Forg ◦�0 : Db(S) → Ku(Y ), (7.2)

9 A possible way to compute the basis is the following. If μ1 and μ2 is the basis computed in [39], then
μ′
1 := μ1 − μ2 and μ′

2 := 2μ1 − μ2 is also an integral basis and χ(μ′
i , μ

′
i ) = −1 for i = 1, 2. Since

Ku(Y ) = LOY (Ku(Y )′(H)), where Ku(Y )′ := 〈UY ,OY 〉⊥, we obtain κi = LOY (μ′
i (H))
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which by Lemma 3.15 can be described as

� = L〈OY ,U∨
Y 〉 ◦ j∗ ◦ (− ⊗ OS(H)). (7.3)

Lemma 7.2 The stability condition σS on Db(S) is geometric.

Proof We need to show that the skyscraper sheaf Ox at any point x ∈ S is σS-stable.
By Theorem 4.9 it is enough to show that �(Ox ) = L〈OY ,U∨

Y 〉(Ox ) is σY -stable. The
argument is similar to Lemma 6.3.

Set Gx := L〈OY ,U∨
Y 〉(Ox ). First, the mutation LU∨

Y
(Ox ) sits in the exact triangle

U∨⊕2
Y → Ox → LU∨

Y
(Ox ).

Applying LOY to the above triangle, we get the exact triangle

Q∨⊕2
Y [1] → Ix [1] → Gx .

It follows that [Gx ] = κ1 + 2κ2 and χ(Gx , Gx ) = −5.
Note that Gx ∼= ι(Gx ), so using the Serre functor of Ku(Y ), we obtain

Hom(Gx , Gx [2]) ∼= Hom(Gx , Gx )
∨.

Using the above triangle and this relation we compute that

Hom(Gx , Gx [i]) = Hom(Ox , Gx [i]) =

⎧

⎪

⎨

⎪

⎩

1 if i = 0, 2

7 if i = 1

0 otherwise.

Indeed, Homi (Ox ,Q∨⊕2
Y ) = Hom(Q∨⊕2

Y (H),Ox [3 − i])∨ = 0 for i �= 3 and it has
dimension 6 for i = 3. Moreover, Hom j (Ox , Ix ) can be computed using the sequence

0 → Ix → OY → Ox → 0

and Hom•(Ox ,OY ) = C[3], Hom•(Ox ,Ox ) = C ⊕ C⊕2[1] ⊕ C[2].
The result is Hom•(Ox , Ix ) = C[1] ⊕ C⊕2[2] ⊕ C⊕2[3]. Then we deduce
Homi (Ox , Gx ) = 0 for i �= 0, 1, 2, and hom(Ox , Gx ) = 1. This implies
1 = hom(Gx , Gx ) = hom2(Gx , Gx ) and homi (Gx , Gx ) = 0 for i �= 0, 1, 2. Since
χ(Gx , Gx ) = −5, we deduce hom1(Gx , Gx ) = 7.

Now assume that Gx is not σY -semistable. Consider a destabilizing sequence
A → Gx → B, where B is the last semistable factor in the HN filtration. As in
Lemma 6.3, we have that ι(B) ∼= B, so by the weak Mukai lemma we must have

hom1(A, A) + hom1(B, B) ≤ hom1(Kx , Kx ) = 7.

Moreover, ι(A) ∼= A, so we have hom1(B, B) ≥ 3 and hom1(A, A) ≥ 3.
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Assume hom1(A, A) = hom1(B, B) = 3. Then A and B are stable by [25, Propo-
sition 3.4(e)]. Using that −χ(B, B) = hom1(B, B)−2 hom(B, B) = 1, we compute
that the numerical classes of A and B are in the set {±κ1,±κ2}, in contradiction with
[Gx ] = κ1 + 2κ2.

If hom1(B, B) = 3 and hom1(A, A) = 4, then B is stable, so its numerical class
is in the set above. Then we have the following possibilities:

([A], [B]) = (2κ2, κ1), (2κ1 + 2κ2,−κ1), (κ1 + κ2, κ2), (κ1 + 3κ2,−κ2). (7.4)

Assume that A is not semistable. Then by the same argument we would have a
destabilizing sequence of the form C → A → D where D is the last HN factor,
ι(D) ∼= D and hom1(D, D) = 2 = hom1(C, C). This contradicts χ(v, v) ≤ −1 for
every 0 �= v ∈ Knum(Ku(Y )). Thus A is semistable.

As a consequence, hom1(A, A) = 2 hom(A, A) − χ(A, A) ≥ 2 − χ(A, A). If
([A], [B]) is as in (7.4) but ([A], [B]) �= (κ1 + κ2, κ2), then −χ(A, A) ≥ 4, in
contradiction with hom1(A, A) = 4.

The same argument applies if hom1(B, B) = 4 and hom1(A, A) = 3, reversing
the role of A and B. We conclude that the numerical classes of A and B are

([A], [B]) = (κ1 + κ2, κ2), (κ2, κ1 + κ2). (7.5)

On the other hand, going through the definition of σY (see [62, Proposition 3.2(2)]),
one can check that Gx [−1] belongs to the heartA of σY

10. However, by [31, Theorem
8.9] a stable object E with numerical class κ2 belongs to A[2k] for some integer k.
This excludes the case [A] = κ2, since in order to have a destabilizing sequence, A and
Gx should be in the same heart. The same argument applies to [B] = κ2. We conclude
that Gx is semistable. Since its numerical class is primitive and Knum(Ku(Y )) has
rank 2, we deduce that Gx is stable. ��

As in Lemma 6.1, we have the following.

Lemma 7.3 The involution ι∗ induced by ι on Knum(Ku(Y )) is trivial.

As in the case of quartic double solids, the next lemma implies that Theorem 1.8 is
not enough to prove the desired nonemptiness (see Remark 6.5).

Lemma 7.4 We have the following equalities in Knum(Ku(Y )):

�∗([OS(−H)]) = 5κ1 + 4κ2,

�∗([OS]) = 4κ2,

�∗([Ox ]) = κ1 + 2κ2.

10 In the notation of [62, Proposition 3.2(2)], we can pick − 1
3 < s < 0, so that Ix ∈ Cohs (Y ) and

Q∨
Y [1] ∈ Cohs (Y ). Then for q as in [62, Proposition 3.2(2)], one can check that Ix andQ∨

Y [1] are σs,q -stable
and μs,q (Q∨

Y [1]) > μs,q (Ix ). Hence picking μ satisfying μs,q (Ix ) = μs,q (OY ) > μ > μs,q (UY [1]),
we have that Ix and Q∨

Y [1] belong to Cohμ
s,q (Y ) and thus also Gx does. This shows that Gx belongs to

A := Cohμ
s,q (Y ) ∩ Ku(Y ). This choice of heart is compatible with that of [31, Theorem 4.9 and Theorem

8.9].
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Proof We start with �∗([OS(−H)]) which is equal to the class of L〈OY ,U∨
Y 〉( j∗OS).

Consider the short exact sequence

0 → OY (−H) → OY → j∗OS → 0. (7.6)

Tensoring it by UY and since Hi (Y ,UY ) = 0 for every i ,
Hi (Y ,UY (−H)) = H3−i (Y ,U∨

Y ) which is 0 for i �= 3 and C5 for i = 3, we get the
triangle

U∨⊕5
Y [−2] → j∗OS → LU∨

Y
j∗OS .

Since χ(OY ,OS) = 2, we have χ(OY ,LU∨
Y

j∗OS) = −23. It follows that

ch(�(OX (−H))) = ch( j∗OS) − 5ch(U∨
Y ) + 23ch(OY )

= −ch(OY (−H)) − 5ch(U∨
Y ) + 24ch(OY ).

As ch(U∨
Y ) = 2 + H + 1

10 H2 − 1
3 p, this is equal to 13 − 4H − H2 + 10

3 p. Thus
�∗([OS(−H)]) = 5κ1 + 4κ2.

Similarly, to compute �∗([OS]) we use the sequence (7.6) to obtain that

Hom•(U∨
Y , j∗OS(H)) = Hom•(U∨

Y ,OY (H)) = H•(Y ,U∨
Y )

and we get the triangle

U∨⊕5
Y → j∗OS(H) → LU∨

Y
j∗OS(H).

Since χ(OY , j∗OS(H)) = 7, we have χ(OY ,LU∨
Y

j∗OS(H)) = −18. As

ch(�(OS)) = ch(LU∨
Y

j∗OS(H)) + 18ch(OY )

= ch( j∗OS(H)) − 5ch(U∨
Y ) + 18ch(OY )

= ch(OY (H)) − ch(OY ) − 5ch(U∨
Y ) + 18ch(OY )

we conclude that

ch(�(OS)) = ch(OY (H)) − 5ch(U∨
Y ) + 17ch(OY ) = 8 − 4H + 10

3
p,

as we wanted.
Finally, we compute that �∗([Ox ]) = [Ox ] − 2[U∨

Y ] + 9[OY ] = κ1 + 2κ2 (see the
proof of Lemma 7.2). ��

7.2 Construction of special GM threefolds

The goal of this subsection is to show that for any class v ∈ Knum(Ku(X)),
where X is a GM threefold, there exists a special GM threefold Y for which
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v lies in the image of �∗ : Knum(S) → Knum(Ku(Y )) (under the identification
Knum(Ku(Y )) = Knum(Ku(X) = 〈κ1, κ2〉).

The surjectivity of the periodmap forK3 surfaces ensures a lot of freedom in finding
a suitable lifting for v, but one issue is to make sure that the K3 surface is Brill-Noether
general. We deal with this in the next lemma, making use of [26, Lemma 2.8].

Lemma 7.5 (1) For every integer x ≥ 6 there exists a special GM threefold Y whose
branch locus is a Brill-Noether general K3 surface S of degree 10 with Picard
group generated by two classes H and L with intersection matrix

Pic(S) = 〈H , L〉 =
(

10 x
x 2

)

. (7.7)

(2) There exists a special GM threefold Y whose branch locus is a Brill-Noether
general K3 surface S of degree 10 with Picard group generated by two classes H
and L with intersection matrix

Pic(S) = 〈H , L〉 =
(

10 5
5 0

)

. (7.8)

(3) For x = 7, 9, there exists a special GM threefold Y whose branch locus is a
Brill-Noether general K3 surface S of degree 10 with Picard group generated by
two classes H and L with intersection matrix

Pic(S) = 〈H , L〉 =
(

10 x
x 4

)

. (7.9)

Proof We show (1); the proof of (2)-(3) is similar. By the surjectivity of the period
map for K3 surfaces, there exists a polarized K3 surface (S, H) with Picard group
as in (7.7), since the discriminant is 20 − x2 < 0 and Pic(S) does not contain (−2)-
classes orthogonal to H [30, Remark 6.3.7]. Since x �= 5, by [26, Lemma 2.8] the
pair (S, H) is a polarized Brill-Noether general K3 surface of degree 10. In particular,
S is a GM surface by [21, Proposition 2.13]. Moreover, by [26, Lemma 2.7] we have
that S is contained in a prime Fano threefold M of index 2 and degree 5, which is a
codimension 3 linear section of the Grassmannian Gr(2, 5) [39, Theorem 2.3]. Then
the double cover Y of M ramified in S is a special GM threefold satisfying the required
properties. ��

The following lemmas provide for any v ∈ 〈κ1, κ2〉 a special GM threefold such
that there is a class w in the numerical Grothendieck group of the branch K3 surface
which lifts v along �∗ and satisfies w2 ≥ −2.

Lemma 7.6 The following equalities hold in Knum(Ku(Y )):

(1) If x, Y and S are as in Lemma 7.5(1), then �∗([OS(L)]) = κ1 + (6 + x)κ2.
(2) If Y and S are as in Lemma 7.5(2), then �∗([OS(L)]) = 9κ2.
(3) If Y and S are as in Lemma 7.5(3), then �∗([OS(L)]) = 2κ1 + 17κ2 when x = 9,

�∗([OS(L)]) = 2κ1 + 15κ2 when x = 7.
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Proof We show (1); the proof of (2)-(3) is similar. By (7.3) we need to compute the
class of L〈OY ,U∨

Y 〉 j∗(OS(L + H)). Note that

ch(US(L + H)) = 2 + (2L + H) + (3 + x).

Thus χ(U∨
Y , j∗OS(L + H)) = χ(S,US(L + H)) = 7 + x . In particular, we have

[LU∨
Y
( j∗OS(L + H))] = [ j∗OS(L + H)] − (7 + x)[U∨

Y ].

Using the above equation, we get

χ(OY ,LU∨
Y
( j∗OS(L + H))) = χ(OY , j∗OS(L + H))) − 5(7 + x) = −27 − 4x .

We conclude that

[�(OS(L))] = [ j∗OS(L + H)] − (7 + x)[U∨
X ] + (27 + 4x)[OY ] = κ1 + (6 + x)κ2.

��
Lemma 7.7 Consider v = pκ1+qκ2 where either q is a positive integer and p an odd
integer coprime with q, or q = 0 and p = 1. Then there is a special GM threefold Y
with branch K3 surface S such that there exists w ∈ Knum(S) satisfying �∗(w) = v

and w2 ≥ −2.

Proof Set x = q + 6. By Lemma 7.5(1) there exists a special GM threefold Y whose
associated K3 surface S has Picard group as in (7.7). Consider w ∈ Knum(S) defined
by

w := −[OS(L)] + b[OS] − q[OS(−H)] + (p + 5q + 1)[Ox ],
where b := −q + 1

2 (5 − p) ∈ Z, as p is odd. Then w2 + 2 = 1
2 p2 − 1

2 ≥ 0.
By a straightforward computation using Lemmas 7.4 and 7.6(1) one can check that
�∗(w) = v. ��
Lemma 7.8 Consider v = pκ1+qκ2 where q is a positive integer and p an even integer
coprime with q. Then there is a special GM threefold Y with branch K3 surface S such
that there exists w ∈ Knum(S) satisfying �∗(w) = v and w2 ≥ −2.

Proof Assume q �= 1. Set x = q + 4. The same argument as in Proposition 7.7 with

w := −[OS(L)] + b[OS] − q[OS(−H)] + (p + 5q + 1)[Ox ],

where b := −q + 2− 1
2 p ∈ Z, as p is even, implies the statement in this case, where

w2 = 1
2 p2.

Analogously, if q = 1 and p �= 0,±2, set x = 9. Then

w := −[OS(L)] + (−1

2
p + 2)[OS] − q[OS(−H)] + (p + 6)[Ox ]
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satisfies w2 + 2 = 1
2 p2 − 4 ≥ 0 and �∗(w) = v.

In the case q = 1, p = 0, consider a special GM threefold whose branch S is as in
Lemma 7.5(2). Then w = [OS(L)] − 2[OS] has square −2 and satisfies �∗(w) = v

by Lemmas 7.4 and 7.6(2).
If q = 1, p = 2, set x = 9 and consider a special GM threefold whose branch

S is as in Lemma 7.5(3). Then w = [OS(L)] − 4[OS] has square −2 and satisfies
�∗(w) = v by Lemmas 7.4 and 7.6(3).

If q = 1, p = −2, set x = 7 and consider a special GM threefold whose branch
S is as in Lemma 7.5(3). Then w = −[OS(L)] + 4[OS] has square −2 and satisfies
�∗(w) = v by Lemmas 7.4 and 7.6(3). ��

Lemma 7.9 Consider v = pκ1 + qκ2 where q is a negative integer and p an integer
coprime with q. Then there is a special GM threefold Y with branch K3 surface S such
that there exists w ∈ Knum(S) satisfying �∗(w) = v and w2 ≥ −2.

Proof Consider v′ := −v. Then we can apply either Lemma 7.8 or Lemma 7.7 which
imply there exists a special GM threefold Y whose branch K3 surface S has a class
w′ ∈ Knum(S) such that �∗(w′) = v′ and (w′)2 ≥ −2. Then w := −w′ satisfies the
required properties. ��

7.3 Proof of Theorem 1.3(1)

Recall that Serre invariant stability conditions on Ku(X) are in the same ˜GL
+
(2,R)-

orbit by [62, Corollary 4.5], and the stability conditions on Ku(X) constructed by [8]
are Serre invariant by [62, Theorem 1.1]. Thus it is enough to prove the statement
for a stability condition σX ∈ Stab(Ku(X)) as constructed by [8]. Note also that we
can reduce to proving the result in the case v primitive, as explained in the proof of
Theorem 1.1.

Set v = pκ1 + qκ2, where p, q are coprime integers. Since all GM threefolds are
deformation equivalent (see [39, Theorem 2.4]), by Lemmas 7.7, 7.8, and 7.9 we may
choose a family X → S of GM threefolds over a smooth connected curve S with
two points 0, 1 ∈ S(C) such that X0 ∼= X and X1 ∼= Y , where Y is a special GM
threefold whose branch K3 surface S has a class w ∈ Knum(S) satisfying �∗(w) = v

and w2 ≥ −2. Now using the associated Enriques category C := Ku(X) and arguing
exactly as in the proof of Theorem 1.1 in §6.3, we find that Mσ (Ku(X), v) is nonempty
via the criterion of Theorem 1.10. ��

Remark 7.10 As for quartic double solids, it is possible to show a stronger version
of (4c) in the case of the deformations used in the proof of Theorem 1.3(1). More
precisely, it is possible to show that for every lifting w of v under �∗ we have the
inequality

−χ(w,w) + 2 = w2 + 2 < −χ(v, v) + 1.

In particular, no irreducible component of Mσ (Ku(X), v) is fixed by the Z/2-action.
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8 Gushel–Mukai fourfolds

In this section, we first prove Theorem 1.3(2), after some preliminaries on special
GM fourfolds. Then we show that for such a fourfold W , every stability condition
σ ∈ Stab◦(Ku(W )) constructed in [61] is fixed by natural Z/2-action (Theorem
8.2). Finally, we prove Theorem 1.6 by combining this with Theorem 1.3(1) and
Theorem 1.8.

8.1 Preparation

Let W be a special GM fourfold, which is defined as the double cover f : W → M of
a codimension 2 linear section M of the Grassmannian Gr(2, 5) ramified in a quadric
section X ⊂ M . Note that X is an ordinary GM threefold. We denote by i : X ↪→ M
and j : X ↪→ W the natural inclusions.

We are in the setting of §3.4 with d = 1, m = 3, B = 〈OM ,U∨
M 〉, where UM

denotes the restriction to M of the rank 2 tautological bundle on Gr(2, 5) (see [33,
§8.2]). More precisely, we have the semiorthogonal decompositions

Db(X) = 〈Ku(X),BX 〉 and Db(W ) = 〈Ku(W ),BW ,BW (H)〉

where
BX = 〈OX ,U∨

X

〉

and BW = 〈OW ,U∨
W

〉

,

and the equivalence in (3.1) is

�0 := LBW ⊗1 ◦ ( j0)∗ ◦ (− ⊗ OX (H)) : Ku(X) → Ku(W )Z/2. (8.1)

Then Ku(W ) is the CY2 cover of the Enriques category Ku(X) (see Example 3.10).
Recall that the numerical Grothendieck group ofKu(W ) contains a canonical rank

2 sublattice

〈λ1, λ2〉 ∼= −A⊕2
1 =

(−2 0
0 −2

)

(8.2)

by [34, Proposition 2.25], [56, Eq.(4)].
We consider the functor

Forg ◦�0 : Ku(X) → Ku(W ),

which by Lemma 3.15 can be given explicitly by the formula

Forg ◦�0 = L〈OW ,U∨
W 〉 ◦ j∗ ◦ (− ⊗ OX (H)). (8.3)

In the next lemma, we compute the image via (Forg ◦�0)∗ of the basis κ1, κ2 defined
in (7.1).

Lemma 8.1 For i = 1, 2 we have

(Forg ◦�0)∗(κi ) = λi .
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Proof The Todd classes of X and W can be computed to be

td(X) = 1 + 1

2
H + 17

60
H2 + p,

td(W ) = 1 + H + (
2

3
H2 − 1

12
γ ∗

W σ2) + 17

60
H3 + p

(or see for instance [62, Section 2.2] and [56, Section 2.4]). Here γW is the double
covering map composed with the inclusion of M into Gr(2, 5), and σ2 is a Schubert
cycle on Gr(2, 5). By Grothendieck–Riemann–Roch we have

ch( j∗κi (H)) = j∗(ch(κi (H)) · td(Tj ))

where

td(Tj ) = 1 − 1

2
H + 1

6
H2 − 5

12
p.

Now a computation using the description (8.3) gives

ch((Forg ◦�0)∗(κ1)) = −2 + γ ∗
W σ1,1 − 1

2
p,

ch((Forg ◦�0)∗(κ2)) = −4 + 2H − 1

6
H3.

Using the description of λ1 and λ2 in [61, Eq.(4.5)], we find that ch(λ1) and
ch(λ2) are given by the same formulas, so we conclude (Forg ◦�0)∗(κ1) = λ1 and
(Forg ◦�0)∗(κ2) = λ2. ��

8.2 Proof of Theorem 1.3(2)

Let X be a generic GM threefold, in the sense that X is the branch locus of a very
general special GM fourfold W . By Theorem 1.8(1) the moduli stackMσ (Ku(X), v)

can be singular only at points corresponding to objects E such that E ∼= τ(E), where
τ is the generator of the Z/2-action.

If E ∈ Ku(X) is such an object, thenwe claim there exists an object F ∈ Ku(X)Z/2

such that Forg(F) = E . Indeed, E is necessarily σ -stable, as its class v is primitive and
Knum(Ku(X)) has rank 2. In particular, E is simple, so by [59, Lemma 1] it admits
a Z/2-linearization, i.e. a lift to (hKu(X))Z/2, the Z/2-invariants of the homotopy
category of Ku(X); by Proposition 2.7, this means that E also lifts to Ku(X)Z/2.

As recalled above, there is an equivalence
�0 : Ku(X) → Ku(W )Z/2. Set E ′ := �0(E). Then by the previous para-

graph, there exists F ′ ∈ (Ku(W )Z/2)Z/2 such that Forg′(F ′) = E ′, where
Forg′ : (Ku(W )Z/2)Z/2 → Ku(W )Z/2 is the forgetful functor for the residual Z/2-
action on Ku(W )Z/2. If Forg : Ku(W )Z/2 → Ku(W ) denotes the forgetful functor,
then by Lemma 2.11 it follows that

Forg(E ′) = Forg Forg′(F ′) = Forg Infρ(F ′) = ρ(F ′) ⊕ ι(ρ(F ′)),
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where ρ : (Ku(W )Z/2)Z/2 → Ku(W ) is the equivalence of Theorem 2.10 and ι is the
generator of the Z/2-action on Ku(W ).

Since Knum(Ku(W )) ∼= −A⊕2
1 by the assumption that W is very general,

and ι acts as the identity on −A⊕2
1 by [16, Proposition 5.7], it follows that

[ι(ρ(F ′))] = [ρ(F ′)] in Knum(Ku(W )). Hence we conclude that
[Forg(E ′)] = 2[ρ(F ′)] ∈ Knum(Ku(W )). However, this contradicts Lemma 8.1 as v is
primitive. We conclude that Mσ (Ku(X), v) is smooth. We have a
Gm-gerbe Mσ (Ku(X), v) → Mσ (Ku(X), v) and the moduli space Mσ (Ku(X), v)

is smooth. By deformation theory the dimension of Mσ (Ku(X), v) at a point E is
equal to

dim Ext1(E, E) = −χ(E, E) + dimHom(E, E) = −χ(v, v) + 1,

where for the first equality we used Lemma 5.5.
The projectivity of Mσ (Ku(X), v) follows from the smoothness and [69, Corollary

3.4].

8.3 Invariant stability conditions

Let W be a special GM fourfold. By [61] there is a collection of proper full numerical
stability conditions which we denote by Stab◦(Ku(W )). In this subsection, we show
that every σW ∈ Stab◦(Ku(W )) is fixed by the Z/2-action induced by the covering
involution.

Theorem 8.2 Let W be a special GM fourfold, and σW ∈ Stab◦(Ku(W )). Then σW is
Z/2-fixed.

Recall that by construction, σW is induced from a stability condition σW ′ on
Ku(W ′), where W ′ is an ordinary GM fourfold with smooth canonical quadric which
is a period partner of W (see [61, Theorem 4.18]). Indeed, the duality conjecture
proved in [36, Theorem 1.6] implies Ku(W ) 
 Ku(W ′). The stability condition σW

is obtained from the constructed σW ′ through this equivalence. We have the following
lemma.

Lemma 8.3 Given W and W ′ as above, there exists an equivalenceKu(W ) 
 Ku(W ′)
which is Z/2-equivariant with respect to the following Z/2-actions:

• on Ku(W ) the group Z/2 acts via the covering involution,
• on Ku(W ′) the group Z/2 acts via the rotation functor

OW ′ := LBW ′ ◦ (− ⊗ OW ′(H))[−1]

Proof We denote by
ι : Ku(W ) → Ku(W )

the involutive autoequivalence induced by the covering involution. By (3.2) we have
that ι 
 OW . On the other hand, let X ′ be the special GM fivefold obtained as a
double cover of a linear section of the Grassmannian Gr(2, 5) ramified in W ′, and let
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X be the branch ordinary GM threefold of W . In the terminology of Example 3.10,
the GM varieties X and X ′ are opposite to W and W ′. Note that Ku(X), Ku(X ′) are
Enriques categories and Ku(W ), Ku(W ′) are their CY2 covers. Since a GM variety
and its opposite have the same period point (see [34, §3.1]), we have that X and X ′ are
generalized period partners in the sense of [34, Definition 3.5]. By [36, Theorem 1.6]
there is an equivalence Ku(X) 
 Ku(X ′). By [16, Lemma 4.9] this equivalence is
equivariant with respect to the action induced by the (−2)-shifted Serre functors and
induces an equivalence between the covers Ku(W ) and Ku(W ′) which is equivariant
with respect to the action of the rotation functors. ��

As a consequence, in order to prove Theorem 8.2, it is enough to show that for
an ordinary GM fourfold X with smooth canonical quadric, a stability condition
σX ∈ Stab◦(Ku(X)) is invariant with respect to the action of the rotation functor
OX .11

In order to do this, we need to go through the construction of σX . Denote by T the
smooth canonical quadric of X . By [61, Lemma 2.1] the blowup ˜X of X in T resolves
the linear projection from T , giving a commutative diagram

˜X
b π

X Y

whereY is a quadric threefold andπ is a conic fibration.We denote by h the hyperplane
class onY . Denote byC�0 andC�1 the even andoddparts of the sheaf ofClifford algebras
associated to π , and let Db(Y , C�0) be the bounded derived category of coherent C�0-
modules on Y . By [38] there is a semiorthogonal decomposition of the form

Db(˜X) =
〈

�(Db(Y , C�0)), π∗Db(Y )
〉

,

where � : Db(Y , C�0) → Db(˜X) is a fully faithful functor. By [61, Proposition 2.3]
there is a fully faithful embedding

ξ := LO
˜X (−h) ◦ LU

˜X
◦ b∗ : Ku(X) ↪→ Db(˜X)

and if Ku(X)′ denotes the essential image of ξ , then we have the semiorthogonal
decomposition

�(Db(Y , C�0)) = 〈Ku(X)′,U
˜X ,Fa,Fb,G

〉

,

where Fa,Fb,G are rank 2 vector bundles on ˜X . In particular, Ku(X)′ is a full sub-
category of �(Db(Y , C�0)) which is equivalent to Ku(X). Moreover, by [61, Lemma
2.15] there is an equivalence

� : �(Db(Y , C�0)) 
 Db(Y , C�0);
11 In the rest of this subsection we change the notation from W ′ to X to denote an ordinary GM fourfold
with smooth canonical quadric in order to be compatible with [61].
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the restriction of � to Ku(X)′ (which we still denote by � for simplicity) induces a
fully faithful embedding

� : Ku(X)′ ↪→ Db(Y , C�0)
whose essential image is denoted byKu(Y , C�0). A stability conditionσ onKu(Y , C�0)
is constructed in [61, Theorem 4.12] by restricting a double tilting of the slope stability
on Db(Y , C�0), and by definition σX = ξ−1 · �−1 · σ .

Now, consider the rotation functor

O
˜X := Lπ∗Db(Y ) ◦ (− ⊗ O

˜X (H))[−1] : Db(˜X) → Db(˜X).

On the other hand, the functor

− ⊗C�0 C�1 : Db(Y , C�0) → Db(Y , C�0)

defines a Z/2-action on Db(Y , C�0), since C�1 ⊗C�0 C�1 ∼= C�0 by [38, Corollary 3.9]
(see also [61, Eq.(2.10)]). We call it the rotation functor on Db(Y , C�0). In the next
lemmas, we show that the functors � and ξ are equivariant with respect to the actions
of the rotations functors.

Lemma 8.4 The rotation functor O
˜X induces a Z/2-action on �(Db(Y , C�0)), and the

equivalence � : �(Db(Y , C�0)) 
 Db(Y , C�0) is Z/2-equivariant with respect to the
actions of O

˜X and − ⊗C�0 C�1.

Proof First note that the restrictionofO
˜X to�(Db(Y , C�0))has image in�(Db(Y , C�0)),

since�(Db(Y , C�0)) = π∗Db(Y )⊥ inDb(˜X) and by definition ofO
˜X . ThusO˜X defines

an endofunctor O
˜X : �(Db(Y , C�0)) → �(Db(Y , C�0)) which is an autoequivalence

by [37, Proposition 3.8].
Set F := −⊗C�0 C�1. We are going to show that there is an isomorphism of functors

� ◦ O
˜X 
 F ◦ �. As a consequence, we have that O

˜X induces a Z/2-action on
�(Db(Y , C�0)), as F does on Db(Y , C�0).

To prove the claim, note that the Serre functor of �(Db(Y , C�0)) satisfies

S−1
� := Lπ∗Db(Y ) ◦ (− ⊗ O

˜X (H + h))[−4]

by [37, Proposition 3.8], since the canonical divisor of ˜X is K
˜X = −H − h. On the

other hand, the Serre functor of Db(Y , C�0) satisfies

S−1
C�0 = − ⊗C�0 C�1(h)[−3]

by [61, Lemma 4.5]. Since every equivalence commutes with the Serre functor, we
have

� ◦ S−1
� 
 S−1

C�0 ◦ �.

Spelling this out and using that

Lπ∗Db(Y )(A(H + h)) ∼= Lπ∗Db(Y )(−h)(A(H)) ⊗O
˜X (h) ∼= Lπ∗Db(Y )(A(H)) ⊗O

˜X (h)
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for every A ∈ �(Db(Y , C�0)), we get

�(O
˜X (−) ⊗ O

˜X (h)) 
 �(−) ⊗C�0 C�1(h).

Recall that
� = π∗(G∨ ⊗ −)

by [61, Eq.(2.24)], where G is a rank 2 vector bundle on ˜X . By projection formula and
the fact that O

˜X (h) = π∗OY (h), we see that

�(O
˜X (−)) ⊗ OY (h) 
 �(−) ⊗C�0 C�1(h),

which proves the claim. ��
Lemma 8.5 The functor ξ is Z/2-equivariant, i.e. there is an isomorphism of functors

ξ ◦ OX 
 O
˜X ◦ ξ. (8.4)

Proof Note that the left-hand-side of (8.4) shifted by 1 is

LO(−h) ◦ LU ◦ b∗ ◦ L〈O,U∨〉 ◦ (− ⊗ OX (H))


 (− ⊗ O
˜X (H)) ◦ L〈O(−h−H),U(−H),O(−H)〉 ◦ LU ◦ b∗

using [37, Lemma 3.10] and U∨(−H) ∼= U.12 Similarly, the right-hand-side shifted
by 1 is

Lπ∗Db(Y ) ◦ (− ⊗ O
˜X (H)) ◦ LO(−h) ◦ LU ◦ b∗


 (− ⊗ O
˜X (H)) ◦ Lπ∗Db(Y )(−H) ◦ LO(−h) ◦ LU ◦ b∗.

We claim that

L〈O(−h−H),U(−H),O(−H)〉 
 Lπ∗Db(Y )(−H) ◦ LO(−h) (8.5)

on the subcategory Ku(X)o := LUb∗(Ku(X)).
Firstwe consider the right-hand-side.WemaywriteDb(Y ) = 〈O(−h),O,S∨,O(h)〉,

where S is the spinor bundle on Y (equal to the restriction of the tautological subbun-
dle S on the Grassmannian Gr(2, V4) of which Y is a hyperplane section). Then the
right-hand-side of (8.5) is identified with

L〈O(−h−H),O(−H),S∨(−H),O(h−H)〉 ◦ LO(−h).

Note that Ku(X)o andO
˜X (−h) are right orthogonal toO(h − H) by [61, Eq.(2.17)].

Also note that
(〈O(−h − H),O(−H),S∨(−H)〉,O(−h))

12 In this proof, we often simply write U instead of U
˜X for the pullback of U to ˜X , and similarly for other

pullback bundles.
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are semiorthogonal. Indeed, by Serre duality

Hom•(O(−h),S∨(−H)) = Hom•(S∨,O(H − h − h − H))∨

= Hom•(S∨,O(−2h))∨ = 0.

Similarly, if E denotes the exceptional divisor of b : ˜X → X , then

Hom•(O(−h),O(−H)) = H•(O(−E)) = 0,

and Hom•(O(−h),O(−h − H)) = H•(O(−H)) = 0. As a consequence, we can
write the right-hand-side of (8.5) as

L〈O(−h−H),O(−H),S∨(−H),O(−h)〉 (8.6)

on the subcategory Ku(X)o.
On the other hand, if we right mutate U(−H) throughO(−H), we obtainQ(−H)

(up to shift), whereQ denotes the tautological quotient bundle on Gr(2, 5), using the
short exact sequence

0 → U → O⊕5 → Q → 0.

So the left-hand-side of (8.5) can be written as

L〈O(−h−H),O(−H),Q(−H)〉. (8.7)

Our goal is to manipulate (8.6) into this form.
Note that the tautological bundle S and the quotient bundleW on Gr(2, V4) satisfy

the following relation:
S ∼= W∨.

Consider the following commutative diagram of sheaves on ˜X (see [61, Lemma
2.6] where the short exact sequence in the first line is established, and using that
LOU∨[−1] ∼= Q∨, LOS∨[−1] ∼= W∨ and LOOE [−1] ∼= O(−E)):

S∨ U∨ OE

O⊕4 O⊕5 O

W∨ Q∨ O(−E)

Since S∨ = ROEU∨, we deduce that W∨ = RO(−E)Q∨. Dualizing, we get that
W = LO(E)Q, thus

W(−H) ∼= LO(E−H)Q(−H) = LO(−h)Q(−H).
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Putting everything together, we get

L〈S∨(−H),O(−h)〉 = L〈W(−H),O(−h)〉 = L〈LO(−h)(Q(−H)),O(−h)〉
= LLO(−h)(Q(−H)) ◦ LO(−h)

∼= LO(−h) ◦ LQ(−H),

where the last isomorphism follows from the fact that LO(−h) is an equivalence of
Ku(X)o. Thus (8.6) can be written as

L〈O(−h−H),O(−H),O(−h),Q(−H)〉.

Applying RQ to the sequence

0 → O(E) → Q → W → 0,

we deduce that

RQ(−H)O(−h) = W(−H)[−1] = S∨(−H)[−1].

So (8.6) is equal to
L〈O(−h−H),O(−H),Q(−H),S∨(−H)〉.

Now set
M := L〈O(−H),Q(−H)〉S∨(−H).

Thus (8.6) can be written as

LO(−h−H) ◦ L〈M,O(−H),Q(−H)〉. (8.8)

Sublemma 8.6 If F ∈ Ku(X)o, then

Hom•(M,L〈O(−H),Q(−H)〉F) = 0.

Proof By definition there exists an exact triangle

A → S∨(−H) → M,

where A ∈ 〈O(−H),Q(−H)〉. Thus

Hom•(M,L〈O(−H),Q(−H)〉F) = Hom•(S∨(−H),L〈O(−H),Q(−H)〉F).

Recall the sequence

0 → S∨(−H) → U∨(−H) → OE (−H) → 0,

where U∨(−H) ∼= U. Note that

Hom•(U,L〈O(−H),Q(−H)〉F) = 0,
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since Ku(X)o is right orthogonal to U (by definition) and

Hom•(U,O(−H)) = 0 = Hom•(U,Q(−H)).

It follows that

Hom•(S∨(−H),L〈O(−H),Q(−H)〉F) = Hom•+1(OE (−H),L〈O(−H),Q(−H)〉F).

Now consider the sequence

0 → O(−E − H) → O(−H) → i∗OE (−H).

We see that

Hom•(i∗OE (−H),L〈O(−H),Q(−H)〉F) = Hom•−1(O(−E − H),L〈O(−H),Q(−H)〉F).

By Serre duality on ˜X , this can be computed through

Hom•(L〈O(−H),Q(−H)〉F,O(−E − H − H − h))

which is
Hom•(L〈O(−H),Q(−H)〉F,O(−3H)). (8.9)

If F = LUb∗G for G ∈ Ku(X), then we have

L〈O(−H),Q(−H)〉F = L〈O(−H),Q(−H)〉LUb∗G ∼= b∗L〈O(−H),Q(−H)〉LUG.

So by Serre duality on X , we can compute (8.9) via

Hom•(b∗L〈O(−H),Q(−H)〉LUG,O(−3H))

∼= Hom•(L〈O(−H),Q(−H)〉LUG,O(−3H))

∼= Hom•(O(−H),L〈O(−H),Q(−H)〉LUG) = 0.

This vanishing implies the statement. ��
By Sublemma 8.6 we see that

L〈M,O(−H),Q(−H)〉 
 L〈O(−H),Q(−H)〉

on Ku(X)o. This proves that (8.8) is equal to L〈O(−h−H),O(−H),Q(−H)〉, i.e. to (8.7),
on Ku(X)o, as we wanted. ��

Now consider the restriction of F := − ⊗C�0 C�1 to Ku(Y , C�0). Note that F
is an autoequivalence of Ku(Y , C�0). Indeed, by [61, Theorem 2.11] we have the
semiorthogonal decomposition of the form

Db(Y , C�0) = 〈Ku(Y , C�0), C�0, C�1,Ra,Rb〉.
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For every A ∈ Ku(Y , C�0), using that F(C�1) = C�0 and F either fixes Ra and Rb or
swaps them (see the proof of [61, Lemma 4.9]), we have

Hom•(C�0, A ⊗C�0 C�1) = Hom•(C�1, A) = 0

= Hom•(C�1, A ⊗C�0 C�1) = Hom•(C�0, A) = 0,

Hom•(Rc, A ⊗C�0 C�1) = Hom•(Rc ⊗C�0 C�1, A) = 0

for c = a, b, which implies F(A) ∈ Ku(Y , C�0). Since F is an equivalence, the same
holds for its restriction. Thus by abuse of notation we set

F := − ⊗ C�1 : Ku(Y , C�0) ∼−→ Ku(Y , C�0).

By Lemma 8.5 we also have the autoequivalence

O
˜X : Ku(X)′ ∼−→ Ku(X)′.

Proof of Theorem 8.2 By Lemma 8.3, it is enough to show that OX · σX = σX in the
case of an ordinary GM fourfold X with smooth canonical quadric. Recall that then
σX = ξ−1 · �−1 · σ where σ is a stability condition σ constructed on Ku(Y , C�0).

First, note that F ·σ = σ . Indeed, recall that σ is the restriction of the weak stability
condition σα = (Coh0α,β(Y , C�0), Z0

α,β), where β = − 5
4 and 0 < α < 1

4 . By definition

F · σ = (F(Coh0α,β(Y , C�0)|Ku(Y ,C�0)), Z0
α,β |Knum(Ku(Y ,C�0)) ◦ F−1∗ ),

where F∗ denotes the automorphism ofKnum(Ku(Y , C�0)) induced by F . Since tensor-
ing by C�1 does not change the Chern character of objects in Db(Y , C�0) in degrees≤ 2
by [61, Lemma3.9(3)], we have that Z0

α,β |Knum(Ku(Y ,C�0))◦F−1∗ = Z0
α,β |Knum(Ku(Y ,C�0)).

Moreover, tensoring by C�1 preserves Coh(Y , C�0) and slope stability (see [61,
Lemma 4.8]), thus Cohβ(Y , C�0) ⊗C�0 C�1 = Cohβ(Y , C�0). We also observe that
if E ∈ Cohβ(Y , C�0) is σα,β -semistable, then E ⊗C�0 C�1 is σα,β -semistable with
the same μα,β -slope, since ch(E ⊗C�0 C�1)≤2 = ch(E)≤2. Using the definition of
Coh0α,β(Y , C�0) as the tilting at μα,β = 0 of Cohβ(Y , C�0) we conclude that

Coh0α,β(Y , C�0) ⊗C�0 C�1 = Coh0α,β(Y , C�0) and so F(Coh0α,β(Y , C�0)|Ku(Y ,C�0)) =
Coh0α,β(Y , C�0)|Ku(Y ,C�0), as we wanted.

Nownote that the stability conditionσ ′ := �−1·σ onKu(X)′ satisfiesO−1
˜X

·σ ′ = σ ′.
Indeed, by Lemma 8.4 and the previous computation, we have

O−1
˜X

· σ ′ = O−1
˜X

· �−1 · σ = �−1 · F−1 · σ = �−1 · σ = σ ′.

As a consequence, by Lemma 8.5 it follows that

O−1
X · σX = O−1

X · ξ−1 · σ ′ = ξ−1 · O−1
˜X

· σ ′ = ξ−1 · σ ′ = σX .

Equivalently, OX · σX = σX , proving the statement.
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8.4 Serre invariant stability conditions onKu(X)

Let us now denote by W a special GM fourfold and by X its associated ordinary GM
threefold.

By Theorem 8.2 and Theorem 4.9 a stability condition σW ∈ Stab◦(Ku(W ))

induces a stability condition σ
Z/2
W on the invariant category Ku(W )Z/2 and thus a

full numerical stability condition

σX := �−1
0 (σ

Z/2
W ) (8.10)

on Ku(X). This provides an alternative construction to [8] of stability conditions on
Ku(X).

Recall that in [8] stability conditions on Ku(X) are constructed by restriction of
double tilting of slope stability on Db(X) (see (4.3)). We denote one of these stability
conditions by τX .

Corollary 8.7 The stability condition σX is in the same ˜GL
+
(2,R)-orbit of every sta-

bility condition τX constructed in [8]. In particular, σX is proper.

Proof Sinceσ
Z/2
W is fixed by theZ/2-action onKu(W )Z/2 as remarked in §4.3, by (3.5)

and the fact that the inverse of the Serre functor ofKu(X) isOX [−2], it follows that σX

is Serre invariant. By [62, Theorem 1.1] the stability condition τX is Serre invariant.
By [31, Theorem 1.10] (see also [62, Corollary 4.5]) there is a unique ˜GL

+
(2,R)-orbit

of Serre invariant stability conditions on Ku(X). This implies the statement. ��

Remark 8.8 Up to now, the known stability conditions on Ku(X) are Serre invariant.
It would be interesting to understand whether every stability condition on Ku(X) is
Serre invariant.

As a consequence of Theorem 8.2, we remark the following identification of the
stability conditions in Stab◦(Ku(W )) for a GM fourfold, which is of independent
interest.

Corollary 8.9 Let W be a GM fourfold. Then for every pair σ 1
W , σ 2

W ∈ Stab◦(Ku(W )),

there exists (M, g) ∈ ˜GL
+
2 (R) such that σ 2

W = σ 1
W · (M, g).

Proof Let X be the opposite GM variety to W (see Example 3.10), so Ku(W ) is the
CY2 cover of Ku(X). By Theorem 8.2 and Lemma 8.3 the stability conditions σ 1

W
and σ 2

W are Z/2-fixed, thus by Theorem 4.9 they induce stability conditions σ 1
X , σ 2

X
on Ku(X), which are fixed by the Z/2-action. The generator for this action is the
(−2)-shifted Serre functor of Ku(X) by (3.5). By [62, Corollary 4.5] there exists
(g, M) ∈ ˜GL

+
2 (R) such that σ 2

X = σ 1
X · (M, g).

As a consequence, if Pσ i
W
and Pσ i

X
denote the slicings of σ i

W and σ i
X , respectively,

then
Pσ 2

W
(φ) = Forg(Pσ 2

X
(φ)) = Forg(Pσ 1

X
(g(φ))) = Pσ 1

W
(g(φ))
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for every phase φ ∈ R. Moreover, since the central charges of the σ i
X ’s satisfy

Z2
X = M−1◦Z1

X , and Zi
X = Zi

W ◦v◦Forg∗, where v : K(Ku(W )) → Knum(Ku(W ))),
then

Z2
W ◦ v ◦ Forg∗ = M−1 ◦ Z1

W ◦ v ◦ Forg∗ .

This implies that Z2
W and M−1 ◦ Z1

W coincide on the image of the forgetful functor
in Knum(Ku(W )), which is equal to the invariant lattice with respect to the Z/2-
action. By [16, Proposition 5.7] this lattice is the canonical sublattice −A⊕2

1 . By [61,
Lemma 4.17] the central charges Zi

W ’s factors through the−A⊕2
1 -lattice.We conclude

Z2
W = M−1 ◦ Z1

W . ��

8.5 Proof of Theorem 1.6

Assume first that W is ordinary. Then there is a special GM fourfold W ′ and
an equivalence Ku(W ′) ∼= Ku(W ) which intertwines ι and the rotation functor
OW by Lemma 8.3. Thus if σ ′ denotes the stability condition on Ku(W ′) corre-
sponding to σ ∈ Stab◦(Ku(W )) under this equivalence and w′ ∈ Knum(Ku(W ′))
denotes the class corresponding to w ∈ Knum(Ku(W )), then the fixed loci
Mσ (Ku(W ), w)〈OW 〉 and Mσ ′(Ku(W ′), w′)〈ι〉 are identified by the isomorphism
Mσ (Ku(W ), w) ∼= Mσ ′(Ku(W ′), w′) induced by Ku(W ′) 
 Ku(W ). Thus it is
enough to prove the result for special GM fourfolds.

So assume that W is special, and we denote by X its branch GM threefold. By
Theorem 8.2 and Theorem 4.9 the stability condition σ induces a stability condition
σX on Ku(X) defined as in (8.10), which is Serre invariant by Corollary 8.7. On the
other hand, sincew is primitive, there exist coprime integers p, q such thatw = pλ1+
qλ2. By Lemma 8.1 we have (Forg ◦�0)∗(pκ1 + qκ2) = w, and by Theorem 1.3(1)
the moduli stack MσX (Ku(X), pκ1 + qκ2) is nonempty. By [16, Proposition 5.7]
the lattice −A⊕2

1 is fixed by ι, so w is ι-fixed. Then by Theorem 1.8(2) there is an
isomorphism

⊔

(Forg ◦�0)∗(v)=w

MσX (Ku(X), v) → Mσ (Ku(W ), w)〈ι〉.

Hence the above isomorphism maps the nonempty moduli stack
MσX (Ku(X), pκ1 +qκ2) toMσ (Ku(W ), w)〈ι〉, implying that the latter is nonempty
as well.

SinceMσ (Ku(W ), w) → Mσ (Ku(W ), w) is aGm-gerbe, we obtain that the fixed
locus of ι in Mσ (Ku(W ), w) is nonempty. The fact that it is a smooth Lagrangian
subvariety follows from [5, Lemma 1].

Remark 8.10 Note that the projectivity of the moduli space in Theorem 1.3(2) can
be obtained by applying the strategy used in the proof of Theorem 1.6. Indeed, we
can assume that X is generic, in the sense that it is the branch of a very general GM
fourfold W . Then every σ ∈ Stab◦(Ku(W )) is (Forg ◦�0)∗(v)-generic. Hence by [61]
the moduli space Mσ (Ku(W ), w) is projective for w := (Forg ◦�0)∗(v). Thus the
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fixed locus of ι in Mσ (Ku(W ), w) is projective and since we have a surjective double
covering

⊔

(Forg ◦�0)∗(v′)=w

MσX (Ku(X), v′) → Mσ (Ku(W ), w)〈ι〉,

we conclude that MσX (Ku(X), v) is projective. This is in fact the method used by [53]
for proving projectivity in the Enriques surface case.

Acknowledgements We thank Arend Bayer, Soheyla Feyzbakhsh, Sasha Kuznetsov, Emanuele Macrì, and
Shizhuo Zhang for interesting discussions related to this work. We are also grateful to the referee for their
careful reading of the paper.

Funding Open access funding provided byUniversità degli Studi diMilanowithin the CRUI-CAREAgree-
ment.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Ascher, K., Dasaratha, K., Perry, A., Zhou, R.: Rational points on twisted K3 surfaces and derived
equivalences, Brauer groups and obstruction problems, Progr. Math., vol. 320, Birkhäuser/Springer,
Cham, (2017), pp. 13–28
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