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Abstract

We consider the quantum many—-body evolution of a homogeneous Fermi gas in three
dimensions in the coupled semiclassical and mean-field scaling regime. We study a class
of initial data describing collective particle-hole pair excitations on the Fermi ball. Using
a rigorous version of approximate bosonization, we prove that the many—body evolution
can be approximated in Fock space norm by a quasifree bosonic evolution of the collective
particle-hole excitations.
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1 Introduction

The problem of computing quantum correlations in fermionic many—body systems has
a long history in theoretical physics. A widely used nonperturbative method is the ran-
dom phase approximation (RPA), introduced by Bohm and Pines [BP53]. Despite its
popularity, the mathematical validity of this approach remained elusive until recently.
One of the earliest applications of the RPA concerns the correlation energy of interact-
ing fermionic systems at high density, defined as the difference between many—body and
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Hartree—Fock ground state energies. The RPA allows to derive a nonperturbative expres-
sion for the correlation energy, a prediction already contained in the foundational paper
[BP53]. In the mean—field regime, the validity of this expression at second order in the
interaction potential has been proved in [HPR20]. The first nonperturbative justification
of the RPA for the correlation energy in the mean—field regime has been established in
[IBNPSS20l, BNPSS21]. The result was extended in [CHN21l, [BPSS21].

The key concept of our approach is to interpret certain delocalized pairs of fermions as
bosons with an effective quadratic Hamiltonian, making it possible to compute the ground
state energy using a Bogoliubov transformation to diagonalize the effective Hamiltonian.
In the present paper, we develop this approach further and derive a norm approxima-
tion for the fermionic many—-body quantum dynamics in terms of an effective bosonic
dynamics, generated by a quadratic Hamiltonian. In particular, our result identifies a
class of almost stationary states that are associated with the excited eigenvalues of the
many—body Hamiltonian of the fermionic system.

1.1 Fermi Gas in the Mean—Field Scaling Regime

We consider a system of N spinless fermionic particles on the torus T3 := R3/(27Z3).
The dynamics is governed by the Schrodinger equation

ihOyU N (t) = Hy Uy (2) (1.1)

where the Hamiltonian has the form

N
Hy =0Y (D) +X > V(xi—uz;), (1.2)

1<i<j<N
and the wave function ¥y (¢) belongs to the space of antisymmetric functions

Li(']IBN) = {’lﬂ S L2((T3)N) : ’lb(wg(l), . ,xU(N)) = sgn(a)z/J(xl, . ,$N) Vo € SN} .
(1.3)
Here Sy is the group of permutations of N symbols. We assume that the Fourier
transform V : Z3 — R of the interaction potential V' is non-negative and compactly
supported. In this case, Hy is bounded from below and its self-adjointness follows from
the Kato—Rellich theorem. Consequently, by Stone’s theorem, the solution of (1)) for
any initial wave function Wy (0) € L2(T3N) is given by Wy (t) = e HN/m0 v (0).
We are interested in the behavior of the system when N — oo in the coupled semi-
classical and mean—field scaling regime

h~N"35, XA:=N"'. (1.4)

(To be precise, in the next paragraph we will define % in terms of the Fermi momentum
kr.) In this case, for typical low—energy wave functions, the kinetic energy and the
interaction energy are both of order N. This scaling regime was considered by [NS&1]
Spo81},ICLS21 [CLL21] for the derivation of the Vlasov equation and by [EESY04, BPS16),
BPS14d, BPS14, [PRSS17] for the derivation of the Hartree-Fock equation. Different
scaling limits have been considered in [BGGMO03| BGGM04! [FK11l, [PP16, BBPPTTH].
Note that the convergences in these works are mostly concerned the one-body density
matrices, which are in principle less precise than the norm approximation.

Hartree—Fock approximation. To leading order, physical properties of weakly
interacting fermionic systems can often be approximated by Hartree—Fock theory; see,
e.g., [Bac92| [GS94] for the ground state energy and the papers just cited in the previous
paragraph for the dynamics. In Hartree—Fock theory one restricts the Hilbert space of
antisymmetric wave functions to its submanifold of Slater determinants Ug = /\j\[:1 ©Yj

with ¢; € L?*(T®), i.e., antisymmetrized elementary tensors. Since Slater determinants



are quasi—free states, the Wick theorem can then be used to obtain the Hartree—Fock
energy functional

Eur(y) = (¥s1, Hn¥g1)

= tr(-1289) + 5 [ dedyV (e — ) (2 (3:9) — () )

depending only on the one—particle reduced density matrix

y(z;y) = /dxg codanyUgi(z, 22, 2N)Psi(y, T2y ..o EN) -

In general, the analysis of the Hartree—Fock variational problem (the minimization of
Eur over the set of one—particle wave function ;) is still not trivial. Therefore we will
assume that the particle number N is such that it fills completely the Fermi ball

Bp:={kecZ: |k <kr}, (1.5)

i.e., we let the number of particles be N := |Bp|. This simplifies the Hartree-Fock
problem for the translation invariant Hamiltonian (I2]), in the coupled semiclassical and
mean—field scaling regime: namely, the minimum of the Hartree-Fock functional is given
by plane waves [BNPSS21], Appendix A] as in the non—interacting case:

Ypw = /\ ek s er(z) = (2m) %€ with k € Z3, z € T? . (1.6)
k€ By

To realize the limit of large particle number we then take kp — 4o00. According to
Gauss’ classic counting argument

kp = KNS + o) where &k := <4i> . (1.7)
0

(The correction term is actually much smaller than O(1) if we employ advanced number—
theoretic results [Hea99] on lattice point counting.) We define
K

hi=—=N"354+O(N"2/3). (1.8)
kr

(In earlier papers [BNPSS20, BNPSS21], we took i = N~'/3. The advantage of the
present definition of the scaling is that we have exactly k = (3/47r)% instead of kK =

3/ 47r)% + O(N~3), avoiding additional trivial error terms in the effective Hamiltonian.)

Note that the Slater determinant vy, minimizes the kinetic energy, neglecting the
many—-body interaction. The only quantum correlations taken into account by this state
are those induced by the antisymmetry requirement. To get corrections to Hartree—Fock
theory, for example to the ground state energy, we have to go beyond the plane waves
ansatz and include non-trivial quantum correlations. A first step in this direction has
been taken in [HPR20], where the correction to the ground state energy has been com-
puted to second order in the interaction. To all orders in the interaction, the dominant
nonperturbative correction has been obtained in [BNPSS20, [BNPSS21, [BPSS21] via a
rigorous collective bosonization method (and by a non—collective bosonization method in
[CHN21]). Similar methods have also been used recently in the context of dilute Fermi
gases [FGHP2I]. In the next subsection we recall the collective bosonization approach,
on which also our new result is based. For this purpose we recall first the formalism of
second quantization.

Second quantization. It is convenient to work with creation and annihilation op-
erators, even though we only consider systems with fixed particle number. On fermionic
Fock space F, constructed over L?(T?), we introduce the usual fermionic operators a,



creating a particle with momentum p € Z3, and correspondingly the annihilation opera-
tors a,. They satisfy the canonical anticommutation relations (CAR)

{apﬂa:;} = 517,11 ’ {apaa’q} =0= {a;aaZ} ’ vpaq € Z3 . (19)
We frequently use the operator norm bounds [la,|| < 1 and ||a,|| < 1, which represent
the fact that a fermionic mode can be occupied by at most one particle. The fermionic
number operator is N' = Zpezg ayap, and the vacuum vector is denoted by (2. We extend
the Hamiltonian to Fock space as

* 1 9 * *
Hy = h? Z p|2asa, + oV Z V(k)a}, pai_paqayp . (1.10)
pEZ3 k,p,q€Z3
Restricted to L2((T®)N) C F, Hy agrees with the N-particle Hamiltonian Hy. In
particular, the ground state energy can be written as

Ey :=inf spec(Hy) = inf M . (1.11)

YEF:NY=Ny (¥, 1)

1.2 Correlation Hamiltonian

It is convenient to start the analysis by employing a particle—hole transformation, which
allows us to describe all states in Fock space relative to the non—interacting Fermi ball by
creating particles outside or holes inside the Fermi ball. We then have to keep track only
of these excitations. The particle-hole transformation is defined as the map R : F — F
satisfying (in terms of the plane waves e, introduced in (L6]))

R a, forpe Bg .:

aiR: {ap forpe By RO N e (1.12)
pEBr

This map is well-defined since the set of all vectors of the form [] y a,ﬁjﬂ forms a basis

of F. Moreover, it is easy to verify that R = R* = R™!; in particular R is a unitary
transformation. (In fact, R is a Bogoliubov transformation, i.e., it transforms creation
operators into a linear combination of creation and annihilation operators such that the
CAR are preserved.) Thus, the energy of the Fermi ball of non-interacting particles is

EXY = (RQ, HNRQ) . (1.13)
An important role in our analysis is played by the correlation Hamiltonian
Hcorr = R*HNR—EPW :H0+QB +51 +52+X (114)

where the terms relevant for the statement of our main result are the kinetic energy and
the bosonizable interaction terms,

Ho = Y e(paja,,  e(p) = [W*|p|* — %],
pEL3
Qu= 30 V(R)[B"(B(E) + b (—~k)b(—k) + b*(R)D*(~k) + b(—R)b(R)] . (1.15)
kT nor

The summand X is the exchange term in the effective Hamiltonian of Hartree-Fock
theory, £ is a summand containing only non—bosonizable contributions, and £ couples
non—bosonizable contributions to the bosonizable b— and b*—operators. We will show
that these three summands are small error terms; since they are not necessary to state
our result, we give the precise formulas only where needed, in Section @l The operator
b*(k) is the particle-hole pair creation operator

(k)= > aan . (1.16)
pEBEN(Br+k)

We have also introduced the set I'°" of all momenta k = (ki, ko, k3) € Z3 N supp V
satisfying k3 > 0 or (ks = 0 and ko > 0) or (k2 = k3 = 0 and k; > 0). It is chosen such

that T0O" O (—[0°Y) = (), T[mor Y (—Tmor) = (23 N supp ‘7) \ {0}

4



Patch decomposition of the Fermi surface. The operators b(k) and b*(k) an-
nihilate and create, respectively, a pair of fermions delocalized in a shell around the Fermi
surface. Because of the delocalization over many fermionic states, the Pauli principle is
usually negligible for the collective modes generated by these operators. In fact, we can
prove that, on states with few excitations of the Fermi ball, the operators b(k) and b* (k)
satisfy (up to appropriate normalization constants) approximately bosonic commutation
relations, i.e.,

[b(k),b(1)] =0, [b(k),b*(1)] ~ 6k, X (normalization). (1.17)

Notice that it is crucial to have a large number of summands in the definition (LI6): we
find (b*(k))™ = 0 only when m € N is larger than the number of summands. (A different
approach has been recently proposed in [CHN21], considering, instead of (1.16), operators
of the form apa, _; in this case bosonic behavior is only recovered after averaging over
p; see also Remark after Theorem [[1])

Furthermore, Qg is quadratic in terms of these operators, so that we may try to
diagonalize it by a bosonic Bogoliubov transformation. Unfortunately the kinetic energy
Hy does not have an obvious quadratic representation in terms of the b— and b*—operators,
providing an obstacle for the application of bosonic Bogoliubov theory. To overcome this
problem and express also Hy quadratically in terms of almost—bosonic operators, we
need to linearize the dispersion relation e(p) near the Fermi surface (these steps will
be explained further in (C23) and ([L20)). First we observe that in (LIH) we always
have k € suppV, and in b* (k) we have p outside the Fermi ball but p — k inside the
Fermi ball; therefore only fermionic operators not further than a distance diam supp 1%
from the Fermi surface appear. We then take this shell and decompose the b— and b*—
operators into localized operators b, and b}, covering the Fermi surface shell; we call the
localization regions patches. The important properties of the patch decomposition are
that the patches should be separated by thin corridors so that there is no interaction
between neighbours, and they should not degenerate into very elongated shapes (the
number of points in their interior should be much larger than the number of points near
the surrounding corridor). The precise form of the patch decomposition is not relevant
as long as these properties are satisfied. As an example, it can be constructed by placing
a disc at the north pole, then cutting along the lines of northern latitude, cutting the
obtained rings, and finally reflecting by the origin to the southern half sphere. Figure [l
illustrates such a patch decomposition of the northern half of the Fermi sphere; patches
are then reflected at the origin to the southern half. We refer to [BNPSS21l, Section 4]
for the details and recall only the main aspects in the following;:

The number of patches M is a parameter depending on the particle number N, and
will eventually be optimized in the range

1
N2 « M < N572 0<d<g,

where ¢ is another parameter independent of NV to be optimized at the end of the proof;
its main role is to define the patch cut—off around the equator in (I.I8). (We need M > 1
to control the linearization error in Lemma [ZZ} the stricter lower bound M > N?9 is
required for validity of the counting argument (L2I]), as illustrated in [BPSS21l Fig. 2].
The condition M < N372% ensure that the patches contain a large enough number of
fermionic modes, required for suppressing the Pauli principle and justifying the neglect
of error terms in the approximate CCR.) The patches {B,}M | have thickness Ry :=
diam supp V in the radial direction, and their side lengths are of equal order. They are
non—overlapping and separated by corridors of width strictly larger than 2Ry . By @,
we denote the normalized vectors pointing in the direction of the patch centers.

Given a vector k € I we define the sets of indiced] (with the same parameter

1Unlike [BNPSS20], where the condition ke > N7? was used, here we use k - 0o > N~%. While in
the present paper the difference is not important since |k| is bounded, the latter choice is the natural one
in [BNPSS21l Lemma 5.3, where it means that ¢, (k) can be bounded by the gapped number operator for
a € Iy, (for all k).



Figure 1: Patch decomposition of the northern half of the unit sphere.

0 < 6 < 1/6 we already mentioned in the previous paragraph)
Iy =T} UT, ,
I = {ae{l,z,...,M}|k-wazN—5}, (1.18)

I = {ae{l,Q,...,M}|k.azag—N—5}.

That is, (for N large enough) the set Zj, only takes into account the labels of the patches
which are away from the equator of the Fermi ball, defining as ‘north’ the direction of k.
Given a patch B, with a € I,j , we define the pair creation operators

* 1 * %
b (k) == () g Ay ma (k) := g 1. (1.19)
@ p:p€BLNB, p:p€BLNB,
p—k€BrNB, p—k€BrNBg,

Also, for a € I, we set

b (k) for a € T;"
ot (k) i= { o ko 1.20
a(k) b (—k) fora eI, . (1.20)
Let na(k) := ma(k) for o € I, and na(k) := ma(—k) for k € Z,/. According to the
counting argument from [BNPSS20, Proposition 3.1], under the assumption M > N2

we have
4wk}

M

Note that in [BNPSS20] it was assumed that M > N'/3 which was used only for the
linearization of the kinetic energy in expectation value. This condition has been relaxed
in [BNPSS21] and in the present paper by linearizing not the operator Hy in expectation
values but only its commutator with the ¢ (k).

The operators ¢, (k) are approximately bosonid? annihilation operators, namely they
satisfy the approximate canonical commutation relations

[ca(k);ca(0)] =0, [calk), c5(6)] = Ok a,p -

We refer to Lemma 2.2] for precise estimates.

Mo ()2 Ik - wa|(1 + O(\/MN_%”)) >1. (1.21)

2Unlike the exact bosonization in one-dimensional fermionic systems [ML65] or in spin systems [CG12]
[CGST15] [Ben17, [NS19], the bosonization used here is an approximation, however with rigorous control on the
error. Our definition of the pair operators has some similarity to the particle-number conserving operators
creating an excitation of a Bose-Einstein condensate introduced in [Gir62] [KB62] and used in [LS02, LS04}



Effective approximately bosonic Hamiltonian. Neglecting the corridors be-
tween patches and the equatorial region where k - &, € [0, N ~9), we obtain the approxi-
mate decomposition

b (k) ~ Y na(k)by (k) . (1.22)

aEI;

With this decomposition we can write Qp as an expression that is quadratic in the c—
and c*—operators.

We can now construct a quadratic bosonic approximation for Hy. In fact, the reason
for decomposing into patches lies in the fact that the ¢ (k) operators create approximate
eigenmodes of the kinetic energy; namely, for o € Z;' (and likewise for o € Z, ) we find

By, e b)) = [ Y e@atar, — 3 aap ] (1.23)

— Ne (k)
1€Z3 ppEBENBa
p—kEBrNBaq
1 * % N %
=~ ) Z (e(p) +e(p—k)) apy_j = 20Kk - Balct (k) (1.24)
¢ p:pEBENBq

p—kEBFﬂBa

by linearizing around the point w,: e(p) +e(p—k) = h2(2p— k) -k ~ h?(2kp&y) - k. This
is the same commutator as would be obtained approximately for Hy replaced by

Dp :=2hs > > |k-@alch(k)ealk) . (1.25)
kermor €Ty,

This approximation will be rigorously justified when the operators act on states ob-
tained from the vacuum by adding bosonic excitations, see Lemma [2.4] and Lemma [5.2]
Hence, at least on this class of states, we expect that the correlation Hamiltonian can be
approximated by

Heorr = RHNR — ER' ~ > 2hx|k|hes(k) (1.26)
kel"nor

with

her(k) == > [(D(kz)+W(k))a,ﬁcg(k)c5(k:)+%W(k)aﬁ(cz;(k)cg(kz)—|—h.c.)} (1.27)
a,BETL

where D(k), W (k), and W (k) are real symmetric matrices of size |Zj| x |Zx| with elements

k

D(k)ap :=daplk - Gal , k::m, Va,B €Ty,
 V(k) na(k)ng(k) if a,f €I or a,f €I,
W(k)a,s := 2hkN k| x { 0 otherwise,, (1.28)
~ V(k) 0 if 0, B €L ora,BeT,
W (k)a,p = 2hkN k| % { no(k)ng(k) otherwise.
Note that for all k € Z3 and all o, 8 € ), we haved
C - —~ C .
[D(K)asl <0ap,  IWk)apl< 7VR), [W(k)apl < 7V(E). (1.29)
These bounds immediately imply that the Hilbert—Schmidt norms satisfy
IDE)las < VM, [[Wk)llus <C,  [W(k)|us < C. (1.30)

3We use the letter C' generically for positive constants that may change from line to line.



1.3 Bogoliubov Transformation

If ¢! (k) were exactly bosonic creation operators, then the quadratic Hamiltonian heg(k)
could be diagonalized by a Bogoliubov transformation [BNPSS20, Appendix A.1]

Ty (k) = exp(% 3 K(k)aﬁcZ(k:)cZ(k)—h.c.) (1.31)
o,BELy
where )
K (k) = log|$1 (k)| = 3 log (Sl(k:)Sl(k:)T) (1.32)
and

Then

Tiey ()T = > cosh(K(1)ancall) + D sinh(K(1))ach(l) -
a€cl; a€l;

With this choice of K (k), the “off-diagonal” terms in the Hamiltonian (of the form c*c*
and cc) are cancelled by conjugation with the unitary T (see the proof of [BNPSS21]
Lemma 10.1]), so that

TB(kz)*heg(k)TB(k):%tr(E(k:)—D(k)—W(k))—i— S AR)asch(k)ea(k) . (1.33)
a,BELy,

The |Zx| X |Z|-matrix &(k) is found to be

R(k) = cosh(K (k))(D(k) + W (k)) cosh(K (k)) + sinh(K (k))(D(k) + W (k)) sinh (K (k))
+ cosh(K (k))W (k) sinh(K (k)) + sinh(K (k))W (k) cosh(K (k)) . (1.34)

With the orthogonal matrix O(k) defined by the polar decomposition Sy (k) = O(k)|S1 (k)]
and Sz (k) := (S1(k)T) ™" one finds cosh(K (k)) = 3(S1(k)+S2(k))O(k)T and sinh(K (k)) =
1(S1(k) — S2(k))O(k)T. By direct computation this leads to

A(k) = O(k)TE(k)O(k) . (1.35)

Thus heg(k) can be understood as the approximately bosonic second quantization of the
operator £(k) on the one-boson space £%(Z;) ~ CIZ+l. If the effective Hamiltonians at
different momenta k were independent, we could simply sum over k € I'™°" and find that
the excitation spectrum consists of sums of eigenvalues of 2hik|k|E(k); see [Benl9] for a
discussion of the spectrum.

In our rigorous application, ¢ (k) are only approximately bosonic creation operators;
moreover, ¢, (k) and ¢, (¢)* do not commute exactly for k # £. Nevertheless, we can still
define the unitary transformation

1
T:=e®, B:= ) 5 > K(k)asch(k)ch(k) - he. (1.36)
kelmor ~ o, BeTy,

and show that it is approximately (see Lemma[2.7)) a bosonic Bogoliubov transformation,

T*cy(NT = Y cosh(K(1))aqca(l) + Y sinh(K(1))aqch (1) - (1.37)
a€cl; a€l;
Consequently, up to error terms that are small on states with few excitations,

T HeoreT ~ ENTA 4+ Y 2hklk] Y R(k)a,pch(k)es(k) (1.38)
keImor «a,BETL



where
ERPA = 3" helk|tr(E(k) — D(k) — W (k) . (1.39)
kelmor
The trace can be written out as a sum over « € Zy. If this sum is seen as a Riemann sum

for a surface integral over the sphere, we get (see [BNPSS20, Eq. (5.15)] for the details)
the bound

‘EJ%PAfEJ%PA] < Ch (N—%+M—%N%+Mi1v—%+%) : (1.40)
where

EX = hn Y |k|(l/ log [1+27mf/(k>(1anrctan(xU)]dAffnf/(k)) . (1.41)
heze T Jo 2
The key approximation (L38) has been justified in [BNPSS20, BNPSS21] [CHN2T],
BPSS21] for the expectation value in a low energy state, at least when Vs non—negative,
compactly supported with ||V||, small enough (but independent of N). Optimizing the
choice of the parameters M and §, we obtained the rigorous expansion of the ground
state energy En of the Hamiltonian Hy in ([2):

En = EY + ERPA 4 O(p!*75) . (1.42)

In the present paper, we justify the approximation (L38) in norm on a class of special
states (see Lemma [£]] and Lemma [6.J]). From that we obtain a norm approximation
for the dynamics (1)) for initial data describing pair excitations over an approximate
ground state.

1.4 Main Result: Norm Approximation

We shall discuss the evolution of states that describe m particle-hole excitations around
the Fermi ball. Let R be the particle-hole transformation in (II2) and T the Bogoliubov

transformation in (3T)). We consider the Schrédinger equation (ITI)) with the initial state
1
Y = RT¢ € L2(R3Y) | &= Z—c*(tpl) < (om)N (1.43)

where

o)=Y Y enk)wilk))a (1.44)

kelmor qeTy,
with ¢ (k) being defined in ([20), and normalized one—boson wave functions
oeome @ E@), lelP= Y Sleal=1.  (145)
keTnor kelmor ey,

Note that we do not require orthogonality of the functions ¢;: since they describe approx-
imately bosonic excitations, they may even all occupy the same one—particle function ¢ .

The normalization constant Z, (estimated in Lemma [3.2)) is chosen such that ||£]| = 1.
We define the family of time—dependent states
St = Z_lmc*(‘lpl;t) o (Pmi) teR, (1.46)
where, with R(k) the excitation operator defined in (38,
Oyt = e Bt P Hg = @ 2hk|k|R(k) . (1.47)
keTnor

The state & can be viewed as an approximate m—particle bosonic state, where every ¢;
evolves according to the one—particle Hamiltonian Hp. In general &; is not normalized,
but its norm is close to 1 uniformly in time; this is proven in Lemma

The next theorem is our main result. It provides a norm approximation for the
N-body evolution of ¥ = RT¢ in terms of the explicit states RT¢; when N — oo.



Theorem 1.1 (Norm approximation). Assume that V:Z3 5 Ris compactly supported,
non-negative, and satisfies V(kz) = V(—kz) for all k € Z3. Let kp > 0 sufficiently large,
N := |{k € Z° : |k| < kp}|, and h := rky' with k = (3/47r)%. Take the number of
patches M = N* with § := 2/45, the cut-off parameter used in (LIN).

Let & be as in (LA3) and let & be as in (LAG). Then there exists a constant Cp, .y > 0
depending only on m and V such that for any t € R we have

le=Hat/hRTe — efz'(E}’VWJrE%PA)t/ﬁRT&” < Cmﬁvhfls|t| ) (1.48)

Remarks.

(i) The vector v = RT¢ is an N—-particle state. This is easily verified using R*N'R =

N+ X epe Gpp = Ypepy Whon, and the fact that 3° pe ajap — 3 4cp, ajan
commutes with all particle-hole pair creation operators ¢*(y;) and with 7.

(ii) We can allow initial data in which the number m of pair excitations grows slowly
with N — oo, as long as we assume m?(2m — 1)!! < N° (required by BI3)
to control the normalization constant Z,, ). In fact, we have C,, v = Cy(m +
1)2y/(2m — 1)!!, where Cy depends only on V. For example, we can take m <
log N/loglog N; then by Stirling’s formula C,, v grows slower than N€ for any
€ > 0.

(iii) We may also consider initial data constructed with a non-optimal choice of M =

M(N) and of 8. In this case the rate of convergence will differ from the %15 given
here, being given instead by

C(m +1)%/(2m — 1)!1x

x [(N_% +MF 4+ MIN5H +MiN—%)|t| + M iN3 +M%N_%+%}

which is the sum of the error estimates (7.8) and (7.9).

(iv) The construction of initial data through the patch decomposition may seem quite

special; however, the collective pair excitations provide an observable contribution
to the excitation spectrum of the many—body system (see [Benl9]).
This procedure has a further big advantage: it provides us with a highly non—
trivial tool for the construction of approximate eigenstates (in the sense of being
approximately stationary under the many—body evolution) by taking the ¢, (k) as
eigenvectors of the matrix R(k).

(v) Recently, in [CHN21], the stationary properties of the same system have been
investigated using a different method which does not rely on collective operators.
It is unclear to us whether this new technique can be used to study the dynamics.
In particular, the non—collective pair operators in [CHN21] behave bosonic only
in an “averaged” sense (unlike our collective pairs), which makes it significantly
harder to formulate an effective dynamics.

(vi) Let us finally comment on our assumptions on the interaction potential. To apply
techniques that have been introduced in [BNPSS21], we require V to have com-
pact support (but, in contrast to [BNPSS21], we do not assume the potential to be
small). Recently, the results of [BNPSS21] have been extended in [BPSS21] [CHN21]
to a larger class of potentials, assuming only V (k) > 0 and 3 [k|V (k) < oco. Follow-
ing the ideas of [BPSS21] it would certainly be possible to extend Theorem [Tl to
the same class of interactions. However, to keep the presentation as transparent as
possible, we prefer to restrict our analysis here to potentials with compact support
(moreover, extension to more general potential would lead to a deterioration of the

error estimate ([4]).

*We use the notation n!! for the semifactorial, i.e., n!l = n(n — 2)(n —4)---4-2 for even n € N and
nll=nn—2)(n—4)---3-1 for odd n € N.
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At first sight, our result looks similar to the norm approximations obtained for bosonic
systems in, e.g., [GM13] [LNST15| [BCS17, NN17, BNNS19]. However, there is an impor-
tant difference: for bosonic mean—field systems, an effective quadratic Hamiltonian arises
by quasifree reduction (see, e. g., [BSS18]|); instead for our fermionic norm approximation,
the formal effective Hamiltonian (I.26) is quartic in fermionic operators. Only through
bosonization can we approximate it as a quasifree, and thus solvable, effective theory.

Organization of the paper. The rest of the paper is devoted to the proof of
Theorem [[1l In Section 2] we recall estimates from [BPSS21| BNPSS20, BNPSS21]. In
Section [B] we explain how Theorem [[] follows if we justify the approximation (L38])
in Fock space norm. This is then undertaken in the following sections: In Section @
we reduce the correlation Hamiltonian H.or to its bosonizable terms. In Section
we prove that the fermionic kinetic operator Hy can be replaced by a bosonized one. In
Section[6, we diagonalize the resulting approximate bosonic Hamiltonian by a Bogoliubov
transformation. In Section [] we combine all estimates to prove Theorem [LT1

2 Approximate Bosonization: Key Estimates

In this section we recall important estimates from [BPSS21l [BNPSS20, BNPSS21].
Lemma 2.1 ([BPSS21l, Eq. (4.10)]). There is a C' > 0 (independent of N ) such that for

any k € Z3 we have
1
Z ——F < CN. (2.1)
penenesn) € e —k)

In the following we summarize the properties of the operators ¢, (k) and ¢, (k)*. The
next lemma shows that, on states with few excitations, they behave as bosonic operators.

Lemma 2.2 (Approximate CCR, [BNPSS20, Lemma 4.1] and [BNPSS21] Eq. (5.3)]).
Let k,l e I'™°", a € Iy, and B € ;. Then

[ca(k), ca(D)] = [co(k), (D] =0, [ea(k), c5(D] =: ba,p(0k1 + Ealk, D)) . (2.2)

The operator E,(k,1) commutes with the fermionic number operator N and satisfies

S sk, ) Eslh )= Y [Es(k, )P < C(MNT3HN)? (2.3)

BELLNT; BELLNI;

and for all € F also

Y lEalk, D) < CMENTSFOING (2.4)

o€l NI

Furthermore E,(k,1) = E,(1,k)* for all « € T, and all k,l € T,

In the proof of the lower bound [BNPSS2I]| an important role was played by the
gapped number operator Ny := ZieZS: B aja;: since modes of very low energy
are excluded, this operator can be more efficiently bounded by the kinetic energy Hp.
In the present paper we consider only explicitly constructed states for which we have
strong control on N, so that the use of Ny is not necessary. In the following lemmas we
replaced all appearances of Nz using N < N.

The patch operators cq(k), co(k)* satisfy similar bounds as true bosonic operators:

Lemma 2.3 (Pair operators bounds, [BNPSS21| Lemma 5.3]). For all k € T™°" we have

S ehk)ealk) <N (2.5)

a€Ly
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Consequently, for all ¢ € F, we have
Yo llealk)Cl < MEINEC, Y llen(R)C] < M2V + M) (2.6)
a€ly a€ly
Moreover, for f € (*(Zy),
| > sacatc| < IV + 1l (2.7)
a€Ly
Since c,(k) is (a sum over) a product of two fermionic creation operators we have
Wica (k)] =2c5 (k) and  g(N)eg (k) = i (k)gWNV +2) (2.8)
for any measurable function g : R — R.

The next lemma allows us to understand the action of the kinetic energy operator
Hp in terms of an approximately bosonized operator Dg defined by (L25). The patch
decomposition is necessary for the linearization of the dispersion relation that justifies
the identity [Ho, ¢ (k)] = 2hk|k - @qlct, (k).

Lemma 2.4 (Bosonization of the kinetic energy). For all k € T"°" and o € T, we have

[Ho, &, (k)] = 2hk|k - o ek (k) + REM (k)

B (2.9)
[Ds, cp (k)] = 2h|k - walcg (k) + hEG(K)™
where for all { € F the error terms are bounded by
> llear k)l < clnvel
. 3 (2.10)
D€ (k)¢ < CMENTS PN +1)2¢]| -
a€Ly

The operator €1 (k) commutes with cg(k) for all a, B = 1,..., M. Instead €E(k) com-
mutes with cg(k) assuming that o # (. Finally, for f € ¢*(Zy), we have

(DIFACHONS

a€Ty,

(DIFAAONS

a€ELy

| < ClfleM= I+ kel
(2.11)

| < CllfleMEN-F W+ )¢

The operators €in(k) and €B(k) annihilate two fermions, i. e.,
IV, €M (k)] = —2€7 (k) VL€ (k)] = —2€.(k) .

Proof. The lemma collects the results of [BNPSS21, Lemma 8.2] and of [BNPSS21]
Eq. (8.4)-Eq. (8.6)]. The second bound in ([ZI1)) easily follows from the explicit expres-
sion [BNPSS21l Eq. (8.5)] (x(« € Z;) denotes an indicator function)

€8 (k) =2k Y k- @al€i(1k)call)x(a € T), (2.12)
lelmer

and from the bounds for &,(I, k) and ¢ () that were given in [BNPSS21, Lemma 5.2]
and [BNPSS21] Lemma 5.3], respectively. O

We turn to the approximate Bogoliubov transformation 7". The Bogoliubov kernel
K(k), defined in (32, is controlled by the following bound. The bound is stronger than
the one given in [BNPSS20, Lemma 4.5] and weaker than the bound given in [BNPSS21],
Lemma 6.1]. Compared to the latter, it has the advantage of not requiring a small-
potential assumption.
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Lemma 2.5 (Bogoliubov kernel). For all k € T™" we have

V(k
|K(k)a,p] < C% Va, B € I, . (2.13)
Furthermore
[K(k)[lns < C . (2.14)

Proof. We drop the k—dependence from the notation for all matrices. We write

1 - N h
= —kV(k), Uy =\ k- @al , Vo = ——nu (k) , Va € I . 2.15
gi= 5V (K) VI -l —nel®) e (219)

Note that the coefficient v, from the interaction part can be controlled by the coefficient
uq from the kinetic energy: according to (LZI]) we have

47 ( 1 C
Vg =1\ —Ua (1+ O MN7§+5)§—ua.
Vi % ) <=
Due to the reflection symmetry of the construction of patches we have
Boymjs2=—Ba, Wairmp=-—wa Vae{l,2,...,M/2}

so that the matrices in (I28)) can be written in block form as

d 0 b 0\ = _ (0 b
=0 =63 m=00)

d=diag(u?,a=1,...,I) and b= glv){v|,
the latter indicating the rank—one operator with v = (vy,---,vs). (The indices are
delimited by I := |Z,| = |Z, |.)
According to (IL32)) we have, with L := 5157 — I,

where

1
K:§log(]I+L) & K =1+1. (2.16)

Using the orthogonal matrix (as in [GS13] and [BNPSS21l, Eq. (6.8)])
1 /T 1
=250 5

ULUT = <L1 0> , (2.17)

we can block—diagonalize

0 Lo

where

—1/2
Ly = d/? [dl/Q(d n 2b)d1/2} dv? 1,

2.1
1/2 1/2 1/2 —1/2 1/2 (2.18)
Ly = (d+ 2b) [(d+2b) d(d + 2b) } (d+2b)/2 1.
We can also write
Kl 0 2K .
UKUT = , where e**i=L;+1 Vie{l,2}.
0 K,
Note that
LQZOZLl < KQZOZKl
In [BNPSS21l Eq. (6.21) and (6.30) et seqq.] we showed that
Vk) . [(ua ug V (k)
Li)apl < C—— —,— S C——. 2.1
(L)n sl < 5P min{ 22, 22} < ¢ 20 (2.19)

This was proven in [BNPSS21] without using the smallness assumption on the potential.
(The smallness assumption was only used to transfer this bound for L; to a bound for
K; via a series expansion of the logarithm.) Here we avoid the use of a series expansion.

This way, we can still obtain the important factor M ! (but not min{“—“ U—B})

ug’ Uq
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Bound for K5. Using the operator inequality
Ly =e?f2 — 1> 2K,

and the Cauchy—Schwarz inequality we can bound

()l € 2w/ ) < /Lol L) < 028 2.

Bound for K;. This is slightly more difficult because K; < 0. We write
Li=Li+1) 1t —1=e2 1> 2K, .

We claim that )
~ V(k
|(L1)a7a|§0% Va € {1,2,...,1I}. (2.21)

Given this claim, we can conclude by the same Cauchy—Schwarz estimate as above that

(KDas] € KD/ KD < 5\ T (E)ss < 028 2.9)

To show (221]), we write

) 1/2
Li=(Li+1) ' =1=d? {dw(d + 2b)d1/2} a2 1

1/2
=d~1/? ([dm(d + 2b)d1/2} — d) d=Y? = d=Y2 44712 (2.23)

Recall the integral identity for the matrix square root X1/2 = —2 [* \2(X + A\?)~1d\
and the formula for the inverse of a matrix with rank—one perturbation (X + |z)(y|)~! =
X7 — X7 Ya)(y| X 11 + (y, X ~'z)) L. Writing

dV2(d +2b)d*? = d® + 2¢|0) (6]  with ©:=dY%

we find

|Aa,a| -

2 [ 1 1

— A2 — dA
77/0 <d2+)\2 d2+)\2+29|ﬁ><1§|>a7a
1g [~ 2

dA
STy T2 (@ X))

1 e 1
d2 + )\2 |U><U|d2 + )\2 o

Note that (o, (d? + \2)~1%) > 0 can be dropped from the denominator for an upper
bound, so that using the explicit form of the matrix elements according to (2.I5) we get

Cg [ ul Cyg
Avol < = | N—F—2g5dh = —ul, . 2.24
Aonl < 5 [ ¥t = T (224)
According to ([2.23)), since (d_1/2)a,5 = 8a,pug’ is diagonal, this implies the claimed
bound (221)).
Conclusion. In summary, we proved that for both ¢ € {1,2} we have
V (k)
[(Ki)apl <C——= Va,Be{l,2,...,I}.
M
Recalling
K, 0 1 (Ki+ Ky Ki—K»
K = T = —
U (0 KQ)U 2<K1K2 K1+K2
we arrive at (ZI3)).

The bound for the Hilbert—Schmidt norm follows trivially from the first bound. [
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The next lemma shows that the number operator does not increase significantly under
conjugation with the operator Ty := exp(AB), where the operator B is defined in ([L30]).

Lemma 2.6 (Stability of the number operator, [BNPSS20, Proposition 4.6]). There
exists a C > 0 such that for alln € N and all X € [0,1] we have

TEN + )Ty < "NV +1)" . (2.25)

The following lemma shows that T acts as an approximate Bogoliubov transforma-
tion on the pair operators.
Lemma 2.7 (Approximate Bogoliubov transformation). Let | € T™°" and v € Z;. Then
there exists C > 0 such that for all X\ € [0,1] and all m € %N we have

Tey(D)Th = Y coshAK ()aycall) + Y smh(AK(1))ach (D) + €, (A1), (2.26)

acl; a€l;
with the bound
O INmE A OC < CMENTI (W + 1)) Vo e F (2.27)
YET

The same estimate holds with € (\,1) replaced by €. (A, 1).

Proof. The error bound here is a generalization of [BNPSS21, Lemma 7.1}, which only
considered m = 0. See also [BNPSS20, Proposition 4.4] for an earlier related result. Re-
call from [BNPSS21| Eq. (7.9)] that by an iterated Duhamel expansion of the conjugation
T3 (-)Tx up to arbitrary order ng € N, the error term is

no—1

¢ (A1) = Z/dT YOS Sk K (K)o

kermor aeyNIy, BELK

x T:% (Ea(k:, D (k) + ¢ (k)Ealk, l))hT

A A—1T no—1 . )
+/0 e h > (EWD" )T T

(no — 1)' ael

-y y Mg,

a€Z; n=ng

The symbol f as superscript is used as an abbreviation to indicate either the operator
itself or its adjoint (namely A" may be either A* or A), where the choice between the
two options does not play a role for the further estimates. Lemma [2.5] together with the
bound || K (k)|lop < C implies the estimate [(K(1)")y.o| < C"M ™!, valid without any
smallness condition on the potential and for all n € N\ {0}. Then, proceeding as in
[BNPSS21l, Eq. (7.8)—(7.9)] we get:

S INTE I

YEL
no 1
nmf/‘m-Ej S (INT T Ea e DESTSCl + N7l (R)Ea (k, DT
n=0 keTnor €Ny,
BELy
o IN T e (R)ES (e, DTSl + [N T4 (R, Dea(R)THC])
croo
e | 3 (W e 0Tl + IV T e )7

o€l

£ 3 TS (el + N )

n=ng T el
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By the stability of /™ under conjugation with T’ (see Lemma 2.6]), we get
INTTIC < Ol (N +1)™C1, - Ve F.

For the next step, recall that £,(k,l) commutes with the number operator, and since
ca (k) and ¢ (k) annihilate and create a pair of fermions, respectively, we have ¢, (k)N =
(N = 2)cq (k). If we use N < (N 4 1)™ before, we thus get

DIV 1l
YEL
ng 1

Cn m m
n'M/dTZ > (||5 (k, DN+ 3)™ T + (k) Ea (b, DN + 3)™T(||
n=0 kerroraeZ;NIy,

BELy

+ lles(R)Eq (R, DN TC| + [1€5 (K, l)Cﬁ(k)NmTTCII)

I n0—1 / ar 3 (||ca (ONT || + (e, ()N + 3)™ T Cll)

o€l

=3 LS (el + 0w + 377l

n=no T aEel;

From this point, we proceed exactly as in the proof of [BNPSS21, Lemma 7.1]. Let us
sketch the proof for completeness. Using Lemma we can bound the operators in the
last two lines; then taking ng — oo we obtain

S IVTeEs (I

YEL

<om- /dTZ S (I€alk DN +3)™ Tl + Il (K)Eak, DN +3)" (|
kGF“Ora%IEL;Ik

o+ lles (k) Ex (kDN TG + 1€ (R, Dea (N T
= h+DL+I3+14

which is similar to [BNPSS21, Eq. (7.10)]. By proceeding similarly to [BNPSS21, Eq.
(7.11)] (replacing T, ¥ by (N + 3)™T-¥ and using N5 < N, accordingly), we have

L< sup CM™' D" N [|Ealk, DN +3)™TC||
Te[-1,1] kelmoraeZ; NIy,
BEL

< sup CMN 3TN + M)YV2(N + 1)V + 3)™ T,
T€[—1,1]

< sup CM3IN3TO(N 4+ 1) 3T
TE[—l,l]

< OMENTIRW + 1))
In the last estimate we have used the stability of N™ under conjugation with T (re-

call Lemma [26]). Next, by proceeding similarly to the argument leading to [BNPSS21],
Eq. (7.14)] (replacing T, ¥ by (N + 3)™T,¥ and using N5 < A again), we find that

L< sup CMN 5PN+ M)Y2N + 1) +3)" T
T€[—1,1]

< sup CMZINT3T(N 4+ 1) 3T
TE[—l,l]

< CMENTSH| (W +1)™F3¢].

The error terms I3 and Iy can be treated by the same way. The proof of Lemma 2.7 is
complete. O
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3 Reformulation of Norm Approximation

In this section, we reduce Theorem[I T to an appropriate version of the key approximation

(C3]). We define
Hexe = Y 2halk| Y R(k)apeh(k)es(k) -

keImor a,BETy

Lemma 3.1 (Reduction to norm approximation of the Hamiltonian). Let & be defined
as in ([L46). Then for allt >0

—i(BRY FRPA

||€_iHNt/hRT€ —e +Ey )t/hRT€t||

(2m

L AT FRPA m? - s 2
S I H(T HeonT — Ex _ﬁexc)gstS‘f'CZ—MZN 57t (3.1)
0 m

Proof. We start by writing, using the unitarity of e **~t/" R and T,
He—iHNt/hRTé- _ e—i(EI;,W+E']%PA)t/hRT€t||
t d . PW_ 1o
H / ds & ez('HNfEN fE}?‘,PA)s/hRTgs) H
1
<< / ds||(Hy — EX — ERPY)RTE, — RT(ihd,&,)||
0

t
= %/ ds |T*R*(Hy — ER" — ERVMRTE, — ihds&, ||
0

1/t ~
- / s || (T*HoonT = ERPY) &, — i, - (3.2)
0
From (40) we have
- 1 - * * * * *
ihds&s = 7 ZC (p138) -+ € (Pim1;8)C™ (HBPiss ) (@ig115) - € (0mys )L, (3.3)
™ i=1
where Hg = @) cpnor 20| k|R(E). Using that .2 = 0, we get

1 * * 1 * *
»6exc§s = Z_»"’JexcC (Sﬁl;s) o C (@m,s)Q = Z_[ excy C (901;5> e C (Sﬁm,5>]Q

m

1 . * * * * *
= Z (p1is) -+ € (Pim138) [Dexc; € (@iss) )€™ (Pit1is) -+ € (s )2 -
i=1
The commutator equals

Bexc, ¢ (piss)] = D 2hlk] D A&K)apes(k)les k), ¢ (pis)] (3-4)

keTnor a,BETy

where according to (Z2) we have

[ca(k), " (piss)] Z Z Piss (1 (k), c5 ()]

lermor yeT,
(piss(B))p + D (is)a€s(k, Ox(BE€TLNT) .  (3.5)
D mor
Therefore
[ exc,C*(st';s)] = C*(HB%;S) (3.6)
+ > 2hklk] Y R(K)apch(k) Y (is(1)pEs(k, DX(B € TN T) .
ke nor o BET, |&Tmor
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The first term in (B0) is precisely what we need to reconstruct ihds&s. Hence

[$9excEs — ihd) §s||<—Z Yo 2mslk] Y Y ensD)slx(BETNT)  (3.7)

i=1 keDnor BET, leTnor
X ™ (@ris) -+ € (pim135) " (R(K) ) Ea (K, D™ (Pit13s) - - € (omis) Q[

with &(k)s for fixed B being the C*l-vector with elements £(k)q4,5. We then estimate

IIC*(sﬁrs)"' < (pim1;5)c" (R(K)5)Ep (ks D™ (Pig;s) - € (omss) QY

<IIHN 1420 — 1= )26 (R(K)p)Ep (ky De* (9i1:6) -+ € (@mss) 2

Jj=

< H<2<m — §) + 1) 7 ]|e* (Rk)5)Ea (k, D)e™ (@ittis) -+ ¢ (0mis) | - (3.8)

Using the crude bound [|R(k)gllez < ||R(k)||us < CVM (which follows from ([.34) with
(I30) and (ZI4), and recalling that Eg(k, ) commutes with N, we estimate

3 lpis)sllle* (R(k)8)Es (ky D)™ (Pitiis) -~ € (Dmis) O

BETLLNT,

<SOME YT @i + DEEs (K, D (Pirn) - ¢ (o)
BELLNT;

<eME( DD &N + DR (i) ema)QP) T (39)
BETLLNT,

where in the last step we used the Cauchy—Schwarz inequality. With (23]) we get

Y eis@sllle” (R(k)p)Es(k, D (i1is) -+~ € (Do) Ul

BELLNT,;
S CM%N_§+6||N(N+ 1)1/20*(Sﬁi+1;s) T C*(wm,s)Q“
< OMENTIH(2(m — i) + 1) 2| (Pisrs) - € (Pmis) QY

< CM3N“3H(2(m — i) + 1) mH 1 (25 +1)7 . (3.10)
Combining (37), (B8], and BI0), we obtain

8046, — Sl < TN LI gy 1)
From [32) and BII]), we obtain (3] by the triangle inequality. O

Next, we estimate the constant Z,,, defined such that & in (L43) is normalized, by
comparing it to Zg,,,, which would be its value if the c*~operators were exactly bosonic.

Lemma 3.2 (Estimate for Z,,). Let the functions ; be normalized, as in ([L43). Let

ZB;m = Z H<5017907r(1)> ) (312)

TESy =1

where Sy, is the set of permutations of {1,2,3,...,m}. Then 1 < Z}%;m <m! and

‘an - Z]%;m‘ < CMN~#+m3(2m — 1)1 . (3.13)
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Remark. The bounds 1 < Zé;m < m! are optimal. The case Z%;m = 1 holds for an
orthonormal set (¢;)i",, while Z3,, = m! holds for p; = @2 = ... = @y,

Proof of Lemma[34. By definition of Z,,, and using that ¢(p1)2 = 0, we get

Z2 = (" (1) € (om)Q, ¢ (01) - - ¢ (0m))
= (c(p1)c"(p1) - € (om)Q, c*(p2) - - " (o))

= (le(pr), €™ (1) - - €™ (om)I, ¥ (p2) - - - €™ (o )Y) - (3.14)
Next we expand
[e(er), €™ (1) -+ - " (om)] = Z (1) -+ (pim1)lelpr), ¢ (@i)]le* (@ir1) -+ ¢ (om)
= (3.15)

where

(1), (@] = (eroid + > > (erk)al@il)abalk,D) - (3.16)

k,leTmor qeT, NI

(The inner product here is defined in correspondence to the norm (LZ3) as (p1,p;) :=
> kernor 2aer, (P1(K))al(pi(k))a.) The first term reproduces the commutation relation
of exactly bosonic operators, while the second term is an error term. To estimate it, we
use that, for any ¢, € F,

Y e®)all(eialllEatk, D IIIC < Ner(F)llez i) e oLmax [|Ea(k DYIIICH -

a€lNI;

Thanks to Lemma [2.2] we have

1€a(k, D)9 < CMN~E+ N3] . (3.17)
Hence
Z3 = {pr,0(c (@1) - € (pima)e* (pign) -+ € (om)Q, " (92) - € (om) D) + 11
= (3.18)

with vy the contribution produced by the second term in (B.I6), i.e.,

=y > Y (e1(E)alpil))a (3.19)

i=1 k,leTmr a€TLNT
x (1) -+ € (pim)Ealk, D" (pis1) -+ (om) ¢ (p2) -+ ¢ (pm)2) -
Using the estimate ||¢*(¢;)¥]| < [|@ill2]|(N +1)2%| following from Lemma 23}, commut-
ing (N + 1)'/2 with &,(k,1), and using (B17), we get
e < M2CMN SN +1)7 - (N +2m — 1)z
< CMN-3Hm2(2m — 1) (3.20)

We iterate the process m times, starting from (F.I8), until we are left with Z2, = Zg. +
tm, With t,, an error term. The error term t,, is estimated by m times the bound for t;

in (320), thus giving the bound BI3). O

The time—dependent state & is not necessarily normalized, but in the next lemma
we show that its norm is close to 1.

Lemma 3.3 (Norm of &). For all s € R we have

1
€l = 1 < 5 CMN=3md(@2m — 11 (3.21)
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Proof. We have
H§SH2 Z2 (c*(p1;8) (Pmss) L  (01:8) - € (Pmis) D) - (3.22)

Proceeding as in the proof of Lemma [B.2] with t,,.s defined in analogy to (B.I9) using
the evolved ¢;.s, we have

<C* ((Pl;s) o 'C*(@W;S)Q’ c* ((pl;s) o (pm s Z H Pissr Pr(i);s + Trmys - (323)
TESm =1

By unitarity of the dynamics generated by Hp, the first term is precisely Z}%;m. The
error term v, is estimated exactly as ty, in the proof of Lemma B.2] O

4 Reduction to Bosonizable Correlation Hamiltonian

In the introduction we already mentioned the non—bosonizable terms in the correlation
Hamiltonian Heorr; as computed in [BNPSS21l Eq. (1.17)—(1.21)], their precise form is

x___zv{ > aetr Y du,

keZ3 pEBEN(Br+k) he BrN(BE—k)
&= 55 D VR)|[D(H)D(k) +D(—k)D(-k)] .
kernor
& = % k; V (k) [@(—k;)*b(k) +D(k)*b(—k) + h.c.} . (4.1)

The operator D(k)* = D(—k) creates and annihilates particles that are either both
outside or both inside the Fermi ball,

D(k) == > aapk— >, ahanik. (4.2)

pEBEN(BE+k) heBrN(Br—k)

As a first step to establish the approximation (3], let us reduce the correlation
Hamiltonian Hcoprr to only its terms Hy + Qg, where

> V(k‘)[ Y nalknsk)ci(R)es(k) + D na(k)ng(k)es (k)es (k)

kelmer a,BeT; o,BET,
+ Y na(k)ns(k)eh(k)ch(k) + ) na(k)nﬁ(k)%(k)ca(k)] - (43)
O¢EII€+ aEZ;f
BET, BEL,

The error due to the dropped terms is controlled by the following lemma.

Lemma 4.1 (Non—bosonizable terms). There exists C > 0 such that for all { € F
|(Heors = Ho — Q)|
< CIVIan( NN + NN+ (v N v c)) - (@4
Proof. Recall the correlation Hamiltonian (II4)). By the triangle inequality

[|(Heorr = Ho — QF)C| < IIXC] + I€x¢] + €¢I+ 11(@ — QB ) - (4.5)
Consider the first term in (£5). We have

< S vwl| X a;ah<H+%ZW(kz>|H S
kez3 3

hEBFﬁ(BF-‘rk;) keZ pEB;}ﬂ(BF-‘rk)
1 9 *
s Wl Y ahand| + 5 Z vwi Y g
kez3 h€BrN(Br+k) pEBLN(Bg+k)
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These four terms are estimated in exactly the same way. For the first, we have

H Z a;‘LahCH2 = <C, Z a’,;/ah/aZahC>

heBrN(Br+k) h,h'€ BeN(Br+k)
(¢ Y agavad)+ Y (Gahand)
h,h'€ BrN(Br+k) he BrN(Br+k)
SV HN?)G) < 2(¢CN?C) (4.6)

The same estimates hold for the other three contributions to X. Hence

C||V||1

X < IV (4.7)

Consider the second term in (IE),
&l = 5 32 IV@IID-RDkC] (4.8)
keZS
Recalling the definition of © (k) in (£2) and proceeding as in (&6, we easily get
D (k)¢ < CINCI (4.9)
which implies

C||V||1

1€:¢] < 1IN (4.10)

Consider the third term in ([@3). We have

||524||<— > IVRIIDk C||+— Yo WVHRIIb (DR (411

kernor kernor

Using ||aj|| < 1 we get

bRl < D lap-wapCl < D llaxCll

pEBEN(Br+k) pEBEN(Br+k)
oo ST a2 <CNF|NEC||, V(e F. (4.12)
pEBEN(Br+k) pEBEN(Br+k)

Here we used that ZpeB;m(BFJrk) 1 < CN# by [BNPSS21], Eq. (2.1)]. Using also (Z3),
this implies that the first summand of ([@IT]) is bounded by

© 3 WIDERC < - 3 VERICINGHE
kel‘nor kel‘nor
= Z V(®)IClb(R)N — 2)€]|
kel"nor

< C|VILIN“3NEC]

To bound the second term in ([@IT]), we compute

bRLU K= Y (-ae, -l ga) < Y. 1<CONPL (413)

pEBEN(Br+k) pEBEN(Br+k)

Therefore

16" (YD (—k)C|1? < CN3 D (=k)CII? + [[b(R)D (~ k)¢
< ON3 N2+ CN3 N3 ¢?, (4.14)
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which implies R ) s
1€C] < CIVIENT3 N2 (4.15)

Consider the last term of ([&H). To control the difference Qg — QF we use that, as
discussed in the proof of [BNPSS21], Lemma 4.1],

b(k) = b= (k) + (k)

where

VR(k) = > nalk)ealk), (k)= ap rap, (4.16)
o€y peU
with
U= (BN (Be +k)\ | (BaN(Ba+F)) .
a€Ty,

The contributions from b™(k) will form QF, the contributions from t®(k) are to be
estimated as a small error. Proceeding similarly to (£12)) and (£I3)), we find that

IR (R)C + (7 (k)¢ < CNS (W + 1)2¢]| - (4.17)

We turn to the operators t”* (k). We rewrite U =Y U (U \ Y), with Y the set of lattice
points such that

Y ={peBen(Br+k)|ep) +elp—k) <4N"57°). (4.18)

The condition e(p) +e(p—k) < AN—39_ thanks to |p| = O(N3) and |k| = O(1), implies
p-k < CN—9. This is a ribbon of width N~=%F3 around the equator of the Fermi sphere,
containing at most O(N 3 x N'3) lattice points. The set U\ consists of the corridors
between the remaining patches. Accordingly, the number of lattice points in U \ Y is

U\Y|<CNsM> . (4.19)

Correspondingly, we split
(k) = (k) + gy (R) (4.20)

where the two operators are defined as in ([d.I0]), replacing the index set U with Y or
with U \ Y, respectively. By the Cauchy—Schwarz inequality

Iy () < D llapéll < CNEME N3] (4.21)

peU\Y

To estimate tg\y(k)* we write

ey (B) Gl = 14C, ey (R, ety (B) IO + ey (R)CI - (4.22)

The second term is estimated as in ([@2T]). The first term can be estimated by computing
the commutator and recalling the estimate ([@I9]) on the number of lattice points in U\ Y.
We get

I8y (k)7Cll < CNEME (W + 1)%¢]l (4.23)
For tf¥(k), by the definition of Y we get
ON—53
[EHOINESY — lanCl -
peBLN(Br+k) e(p) +e(p — k)

In combination with the Cauchy—Schwarz inequality and (2.1

1/2 12
1 ) 1
[e (k)C| < 2Nz( ) ( la C||2>
' peBLN(Br+k) e(p) +elp—k) Z P

pEBEN(Br+k)

< CON S ENI|Ni¢| = ON3 75| N3(] (4.24)
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(The bound (2.I) yields a constant that depends on k, but since only & in the compact
set supp V' is relevant here, we can take the maximum with respect to k.) Concerning

¥ (k)*, we use

65 (R)*CII* < 14¢, [ (k) e (B) IO + ([ (R)CI1* -

The second term is estimated as in [@24]). The first term can be bounded by computing

the commutator and using the estimate |Y| < CN3~9 for the number of lattice points
in Y. Therefore

IR (k)¢ < CN3 =%V + 1)3¢]] . (4.25)
In summary, from (@21), @23), (E24) and [@25) we find that
IR (E)CI| + e (k)*¢|| < C(N3~2 4 NS M) |[(N + 1)2¢]| . (4.26)

With this, we are ready to estimate ||(Qs — Q% )(||. Note that the difference Qp — QF
is given by a sum of terms containing at least one operator tR(k)h. Moreover, similar to
b(k), both b% (k) and t® (k) annihilate two fermions (i.e., b (k)N = (N + 2)b™(k) and
tR(K)N = (N +2)tR(k)). The bounds (@IT) and {286) imply (to simplify the estimate
recall that M3 < No and use (N + 3) < C(N + 1))

C V 1 1 ) 1 1
l@s ~ @B)cl < W s (it 4 wiar) v+ ¢
< CIVIan(N=E 4 NS [V + 1)¢ (4.27)

Inserting (4.71), (£10), (£15) and (£27) in (@3F) we obtain the desired estimate. O

5 Linearization of Kinetic Term

Our next task will be to approximate the fermionic kinetic energy Hy with the bosonized
kinetic energy Dp defined in (L25). This is the step where the division into patches is
needed.

First, we show that for any state ¢ € F with few excitations the norm ||(Hy — Dg)(||
is essentially invariant under the Bogoliubov transformation ¢ +— T'C.

Lemma 5.1 (Approximation of kinetic energy, part I). There exists C > 0 such that for
all ¢ € F we have

1Bt — De)TC] - || — D)

< CR(MHIV + )¢l + MN-E )V + 1)) - (5.1)

Proof. Recall that T\ = exp(AB), with B the operator defined in (IL36). Then we get

TG (B = By PTaG) = (T3¢, [(Ho — Do)’ BITS)
= 2Re(T3¢, (Hy — D) (Ho — D), BITAC) (5.2

Here the self-adjointness of Hy — D and anti—self-adjointness of B have been used in
the second equality. The commutator [(Hg — D), B] can be evaluated with the aid of
Lemma 2.4l Using

(o — D), c;, (k)] = heg” (k)" — heg (k)" (5:3)
we get

[(Ho — D), B]

S LY S Kes (W€ R — €B ) + (€ (k)" — €Bk))eh (k) + huc
keTmor o, BET,,
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In combination with |K (k)| < CM ™! from Lemma 27 we deduce from (5.2) that

| (1~ D)D) | < O S (B(h) + Ba(k) + () + LK) (5.4)

kelmer
where

N(k) ==Y |(Tx¢ (Ho — Dp)es (k) (EF" (k)" — €5 (k)" )TAC)|

o,BETLy,
Lk) = Y [{TIx( (Ho — Dp)(€R (k)" — €5 (k)")ch(k)TAC)| |

«,BETL
Lk) = > |(Ta¢ (Ho — Dp)(€h" (k) — €5 (k))ca (k) TAC)] |

«o,BETL
Lk) = " (T8, (Ho — Di)es(k)(€5 (k) — €X()TAC)|

«,BETL

We estimate the right-hand side of (5.4]). Since the operators €1 (k), ¢B(k), c, (k) all

annihilate two fermions, we get

Ii(k) = Z ]<€%“(k)(/\f+ 3)"2ca (k)W + 1)72(Ho — DB)TA¢, (N + 5)T()

o,BETLy

— (EF (k)N +3) 7 Pca(k) WV + 1)7 2 (Ho — D)TA(, (N +5)°Ta()] -
Then by the Cauchy—Schwarz inequality and the bounds (Z6]) and (ZI0) we get

L(k) < Y I€F(R)N +3) 7 2ea(k) (N + 1) 72 (Ho — Dp)Ta¢| (N + 5)Tx(|

o,BETLy
+ Y NERRWN +3) 73 2eq (k)N + 1)~ 12(Hy — D) Tad|| [|(NV +5)°Ta||
a,B€Ly

<O llealk)N +1)72(Hy — Do) Tl [N +5)T5¢]

a€ly

FOMAN=340 3 flealk)N + 1)7V2(Ho — De)TAC]| [V + 5)°Tx |

o€y

< CJ|(Elo = Do) T (M2 [N + DI + MENTF W+ 1P0¢) . (55)

The terms I2(k) to I4(k) can be estimated in a similar way.
Employing (6.5) in (54) and using Lemma 2.0 we get

|5 (18 — Be)TI?)|

< (o — DRYTACICH(M AV + DTG + MN-H 0 4+ 1)2T3¢))

< [|(Ho — D) CR(M AV + )¢ + MN T3V +1)%¢] )
for all A € [0,1]. This implies

61y - Do) TCl| < OB (M + )€ + AN 4 1))
Integrating over A € [0,1] leads to the desired inequality (G1]). O

Next, we show that ||(Hy — Dg)(|| is small for our choice of (.

Lemma 5.2 (Approximation of kinetic energy, part II). For i = 1,...,m, let ¢; €
Dr.crner £2(Zi) be normalized as in (LA5). Then

[(Ho — Dp)e* (1) - - - ¢*(0m)Q < Chm?y/(2m — D)(M~% 4+ MEN-3%) . (5.6)
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Proof. Since (Hy — Dp)Q2 = 0 we can write

(Ho —Dg)c* (1) - - " (om)Q = [(Ho — Dg), " (1) - - - " (o) ]2

m

= > ()¢ (i) (o — D). (@)l (i) o). (1)

Recalling (29), the commutator on the right-hand side of (&.7) is

[(HO — DB Z Z ‘Pz HO - ]D)B) (k)]
kel'mor aeTZy
=h > > (pi(k))a(€(k) - €5(k)") . (5.8)

kel'mer aeZy,

Recall the bounds ([2I1I); thus for all £ € F we have
[0 — Do), " (p1)le| < on (M4 + DEel + MENF W + )

Recall (2.8); just as c¢*(y;) creates two fermions, so does the operator [(Hy —Dg), ¢*(¢;)]
which therefore also has the commutator [N, [(Ho — Dg), ¢*(v:)]] = 2[(Ho — Dg), ¢*(v;)].
Recalling also the simple bound ||¢*(¢;)¢| < ||(N 4 1)2€|| we obtain

le”(r) - € (pi-)[(Eo = D), 7 (@a)]" (ia) - " (om)

< H W+ 1423 =1 )?[(Ho — Dg), ¢* (pi)]e* (pir1) -+ - ¢ (m) 9]

c(TL@0m ) + 1) ~ Ba). e (p))e* (@ir1) - (em)

IN

|
—

K2

< cn([Tem =5+ D) (MW + 1)Ec (pia) -+ e (pm)€ (5.9)

j=1

IN

+ MEN"SH(N + )2 (pigq) - - 'C*(@m)QH) (5.10)

< Chm~/(2m — DM ™% + M2N—5+9) |

Note that in (GI0) there is an additional factor (N + 1) compared to (2.9]), which was
bounded by an additional m on the last line. A further factor of m in (G.6]) is due to the
sum over 7 in (B7). O

6 Diagonalization of Effective Hamiltonian

Recall the definition of heg(k) in (L2T), and consider the effective Hamiltonian

Ds+QF = Y 2hnlklhes(k) . (6.1)
kel'ner

Lemma 6.1 (Bogoliubov diagonalization). Let E]%PA be given in ([L39), and T the
unitary transformation defined in (L36). For all s > 0 we have

(T (D5 + QFIT — Hexe — R )&l < € (MENTF(m 4 1)2 + AN 3m ) |1
Proof. As already shown in [BNPSS21l, Eq. (10.5)], by Lemma 277 we get

Thoa(T = 3 (D) + W(K), @ 0) + CL(L K@) + E(LE)  (62)
o,BETy

+ % S W (R)as (@ k) + €41,k (@ () + €5(1 k) + he]
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where

Ca(k) =Y cosh(K(k))apcs(k) + Y sinh(K (k))a,sch(k) - (6.3)
BETLk BETy

The transformed operators satisfy, for f € ¢2(Zy),

el < Cllle |V + 12, @) < ClflelV +1)2%¢ . (6.4)
This is easily seen using the formula
&f) =Y Taa(k) = c(cosh(K (k) f) + ¢* (sinh(K (k))F) (6.5)
a€Ly

so that
le()wll < [l cosh(K (k) fll2[A 9] + || sinb(K (k) |2l (A + 1) 2]
< O|flN + D)7 . (6.6)
Here we used that according to Lemma we have

| cosh(E (k) < [lop + lcosh(E (k)) ~ Tllas < C,
| sinh(K (k) lop < | sinh(K (k))||is < C .

The same bound as (6.6) holds for & (f).

Controlling the error terms of the diagonalization. We proceed to estimate
(T hemr(R)T — g™ (k))& |
where

hegs(k) = > (D(k)+W<k:>)a,ﬁé;<k>eg<k>+%mk)a,ﬂ(ézw)éz;(k)+h-c-)] - (6.8)
a,BELy

Every summand of the difference T*heg(k)T — h%#8(k) contains at least one factor of
the error term €%(1,%). To estimate it, recall the bounds (L23). Then, using (6.6) and
Lemma 2.7, we get, for instance,

| S WEasctbre;pe|| < ot 3w+ 0 e, 06
a,BETL BETLy

< OMENTHI 4 M + e
< CMN=3(2m + 12&, | - (6.9)

The other terms contributing to T*heg(k)T — hg&ag(k) involving only W (k) are bounded

in the same way. Next, consider the terms involving D(k) := D(k)+ W (k). For instance

| > Basmmespg| < 3 Clw +1Fes b

o,BETLy BETLy
< CMN73T|(W + M)E(W +1)3¢&,]|
< OMENT3F(m+1)%&) - (6.10)

In the first step we used that Zaezk|5(k)a”3|2 < C uniform in . In the second step
we used Lemma 27l All the other terms contributing to T*heg (k)T — h%i#8 (k) involving
D(k) are estimated in the same way. In conclusion

(T he(R)T = RERE(R) )€l < CMEN=33m + 12)J¢, | (6.11)
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Error term due to normal-ordering. As computed in [BNPSS21] Section 10]

> 2hnlk|hiB(k) = ERP + Hexe + Coxe (6.12)
kanOr

where EJI\{,PA is the bosonic ground state energy given in ([L39) and

Hexe = 2halk] D R(k)aseh(k)es(k)

keI'nor «,BETL
Coe= > hrlk] Y [2sinh(K)(D+W) sinh(K)
keImor a€Ly

+ cosh(K)W sinh(K) + sinh(K)W cosh(K)} Ea(k, k) .

a,a

Here the excitation matrix K(k) is recovered in the form (34]).

The error operator £, (k, k) is given in [BNPSS21] Eq. (5.5)]; it commutes with N.
From [BNPSS21, Eq. (10.10)] we get +Coyxc < CRN~3+9N. Since E.x commutes with
N, we get

[€exclsll < CRNTEHNE| < CRN =5 omll&, ]| . (6.13)
In summary, from (6I1) and (6I3) we obtain the desired estimate. O

7 Proof of Theorem [I.1]

Proof of Theorem [l Tt suffices to consider the case ¢ > 0. Under the assumptions
M < N320 and m3(2m — 1)!! < N% (see Remark (ii) after Theorem [LI) we find
MN=3T0m3(2m — DIl < 1. Therefore, by Lemma 2

1
L > 3 and |||&]—1] < 1.

Moreover, by Lemma we have
[NV +1D)"TE| < Cr[(NV + 176l < Cr(2m+1)7, VreN. (7.1)
We proceed to collect all error estimates. By Lemma B.1] for all ¢ > 0
|le"Hnt/hRTE — e—z‘(EI;,WJrEJ%PA)t/hRT& I
< % /Ot ds |[(T*HeonT — EXPA — Hexe)és|| + Cm2/(2m — DIMEN"5¢ . (7.2)
To estimate the right—hand side of (Z2]), we use the triangle inequality
| (T*Heore T — ERPY = Hexc)és|| < |7 (Heore — Ho — QF)TE || + || T (Ho — D) TEs |
+ (T (D5 + QF)T — ER™ — exc)és|| - (73)
By Lemma 1] and (Z.1]),
| T* (Heorr — Ho — Q)T Es|| = || (Heorr — Ho — QE)TES||
< ClIVlah(NHINTE | + NTSNETE | + (N8 + N7 M) |V + DTS, )
<CRN"% + N"SM3)(m+1)2. (7.4)
By Lemma [5.7] we have
17 (80 — D) T, | - || B — D), |

< Ch(MH|N + D&l + MN-H W +1%,))

< Ch(m + 1)2(M’% + MN%*‘;)
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and by Lemma

|(Ho — Dg)&,|| < Chm®\/(2m — DI(M ™% + M3N—5+9) .
Thus

N
+
e
|
wlvo
+
>
~
—
BN}
ot
~

|7 (Hy — Dp)T&|| < Ch(m + 1)%\/(2m — 1)1I(M~

Finally, by Lemma
(T*(Dg + QR)T — Hexe — ERFME| < CMIN"3(m + 1) + CAN~5T0m . (7.6)

Inserting ((C4), (C3) and (T.8) in (Z3) we conclude that

[(T*Heors T — EXPA — $Hexc)Es||

<Ch(m+1)2/@m —1)I(N"2 + M™% + M3N" 50 4 N6 M
From (1) and (2] we obtain

Hemet/hRTg B efi(EK,erE%PA)t/hRTgt”

< C(m+1)y/@m — 1)!!(N—% FMTE o MINTET MiN—%) . (7.8)

Bl

). (7.7)

To replace E]I\{,PA by ERPA| we have to take into account the additional error term (LCZ0).
Consequently, in addition to (Z.8)) there will also be an error term of order

(m+1)2 (2m71)!!(M’%Ng +M%N*%+%) . (7.9)
Choosing M = N% and § = 2/45 completes the proof of Theorem [Tl O
Acknowledgements

NB was supported by Gruppo Nazionale per la Fisica Matematica (GNFM). RS was sup-
ported by the European Research Council (ERC) under the European Union’s Horizon
2020 research and innovation programme (grant agreement No. 694227). PTN was sup-
ported by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)
under Germany’s Excellence Strategy (EXC-2111-390814868). MP was supported by the
European Research Council (ERC) under the European Union’s Horizon 2020 research
and innovation programme (ERC StG MaMBoQ), grant agreement No. 802901). BS was
supported by the NCCR SwissMAP, the Swiss National Science Foundation through the
Grant “Dynamical and energetic properties of Bose-Einstein condensates”, and the Eu-
ropean Research Council (ERC) under the European Union’s Horizon 2020 research and
innovation programme through the ERC-AdG CLaQS (grant agreement No. 834782).

References

[Bac92] Volker Bach. Error bound for the Hartree-Fock energy of atoms and
molecules.  Communications in Mathematical Physics, 147(3):527-548,
1992.

[BBPPT16] Volker Bach, Sébastien Breteaux, Soren Petrat, Peter Pickl, and Tim
Tzaneteas. Kinetic energy estimates for the accuracy of the time- depen-
dent Hartree—Fock approximation with Coulomb interaction. Journal de
Mathématiques Pures et Appliquées, 105(1):1-30, 2016.

[BGGMO03] Claude Bardos, Frangois Golse, Alex D. Gottlieb, and Norbert J. Mauser.
Mean Field Dynamics of Fermions and the Time-Dependent Hartree—Fock
Equation. Journal de Mathématiques Pures et Appliquées, 82(6):665-83,
2003.

28



[BGGMO4]

[BBCS20]

[BBCS18]

[BBCS19a]

[BBCS19b)]

[BCS17]

[Benl7]

[Ben19]

[BNNS19]

[BNPSS20]

[BNPSS21]

[BJPSS16]

[BPSS21]

[BPS14¢]

[BPS14]

Claude Bardos, Frangois Golse, Alex D. Gottlieb, and Norbert J. Mauser.
Accuracy of the Time-Dependent Hartree—Fock Approximation for Uncor-
related Initial States. Journal of Statistical Physics, 115(3/4):1037-55,
2004.

Chiara Boccato, Christian Brennecke, Serena Cenatiempo, and Benjamin
Schlein. The excitation spectrum of Bose gases interacting through singular
potentials. Journal of the Furopean Mathematical Society, 22:2331-2403,
July 2020.

Chiara Boccato, Christian Brennecke, Serena Cenatiempo, and Benjamin
Schlein. Complete Bose-Einstein Condensation in the Gross—Pitaevskii
Regime. Communications in Mathematical Physics, 359(3):975-1026, May
2018.

Chiara Boccato, Christian Brennecke, Serena Cenatiempo, and Benjamin
Schlein. Bogoliubov theory in the Gross-Pitaevskii limit. Acta Mathematica,
222(2):219-335, 2019.

Chiara Boccato, Christian Brennecke, Serena Cenatiempo, and Ben-
jamin Schlein. Optimal Rate for Bose-Einstein Condensation in the
Gross—Pitaevskii Regime.  Communications in Mathematical Physics,
September 2019.

Chiara Boccato, Serena Cenatiempo, and Benjamin Schlein. Quantum
Many-Body Fluctuations Around Nonlinear Schrédinger Dynamics. An-
nales Henri Poincaré 18:113, 2017.

Niels Benedikter. Interaction Corrections to Spin-Wave Theory in the
Large-S Limit of the Quantum Heisenberg Ferromagnet. Mathematical
Physics, Analysis and Geometry, 20(2):5, June 2017.

Niels Benedikter. Bosonic Collective Excitations in Fermi Gases. Reviews
in Mathematical Physics, 32:2060009 (11 pages), 2020.

Christian Brennecke, Phan Thanh Nam, Marcin Napiorkowski, and Ben-
jamin Schlein. Fluctuations of N-particle quantum dynamics around the
nonlinear Schrodinger equation. Annales de [’Institut Henri Poincaré C,
Analyse non linéaire, 36(5), 1201-1235, 2019.

Niels Benedikter, Phan Thanh Nam, Marcello Porta, Benjamin Schlein,
and Robert Seiringer. Optimal Upper Bound for the Correlation Energy of

a Fermi gas in the Mean-Field Regime. Communications in Mathematical
Physics 374, 2097-2150 (2020).

Niels Benedikter, Phan Thanh Nam, Marcello Porta, Benjamin Schlein,
and Robert Seiringer. Correlation Energy of a Weakly Interacting Fermi
Gas. Inventiones Mathematicae 225(3):885-979, May 2021.

Niels Benedikter, Vojkan Jaksi¢, Marcello Porta, Chiara Saffirio, and Ben-
jamin Schlein. Mean-Field Evolution of Fermionic Mixed States. Commu-
nications on Pure and Applied Mathematics, 69(12):2250-2303, December
2016.

Niels Benedikter, Marcello Porta, Benjamin Schlein, and Robert Seiringer.
Correlation Energy of a Weakly Interacting Fermi Gas with Large Interac-
tion Potential. arXiv:2106.13185 [math-ph/, June 2021.

Niels Benedikter, Marcello Porta, and Benjamin Schlein. Mean-Field Evo-
lution of Fermionic Systems. Communications in Mathematical Physics,
331(3):1087-1131, November 2014.

Niels Benedikter, Marcello Porta, and Benjamin Schlein. Mean—Field Dy-
namics of Fermions with Relativistic Dispersion. Journal of Mathematical
Physics 55:021901, 2014.

29



[BPS16]

[BP53]

[BS19]

[BSS18]

[CG12]

[CGS15]

[CHN21]

[CLL21]

[CLS21]

[EESY04]

[FGHP21]

[FK11]

[Gir62]

[GM13]

(GS94]

[GS13]

[Hea99]

Niels Benedikter, Marcello Porta, and Benjamin Schlein. Effective Evolu-
tion Equations from Quantum Dynamics. SpringerBriefs in Mathematical
Physics. Springer International Publishing, 2016.

David Bohm and David Pines. A Collective Description of Electron Inter-
actions: III. Coulomb Interactions in a Degenerate Electron Gas. Physical
Review, 92(3):609-625, November 1953.

Christian Brennecke and Benjamin Schlein. Gross—Pitaevskii dynamics for
Bose-Einstein condensates. Analysis & PDE, 12(6):1513-1596, 2019.

Niels Benedikter, Jérémy Sok, and Jan Philip Solovej. The Dirac—Frenkel
Principle for Reduced Density Matrices, and the Bogoliubov-de Gennes
Equations. Annales Henri Poincaré, 19(4):1167-1214, April 2018.

Michele Correggi and Alessandro Giuliani. The Free Energy of the Quan-
tum Heisenberg Ferromagnet at Large Spin. Journal of Statistical Physics,
149(2):234-245, October 2012.

Michele Correggi, Alessandro Giuliani, and Robert Seiringer. Validity of
the Spin-Wave Approximation for the Free Energy of the Heisenberg Fer-
romagnet. Communications in Mathematical Physics, 339(1):279-307, Oc-
tober 2015.

Martin Ravn Christiansen, Christian Hainzl, and Phan Thanh Nam. The
Random Phase Approximation for Interacting Fermi Gases in the Mean-
Field Regime. arXiv:2106.11161 [math-ph], June 2021.

Li Chen, Jinyeop Lee, and Matthew Liew. Combined Mean-Field and Semi-
classical Limits of Large Fermionic Systems. Journal of Statistical Physics
182:24, January 2021.

Jacky J. Chong, Laurent Lafleche, and Chiara Saffirio. From many—body
quantum dynamics to the Hartree-Fock and Vlasov equations with singular
potentials. arXiv:2103.10946 [math.AP], March 2021.

Alexander Elgart, Laszl6 Erdés, Benjamin Schlein, and Horng-Tzer Yau.
Nonlinear Hartree equation as the mean field limit of weakly coupled
fermions. Journal de Mathématiques Pures et Appliquées, 83(10): 1241—
1273, October 2004.

Marco Falconi, Emanuela L. Giacomelli, Christian Hainzl, Marcello Porta.
The Dilute Fermi Gas via Bogoliubov Theory. Annales Henri Poincaré,
22:2283-2353, 2021.

Jirg Frohlich and Antti Knowles. A Microscopic Derivation of the Time—
Dependent Hartree—Fock Equation with Coulomb Two—Body Interaction.
Journal of Statistical Physics 145:23, 2011.

Marvin Girardeau. Variational Method for the Quantum Statistics of In-
teracting Particles. Journal of Mathematical Physics 3:131-139, January
1962.

Manoussos Grillakis and Matei Machedon. Beyond mean field: On the role
of pair excitations in the evolution of condensates. Journal of Fized Point
Theory and Applications volume 14, 91-111, September 2013.

Gian Michele Graf and Jan Philip Solovej. A Correlation Estimate with
Applications to Quantum Systems with Coulomb Interactions. Reviews in
Mathematical Physics, 06(05a):977-997, January 1994.

P. Grech and R. Seiringer. The Excitation Spectrum for Weakly Interacting
Bosons in a Trap. Communications in Mathematical Physics, 322(2):559—
591, September 2013.

David R. Heath—Brown. Lattice points in the sphere. In: Number Theory
in Progress, pages 883-892. Berlin, Boston: De Gruyter (1999). eISBN:
9783110285581. https://doi.org/10.1515/9783110285581.883

30


https://doi.org/10.1515/9783110285581.883

[HPR20]

[KB62]

[LNS15]

[LS02]

[LS04]

[MLG5]

[NN17]

[NS19]

[NS81]

[PP16]

[PRSS17]

[Seill]

[Spo8l]

Christian Hainzl, Marcello Porta, and Felix Rexze. On the Correlation
Energy of Interacting Fermionic Systems in the Mean-Field Regime. Com-
munications in Mathematical Physics, 374:485-524(2020).

Albion J. Kromminga, Mark Bolsterli. Perturbation Theory of Many—Boson
Systems. Physical Review 128(6):2887, December 1962.

Mathieu Lewin, Phan Thanh Nam, and Benjamin Schlein. Fluctuations
around Hartree states in the mean—field regime. American Journal of Math-
ematics 137(6):1613-1650, 2015.

Elliott H. Lieb and Jan Philip Solovej. Ground state energy of the one-
component charged Bosegas. Communications in Mathematical Physics
217(1): 127-163, 2001.

Errata: Communications in Mathematical Physics 225:219-221, 2002.

Elliott H. Lieb and Jan Philip Solovej. Ground state energy of the two-
component charged Bose gas. Communications in Mathematical Physics
252:485-534, July 2004.

Daniel C. Mattis and Elliott H. Lieb. Exact Solution of a Many-Fermion
System and Its Associated Boson Field. Journal of Mathematical Physics,
6(2):304-312, February 1965.

Phan Thanh Nam and Marcin Napiérkowski. A note on the validity of
Bogoliubov correction to mean—field dynamics. Journal de Mathématiques
Pures et Appliquées, 108(5):662—688, 2017.

Marcin Napiorkowski and Robert Seiringer. Free energy asymptotics of the
quantum Heisenberg spin chain. Letters in Mathematical Physics, 111:31,
2021.

Heide Narnhofer and Geoffrey L. Sewell. Vlasov hydrodynamics of a quan-
tum mechanical model. Communications in Mathematical Physics, 79(1):9—
24, 1981.

Soren Petrat and Peter Pickl. A New Method and a New Scaling for Deriv-
ing Fermionic Mean—Field Dynamics. Mathematical Physics, Analysis and
Geometry 19:3, 2016.

Marcello Porta, Simone Rademacher, Chiara Saffirio, and Benjamin
Schlein. Mean Field Evolution of Fermions with Coulomb Interaction. Jour-
nal of Statistical Physics 166:1345-1364, January 2017.

Robert Seiringer. The Excitation Spectrum for Weakly Interacting Bosons.
Communications in Mathematical Physics, 306(2):565-578, May 2011.

H. Spohn. On the Vlasov hierarchy. Mathematical Methods in the Applied
Sciences, 3(4):445-455, 1981.

31



	1 Introduction
	1.1 Fermi Gas in the Mean–Field Scaling Regime
	1.2 Correlation Hamiltonian
	1.3 Bogoliubov Transformation
	1.4 Main Result: Norm Approximation

	2 Approximate Bosonization: Key Estimates
	3 Reformulation of Norm Approximation
	4 Reduction to Bosonizable Correlation Hamiltonian
	5 Linearization of Kinetic Term
	6 Diagonalization of Effective Hamiltonian
	7 Proof of Theorem 1.1

