SCHRODINGER OPERATORS ON LIE GROUPS
WITH PURELY DISCRETE SPECTRUM
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ABSTRACT. On a Lie group G, we investigate the discreteness of the spectrum of
Schrédinger operators of the form £+ V', where L is a subelliptic sub-Laplacian
on G and the potential V' is a locally integrable function which is bounded
from below. We prove general necessary and sufficient conditions for arbitrary
potentials, and we obtain explicit characterizations when V is a polynomial on
G or belongs to a local Muckenhoupt class. We finally discuss how to transfer
our results to weighted sub-Laplacians on G.

1. INTRODUCTION

The aim of this paper is to study the discreteness of the spectrum of Schrédinger
operators on Lie groups, that is, operators of the form

Hy =L+,

where L is the subelliptic sub-Laplacian on the group associated with a left-invariant
sub-Riemannian structure, and V' is a locally integrable function which is essentially
bounded from below. When the group is a Euclidean space R?, these operators
reduce to the classical Schrédinger operators A + V', where A is the non-negative
Laplacian. The study of their spectrum, of its discreteness in particular, has a long-
standing tradition and history; see, e.g., [25,20,28-30,37], and, more recently, [17].
Besides their independent interest, Schrodinger operators arise from the study of
“weighted” Laplacians, namely the natural substitutes of the Laplacian when R? is
endowed with an absolutely continuous measure. The prototypical example is that
of the Gaussian measure and of the Ornstein—Uhlenbeck operator.

Outside the Euclidean setting, not much is known. Kondratiev and Shubin’s
influential paper [20], following Mol¢anov [30], considers the case of Riemannian
manifolds with bounded geometry, whose nature allows however to reduce several
problems at a Euclidean level. On certain subfamilies of stratified Lie groups, some
results were obtained by Inglis [18] and the authors [12, 13]. Such results, however,
were mainly motivated by the study of weighted sub-Laplacians, and the potentials
considered therein were related to those arising from these sub-Laplacians, for which
weak results are often enough. General, yet powerful, results for Schrédinger oper-
ators with arbitrary potentials on Lie groups are, to the best of our knowledge, still
missing. The goal of this paper is to make a first step to fill this gap.

We consider a noncompact connected Lie group G, whose Lie algebra we denote
with g and we identify with the algebra of left-invariant vector fields on G. We
endow g with an inner product, we fix a subspace H of g which generates g as a Lie
algebra, and choose an orthonormal basis (X1, ..., X,) of H. We choose a left Haar
measure i on G and denote with d the Carnot—Carathéodory distance induced by
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H; the metric measure space (G, d, i) is then locally — but in general not globally —
doubling. The second order differential operator
L=-) (X7+¢X;),

J=1

where ¢; = (X;dg)(e), dg is the modular function of G and e is the identity, is
a subelliptic operator which depends only on G, H and its scalar product, and
is symmetric on L?(u). In other words, once the left-invariant sub-Riemannian
structure on G has been chosen, £ is an intrinsic operator; cf. [4]. For a potential
V € L (p) and bounded from below, the Hermitian form

loc
Q: (f.9) = /G (i(Xjf)(ng) +Vfg) du

induces a self-adjoint operator Hy on L?(u) which, on its domain, acts as £+ V
meant in the distributional sense. Our aim is to determine under what conditions
on V the spectrum of Hy is purely discrete, i.e., it is a discrete set and consists of
eigenvalues of finite multiplicity.

We are interested in two types of results. On the one hand, we look for “universal”
results, namely necessary or sufficient conditions for the discreteness of the spectrum
of Hy with no other assumptions on V' than local integrability and boundedness
from below. These results are usually expressed in terms of growth conditions, or
rather decay, of V' and the associated form ). Due to the high generality, however,
such conditions are often hard to verify. On the other hand, then, we also look for
more explicit conditions which are easier to test, for specific choices of potentials.
Following [6,17,29], we consider the cases when V is a polynomial and when V is a
local Muckenhoupt weight.

Inspired by results of Kondratiev and Shubin [26] and Metafune and Pallara [29],
more specifically, our main “universal” results for the discreteness of the spectrum
of Hy are:

e a characterization expressed in terms of the decay, outside compact sets, of
the L?-norm of functions in the “unit ball” of @ (i.e. such that (minV +
DI £]3 + Q(f) < 1; Proposition 3.3);

e a characterization in terms of the growth of the Dirichlet and Neumann
eigenvalues of £ + V' on balls whose centres go to infinity (Theorem 4.5);

e a sufficient condition in terms of the thinness at infinity, in a measure-
theoretic sense, of the sublevel sets of V' (Proposition 4.6).

Besides their intrinsic interest, the preceding results may be applied to the study
of two specific families of potentials, namely polynomials and Muckenhoupt weights.
In this case, we obtain more descriptive characterizations.

e If V is a polynomial, we characterize the discreteness of the spectrum of Hy
in terms of the vanishing properties of the right-invariant derivatives of V'
(Theorem 5.3 and Proposition 5.6);

e if V is in a local Muckenhoupt A, class, p € [1,00), or if V is in a local
Ao Muckenhoupt class and the measure with density V' with respect to p
is locally doubling, we characterize the discreteness of the spectrum of Hy
in terms of the growth of the L' norm of V on balls whose centres go to
infinity (Theorem 6.6).

The above results are inspired respectively by works of Metafune and Pallara [29]
and by Auscher and Ben Ali [6] and Dall’Ara [17] on R?. We emphasize, however,
that the generality of our setting requires substantially new ideas and techniques.
To the best of our knowledge, they are the first results of their kind outside the
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Euclidean context. We also point out that the case of polynomial potentials allows
us to shed some light on certain harmonic oscillators on Heisenberg groups of recent
introduction, cf. [19,35,36].

Finally, we discuss and describe how Schrédinger operators are related to weighted
sub-Laplacians with possibly non-smooth weights, by means of a unitary equivalence
at the L? level.

The structure of the paper is as follows. In the following Section 2, we describe
the setting in detail, we introduce all the relevant objects of the paper and fix the
notation. Section 3 contains a first, fundamental characterization of the discrete-
ness of the spectrum of Hy, which is then applied in Section 4 to obtain universal
results. Section 5 is devoted to the study of polynomial potentials, while Section 6
to potentials belonging to local Muckenhoupt classes. The final Section 7 discusses
weighted sub-Laplacians and their unitary equivalence to Schrédinger operators.

Acknowledgements. We thank Fulvio Ricci for drawing our attention to the study
of Schrédinger operators on Lie groups, and Gioacchino Antonelli for several dis-
cussions about polynomials and sub-Riemannian geometry. The two authors were
partially supported by the GNAMPA 2020 project “Fractional Laplacians and sub-
Laplacians on Lie groups and trees”. Part of this research was carried out during
a visit of the two authors to the Mathematisches Forschungsinstitut Oberwolfach
in June 2021, through the “Research in Pairs” program. We sincerely thank the
Institute for the opportunity and all its staff for their kind hospitality.

2. LIE GROUPS AND SCHRODINGER OPERATORS

2.1. Preliminaries on Lie groups. Let G be a noncompact connected Lie group
with identity e. We fix a left Haar measure y on G, and denote by dg the modular
function on G, defined so that u(Az) = dg(z)u(A) for every measurable subset A
of G and x € G. Then, Jg is an analytic character of G and the measure whose
density is 5(_;1 with respect to p is a right Haar measure on G.

We identify the Lie algebra g of G with the algebra of left-invariant vector fields on
G. We denote by expg, or simply exp if there is no risk of confusion, the exponential
map from g to G; we recall that exp is a local diffeomorphism at 0. We endow g
with a scalar product whose induced norm we denote by | - |.

We fix a subspace H of g which generates g as a Lie algebra, and we define the
associated left-invariant “horizontal” gradient Vy; so that (Vy f(e), X) = (X f)(e)
for every f € C1(G) and X € H. We identify H with the corresponding left-invariant
distribution on G given by H, = {X,: X € H} for z € G. We also endow such
distribution with the left-invariant sub-Riemannian structure induced by the scalar
product on g, namely (X,,Yy)y, = (X,Y)q for every X,Y € H and z € G.

The distribution H induces a distance on G, called Carnot—Carathéodory dis-
tance, which can be defined as follows. For z,y € G, define I'(z,y) as the set of
all absolutely continuous curves v: [0,1] — G such that v(0) = z, v(1) = y, and
v'(t) € M) for almost every t € [0,1]. Then, define

1
dte.g) =it { [ as v e}
0
By the left invariance of H, the distance d is left invariant:
d(ry,z) =d(y,27"2), z,yz€G.

Equivalently, if for z € G we denote by L, the left translation operator by x, then
d(Lay, Lez) = d(y, 2).
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Note that the topology induced by d is the same as the original topology of G
by Chow’s theorem (cf. [5, Theorem 3.31]), and that every bounded subset of G is
relatively compact by [5, Proposition 3.47 and Corollary 7.51].

For € G and r > 0, we shall denote by B(x,r) the open ball centred at x with
radius r with respect to d. We recall, cf. [31], that there is dy > 0 such that for all
R > 0 there is C' > 0 such that

C~ % < u(B(e,r)) < Cr, r € (0, R]. (2.1)
Observe that by the left invariance of d and p, one has

w(B(z,r)) = p(B(e,r))
for all z € G and r > 0. By (2.1), then, the metric measure space (G, d, ) is locally
doubling; that is, for every R > 0 there is a constant C' > 0 such that

w(B(z,2r)) < Cu(B(z,r)), Vz e G, re(0,R)]. (2.2)

The global doubling condition holds if and only if G is of polynomial growth, see,
e.g., [21, Theorem IL.3].

2.2. L spaces and approximation procedures. We denote by L?(G) and L} (G),
or simply LP and L . if there is no risk of confusion, the usual Lebesgue and lo-
cal Lebesgue spaces with respect to u, respectively. We denote by L%_L the space
of square integrable sections of #; L%, and L%,IOC are defined similarly. The space
of smooth and compactly supported functions on G will be denoted by C°(G), or
simply C¢°, and the spaces C*°(G) and C.(G) are defined accordingly.

We now introduce some families of functions which are particularly useful in
approximation procedures. We first recall that if p,q,r € [1,00] are given so that

% + % =1+ 1, then the convolution of f € L? and g € L9 is given by

(f*9)(= /f gly~"'x) dply /f (xy~)g(y)og" () duly),
and it satisfies Young’s inequality (see, e.g., [24, Remark 2.2])
1 ’
1 % @™ 9, < 1171l lglly: (2:3)

where p’ denotes the conjugate index to p.
By an approzimate identity on G we shall mean a sequence (7;), j € N, of positive
Cge functions such that

/ 77]-(551 du=1 and suppn; C B(e,1/(j +1)), forevery j€N.
G

With this choice, 1 xn; = 1 and f*7; > 0if f > 0. In addition, f *n; — f and
nj*f— fin LP (resp L ) whenever f € LP (resp. Lt ) and p € [1,00). If f € LP,
this follows from (2.3) and the density of C, in LP. If f € L | this follows from the
convergence in L?, since

(f +n) () = [(fLersn) ¥ nsl(x),  GEN, >0,

for every x € B(e,r), and similarly for n; * f. Here and all throughout the paper,
we denote by 1q the characteristic function of a given measurable subset 2 of G.

By an approzimate unity on G we shall mean a family of functions of the form
(1B(e,r+1) * ¥)r>0, Where ¢ € C° is positive and such that

loc?

/ ¢551 dp =1, suppv C Ble, 1).
G

Then,
1ee.r) < 1B(ert1) ¥V < 1B(ert2)s r >0,
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so that (1p(c,,4+1) * ¢) is uniformly bounded and converges locally uniformly to 1
when r — oo. Furthermore, if X is a left-invariant differential operator without
constant term on G, then the functions X (1) * %) = 1p(e,r) * X1 are uniformly
bounded on G and converge locally uniformly to 1 Xt = 0 when r — 4o0.

2.3. Sub-Laplacians and Schrédinger operators. We fix once and for all an
orthonormal basis X = (X1,...,X,) of H, so that the horizontal gradient can be
written as

Vil =) (X)X
j=1
We denote by V3, the formal adjoint of V4 on L?, and define the symmetric sub-

Laplacian
14

L=V3Vu==) (X]+¢X;), ¢ =(X;00)(e),
=1
so that

/G(&P)@duZ[Gw(@)du=/va-VH$du

for every p,¢ € C2°. We recall that £ is an intrinsic operator, namely it depends
only on the choice of H and the scalar product thereon, and that it is a sum of
squares (i.e. has no drift) if and only if the group G is unimodular; cf. [4,23].

Let V be a function in L] which is essentially bounded from below. Up to
shifting V', we may assume that V > 1. Given

Dom(Q) = {feL2: Vauf € L2, erﬁ},

we define the Hermitian form

Q: (fg) /G (Vaef - Va@ + Vi) dp,  fog € Dom(Q).

We adopt the customary notation Q(f) = Q(f, f). Since V' > 1, the form @ induces
a norm on Dom(Q) given by f — Q(f)/2.

Observe that @ is a positive, continuous and closed form on L?; it is also densely
defined, since C° C Dom(Q). Thus, it induces a self-adjoint operator Hy on L2
(cf., e.g., [33, Definition 1.21]) whose domain we denote by Dom(Hy ). Since

<HVf7 <p>L2 = <‘Cf + Vf7 <P>L2

for every f € Dom(Hy) and ¢ € C°, the function Hy f coincides with the distri-
bution (£+V)f (observe that fV =V fVV € L{. ). We shall show in Lemma 2.1

below that C2° is actually dense in Dom(Q); this implies that, if f € Dom(Q) and
(L+V)f € L? then f € Dom(Hy ), namely that

Dom(Hy) = {f € Dom(Q): (L+V)f € L*}.
Lemma 2.1. The space C° is dense in Dom(Q).

Proof. If f € Dom(Q) and (¢;),>0 is an approximate unity, then fi,. — f in
Dom(@) when r — co. Hence, we may reduce to showing the density of C2° in the
space of functions in Dom(Q) with compact support.

Let now ¢: C — C be a bounded, Lipschitz, and smooth function which is the
identity on B(0,1), and define ¢r, = kp(- /k) for every k € N*. If f € Dom(Q) is
compactly supported, then ¢y o f is bounded and compactly supported, belongs to
Dom(@®), and converges to f in Dom(Q) by dominated convergence, since

Valero f) = (@) o f)Vaf,
[k o fI < ll@llool £I, and [ o f| < (|6 [loo-
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Therefore, one may in turn reduce to the problem of approximating an f €
Dom(Q) which is bounded and compactly supported. To do this, it is enough to
consider 7; * f where (7;) is an approximate identity. O

As mentioned above, Lemma 2.1 implies that Dom(#Hy ) is the set of the functions
f € Dom(Q) such that (£L+V)f, defined distributionally, belongs to L2, and Hy f =
Lf+Vf for every such f. In addition, C2° is a core for \/Hy, but in general C2 is
not even contained in Dom(Hy ), unless V € LZ . When V € L2 | one may actually
show that C2° is a core for Hy, which is therefore essentially self-adjoint on the
domain C2°. The proof is a verbatim adaptation of the proof of [12, Theorem 3.2] (see
also [34, Theorem X.28]), which is based on Kato’s inequality for £, see [34, Theorem

X.27], by using approximate unities as defined above.

Proposition 2.2. If V € L2 _, then C° is a core for Hy .

loc?

3. A FIRST CHARACTERIZATION

Our first result is inspired by [20], and concerns a characterization of the discrete-
ness of the spectrum of Hy in terms of the decay of the L?-norm of functions in
Dom(Q) outside compact sets. It may be thought of as one of the cornerstones of
the paper. In order to prove it, we need a few lemmas.

The first one is elementary. Its proof is an easy adaptation of [1, Theorems 2.32
and 2.33], but for the ease of the reader we provide all the details.

Lemma 3.1. Suppose p € [1,00). Then a subset A C LP is relatively compact if
and only if A = {1 [: f € A} is relatively compact for all v > 0, and

lim sup/ |fI” du = 0. (3.1)
G\B(e,r)

T—00 fGA

Proof. Assume that A is relatively compact, and fix ¢ > 0. Then, there is a finite
subset F' of A such that
ac | B(f.e/2),
feF

where the balls are meant with respect to the L? norm. In other words, for all
f € Athereis fy € F such that || f — fo||, < /2. Moreover, there is r > 0 such that
[(1 = 1pem)fill, <e/2forall fi € F. Hence

Hf(l - 1B(e,r))”p < HfO(l - lB(e,T))”p + ”(f - fO)(l - lB(e,r))Hp <E.

This proves (3.1). Since the linear map f + 1p,,)f is continuous from LP into
itself, A, is relatively compact for every r > 0, and the “only if” part is proved.

Conversely, assume that A, is relatively compact for every r > 0 and that (3.1)
holds. Fix £ > 0, and choose 7 > 0 so that [|(1 —1p()f[, <e/3 for every f € A.
In addition, choose a finite subset F' of A such that

ATQ U B(f36/3)7 F?":{lB(e,T)f:feF}'
fer:

Then A C UfeF B(f,e), whence A is relatively compact. d

For the next lemma we shall need Sobolev spaces on G. Given o > 0 and p €
(1,00), define

Lh = {f eLP: L%?f € LP},

endowed with the norm f — [/ f||, + ||E"/2f||p. These spaces have been introduced
and studied in [14]. In particular they interpolate well with respect to the complex
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method, see [14, Lemma 3.1], and by [14, Theorem 4.4], given aj,as > 0 and
p1,p2 € (1700)7
1 — 1 1
oLy i -SSR < (3.2)
p1 do P2 ;1

where we recall that dj is the local dimension of G determined by (2.1). The following
lemma is the generalization of a result in [20] to the case of general Lie groups.

Lemma 3.2. Let ¢ € C2° be given. Then the linear map
T,: LF — LP?, Tof = feo,

is compact for all p1,pa2 € (1,00) and a; > 0 such that 0 < pil — p% < 3‘—3.

Proof. First of all we notice that, by means of a finite partition of the unity, we may

reduce to the case when ¢ is supported in the domain of a local chart (U, ) with U
being relatively compact. Now, define

HO —H, HEHD = ) (gD )] k>1,

so that (H(k)) is an increasing sequence of subspaces of g whose union is g by the
bracket-generating property of H.

Let m be the smallest integer such that H(™) = g. Then, every left-invariant
differential operator of order at most k on G can be decomposed as a finite linear
combination of differential operators of the form Xj ---Xj,, where £ < km and
Jis---sje € {1,...,v}. Then, the map f — (T, f) o' maps LY! continuously
into WP1*(¢(U)) for every k € N, the latter being the Euclidean Sobolev space on
P(U) (cf. [14, Proposition 3.3]). Since we may assume that ¢ (U) is a ball of some
Euclidean space, the classical Rellich-Kondrakov theorem implies that T,,: LY} —
LP1 is compact if k is large enough.

The result follows now by interpolation. Indeed, by [14, Lemma 3.1], for all a3 > 0
the space L} is intermediate between LP' and LP* (up to taking k large enough).
Hence, since trivially T,,: LP* — LP*, by [7, Theorems 3.8.1 and 4.7.1] one gets that
T, induces a compact linear map from LZ! to LP'. Hence, the statement is proved

for ps = py.

Let now a7 > 0 and ps > p; be such that p% — p% < 3‘—;. Choose 81 < aj such
that ) . .
< (o - ).
P p2 d ( )

Then, by combining the map T, : Lg? — LP2 which is compact by the previous step,
with the continuous embedding L5: C Lg? given by (3.2), one gets that T;, induces
a compact map from L2 to LP2. O

We are now in a position to state the first aforementioned characterization of
the discreteness of the spectrum of Hy . It will be a fundamental criterion for the
remainder of the paper.

Proposition 3.3. The operator Hy has purely discrete spectrum if and only if

lim  sup / 11> dp = 0.
T feDom(Q) J G\B(e,r)
Q(f)L1

Proof. Observe first that Hy has purely discrete spectrum if and only if v/Hy has
purely discrete spectrum. This holds if and only if the (bounded) inverse v/Hy ~!
of v/Hy, which exists since Hy > 1, is compact; cf. [32, Theorem 11.3.13|. This is,
in turn, equivalent to saying that the closed subset

A={f€Dom(Q): Q(f) <1}
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of L? is compact. Observe that A is contained in the unit ball of L? (cf. [14,
Proposition 3.3]), so that for every ¢ € C2° the set pA = {¢f: f € A} is precompact
in L? by Lemma 3.2. The statement then follows from Lemma 3.1. 0

Remark 3.4. The results of this section can be extended to the case of general
relatively invariant measures, with minor modifications. Consider a continuous pos-
itive character x of G, the measure u, with density X(Sél with respect to p, and the

sub-Laplacian
v

Ay==D (X7 +¢ X)), o= (X)) (3-3)
j=1
Then A, is essentially self-adjoint on L?(p, ), and all the sub-Laplacians with drift
which are symmetric on L?(n) for some measure 7 are of the form (3.3), with n = p1,;
cf. [14,23]. One can consider the form

Qu: (f.9) = /G (Ve - Vg + V £7) diy

with its natural domain, and obtain a Schrédinger operator Hy,, which coincides,
on its domain, with the operator A, + V meant in the distributional sense. When
X = dg, one obtains the form @ and the Schrédinger operator Hy . All the results
of this section hold with the obvious modifications (and the same proofs) in this
more general setting; we shall not go into details here, however, as they would be
an unnecessary complication. All the results from the next section on will indeed
require a left-invariant measure.

4. GENERAL NECESSARY AND SUFFICIENT CONDITIONS

4.1. Dirichlet and Neumann spectra. Following [26], for all non-empty open
subsets U of G we define the bottoms of the Dirichlet and Neumann spectra of Hy/,
respectively, as

o) =mf{/U (V3 f 12+ VIFR) dus | € C2(), £, = 1},

on(U) = inf {/U (V12 + VIfI?) dp: f € C=(G), v fll, = 1}-

It immediately follows from the definition that on(U) < op(U). The aim of this
section is to characterize the discreteness of the spectrum of Hy in terms of the
behaviour of op(B) and oxn(B) when B is a ball; see Theorem 4.5 below. We begin
with a partial result.

Proposition 4.1. If Hy has purely discrete spectrum, then op(B(x,r)) — oo as
x — 00, for all v > 0. Conversely, if there is r > 0 such that oy (B(z,7)) — 00 as
T — 00, then Hy has purely discrete spectrum.

Proof. Assume that Hy has purely discrete spectrum. Fix € > 0, and observe that
by Proposition 3.3 there is R > 0 such that

R
G\B(e,R)

for all f € Dom(Q) such that Q(f) < 1. Therefore, if x € G \ B(e, R + r) and
f € C(B(x,r)) satisfies || f||, = 1, we have Q(f) > e~ !, whence op(B(z,7)) > e %
The conclusion follows by the arbitrariness of €.

Conversely, assume that there is » > 0 such that oy (B(z,7)) — 00 as z — 0.
By [2, Lemma 1], see also [11, Lemma 2.3], there are n € N and a countable subset
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3l of G such that
G= U B(z,r)
reil
and such that, for all 2y € 4, the intersection B(zg,r) N B(x,r) is non-empty for at
most n elements x € il.
For R > 0, define

or =inf{on(B(z,r)): z €, = & B(e,R+ 1)},
so that, by assumption, og — oo as R — 0o. Then, define
Ir={xel:z¢& B(e,R+r)}.
If f e Cg°, then

1
/ Vot + VI dp> = 3 / (Ve f P+ VIS?) dp
G\B(e,R) n B(x,r)

z€lR

il / FPd
Z %
OR
> — 17 dpe.

. JG\B(e,R+2r)
Therefore,

n
/ 2 < ()
G\B(e,R+27) OR
for every f € C2°. Since C2° is dense in Dom(Q) by Lemma 2.1, it follows that

lim sup / \f|2dlu:(),
R—00 Q(£)<1JG\B(e,R+2r)

hence Hy has purely discrete spectrum by Proposition 3.3. ]
Corollary 4.2. If Hy has purely discrete spectrum, then

lim Vdu=o0

#7% ) Ba.r)

for all r > 0.

Proof. Fix r > 0 and ¢ € C°(B(e,r)) so that ||¢]|]2 = 1. For every « € G, define
1 = Lyt and observe that ||1),]]2 = 1 for all z € G. Then

op(BEr) < [ (Tt 4 Vi) d < c<1+ /B

Vdu)
B(z,r)

(@)
where C' == max(||Vxv||3, |¢]|%) is independent of z. The conclusion follows, since
op(B(z,r)) = oo for & — oo by Proposition 4.1. O

We shall now proceed to show that op(B(x,r)) — oo when & — oo if and only
if the same holds for o (B(z,7)). This will refine Proposition 4.1 into a characteri-
zation of the discreteness of the spectrum of Hy , which is Theorem 4.5 below. For
notational convenience, given a measurable subset U of G such that 0 < p(U) < oo,

we define the mean of f € LY(U) as
1
fau=— [ Fan
][(; wU) Ju
We will also need the Poincaré inequality on G, see [15, Theorem 3.1]. Given p €

(1,00) and R > 0, there exists a positive constant C' such that

][ F(@) — F)? du() dpu(y) < CrP ][ VP du (4.1)
BxB B
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for all balls B of radius r € (0,R] and f € C*. For z € G and r > 0, we shall
denote by S, , the space

Sm{fECC’O(G): /B( )|va|2du1}. (4.2)

Lemma 4.3. Let x € G and r > 0 be given. If (fi) is a sequence in Sy ., then

— d
(fk ]i(xﬂ“)fk M>keN

has a convergent subsequence in L*(B(z,1)).

Proof. Combining the Poincaré inequality (4.1) with the local doubling condition (2.2)
and with [22, Theorem 9.7 and Corollary 9.5], we find ¢ > 2 and C > 0 such that,
for all f € C°,

) 1/q 1/2
(f ur=fran) "sor( £ wasian)
B(z,r) B(z,r)

where f == fB(x " f du. Hence, the conclusion follows by [22, Theorem 8.1 and 9.7],
again by the Poincaré inequality (4.1). O

Lemma 4.4. Suppose r > 0 and define

 4u(Ble.r)
€)= LB/

Then, there is a decreasing function w,: (0,1) — (0,00] such that, for all x € G,
€ (0,1) and f € C>,

[oatansce) [ e [ Guffan @)
B(z,r) B(x,tr) B(z,r)

and such that lim w,(t) = 0.
t—1—

+1. (4.3)

When G is endowed with a Riemannian structure, it is possible to prove that
wy(t) = O((1 — t)?) for t — 17, at least when 7 is sufficiently small (cf. [26, Lemma
2.8]). Since the proof uses a good parametrization of the geodesics (namely, the
exponential map, for small balls), however, it is not clear to us whether it can be
extended to a sub-Riemannian setting. We shall then adopt a different strategy from
that of [26].

Proof. For every t € (0,1), define

war(t) = sup ( [ atan-cw | |f|2du>,
fE€Sz » B(z,r) B(x,tr)

where S, , was given in (4.2). Observe that w,, = w., for all x € G by left
invariance, and that w., is decreasing on (0,1). We then define w, = we,, so
that (4.4) holds.

By taking a non-zero f € C>°(B(e,r) \ B(e, tr)) with normalized L? norm of the
gradient, one also sees that w,.(t) > 0 for every t € (0, 1), so that w,: (0,1) — (0, c0].
It remains only to prove that w,(t) — 0 when ¢ — 1~. For notational convenience,
we shall just write w and C in place of w, and C(r) in the remainder of the proof.

Assume by contradiction that w(t) does not tend to 0 when ¢ — 17, and fix a
strictly increasing sequence (tj) converging to 1 such that g > 1/2. Then, there are
e > 0 and a sequence (fx) in Se , such that

/ |fk|2duz<e+c/ el du (4.5)
B(e,r)

B(e,tyr)
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for every k € N. 3
By Lemma 4.3, we may assume that the sequence (fx — fx) converges to some f

in L?(B(e,r)), where
fr = ][ frdp.
B(e,r)

Since (fx — f) converges to f also in L'(B(e,r)), one has fB(e »y f dp=0. We now

distinguish two cases, depending on the behaviour of ( fk)

Assume first that the sequence ( fk) in C has some bounded subsequence. Up
to passing to a subsequence, we may therefore assume that ( fk) converges to some
co € C, so that (fx) converges to f + co in L?(B(e,r)). Hence, taking the limit
in (4.5),

/ |f+col’du>e+C If + col’,
B(z,r) B(z,r)

which is a contradictior}, since e > 0 and C > 1.
Assume then that (f) — oo. By (4.5), for all k € N

1/2 1/2

- i )
<][ i — ol du) > <][ Ukldu) e
B(e,r) B(e,r)
2
et c(f |fk|2du) 1l
B(e,tgr)
where we set

o (gmem) - = (e

Observe moreover that

][ |ful?du = ][ |fk—fk|2du+|fk|2+2Re(fk][ (f—fk:)du)
B(e,tkr) B(e,tkr) B(e,tr)

> f =GP an+ i 20| f <f—fk>du\.
B(e,tr) B(e,tkr)

(4.6)

This together with (4.6) implies that, for k € N,

. 1/2 1 . 1/2
(£ n-fla) =evc(3f  n-ilw)
Ble,r) B(e,tyr)

o 5 . 1/2
(S -1) -vae (il £ o-doad)
B(e,tr)
For k — o0, since

-1
V2
fooh-APas £ A f (- Fodeo,
B(e,tyr) B(e,r) B(e,tyr)

and C’ > /2 by (4.3), the right hand side in (4.7) goes to +oo while the left hand
side remains bounded. This gives a contradiction and completes the proof. O

(4.7)

Theorem 4.5. Let r > 0 be given. Then, the following conditions are equivalent:
(1) Hy has purely discrete spectrum;
(2) lim op(B(z,r)) = +00;
T—>00
(3) lim on(B(z,r)) = +o0.
Tr—00
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Proof. To begin with, we observe that the statements (1) = (2) and (3) = (1)
follow from Proposition 4.1. Thus, we only need to prove that (2) implies (3).

Let C = C(r) be as in (4.3) and w, as in Lemma 4.4. Fix ¢ty € (0,1) such that
wr(tg) < o0, so that w,(t) € (0,w,(to)] for all ¢ € [ty,1). Choose a decreasing
homeomorphism w: [t, 1] — [0, 00] such that w, < w on [t,1).

For t > 0, pick a positive n, € C2° such that

/ ndg dp =1, suppn: C Ble,t).
G

We then select a strictly increasing sequence (¢x), k > 1, such that ¢; > to and
try — 1. For all k € N and t € (t,t541], we define

Tt = 1B(e, 5 (14ter1)) ¥ M5 (1—tig)-
Then for t € (to,1)
Tt € CEO(B((E,’I“)), ]—B(z,tr) <71 < 1B(9c,r)‘

In addition, by defining

1
a: (to,1) — (0,00), a(t) = sup{||VuTslloeo: s € (to,t]} + T

one gets
|V7.[Tt| < a(t) vVt € (to, 1).
Notice that a(t) is strictly increasing because of the extra term 1/(1 — ).
By definition of on(B(z,r)), there is f € C* such that
/( If2dp =1, and  Q(f) <on(B(z,7)) + 1. (4.8)
B(x,r)

Then, for every t € (to, 1),
IV (f) 2+ VIFRl® < [Vaf P + VI + 1 £PVnl” + 20mf V|V )
<2(Vaf1? + VI + [P Var]?).
Therefore, by integrating over B(z,r) and using (4.8),
Q(fr) < 2Q(f) +20°(t) < 205 (B(w, 7)) + 2 + 2a°(t). (4.9)

Now, define
1

p=w <2UN(B(96,7“)) + 2)’

and observe that, by the choice of w and of f as in (4.8),

t

1
o) [ [VufP A Su)QU) S (o (B ) +1) = 5
B(xz,r
Hence, by the definition of w,., see Lemma 4.4,
1=/ ftasc P dnr ) [ (Vs du
B(z,r) B(z,tzr) B(z,r)
1
<C |12 dp+ =.

B(x,tyr) 2

From this last inequality and the fact that 7, = 1 on B(z,t,r), we deduce that

1
/ |fro | dp > / fPdu > . (4.10)
B(z,r) B(z,tyr) 20



SCHRODINGER OPERATORS ON LIE GROUPS 13

Therefore, from (4.10) and (4.9), we get
op(B(x,r)) <20Q(f,)

<4C [UN(B(x’T)) +1+a? (“_1 (20N(B(;,r)) + 2)”

for all x € G. Observe now that the function h: Ry — R, defined by

)

is well defined, continuous, and strictly increasing, since « is strictly increasing while
both w™! and s +— 1/(2s + 2) are strictly decreasing. In addition, since h(s) — oo
as s — 00, also h~!(s) — oo when s — co. Hence,

00@2(57@))

whence (3). O

liminfon(B(x,r)) > lim h_1< = +00,

T—r00 T—r 00

4.2. Thin potentials. The following sufficient condition is inspired by [29, Theo-
rem 3.1]. As an application, see Corollary 4.7 below, we obtain a generalization of
a theorem of Simon in the Euclidean setting concerning “polynomially thin” poten-
tials [37, Theorem 2|; see also [12, Theorem 4.2| on stratified Lie groups.

Proposition 4.6. If there is r > 0 such that, for every M > 0,
lim p({y € G: V(y) < M} N B(z,r)) =0,
T—r00

then Hy has purely discrete spectrum.

Proof. Given M > 0, set Qy = {y € G: V(y) < M}. For every f € Dom(Q) and
zeQG,
/ P [ Vi (4.11)
B(z,r)N(G\Qxr) B(z,r)
Let ¢ € CZ° be such that 1p(.,) < % < 1p(c,2r), and for z € G consider its translate
¥y = Lyt. By the left invariance of the measure, the Sobolev embeddings (3.2)

and [14, Proposition 3.3], there are p > 2 and two constants C7,C}] > 0 such that

1/p
( / ( )If”du) < e flly < Ol Fllu2

1/2
ga( / (|f|2+|VH(fww)2)du> .
B(z,2r)

Since

IVa(fa)| < [Vaf|+ Vel f] < Co(IVafI + 1],
one gets that there is C' > 0 such that

1/p 1/2
( / Ifl”du) < c( [ s vﬂf|2>du)
B(z,r) B(=,2r)

for all z € G and f € Dom(Q). Hence, by Holder’s inequality,
/ 94 < C2u(@ar B2 [ (P 4 T (412
B(z,r)NQn B(z,2r)

Fix now € > 0. By assumption, there exists R > 0 such that
C?u(Qpr N Bz, 7)) 727 < ¢
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if d(z,e) > R; take M > e~ Then, by (4.11) and (4.12),
[oifPanse [ VP a VB deo >R (013)
B(z,r) B(z,2r)

We use again a covering lemma, see |11, Lemma 2.3] and [2, Lemma 1], to get a
countable subset il of G such that G = |J .y B(x,r) and such that for all zo € 4,
B(z0,2r)N B(z,2r) is non-empty for at most n elements = € 4. Since B(z,7)N(G\
B(e,r + R)) # 0 implies = ¢ B(e, R), by (4.13) we get

/ P < 3 / P du
G\B(e,r+R) =t B(z,r)

B(x,r)N(G\B(e,r+R))#0

<% /B o (TSP V)

el
< 2enQ(f).
The conclusion then follows from Proposition 3.3. O
As a corollary, we obtain the aforementioned generalization of [37, Theorem 2]

and [12, Theorem 4.2] for polynomially thin potentials.

Corollary 4.7. Assume that for every M > 0 there is £ > 0 such that Qp = {y €
G: V(y) < M} satisfies

| (80 B, ) du(o) < oc
Qnr
for every r > 0. Then Hy has purely discrete spectrum.

Proof. By Proposition 4.6, it is enough to show that, if a measurable subset 2 of G
is such that, for some ¢ > 0,

/Q,u(Q N B(z,r))" du(r) < oo

for all » > 0, then there is s > 0 such that (2N B(z,s)) — 0 when z — co. We
shall actually show that such condition holds for all s > 0.

Pick s > 0 and assume, by contradiction, that there exist a sequence (x,) going
to 0o in G, and € > 0 such that pu(Q2 N B(x,,s)) > ¢ for all n € N. Without loss
of generality, we can assume that d(z,,z,,) > 2s for all n # m, so that the balls
B(zy, s) are pairwise disjoint. It follows that, for all n € N and x € QN B(z,, s),

w(Q2N B(x,28)) > p(N Bz, s)) > &. (4.14)

Therefore

4 4
[ 1620 B 29)) dute) > > / OB 29) )
> et ZM(Q N B(zy,s)) = oo,

where the last equality follows from (4.14). The proof is complete. O

4.3. A prelude to polynomial potentials. The last result of this section is a
characterization of the discreteness of the spectrum of Schrédinger operators whose
potential is of the form V = f o p, where p: G — R™ is a function in a finite-
dimensional left-invariant space of functions and f: R™ — R is a proper map. We
recall that a space W of functions on G is said to be left-invariant if the left-translates
of its elements still belong to W. This result will lay the ground for the next section,
where p will be a polynomial map. The characterization is again provided in terms
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of the decay property at infinity of the measure of the sublevel sets of V. We begin
with some lemmas.

Lemma 4.8. Let W be a finite-dimensional left-invariant space of functions from
G to some R™. Then, every element of W is real analytic.

Proof. Observe that the map L: G — GL(W) given by « — L, is a group homo-
morphism. In addition, if we endow W with the unique Hausdorff topology which is
compatible with its vector space structure and GL(W') with the topology of point-
wise convergence, then L is continuous. Therefore, L is real analytic by [9, Theorem
1, Ch. 3, §8, No. 1]. Hence, for every p € W the map x — L,-1p(e) = p(z) is real
analytic. O

Lemma 4.9. Let W be a finite-dimensional left-invariant space of functions from
G to some R™. Let §,7 > 0 be given. Then, there is C' > 0 such that, for every
M>0,zedG, andpe W, if

n{y € G: Ip(y)l < M} N B(z,r)) = 6
then HlB(r,r)pHoo < CM.
Proof. We may reduce to proving the assertion for x = e and M = 1, up to replacing

p with Mp(x~!.). Then, assume by contradiction that there is a sequence (py) of
elements of W such that

n({y € G: lpk(y)| <1} N Be,r)) 26

for every k£ € N, and
Observe that the map p +— [|1p(,pll, is a continuous semi-norm on W it is a
norm by Lemma 4.8.

Since W is finite dimensional, we may assume that the sequence (pi /|15 (e, Pkl )
converges to some p € W. By continuity, ||1p(c,pll, = 1.

Now, set

F,={y€G: |pr(y)| <1} N B(e,r), k eN,
so that, by assumption, u(Fy) > 6. If we define
F-N U
keN h>k

then F' C B(e,r) and

p(F) = klggou( U Fh> > 4.
h>k
Because of (4.15) and since |pr(y)| < 1 for all y € Fy, one gets

R /)] I VI

p y frd frd
Pl = I e e

namely p(F) = {0}. Therefore, p vanishes on a set of strictly positive measure;
since it is analytic by Lemma 4.8, we obtain p = 0, while ||15(c p|l,, = 1: this is a
contradiction. O

Proposition 4.10. Let W be a finite-dimensional left-invariant space of functions
from G to some R™. Assume that V = f op for some p € W and some proper map
f:R™ = R, and suppose r > 0. Then Hy has purely discrete spectrum if and only
if, for every M > 0,

zlin;ou({y €G:V(y) < M}NB(z,r)) =0.



SCHRODINGER OPERATORS ON LIE GROUPS 16

Proof. Sufficiency is a special case of Proposition 4.6. Conversely, assume that there
are M, > 0, and a sequence (zy) of elements of G such that (z) — oo for k — oo
and

u({y € G: V(y) < M} Blag,r) > 6.
Observe that we may assume that the balls B(xy, r) are pairwise disjoint; in addition,
since f is proper, there is a constant M’ > 0 such that

fyeG:V(y) <M} C{yeG:|ply) <M}

By Lemma 4.9 we get that [|1p(, |l < CM’ for every k € N, so that V' is
uniformly bounded on J, oy B(2k,r). Now, if u € C°(B(e,r)) is non-zero, then
the sequence (u(zj,'-)) is bounded in the domain of Hy, but has no convergent

subsequence. Hence, Hy does not have purely discrete spectrum by [32, Theorem
11.3.13]. O

As its proof shows, Proposition 4.10 can be rephrased in an equivalent way which
will be convenient to us in the following. For future reference, we state it as a remark.

Remark 4.11. Under the assumption of Proposition 4.10, Hy does not have purely
discrete spectrum if and only if there is a sequence (zy) in G such that x; — oo and
such that p is uniformly bounded on the sets B(z, ), k € N.

5. POLYNOMIAL POTENTIALS

In this section we consider the special case when the potential V' is a polynomial,
and obtain a characterization of the discreteness of the spectrum of Hy in terms
of the vanishing properties of the right-invariant derivatives of V. Though inspired
by [29], such result needs substantially different ideas and techniques. In the final
part of the section we discuss some notable examples, namely harmonic oscillators
on Heisenberg groups.

We begin by recalling two definitions of polynomials on general connected Lie
groups. Given a left-invariant vector X € g, we denote by X’ the unique right-
invariant vector field such that X* = X.. We follow closely [3]; see also [27].

Definition 5.1. Let m,n € N be given.

(i) A function p: G — R™ of class C™ is said to be a g-polynomial of degree at
most m if (XF)™p = 0 for every X € g.

(i) A function p: G — R™ of class C™*! is said to be a Leibman polynomial of
degree at most m if X{--- X p=0 for every X1,...,X;mq1 € 0.

The space of g-polynomials of degree at most m will be denoted by P,,.

Observe that even though [3] considers left-invariant vector fields, its theory holds
as well with the right-invariant ones by considering the opposite group of G (i.e., by
considering the group which switches the role of the first and second factor). More-
over, [3] considers only scalar-valued polynomials, but its results can be applied in
our setting componentwise. Our definition of Leibman polynomials is an equivalent
formulation of that in [27] given in [3, Proposition 5.1].

We first prove a preliminary result about the structure of the space of g-polynomials
and the properties of its elements.

Lemma 5.2. For allm € N, P, is a finite-dimensional space and is invariant both
under left and right translations. Further, every element of Py, is real analytic.

Proof. The fact that P,, is finite dimensional and that its elements are real analytic is
proved in [3, Theorem 1.1]. In addition, it follows from the definition that P, is right
invariant. We are then left with proving that P, is also left invariant. For g € G,
define Ad,: g — g as the differential of the inner automorphism z — gzg~' of G,
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and let X € g. Then, since Ad,-1X is left invariant and (X7)L, = L,(Ad,-1 X)%,
one gets

(XT)"Lgp = Ly[(Adg-1X)"]™p = 0,
so that Lgp € P,, by the arbitrariness of X. O

The following theorem is one of the main results of this section. We recall that an
exponential group is a group whose exponential is a global diffeomorphism. Notable
examples are simply connected nilpotent Lie groups.

Theorem 5.3. Assume that G is an exponential group, and that V = fop for
a g-polynomial p: G — R™ and a proper map f: R™ — R. Then, Hy has purely
discrete spectrum if and only if there is no non-zero X € g such that X%p = 0.

Proof. Let m € N be such that p € P,,. Assume that there is no non-zero X € g
such that Xfp = 0, and by contradiction assume also that Hy does not have purely
discrete spectrum. Fixr > 0. By Remark 4.11, there is a sequence () of elements of
G such that x; — oo for j — oo and such that the sequence (1p(y, ) is uniformly
bounded.

Observe that, since exp is onto, there are ¢; > 0 and X; € g such that |X,;| =1
and x; = exp(¢;X;). Since x; — oo, one has t; — +00; we may then assume that
t; > 1 for every j € N. Take ' > 0 and ¢ > 0 such that

exp(Y)B(e, ") C Ble,r) VY € By(0,¢), (5.1)

and let us prove that for every k € N there is a constant Cy > 0 such that, for all
X € By4(0,1) and t € R,
1 Lexpex) B (XDl oo < ChllLexp(ex) Ble,r)Pllso- (5.2)
Indeed, observe first that since p € P,,, for X € g and y € G one has
d m
() Plesp(t0m) = X" pfexp(tx)) =

Hence the functions ¢ — p(exp(tX)y), t € R, are polynomials on R of degree at most
m — 1, whose vector space we denote by W. Since derivatives are linear operators
on the finite dimensional vector space W, they are continuous with respect to any
norm on it; in particular, for every k& € N there is a constant Cj > 0 such that

4™ (0)] < Crll1(—c.04ll

for every ¢ € W. By the translation invariance of W, one gets
[dM @) < Crlll -z o4l (5.3)
for every ¢ € W and t € R. Hence, by (5.3) applied to the polynomial
t = p(exp(tX)y),
and by (5.1), for X € B4(0,1), y € B(e,r’) and t € R we get

(X ep(exp(tX)y)| < Crll1—cirep(exp(- X)y) o < Crlllexpx)BlerPlloos
whence our claim (5.2).

Now observe that, by (finite) Taylor expansion,

m—k—1 th
(XM plexpX)y) = Y. (XM p(y)
h=0
forevery X €g,teR, y€ G,and k=0,...,m—1. By (5.2), for k=0,...,m —1
the functions
m—k—1 th

m—1
(X plexp(t X)) = Y. ZEHHp= 3 afith(x)'p
h=0 =0
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are uniformly bounded on B(e,r’) for j € N, where we set

) m fo<k<l{<m-1
a = J
o f0<kl<m-—1,0<Fk
Since, for every j, the matrices (a,(cj %) are upper triangular with diagonal elements
constantly equal to 1, for J € N they are uniformly bounded and have determinant
1. Hence, the matrices (a,(i %)’1 are uniformly bounded as well, as j € N. Therefore,
we deduce that the functions

th(XHp, jeN,

are uniformly bounded on B(e,r’) for every £ = 0,...,m — 1. In particular, the
functions

t; Xf'p, jeEN,
are uniformly bounded on B(e,r’).

Since |X;| = 1 for all j, up to considering a subsequence we may assume that
(X;) converges to some X in g, with |Xo| = 1. Moreover, since t; — oo and
(thJRp) is bounded on B(e,r’), the sequence (XJRp)j converges uniformly to 0 on
Ble,r"), so that XZp =0 on B(e,r’). Since p is analytic by Lemma 5.2, XZp =0
on G: contradiction.

Conversely, assume that X ®p = 0 for some non-zero X € g, and let us prove that
Hy does not have purely discrete spectrum. By Taylor expansion, as before,

m—1

plexp(tX)y) = D 5 (X)"p(y) = p(y),

whence the left hand side is uniformly bounded as ¢ € R and y lies in a relatively
compact open subset of G. Since exp(tX) — oo when t — oo, the conclusion follows
from Remark 4.11. O

The next goal in this section is to prove an analogue of Theorem 5.3 on groups
which are not exponential. To do this, we shall consider Leibman polynomials, and
reduce the problem from a non-exponential group to a nilpotent group. The reason
for considering Leibman polynomials here is that they behave well when passing to
a quotient with respect to an element of the lower central series of the group; and
this will be one of the steps of our reduction.

The characterization that we obtain is in terms of vector fields whose flow is
proper. In this order of ideas, we proceed with proving Lemmas 5.4 and 5.5 below.
Since the latter will be applied to some groups other than G, we distinguish from G
the Lie group therein.

Lemma 5.4. Let p: G — R™ be a Leibman polynomial. Then, there is a closed
connected normal subgroup N of G such that G/N is simply connected and nilpotent,
and such that p = qom, where m: G — G/N is the canonical projection and q is a
Leibman polynomial on G/N.

Proof. By the definition of a Leibman polynomial, there is an element E of the lower
central series of g such that

XBp=0, VXep. (5.4)
For the sake of clarity, we summarize here the strategy of the proof.

Step 1. We show that if H is the closure of the integral subgroup of G corresponding
to b, then p is right H-invariant, hence it induces a Leibman polynomial on
the nilpotent Lie group G/H, whose Lie algebra we denote with m.
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Step 2. We observe that G/H is the quotient of the simply connected Lie group M
with same Lie algebra m, modulo a discrete subgroup D of the center of M.

Step 3. We prove that the polynomial on M induced by p is right invariant with
respect to the smallest integral subgroup of M containing D, so that it
induces a Leibman polynomial on the quotient. We then reconstruct p in
terms of this last Leibman polynomial.

Step 1. Let H be the connected integral subgroup of G whose tangent Lie algebra
is E, and observe that H is a normal subgroup, cf. [9, Def. 1, Thm. 2, Prop. 14, Ch.
ITI, §6]. Then, the closure H of H is a closed normal Lie subgroup of G, hence its
Lie algebra b is an ideal of g containing H

We now show that

p(zy) = p(x) Vrzed, ye H, (5.5)

so that Xfp = 0 for every X € h. By (5.4), property (5.5) holds when y € expg(h),
hence when y is a finite products of elements of exp, (H) Since expG(H) is a sym-
metric neighbourhood of the origin in H , (5.5) holds for every y € H. By continuity,
this property extends to every y € H.

By (5.5), p is constant on xH for all z, hence it induces a function p; on G/H.

In other words, if 7;: G — G/H is the canonical projection, then

pb=p1om.

By [27, Proposition 1.11], p; is a Leibman polynomial on G/H.

Step 2. Let M be a simply connected Lie group with nilpotent Lie algebra m =
g/b, and observe that, since M is nilpotent, it may be identified with its Lie algebra
by means of the exponential map. In addition, by [9, Theorem 3, Ch. III, §6, No. 3|,
there is an analytic homomorphism mo: M — G/H such that 7 is onto and ker o
is a discrete subgroup D of the centre Z of M. Observe that Z can be identified
with the centre 3 of m (as a manifold and as a group) by means of the exponential
map by [9, Propositions 13 and 15, Ch. III, §9, No. 5]. We define D’ = exp]_Wl(D)7
and observe that D’ is a (closed) discrete subgroup of 3.

Step 3. Again by [27, Proposition 1.11], p; o 7 is a Leibman polynomial on M;
that is, since M is nilpotent,

P2 ‘= P1 072 0 €XPyy

is a polynomial on m, by [3, Corollary 1.4].

In addition, since D = ker 7, one has pa(X; + X3) = p2(X1) for every X1 € m
and X5 € D', hence for every X, in the vector subspace V of 3 generated by D’.
Therefore, po induces a polynomial map p3 on the simply connected nilpotent Lie
group M/ exp,, V, i.e.

P2 = P30Ty OEXPyy

where my: M — M/ exp,,; V is the canonical projection.

To conclude, observe that exp,;V/D is a closed connected normal subgroup of
M/D, so that there are a closed connected normal subgroup N of G (containing
H), an isomorphism 75: M/exp,; V — G/N, and a Leibman polynomial ¢ on G/N
such that

qom3 = Pp3.
Therefore, g o m = p, where 7: G — G/N denotes the canonical projection. O

Lemma 5.5. Let H be a connected noncompact Lie group with Lie algebra ly. Then,
there is X € b such that the map t — expy (tX) is proper.
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Proof. We claim that the statement holds when b is compact and when b is solvable.
Assuming the claim, we complete the proof.

By [39, Theorem 3|, H can be decomposed as H = KS where K is a closed
connected subgroup of H whose Lie algebra is compact, and S is a solvable connected
subgroup of H. Observe that S is a solvable connected subgroup of H by |9, Corollary
2 to Proposition 1, Ch. ITI, §9, No. 1], so that we may assume that S is closed in H.
Since H is not compact, either K or S is not compact.

Therefore H has a closed, connected and noncompact subgroup Hi, with Lie
algebra hi, with the property that, by the claim, there is Y € by such that ¢ —
expy, (tY') is proper. By identifying b; with a subalgebra of b, we get expy, = expy
on hi. Since the embedding Hy, — H is proper, as H; is closed in H, the conclusion
follows. We are then left with proving the claim.

Assume first that b is compact. By [10, Proposition 5, Ch. IX, §1, No. 4], there
are a closed, central, simply connected subgroup N of H and a connected compact
subgroup K of H such that H is the direct product N x K. Observe that N is an
abelian group and, since H is not compact, IV is not trivial. If n is the Lie algebra
of N, identified with an ideal of b, then exp; induces an isomorphism of n onto NV,
so that, for every non-zero X € n, the map t — expy(tX) is proper.

Assume now that b is solvable. Then, there are a simply connected Lie group

S with Lie algebra h, and a surjective analytic homomorphism 7: .S — H such
that drz is the identity and ker7 is a discrete closed subgroup of the centre of S
(ct. [9, Theorem 3, Ch. III, §6, No. 3]).
By [16, Theorem 1|, there are a basis (X7, ..., Xj) of b as a vector space and integers
OSTSk,1§j1<"'<jr§ksll(3hthat

(i) kerm is a free abelian group of rank r;

(ii) the map

e:RF = S o(t) = expg(t1 X1) - - expg (tu Xy),

is an analytic bijection;
(i) Xj,,..., X, generate an abelian subalgebra of b;
(iv) (expg(Xj,),-..,expg(Xj,.)) is a basis of ker 7 as a Z-module.

Observe that if r = k, then h is abelian, hence S = R* and, up to a change of
coordinates, kerm = Z*. Thus H = T*, in particular H is compact. Since this is
not the case, we actually have r < k. Then, there is jo € {1,...,k} \ {j1,.--,Jr}-
Let us prove that the map ¢ — expy (tXj,) is proper.

Assume by contradiction that there exists a compact subset L of H such that
A = {t € R: expy(tX;,) € L} is unbounded. Notice that since expy(nX;,) =

expy (X, ,)" is in the centre of S for every £ =1,...,r and n € Z,
s T
o(t) [ [ expu(X;)™0 = ¢ (t + ”e%)
(=1 (=1
for every t € R* and n4,...,n, € Z, where (€j)j=1,...k is the canonical basis of R*.

In addition, by [8, Proposition 18, Ch. IX, §2, No. 10], there is a compact subset L’
of R¥ such that L = n(p(L')), so that

Aejy C o MmN (L) =) Zej, + L.
=1

This is a contradiction because Ae;, is unbounded, while Re;, N (Y",_, Zej, + L') is
bounded. O

Proposition 5.6. Assume that V = fop for some Leibman polynomial p: G — R"
and a proper map f: R™ — R. Then, Hy has purely discrete spectrum if and only
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if there is no X € g such that XTp = 0 and such that the map t — expg(tX) is
proper.

Proof. By Lemma 5.4, there is a closed connected normal subgroup N of G such that
G/N is simply connected and nilpotent, and such that p factors through the canon-
ical projection 7: G — G/N, namely p = gom, where ¢ is a Leibman polynomial on
G/N.

Fix r > 0. By Remark 4.11, Hy does not have purely discrete spectrum if and
only if there is a sequence (zj) in G such that x; — co and such that p is uniformly
bounded on the sets B(z,r), kK € N. This happens if and only if ¢ is uniformly
bounded on the sets m(B(xg,r)), k € N. Two possibilities may arise:

(a) the sequence (m(xy)) stays in a compact subset K of G/N;
(b) there is a subsequence of (7(xy)) which goes to co in G/N.

If (a) holds, then ker m = N is not compact. Therefore, there is X in the ideal of
g tangent to N such that the map t — exp(tX) € G is proper by Lemma 5.5, and
clearly Xp = X (gon) = 0. Thus, the “only if” part is proved when condition (a)
holds.

Assume instead that (b) holds. By Remark 4.11 applied to G/N, dn (L), and
f o g, the operator dm(L) + f o g does not have purely discrete spectrum. Then, by
Theorem 5.3, there is a non-zero right-invariant vector field Y on G/N such that
Yq =0 on G/N. Since there is X € g such that dn(X)® =Y as dr is surjective,
we deduce X®p = 0. In addition, the map t — exps(tX) € G is proper, for
otherwise there would be a compact subset L of G such that exps(AX) C L for some
unbounded subset A of R, whence expg/y (AYR) C n(L), which is a contradiction.
Thus, the “only if” part is proved also if condition (b) is satisfied, hence its proof is
complete.

To show the “if” part, by Remark 4.11 it suffices to show that, if there is X € g
such that X®p = 0 and such that the map ¢t + expg(tX) is proper, then the
sequence (exps (kX)) in G converges to oo and p is uniformly bounded on the balls
B(expg(kX),7), k € N. Since p is then constant on the integral curves of X, which
are of the form t — exps(tX)x for x € G, the assertion follows. O

We conclude this section with some remarks and notable examples of Schrédinger
operators with polynomial potentials on the Heisenberg groups.

5.1. Examples and remarks. The Heisenberg groups. For n € N, the (2n+1)-
dimensional Heisenberg group H" is the 2-step stratified Lie group whose underlying
manifold is R™ x R™ x R, endowed with the group law

(x,y,t)- (2,9, 1) = <z+x’,y+y’,t+t'+%(m-y’—y-x’)>, vy, 2y €R", t,t' €R.
Its Lie algebra h™ is spanned, as a vector space, by the left-invariant vector fields
Xi,..., X, Y1,....Y,, T given by
Xj = 0q; —%yjat, szayﬁ%x]—at, ji=1,...,n, T = 0,
which satisfy the relations
(X;,Y;] =T, [X;,T]=[Y;,T]=0, j=1,....n.

Their corresponding right-invariant vector fields are

1 1
R R . R
X] :8;Ej +§yj8t, Y] :ayj —§l'jat, J = 1,...,’]7,, T :at.

The group H” is unimodular, and if p is the left (and right) Haar measure, namely the
Lebesgue measure, then £ = — Z?Zl(X]2 + Yf) is a sum-of-squares sub-Laplacian.
If n =1, we just write X; = X and Y; =Y.
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It has recently become of interest the problem of introducing on H™ an analogue
of the Euclidean harmonic oscillator A + | - |2, where A = —(82 + -+ 92 ) is
the classical Laplacian. Since the Euclidean harmonic oscillator is a Schrédinger
operator (with | - |? as a potential), it is reasonable to expect that its analogue on
H" is a Schrodinger operator as well. Two different candidates have been proposed,
in [19] and [35,36] respectively, as Schrédinger operators in the form £+ V, for some
polynomial potentials V', and a quantitative description of their spectrum has been
given. By Theorem 5.3, we can obtain at once a qualitative, though not quantitative,
description of their spectrum and shed some light on the nature of their difference.

In [19], it was proved that, if n = 1, then the spectrum of

— X% Y24 a? 4y

is a half-line. In particular, it is not discrete; this latter fact can be easily obtained
from Theorem 5.3, as 9; (22 +y?) = 0. In [35,36], an harmonic oscillator was defined
by means of the representation theory of the Dynin—Folland group, having the form

n
=Y (X7 +Y7) + 4t
j=1
for a suitable v > 0. It was shown in [306] that its spectrum is discrete, and asymptotic
estimates were given for the distribution of its eigenvalues. Again, the discreteness
of the spectrum of this operator follows at once from Theorem 5.3; the reader can
in fact easily verify that there are no nonzero right-invariant vector fields which
annihilate (z,vy,t) + yt2.

Observe, moreover, that there are several polynomial potentials (in the wide sense
as above, possibly involving a proper map) which may give rise to good candidates for
harmonic oscillators on H™. For example, one may consider a Schrédinger operator
Hy where V = N2, being N a homogeneous norm on H” such as the Kaplan norm

N(z,y,t) = /(| +[y[*)? + 16¢2.

By Proposition 4.6, such an Hy has purely discrete spectrum.

As a final remark, we also observe that one cannot replace the right-invariant
vector fields with the left-invariant ones in Theorem 5.3, in general. The polynomial

plz,y,t) = y’z + 2yt

on H! is annihilated by X, while it is not annihilated by any right-invariant vector
fields, hence by Theorem 5.3 the corresponding Schrédinger operator has purely
discrete spectrum. Analogously, the polynomial

p(z,y,t) = y’z — 2yt

on H' is annihilated by X%, while it is not annihilated by any left-invariant vector
field.

6. MUCKENHOUPT POTENTIALS

The aim of this section is to study the case when the potential V is a local
Muckenhoupt weight. To do this, we first develop a basic theory for such weights on
G, recall that as a metric measure space, G is locally doubling but, in general, not
doubling. For more information about Muckenhoupt weights on doubling measure
spaces, we refer the reader to [38].

For R > 0, let Br be the set of all balls of radius at most R. If B is a ball of
radius » and A > 0, we denote by AB the ball with same centre and radius Ar. For
a non-zero positive w € LllOC7 we denote by p,, the measure with density w with
respect to u, and consider the following conditions.
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(1) There are €,0 € (0,1) such that, for every ball B € Bgr and every Borel
subset F' of B,

u(F) < ep(B) = puw(F) < dpw(B).

(2) There are p € [1,00) and C > 0 such that, for every ball B € B and every
Borel subset F' of B,

p

ral8) o (MDY
fiw(B) (B)

(3) There are p € (1,00) and C > 0 such that, for every ball B € Bg,

(ra ()" s

(4) There are 6, ¢ > 0 such that, for every ball B € Bg,

u({x € B:w(z) > 5]{de,u}> > cu(B).

Note that, a priori, condition (2) is meaningless if u,,(B) = 0. However, if (2)
holds for all B € Bgr such that p,,(B) > 0, then the local doubling property of u
(recall (2.2)) implies that y,, is doubling on the balls in Bg. Since G is connected
and fi,, # 0 by assumption, one gets ., (B) > 0 for all balls B.

The following result is a local version of [38, Corollary 14|, and will lead us to the
definition of some classes of local Muckenhoupt weights.

1
loc

Proposition 6.1. Let R > 0 and a positive w € L;_. be given. Then

4) = M), @) = 2 = ), and — (3) = (4).
If there is a constant C' > 0 such that
tw(5B) < Clriy(B) (6.1)

for every B € Bg, then conditions (1)—(4) are equivalent.

Proof. The arguments used to prove [38, Corollary 14] show that (3) = (2) = (1),
and that if there is a constant C' > 0 such that (6.1) holds for all B € Bg, then (1)
implies (3).

We now prove that (4) implies (1). By (4), there are §, ¢ > 0 such that

n(Es(B)) = cu(B) (6.2)
for all B € By, where to simplify the notation we have set
E;(B) = {y € B:w(y) > 6][ wdu}. (6.3)
B

Notice that ¢ < 1.
Set o« = ¢/2 and f =1— c§/2. Take B € By, and let F' be a Borel subset of B
such that u(F) < au(B). Then

w(Es(B)\ F) = p(B\ F) + p(E5(B)) — p((B\ F) U E5(B))
2 (1= a)u(B) + cu(B) — u(B)
= gu(B),
so that by (6.2)

/ wduZ/ wduzgu(3)5][ wdu=(1—ﬁ)/wdu-
B\F Es(B)\F 2 B B

piw(F) < Bpw(B),

Hence,
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which proves (1).

To conclude the proof, it will then be enough to prove that (3) implies (4). More
precisely, we shall prove that for every ¢ € (0,1) we may find 6 € (0,1) so that (4)
holds. For B € Bg, set

w=inf{t>0: u({y € B: w(y) >t}) < cu(B) },

so that clearly

that is,
p({y € B:rw(y) <w}) = (1-c)u(B). (6.4)
Observe that, in addition,
u({y € B:wly) > w}) = cu(B). (6.5)
By (6.4)

’

, p/p ,
(][ w P /P d,u) >(1- C)p/p w
B

and this together with (3) implies

—p/p’
][wdugC(][w_p/pdu> S(l—c)_p/pCE.
B B

{yeB:w(ly) >w} C E(l_c)p/p'c—l(B)’

Therefore,

whence, by (6.5),
N(E(l—c)P/p’C*I(B)) > cpu(B).
The proof is complete. O

The previous result brings us to the following definitions. For notational conve-
nience, we shall maintain the notation (6.3).

Definition 6.2. We define A joc as the space of non-zero positive functions w €
L110C for which there are R, d,c > 0 such that

w(Es(B)) > cu(B) (6.6)

for all B € Br. We define EOOJOC as the space of w € Ao 1oc such that there are
R,C > 0 such that
pw(2B) < Cpuy(B)

for every ball B € Bg. If p € [1,00), we define A, 1o as the set of non-zero positive
functions w € L for which there are R, C > 0 such that

loc
N2
(o) () =
B B
-1
(£ wan)lw e <€

if p=1, for every B € Bpg.

if p > 1, and

By Jensen’s inequality, Apioc € Agloc for every 1 < p < g < oo, and by the
implication (3) == (4) in Proposition (6.1), A 10c € Aoo 10c for all p € (1,00). We
are now going to show that the spaces A, 1oc, p > 1, and 1100710.: may be equivalently
defined by requiring that the stated conditions hold for every R > 0 (instead for

some R > 0).

Proposition 6.3. Ifw € Zlooyloc, then the measure pi,, ts locally doubling and con-
ditions (1)—(4) hold for every R > 0.
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Proof. Define Ep R, for every R > 0 and p € (1,00), as the set of positive non-zero
functions w € L{ (u) for which there is a constant C' > 0 such that

polF) _ o, (1E)Y
i(B) = © (u(3)> 6.7)

for every ball B € Bg, and every Borel subset F' of B.
We claim that

gp,R = A\ILR' VR, R >0. (68)
The statement follows from the claim, as we now show. If w € EOOJOC, then there

are p € (1,00) and R > 0 such that w € A\pyg, by Proposition 6.1. Hence, w € //l\p,R/
for every R’ > 0, by the claim. In particular, the measure ., is locally doubling
(apply (6.7) with F = 3B, and use the fact that 4 is locally doubling). Therefore,
the assertion follows from Proposition 6.1.

It then remains to prove the claim (6.8). Pick R > 0 and w € EpyR, so that there
is a constant C7 > 0 such that

o (F) w(F) \*
i (Bl = (mB(a:,r))) (69)

for every x € G and r € (0, R], and for every Borel subset F' of B(x,r). Observe
that, since p is locally doubling, there is a constant C; > 0 such that

1(B(e,2r)) < Cop(B(e, 1)) (6.10)
for every r € (0, (5/4)R]. Combining the preceding inequalities, we then see that

Hw (B(:l:, 2T)) < CS,Uw(B(Iv T))

for every x € G and r € (0, R/2], where C3 := C;'C%.

Then, fix x € G, r € (R, (5/4)R], and a Borel subset F' of B(z,r). Let (y;)jes
be a (finite) family of points in B(x,(3/4)R) which is maximal for the property
that d(y;,yr) > R/2 for every j, k € J with j # k. Then, the balls B(y;, R/4) are
pairwise disjoint and contained in B(z, R); let us prove that

U B(y;, B) 2 B(z, (5/4)R) 2 B(z, ).
jeJ
Indeed, take y € B(z, (5/4)R), and let v be a minimizing geodesic joining z and y,
which exists by [5, Corollaries 3.49 and 7.51]. Then, there is z in the support of
such that d(z,z) < (3/4)R and d(z,y) < R/2. By maximality, there is j € J such
that d(z,y;) < R/2, so that d(y,y;) < d(y,z) + d(z,y;) < R, whence y € B(y;, R).
In addition, since
p(B(z,r)) < C3p(B(z, R/4)) = C3u(B(y;, R/4))
for all j € J, one gets
#JC5 u(B(x,1)) <> u(B(y;, R/4)) < p(B(z, 1)),
JjeJ
so that
#J < Cs. (6.11)

Now, observe that

B(z,r)) < Zﬂw(B(yﬁ ) < 03 Zuw yjaR/4)) < C??ﬂw(B(x’R))a
and that, by (6.9),

uw<B<x,R>><011uw<B<yj,R/4>>( “(B(””’R”))) < O7 P (Blyy, R4)),

p(B(y;, /4
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so that
pw(B (2, 7)) < Cap(B(yj, R)) (6.12)

with Cy == C2Cy 102 , for every j € J.
Finally, observe that we may find a partition (F;);es of F into Borel sets such
that F; C B(yj,R) for every j € J. Hence, by (6.12) and (6.9)

Z ,U'w
>opt Z
while by (6.11) and (6.10),

2 (u(g((yF)R))) > 40 X b )))p

26 (Z T 7).
. C(Z o)

> ()

This shows that w € /Alp,(5/4)R. By iteration, one gets w € A\p7(5/4)kR for all kK € N.
Since A, g C A, g if R > R/, the claim (6.8) follows. 0

P (B

>Clc4lz< Bly;, P )))p’

yj7

As a corollary, we also see that if the condition defining A, 1,c holds for some R,
then it holds for all R’s.

Corollary 6.4. Suppose p € (1,00). If w € A, 1oc, then for every R > 0 there is

C > 0 such that
, p/p
(o) () =
B B

for every B € Br. Moreover, A, joc C goo,loc for every p € [1,00).

Proof. Observe first that by the implication (3) = (2) in Proposition 6.1, the
measures p and p,, are equivalent, so that w(z) > 0 for almost every = € G.

Then, w™?/? € Ay joe. Now, as the proof of the implication (3) = (4) in
Proposition 6.1 shows, for every R > 0 we may find § > 0 such that

u({x & B:uw(z) > 5]{gwdu}> > 2u(m)

u({xEB: w(x)*p’/pzawa P/pdﬂ}> ; (B)

for every B € Br. Hence,

u({x € B: w(z) > 5]2 wdp, w(z) P> 5]2 w PP du}) > %M(B),

and in particular there exists xy belonging to the set in the left hand side. Then

(zo) w(wo)™" 1

—p/p’ -
—p'/p w w
<]{3 Y du) (J[B v du) ) sp/p’ T §1+p/p’

and

IN
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for every B € Bpg, whence the first statement. To conclude, notice that by combining
the fact that A joc € Aooloc With the implication (3) = (2) in Proposition 6.1,
with the first part of the statement and with the local doubling property of u,
see (2.2), one gets Apioc C /Too,loc when p > 1. The case p = 1 follows as well since
Al loc € Ap joc for all p > 1. O

Proposition 6.5. If the function r — u(B(e,r)) is continuous on (0, R] for some
R >0, then Aoo,loc = Aoo,loc'
Proof. Take w € A joc- Then, by Proposition 6.1 there are R’ > 0 and ¢,0 € (0,1)
such that

u(F) < ep(B) = pu(F) < dpw(B) (6.13)
for every ball B € Bg/, and every Borel subset F' of B. We may assume that
R < R/2.

Since p is locally doubling, there is a constant C' > 1 such that
u(B(e,2r)) < Cu(Be,))

for every r € (0, R]. Take the smallest ¢ € N* such that (1 —¢)* < C~!, and observe
that, by the continuity of the map r — u(B(e,r)) on (0, R], for every r € (0, R/2]
we may find r =rg < --- < ry = 2r such that

p(B(z,rj-1)) = (1 - e)u(B(z,r5))

for every j = 1,...,¢ and z € G. In addition, ¢ < 1 — % =: (*. Therefore,
by (6.13),
pow (B(,7)) = paw(B(x,10)) 2 (1 = 6) pow (B(, 71))
> 2 (1= 0) (B, m0))
= (1 - 6) pu(B(w,2r))
> (1 - 5)Z*Nw(B(I7 27’)),
whence w € ﬁw7loc. O

The proof of the following result is inspired by [17, Theorem 6], which deals with
cubes instead of balls, and with matrix-valued potential. The insterested reader can
actually adapt our proof (and Corollary 4.2, which is used therein) to the matrix-
valued case, but we limit ourselves to the scalar case under consideration. See
also [6].

Theorem 6.6. Assume that V € ﬁoo’loc, Then, Hy has purely discrete spectrum if
and only if
lim Vdu=oo (6.14)
T—00 B(z,R)
for some (equivalently for all) R > 0.

Observe that V € /TOO,IOC if Ve Apoc for some p € [1,00) by Corollary 6.4, or if
V € Acoloc and the map r — u(B(x,r)) is continuous on (0, R] for some R > 0 by
Proposition 6.5.

Proof. If Hy has purely discrete spectrum, the statement follows by Corollary 4.2.
It is then enough to show that, if (6.14) holds and V' € A 1o, then Hy has purely
discrete spectrum. By Proposition 3.3, it is enough to show that

lim sup / || = 0. (6.15)
G\B(e,r)

T—00 fecgo

(N1
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For a ball B of radius r > 0, let us define

B):r2][ Vdpu.
B

Observe that, by Proposition 6.3 and (2.1), there is a constant C' > 0 such that

Define BY,, for R" > 0, as the set of balls of radius R which meet G \ B(e, R').
By (6.14), for all k € N* there is Rj, > k such that M(B) > C* for all B € Bf, .
Therefore,

M(©27"B)>C*M(B) > 1
for all B € By, . By Proposition 6.3, there are two constants ¢,d > 0 such that, for
all B € Bp,

W(Es(B)) > eu(B). (6.16)
Hence, for all B € B, and y € E5(27*B),
V(y) >0 Vdp = o —M©27*B) > %. (6.17)
2-kp3 R? R?

Let now f € C2° be such that Q(f) <1, and B € B, . Then, by (6.16) and (6.17),

][ FPdu<2 ][ FW) — )2 da(y) duy)
2-kB Es(2-*B)x(2-*B)
2
+2]{35(2_k3) [f@)P dp(y)

2
<2/ 7) = 1) dpty) diy)
C J(2-*B)x(2-*B)
2R? 9
— . 1
o R (618)
Denote by Cg the constant in the Poincaré inequality (4.1), and observe that
2R? 2R?
2 2 2
duy < Cr— \Y% d \%4 du. 6.19
fooFanscnze f o VufPans g o ViPan 619

Let now Fj be a subset of G \ B(e, Rx) which is maximal for the property that
d(y,y") > 27*R for every y,y’' € F), y # v'. Then, by maximality,
G\B(e,Ri) C | B(z,27"R).
zeFy,
In addition, if z € F}, and
Fiw = {y € Fy: d(z,y) <27""'R},
then the balls B(y,2 % 1R), for y € F} ., are pairwise disjoint and contained in
B(z,27%+2R). Therefore, by the left-invariance of y,

pB(e. 2 2R)
wW(B(e,2F1R)) =
where C’ is the doubling constant of p for balls of radii at most R. Then,

fPdp< / F2dp
/G\B(e,Rk| ’ Z 27*R) |

T EF),

#Fk,;c <

< max(Cg, 6~ c4k Z/B |V7-Lf| +V‘f|)

IEFk (z,2=F
2
3£

< max(Cr, 6~ )C"3 I Q(f) < max(Cg,6 1’ I
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Since the function

T sup / Kk
fecs® JG\B(e,r)
QN1

is decreasing, and since Ry, — 400 for k — oo, (6.15) follows. O

7. WEIGHTED SUB-LAPLACIANS

In this section, we denote by w a positive function in L{ . such that w™! € L{, ..

As in the preceding section, we denote by p,, the measure with density w with
respect to p. We consider the positive Hermitian form

Qu: (fg) /G Vauf - Vg djtu,

with domain

Dom(Qu) = {f € L*(tw): Vi f € L, (1)}
We emphasize that if f € L?(py), then fw'/? € L?, so that f = (fw/?)w=1/? ¢
Ll . Hence, V4 f is well defined in the distributional sense.

loc*®

Observe that @, is closed, continuous, and positive, and that C>° C Dom(Q.,),
so that @Q,, is also densely defined. Then, it defines a positive self-adjoint operator
L., on L%(p,,) such that

Qw(fa g) = <£wf7 g>L2(,uw)
for all f € Dom(L,) and g € Dom(Q,,).

Proposition 7.1. The space C®° is dense in Dom(Q,,) with respect to the graph
norm. If in addition Vyw € wl/zL%“OC, then C° C Dom(L,,) and for f € C®

Vyw
wazﬁf—%-vﬂf.

Proof. Mutatis mutandis, the density of C2° can be shown as in Lemma 2.1.
Assume now that Vyw € u)l/QLg_“OC C L3, 1oc; and observe that also
Vyw —1/272 1

T cw / LH,loc c L?—[,loc'

Then, for every f,g € Cg°,
Qu(f.9) = [ Vuf - Vaguwdn
G
= [ (t€rme - (Vus - Tuw)g) du
GNPy
w Lz(l‘W)

Since Lf — % -Vuf € L*(j1y), and since C° is dense in Dom(Q,,), this implies
that Dom(L,,) contains C'° and

Vyw
Lof =Lf = =1= Vuf

for every f € Cg°. O

Assume now that Vyw € L, .. N (wL3;,.), Lw € Li,, N (wLy,

), so that the
associated potential

_IVawl  Lw
4w? 2w

V, = (7.1)
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is in Ll . We also assume that V,, is bounded from below, say Vi, > —m + 1.
Observe that due to the specific form of such potential, one cannot easily reduce to
the case V' > 1 as before. Then, the corresponding Hermitian form

Qu,: (f.9) / (Vo - Vug + Vi f7) dit
G
with domain

Dom(Qy, ) = {f € L?: Vyf € L3,, f/Vi+m € L?},

defines a Schrédinger operator Hy,, on L. We endow Dom(Qy,, ) with the norm

o mlfIE: +Qua(F).

In the next proposition, we show that under the under slightly stronger, but nec-
essary, assumptions the weighted sub-Laplacian £,, and the Schrédinger operator
‘Hy,, are unitarily equivalent.

Proposition 7.2. Assume that
va € (\/EL%{,IOC) N (ng-[,loc)’ Lw e Llloc N (leloc)7 (72)

and that the associated potential satisfies Vi, > —m + 1 for some m > 0. Then, the
map f +— fw'/? induces an isometry of Dom(Q,,), endowed with the norm

e il e + Qulf)

onto Dom(Qv,, ). In particular, it intertwines Q,, and Qv,, .

1

ive- Let us first notice

Proof. By the assumptions in (7.2), Vyw € Ly, 1, and V,, € L
that v v
w w
Va(w'/?) = 25/2 and  Vy(w 1/?) = *21;/2 (7.3)
in the distributional sense. These formulae hold for w 4 & in place of w by the
smoothness of the functions ¢t — /% and t — t~'/2 on (£/2,+00). Then, by our
assumptions, the fact that (w + 5)’1/ 2 < w~12 and by dominated convergence, we
see that the right hand sides in (7.3), for w + ¢ in place of w, converge in LllOC to
the right hand sides in (7.3). Analogously, since (w + ¢)*'/? converge to w*!/? in
L . by dominated convergence, the left hand sides in (7.3), for w + ¢ in place of w,
converge in the sense of distributions to the left hand sides in (7.3).
We can now show that fw'/? € Dom(Qy,,) for every f € C°. By our assump-
tions, fw'/? € L? and

VH’LU
Va(fwl?) = (Vaf)u'l? + 20 e 13,
Moreover, since
|VH’LU‘2 1
U)Vw = —T - §£’LU S L11007

one gets w(V,, +m) € L{ , and hence fy/wy/Vy, +m € L?, that is, f\/V,, + m €
L (j)-
A simple integration by parts now shows that
Qv, (fw'’?, guw'?) = Qu(f,9)
for all f,g € Cg°.
Since C2° is dense in Dom(Q,,), the map f + fy/w extends to an isometry
I: Dom(Q,) — Dom(Qv,).

Since Dom(Q,,) and Dom(Qy,, ) embed continuously in L?(p,,) and L? respectively,
I is the restriction on Dom(Q,,) of the surjective isometry J: L%(p,,) — L? given
by J(f) = f/w. To show that I is surjective, it is enough to show that J~1(C°) C
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Dom(Q.,), so that C° C I(Dom(Q,)). Indeed, this implies that the image of I,
which is closed since I is an isometry, is dense in Dom(Qy,, ); whence I(Dom(Q,,)) =

Dom(QVw).
Since J is an isometry, in order to show that fw~/? € Dom(Q,,) when f € C°,

it will suffice to prove that V(fw=/2) € L2,(uy). This is a consequence of the
equality

V'H(fw—l/2) _ (V’Hf)w_l/2 _ %f(VHw)w_B/z,

and the assumptions (7.2) on w. O

REFERENCES

[1] R. A. Adams, J. J. F. Fournier, “Sobolev spaces”. Second edition. Pure and Applied Mathematics
(Amsterdam), 140.

[2] J.-P. Anker, A short proof of a Classical Covering Lemma, Monatsh. Math. 107 (1989), no. 1,
5-7.

[3] G. Antonelli, E. Le Donne, Polynomial and horizontally polynomial functions on Lie groups,
arXiv:2011.13665.

[4] A. Agrachev, U. Boscain, J.-P. Gauthier, F. Rossi, The intrinsic hypoelliptic Laplacian and its
heat kernel on unimodular Lie groups. J. Funct. Anal. 256 (2009), no. 8, 2621-2655.

[5] A. Agrachev, D. Barilari, U. Boscain, A comprehensive Introduction to Sub-Riemannian Ge-
ometry, Cambridge University Press, 2019.

[6] P. Auscher, B. Ben Ali, Mazimal inequalities and Riesz transform estimates on LP spaces for
Schrédinger operators with nonnegative potentials. Ann. Inst. Fourier (Grenoble) 57 (2007), no.
6, 1975-2013.

[7] J. Bergh, J. Lofstrom, “Interpolation Spaces”, Springer-Verlag, 1976.

[8] N. Bourbaki, “Topologie Générale”, Chap. 5-10 (Eléments de Mathématique), Springer, 2006.

[9] , “Groupes et Algébres de Lie”, Chap. 2-3 (Eléments de Mathématique), Springer, 2006.

[10] —, “Groupes et Algébres de Lie”, Chap. 9 (Eléments de Mathématique), Springer, 2007.

[11] T. Bruno, Mazimal hypoellipticity for left-invariant differential operators on Lie groups. J.
Lie Theory 29 (2019), no. 3, 801-809.

[12] T. Bruno, M. Calzi, Weighted sub-Laplacians on Métivier groups: essential self-adjointness
and spectrum. Proc. Amer. Math. Soc. 145 (2017), no. 8, 3579-3594.

, Asymptotics for the heat kernel on H-type groups. Ann. Mat. Pura Appl. (4) 197
(2018), no. 4, 1017-1049.

[14] T. Bruno, M. M. Peloso, A. Tabacco, M. Vallarino, Sobolev spaces on Lie groups: Embedding
theorems and algebra properties, J. Funct. Anal. 276 (2019), p. 3014-3050.

[15] T. Bruno, M. M. Peloso, M. Vallarino, Local and nonlocal Poincaré inequalities on Lie groups,
arXiv:2107.08664

[16] C. Chevalley, On the Topological Structure of Solvable Groups, Ann. Math. 42 (1941), p. 668—
675.

[17] G. M. Dall’Ara, Discreteness of the spectrum of Schridinger operators with non-negative
matriz-valued potentials. J. Funct. Anal. 268 (2015), no. 12, 3649-3679.

[18] J. Inglis, Spectral inequalities for operators on H-type groups. J. Spectr. Theory 2 (2012), no.
1, 79-105.

[19] V. Fischer, The Heisenberg oscillator. Bull. Math. Sci. 2 (2012), no. 1, 181-191.

[20] G. B. Folland, Subelliptic estimates and function spaces on nilpotent Lie groups, Ark. Mat. 13
(1975) 161-207.

[21] Y. Guivarc’h, Croissance polynomiale et périodes des fonctions harmoniques, Bull. Soc. Math.
France 101 (1973), 333-379.

[22] P. Hajtasz, P. Koskela, Sobolev met Poincaré. Mem. Amer. Math. Soc. 145 (2000), no. 688,
x-+101 pp.

[23] W. Hebisch, G. Mauceri, S. Meda, Spectral multipliers for Sub-Laplacians with drift on Lie
groups, Math. Z. 251 (2005), no. 4, 899-927.

[24] A. Klein, B. Russo, Sharp inequalities for Weyl operators and Heisenberg groups. Math. Ann.
235 (1978), no. 2, 175-194.

[25] V. Kondratiev, V. Maz’ya, M. Shubin, Gauge optimization and spectral properties of magnetic
Schrédinger operators. Comm. Partial Differential Equations 34 (2009), no. 10-12, 1127-1146.

[26] V. Kondrat’ev, M. Shubin, Discreteness of spectrum for the Schrédinger operators on mani-
folds of bounded geometry. The Maz’ya anniversary collection, Vol. 2 (Rostock, 1998), 185226,
Oper. Theory Adv. Appl., 110, Birkh&user, Basel, 1999.

[27] A. Leibman, Polynomial mappings of groups, Israel J. Math. 129 (2002), p. 29-60.

[13]




SCHRODINGER OPERATORS ON LIE GROUPS 32

[28] V. Maz’ya, M. Shubin, Discreteness of spectrum and positivity criteria for Schrédinger oper-
ators. Ann. of Math. (2) 162 (2005), no. 2, 919-942.

[29] G. Metafune, D. Pallara, Discreteness of the spectrum for some differential operators with
unbounded coefficients tn R™. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei
(9) Mat. Appl. 11 (2000), no. 1, 9-19.

[30] A. M. Moléanov, On conditions for discreteness of the spectrum of self-adjoint differential
equations of the second order, Trudy Moskov. Mat. Obs¢. 2 (1953) 169-199.

[31] A. Nagel, E. M. Stein, S. Wainger, Balls and metrics defined by vector fields. I. Basic proper-
ties. Acta Math. 155 (1985), no. 1-2, 103-147.

[32] C. R. de Oliveira, “Intermediate spectral theory and quantum dynamics”, Progress in Mathe-
matical Physics, vol. 54, Birkh&user Verlag, Basel, 2009.

[33] E. M. Ouhabaz, “Analysis of heat equations on domains,” London Mathematical Society Mono-
graphs Series, 31. Princeton University Press, Princeton, NJ, 2005.

[34] M. Reed, B. Simon, “Methods of Modern Mathematical Physics, II,” Academic Press, New
York, 1975.

[35] D. Rottensteiner, M. Ruzhansky, The harmonic oscillator on the Heisenberg group. C. R.
Math. Acad. Sci. Paris 358 (2020), no. 5, 609-614.

[36] , Harmonic and anharmonic oscillators on the Heisenberg group, arXiv:1812.09620.

[37] B. Simon, Schridinger operators with purely discrete spectrum. Methods Funct. Anal. Topology
15, 61-66 (2009)

[38] J.-O. Stromberg, A. Torchinsky, “Weighted Hardy spaces”. Lecture Notes in Mathematics,
1381. Springer-Verlag, Berlin, 1989.

[39] M. Wiistner, Factoring a Lie Group into a Compactly Embedded and a Solvable Subgroup,
Monasth. Math. 130 (2000), p. 49-55.

DEPARTMENT OF MATHEMATICS: ANALYSIS, Locic AND DiSCRETE MATHEMATICS, GHENT
UNIVERSITY, KR1sGSLAAN 281, 9000 GHENT, BELGIUM
E-mail address: tommaso.brunoQugent.be

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI DI MiLaNo, Via C. SALpint 50,
20133 MiLaNo, ITAaLy
E-mail address: mattia.calzi@unimi.it



	1. Introduction
	Acknowledgements

	2. Lie groups and Schrödinger operators
	2.1. Preliminaries on Lie groups
	2.2. Lp spaces and approximation procedures
	2.3. Sub-Laplacians and Schrödinger operators

	3. A first characterization
	4. General necessary and sufficient conditions
	4.1. Dirichlet and Neumann spectra
	4.2. Thin potentials
	4.3. A prelude to polynomial potentials

	5. Polynomial potentials
	5.1. Examples and remarks. The Heisenberg groups

	6. Muckenhoupt potentials
	7. Weighted Sub-Laplacians
	References

