CARLESON AND REVERSE CARLESON MEASURES
ON HOMOGENEOUS SIEGEL DOMAINS
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ABSTRACT. In this paper we study Carleson and reverse Carleson measures on holomorphic func-
tion spaces on a homogeneous Siegel domain of Type II. We prove several necessary conditions and
sufficient conditions in order for a measure p to be Carleson and reverse Carleson on mixed-normed
weighted Bergman spaces.

1. INTRODUCTION

Carleson measures were first introduced by L. Carleson [12), 13] in order to study the corona
problem in the classical Hardy spaces on the unit disc. The study of these measures have flourished
since then, and has been generalized to several different settings. Form a general perspective, they
can be effectively defined as follows. Given a locally compact space T and a (quasi-)Banach space
X of (say) continuous functions on 7, a positive Radon measure p on 7T is said to be a p-Carleson
measure for X (p €]0, 00) if there is a constant C' > 0 such that

11l Le ey < ClIfIlx

for every f € X. Switching the roles of X and LP(u) in the above inequality, one then gets the
definition of a reverse p-Carleson measure for X. This kind of measures was essentially introduced
in a series of papers by D. H. Luecking [24], 25, 27, 28] for weighted Bergman spaces on the unit
disc or more general domains, and has been later generalized to different settings by several authors
(cf. [19] and the references therein).

In this paper we study Carleson and reverse Carleson measures on weighted Bergman spaces on
homogeneous Siegel domain, which we are now about to introduce.

Let E be a complex hilbertian space of dimension n, F' a real hilbertian space of dimension
m > 0 and € a convex cone in F' not containing any straight linesﬂ We also assume that € is
(affine-)homogeneous, that is the group G(2) of linear transformation of F' that preserve Q acts
transitively on €.

Let ®: E x E — Fg¢ be a non-degenerate hermitian mapping such that ®(¢) := ®(¢,¢) € Q for
all ( € E. Define the Siegel domain of type II associated with the cone €2 and the mapping ® as

D ={((,z) e EXxFg:p(¢,z) =Imz—P(() € Q}.
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In the case n = 0, i.e. E = {0}, D is said to be of Type I, and is often called a tubular domain
over the cone Q. The domain D is said to be homogeneous if for every ((,2), (¢, 2") € D there is
a biholomorphism ¢ of D such that ¢(¢,z) = (¢’,2’). It turns out that one may then assume ¢
to be affine, cf., e.g., [39, Theorem 2.3]. More precisely, D is homogeneous if and only if for every
h,h' € Q there are t € GL(F) and g € GL(E) such that th = b’ and such that t® = ®(g x g) (so
that g x ¢ preserves D), cf., e.g., [32, Propositions 2.1 and 2.2|. In particular, if D is homogeneous,
then € is homogeneous.

The domain D is said to be symmetric if it is homogeneous and admits an involutive biholomor-
phism with an isolated fixed point. If D is symmetric, then €2 is symmetric, that is, homogeneous
and self-dual. Conversely, if Q is symmetric and D is a tubular domain, then D is symmetric (cf.,
e.g., [35, Theorem| for more details on various characterizations of symmetric Siegel domains).

The Silov boundary of D is the set

bD ::{<Caz) EEXFC:p(Caz):O}7

and it can be identified with E' x F' via the mapping ({,z + i®(¢,()) — ((,z). In addition, bD
admits a step-2 nilpotent Lie group structure, whose product can be described as follows:

(¢ z)(¢,2) =+ z+ 2" +2ImP((, (),

for ((,x),(¢',2') € E x F, see e.g. [10, Section 1.1]. We denote by N the set E x F endowed with
this group structure.

Observe that, by definition, p maps D into €2, and that the fibres of p, namely the sets bD+ (0, ih)
for h € €, give rise to a foliation of D. Given a function f defined on D, we shall often denote by
fn the restriction of f to bD + (0,ih), interpreted as a function on N for the sake of convenience,
so that

fu(G @) = f(¢z+1i®(¢) +ih)
for every h € Q and for every (¢,z) € N. Observe that, identifying bD + (0,ih) with A" as above
for every h € ), we get a left action of bD on D by affine biholomorphisms.
For p, q €]0,00] and s € R", the weighted Bergman spaces are defined asﬂ

(L) A29(D) :={feHol<D>: L(]. |fh<<,x)\pd@,x))q“’AgS(h)dm(h)<oo}

(modification if max(p,q) = o), where d(¢,z) denotes a Haar measure on N and vq denotes a
positive G(€)-invariant measure on 2, both fixed and unique up to a multiplicative constant. We
shall often simply write AL? instead of AS?(D).

We remark that the spaces AL? are the weighted Bergman spaces, the unweighted case corre-
sponding to the value s = —d/p, while the spaces AJ™ are the classical Hardy spaces.

We denote by M (D) the space of positive Radon measures.

Definition 1.1. Given a Banach space X of functions on D and p €]0, oo[, a measure p € M (D)
is said to be p-Carleson for X if there exists a constant C' > 0 such that

1l ey < CllfIlx

for every f € X. If, in addition, the canonical mapping X — LP(u) is compact, then p is said to
be a compact or vanishing p-Carleson for X.

2The definitions of the rank r of Q, of the ‘generalized power functions’ Ag and of d € R” are deferred to Section
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A measure p € M, (D) is said to be a reverse p-Carleson measure for X if there exists C' > 0
such that

1fllx < Clf Loy

for every f € X.
Finally, a measure p € M. (D) is said to be a sampling, or dominant, measure for X if it is both
Carleson and reverse Carleson for X, in other words, if X embeds as a closed subspace of LP(u).

Notice that, even though the definition of a p-Carleson and of a reverse p-Carleson measure
is quite standard, the definition of a vanishing p-Carleson measure is slightly more problematic.
Originally, Carleson measures were characterized requiring a suitable function F' to be bounded,
and vanishing Carleson measures were characterized requiring F to vanish ‘at infinity’. As noted
in [34], this corresponds to the compactness of the canonical mapping X — LP(u). In the literature
also appear apparently different, but still equivalent, definitions of a vanishing Carleson measure
(cf.e.g., [22]).

In this paper we consider the problem of obtaining necessary and sufficients conditions for the
measure p to be a p-Carleson, a vanishing p-Carleson, or a reverse p-Carleson measure for the spaces
AR,

There exists a vast literature on Carleson measures on holomorphic function spaces, in one and
several variables, and it is impossible to give a proper and complete account of it. Hence, we limit
ourselves to the papers most relevant for this work, and extend our apologies to all other authors.
In [12), 13, [15] B0], Carleson measures for the Hardy or Hardy—Sobolev spaces on the unit disc are
studied. In in [37,[40] Carleson measures for the Dirichlet and weighted Direchlet spaces still on the
unit disc are characterized. In higher dimensions, we mention [I4], which deals with Hardy spaces
in the unit ball, [26], which deals with Bergman spaces on general domains, [1} 2 [3 [4, 5], which deal
with holomorphic Sobolev—Besov spaces on the unit ball, [22], which deals with Bergman spaces on
strongly pseudoconvex domains, and [33], [0 8], which deal with various function spaces on Siegel
domains.

Carleson measures still draw a lot of attention, in connection with many problems in analysis
such as operator theory, interpolation, and boundary behavior problems, just to mention a few.
The results in this paper are applied in the study of Toeplitz and Cesaro operators on weighted
Bergman spaces on Siegel domains of Type II, see [11].

On the other hand, reverse Carleson measures appeared at a later time, and much less is known
about them. They have been studied by D. H. Luecking in the case of Bergman spaces on the unit
disc [24] 28, 25, 27, BI]. See also the recent survey [19] and references therein.

Among reverse Carleson measures, those which are also Carleson measures form a particularly
tractable subclass, for which better results are generally available. Such measures are often called
sampling measures, since they can be considered as generalizations of sampling sequences. A com-
plete characterization of sampling measures is available on the unit disc (cf. [31]), but not on more
general domains. Nonetheless, the techniques developed in [24], 25] 27] to characterize dominant
(or sampling) sets can be effectively extended to general weighted Bergman spaces on homogeneous
Siegel domains, as already noted in [27]. A subset G of D is said to be dominant for A5 if the
measure Xg(A%S+d o p) - H2H2m  As it turns out, this notion is independent of both s and p.

In this paper we consider weighted Bergman spaces on a homogeneous Siegel domain D of Type II.
We provide necessary and sufficient conditions for a measure p € M (D) to be a p-Carleson measure

for ARV (D) when p1,q1 < p (Theorems and , as well as in the general case, under suitable
additional assumptions (Theorems and |5.9). We also provide a sufficient condition for a measure
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to be a reverse Carleson measure (Theorem , as well as necessary conditions and sufficient
conditions for a measure y € M4 (D) to be a sampling measure for AL”(D) (Theorems [7.6]
and .

The paper is organized as follows. In Section [2] we review our main results in the particular
case D = C for the ease of the reader. In Section [3] we give the definition of homogeneous Siegel
domains of Type II, while in Section [4] we give the definitions of several function spaces on D and
recall some of their most relevant properties which are involved in our analysis. In Section [5] we
prove necessary conditions and sufficient conditions for a measure y € M4 (D) to be a Carleson
measure for the weighted Bergman space ALY, Section |§| is devoted to an extension of a result by
Hardy and Littlewood about embedding the Hardy space into a weighted Bergman space. Finally,
in Section [7] we prove our results concerning reverse Carleson and sampling measures.

2. CARLESON AND REVERSE CARLESON MEASURES ON C;

In this brief section we present our main results for weighted Bergman spaces on C, where they
become particularly simple.
In this case, for p,q €]0,00] and s € R,

- /
A§7Q—{f€HOl(C+): /(; yq5</]R\f(x+iy)\pdy>qPCZy<OO}

(modification when max(p,q) = 00). Then, AZ? =0 if s < 0or s = 0 and ¢ < oo. In addition,
AP is the Hardy space HP.

Theorem 2.1. Take pi,q1,p €]0,00] with p < 0o, and s > 0. Take a compact neighbourhood K of
iin Cy, p € M4(D), and define

Mg(p): C+ 3z p(Rez+ (Imz)K) € Ry,
Then, the following conditions are equivalent:

(1) AZVT embeds continuously into LP(u);
(2) setting p* = max(1,p1/p)’, ¢* = max(1,q1/p)’, and s* := —max(1,p/p1) — ps,

[e’s) . " q*/P* dy
/ yl e </ | Mg (p) (@ + iy)|” dy) — < o0
0 R Yy

(modification when max(p*,q*) = o).

(Cf. Theorem and Propositions and below.)

Even though Carleson measures for the Hardy spaces A5'°°(C,) have been characterized in the
literature, it is known that the problem of determining the Carleson measures for Hardy spaces on
higher rank irreducible Siegel domains is highly non-trivial.

Concerning sampling measures, Theorem [7.9] becomes:

Theorem 2.2. Take p,s > 0, and a p-Carleson measure p for ALY, Assume that the support of
every vague cluster point of every sequence of measures of the form y***! (z+y-).(n) (x € R,y > 0)
is a set of uniqueness for A((]éq/q)s for some (fized) q €]0, p[.

Then, p is a p-sampling measure for AEP.

Observe that the above sufficient condition is likely to be necessary as well, in this case, since
the corresponding assertion on the unit disc is true (cf. [31]).
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Nonetheless, since the above sufficient condition need not be easily managed, other sufficient
conditions can be provided.

Proposition 2.3. Take p,s,e,C’ > 0, and a compact neighbourhood K of i in C4. Then, there is
a compact neighbourhood K' of i in Cy such that, for every p € M (Cy) such that

N(p) = sup y 'Pu(z+yK') < oo
zeR,y>0

and such that
H*({ze€x+yK: p(Rez+ (Im2)K') > e(Im2) TP5N () }) > C'y?
for every x € R and for every y > 0, is a p-sampling measure for A?.

The above result is a consequence of a characterization of dominant subsets of C (cf. Theorem!7.3]

below) which is very close to what one obtains applying Propositionto the measure xg(Im - )P~ 1.

H? and to some ¢ €]0,1[, where G is a measurable subset of C;. Here and in what follows, we
denote by H™ the m-dimensional Hausdorff measure.

Proposition 2.4. A subset G of C, is dominant if and only if there are a constant C' > 0 and a
compact neighbourhood K of i such that

H(G N (z+yK)) > Cy?
for every x € R and for every y > 0.

Finally, the following result provides a sufficient condition for a (not necessarily Carleson) measure
to be reverse Carleson (see Theorem [7.14]).

Theorem 2.5. Take p1,q1,p €]0,00] with p < oo, and s > 0 or s = 0 if g1 = oo. Define

p=pi/(p—p1)+ and ¢ = q1/(p — q1)+.
Then, there are § > 0 and a constant C' > 0 such that every p € My (D) such that

okpls+1/p1]
(M(W’“j, 025 (j + 1)) + i[02F, 52k+1]))j,k
is a p-reverse Carleson for AGV7".

< 00,
"9 (7,7)

3. HOMOGENEOUS SIEGEL DOMAINS OF TYPE II

For the general theory of homogeneous Siegel domains of Type II and further details we refer the
reader to 38, 20, 10]. Throughout the paper we adopt the notation of [10].

3.1. The structure of homogeneous cones and a description of D.

Definition 3.1. Take r € IN and let A = EB;M Aj 1 be a graded algebra endowed with a linear
involution * such that the following hold:
. AjJCAk/?g - Aj,f if k=K' and Aj,kAk:’,Z = { O} if k 75 ]{1,;
e Ap={0}and dimA;; =1 forevery j =1,...,7;
e Ap={0}and dimA;; =1 forevery j =1,...,7;
o for every j = 1,...,r there exists e; € A;; such that the left multiplication by e; is
the identity on A;; and the right multiplication by e; is the identity on Ay ;, for every
k=1,...,7r;
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« if we define Tra = 377_,(¢},a) for every a € A, where €/ is the unique graded linear
functional on A which takes the value 1 at e; (j = 1,...,r), then the mapping (a,b) — Tr(ab)
is symmetric;

« for every a,b,c € A, Tr(a(bc)) = Tr((ab)c);

. A;:k = Ay j for every j,k=1,...,r and (ab)* = b*a”* for every a,b € A;

« the symmetric bilinear mapping (a, b) — Tr(a*b) is positive and non-degenerate;

o setting T' == P, Ajk, one has t(uw) = (tu)w and t(uu*) = (tu)u* for every t,u,w € T

Then, we say that A is a T-algebra.
Definition 3.2. Given a T-algebra A, define

T+::{a€T:<e;,a>>0 Vi=1,...,r}, H(A) ={acA:a=a"},

(3:1) C(A) = {tt*: teT,}, C'(A) = {t't: teT, }.

The cones C(A) and C'(A) are said to have rank r.
The following theorem was proved in [3§].

Theorem 3.3. Let A be a T-algebra. Then, the following hold:

(i) T, endowed with the product induced by A, is a Lie group;
(i) C(A) and C'(A) are homogeneous cones, and are dual to one another with respect to the
scalar product on H(A) E|
(iii) (tz)t* = t(zt*) and (t*x)t = t*(xt) for every t € Ty and for every v € H(A) ;
(iv) the mappings
(t,x) — tat* and (t,x) — t xt

are simply transitive left and right actions of Ty on C(A) and C'(A), respectively, which are
dual to one another with respect to the scalar product on H(A) .

In addition, if € is a homogeneous cone in a finite-dimensional vector space F' over R, then,
there exist a T-algebra A" and an isomorphism ¥: H(A') — F' such that V(C(A")) = Q.

By the previous results, given a homogeneous cone 2, we may select a subgroup Ty of G(Q)
which acts simply transitively on Q and, by transposition, on the dual con ©'. In order to avoid
some notational inconveniences, we shall write ¢ - h instead of ¢(h) or th, and \ -t instead of Aot or
At, for every t € Ty, for every h € Q, and for every A € . Then, the following hold (cf., e.g., [10,
Lemma 2.9]):

« for every t € T}y there exists g € GL(E) such that ¢ - ® = &(g X g)ﬁ

« for every s € C" the mapping AS: T — C* defined by AS(t) = H§:1<€;>t>2sj is a group
homomorphism;

« there is b € R” such that A=P(¢) = detgr(g) = |detc(g)[* for every ¢t € T, and for every
g € GL(FE) such that t - & = ®(g x g).

We recall that D is a tube domain, that is, £ = {0 }, if and only if b = 0, cf. [10, Remark 2.13|.

3 In other words, C/(A) = { ze HA): YA C'(A)\ {0} Tr(Az) >0 }

4This follows from the requirement that D be homogeneous (for a suitable choice of T7).
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3.2. The generalized power and Gamma functions. Using the characters AS we define the
generalized power functions A, and Ag), on Q and §, respectively.

Definition 3.4. Fix base points eg €  and eq € €', and define the generalized power functions
Ag, and A, for s € C", by
AG(h) = A3(t) and AH(N) = AS(H)

where t,t are the unique elements of T'y such that h =t -eq and X\ = eq - t, respectively. We also
set m; ;= dim A;;, and define

(3.2) m = (ij’k)jzl,...,r’ m’ = (Zm]k>

/ =1,
k>j k<j

The generalized Gamma functions on € and ' are defined for Res € m + (R%)" as
To(s) = / e~ (o A (h) dva(h) = [T T (s; — )
Q o 2
and, for Res € m’ + (R%)",

r m'
Fo(s) = /, e~ (Nea) oA dva/ (M) = CH F<Sj _ 2J>’

=1
where ¢ > 0 is a suitable constant.
Furthermore, we set d := —(1, + 3m + $m’) and define

(3.3) vo=AS - H™ and  vg = AL -H™,
where H™ denotes the m-dimensional Hausdorff measure on 2 and ', respectively.

We point out that v and v are two G(§2)-invariant measures on 2 and €', respectively: cf. [10]
Lemma 2.18| for T’ -invariance, and argue as in the proof of [I7, Proposition 1.3.1] for G(Q)-
invariance.

Definition 3.5. We denote by (I§))sec- the unique holomorphic family of tempered distributions
on F such that I3 = ﬁ(s)Af} -vq for Res € m+ (R%)" (cf. [10, Lemma 2.26, Definition 2.27, and
Proposition 2.28|). We call ‘Riemann-Liouville operators’ the operators of convolution by the I§.

3.3. Lattices on D. We shall make extensive use of the notion of a lattice on the domain D. We
first introduce some Riemannian metrics on ©, €, and D.

Definition 3.6. We endow D with the Bergman metric, that is, with the (complete Kéhler) metric
k defined by

k(¢ ow = &)Elog(Ab”d 0p)((,2)
for every ((,z) € D and for every v,w € E x Fg (cf. [I0, §2.5]). We denote by B(((,z), R) the
corresponding open ball of centre (¢, z) and radius R. We denote by vp the corresponding invariant
measure (AP+2d o p) . 127+2m on D (cf., e.g., [10, Proposition 2.44]).

We endow € with the quotient metric induced by the submersion p: D — Q, and €’ with the
Riemannian metric induced by the correspondence Q 3 t-eq + eq -t € ' (cf. [10, Definition 2.45
and Lemma 2.46]). We denote by Bq(h, R) and Bg/ (A, R) the corresponding open balls of centre h
and )\, respectively, and radius R.
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Definition 3.7. Given § > 0 and R > 1, we say that a family (hg)rex of elements of 2 is a
(6, R)-lattice if the following hold:

« the balls Bq(hg,d) are pairwise disjoint;
« the balls Bq(hy, RS) cover D.
We define (4, R)-lattices on € in an analogous fashion.

Furthermore, we say that a family ((jx, zjx)jcsrck of elements of D is a (0, R)-lattice if the
following hold:

o there is a (6, R)-lattice (hy)rex on Q such that hy = p((jk, 2%) for every j € J and every
ke K,

o the balls B(((jk,2j%),0) are pairwise disjoint;

o the balls B(((jk, 2j%), RI) cover D.

The following result is [10, Lemma 2.55], and guarantees the existence of lattices as above on D.
Lemma 3.8. Take § > 0. Then, there is a (6,4)-lattice on D.

3.4. Fourier transform on N. We now recall the definition and a few properties of the Fourier
transform on N, cf. [I0, Section 1.2] for further details.

Define W := { XA € F": 3¢ # 0 such that (A\,Im ®((, -)) = 0 }. Observe that, for every A € F/\W,
the quotient N/ ker A is a (2n + 1)-dimensional Heisenberg group, so that the Stone-von Neumann
theorem (cf., e.g., [I8, Theorem 1.50]) implies that there is up to unitary equivalence) a unique
irreducible unitary representation 7y of N in some hilbertian space H) such that 7(0,ix) = e~ HAa)
for every x € F. Using the Plancherel formula on the quotients A//ker A and integrating in A, one
may then find the Plancherel formula for N (cf.,e.g., [6, Section 2|). Namely, there is a constant
¢ > 0 such that

T / Iy AP () dA
FAW

for every f € LY(N)NL?(N) (cf. [10, Corollary 1.17 and Proposition 2.30]), where .#%(H)) denotes
the space of Hilbert—Schmidt endomorphisms of H).

Notice, though, that 7x(f5) = 0 for almost every A € F'\ (WU, for every h € , and for every
f in the space AE? to be defined below, p €]0,2] (cf. [10, Corollares 1.37 and 3.3, and Proposition
3.2|). For this reason, we shall only describe 7y for A € Q' (‘Bargmann representation’). We define
Hy, = Hol(F) N L?(vy), where vy = e~ 2M®0)) .27 and

(34) (G )t (w) = ePeTIRERO=R Ol — ),

for every ¢ € Hy, for every w € E, and for every ((,z) € N. Denote by Py the self-adjoint
projector of Hy onto the space of constant functions, for every A € €', and define P,y = 0 for
A e F'\ (WUQ). The introduction of P, is justified by the observation that my(f) = mx(fn)Pxo
for almost every A € F/\ W, for every h € Q, and for every f in the space AL? to be defined below,
p €]0,2] (cf. [10, Corollares 1.37 and 3.3, and Proposition 3.2]).

4. FUNCTION SPACES

In this section we introduce the functions spaces on D and N that we shall consider in this paper.
We refer the reader to [I0] for further details and references.
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Definition 4.1. Take s € R" and p, ¢ €]0, c0]. We define

LPA(D) = { f:D—=C: fis measurable,/Q (Aa(h)nfh”Lp(N))qdl/Q(h) < 00 }

(modification when ¢ = oo), and L{{(D) as the closure of Ce(D) in Lg(D). Constistently
with (|1.1)), we define
APY(D) = B4(D)NHol(D),  and  A"(D) = LP¢(D) nHol(D).
Notice that LZG(D) = L§*(D) and ALG(D) = AgY(D) if (and only if) p,q < oc.
It is possible to characterize the values of p,q,s for which AY?(D) is non-trivial. The following
is [10, Proposition 3.5].

Proposition 4.2. Take s € R" and p,q €]0,00]. Then, AZG(D) # {0} (resp. ASY(D) #{0}) if
and only if s € %qm + (R%)" (resp. s € R if g = 0).
Definition 4.3. For s € C" we define the kernel function B® as

(62 = 88257 —0c.0)

for every ((¢, 2),(¢',2")) € (D x D)u (D x D).

Z*Z

Remark 4.4. It turns out that, when s € 2m + (R%)", the reproducing kernel of A2? is given by

Kl(6,2), (¢ ) = er Y A= D i

for a suitable constant ¢ > 0, cf. [I0, Remark 3.12].
In addition, we can also describe the Cauchy—Szegd kernel, that is, the reproducing kernel of the
Hardy space Ag’oo. Indeed, for every (¢, z) € D and for every ((',z') € N, set

S(C,z) (Cla $l) = (Bzag_z()l) (C,a l‘/)
for a suitable constant ¢ > 0, cf. [10, Lemma 5.1]. Then, for every f € A%’OO

f(¢,2) = (fol Si¢.2))
for every (¢, z) € D, where fy = %in%) frn in L2(N).

For p, q €]0, 00|, and two sets J and K, define
T K) = { X e CTE (Njr)jesker € LI P(T))

endowed with the corresponding quasi-norm, and define ¢49(J, K) as the closure of C/*X) in

Pa(J K).
Definition 4.5. We say that property (L)s s 0 (Tesp. (L)22) holds if for every dg > 0 there is a

(0,4)-lattice (Cjis 2jk)jetkek, With 6 €]0, (50] such that, defining hy == p((jx, 2jk) for every k € K
and for some (hence every) j € J, the mapping

' b+d)/p—s—s'
WA= Z Aj”CB(SCj,k:Zj,k)Ag) fpmss (i)
gk
is well defined (with locally uniform convergence of the sum) and maps £5(J, K) into AZG(D)
continuously (resp. maps 74(.J, K) into A5Y(D) continuously).
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If we may take ((jk, zjk)jeskek, for every dp > 0 as above, in such a way that the corresponding
mapping ¥ is onto, then we say that property (L"), ; (resp. (L)22) holds.

We shall present later (cf. Proposition some sufficient conditions for property (L’) to hold.
See also [10] for a more thorough discussion and some necessary conditions.

In this paper we are also interested in a family of spaces of holomorphic functions on D, denoted
by AL(D), which is defined in connection with the boundary values of the elements of A29(D). We
begin by introducing some Besov-type spaces defined on the Silov boundary bD, that we identify
with V.

We define a space of test functions on A by setting

SoN) ={ v e SWN): Fp e C(QA)VA € FF\W mx(¢) = p(A\)Prp }.
Then, define Sq,1,(N) = S(N) *Sq(N), endowed with the inductive limit of the topologies induced
by S(N) on its subspaces S(N) x1, 1) € SQ(N)H Denote by S, ; (NV) the dual of Sg 1,(N). See [10,
Propositions 4.2 and 4.5, and Lemma 4.14] for a proof of the following result.
Proposition 4.6. The following hold:
(1) the mapping Far: @ — (A Tr(ma(p))] induces an isomorphism of Sq(N') onto C(Q);
(2) for every two (9, R)-lattices (Ap)kex and (N )wekr on &, and for every two sequences

(Vr)ker, Wi )werr in So(N) such that Y cp Vi > 1, Y pegr U > 1, for every s € R”
and for every p,q €]0,00], one has

HAE,()\k/) w s Pl
for every u € Sg [ (N).

Definition 4.7. Let s € R", p,q €]0,00]. Take (A;)rex and (¢) as in Proposition Then, we
define B} (N, Q) as the space of u € Sg 1 (N) such that

(A% (k) (u* i)k € L1(K; LP(N)),

endowed with the corresponding topology. We denote by B]lsJ q(j\/ , Q) the closed subspace of B;q(/\f , Q)
consisting of the u € Sg, 1 (N) such that

(A% (M) (u * )k € (K5 L(N)).

See [10], Proposition 4.20 and Theorem 4.23| for a proof of the following result. Here and in what
follows, we put p' := max(1, p)’ for every p €]0, 00|, so that p’ = 00 if p < 1, and %—F 1% =1lifp>1.

o~ HAE,(/\k)HU * k| Loy

LEWN)  ga (k7 (K)

Proposition 4.8. Take p,q €]0,00] and s € R". Then, the following hold:

(1) Sq,r.(N) embeds continuously as a dense subspace of é§7q(N, 0);
(2) the canonical sesquilinear pairings on Sq,,(N) x Sq, 1, (N) and on Sg [ (N) x Sq,(N) induce
unique continuous sesquilinear pairings

(-]-): BS (N, Q) x B,S, W=D+t (nr 0y
p,q p,q

and
(-] BS (N, Q) x B % W+ 0y ¢,

respectively.

5Tt is not hard to see that this definition is equivalent to [I0, Definition 4.4].
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We are now able to define an extension operator from the Besov-type spaces B} (N, Q) on the
Silov boundary A to D to the function spaces A24(D) and AZ’S(D) on D.

Definition 4.9. Take p, ¢ €]0,00] and s € (b +d)+ 2q,m + (R%)", so that, for every (¢, 2) € D,

Sic,) € B (1/p D+(b+d) (N, Q) (cf. [10, Lemma 5.1]). Then, define, for every u € B, 5(N,Q) and
for every ((, z) € D,
SU(C,Z) = <U‘S(C,z)>a

so that & maps B, 5(N,Q) into A" (D) continuously (cf. [I0, Theorem 5.2]). We define

s—(b+d)/p
ALID) = E(B, 5N, Q) and  ALH(D) = E(B,5(N,9)),

and endow both spaces with the corresponding (direct image) topology.
In addition, we define the boundary value operator B: A(2)’OO(D) — BY,(N, Q)

B: Ay°(D) > f — lim fj, € LA(N)
h—0

We remark that, by [10, Corollary 1.37|, B is well defined and continuous, and that EB = I.

It is possible to describe the boundary values of functions in AYY(D), that is, the the limits
of fr, as h — 0,h € Q, for f € APY(D), as elements of B, 5(N, Q). Conversely, under suitable
assumptions, every element of B, %(N,Q) is the boundary value of a unique element of Ag(D).
Precisely, the following holds, cf. [10, Theorem 5.2, Proposition 5.4 and its proof, and Corollary
5.11].

Proposition 4.10. Take p,q €]0,00|, and s € sup (2—1qm, %(b +d)+ 2iq,m’) + (R%)". Then, the
following hold:
(1) (Eu)p converges to u in B, 3(N,Q) (resp. in S, 1 (N)) for everu u € BEZ(N, Q) (resp. for
every u € B, 2(N,Q));

(2) the operator B induces a continuous linear mapping
B: A9(D) = B,5(N,Q)  (resp. B: AL(D) — B, 5(N,Q))

such that EB = I;
(3) there are continuous inclusions

E(Sa,(N)) € ALUD) C ALYD)  (resp. £(Sa,L(N)) C ATG(D) € ALG(D));
(4) if, further, s € sup ( m + (m - Qiq)er’, %(b +d) + %q,m') + (R%)", then,
APY(D) = ALY(D)  and  ADH(D) = ALH(D).

We now present some sufficient conditions for property (L'). See [10, Corollary 5.14| for a proof
of the following result.

Proposition 4.11. Take p, q €]0,00], s € sup (%qm, %(b+d)+%q,m’)+(1&i)’”, ands’ € m(b—k

d) - 55m’ — (—m}u,p) —g) m s = (R [ ALY(D) = ALY(D) (resp. ALY(D) = ALY(D)),
then property (L')04 o (resp. (L')4,) holds.

s,s’

We conclude this section with a technical lemma that will be very useful later on.
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Lemma 4.12. Take s € R", p,q €]0,00|, t € Ty, and g € GL(E) such thatt-® = ® o (g x g).

Then,

b+d)/p—
1£ 0 (9% )l papy = A" ON Il gy

for every vp-measurable function f on D.

Proof. Observe that
(f o (g X t))h((?‘/l“) = ft-h(ggat : ‘T)
for every (¢,z) € D and for every h € Q, so that
1(f o (9 x Dl oy = APTVP@)| fenll poary
for every h € Q, thanks to [10, Lemmas 2.9 and 2.18|. Then,

1f o (g x Ollgaipy = ACTDVP=O)] Il gy,

whence the result. O

5. CARLESON MEASURES

In this section we prove our main results concerning Carleson measures for AS?. For every
uw€ M4 (D) and R > 0, we set

(5.1) Mpg(p): D3 (¢, 2) = p(B((¢, 2), R)) € [0,00].
Lemma 5.1. Take s € R", p,q €]0,00], and p € M4 (D). Then, the following conditions are

equivalent:

(1) there is R > 0 such that Mr(n) € LEY(D);
(2) Mg(p) € LEY(D) for every R > 0;
(3) there is a (8, R)-lattice (ks 2jk)jesker on D, with § >0 and R > 1, such that

(88 (oG 23 Mas (1) G 238 ) € P90, K
(4) for every (8, R)-lattice ((j i, 2jk)jesker on D, with d >0 and R > 1,

—(b+d
(A VP0G 210)) Mps (1) (G 25.0)) € P9(T, K.
The same holds if one replaces Lg?(D) and £79(J, K) with LY§(D) and £5?(J, K), respectively.

This extends [33, Lemmas 2.9 and 2.12|, where the case in which p = ¢ € [1,00], D is an
irreducible symmetric tube domain, and s € R1,, is consideredﬁ

Proof. We shall only prove the first assertion. The second assertion is clear if i has compact support,
and then follows by approximation, since the equivalence of conditions (1)—(4) is quantitative by
the closed graph theorem, or by the proof below.

(1) = (2). Take R’ > 0. Observe that, since B((0,ieq), R’) is compact by [10, Proposition
2.44], there is a finite family ((j, zj) jes of elements of D such that B((0,ieq), R') € U, B((¢j, 25), R).
For every j € J, choose t; € Ty and g; € GL(E) in such a way that t; - ® = ® o (g; x g;) and
tj-eq = p((j, zj). If we define

pj (C2) = (G, Re zj +1i®((5)) - (95,5 - 2),

6Notice, though, that in |33}, Lemmas 2.9 and 2.12] the use of the ‘pure-norm’ spaces L? and ¢ allows for the use
of more general lattices.
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then ¢; is an affine automorphism of D and B((C, 2), R') € U;c; B(¥;(¢, 2), R) for every ((,2) € D.
Therefore, in order to prove that Mg (1) € L5 (D), it will suffice to prove that Mg(u)op; € LEY(D)
for every j € J. Since this follows easily from Lemma this proves (2).

(2) = (4). Let (Gjk» 2jk)jesker be a (d, R)-lattice on D for some § > 0 and R > 1. Observe
that

> " Mrs(Ciks 230X B(Cspzn0) < Miaa1)s (1) (G 2i8)
Jik
on D, so that
> Mrs(Giks 25 XBU(Cpzy0):8) € LEU(D).
J.k
Now, observe that there is a constant C; > 0 such that
(X B((0,ie0).6) )0l Loary = C1
for every h € Bg(eq, 6/2)E| so that, by homogeneity,

—(b+d
1OXBUG 020000 Loy = C1gPF Y P (hy)

for every h € Bq(hk,6/2) and for every (j,k) € J x K, where hy := p((jx, 2;1) for every (j, k) €
J x K. It then follows that

> (XB((@,,C,Z%,C),&))  Mrs(Giks 2jk)
Gk LP(N)

—(b+4+d
> C1H(AQ( * )/p(hk)MRé(Cj,khZj7k)XBQ(hk,6/2)(h))j’k

for every h € 2, whence

r(JxK)

(A;*(Md)/f’(hk)MR(;(gj,k,zj,k)> € MI(J K)

thanks to |10, Corollary 2.49].

(4) = (3). Obvious by [10, Lemma 2.55].

(3) = (1). Take a (6, R)-lattice ((jk, 2j,k)jeskck as in the statement, define hy, := p((jk, 2j.k)
for every (j,k) € J x K, and let us prove that

(A8 P () MG 2i0) ) € 079(J, K)

for every R’ > R. Indeed, for every (j,k) € J x K, define Vj, as the set of (j',k') € J x K such

that d(((jk, 2jk), (w2 k) < (R4 R')6, and observe that N := sup Card(Vj ) is finite by [10),
Jk

Proposition 2.56]. In addition, by [I0, Corollary 2.49] we may find a constant Cy > 0 such that

1 _ _ _
UQA?‘Z (b+d)/p(hk/) < A; (b+d)/P(hk) < CQA; (b+d)/p(hk/)
for every (j,k) € J x K and for every (j',k") € Vj . Then,
Ay CTVP () Mps(Cis 2i0) < Co > AT (g Mis (1) (G g 251 1)
(4K EV) K

TObserve that, since B((0, ieq), d) is an open set, the mapping h — ||(XB((0,ieq),6) ) \|LP<N) is lower semi-continuous,
and that it vanishes nowhere on the compact set Ba(eq,d/2), thanks to [I0, Lemma 2.46].
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for every (j,k) € J x K. Define V] as the set of ¥ € K such that d(hy, hy) < (R + R')J, so

that k' € V) for every (j/,k") € Vj; and for every j € J by [10, Lemma 2.46]. In addition,
N’ = sup Card(V})) is finite by [10, Proposition 2.56]. Therefore,
k

H (A5 O () s (¢, %K)

< O, N™ax(11/p) H b+d)/p(hk')MR<s(Cg’ k' 25, k’))j’,k’

o (J)

LP(Jx V)
for every k € K, so that

(A;_(b—f—d)/l)(hk)MR/(g(ijca Zj,k))

Ikl gp.a (g, k)

< C2Nmax(1,1/p)N/max(l/p,l/‘I) (A;_(b+d)/p(hk/>MR(S(M)(Cj’,k’7 zj’,k’)) ,

3k epoa (g, k)

whence our claim.
Now, let (Bj k), be a Borel partition of D such that Bj i C B(((jk, 2jk), R0) for every (j,k) €
J x K, and observe that

ZXB] W M(Ry1)5(Cioks 25 k)

on D. In addition, arguing as in the proof of [10, Theorem 3.23|, we see that there is a constant
(3 > 0 such that

b+d)
ICeiconmmill ooy < CsBg P (06, 2) X a(oic. 20,70 (B)
for every (¢, z) € D and for every h € €. Hence,
—(b+d
M5l ey < s (o, DAL () MGk 230)) 1

Now, by [10, Corollary 2.49 and Proposition 2.56] there are two constants Cy > 0 and N” € IN such
that

PIXK)

1A% (h) < A% (h) < CaA%(R)

Cy
for every h € Bq(hg, R0) and for every k € K, and such that Y7, X g (h,,rs) < N"Xq. Then,
—(b+d
[ Ms (1)l o py < Cs H - )/p(hk)M(R+1)6(Cj,kaZj,k))j,k e’
where Cs == C3Cyvq(Ba(eq, R6))VIN"max(1/p1/9)  Thus, (1) follows. O

The next proposition provides a first sufficient condition for a measure u € M, (D) to be a
p-Carleson measure or a compact p-Carleson measure. It extends [33, Proposition 3.5 and Theorem
3.8 (i)], where the case in which p; = ¢1,p € [1,00[, D is an irreducible symmetric tube domain,
and s € R1,, is considered.

We shall often use the following notation. Given pi,q1,p €]0,00], with p < oo and s € R", we

setfd
(5.2) p" = (p1/p), ¢ = (q1/p), and s*:=max(l,p/p1)(b+d)—

8Recall that ¢’ := max(1,t)’ for every t €]0, o0].
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Proposition 5.2. Take p1,q1,p €]0, 00|, with p < 0o, and take s € R" such that s € ﬁm—k (Rx)"

ors € RY if ¢ = oco. Let p*,q*, and s* be as in (5.2). Let p € M (D), and take R > 0. Assume
that

Mpg(p) € LEo7 (D).

Then, ARV (D) embeds continuously into LP(j).
If, in addition,

Mp(u) € L5.§ (D),
then AEY™ (D) embeds compactly into LP(1).

Proof. Let ((k, 2jk)jerker be an (R/4,4)-lattice on D (cf. [0, Lemma 2.55]), and define S, : Hol(D) —

C/*K 5o that

(S )= A PFIP Ry max [f
B((¢j,k:25,k):R)

for every (j,k) € J x K, where hy, := p((j i, 2jk), so that there is a constant C; > 0 such that

1
a”f”,qgl*ql( S S+ Fllpran (g5 < Cull fll gz (D)

for every f € Hol(D), thanks to [10, Theorem 3.23|. In addition, choose a Borel partition (B ) of
D such that Bj, C B((jks 2j,k), R) for every (j, k) € J x K. Then, for every f € AS"" (D),

e < | Y0 (SehiwdST P (s,

(j,k)eJx K L7 ()

<[ (S PiwAT O () Mr() G 230 7)

P (JxK)
< Col|S+ fllgpran (1,1
< Lo fl v ()

1/p
. Then, the first assertion follows from

— p[(b-+d)/p1—s] ) .
where Cy = HAQ (hie) MR(1) (ks 25.kc) ot (1K)

Lemma [5.1]

In order to prove the second assertion, it will suffice to show that, if ;1 has compact support, then
the canonical mapping AL"% (D) — LP(u) is compact. Since ALV'?' (D) embeds continuously, hence
compactly, into the Fréchet—Montel space Hol(D), which in turn embeds continuously into LP(u),
the assertion follows easily. (|

T

Proposition 5.3. Take p1,q1,p €]0,00], with p < oo, and take s € R" such that s € 5—m+ (RY)
(resp. s € R if ¢ = 00). Let p € My (D) and R > 0. Assume that AZ;" (D) (resp Apl’ql( ))
embeds continuously into LP(u). Then,

Mp(1) € Ly )/ —ps (D)

If, in addition, AZ" (D) (resp. AV (D)) embeds compactly into LP(p) and sy € (RL)" if p1 =
q1 = oo, then

Mpg(p) € Lo?b(jd)/pl psO(D)
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Proof. Take s’ € R" such that
1 1 1
se—(b+d) ——m'—(R}) and s+s'€ —(b+d)——m (RL)".
P1 2 D1 D1 2 qi1

Then, BY,, , € AL (D) (resp. BY, ,, € ABv1 (D)) for every (¢',2') € D, and

(C/,Z/) (<l72l)
/ +s*—(b+d)
|BZ anllazron (py = CLAGT™ =TV (o 21))
for a suitable constant Cy > 0, thanks to |10, Proposition 2.41]. Hence, there is a constant Cy > 0
such that (o)
' +s*—(b+
1By oy < CalB= = CF 0/ (7, 2)

for every (¢’,2") € D. In addition, there is a constant C3 > 0 such that
1 ’ / /
G5 Bloran| < 1Bieo)| < CalBie o)

on D, for every (¢',z') € D and for every ((,z) € B((¢',2'),r), thanks to [10, Theorem 2.47|.
Therefore,

/ 1 o
||B(sg/,z/)||Lp(u) > aA?](P(C/>Zl))”XB(({',z’),R)HLP(M)
1
=G

AR ) MR()(¢', )
for every (¢’,2") € D. It then follows that
Mp(u)(¢', ) < CROEAG™T VM (p(¢' 1))

for every (¢',2') € D.
Now, assume that A" (D) (vesp. Ag"" (D)) embeds compactly in LP(u), and that s € (R% )"

if pr = q = oo, Define b = By APV (p(¢,2)) for every (¢,2) € D, so that the
family (b .))(c,»)ep i uniformly bounded in A" (D). In addition, since s € b+d + (R%)", [10,

Proposition 2.41] implies that B(Sé 2 A‘()gfé)/pl _s_g o(D), so that

. . (b+d)/p1—s—s’ N
ol lbean(@al = tm Al (p(¢ ZDIB (o) = 0
for every (¢,2) € D. Let b be a cluster point of (b)) in LP(u) for (¢,2) — oo, and observe that
b = 0 since b ;) converges pointwise (and also locally uniformly, thanks to [I0, Theorem 2.47])
to 0 as (¢,z) — 0. Since AZ""" (D) embeds compactly into LP(u), this suffices to prove that b )

converges to 0 in LP(u) as (¢, z) — oo. Therefore, the computations of the proof of the implication
(1) = (2) show that

Jim AR ) M) €)=

whence the result. O

We are now ready to prove our first main result. It provides a necessary and sufficient condition
for a measure p € M (D) to be a p-Carleson measure for AL"'?". This result is analogous to the
classical characterization in the case of the unit ball, see e.g. [41, Theorem 2.25], and it extends [33,
Theorem 3.5|, where the case in which p; = ¢1,p € [1,00[, D is an irreducible symmetric tube
domain, and s € R1,, is considered.
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Theorem 5.4. Take p1,q1,p €]0,00[ with p1,q1 < p, and take s € R" such that s € Q—;m%— (R3)".
Let p € M4 (D) and R > 0. Then, the following conditions are equivalent:

(1) ABYT (D) embeds continuously (resp. compactly) into LP(u);

(2) Ma(p) € L5 4y g (D) (resp. Ma() € L5 g0 g 0(D)).

Proof. (2) = (1). This follows from Proposition [5.2}
(1) = (2). This follows from Proposition [5.3] O

We now deal with Carleson measures admiting a loss, that is, with the case p1,q1 € p. Note
that when dealing with the mixed norm case, this complementary condition is not as simple as
in the pure norm one. We provide a characterization of p-Carleson measures on A% in two
situations: when ALY? admits a suitable atomic decomposition (Theorem; when AEV? embeds
into As+(1/p 1/p1)(b-d) (Theorem .

The next theorem extends [33, Theorem 3.8 (ii)], where the case in which p; = q1,p € [1,00][, D
is an irreducible symmetric tube domain, and s € R1,., is considered. Recall that property (L)Zs),:%
is defined in Definition 4.5l

Theorem 5.5. Take p1,q1,p €]0,00], with p < oo, and s € ﬁm + (R%)". Assume that property
LYPYI holds for some s’ € R”, and let p € M . Then, the following conditions are equivalent:
s,s’,0 H +
(1) AEYT (D) embeds continuously into Lp(,u);

(2) AZ™ (D) embeds continuously into LP(u);
3) for some (or, equivalently, every) R > 0, Mr(u) € L7 (D , where p*, q*,s™ are as in (5.2]).
S
If, in addition, p < q1, then the following conditions are equivalent:
(1) AEV (D) embeds compactly into LP(u);
(2) AZ" (D) embeds compactly into LP(p);

(8) for some (or, equivalently, every) R >0, Mr(u) € Lg::g* (D), where p*, q¢*,s* are as in (5.2)).
Before we pass to the proof, we need a lemma.

Lemma 5.6. Take p1,q1,p2,q2 €]0,00], s € R", R > 0, and p € My (D). Assume that p1 < po
and that q1 < qo2. Then, the following hold:

(1) ifMR(M) € Lzsh’ql(D); then MR( ) € Lﬁi?f/m 1/p1)(b+d)(D)'
(2) if Mp() € L7 (D), then Mp(u) € L¥

‘ P1,q oooos+(1/p2 1pbsa)0tD) PLa
(8) if 1 < oo, Mp(u) € Ls"* (D) N L ~(btd) /p1, o(D), then Mgr(p) € Lgs™ (D).

Proof. All the assertions follow easily from Lemmau 5.1] and the elementary inclusions /P14 (J, K) C
r22(J K), 50 (J,K) C 2P (J,K), and (P12 (J, K) N L7 (J, K) C 50" (J, K) (when ¢1 < 00)
for every two sets J and K.

O

Proof of Theorem[5.3, Clearly, (1) = (2), while the implication (3) = (1) follows from
Proposition [5.2] Thus, it only remains to show that (2) = (3).
By assumption, there is a (0, 4)-lattice ((jx, 2jk) jeskex for some § < R/4 such that the mapping

W VN K) 3 A > NBY L ARTYPTS () e APy (D)
7,k

is well defined and continuous, where hy, :== p((jk, 2j%) for every j € J and for every k € K.
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Now, take a probability space (X,v) and a sequence (rg)gen of v-measurable functions on X

such that )
<®Tﬁ)(’/):m Z Oe

peB ee{-1,1}F
for every finite subset B of IN (cf. [21, C.1]). By Khintchine’s inequality, there is a constant C > 0

such that
1 1/2 N\ 1/2
& (Tiol) < | S, <cr(Tpar)
1 5en Lr(v) BEN

for every (ag) € C™ (cf. [21], C.2]). Let ¢: Jx K — NN be a bijection and define r-\ := (TG k) Njik ) g

for every A € C/*K) By the assumptions and the continuity of ¥, there is a constant Cy > 0 such
that, for every A € C(/xK)

H\Ij(r')‘)HLP( < Cor - )‘”zm a(J,K) = CQH)\HePl U (J,K)

v-almost everywhere. Therefore, by means of Tonelli’s theorem we see that

Z‘)‘]k (G 25,k

1/2

L I < 10 M s .10

L ()

for every A\ € CV*K) Now, observe that there is N € IN such that Zj’k XB((Cjuk,

(G R) S
thanks to [10, Proposition 2.56]. In addition, there is a constant C3 > 0 such that

N on D,

< C3A8 (hy)

Cj k%4, k)

—AS (hy) ’B
Cs k)

on B((¢jk, zjk), R) for every (j,k) € J x K, thanks to [10, Theorem 2.47]. Then,

1/2
Z’)\] kB Cj k> Z]k

A?)[(ber)/pl —s—s'] (i)

LP(p)
1/2

1 o
g 63 ZXB ((Gokszjm) R |)\J ’ A2[( +d)/p1— ](h )

Lr(p)
1
N-(1-p/2)+ &

> S Ik AR ) M (1) (G 250)

4.k
for every A € C/*K)_ Using the natural duality between 5161/1)’(“/1)(], K) and 7" (J, K), we then
see that
(AP () M) (G 70)) € €70 (. K).
Then, (3) follows from Lemma
Next, we turn to the second part of the statement. The fact that (3') = (1’) follows from

Proposition while it is obvious that (1') = (2’). Finally, Proposition Lemma and
the implication (2) = (3) prove that (2') = (3/). O
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With the same techniques, but using [10, Corollary 5.14] instead of property (L)2%7, one also
proves the following result. We recall that the spaces AE(D) and ;{57’8 (D) are the holomorphic
extensions of the analytic-type Besov spaces B, 2(N,(2) and sz 2 (W, Q), respectively, see Defini-
tion
Proposition 5.7. Take p1,q1,p €]0, 00|, with p < 0o, and take s € —(b +d) + ,m + (R%)".
Take u € M4 (D) so that gzs’}om (D) embeds continuously into LP(p), and take p*,q*,s* as in (5.2).
Then,

Mpg(pn) € LE (D)
for every R > 0.

Notice, though, that an analogue of Proposition |5.2[ for the spaces AP 1’ql( ) is false, in general,
as the following Proposition shows. We denote by ﬁl/ the Laplace transform of v € M (), that
is,

(Lv)(\) = / =) ()
Q
for every A\ € F”.

Proposition 5.8. Takes € 234 + 1m' + (R )" and a bD-invariant p € My (D), and let v be the
unique Radon measure v on Q such that [, fdp = [, fj\/ fr(C x)d(¢, x) dv(h) for every f € Co(D).
Take s’ € —im' —s— (RY)". Then, the following conditions are equivalent:
(1) A2*(D) embeds continuously (resp. compactly) into L2(p);
(2) the function A% Lv is bounded (resp is bounded and vanishes at oo) on Q';
(3) the function h — AGS™ S(h))| A% (- + M)l 12 is bounded (resp. is bounded and vanishes at
o) on €.

This extends [8, Theorem 3.1], where the case in which s = 0, D is an irreducible symmetric tube
domain, and v is absolutely continuous with respect to Lebesgue measure, is considered.

Notice that this shows that the necessary conditions of Proposition are not sufficient, in
general. For example, when s = 0, then a bD-invariant positive Radon measure p on D induces a
continuous embedding of the Hardy space A3’2(D) = A%’Oo (D) into L?(u) if and only if the measure
v defined as in the statement is integrable on 2, while Proposition [5.7] only requires the mapping
h+— v(Bgq(h, R)) to be bounded for some (every) R > 0.

Proof. (2) = (1). Take f € AZ*(D)n A* 3/2( ), and observe that there is a constant ¢ > 0 such
that , defining 7¢(\) = mx(feq)eM®) for almost every A € €V,

1y = | 1m0y (£)2AAGPO) A

arguing as in the proof of [I0, Corollary 1.38|. In addition, we may choose a norm on ZgZ(D) SO
that

1320y = [ 175y A2 A
thanks to |10, Lemma 2.26, Proposition 3.11 and Proposition 5.13|. Now, define

2]
L2 = {TE LAHN)AGPE(N) d: TZTP.@}

Q/
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(cf. [10, Definition 3.10]), and observe that the image of the mapping 7, extended to AZ*(D) by
continuity, is the whole of £2(£)') (cf. [10, Propositions 3.15, 3.17, 5.4, 5.13, and Corollary 5.11]).
Therefore, A3*(D) embeds into L2(y) if and only if there is a constant Cy > 0 such that

Lv(2)) < C1A57()N)
for every A € 0.

Now, if A%S,CZ/ is bounded and vanishes at infinity, then it is clear that the mapping 7 A%S,[J/ T
is a compact endomorphism of £2(£)'), so that the preceding remarks show that AE’Q(D) embeds
compactly into L?(u).

(1) = (3). Observe first that HBS +(btd) /2HA2 2(py = A§+S/(p(c,z)) for every (¢, z) € D, for

a suitable choice of a norm on A2?(D) (Cf. [10, Proposition 2.41 and Lemma 5.15]). In addition,
there is a constant C5 > 0 such that

(5579, = o010

L2(N)
for every h,h’ € €, thanks to [I0, Lemma 2.39]. Therefore, (3) follows arguing as in the proof of
Proposition [5.3]
(3) = (2). Observe that there is a constant C3 > 0 such that
A% (- + D)y < CA(H) VeTy (resp. and lim [A¥(- +B)l| 2, =0

for every h € €, where v, = A?(¢)(t-).v, and that (2) is equivalent to saying that

sup Lyg(eq) < oo (resp. lim Lyy(eq) = 0).
tety t—00

Now, [10, Corollary 2.36] implies that
AQs’(h + h/) > AQS/(Qh) _ QQS’AQS’(h)
for every h €  and for every A’ € QN (h — ), so that
QN (h—Q) <27 A (n) A% (b4 b)Y diy(h') < 272 C2A%(h)
on(h—0)

for every h € Q and for every ¢t € T,. In addition, fix R > 0 so that (eq,h) > 1 for every
heQ\ (Req — ). Then,

Lv(eqr) :/e_<eﬂ”h> dvg(h)
Q

<1 (QN (Req — Q) + Z efszl/t(Q N (281 Req — Q) \ (2°Req — Q))
k€N

< 2—28/032 (R2s + Z(2k+1R)2se—2k'R>
keN
for every t € T'y. If, in addition, tlim HAS/(- + h)HLQ(W) = 0 for every h € §, then the preceding
—00

computations show that v4(QN (251 Req — Q) \ (2¥Req — ) — 0 for t — +oo for every k € N, so
that it is readily seen that Li;(eq/) — 0 for t — oo. O
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We now come to the last main result of this section. It provides a necessary and sufficient condition
for a measure g € M4 (D) to be a p-Carleson measure for AL"% also in terms of integrability
properties of Bergman kernels.

Theorem 5.9. Take p1,q1,p €]0,00], with p < oo, p € M4 (D), s € R", and s’ € C" such that the
following hold:

(i) s € 21 m + (R%)" (resp s € IRCr if . = 00);
(ii) Res’ € —(b—i—d) — —m — (R%)" (resp. Res’ € =R, ifpl = 00);
(i1i) s+ Res’ € —(b+d) —m — (IR*) (resp. s + Res' € (b—l—d) R" if g1 = o0);
) b —_ 1
(iv) AZG™ (D) (resp. As™ (D)) embeds continuously into ALY (D), where s” == s+ (7 - p—l) (b+
d).
Then, the following conditions are equivalent for every R > 0:

(1) AZ5™(D) (resp. ASV"(D)) embeds continuously into LP(p);
(2) there is a constant C > 0 such that

1B 2yl oy < CASTRES=EFP1(p(¢ 2))

for every (C, ) € D;
(3) MR(1) € Lyjiia)/p—s) (P)-
If, in addition, s,—s — Res’ € (R)" when p1 = q1 = oo, then the following conditions are
equivalent for every R > 0:
(1) AZG™ (D) (resp. AS"" (D)) embeds compactly into LP(u);
(2) the function ((,z) — AbTd)/pi—s—Res"(,(c ))HB(Cz [ 1p(y) s bounded and vanishes at oo

on D;

() Ma(n) € Lt ay/py-s)0(P):

This extends [9 Theorem 1.1|, where the case in which s = 0, s’ € R1,, ¢ = oo, and D is an
irreducible symmetric tube domain, is considered.

Notice that, if (i) to (iv) hold, then (i), (ii), and (iii) hold with s, p;, and ¢; replaced by s”, p
and p, respectively, thanks to |10, Proposition 2.41].

Conversely, if (2) implies (1) and (i), (ii), and (iii) hold with s, p1, and ¢; replaced by s”, p, and
p, respectively, then (iv) holds thanks to [10, Proposition 2.41| again.

Observe that Ag™(D) = A2?(D) C A‘?i’}p 1/2)(bra)(D) for every p > 2, thanks to [I0, Proposi-

tion 4.19], so that the assumptions are satisfied whenever s” = (1/p — 1/2)(b 4+ d) and AIS),’?( ) =
APP(D). This is the case, for example, when (cf. [10, Corollary 5.11])

s//
11 1 11\ , 1 1, .
<p 2)(b—kd) € sup<2pm+ (2 p)m,p(b—i—d)—l— ) m> + (R%)".
Proof. We prove only the equivalence of conditions (1)—(3). The equivalence of conditions (1")—(3")
is proved similarly, using the techniques employed in the proof of Proposition [5.3]

(1) = (2). This follows from [I0, Proposition 2.41].

(2) = (3). This follows easily from [10, Theorem 2.47].

(3) = (1). By Theorem ABP(D) embeds continuously into LP(u), so that the assertion
follows. O
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With a similar proof, but using [10, Lemma 5.15] instead of [10, Proposition 2.41], one may prove
the following result, which deals with p-Carleson measures for the spaces AEV% (D).

Theorem 5.10. Take p1,q1,p €]0,00[, p € M4(D), s € R", and s’ € C" such that the following
hold:
(i) s € 5r(b+d) + 5rm' + (RY)";
(ii) s + Res' € pil(b—i— d) — ﬁm/ — (R%L)" (resp. s+ Res’ € pil(b +d) - R if g1 = o0);
(iii) Apl’ql( ) (resp. ABYT (D)) embeds continuously into APP(D), where s == s+ (% - p%) (b+
d).

Then, the following conditions are equivalent for every R > 0:

(1) Ap1,q1( ) (resp. AEY(D)) embeds continuously into LP(y);

(2) there is a constant C > 0 such that

1B o)l oy < CASTRES= DI (p(C, 2))

for every (C, ) € D;
(3) Mp(p) € Ly [(b+d)/p1 S](D)-
If, in addition, s + Res’ € —(R%)" when py = q1 = oo, then the following conditions are equivalent
for every R > 0:
(1) gg,ld'h (D) (resp. ABY"(D)) embeds compactly into LP(11);
() thel/;unction (¢, 2) = Abtd)/pri—s—Res’( ))HB(CZ l1p() 15 bounded and vanishes at oo
on

(%) Mr(n) € Ly ay/p—s10(P)-

Notice that, by Corollary m below, if (iii) holds, then p1,q1 < p.

6. INCLUSION BETWEEN THE SPACES Zg’q(D) AND AEY(D)

A classical result by Hardy and Littlewood in dimension 1 shows that the Hardy space H?(C.)
embeds continuously into Ap 1(C4) when p > 4. In this section we address a similar question.

The main result is Theorem |6 - in which we restrict ourselves to the setting of Siegel domains of
Type L. In addition to that, we also prove some necessary conditions for the spaces A and A to
embed into one another. For sufficient condition, see [10, Propositions 3.2, 3.7, and 4.19].

Lemma 6.1. Take p1,p2,q1,q2 €]0,00] and s1,82 € R", and assume that s1 € 5 m+ (R%)" (resp.
s1 € R} if @1 = 00) and that A7) (D) C AS3*(D) (resp. Agy™ (D) C Apg"p( )) Then,

p1 < pa and Sg =8S1 + <—> (b+4d).
b
As Theorem [6.4] - below shows, it is not possible to deduce g1 < o in this generality. Cf. Corol-
lary [6.3] below, though.

Proof. By assumption, there is a constant C' > 0 such that
1f 1l azz 22 (py < ClF Il apron
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for every f € ALVIY(D) (resp. for every f € ALY (D)). We assume that C is the least possible

S1, 0
constant for which such an inequality holds. Now, for every ¢t € T, choose g; € GL(FE) so that
t-®=®o0 (g x gt). Then,

||fo(g: x t)”AfZi’ql () = A~ s1t(b+d)/p1 (4 )Hf”A”l o

and
1 0 (gs x D)l apzeoz () = Asztbrd)/pe O fll azze2 )y
for every f € Hol(D), thanks to Lemma Therefore, the arbitrariness of ¢ € T and the
minimality of C imply that
s2 =s1+ (1/p2 — 1/p1)(b +d).
Next, assume that APV (D) # 0, that is, that s1 € ﬁm + (R%)". Then,

s1,0

21/p2HfHA§§’q2(D) = li)m 1f = FU(G 2z +i®(0)) )l azzroz

<C(C£1)m 1f = f((¢ 2z +i®(C)) ) azor ()

= 21/pICHfHA£i"“(D)

for every f € AZ1'GH(D), so that 1/p1 > 1/pa, that is, p1 < p2, by the minimality of C.

Finally, assume that A7’f'(D) = 0, so that ¢ = oo and (sl)] = 0 for some j € {1,...,r}.
Then, for every e > 0 we may find 8" € R” such that s, = (b +d;) — Tm —¢ and such
that B(SC € € AEPT(D) for every (¢,z) € D (Cf [10] Proposition 2 41]), so that B(Sg,z) € A2 (D).
Then, [10, Proposition 2.41] implies that s, < (b +dj) — g,-m);. Since —bj,m}; > 0 and —d; > 0,
the arbitrariness of € implies that 1/p; > 1 / pg, that is, p1 < pg O

Lemma 6.2. Take p1,p2,q1,q2 €]0,00] and s1,s2 € R, and assume that the canonical mapping

Sa,.(N) — B2 (N, Q) induces a continuous linear mapping BIS)} o WN,Q) — B2 (N,Q). Then,

P1< P2, @1 < Q2 andszzler(p%—*)(ber)

Proof. Applying the operator u +— u % Igsll for a suitable s’ € R", we may assume that si,so
are sufficiently small so as to ensure that the mapping £ is defined and induces isomorphisms of

B;} a N, Q) and B52 (N, Q) onto APL%(D) and AP (D), respectively (cf. [10, Theorem 4.26

and Corollary 5.11]). Then, Lemma implies that p; < p2 and that so =s7 + (p% — —) (b+d).

Therefore, it only remains to prove that ¢; < go2. Then, take s’ € R" and observe that [10, Lemma
5.15] implies that B(S/ ) € APYI(D) for some (or, equivalently, every) (¢,z) € D if and only if

s1,0
s1+¢ € —(b +d) - Em (R* )", and that B(SC € € AE2%(D) for some (or, equivalently, every)
(¢,2) € Difand only if s +s" € - (b+d) - —(R%)" and g2 < oo or sz +s' € - (b+d) — R},

and go = oo. Therefore, ¢; < @2 pmmded that m 7& 0.

Thus, we only need to consider the case m’ = 0, that is, r = m. In this case, we may assume that
Q= Q' = (R%)", identifying R" with its dual. Define K = Z" and t;, :== \;, = 2K = (2} ... 2kn)
for every k € K. Notice that the distance (A, X) = >7%_, [log(A;/A})[ on Q' is G(€')-invariant and
clearly locally bi-Lipschitz equivalent to dgs, hence bi-Lipschitz equivalent to dg/ near every point,
with uniform constants. Therefore, it is readily verified that (A\g) is a (4, R)-lattice for some 6 > 0
and some R > 1. Notice that €2 is a group under pointwise multiplication, so that we may choose
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T = Q with the natural action. In this case, A%(t) =1* = [[}_, t;j for every s € C". Now, choose

a positive p € C(Q') so that 3", p(-tx) = 1 on ', and define ¢y, == Fy/ (o)) for every
k € K. Then,

ws ullgy o) = A% Ol bl |,
is a quasi-norm which defines the topology of B} (N, Q) for every p, ¢ €]0, o] and for every s € R”.
Define W;(u) = AS1—(b+)(1=1/p1) (¢ ) 4 for every u € Sq.1(N) and for every t € T'.. Then, clearly

H‘l}tk (’LL) ”BZ';,QJ' (N,Q) = HUHB:‘;.’,]J. (N,Q)

for every j = 1,2, for every k € K, and for every u € B;jz.,qj (N, Q). In addition, it is readily seen
that

i _ . — 9l/g; .
kli{{.lon qjtk(f)HBij,qj ('/\/’7Q) 2 J Hf”Bp‘;,qj (_/\/’79)

for every j = 1,2 and for every f € Sq,.(N). Now, by assumption there is a constant C' > 0 such
that

1/l 5z

2,92

(NV,Q) < C||f||351 (N,Q)

Pp1,91
for every f € Sq,(N). Then, applying the same inequality to f — W, (f) and passing to the limit
for k — oo,

1/l =2

p2,492

N < 21/(11—1/6120“]11”]351 W)

P1,491
for every f € Sqr(N). Since we may have assumed C' to be minimal, it is readily seen that
@1 < go. O

Corollary 6.3. Take p1,p2,q1,q2 €]0,00] and s1,s2 € R" such that s1 € p%(b—i—d) —i—ﬁm’—F(Ri)T
1

and such that Zgi:gl(D) C AE2(D). Then, p1 < p2, 1 < g2, and s3 = s1 + (p% — 1%) (b+4d).

Notice that, if p1 < p2, ¢1 < g2, and s2 = s1 + (pil - p%)(b +d), then APV C AP2% and
Zé’;m C 21;’3"12 (cf. [10, Propositions 3.2 and 4.19]). Nonetheless, Zgizgl need not embed into A52'%,

Proof. Take s' € Ngy so that AP2%,(D) = AP>%,(D) (cf. [10, Corollary 5.11]). Observe that the

so+s’ So+s’
mapping f — f * Iasl induces an isomorphism of AZ'G'(D) onto ALY, (D) by [0, Proposi-
tion 5.13], andjz continuous mapping of Ag* (D) into AL2YZ, (D) by [10, Corollary 3.27]. Thus,
Agi’_ﬁ;,70(D) C AL, (D), so that the conclusion follows from Lemma . O
Theorem 6.4. Assume that n =0, and take k € IN* and
1, 1 , k=1, 1 , k-1, 1 .
sEsup<2d+ ety d-+ TRty d-+ 4km> + (RL)".

Then, Az*(D) embeds continuously into A1 (D) for every q € [2k, o0].

(1/2-1/g)d

This extends [9, Theorem 1.3], where the case in which s = 0 and D is an irreducible symmetric
tube domain is considered. Notice that [9 Theorem 1.4] provides better results when s = 0, r = 2,
and m = 3,4,5,6.

Notice, in addition, (cf. [9, Remark 1.5]) that if A5}'# (D) embeds continuously into AE>%(D),

then also A:f };{kql(D) embeds continuously into A':f ?}f‘”(D) forvevery k € IN*. Indeed, f €



CARLESON MEASURES ON SIEGEL DOMAINS 25

A:f}kkql( ) if and omly if f*¥ € AEMY(D), so that f* € AE2®(D), which is equivalent to f €

A:f ikqu(D). Unfortunately, it is not known if the weighted Bergman spaces interpolate in full
generality, so that this fact cannot be used to deduce similar embedding for every k € [1, ool.

Proof. Define 7: A3?(D) N AZ™(D) — LA, A2 . 1™) so that 7(f)(A) = F(feq)(N)ere2) for
almost every A € . Observe that we may choose a norm on Ag’Q(D) such that

130y = [ IF(DOIEAG=() ax

for every f € AZ*(D) N A(Q)’OO(D), so that we may extend 7 to the whole of A2%(D). In addition,
16) = G [, TP

for every z € D and for every f € A3? D)ﬂ It then follows that 7(f%) = (2m)~(h=Dmr(f)** for

every f € AZ*(D) N E(Sq,L(N)), where 7(f)** denotes the convolution of k functions all equal to
7(f). Now,

(£ 1)) < / [T = A1) 7(F) Az = M) [d(Ar, -5 Aka)

Q/k—l

1/2
< ([ 0 OPAZEIO =2 (r AN = Ae) 0 M)

1/2
y (/m_ AZ A=A AZ s — Ao ) d(A, ., Ak_1)>
= [T(D2 A2 (AF) ()

for every A € Q. In addition, [10, Corollary 2.21| shows that

Lo (2s —d)* %ks—(k—1)d
A2S xk _ Q AZY
(Ag) Lo (2ks — (k—1)d) @

on . Therefore, 7(f*) € L?(¢Y, Ag_l)d_%s - H™) and

Lo (2s — d)k/?
k Q k
Mier amne-nen) < ryiimrg (ks - (6 - a7 e agraey

Im(f

Hence,
fk c A2? A22

ks—(k-1)d/2(D) = A" (k_1ya2 (D)

since ks—(k—1)d/2 € jm+ (R%)", so that f € A% (2: 1)d/(2k)

bedding A2*(D) C A% (215 1)d/(%)( ). Since there is a continuous embedding A3*(D) C C A 372( )

by [10, Definition 5.3] the assertion follows. O

(D). Hence, there is a continuous em-

9This formula is clear when fe KEQ(D) ﬂAg’w(D) thanks to [I0, Proposition 1.39], and then follows by continuity
in the general case, thanks to [I0, Propositions 2.19 and 5.4].
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7. REVERSE CARLESON AND SAMPLING MEASURES FOR ALP(D)

Recall that a measure p € M (D) is p-sampling for AE"™ if this latter space embeds as a closed
subspace of LP(u). As observe in [29], replacing p with a suitable integral of positive measures
(for instance, but not necessarily, a disintegration of p along p with respect to some of its image
measures), it is also possible to extend this definition to mixed-norm Lebesgue spaces. Even though
we prefer to avoid such technicalities, we present here a result in this spirit, which shows how one
may construct sampling measures out of lattices. See [10, Theorem 3.22] for a proof of a stronger
version of the following result.

Proposition 7.1. Take p,q €]0,00], s € R", and Ry > 0. Then, there is 69 > 0 such that, for
every (9, R)-lattice ((j ks 2jk)jesker on D, with § €]0,00] and R €]1, Ry], the mapping

S: Hol(D) > f = (A% YV 2 (0(Ciy ) F (G i) € CTFK

induces isomorphisms of AS? and AS:S onto closed subspaces of (P4(.J, K) and 5%(J, K), respectively.
In addition, Az'i’(();rd)/p NS=Lra(J, K)) = AS? and A?i’(();+d)/p NS, K)) = AL

The next result provides a necessary condition for a measure p for which the function Mp(p) is
in some mixed-normed weighted Lebesgue space on D to be a sampling measure. It extends [28,
Theorem 4.3|, which deals with the case in which D is the unit disc in C.

Proposition 7.2. Take p1,q1,p €]0,00], with p < oo, and s € ﬁm+ (R%)" if ¢1 < oo, while
s € R if @ = co. Let p*,¢*, and s* be as in (5.2)). Then, for every R,C,C" > 0, there are
R',C" > 0 such that for every p € My (D) such that

1Lz oy < Cll Lo
for every f € ARV (D), and such that
/
||MR(/1‘)HLZ;7:,Q*(D) <C y
one has p1,q1 < p and
My ()(¢, 2) > C"ap TPl (¢ 2))
for every (¢, z) € D.

Notice that, if || Mg(u)||,p*.q* py is finite, then p is a p-Carleson measure for Ag™*, thanks to

(D)
Proposition . Hence, a measure p as above is indeed a p-sampling measure for A5"%,

Proof. Observe that, by inspection of the proof of Proposition [5.2} it is readily verified that for
every R’ > 0 there is a constant Cg > 0 such that

1l oy < CR’HMR(M)HlL{aPi‘,q*(D)HXB(Supp(u),R’)f||L§1’q1 (D)

for every f € Hol(D) and for every positive Radon measure g on D, where
B(Supp(p),R) = |J  B((¢2),R).
(¢,2)€Supp(p)
Therefore, for every ((,z) € D and for every R’ > 0,

1/p

HXD\B(((,Z),ZR’)fHLP(H) < CR/HMR(M)”L?(;*(D

)HXD\B(((,Z),R’)f”Lgl’ql (D)
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for every f € Hol(D) and for every positive Radon measure p on D. Now, take s’ € R" so that
B(S ¢z € AEVT(D) for every (¢, 2) € D, and observe that there is a constant C”” > 0 such that

1B5 |z ) = C" A5~ CFIP1 (¢, 2))

for every (¢, z) € D (cf. [I0, Proposition 2.41]). In addition, for every R’ > 0 there is a constant

Cg,) > (0 such that

AR (¢ ) < B (¢ )] < CRAR (p(C.2))
@

for every (¢, 2), (¢, 2') € D such that d((¢, 2), (¢, 2")) < R’ (cf. [10, Theorem 2.47]). Therefore,
()% (p(C. 2) Mo (1) € 2)

2(/‘ B, .| du
B(Co2r) &7

= 1B 2oy — IXD\B(Co 20 B o) [0
C"  sts'—(b+d)/ P .
= <CA§2 S pl( (Ca )) - C/Clg’HXD\B((C,Z),R/)B(C’Z)||I£§1,q1 (D)

for every ((,2) € D, for every R’ > 0, and for every u as in the statement. Now, observe that, by
homogeneity, setting

5 ,

Ch = IXD\B((0,ie0),R) Blo,ico) | 211 (D)

one has / 5) <sis(brd)/
IXD\B((¢.2).8) Bie oyl v (py = Cri AG P (¢, 2))

for every ((,z) € D (cf. Lemma[4.12)). Therefore,
C/// P .
Mg (p)(C, 2) > (C é‘;),) p<<0> - C/(CR/C%,)) >AP[ (b+d) /P1]( (¢, 2))

for every (¢, z) € D and for every R’ > 0.
(Ap[(ber)/prS]

Now, observe that the function o p)Mp is both bounded from below and in

Lg*f;[s_(ber)/pl], thanks to Lemma, It then follows easily that p* = ¢* = oo, that is, p1,q1 < p,
in which case s* = p[(b +d)/p1 —s|. The proof is complete. O
In the next result we establish a necessary and sufficient condition in order for a vp-measurable set

G to be a dominant (or sampling) set (recall Definition , that is, for the measure Xg(A%S_(tH_d) o
p) - vp to be a p-sampling measure for AL?. It extends |24, Main Theorem|, which deals with the
case in which D is the unit disc in C. See also [27, Theorem 1], which deals with weighted Bergman
spaces on general homogeneous domains.

Theorem 7.3. Take p €]0,00[ and s € ﬁm + (R%)". Then, for every vp-measurable subset G of
D the following conditions are equivalent:

(1) there are R,C > 0 such that, for every ((,z) € D,

IXB(comll iz < Clixensicaml
(2) there exists C' > 0 such that, for every f € ASP(D),
1flaze(py < C'lIxc fllzze(pyi

)’
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(3) there are R',C" > 0 such that vp(GN B((¢, z), R')) = C" for every ({,z) € D.

Notice that condition (3) depends neither on s, nor on p. Before we pass to the proof, we need
to establish some lemmas.

Lemma 7.4. Fiz R > 0, and define, for every e > 0 and for every f € AS?(D),

1/p
Ape =14 ((,2) € D: [f((,2)[ < 6(]{9((4 )R)!f!pdVD>

Then, there is a constant C' > 0 such that
||XAf,sf||L§‘p(D) < C‘EHfHLg’p(D)
for every f € ASP(D) and for every e > 0.
This extends [28, Lemma 2|, which deals with the case in which D is the unit disc in C.

Proof. Observe that, by Fubini’s theorem,

e Vg < f@ P A5G 2 ¢ 2
Afe z)

<er [ 11 ][ o BB lC D) (€ 2) (2,
Now, observe that, by homogeneity,
Foo A ) (¢ 2) = A ()
B((¢",2"),R)

for a suitable constant C’ > 0. The assertion follows. O
Lemma 7.5. Take R,e,p €]0,00[. Then, for every § > 0 there is A > 0 such that, if we define

Efp(¢ 2) = {(¢",2) € B((¢, 2), R): |f(¢', )] > M f(C,2)]
then

vp(Efa(C,2)) = (1= 0)vp(B((¢, 2), R))
for every (C,z) € D and for every f € Hol(B(((,2), R)) such that

1/p
| (¢, 2)] 2*3(]{3(@ )R)If!pdVD> :

This extends |25, Lemma 2|, which deals with the case in which D is the unit disc in C.

Proof. Observe that, by homogeneity, we may reduce to proving the assertion for ({, z) = (0, ieq).
Then, assume by contradiction that there are 6 > 0 and a sequence (f;) en of elements of Hol(D)

such that
1/p
|£5(0,ieq)| >€<][ fj!pdVD>
B((¢,2),R)

VD(Eij*j) < 51/1)(3((0, ieg), R))

and such that
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for every j € IN. Observe that, up to multiplying each f; by a suitable constant, we may assume
that JCB((C 2) R)|fj|p dvp =1 for every j € IN, so that |f;(0,ieq)| > € for every j € IN. It is then

readily verified that the sequence (f;) is bounded in Hol(B((0,ieq), R)), so that we may assume
that it converges locally uniformly to some f. Then, take R’ €]0, R| so that vp(B((0,ieq), R')) >
gVD(B((O, ieq), R)), and observe that
: _; . 0 .
vp({ (¢,2) € B((0,4eq), B'): |£;(¢, 2)| < 277[f;(0,ieq)| }) > 5vp(B((0,ieq), R))

for every j € IN. Observe that (f;) converges uniformly to f on B((0,ieq), R') (cf. [10, Proposition
2.44]), so that for every jo € IN there is j; € IN such that

fi— fl<27%

on B((0,ieq), R')for every j > ji. Hence,
{ (¢, 2) € B((0,ieq), R)): [ (¢, )| < 277 +277|£;(0,ieq)]| }
2 {(¢,2) € B((0,ieq), B): [£5(C, )| < 2771£;(0,ieq)| }
for every j > ji, so that
vp({ (¢, 2) € B((0,iea), R): |f(¢,2)] < 2790 + 2771 f5(0,ieq)| }) > gVD(B((O,iSQ)’R))-

By the arbitrariness of jy, we then see that

vp({ (¢, 2) € B((0,ieq), R): f(C,2) =0}) = nli{gg vp({ (¢,2) € B((0,4eq), R'): |f(C,2)| < })

> (B0, ieq), R)).

2
Then, f vanishes on a non-vp-negligible set, so that it vanishes identically on the connected set
B((0,ieq), R) by holomorphym Nonetheless, |f(0,ieq)| > e: contradiction. O

Proof of Theorem[7.3. By means of [10, Corollary 2.49], condition (1) is readily seen to be equivalent
to condition (3).

(2) = (1). This follows from Proposition (7.2]

(1) = (2). With the notation of Lemma choose € > 0 so small that

||f”Ag’p(D) g 2HXD\Af,sfHLg'p(D)

for every f € AZP(D). In addition, with the notation of Lemma [7.5] choose A > 0 so that

1
IXB(cm\Era ) |27 (0) < Giper IXB(CD.B27 (D)

for every f € ALP(D), and for every (¢,z) € D\ Ay, (cf. also [10, Corollary 2.49]), so that

1
||XGﬂEf,>\(C,z)||L§’p(D) 2 WHXB((QZ%R)HLQP(D)'

100bserve that the Bergman distance on D is induced by a complete Riemannian metric by [I0, Proposition 2.44],
so that B((0,ieq), R) = exp(g ;) (B(0, R)) by the Hopf-Rinow theorem (cf., e.g., [23, the proof of Theorem 6.6]).
Alternatively, every element of B((0,ieq), R) may be connected to (0,ieq) by a minimizing geodesic, whose image
therefore lies entirely in B((0,ieq), R).
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Now, the definition of Ef (¢, z) implies that

AP
IXcrB(c.mFllzr ) 2 IXanE s Flzr o) 2 575G Dl .m e o)

for every f € ALP(D), and for every (¢,z) € D\ Af.. Therefore, by means of Fubini’s theorem we
see that

e oy < 2lIXD\ Ay S 0w )
p+1p Aps+d
<2 e [ @ A4 o) At ) a(e’ )
()R IXB(¢2.m Iz (p)
for every f € AEP(D). To conclude, it suffices to observe that the function
APS-‘rd B !
(CI,Z/) — / Q (:O(CI; Z)) d(Ca Z) _ VD( ((C ) 2 )1; R))
¢..R) X828 l1zep) IXB(iea)m) 22 ()

is constant, by homogeneity (cf. Lemma |4.12)). O

Theorem 7.6. Take p €]0,00[, s € %m%— (R%)", €,C", Ry > 0. Then, there are Ri,C > 0 such
that, for every R €]0, Ry, for every u € My (D) such that

N(p) = [|Mp(p)| o0 (D) < 0

bid-
and such that

vp(Gu N B((¢, 2), Ro)) = C'
for every (¢,z) € D, where

Gy = { (¢, 2) € D2 AFT P (p(C, 2) Mr(u)(C,2) > eN(n) |,

one has
C R(2n+2m)/p
1l apr Dy < WH]EHLP(H)

for every f € ASP(D)

This extends [28, Theorem 4.2|, which deals with the case in which D is the unit disc in C.
Before we pass to the proof, we need another result.

Proposition 7.7. Take p €]0,00]. Then, there are two constants C, Ry > 0 such that the following
hold. For every s1,s2,s3 € R", for every R, R’ €]0, Ro|, for every u1, us € M4 (D) such that

Cri= sup AG™(p((,2))Mr(p1)(¢,2)  and  Co= sup AG™(p((,2)) Mpsr (p2)(C, 2)
(¢,2)eD (¢,2)eD

are finite, and for every f € Hol(D),
‘f(g Z) — f(cla Z,)|p / CClC?Rp P/ AS2+S3 o
/d((Ca )2 <R AEI—Sa(p(C/’Z;)) d( ®,U’2)((C7 )? (C? )) < R/p+2n+2m /;‘-ﬂ (AQ IO) dVDv

This extends [28, Theorem 2.3|, which deals with the case in which D is the unit disc in C.
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Proof. By [10, Lemmas 3.24 and 3.25], there are two constants Cy, Ry > 0 such that for every
R, R’ €]0, Ry|, for every f € Hol(D), and for every ((, z), (¢',2") € D such that d((¢, 2), (¢, ")) < R,

RP

|f(<az)_f(cl7zl)‘p gclw |fIP dvp.

/B((CCZ’),RJrR’)
Therefore, by means of [10, Corollary 2.49], we see that there is a constant C” > 0 such that

RP

F(¢2) = £ PAZ (¢ 2) < " frpram (A 0 p) dvp.

/B(((’,z’) JR+R'

for every R, R’ €]0, Ro], for every f € Hol(D), and for every ((, z), (¢, 2') € D such that d((¢, 2), ({, 2)) <
R. Then, integrating in ((, z) with respect to p1,

AN [ 16 = 1P (6o
RP

< C”WMR(M)(C/, Z') [fIP(AG o p)dvp

/B((CCZ’),RJrR’)

RP

< CﬂmclA?)l (p(¢',2")) [fIP(AG o p)dvp

/B((CCZ’),RJrR’)

so that, integrating in (¢, 2") with respect to the measure pa,

/ (¢, 2) = (¢ A)WPAG T (p(¢, ) Al ® p2) (¢ 2), (¢ 21))
d(C2) (¢ ) <R

C1CC" RP
< Rptantom /D|f’p(A?)2+SS op)dvp,

whence the result. O

Proof of Theorem[7.6., Apply Proposition with pu; = u, pg = vp, s1 =sg =ps — (b+d), and
so = 0. Then, we find Ry > 0 and C7 > 0 such that

CWRP
/d((C,z),(C’,z’))<Rf(<’ Z) o f(cl’ Z,)|p d(Z/D ® :LL)((C’ Z)? (C,7 Z,)) < WN(M) ||f”i‘g’p(D)

for every R €]0, Ry] and for every f € Hol(D). Therefore,
1/ max(1,p)
/ £GP A © m)(C.2). (¢ )
d((¢,2),(¢",2"))<R

1/ max(1,p)
< ( / £ Al © ) (€ 2): (¢ z'>>>
d((¢,2),(¢,2"))<R

1/ max(1,p)
C1RP
+ (WN(M)WHZ?@(D))
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for every f € Hol(D). Now, observe that Theorem implies that there is a constant C3 > 0 such
that

£GP A ® w) (G ), (¢ / £GP MR() (G, 2) dup (G, 2)

> eN(n) / FPARCHD g,

> CoeN( )HfHApP (D)’

/d((<12)7(clvz/))<R

for every f € APP(D), while clearly

/ £ P dvp © W) (€ 2), (¢ ) = vp(B((0,deg), / P dn,
d((¢,2),( N<R

for every f € AEP(D). Therefore,

1/ max(1,p) 1/ max(1,p)
(CosN Gl g 1) < (votB(0ica). ) [ 117 a)

1/ max(1,
o max(1p)
+ preniIm ()HfHApp
0

for every f € ARP(D). It then follows that

CaN I gy < o (B0 ). B) [ |1

for every f € ALP(D), where

max(1,p)

1/ max(1,p)
P
Cg — (028)1/max(1,p) _ < C11-R )

p+2n+2m
RO

Since there is Ry €]0, Ry] such that Cs is well defined and > 0 whenever R €]0, R], the assertion
follows. O

Definition 7.8. Given s € R" and u € M4 (D), we shall denote with Wg(u) the vague closure of
the set of measures of the form

A (p(C: 2))(p(c,2))+ (1),
for every (¢,z) € D, where ¢ .y is an affine automorphism of D of the form ({’,2’) + (¢, Rez +
i®(C)) - (g¢',t-2), with t € Ty, g € GL(E), and t - ® = ® o (g x g)[1]]

Theorem 7.9. Take p,q €]0, 00, with g < p, s € R", and p € M (D) such that the following hold:
(1) s € 2pm +O%(€O q)m’ + (R%)";
(2) Ml( ) € Lb—l—d—ps(D)'
(3) the support of every element of Wys_p1a)(i) is a set of uniqueness for A?pq/q) (D).

Then, the canonical mapping ASP (D) — LP(u) is an isomorphism onto its image.

HNotice that ©(¢,») is not uniquely determined by (¢, z) unless n = 0, so that this definition may depend on the
choice of the automorphisms ¢ ..
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This extends the implication (b) = (a) in [3I, Theorem 5], which deals with the case in which
D is the unit disc in €. Notice that, as shown in [3I, Theorem 5|, condition (3) holds for some
q < p if ALP(D) embeds as a closed subspace of LP(u) and D is the unit disc in C.

Before we pass to the proof, we need some lemmas.

Lemma 7.10. Take p1,q1,p €]0,00], with p < oo, and s € ﬁm + (R%)" and let p*,q* and s* be
as in (0.2). Let A be a set of Radon measures on D such that

sup | M) | 5 ) < -
peM s

Then,
1;%1 Hf”LP(u) = Hf”LP(uo)

for every filter § on . which converges vaguely to some Radon measure ug on D, and for every

f c APl#h( )
This extends [31, Theorem 1], which deals with the case in which D is the unit disc in C.
Proof. By inspection of the proof of Proposition it is readily verified that there is a constant
C’ > 0 such that
IXB((.ieq), 7)) [l Lo ) < ClIXB(0sieq). R +1) Il Lare (py
for every u € M, for every f € AZ;" (D), and for every R’ > 0. The assertion follows easily. O

Lemma 7.11. Take p1,q1,p €]0,¢], s € —m—l—( D) if g < oo ands € R if g1 = oo, and
s2,83 € R". Let p*,q¢* and s* be as in . Take e >0, and define, for every (C, z) €D,

UL(¢,2) = { f € Hol(D): [£(G,2)] = eAF V77 (o(¢, ) B | g ) }-
Take € M4 (D) such that
||MR(:U')HLP*,¢I*( D) < 00,

and such that the support of every element of Wys_(p+a)/p] (1) is a set of uniqueness for ABPT(D).
Then, there is a constant C > 0 such that

1FBE ) (AG © Pl oy = CAG (p(C D BE Lyl o
for every (¢,z) € D, for every f € Us(C, 2) and for every 1’ € Wiis_(b1d)/p] (1)
This extends [31, Lemma 4], which deals with the case in which D is the unit disc in C.
Proof. STEP 1. We prove the assertion for (¢, z) = (0,ieq). Define

ey = AT 2)) () (1)

for every ((,z) € D, where ¢ .y is as in Definition |7 . Observe that it will suffice to prove the
assertion with W(s, _(b4d)/p] (1) Teplaced by { Bz (G z) €D }, thanks to Lemma [7.10l Then
assume, by contradiction, that there are a sequence ( f]) of elements of U.(0,ieq), and a sequence
((¢j,24)) of elements of D such that

Hf] owQ)HAgl*ql(D) =1
for every j € IN, while

. S2
jlggonJB Hqu(#(cj’zj)) =

(0,ieq) (A?{) © p)
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Observe that
”MR( )HLP ,a* (D) = ”MR(M)HL::"]*(D)

for every (¢’,2') € D (cf. Lemma , so that Wys, —(b+d)/pi) (1) is bounded, hence compact and
metrizable, in the vague topology. Therefore, we may assume that (N(Cj,Zj)) converges vaguely to

some (positive Radon) measure y/ on D. Analogously, we may assume that (f;) converges locally
uniformly to some f € AE" (D), so that |f(0,ieq)| > €. Let (¢r)rex be a partition of the unity
on D whose elements belong to C.(D), and observe that

: 1/pg. 1/p
glggongbk fJ”LP(u(gj,z) [y, fHLp

by the previous remarks. Therefore, by Fatou’s lemma,

0= Tim [If; B2 (A% 0 0) o, )

1 s s
= Jim 3" B2 (A 0 g )
keK
> Il P B (A% o )1y,
keK

— IFBE (A 0 I -

Since the support of ' € Wys_(btd)/p] (1) is a set of uniqueness for AZV? (D), this implies that
f =0, which is absurd, since |f(0,ieq)| > .

STEP II. We now prove the assertion for general (¢,z) € D and for p' = pr .y, (¢',2) €
Define ¥¢ .y (¢ 2y = P(¢',21) 09 ot (Q ). Then, take f € U.((, z), and observe that fow (C,2),(¢c2) €

U-(0,ieq), since B(C 2 V() = AZ(p(¢, = ))BSSM ) (use Lemma again). Applying STEP
Ito f o () then yields the result by means of another application of Lemma O

Lemma 7.12. Take p €]1,00[, s1,82,83 € R", and p1, us € My (D) such that the following hold:
(1) the mapping M (pg) € LEOJ’FZO_Sj(D) forj =1,2;
(2) ,Sl+ SQ —b+d—S3,
(3) If/Sl € %p,m +12pm + (R%)";
(4) »S2 € 5;m + 2—p,m’ + (RL)";
Then, the mapping
T:CUD) 5 f o [ FCAIBE, | 2)
D
induces a continuous linear mapping of LP(u1) into LP(us).

Proof. Define
T':CAD) 3 fr [ FCAIBE, (e )

Observe that our assumptions and [I0, Theorem 2.47 and Corollary 2.49| imply that for every
s’,s5 € R" there is a constant C7 > 0 such that

T(Ags © P)(Q Z) < CIHB(S37Z)HA1»1 , (D)
sy1t+p's
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and
T(Agss) 0p)(¢,2) < ClHB z)HA o (D)

for every ((,z) € D. In addition, by [10, Proposition 2.41], there are two constants Cy, C3 > 0 such
that
+s3+p's'—(b+d)
”B(SE,Z)HA;I (D) CQASI e ( (¢,2))
and +s3+pss—(b+d)
S S S
IBRE )l gz (py = CaAg > '(p(¢,2))

ED) +p
for every (¢, z) € D if and only if the following conditions are satisfied:

(i) p's' € m — 81 + (]Rj)r;
(i) s € b+ d = b’ — (R
(iii) p's' €b+d — im’ —s1 —sg — (RL)";
(i)pS5€2m Sz+(R*)'
(V) PSSy € b+d-— %m’ — S9 — Sg3 — (Rj_)r
In addition,
s1+s3+ps’—(b+d)=7pss and sy +s3+pss — (b+d) =psy
if and only if
1 1
Sy =S4 + — (b—|—d—Sg—S3) and 7S1+782:b+d—83.
p p p
If these conditions are satisfied, then conditions (iv) and (v) become:
(iv') psqa €s3 — (b+d) + sm+ (RY)";
(V') psq € —im’ — (R%)".
By our assumptions, we may take s4,ss such that all the preceding conditions hold, so that the
assertion follows by means of Schur’s lemma (cf., e.g., |21l Lemma of 1.2]). O

Lemma 7.13. Take p,q €]0,00[, with ¢ < p, and take s1,s5,83 € R" such that the following hold:
(1) s1 —s3 € (—q——)m—F me + (R%)";
(2) s1+s2—s3€ ;(b+d)—5m (2%1_%) m' — (R%)".

For every e > 0 and for every f € Hol(D), define

$1,S2 . b+d)/q—s1—s
B2 = {((,2) € D: (¢ ) < ATV 2 (o 1 B lLaga o) |-
Then, there is a constant C' > 0 such that
IXposioz fllrgep) < Cellfllagy o)
for every e > 0 and for every f € AEP(D).
This extends [31, Lemma 2|, which deals with the case in which D is the unit disc in C.

Proof. It will suffice to prove that the operator

T: [ [(G2) e AGTITEEE2) (¢ ) / £ BER(C, ) Aag= D (o, z))dm(d,z’)}

induces a continuous linear mapping of ngsqép / (D) into itself. This follows from Lemma[7.12] [



36 M. CALZI, M. M. PELOSO

Proof of Theorem[7.9. Set £ := p/q and s” := ¢s. Observe that Lemma implies that there is a
constant C’ > 0 such that

1B ) lliany = CI B o)l agz o
for every (¢, z) € D and for every f € Hol(D) such that

b+d el ! s/
£(C2) > eag™ VI o DI By L as )

that is, for every f € Hol(D) and for every (¢,z) € D\ B?’:N’s/, with the notation of Lemma [7.13]
In addition, by [10, Proposition 3.2, there is a constant C” > 0 such that

HfHAO,o,"’o( (D) S C””fHAZ;?(D)

s’ —(b+d)/q

for every f € ALI(D), so that

Sl/

/ C/ / "_
1B oy law > e ™~ (0(¢ 2)IF G 2)]

for every f € Hol(D) and for every (¢, z) € D\ B?’:”’S/. By Lemma [7.13, we may choose ¢ so small
that

17 1Lago(oy < 2w Lz

for every f € ALP(D), provided that

1 1 1 1
s+s -se~(b+d) - —m— (—>m’— R*)".
q( ) o 5 2 (RY)
Therefore,
2
1 lag» 0y < Gigm

(6:2) = 1Bl

b,p
Ls—s’—s”+(b+d)/q(D)

for every f € ARP(D). Hence, it will suffice to show that the linear mapping
7o |2 [ A1 o]

induces a continuous linear mapping from LP/9(y) into Lp/q((Agsfsl*snﬂl/q*l/p)(bﬂm op)- VD).
By Lemma [7.12] this is the case if the following conditions are satisfied:

(i) &s € 5pm+ 4m’ + (RY)";

(i) ¢s' + s €b+d — m+ 5;m’' — (R})".
This is the case if s’ is sufficiently small. O

Finally, we provide a sufficient condition for a measure u € M4 (D) to be a reverse Carleson, but
not necessarily Carleson, measure for the weighted Bergman space AL?(D). A necessary condition
(for sampling measures only) has already been provided in Proposition

Theorem 7.14. Take p1,q1,p €]0,00] withp < oo, Ry > 1, and s € ﬁm—l—(Ri)’" if g1 < 0o, while
s € RY if o = oo. Define p* :=p1/(p —p1)+ and ¢" == q1/(p — q1)+-

Then, there are 69 > 0 and a constant C' > 0 such that the following hold. For every (8, R)-lattice
(Gjk» Zjk)jeskek on D, with 6 €]0,00] and R €]1, Ry], for every Borel partition (Bj,k)(j,k)eJxK of
D such that

B((Gks 2jk)50) € Bjik € B((Gjk: 2j.k), RO)
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for every (4,k) € J x K, and for every p € M4 (D) such that

o (A’é*“*‘”“’”(hk))
1(Bjik) ik

< 00,
" (1K)

one has
1Fl| gzrar () < CCMPSErEmptmiay g o

for every fe A E)§+d)/ (D), where hy, := p((k, zj i) for every (j, k) € J x K.

Remark 7.15. We point out that the condition C” < oo is sufficient, but far from being necessary.
As a matter of fact, using Theorem [7.3] one may easily construct reverse Carleson measures which

vanish on any given compact subset of D. Moreover, the condition f € AC><> E)E +d)/p (D) can be

relaxed (in the spirit of [I0, Theorem 3.23|) but not eliminated, as observed in [24].
Proof. By [10, Theorem 3.23], we may take dp > 0 and C; > 0 so that, if we define
S_: Hol(D)> f+ A?{(bﬂi)/‘m(hk)i min | € R{K,
B((¢j,k+24,),R) &
then

1 n-+m m
e M Lagrn oy < O FPENDNSfllgrs s 5,50y < CrllflL g oy

for every f € A2 ?I?er)/ (D) and for every lattice as in the statement. Then, take f € A2 ?Eer)/pl
and observe that by Holder s inequality,

1/p

(D)7

APS (b+d)/P1](hk)
— ) T
3kl ep*.a* (7, K)

(AQ—(b-‘rd)/pl (hk))
w(Bi)'e ) ik

| (AS 2 (B ) P(S 1)), 0
¢pp*,pg* (J,K)

=

gp(JxK)
2 1S= Flleproar (g, 16)

> 1
=~ C16@ntm)/pitm/a HfH“Vsjl’ql(D)’

whence the result. O

We conclude this section with some rather ‘pathological’ examples of non-Carleson reverse Car-
leson measures for the spaces AY?(C,) which fail to satisfy the preceding sufficient condition.

Remark 7.16. Take ¢ €]0,00] and p €]0,00[. In addition, fix ¢ < b in R and v € M, (R ) such
that ©(]0,1]) = oo. Define

1= (X - H) @,

and observe that 4 is a positive Radon measure on C; = R x R’ . Take a non-zero f € HY, and
let us prove that || f|| s, = co. Indeed, the function

ff "Rz~ lim f(x+iy) €C
y—0t
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is well-defined and non-zero almost everywhere (cf. [16, Corollary to Theorem 11.1]). Hence, by
Fatou’s lemma,

b b
liminf/ F(z+ i) P da >/ F* (@) dz > 0,
y—=0t Jq a
so that clearly
/ [fIP dp = +oc.
Cy
By the arbitrariness of f, it is clear that p is (trivially) reverse p-Carleson for HY.

In order to extend the preceding example to the spaces AYY(C.) for s > 0, we need the following
lemma.

Lemma 7.17. Take a non-zero u € S'(R). If the Fourier transform of u is supported in a half-line,
then Supp(u) = R.

Proof. Up to replacing u with e u(e-) for some ¢ € R and some ¢ € { —1,1}, we may assume
that the Fourier transform of u is supported in Ry. Now, take a non-zero g € S(R) whose Fourier
transform is supported in Ry, and observe that gu is non-zero, and has a Fourier transform sup-
ported in Ry, thanks to [36, Theorems XIII and XIV of Chapter VI|. Now, fix ¢ € C°(R) such
that [ ¢(x)dz =1 and Supp(yp) C [—1,1], and define @; = 27¢(27 -) for every j € IN. Then, it is
easily verified that (gu) * ¢; belongs to S(R) and that its Fourier transform is supported in R for
every j € IN. In addition, (gu) * ¢; — gu in S’'(R), so that (gu) * ¢; # 0 if j is sufficiently large.
Therefore, [16, Corollary to Theorem 11.1, and Theorem 11.9] imply that (gu) * ¢; is non-zero al-
most everywhere if j is sufficiently large. Now, assume by contradiction that Supp(u) # R, and take
a,b € R such that a < b and u vanishes on ]a, b[. Then, clearly (gu)#*¢; vanishes on Ja+277,b—277],
which is not empty if b — a > 277, that is, if j is sufficiently large: contradiction. O
Remark 7.18. Take pi,q1 €]0,00] and s,p €]0,00[. In addition, fix a < bin R and v € M (R})
such that v(]0,1]) = co. Define
= (Xap) - H) @ v,

and observe that y is a positive Radon measure on Cy = R x R} . Take a non-zero f € ARV
and let us prove that || f[|q(,) = oo. Take (¢¥)) as in [I0, Lemma 1.22], and observe that g(¢) f €

Aii(l/m—ln for every e > 0 (cf. [I0, Proposition 3.2]). Hence, [7, Theorem 1.7] implies that (g(*) f),

converges to some non-zero fo in S'(R), for y — 01, and that the support of the Fourier transform
of fo is contained in R . Therefore, Lemma implies that Supp(fo) = R, so that clearly

b b
0< liminf/ 1(9®) f) (& 4 iy)|? dz < lim(i)rif/ |f(z +iy)|? dz.
a y— a

y—0t
Hence,
[ 1517 =
Cy

By the arbitrariness of f, it is clear that u is (trivially) reverse p-Carleson for A%,
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