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In this article, we introduce a two-periodic generalization of the Qv equation introduced by Viallet. All
the equations of Boll’s classification appear in it for special choices of the parameters. Using the algebraic
entropy test, we infer that the equation should be integrable and with the aid of a formula introduced by
Xenitidis we find its three point generalized symmetries.
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1. Introduction

In the book What is Integrability? edited by V.E. Zakharov [32] in 1991 we find a series of contributions
on the various definitions of integrability or exact solvability of nonlinear partial differential equations
and maps. The theory of integrability of partial difference equations is more recent. The first classification
of integrable partial difference equations on a quad graph, obtained by the Compatibility around a cube, is
due to Adler Bobenko and Suris [1] in 2003, the so-called ABS equations. Different integrability detectors
for partial difference equations have been introduced starting from the work of Grammaticos, Ramani
and Papageorgiou [8] which extended to the discrete world the Painlevé test [7]. Here we will consider as
integrability criteria the algebraic entropy [3, 14, 24-26] and existence of generalized symmetries [18].

In two previous papers [12, 13], we calculated the three point generalized symmetries of equations
belonging to Boll classification [2, 4-6] of quad graph equations compatible around the cube, i.e. the
trapezoidal H* equations and the H® equations. The symmetries of the rhombic H* equations have been
considered in [28]. In [12], we also noticed that all the flows generated by such symmetries

du,
dt

=0,

where Q is the characteristic of the symmetry and ¢ is the group parameter, are related to some par-
ticular cases of the two-periodic Yamilov discretization of the Krichever-Novikov equation (YdKN)
equation [17]':

% _ An(un)MnJrlunfl + Bn(”n)(”n+l + unfl) + Cn(un)
dr B Upp1 — Up—1 .

ey

! For the rhombic H* equations this was already known from [28].
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Here the n-dependent coefficients are given by:

An (un) = aui + 2bnun + ¢y, (23)
Bn (un) = bn+1ui + dun + €ntls (2b)
C,(u,) = Cﬂ+lu§ + 2e,u, +f, (2C)

where b,, ¢, and e, are two-periodic functions, i.e.
by =bo+bi(=1)", ¢, =co+c1(=1)", e, = ey + e (=1)". (3)

Ref. [12] naturally extended the results contained in [15] where the three points generalized symmetries
of the ABS class of lattice equations [1], found in [26], which are at the base of Boll’s classification, are
shown to be sub-cases of the autonomous YdKN equation [29-31]. We recall that the autonomous YdKN
equation is obtained from (1) just taking by, ¢, and e, as pure constants, i.e.:

% _ A(un)un+lun—l + B(un)(un+1 + unfl) + C(un)

“4)
d[ Upy1 — Up—1
where:
A(u,) = aui + 2bu, + c, (5a)
B(u,) = bu’ + du, + e, (5b)
C(u,) = cu> + 2eu, +f. (5¢)

In particular in [12] we noted that the symmetries of all equations in the Boll classification are sub-cases
of the general two-periodic YdAKN (1) corresponding to a = b, = 0.
In [27], it was shown that the Qy equation, introduced in [26]:
Ov = QiU by 1 mUnm+1Unt 1mt1
+ 29 (un,lnun,ln+1un+l,m+l + Un 1 Ut 1 Unt |41
+un,mun+l,mun+l,m+1 + un,m”n+1,m”u,m+1)
+ aso (un,munJrl,m + Unm+1 un+l,m+l)
+ aso (“n,munJrl,erl + un+1,mun,m+])
+aso (un+l,mun+1,m+1 + un,mun,m+l)
+ aso (Mn,m + Unt1m + Unm1 + Mn+1,m+1)

+a;=0 6)
admits a symmetry in the direction n

dity h, 1
D S 7

Un+1,m
dt un+l,ln - un—l,m 2
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A TWO-PERIODIC GENERALIZATION 3

where:

hn (un,mv un+l,m) = QV a“n,m-H a”n+l,1n+1 QV

- (a“n,m+l QV) (8“n+l,m+l QV) (8)
and a symmetry in the direction m
dun,m _ hm la l’l (9)
dt N un,m+1 - un,m—l 2 1

where:

hm(un,m’ un,m-H) = QV 8u,,+1’m 8”n+l,m+l QV
- (aunJrl,m QV) (8”)1+l,m+1 QV) (10)

of the same form as the YdAKN (4).

In [19-21], its recursion operator is constructed and thus an infinite number of generalized symmetries
can be constructed showing that the equation is integrable by a spectral transform or linearizable.

The connection formulae between the coefficients of Qy and the n direction YAKN (4) are:

2
a = aszpa; — dy, b= 5[02,0 (azp — asp — asp) + aspail,
B d= 1, 2 2 11
C = dr 0060 — A4,00d50, - 5[“3,() - (14,0 - as,() + ala7], ( )
1 2
e= 5[06,0 (azp — asp — asp) + arpasl,  f = aspa; — ag,

and these show that (a, b) may be different from (0, 0). The connection formulae between the coefficients
of Oy and the m direction YAKN (4) are:

1

2
a = aspa; — dy, b= E[az,o (asp — aszp — asp) + aspail,
= - d= Y2, — a2, —a 12
C = ArpAep — As a3, = z[ 50 — dyo — A3 T a1agl, (12)
1 2
e= 5[‘16,0 (asp — asp — asp) + arpasl, [ =asoa; — ag,,.

So the three point generalized symmetries of the Oy equation belong to the class of the general YAKN
equation (4).

From the results obtained in [12], we were led to conjecture the existence of a two-periodic gen-
eralization of the Qv equation and suggested some possible ways to obtain such a generalization. In
this article, we follow them to generalize the Oy equation. It is known [26] that Qv is the most general
multi-linear equation on a quad graph possessing Klein discrete symmetries, i.e. such that:

Q (un+l,ln, un,ms un+1,m+1 ) Mn,m-H) = TQ (un,nu un+1,m’ un,m+l s un+l,ln+l)s

(13)

’
Q (un,m-H ) Mn+1,m+l, un,m7 un,m+l) =T Q (un,m, un+1,m, Mn,m+l s un+1,m+1)’
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4 G. GUBBIOTTI ET AL.

where 7, 7" = £1. A way to extend the Klein discrete symmetry is to consider a multi-linear function Q
with two-periodic coefficients in n and m such that the following equations holds:

Q (un+l,m’ un,m’ un+l,m+1 ) Mn,erl; (_ l)n, (_1)m) =
7:Q (un,ma Unt-1,ms> Unmt15 Unt Lmt15 _(_ 1)"» (_ 1)m) > (14)
Q (un,m+l> un+l,m+1» Mn,ms Mn+l,m; (_ l)n’ (_l)m) =
T/Q (un,ma Unt1,ms Unm+1> Unt1m+15 (_ l)n’ _(_l)m) .
If a two-periodic system Q satisfies the discrete symmetries (14) we will say that Q admits a two-periodic
discrete Klein symmetry. The name follows from the fact that if Q is autonomous then the discrete
symmetry (14) reduces to the Klein one (13). Furthermore all the equations belonging to the Boll’s
classification satisfy these symmetry conditions (14) whent = v/ = 1.

In Section 2, we will show that up to multiplication by a function and redefinition of the parameters
there is only one quad graph equation possessing the two-periodic Klein symmetry. We will prove that
this equation, which we will call the two-periodic Qy equation has as sub-cases all the equations of
Boll classification and it satisfies the algebraic entropy integrability test. Furthermore, we will show that
(7, 8) will provide an n directional and (9, 10) an m directional symmetry for the two-periodic Qv equation
and that such symmetries belong to the class of the two-periodic YAKN equation (1, 2). We will provide
then the appropriate connection formulae. In Section 3, we will present some concluding remarks.

2. The two-periodic Qv equation

Let us consider the most general multi-linear equation in the lattice variables with two-periodic
coefficients:

D1 Mn,mun+l,mun,m+l un+l,m+l
+p2un,mun,m+1 Un4+1,m+1 + P3Un1,mUnm+1Un+1,m+1
+ Palty U1 mUn+1.m+1 + P5UnmUn 1 mUnm+1
+ p6 un,m un-H,m + P7 un,m+l un+l,m+l + pSun,m un+ 1,m+1
+ p9un+1,mun,m+1 + plOui1+1,mun+l,m+l + P un,mun,m+1

+ Pr2tnm + Pi3Untim + P1altumit + PisUnstmer T Pre = 0 (15)

i.e. the p; coefficients have the following expression:
Pi =DPio+pii(=1)" +pir(=D" + pis(=D)"™", i=1,...,16. (16)
If we impose the two-periodic Klein symmetry condition (14) with T = v’ = 1 the 64 coefficients of (15)

turn out to be related among themselves and we can choose among them 16 independent coefficients. In
term of the 16 independent coefficients (15) reads:

ap UnmUn+1mUnm+1Un+1,m+1

+
+ [a20 — (=1)" azy — (=1)" azz + (= 1" ar3 ] thymltyns1 U1
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A TWO-PERIODIC GENERALIZATION 5

a0+ (=1)" azy — (=1)" a2p — (=1 @3 | thy 1l Ui 1 m1
azo + ( l)n azi + ( 1) azp + ( l)n+m as 3] UnmUn+1,mUn+1,m+1
a0 — (=" ap + (—=1)" azy — (=)™ az%] Un mUn-41,mUnmt1
asop — ( 1) as 2] UnmUn41,m

aso + ( 1) as 2] Unm+1Un4+1,m+1

n+
(140—( 1) ma43]unmun+lm+l

asp — (—=1)" a51] Un+1,mUn+1,m+1
aso + (—=1)"as, 1] Un mUnm1

+[

+

+[

+

+[

+[

+ (a0 + (=1 aa3] thy i1 mltn i
+

+[

+ [a60 + (=1 a1 — (=1)" aga — (=1)""" a3 thym
+
+
+
+a

a0 — (=1)" ag1 — (=1)" a2 + (= 1" a63 ] thys1.m
ago + (=1)" as1 + (=1)" as2 + (= 1) a63 ] thyme1
a0 — (—1)" ag1 + (=1)" aes — (=1)"" 63 | thys1 e
a; = 0. a7
UpOIl the substitution dy| = Ay = A3 = d3p = Q43 = A5 = dg,] = Ao = U3 = 0 (17) reduces to the
Qv equation (6). Therefore, we will call (17) the two-periodic Qy equation.
If we impose the two-periodic Klein symmetry condition (14) with the choice 7 = 1 and v’/ = —1
we will get an expression which can be reduced to (17) by multiplying by (—1)" and redefining the
coefficients. In an analogous manner, the two remaining cases 7 = —1, 7" = land t = v/ = —1 can

be identified with the case T = 7/ = 1 multiplying by (—1)" and (—1)"*", respectively and redefining
the coefficients. Therefore the only equation belonging to the class of the lattice equation possessing the
two-periodic Klein symmetries is just the two-periodic Qv equation (17).

We note that the two-periodic Qv equation contains as particular cases the thombic H* equations,
the trapezoidal H* equations and the H® equations. The explicit identification of the coefficients of such
equations is given in Table 1. The reader can refer to Appendix A for the explicit expressions of these
equations or to [11] for a complete derivation following the prescription of [6].

In order to establish if (17) is integrable we use the algebraic entropy integrability test [3, 14, 24-26],
using the program ae2d.py [9, 10]. Applying it to the two-periodic Qv equation, we find the following
degree of growth in all directions:

1,3,7,13,21,31,43,57,73,91, 111, 133.. . ., (18)

which is the same as for the autonomous Qv equation [26]. The generating function for the sequence
(18)1is:

1+ 72

g2 = m,

(19)
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A TWO-PERIODIC GENERALIZATION 7

which implies that we have the following quadratic fit for the growth:
dy=k(k+1)+1 (20)

and thus the algebraic entropy is zero. This is a strong indication of the integrability of the two-periodic
Qv equation (17).

Using (7, 8) or (9, 10) with Qv substituted by its two-periodic version, we get a version of the
two-periodic YAKN (1), however the proof that this is effectively a symmetry of the two-periodic Qy
encounters serious computational difficulties. We can prove by a direct computation its validity for the
following sub-cases:

e When Qy equation is two-periodic with respect to one direction only, either n or m. All the trapezoidal

H* equations belong to these two sub-classes;
 Tor all the H® equations, which are two-periodic in both directions.
Its validity for the autonomous Qv and for all the rhombic H* equations was already shown, respectively,
in [27] and [28]. However, we cannot prove its validity for the general case (17) due to our computer
power limitation.

Here follows the connection formulae for the general two-periodic case (17). For the n directional
symmetry, we have:

a=aasy — aﬁ’o + 21)

2 2 2 m
tay, — a3, +ay; — (—1)"Q2axeary — 2ay1a25 + a1as ),

1
by = 5{02,0(03,0 —asy — Asp) + A1a60 + Ar2037 — Ar 3043 — Ay A5 —

— (=D)"[az2(asp + asp + asp) + arzas; + ayaes + aroaz, +

+ az1a43]},

1
b, = E{az,l(as,o —agp + asp) + ax3a3p — Ax043 + Ar0a51 — Q1A +

+ (=D"[a1as3 — az3(azp + asp — asg) — az 1037 — Ar0043 +
+ azpas,1},
Co = ar0060 — Aa0ds0 — d2,106,1 — (23063 + Q22062 +
— (=D"[az2860 — as3as; — ar3a6,) + 20062 — A2,1063],
C1 = Q40051 + A2,106,0 — A2,006,1 + A23062 — Q22063 +
+ (=D"[azza6,1 — As3050 — Ar3060 — 2,162 + G20063],

_ 2 2 2 2 2 2
d= §[a3,0 — Gy — a5yt aiay — a3, + a5+ as, —

— 4(=1)"(arpa60 + a23a6 + 20062 + a2,1063],

1
ey = z{aé,o[aao — Gy — As0] + arpa7 + as;as) — Azpasy + as3as3 +

+ (=D)"[azpa6p0 + as3a6,1 + as1a63 — as2(azo + aso + asp) — aza7l},
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8 G. GUBBIOTTI ET AL.

1
e = E{aal [aszp — asp + aspl — as asp + as3a62 — A3 2063 — Az 107 +

+ (=D)"[aszaep + az2a61 — as1a62 + as3(asp — azo — dap) + ar3a7},

2 2 2 2
f=aspa; —agy — ag, + ag; +ag, — (—1)"(2as0a62 — 206,165 — a3 2a7).

The two-periodic Qv is not symmetric in the exchange of n and m, so its symmetries in the m direction
are different in their dependence on the coefficients and so are the connection formulae, however, for the
sake of the reader, as they are not essentially different from those presented above, we do not write them
here but present in Appendix B, cfr. (B.4).

3. Conclusions

In this article, we propose a two-periodic extension of the Qy equation (17) which satisfies an extended
Klein symmetry (14) in such a way that in the autonomous sub-case reduces to the Qv equation (6).

The so obtained two-periodic Qv equation includes all equations of the Boll classification as its sub-
cases and results integrable by the algebraic entropy test. Using the construction proposed by Xenitidis
[27], one builds up a symmetry for the two-periodic Qv with respect to one direction only; this symmetry
turns out to belong to the class of the two-periodic YAKN equation proposed by Levi and Yamilov [16], an
equation satisfying all the integrability conditions obtained by the formal generalized symmetry method.
One is confident that the results obtained using the formulae (7, 9) by Xenitidis [27] are correct also
in general setting, as for all the sub-cases of the two-periodic Qy belonging to the Boll classification
the three point generalized symmetries, calculated using both the definition or through the formula by
Xenitidis, coincide and belong to the class of the two-periodic YdKN.

However, we have not been able to have a complete direct proof in the general two-periodic case due
to computational complexities. We leave to a following work the calculation of the recurrence formula
for the two-periodic extension of the Qy and thus the proof that we have an infinite set of generalized
symmetries.

In all generality, we have two possible connection formulae (21, B.4) between the 16 coefficients of
the general two-periodic Qy and the 9 coefficients of the two-periodic YdKN, one corresponding to the
Xenitidis formula (7) along the n direction and another one corresponding to (9) along m.

Funding

Italian Ministry of Education and Research, 2010 PRIN Continuous and discrete nonlinear integrable
evolutions: from water waves to symplectic maps (C.S. and D.L., partly); INFN IS-CSN4 Mathematical
Methods of Nonlinear Physics (G.G. and D.L.).

Appendix A. Explicit form of the H* and H® equations

Throughout this appendix, we will use the notation:

1 £ (=1

Ff = 3 , kel (A.1)
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A TWO-PERIODIC GENERALIZATION 9

Rhombic H* equations:

HY o (U — Unprm1) Wit m — Upmpr) — (@ — B) (A.2a)
+e(a—B) (F,(liz,l UpttmUnmi1 + F,,(:ri,, un,mun+1,ln+1) =0,

PHY o (g — Ut i) Ut n — U mg)+ (A.2b)
+ (B — @) (U + g1 m + Uit + Ungims1) — o’ + ,32
—e(B—a) —e(B—a) (2F ) tpm + 2F )ty i1+ o + B) -
: (ZF,(,jrznunH,val + 2F,(,Bnun,m+1 + o+ ,3) =0,

Hy UMt m F Uit Unt 1 mt1) (A.2¢)
— Bltwmltsr + Ut mtbnsr ) + (@ = B3

G )
off (

(+) =) —
Fn+m un+1,mun,m+l + Fn+m utz,mui1+1,m+1) - O

Trapezoidal H* equations:

tHl : (un,m - Mn+1,m) (un,m+l - un+],m+|) - (A3a)
2 _
— & (F,§,,+)un,m+1un+1,m+1 + Fy(n )un,mun+l,m) — 0y = O’
tHZ: (un,m - Mn+1,m) (un,m+1 - un+1,m+l) (A?’b)

+ (0% (un,m + un+1,m + un,m+1 + un+1,m+l)

+ % (2t s + 205 + @2) (2Pt + 2005 + )

n % (2F Uy + 205 + @) (2F 10 + 205 + )

+ (a3 + )’ — o — 2ea203 (03 + 012) = 0,
tH3: o (uiz,nzun+1,ln+1 + un+l,mun,m+1) (A3C)

- (un,mun,m+1 + un+l,mun+l,m+l) — o3 (Ol; — 1) 52+

22 — 1)

+ _
(Fr(,, )un,m+lun+l,m+l + F,(n )un,mun+l,m) = 0
30
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HS equations:

G. GUBBIOTTI ET AL.

(FG), = 8iFOF + 6,FSDFS) (A4
+ (FD — 8§ FOFS 4 8,FF) g et
+ (FD, = 8 FDFSD 4 8,FDF )ty
+ (Fio, = S FVFD + 8F7FD) e+

+ 6 (F(_ UpmUn1m + F,(,,+)”n,m+l un+l,m+l)
+ F(+mun mltnt1mi1 + F, n+mun+l,mun,m+1 =0,
(F =8 FPF + 6,FPFSE — SAFFY) tym (A.4b)
+ (F) =8 FOF 4+ 8F T FSY — SIAFFS) s
+ (FY =8 FPDFSY + 8FVFS — SAF T FS)) thy
+ (FP =8 FOFY + 8,F 7 F = 8IAFVFS)) g1
+ 6 ( ,,+mun mUnt1m1 ,,+mun+|,mun,m+l)
+ FS Uy mttsrn + FS Uit Uyt met — 81824 = 0,
(F) =8 FOF) + 8FPFSE — SAFFSY) tym (A.4c)
+ (FS) =8 FOF + 8,FFSY — SIMFVF) g
+ (FY =8 FOFSY + 8&FOFS — SAF T FS))
+ (FSY =8 FOFSY + 8,FFS) — AR FS) gt
=+ 6y (Fy(,i)un,mun,mel + F,§+)un+l,mun+l,m+l)
+ FS Uyttt + FS Ul n — 81820 = 0,
FOF Y, + FOF D u, 0+ FOF 0, 00 (A.4d)
+ F(i)F(i)un+1,m+1 + F,E,,i)un,mun+l,m
+ F( DUy i1 + n+mun,mun+l,m+l+
+ F syt st + F 1l 1
+ Fn(:r Upnm+1Un41m+1 = 0,
81 (F ittt + FS st by tmst) + (Ade)
+ 82 (FL bt + F g1 t1 ) +
+ Upmln 1 mi1 T Unptmlnmyr + 03 =0,
81 (F ittt + F Uyt g1 1) + (A.4f)
+ 8 ( ,,+mun mUnt1my1 F,,+m“n+1 mUn m+1) +

+ UnmUn+1,m + Unm+1Un+1,m+1 + 83 =0.
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A TWO-PERIODIC GENERALIZATION 11

Appendix B. Correlation formulae between the two-periodic Qv and the two-periodic YdAKN in
the m direction

For the sake of completeness, let us write down the two-periodic YAKN in the m direction:

% _ Anl(um)uln+1um—l + Bm(um)(um+l + um—l) + Cm(um)

e U1 — Up—1 @1
Here the m-dependent coefficients are given by:
Ap(Uy) = au, + 2b,tty, + (B.2a)
By () = by, + dity, + €11, (B.2b)
C,(u,) = cmﬂui + 2e,u, +f, (B.2¢)
where b,,, ¢, and e,, are two-periodic functions, i.e.
by =by+ b (=D, ¢, =co+ci(—1)", e, =eo+ e (—1)". (B.3)
The correlation formulae read:
a=aasy— aio + (B.4)

2 2 2
— a5, + a3, + a5 + (= 1)"Qagpars — 2az2a25 + a1as,),

1
by = E{az,o(as,o —azp — Asp) + A1G6p — Q22037 — Ar3043 + 1051 +

+ (=D)"[az,1(asp + azo + asp) + ar3as + a1ae; + arpas; +

+ azpassl},

1
b, = E{am (a4 — azp — asp) — Ar3051 + Ar1G43 — 20035 + A1A6o +

+ (=D"[aias3 + az3(azg — asp — asp) + az 103 — arpas3 —
— azaas;l},
Co = Aa 0030 — Ar0060 — A2,106,1 + A23063 + Q22062 +
— (=D)"[azza63 + as3a3, + az3a67 — ar0061 — G2,1d60],
C1 = An,1063 — Q40032 + A20062 — 023061 — 22060 —
— (=D)"[azpa6,1 + as3a30 + az3as0 — az,1062 — A20a63],

_ 2 2 2 2 2 2
d= E[as,o — a0 — A3yt a1ay + a3, a3 —ds; +

+ 4(=1)"(az,1a60 + a2006,1 + 23062 + A22063],

1
ey = 5{06,0[615,0 — Gy — A30] + arpa7 — as1as) + A3 067 + A43063 +

+ (=1)"[asna63 + as3a62 + as, 1060 — as1(azo + asp + asp) — arasl},
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20.

21.

22,
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1
e = 5{06,2[‘13,0 —aso + aspl — a3 2060 + as3a61 — as 1063 — Azpa7 +

+ (=1D)"[aszae60 — aspa61 + as1ae2 + as3(asp — asp — asp) + ar3az},

2 2 2 2 n
f=aspar — agy+ ag, + agy — ag, — (—1)'(Qasaae3 — 2as0a6,1 + as,a7).
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