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I N T R O D U C T I O N

Protons and neutrons of atomic nuclei can arrange in both spherical and non-spherical
configurations. Nuclear structure studies aim to understand the origin of such different
arrangements of nucleons inside the nucleus that results from the nuclear interactions
that bind them together. Nuclei can exhibit configurations which lie close in energy, yet
present different deformations. Such phenomenon is referred to as shape coexistence and
its occurrence in nuclei is thought to pervade the entire nuclear chart [1, 2]. Excited states
with similar energies and same spin and parity can also mix, so that the observed states
are the result of mixing of different configurations.

In this context, the structure of Ge isotopes has been widely investigated both with
theoretical and experimental studies over the years, yet the understanding of their na-
ture still remains challenging. The energy systematics of the first excited 0+ state of the
even-even Ge nuclei (Z = 32) comes to a minimum at N = 40 (72Ge). The interpreta-
tion of transfer reaction data collected in the ’70-’80s indicate the occurrence of maximal
configuration mixing between the ground state and first excited 0+ state in this nucleus.
Such a mixing is thought to lessen moving away from N = 40, in correspondence with
the increase of the excitation energy of the 0+2 state. A recent, very detailed Coulomb
excitation study supports the interpretation of strong mixing of the 0+1 and 0+2 states in
72Ge [3]. However, the nature of the configurations that mix and their evolution along
the Ge isotopic chain is still elusive, with evidence for triaxiality [3, 4], but uncertainty
on the softness along the γ degree of freedom.

Electric monopole (E0) transition strengths, ρ2(E0), have been identified as a sensi-
tive probe of configuration mixing [5]. Indeed, a large ρ2(E0) value can be associated
with strong mixing between nuclear configurations with different mean-square charge
radii. Therefore, they are considered as a key means by which one can investigate nu-
clear structure and shape coexistence phenomena in nuclei.

In this thesis, a study of configuration mixing in the even-even Ge isotopes at and
near stability (A = 72, 74, 76, 78) has been carried out through the measurement of E0-
transition strength in Ii = If transitions. In particular, the focus has been set on the
transitions with I = 2, 2+2 → 2+1 . The first and second 2+ state belong to the ground state
and ”γ-vibrational” bands. In the case of an axially symmetric system, these nominally

xv



xvi Introduction

have quantum number K = 0 and K = 2, respectively, where K is the projection of
the total angular momentum of the considered nuclear state along the symmetry axis of
the system. In this case, ∆K = 2 and an E0 transition between these states would be
forbidden. In the case of an axially asymmetric (triaxial) system, as with the Ge nuclei
under investigation, K is no longer a good quantum number. Therefore, as a result of
triaxiality, the states belonging to the ground state band and the so-called γ band can
present multiple K components. This will be referred to in the following as K-mixing.
Moreover, also configuration mixing could bring different K components to the wave
function of each 2+ state, allowing a ∆K = 0 transition to proceed between the first
and second 2+ state, and thus generating E0 strength. The competition of two such
mechanisms has been investigated in this work.

The β-decay experiments presented in this thesis have been performed at the TRI-
UMF laboratory (Vancouver, Canada). Radioactive ion beams of 72,74,76,78Ga were pro-
duced at the Isotope Separator and Accelerator (ISAC) facility via the isotope separation
on-line (ISOL) technique. These were implanted at the center of the GRIFFIN decay
station and ultra-high-statistics datasets were collected. Following the β decay of the
gallium isotopes, the germanium isotopes of interest (72,74,76,78Ge) were populated in
their excited states. In the nuclear de-excitation process, γ rays and internal-conversion
electrons were emitted. In our spectroscopic study, these were detected by the GRIFFIN
spectrometer and its ancillary detectors. GRIFFIN is a high-purity germanium clover de-
tector array, meant for high-precision γ-ray spectroscopy studies [6]. In the experiments
considered in this work, GRIFFIN has been equipped with ancillary detectors, including
PACES, a Si(Li) crystal array for the detection of internal-conversion electrons, and the
Zero Degree Scintillator, a plastic scintillator for β particles detection.

This thesis is organized as follows. In Chapter 1, an overview of the nuclear structure
properties relevant for this work, such as nuclear deformation and shape coexistence,
will be given. Afterwards, the radioactive processes exploited in this experimental work
to populate the nuclei of interest and to perform a spectroscopic study will be briefly de-
scribed. A discussion will follow on how electric monopole and quadrupole transitions
can probe the nuclear structure. Finally, a review of the current experimental and theo-
retical knowledge on the structure of even-even Ge isotopes will be provided. Chapter 2
contains the experimental details, starting from the radioactive beam production at the
TRIUMF-ISAC facility, followed by a description of the GRIFFIN decay station, its ancil-
lary detectors, and their characterization. In Chapter 3, the analysis techniques exploited
in this work will be presented. In particular, it will be focused on conversion electron
spectroscopy techniques to measure internal conversion coefficients and on γγ angular
correlation analyses to measure the mixing ratio δ of a γ-ray transition. The measured
internal conversion coefficients and mixing ratios are, indeed, required to determine the
E0 strength of a nuclear transition connecting states with the same spin and parity Iπ ,
and I > 0. In Chapter 4, the results of the analysis performed via both γ-ray and electron
spectroscopy will be presented. A discussion of such results will follow, in the greater
context of both experimental and theoretical studies of configuration mixing in the even-
even Ge isotopes around N = 40. Finally, the outcome of this work will be summarized
in Chapter 5.



1
T H E O R Y

The aim of this work is to investigate the structure of the even-even isotopes of the Ge
isotopic chain at and near stability (A = 72, 74, 76, 78). Experimental and theoretical
studies of the germanium isotopes point increasingly toward the emergence of triaxi-
ality, configuration mixing, and shape coexistence phenomena. This work focuses on
the electric monopole (E0) transition strengths, which can probe the mixing of nuclear
configurations associated with different shapes.

In this chapter, the formalism used to describe nuclear deformations will be briefly
recalled. An overview of the shape coexistence phenomenon and its occurrance in the
nuclear chart will be given. A discussion will follow about the radioactive decays used to
perform the spectroscopic work presented in this thesis. Further to this, a description of
electric monopole and quadrupole transitions and their role in providing a fingerprint
for shape coexistence in nuclei will be provided. Finally, state-of-the-art descriptions
of the Ge isotopic chain will be presented, with special emphasis on recent Coulomb
excitations and transfer reaction experimental results.

1.1 Nuclear Deformation

Far from closed shells, nuclei can present stable deformations. In this section, a review
of the formalism used to describe nuclear deformations, rotational motion of the non-
spherical systems and vibrational motion around deformed equilibrium shapes is given.

1
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Figure 1.1: Quadrupolar deformations (λ = 2) of the nuclear surface shown
in the β, γ plane. Areas of the plane corresponding to prolate deformations
(γ = 0◦), oblate deformations (γ = 60◦) and triaxial shapes are highlighted.
The typical scale for the β parameter is also indicated.

1.1.1 Nuclear Surface Parametrization

It is common to parametrize the surface of a deformed nucleus in the space-fixed system
writing its radius R in terms of spherical harmonics:

R(θ, φ) = R0

1 +
∑
λµ

α∗λµYλµ(θ, φ)

 (1.1)

where R0 is the radius of the spherical nucleus with the same volume [7, 8]. The sum
over λ can be restricted to λ ≥ 2, since the term λ = 0 corresponds to a change in
nuclear volume relative to the spherical case, while λ = 1 describes a translation of the
whole system (for small deformations). The most common deformation is quadrupolar
(λ = 2), which corresponds to an ellipsoid-like shape. In such a case, there are five
expansion coefficients αλµ. Of those, three represent the orientation of the body-fixed
system relative to the space-fixed system; they correspond to the three Euler angles. In
the body-fixed system, the five coefficients αλµ reduce to only two real independent
variables a20 and a22 = a2−2, that together with the three Euler angles provide a full
description of the system. It is possible to introduce the β, γ parameters, in place of a00
and a22:

a20 = β cos γ (1.2)

a22 =
1√
2
β sin γ (1.3)

The parameter β (β ≥ 0) describes the extent of the ellipsoidal deformation, while γ
indicates the deviation from axial symmetry. The parameter γ ranges from 0◦ to 60◦.
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A value of γ = 0◦ describes an axially-symmetric nucleus with a prolate shape, while
γ = 60◦ corresponds to an axially-symmetric oblate shape. For values of γ between 0◦

and 60◦ the axial symmetry is lost: the shape is referred to as triaxial. The quadrupole
deformations can thus be represented in the β, γ plane shown in Fig. 1.1.

1.1.2 Rotational and vibrational motion of axially symmetric deformed nuclei

Deformed nuclei can undergo collective rotations [7, 8]. These are characterized by a
rotational angular momentum R, which in the case of axially-symmetric nuclei is per-
pendicular to the symmetry axis. In addition to the rotational motion, the nuclear surface
can vibrate around the equilibrium deformed shape. Such a vibrational motion can be
described as boson excitations (phonons) that carry the intrinsic angular momentum λ.
The nuclear system will have also an intrinsic angular momentum Jintr. Therefore, the
total angular momentum will be I = Jintr +λ+R, with projectionK along the symmetry
axis. SinceR has no component along the symmetry axis, only Jintr and λwill contribute
to the K projection. When considering the ground state configurations of even-even nu-
clei, which are those relevant for this thesis, the intrinsic angular momentum of the sys-
tem is Jintr = 0, and the observed projection of the total angular momentum isK = 0 (no
vibrational phonons are present). In the following discussion, only the case of even-even
nuclei with Jintr = 0 will be considered.

The most common low-lying vibrational excitation in deformed nuclei are quadrupole
vibrations (λ = 2), similarly to the fact that the most common deformation in nuclei is
quadrupolar. Consider nuclei whose equilibrium shape is axially symmetric and invari-
ant under reflection over a plane perpendicular to the symmetry axis, as in the case of
quadrupole axial deformed nuclei. The vibrational modes can be described by the pro-
jection K of the vibrational angular momentum along the symmetry axis. For symmetry
reasons, there is a degeneracy of modes ±K. The vibrations with K = 0 represent an
oscillation along the β degree of freedom, hence they are referred to as β vibrations. In
the case of K = 2 mode, the vibration occurs along the γ degree of freedom (γ vibra-
tions) and thus the axial symmetry is instantaneously broken. The modes K = ±1 can
be neglected, since they describe a rotation along an axis perpendicular to the symmetry
one, therefore they do not correspond to an oscillation around the equilibrium shape.

Rotational bands can be superimposed to such intrinsic vibrational states of the nu-
cleus, thus yielding the so-called β and γ bands in the nuclear excitation spectrum. In
this case, the total angular momentum of the system will have values I = K, K + 1,
K + 2..., except for the case K = 0, for which only even values of I are allowed. The en-
ergy dependence of the rotational states relative to the bandhead energy of the intrinsic
excitation is:

Erot(I) =
~2

2I
[I(I + 1)−K(K + 1)] (1.4)

where I is the moment of inertia of the system.
Despite the β and γ vibrational picture being employed for years in the description of

low energy excitations in deformed nuclei, some arguments have been raised, recently,
over the relevance of this interpretation for a large number of nuclear systems. This
follows from critical reviews of experimental findings, which seem to point to alternative
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Signatures of  7 softness or rigid triaxiality in low energy, low spin nuclear spectra are discussed. Two classes of  signatures, 
relating to 7-band energy staggering, are found to provide clear distinctions between these shapes. The data for even-even nuclei 
are compared to predictions for potentials with varying 7 dependence. It is found that nuclei with large asymmetries can be 
characterized by potentials that are nearly 7 flat, with, at most, a few percent deviation from y independence. 

The question of whether axially asymmetric atomic 
nuclei are 7 soft or rigid (triaxial) has been an on- 
going and active issue in nuclear physics for over 
thirty years. While it might be thought that potential 
energy surfaces that are nearly 7 flat or which display 
deep minima for some value of 7 would produce 
rather different nuclear spectra, this is in fact not the 
case. This was pointed out as early as 1960 [ 1 ]. The 
predictions for 7-soft and 7-rigid (triaxial) potentials 
are nearly identical for most observables if the aver- 
age value of 7 in the first case, 7av, is equal to the fixed 
value of 7 in the second. Signatures for 7 softness or 
triaxiality were further discussed by Kumar [2] and 
Baktash and collaborators [ 3 ]. More recently, the is- 
sue has taken on importance in the area of high spin 
physics since most nuclei become axially asymmetric 
for large values of the total angular momentum. 
However, despite considerable effort, definitive sig- 
natures are still lacking. This has been extensively 
discussed in recent reviews by Hamamoto [4,5] 
where the emphasis has been on high spin states in 
odd nuclei and, in particular, on B(M1 ) values. 

It is the purpose of the present letter to address this 
question in the lower spin regime, to point out that 
rather clear signatures do exist there, to inspect the 
properties of nearly all even-even nuclei with regard 
to these signatures, and to discuss the effects of a small 
but finite 7 dependence in the potential. 

Fig. 1 shows the levels of a rigid triaxial potential, 
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Fig. 1. Comparison of  triaxial (or Davydov [6] ) rigid 7 rotor 
and 7-soft models. The Davydov results for 7=30  ° are shown 
explicitly in the middle for comparison with the y-unstable, or 
Wilets-Jean [ 7 ], model. (The y-band levels are shown as thicker 
lines. ) 

discussed by Davydov [6], and of a completely y-flat 
(y-unstable) potential [ 7 ]. Since a nucleus having a 
y-fiat potential oscillates uniformly over 7 from 0 °-  
60 °, it has an average value, 7av= 30 °. Therefore, the 
appropriate triaxial case to which it should be com- 
pared is the Davydov model with 7= 30°. The ground 
band energies are similar in the two cases. However, 
a clear distinction arises in the 7 band where, though 
both models exhibit an energy staggering, the se- 
quenching is exactly opposite. In the extreme y-un- 
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Figure 1.2: Comparison of predictions of the Davydov γ-rigid model (with
γ = 30◦) and of the Wilets-Jean γ-soft model for the ground state and γ bands.
From the spacing of the levels in the γ band predicted with the two different
models emerges that a positive staggering [S(I) > 0, for even I] is an indica-
tor of a rigid triaxial rotor, while a negative one [S(I) < 0, for even I] is an
indicator of a γ-soft system. Reprinted from Ref. [14], Copyright (1991), with
permission from Elsevier.

interpretations based, for example, on shape coexistence phenomena [9, 10, 11].

1.1.3 Axially asymmetric nuclei

When considering nuclei that present a stable axial asymmetry, the description provided
thus far does not hold anymore and deviations from the I(I + 1) rotational spectrum are
observed [8]. Historically, two main models have been used to describe such nuclei. The
first one has been developed by Davydov and coworkers [12]. Here, a collective potential
energy V (γ) is assumed, with a steep minimum at a certain γ value that corresponds to a
triaxial deformation, hence treating the system as a rigid triaxial rotor. On the other hand,
Wilets and Jean developed a model assuming a collective potential energy centered at a
finite β value, but flat along the γ degree of freedom [13]. Namely, this model describes
the deformed nucleus as free to vary along the γ degree of freedom. In this case, the
nucleus is referred to as γ-soft.

As a means to distinguish between rigid and soft triaxiality, the energy staggering S
of the γ vibrational states has been proposed [14]. This can be defined as

S(I) =
(EI − EI−1)− (EI−1 − EI−2)

E(2+gs)
(1.5)

where the energies refer to states of the γ band of spin I , but for E(2+gs), which indicates
the energy of the ground-state band 2+ state. It is found that such a staggering has
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opposite sign in the γ-rigid and γ-soft models. In particular, for even values of I , S(I)

is positive in the γ-rigid case, while negative S(I) values are an indication of γ softness.
This can be observed in Fig. 1.2, where a comparison of predictions from the rigid and
soft models is shown. The ground state band energies result similar in the two cases, but
a different staggering emerges in the energies of the γ band states.

1.2 The Shape Coexistence Phenomenon

Shape coexistence in nuclei refers to the presence of low-lying nuclear states with similar
excitation energy, which exhibit distinct and well-defined intrinsic shapes [1]. Extensive
experimental and theoretical work has been focused on such a phenomenon over the
past 60 years, that is widespread in the nuclear chart and thought to occur in nearly
all nuclei, pursuing a unified description of coexistence in nuclei [2]. Figure 1.3 shows
regions of the nuclear chart where evidence of shape coexistence has been found up to
2011, year of publication of the latest review on the topic by Heyde and Wood [1]. The
region of interest for this thesis work (Z = 32, N ∼ 40) is labelled by H in the figure.

for some rare-earth nuclei and nuclei in the Pb region (Girod
and Reinhard, 1982; Girod et al., 1989). A more detailed
study was carried out for the 190;192;194Hg nuclei by Delaroche
et al. (1989). Recently, the full solution of the collective
5DCH has been studied within constrained HFB theory based
on the Gogny D1S force. Studies in the Pb mass region have
been carried out (Libert, Girod, and Delaroche, 1999), and
also studying shell closure for light nuclei at N ! 16
(Obertelli et al., 2005) and for the N ! 20 and N ! 28
neutron-rich nuclei (Peru, Girod, and Berger, 2000) and the
role of triaxiality in the light Kr nuclei (Girod et al., 2009).
An overview of low-lying collective properties over the
whole mass region has been given, using the same methods,
by Delaroche et al. (2010).

A different approach was proposed by Walecka who de-
veloped a relativistic mean-field formulation (RMF)
(Walecka, 1974). A detailed discussion on the Lagrangians
used is given in several review papers (Serot and Walecka,
1986; Reinhard, 1989; Serot, 1992; Ring, 1996). A study
within the relativistic Hartree-Bogoliubov (RHB) framework
was performed specifically concentrating on shape coexis-
tence in the Pt-Hg-Pb nuclei (Nikšić et al., 2002). Within the
RMF approach, beyond-relativistic-mean-field studies were
performed recently, also incorporating configuration mixing
of mean-field wave functions projected onto angular momen-
tum J and particle number "N; Z#, using the GCM approach,
restricting to axially symmetric systems (encompassing vi-
brational and rotational degrees of freedom) with applications
for 32Mg and 194Hg (Nikšić, Vretenar, and Ring, 2006a) (only
J projected) and for 24Mg, 32S, and 36Ar (J and particle
number projected) (Nikšić, Vretenar, and Ring, 2006b).
Even more general studies have been performed using pro-
jected states starting from triaxial quadrupole constraints on
the mean-field level with applications to the neutron-rich Mg
nuclei (Yao et al., 2009) as well as using the resulting three-
dimensional relativistic mean-field wave functions in a GCM
configuration mixing calculation (Yao et al., 2010) with
application for 24Mg. We mention that more restricted studies
of potential energy surfaces, aiming at the study of triaxial
ground-state shapes for the Sm and Pt nuclei, making use of
the three-dimensional RHB model have been performed
(Nikšić et al., 2010) also.

Relativistic mean-field theory was also used to extensively
study the 5DCH, starting from the relativistic energy density
functional, and applied to the even-even Gd nuclei (Nikšić
et al., 2009) and recently to the study of even-even Ba and Xe
nuclei (Li et al., 2010).

C. Similarities between shell-model and mean-field approaches

We come to the point that shell-model and mean-field
approaches, if technically possible, lead to much the same
physics. It seems clear that starting from a spherical mean
field only, and getting both the advantages and disadvantages
from the ensuing spherical closed-shell configurations near
stability, one inevitably runs out of computer capabilities.
Moreover, the model wave functions do not give genuine
physics insight (billions of components). Still, this approach
is a consistent and robust approach with strong predictive
power, such that systematic deviations between experiment

and theory have to be taken seriously and cannot be hidden by
parameter changes. On the other hand, making use of self-
consistent mean-field methods, one starts from an effective
nucleon-nucleon interaction in order to derive an optimized
deformed (quadrupole deformation, pairing, etc.) basis
j !"q#i. Whereas the shell-model space itself is a Hilbert
space, the set of Slater determinants constitutes a geometrical
surface within the Hilbert space [see Rowe and Wood (2010)
for a more detailed exposition]. The mean-field method
produces an energy surface which is semiclassical. As a
consequence and in order to reach results to be compared
with the data in nuclei, one needs to go beyond the mean-field
approximation. Here the technicalities of projecting from the
intrinsic frame to the lab frame, with good J; N; Z; . . . are
demanding when exploring the full space of the !, " quad-
rupole variables. Moreover, one has to take into account
mixing of the various intrinsic projected states in order to
arrive at the exact eigenstates. Calculations starting from a
spherical shell-model basis, or, using mean-field methods
(applied to the Mg, S, and Zr istopes) resulted in a strong
resemblance [see Reinhard et al. (1999) for a detailed
discussion]. A particular example is 40Ca for which both
the shell-model results (see Sec. II.A.1 and Fig. 1) and
beyond-mean-field calculations (Bender, Flocard, and
Heenen, 2003) are available.

III. MANIFESTATION OF COEXISTENCE IN NUCLEI

The occurrence of energy gaps, due to spherical shells or
subshells, and the mixing of the resulting proton and neutron
configurations are the essential ingredients to a unified view
of coexistence in nuclei. Figure 8 shows the regions of shape
coexistence that are discussed in this review and their location
with respect to magic numbers.

We present the experimental data that motivate this unified
view in a particular order. We first review mass regions for
which extensive data support the widespread and unequivocal
manifestation of shape coexistence, i.e., the regions centered

FIG. 8 (color online). The main regions of nuclear shape coex-
istence discussed in Sec. III are shown in relationship to closed
shells. Regions A, F: see Sec. III.B.1; regions B, C, D, and E: see
Sec. III.B.2; region G: see Sec. III.A.8; region H: see Sec. III.A.5;
region I: see Sec. III.A.3; region J: see Sec. III.A.2; region K: see
Sec. III.A.4; and region L: see Sec. III.A.1.
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Figure 1.3: Regions of nuclear shape coexistence discussed in the latest review
paper on the topic by Heyde and Wood [1] are highlighted in pink along the
nuclear chart. The region of interest for this thesis work (Z = 32, N ∼ 40) is
labelled by H. Reprinted figure with permission from Ref. [1]. Copyright (2011)
by the American Physical Society.

Nuclear theory uses two main approaches to describe this phenomenon. The first one
is via microscopic shell models [15], while the second one via mean-field models [16, 17].
In the first approach, multiple particle-hole excitations across closed shells are attributed
as the origin of collective nuclear excitations, which become manifested in the form of
0+ states at low excitation energy. In the second approach, the ground state energy of
the nuclear system is calculated through constrained Hartree-Fock methods [18]. The
constraint is set by requiring the nuclear density to assume a certain low-multipole de-
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Figure 1.4: Potential energy surfaces calculated for the Ni isotopes with mass
A = 68, 70, 74, 78, in panels (a), (b), (c) and (d), respectively. The Q0 and Q2

quadrupole moments here used provide an equivalent description than the β
and γ parameters described in the text. The contour plot indicates the energy
relative to the minimum. Figure adapted from Ref. [21].

formation, and then sampling the deformation space. In the case of quadrupole defor-
mations, this procedure yields a potential energy surface (PES) built on the β, γ defor-
mation plane (introduced in Fig. 1.1) [19, 20]. Shape coexistence appears in the form of
multiple minima in such surfaces, which correspond to ground states associated with
different nuclear deformations. Examples of calculated PESs of Ni nuclei are shown
in Fig. 1.4 [21], which were obtained by the constrained Hartree-Fock method with an
A3DA-like Hamiltonian [22]. In panel (a), one can observe the presence of a main mini-
mum around spherical-oblate shapes for the nucleus 68Ni, as well as a second minimum
corresponding to a prolate deformation. In panel (b), a similar scenario holds for 70Ni.
The PESs of 74Ni and 78Ni in panels (c) and (d) present, instead, only one spherical min-
imum. In Section 1.6, PESs for the even-even Ge isotopes relevant to this work will be
shown.

An interplay between theory and experiment is crucial to reach a comprehensive and
unified description of shape coexistence. Spectroscopic fingerprints of nuclear deforma-
tion, and hence of shape coexistence, are measurements of E2 matrix elements obtained
through multistep Coulomb excitation experiments and B(E2) values via lifetime mea-
surements. Strengths of E0 transitions are also accounted as indicators of shape coexis-
tence, since they depend on the mixing of intrinsic configurations with different defor-
mations. E0 transitions and their strength will be discussed in detail in Section 1.4, while
E2 transitions and B(E2) reduced transition probabilities will be treated in Section 1.5.
First, though, an overview of the radioactive decay processes which were employed in
this experimental work to populate the nuclei of interest and to investigate their nuclear
transitions will be provided (Section 1.3).
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1.3 Radioactive Decay

All radioactive decay processes, such as α-, β- and γ-ray decay, follow the fundamental
law of radioactive decay, which reads:

dN

dt
= −λN (1.6)

with N number of radioactive nuclei present at a certain time, λ decay constant of the
process and λN decay rate [23, 24]. The solution of this equation, with boundary condi-
tion N(t = 0) = N0 initial number of particle, is:

N(t) = N0e
−λt (1.7)

The decay constant λ is related to the halflife T1/2, namely the time such that the
number of radioactive elements is reduced to half of its original value, via the following
relation:

T1/2 =
ln 2

λ
= τ ln 2 (1.8)

where the lifetime τ has been defined as τ ≡ 1/λ.

1.3.1 β Decay

In a β-decay process, a neutron is converted into a proton, or viceversa, accompanied by
the emission of an electron and a neutrino or by the capture of an orbital electron [25].
The electrons emitted in such a process are also referred to as β particles. There are three
basic β decay processes:

n → p+ e− + ν̄ (β− decay) (1.9)

p → n+ e+ + ν (β+ decay) (1.10)

p+ e− → n+ ν (electron capture) (1.11)

It is possible to define the Q-value of those decays as the difference between the ini-
tial and final mass energies. If Q > 0, the process will spontaneosly occur (exother-
mic process). It follows that a free neutron can undergo a β− decay, while a free pro-
ton decay (β+ decay) is not energetically possible, reminding that the neutron mass is
mn = 939.565 MeV, while the proton mass is mp = 938.272 MeV [26].

Consider the β− decay of a nucleus of the element X with Z protons and N neutrons
in its ground state (parent nucleus) into a nucleus of the element Y with Z + 1 protons
and N − 1 neutrons in its ground state (daughter nucleus):

A
ZXN → A

Z+1Y N−1 + e− + ν̄ (1.12)

In this case the Q-value of the ground state-to-ground state process will be written as:

Qβ− = MPc
2 −MDc

2 (1.13)
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where MP and MD indicate the parent and daugther atomic masses, respectively, when
the differences in electron binding energy are neglected [25]. For the β−-decay process
to spontaneously occur, thus, it must hold MP > MD. The daughter nucleus can also
be populated in an excited nuclear state, that will then decay to the ground state via γ-
ray decay or other electromagnetic transitions (see the following section). The β−-decay
process has been exploited in this work to populate the germanium nuclei of interest in
their excited nuclear states (see Chapter 2).

1.3.2 Electromagnetic Transitions

A nucleus in an excited state of energy Ei can be de-excited to a lower state of energy Ef
through an electromagnetic transition. Examples of such transitions are photon emis-
sion (or γ-ray decay), internal conversion decay, two-photon emission. For the scope of
this thesis, the first two mentioned processes are relevant and will be discussed in the
following paragraphs.

γ-ray Decay

The most common form of nuclear de-excitation transitions for a bound nuclear system
is the γ-ray decay, namely the emission of a photon. Consider a transition between
initial and final states of energy Ei and Ef , respectively. For the conservation of energy,
the nuclear de-excitation energy, ∆E = Ei −Ef , is converted into energy of the photon,
Eγ , and recoil energy of the nucleus, E2

γ/2Mc2 [25]. Since ∆E �Mc2, where Mc2 is the
rest mass of the nucleus, the approximation Eγ ∼= ∆E holds.

Electromagnetic transitions obey angular momentum conservation. Hence, consid-
ering a transition from an initial nuclear excited state with spin Ii to a final state If ,
conservation of angular momentum implies that

Ii = L+ If (1.14)

with L total angular momentum of the photon. The possible values for L are then re-
stricted by the rule:

|Ii − If | ≤ L ≤ Ii + If (1.15)

Note that photon emission is not allowed for monopole (L = 0) transitions, since pho-
tons must carry away at least one unit of angular momentum. Hence, for transitions
such that Ii = If the lowest multipole order for γ-ray decay is dipole (L = 1). In the
case of transitions between states with spin Ii = If = 0, where only L = 0 is allowed
by the selection rule in Eq. (1.15), single photon emission is forbidden. These states can,
though, decay through internal conversion, or other processes.

In a nuclear de-excitation transition, parity must also be conserved. Therefore, if
there is no change in parity between the initial and final nuclear states, the emitted ra-
diation field must have even parity. On the contrary, if the parity changes, the radiation
field must have odd parity. The parity of the radiation field of multipolarity L is defined
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λ(E1) = 1.59× 1015 E3
γ B(E1)

λ(E2) = 1.22× 109 E5
γ B(E2)

λ(E3) = 5.67× 102 E7
γ B(E3)

λ(E4) = 1.69× 10−4 E9
γ B(E4)

λ(M1) = 1.76× 1013 E3
γ B(M1)

λ(M2) = 1.35× 107 E5
γ B(M2)

λ(M3) = 6.28× 100 E7
γ B(M3)

λ(M4) = 1.87× 10−6 E9
γ B(M4)

Table 1.1: Transition probabilities λ(σL) for γ-ray transitions of electric (E) or
magnetic (M ) character and different multipolarities L written in terms of the
γ-ray transition energy Eγ and of the reduced transition probability B(σL).
λ(σL) are expressed in s−1, B(EL) in units of e2fm2L, B(ML) in units of
µ2
N fm2L−2, while the transition energies Eγ are in MeV [29].

as:

π(ML) = (−1)L+1 (1.16)

π(EL) = (−1)L (1.17)

where E and M define the electric or magnetic character of the field.
For a γ-ray transition that can have mixed multipolarities, L and L′, it is possible to

define the mixing ratio δ as the ratio of the reduced matrix elements for each multipole
operator:

δγ ≡
〈If ||σ′L′||Ii〉
〈If ||σL||Ii〉

(1.18)

where Ii and If are the initial and final state of the transition, respectively, σ = E or M
indicates either electric or magnetic radiation and, by convention, L′ is taken as greater
than L [27]. Hence, δ2 expresses the ratio of the transition probabilities of the two com-
peting de-excitation modes, σL and σ′L′. The sign of δ depends on the definition of the
reduced matrix elements. In this work, the sign convention introduced by Krane and
Steffen is adopted [28].

Given a γ-ray transition of character σ and multipolarity L, it is possible to define its
reduced transition probability as [29]:

B(σL; Ii → If ) =
1

2Ii + 1
|〈ψf ||m(σL)||ψi〉|2 (1.19)

where |ψi〉 and |ψf 〉 indicate the initial and final states with spin Ii and If , respectively,
andm(σL) is the multipole operator. Such reduced transition probabilities are connected
to the transition probabilities λ(σL) by the relationships listed in Table 1.1.

Given the relationship between the reduced transition probability B(σL) and the
transition probability λ(σL) and reminding that the lifetime τ of a nuclear states is de-
fined as τ ≡ 1/λ, it is possible to extractB(σL) values from lifetime measurements. Note
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that if the nuclear state can be de-excited via multiple decay branches, one will need to
use the partial lifetime τγ connected to the γ-ray decay branch considered to calculate
λ(σL). The partial lifetime is defined as following:

τγ = τ
Itotal

Iγ(σL)
(1.20)

where Iγ(σL) is the intensity of the γ-ray decay branch of interest and Itotal is the sum of
the intensities of all the possible decay branches. In case of γ-ray transitions with mixed
multipolarities, the mixing ratio δ defined in Eq. (1.18) must be taken into account when
determining the intensity Iγ(σL).

The reduced transition probabilities can be expressed in Weisskopf units (from the
name of Weisskopf, who firstly introduced them [30]), also referred to as single-particle
estimates. These are connected to the usual units by [29]:

BW(EL) =
1

4π

(
3

L+ 3

)2

1.22LA2L/3 e2 fm2L (1.21)

BW(ML) =
10

π

(
3

L+ 2

)2

1.22L−2A(2L−2)/3 µ2
N fm2L−2 (1.22)

where the subscript W stands for Weisskopf. They represent an estimate of the reduced
transition probability under the assumption of treating single-particle configurations. In
the following, the Weisskopf units will be adopted and will be indicated by W.u.

Internal Conversion Decay

The internal conversion decay competes with γ-ray emission in nuclear de-excitation [25].
In such a process, an atomic electron is emitted from the nucleus due to the Coulomb in-
teraction between the atomic electrons and the protons in the nucleus [31]. The kinetic
energy of the emitted conversion electron is equal to the difference between the nuclear
de-excitation energy, ∆E, and the binding energy of the electron, Be, that must be sup-
plied to liberate the electron out of its shell:

Tce = ∆E −Be (1.23)

The electron binding energy Be varies with the atomic shell considered. Hence, con-
version electrons emitted from different shells will have a different kinetic energy. A
conversion electron spectrum will thus present multiple discrete peaks corresponding to
each nuclear transition, in contrast with a γ-ray spectrum, where only one peak corre-
sponds to a certain nuclear transition. The multiple components appearing in the con-
version electron spectrum for each transition are labelled according to the electronic shell
from which the electrons are emitted, namely K, L, M, and so on.

It is useful to define the internal conversion coefficient α as:

α =
λce

λγ
(1.24)



Theory 11

where λce is the internal conversion decay probability for a given transition, and λγ is the
γ-ray decay probability. Hence, the coefficient α represents the probability of decaying
through electron emission relative to photon emission. It is possible to define also partial
internal conversion coefficients, that indicate the probability of emitting an electron from
a specific shell relative to γ-ray decay:

α = αK + αL + αM + ... (1.25)

It can be shown that the partial conversion coefficients, when energetically possible, de-
crease like 1/n3, with n principal quantum number of the bound electron wave function
(n = 1 for the K-shell, n = 2 for the L-shell, and so on) [25]. Therefore, α will be domi-
nated by the terms αi associated with the most inner shells.

1.4 E0 Transitions

E0 transitions occur between states of the same spin and parity Iπ → Iπ . In such a
transition, the nucleus can be de-excited via internal conversion by transferring energy,
zero units of angular momentum and no parity change to an atomic electron [31]. The
internal conversion decay has been previously described in Section 1.3.2. Competing
mechanisms for E0 transitions to occur are electron-positron internal-pair formation, if
the transition energy is above 2mec

2 = 1.022 MeV, and the extremely rare two-photon
emission [5]. Only transitions with energy less than 2mec

2 are considered in this exper-
imental work, therefore only E0 transitions occurring via internal conversion decay are
relevant to the discussion and will be treated in the following.

The monopole operator m(E0) resulting from a multipole expansion of the Coulomb
interaction hamiltonian between the atomic electrons and the nuclear protons can be
written, to first order, as [29]:

m(E0) =

∫
ρch(r)r2dr (1.26)

where ρch(r) indicates the nuclear charge density, assumed as a continuous distribution.
In the case of a point-like charge distribution, this reduces to m(E0) = e

∑
k r

2
k, where

the sum is extended over all the nuclear protons, e is the unit of electrical charge and rk
is the position of the kth proton. The matrix element of the electric monopole operator
between an initial state |i〉 and a final state |f〉 is usually expressed in dimensionless
units, according to the notation introduced in Ref. [32], as the E0 transition strength ρ:

ρ(E0) =
〈f |m(E0) |i〉

eR2
(1.27)

where R = r0A
1/3 (r0=1.2 fm) indicates the radius of an ideal nucleus with a sharp

spherical surface [8]. The square of ρ(E0) is usually reported in literature to prevent
sign ambiguity. Since typical values of ρ2(E0) are of the order of 10−1 − 10−3, measured
E0 transition strengths are usually reported in milliunits [ρ2(E0)× 103].

The measured transition probability λ forE0 conversion can be related to theE0 tran-
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Figure 1.5: Decay scheme of the 238U nucleus. Data are taken from litera-
ture [34, 35, 36]. The E0 strength, ρ2(E0), is reported in milliunits, while re-
duced transition probabilities, B(E2) and B(E1), are in W.u.

sition strength via:
λ(E0) = Ωρ2(E0) (1.28)

where Ω is an atomic electron factor independent of the nuclear properties which can be
calculated [33].

It is possible to relate the nuclear structure information contained in ρ2(E0) values
to theoretical models. Hence, a measurement of ρ2(E0) can provide information about
the nuclear states involved in the transition. As such, these measurements have been
indicated as a probe of shape coexistence in nuclei in the most recent review on the
topic by Heyde and Wood [1]. In particular, they argue that nuclei presenting coexisting
deformations will exhibit large ρ2(E0) values among such configurations when these
become mixed.

To illustrate such an idea, we shall consider a simple two-state mixing model. Let
∣∣0+1 〉

and
∣∣0+2 〉 be two nuclear configurations with different shape. The observed initial and

final |0+i 〉 and |0+f 〉 states can be associated with a mixing of such configurations:

|0+i 〉 = α
∣∣0+1 〉+ β

∣∣0+2 〉 (1.29)

|0+f 〉 = −β
∣∣0+1 〉+ α

∣∣0+2 〉 (1.30)

where the mixing coefficients α and β satisfy α2 + β2 = 1. The E0 transition strength
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among |0+i 〉 and |0+f 〉 can be written as:

ρ(E0) =
〈0+f |m(E0)|0+i 〉

eR2
=

=
1

eR2

[
αβ
( 〈

0+1
∣∣m(E0)

∣∣0+1 〉− 〈0+2 ∣∣m(E0)
∣∣0+2 〉 )

+ (α2 − β2)
〈
0+2
∣∣m(E0)

∣∣0+1 〉 ] (1.31)

Suppose that the mixing among the different shape configurations is weak. The first two
terms will thus be negligible, sinceαβ ' 0. The third term will be negligible as well, since
in the case of well distinct shape configurations it will hold that

〈
0+2
∣∣m(E0)

∣∣0+1 〉 ' 0,
given the different localization of the

∣∣0+1 〉 and
∣∣0+2 〉 wavefunctions in the deformation

space. Therefore, in the case of weak mixing among configurations with different shapes
ρ2(E0) ' 0. The best example of such a case is given by the 238U nucleus, which presents
the slowestE0 transition known between the excited 0+ state at 2558 keV and the ground
state [ρ2(E0; 0+2558 → 0+gs) × 103 = 1.7 × 10−6, see Fig. 1.5]. Here, the two 0+ states are
associated with different minima of the PES, separated by a high potential barrier.

Consider now a strong mixing scenario, where α ' −β ' 1/
√

2. As before,〈
0+2
∣∣m(E0)

∣∣0+1 〉 ' 0. Now, though, αβ ' 1/2. Therefore, in this approximation the E0

strength will be:

ρ(E0) ' 1

2

1

eR2

( 〈
0+1
∣∣m(E0)

∣∣0+1 〉− 〈0+2 ∣∣m(E0)
∣∣0+2 〉 ) (1.32)

Reminding the parametrization of the nuclear surface R = R(θ, φ) (see Eq. (1.1)), it can
be shown that the E0 transition connecting mixed states with different axial quadrupole
deformations (namely associated with different mean-square charge radii 〈r2〉) is propor-
tional to the difference in mean-square charge radius between the two configurations [5]:

ρ(E0) ' αβ∆〈r2〉 (1.33)

Therefore, this simple model illustrates how a large ρ2(E0) can be a remarkable indicator
of a shape difference in the two mixing states, or a large amount of configuration mixing,
or both the effects. This model has been used, for example, to effectively describe the
large ρ2(E0) value measured for the 0+3 → 0+2 transition in 96Sr [ρ2(E0)exp × 103 =

185(50)] [5].
Theoretical efforts have been recently devoted by Brown and collaborators to devel-

oping a microscopic model to predictE0 strength values [37]. This combines a configura-
tion-interaction model to determine orbital occupations with an energy-density func-
tional model with a Skyrme-type interaction, that accounts for the monopole polariza-
tion of the core protons by the valence neutrons. A shell-model description that lacks
such a first-order correction would otherwise fail in the description of the E0 strength.
The results of the model of Brown, which depend on the Skyrme parameters, predict E0

matrix elements for 0+ → 0+ transitions which are generally a factor of 2 smaller than
the experimental values, possibly due to a second-order correction not included in the
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calculations that could result in an effective charge.
This model was recently used to calculate the E0 matrix elements for the 2+2 → 2+1

transitions in 58,60,62Ni isotopes. When considering such I > 0 transitions, the calcu-
lations significantly underestimate the experimental values, despite the success for the
0+ → 0+ cases [38].

Measurements of E0 strengths for Iπ → Iπ transitions, and in particular for I > 0

transitions, throughout the entire nuclear chart are still lacking. An experimental sys-
tematic study of ρ2(E0), therefore, will be crucial to benchmark theoretical models to
reach an effective description of E0 transitions and to fully understand the structure of
low-lying intrinsic excitatations in nuclei that appear as 0+ states.

1.5 B(E2) Reduced Transition Probabilities

The diagonal matrix element of the electric quadrupole operator m(E2) is directly pro-
portional to the quadrupole deformation of the state considered. This is the reason why,
as mentioned in Section 1.2, E2 matrix elements measured via multistep Coulomb ex-
citation experiments are the most direct spectroscopic fingerprint of shape coexistence
in nuclei, since they can directly probe the nuclear deformation of a given nuclear state.
Nondiagonal E2 matrix elements, and thus the reduced transition probabilities B(E2)

[see Eq. (1.19)] obtained through lifetime measurements, provide information about elec-
tric quadrupole transitions that can be effectively compared with robust theoretical cal-
culations, to validate the description of the observed nuclear system.

B(E2) values for inter-band transitions between collective states can amount to tens
of W.u. One mechanism that could result in a hindrance of such transitions [B(E2) <

1 W.u.] is the localization of the wavefunctions of states at spin 0 in different minima of
the PES which are separated by a high potential barrier, i.e., to highly non-mixed con-
figurations. The extreme case of such a scenario is that of the 238U isotope, already dis-
cussed in Section 1.4 for its slow E0 transition between the 0+ state at 2558 keV and the
ground state. Here, a highly hindered E2 transition has been observed between states
belonging to the two bands which lie in different minima of the PES [35, 36]. In particu-
lar, B(E2; 0+2558 → 2+gs) = 1.5 × 10−7 W.u., where the subscript gs indicates the 2+ state
belonging to the ground state band (see Fig. 1.5). This phenomenon has been referred to
as shape isomerism, to indicate that the retardation of the transition is due to crossing the
potential energy barrier between two minima with different shape [39]. If the configu-
rations are mixed, instead, no retardation will be observed, due to a higher overlap of
the considered wavefunctions. Therefore, B(E2) values provide a complementary de-
scription to the ρ2(E0) strengths and allow to make fruitful comparisons with theoretical
models. In particular, large-scale shell-model calculations can effectively predict B(E2)

values, providing a microscopic description of the structure of nuclei.

1.6 The Germanium Isotopic Chain

Even-even germanium isotopes near and at stability are the focus of this thesis work
(A = 72, 74, 76, 78). Low-lying 0+ states are indicators of shape coexistence in such
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nuclei. However, details on the mixing between different configurations are still unclear.
In this section, an overview of recent theoretical and experimental studies on these nuclei
will be provided.

The energy of the first excited 0+ state of even-even Ge nuclei around stability varies
parabolically, coming to a minimum in 72Ge, at the N = 40 subshell closure. In this
nucleus, the 0+2 state becomes the first excited state, as can be observed in Fig. 1.6.

Numerous transfer reaction studies have been performed to investigate 72Ge, among
which one-proton stripping reactions [46], two-neutron pickup reaction [47], α-particle
stripping reactions [48] and others [42]. The results of such studies is summarized in
the review by Heyde and Wood on shape coexistence phenomena [1]. The interpretation
of the transfer-reaction data is that the ground state and excited 0+ states of 72Ge are
strongly mixed. In 70Ge a weakly deformed ground state coexists with a very deformed
excited configuration, while in both 74,76Ge there is a deformed ground state with a close
to spherical excited configuration. This picture is mostly consistent with results obtained
via Coulomb excitation studies.

A detailed multi-step Coulomb excitation study of 72Ge was recently performed at
the Argonne National Laboratory [3]. An extensive set of E2 and M1 matrix elements
has been determined (46 in total). Through the Kumar–Cline sum rule analysis, the
quadrupole invariants 〈Q2〉 and 〈cos 3δ〉 have been derived for states in the ground state
band and in the quasi-γ band, up to 8~ spin. The parameters Q and δ provide a de-
scription of the nuclear quadrupole deformation equivalent to the β and γ parameters
introduced in Section 1.1.1, indicating the overall quadrupole deformation and deviation
from axial symmetry, respectively. Results of this analysis indicate that the ground-state
band presents a triaxially-deformed shape. A similar conclusion is drawn for the quasi-γ
band, for which similar 〈Q2〉 and 〈cos 3δ〉 values are obtained. The 0+2 state is also found
to present almost the same 〈Q2〉 value as the 0+1 ground state. This could be interpreted
as a consequence of mixing of two different configurations. Configuration mixing calcu-
lations within a two-triaxial-rotor model – the coupled generalized triaxial rotor model
(GTRM×2) [49] – were performed, which manage to reproduce a number of E2 matrix
elements. Therefore, the coexistence of two triaxial structures associated with the 0+1
and 0+2 states can describe the nature of such states. In this interpretation, maximum
mixing of the wavefunctions associated with the two 0+ states would be required. An
analogous multi-step Coulomb excitation study was performed for 76Ge by the same
group [4]. Also in this case, data were analyzed with the Kumar–Cline sum rule anal-
ysis, strongly indicating rigid triaxial deformation both in the ground-state and in the
γ-band of this nucleus. Triaxial rigidity is suggested also by the observed staggering of
the γ band. In particular, the energy staggering S(4) [defined in Eq. (1.5)] is positive [50].
In addition, a spectroscopic study of 78Ge via multinucleon transfer recently carried out
at the Argonne National Laboratory has identified an unusual decay sequence within a
band of Iπ = 2+, 3+, 4+, 5+ and 6+ states [51]. In such a band, transitions of ∆I = 1 are
enhanced, while those of ∆I = 2 are quenched, in contrast with intra-band transitions
in γ bands of neighbouring Ge isotopes. These observations are consistent with predic-
tions of the Davydov rigid-triaxial rotor model [12], assuming the maximum degree of
asymmetry, namely γ = 30◦. Such a band has been indicated as κ band, in order to high-
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Figure 1.7: Proton (π) and neutron (ν) single particle level diagrams, relevant
for the Z = 32,N ∼ 40 region. The spacing between the orbitals is not to scale.
Numbers of nucleons allowed in each level are written in parentheses. The
coloured regions indicate occupied orbitals in the ground state configuration
of 72Ge (Z = 32, N = 40).

light its peculiarities relative to the so-called γ bands in neighbouring nuclei. Even in
this case, the energy staggering also support the rigid triaxiality description [S(4) > 0].
The results of these three recent studies on 72,76,78Ge are consistent with the conclusions
drawn from the transfer reaction data. However, they provide evidence of triaxiality in
such nuclei.

Extensive theoretical efforts have also been devoted to the study of the even-even
Ge isotopes. Large-scale shell-model calculations that use the f5pg9-shell model space
(see Fig. 1.7) predict effectively the energy systematics of the 0+2 states in Ge nuclei up
to N = 44 [53]. This behaviour is thought to be associated with a reduction of the gap
between the 2p1/2 and 1g9/2 orbitals, which results in a 0+2 state consistent with a two-
neutron excitatation from the fp orbitals to the 1g9/2 orbital. Mean-field approaches have
also been used to investigate the even-even Ge isotopes structure. Constrained triax-

J.J. Sun et al. / Physics Letters B 734 (2014) 308–313 311

Fig. 4. The experimental staggering S(I) of 72,74,76,78Ge isotopes in comparison with 
the 5DCH model calculations. The experimental data of 72Ge is taken from Ref. [41]
and the data of 76Ge from Ref. [28].

orderings of transitions in bands 4, 5 and 6 are well defined due 
to the presence of the band-crossing transitions.

3. Discussion

The new structure information obtained presently for 74Ge, to-
gether with what known previously for neighboring Ge isotopes, 
allows a systematic study of the triaxial evolution in Ge isotopes. 
As mentioned in Refs. [26,27], the energy staggering

S(I) = [E(I) ! E(I ! 1)] ! [E(I ! 1) ! E(I ! 2)]
E(2+

1 )

within the ! band has been utilized as an important signature to 
distinguish the soft or rigid triaxiality. In Fig. 4, the experimental 
staggering S(I) of ! bands in 72,74,76Ge is plotted as a function of 
spin. It is shown that, below the spin 9h̄, both 72Ge and 76Ge ex-
hibit pronounced oscillatory patterns but with the opposite phases. 
The staggering of 76Ge with positive S(I) values at even spin and 
negative values at odd spin suggests that 76Ge has a rigid-triaxial 
shape [28], while the staggering of 72Ge follows the pattern ex-
pected for a ! -soft potential. The staggering of 74Ge does not show 
a simple oscillatory pattern with the increase of spin. At low spin 
(I " 5h̄), its staggering resembles that of 72Ge, then changes to the 
same phase as that of 76Ge for higher spin states (I > 5h̄). The in-
termediate staggering pattern observed in 74Ge implies that with 
the increase of spin, the triaxiality of 74Ge undergoes an evolution 
from ! -soft as in 72Ge to ! -rigid as in 76Ge.

To get a comprehensive understanding of the triaxiality and 
its rigidness/softness in Ge isotopes, the calculations of five-
dimensional collective Hamiltonian (5DCH) model based on the co-
variant density functional theory (CDFT) have been performed [42]. 
The 5DCH model describes the nuclear collective excitations of 

quadrupole vibration and rotation with parameters determined 
by constrained self-consistent triaxial CDFT, and has given suc-
cessful microscopic description for the nuclear shape transitions 
along with the isotopic and isotonic chains in different mass re-
gions [43–47]. Starting from constrained triaxial CDFT calculations 
with the newly proposed point-coupling energy density functional 
PC-PK1 [48], the calculated potential energy surfaces (PESs) in the 
"–! plane for 74Ge and its neighboring isotopes 72,76,78Ge are 
shown in Fig. 5. It can be seen that for all these Ge isotopes the 
! degree of freedom plays an important role. With the increase 
of the neutron number, there exhibit two general trends in the 
PESs of Ge isotopes, i.e., from a triaxial to a prolate-like shape and 
from rather soft to rather rigid potential. In comparison with the 
76,78Ge, the PESs around the ground states in 72,74Ge are less stiff 
in ! direction and show relatively ! -soft shapes.

Fig. 6 displays the calculated spectra by 5DCH model for the 
ground-state, ! and " bands in 72,74,76,78Ge isotopes, and the 
corresponding intraband and interband transition probabilities, in 
comparison with the available experimental data. As shown in 
Fig. 6, the overall agreements between theoretical excitation en-
ergies and experimental data are good, especially for the low spin 
states. For example, the calculated E(2+

2 )/E(2+
1 ) ratios, 1.9, 1.9, 2.0 

and 2.5 for 72,74,76,78Ge isotopes, are consistent with the experi-
mental data 1.8, 2.0, 2.0 and 1.9, respectively. With the increase of 
the angular momentum, the deviations of the theoretical excitation 
energies from experimental data increase. In Fig. 7, the calculated 
and experimental angular moments as functions of rotational fre-
quency for the ground-state and ! bands of 72,74,76,78Ge isotopes 
are plotted. It can be seen that for the 74,76,78Ge, the calculated re-
sults agree with the experimental data at low rotational frequency. 
At high rotational frequency, the deviations of the theoretical re-
sults from experimental data become large. Around spin 8, the 
quasiparticle alignment characters are clearly shown in the 76,78Ge, 
where the ground-state band structures above band crossing have 
not been observed. For the 72Ge which have softer potential, the 
deviations are even larger for both ground-state and ! bands. The 
major reason of the deviations could be due to the adiabatic ap-
proximation of the Hamiltonian in the 5DCH model, where the 
collective parameters such as the moments of inertia are calcu-
lated in the vicinity of zero rotational frequency. At high spin states 
of these Ge isotopes, especially the 72Ge whose soft potential is 
susceptible to the increase of angular momentum, this approxima-
tion becomes rough. Comparing with the experimental data at high 
spin states, the 5DCH calculations underestimate the moments of 
inertia. Moreover, since the quasiparticle alignments occur around 
spin 8+ in 72,76,78Ge, the deviations between the theoretical results 
and experimental data are enlarged. Using the variable moments 
of inertia with spin in the 5DCH model is expected to improve 
the agreements between theoretical results and experimental data. 
Such efforts are still on-going.

As shown in Fig. 6, the calculated transition probabilities 
of 72,74,76,78Ge isotopes well reproduce the experimental values 

Fig. 5. (Color online.) The potential energy surfaces in the "–! plane (0 " ! " 60#) for 72,74,76,78Ge calculated by constrained triaxial covariant density functional theory with 
the newly proposed PC-PK1. The energy separation between each contour line is 250 keV.Figure 1.8: Potential energy surfaces for Ge isotopes calculated by Sun et al. by

constrained energy density functional theory with the PC-PK1 functional. The
energy scale is in MeV. Reprinted figure from Ref. [52].
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ial covariant density functional (CDFT) calculations with the PC-PK1 functional predict
74Ge as being triaxial in its ground state with a γ-soft potential, as can be seen in the
PES shown in Fig. 1.8, both for this and for the neighbouring Ge isotopes [52]. 76,78Ge
show more rigid potentials, where the minimum is shifted toward prolate shapes. In
the same publication, calculations within the five-dimentional collective Hamiltonian
model based on the aforementioned CDFT results are also presented. These predict γ
parameter values for the ground states of 72,74,76,78Ge which are all consistent with a tri-
axial description of such configurations (γ = 27.7◦, 26.7◦, 24.0◦ and 22.2◦, respectively)
and are in good agreement with the available experimental results from Coulomb exci-
tation studies for 72,74,76Ge. γ softness in the potential of 74Ge can be drawn also from
a different study, where self-consistent relativistic Hartree–Bogoliubov theory is used to
obtain PESs of even-even Ge isotopes [54]. These PESs are shown in Fig. 1.9. In these
calculations there is a tendency to γ softness also in 76,78Ge.

As previously discussed in Section 1.4, electric monopole transition strengths are a
sensitive probe of configuration mixing, which seem to play a significant role in de-
termining the nature of even-even Ge isotopes structure near N = 40. The transition
between the 2+2 to 2+1 states is from the γ bandhead (nominallyK = 2 for an axially sym-
metric nucleus) to the ground-state band (nominally K = 0). E0 transitions involving
∆K = 0 are allowed, whereas E0 transitions between states with ∆K = 2 are forbidden.
In a completely pure configuration there would be zero E0 strength between the 2+2 and
2+1 states, if these states were the 2+ γ-bandhead and the 2+ belonging to the ground-
state band, respectively. Configuration mixing, though, can occur between states of the
same spin and parity, and if there are components of the wavefunctions where ∆K = 0

transitions can proceed, then E0 strength will be generated. Therefore, a K = 2 com-
ponent in the 2+1 state, or a K = 0 component in the 2+2 state, or both, could result in a
finite E0 strength in the 2+2 → 2+1 transition. Moreover, K-mixing is expected for states
belonging to the ground-state and the so-called γ bands of triaxial systems as the Ge
isotopes under investigation. Therefore, a competition of K-mixing and configuration
mixing could arise in these nuclei.

In this thesis, a ultra-high-statistics β-decay study of the 72,74,76,78Ge isotopes is pre-
sented, which aims at providing experimental information on the E0 strengths in 2+2 →
2+1 and 0+2 → 0+1 transitions that are lacking in literature, as previously shown in Fig. 1.6.
This work is focused in particular on 2+2 → 2+1 transitions. The 0+2 → 0+1 transitions of
74,76,78Ge were indeed not experimentally observed. Upper limits on their intensity and,
thus, on their strengths have been placed, where possible.
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FIG. 1. (Color online) Self-consistent RHB triaxial energy surfaces of even-even Ge nuclei in the !-" plane (0 ! " ! 60!). For each
nucleus energies are normalized with respect to the binding energy of the absolute minimum.

single-particle levels, respectively. In the middle panel of each
figure the proton and neutron levels are plotted as functions of
" , for a fixed value of the axial deformation |!| at the position
of equilibrium minimum of the binding energy surface. This
means that, starting from the spherical configuration, one
follows the single-nucleon levels on a path along the prolate
axis up to the approximate position of the minimum (left
panel). Next, for this fixed value of |!| we trace the levels
along the path from " = 0! to " = 60! (middle panel) and,
finally, back to the spherical configuration along the oblate

axis (right panel). Configurations along the oblate axis are
denoted by negative values of !. For 74Ge one notices that
the proton levels display a pronounced gap between the last
occupied and first unoccupied levels in the triaxial region at
" " 30!. For the neutron levels the gap appears to be almost
independent of " . Combined self-consistently, the proton and
neutron gaps lead to the formation of the triaxial minimum on
the energy surface shown in Fig. 1. This microscopic picture
does not change for the proton levels of 76Ge (Fig. 3) and 78Ge
(Fig. 4), but the neutron levels display a tendency towards

044325-3

Figure 1.9: Potential energy surfaces for Ge isotopes calculated by Nikšić
et al. within a self-consistent relativistic Hartree–Bogoliubov model, with
the universal relativistic functional DD-PC1 and a finite-range pairing force.
Reprinted figure with permission from Ref. [54]. Copyright (2014) by the
American Physical Society.
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E X P E R I M E N T A L S E T U P

The experiments were performed at the Isotope Separator and Accelerator (ISAC) facility
at TRIUMF (Vancouver, Canada) in 2017 and 2019. The germanium isotopes (72,74,76,78Ge)
under investigation were populated via the β decay of gallium isotopes, produced with
the isotope separation on-line (ISOL) technique and delivered to the measurement sta-
tion as radioactive-ion beams. The spectroscopic studies presented in this work were
performed with the GRIFFIN spectrometer, comprised of high-purity germanium clover
detectors for γ-ray spectroscopy and of ancillary detectors for internal conversion elec-
tron spectroscopy, β-particle tagging and lifetime analysis through fast-timing techniques.

In this chapter the TRIUMF-ISAC facility and GRIFFIN will be described, as well as
the experimental details.

2.1 Radioactive Beam Production at TRIUMF

In the Isotope Separator and Accelerator (ISAC) facility at TRIUMF, radioactive-ion beam
(RIB) production is obtained through the isotope separation on-line (ISOL) technique [55],
by using the proton beam delivered by the TRIUMF 520 MeV H− cyclotron [56]. A map
of the ISAC low-energy experimental hall is shown in Fig. 2.1.

According to the ISOL method, the beam of protons impinges on a thick target, where
nuclear reactions (such as proton-induced spallation, fragmentation or fission) occur. A
variety of target materials are available at TRIUMF, among which SiC, TiC, Nb, Ta, ThO2

and UCx. Depending on which target material is used, different nuclear species can be
produced. The products are stopped in the bulk of the target material, diffuse to the
surface of the target material grains and then effuse to an ion source, where ionization
takes place so that an ion beam can be extracted. The target is held at high temper-
ature (up to 2300◦C) to favour the diffusion and effusion processes, thus speeding up
the release of the short-lived radioactive species of interest [58]. ISAC targets operate
with surface ionization, resonant laser ionization or plasma ion sources. The simplest
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Figure 2.1: Map of the low-energy experimental area of the TRIUMF-ISAC
facility [57].

ISOL ion source is a hot cavity surface ion source, which can be used to extract elements
with ionization potential less than 6 eV. In this case, the atom from the target enters a
transfer tube where surface ionization takes place. The surface ion source is operated
at high temperature, similar to the target, and held at a high voltage, up to 60 kV. Ions
are extracted by means of a ground electrode which is fixed next to the transfer tube. In
a resonant ionization laser ion source, ionization is accomplished through laser beams
directed inside the transfer tube (e.g. a standard surface ion source). Multiple lasers are
used simultaneously, with the laser frequencies tuned to match atomic transitions of the
element of interest. This resonance excites atoms of the element of interest into an ion-
ized state in order that they are extracted as a beam. In the case of the plasma source,
a plasma of fast electrons is the means to ionize the atoms. The ion beams extracted
from the ion source with energies up to 60 keV are then separated with a mass separa-
tor, passing through two dipole magnets in series. A mass resolution M/∆M = 2000 is
routinely achieved at ISAC [59]. After mass separation, the beam is either transported
to the low-energy experimental area with a system of electrostatic bending and focusing
elements, or accelerated to achieve higher RIB energies.

2.2 Overview of the GRIFFIN Spectrometer

Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei, GRIFFIN, is a
high-efficiency γ-ray spectrometer for use in decay spectroscopy studies with the low-
energy radioactive beams produced by the TRIUMF-ISAC facility [6]. The spectrome-
ter is composed of up to sixteen Compton-suppressed high-purity germanium (HPGe)
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Figure 2.2: Solidworks rendering of the GRIFFIN spectrometer (courtesy of
Shaun Georges, TRIUMF). Only one hemisphere of the array is shown. The
beam is delivered from the left. In the upstream (left) half of the chamber the
PACES array is installed, while the Zero Degree Scintillator (ZDS) is placed in
the downstream (right) half of it. The HPGe clovers are set in the ‘Optimized
peak-to-total’ mode, with their faces at 14.5 cm distance from the implantation
point on the tape. In this mode, the front BGO Compton suppressors are placed
at 11 cm from the implantation point and the LaBr3(Ce) detectors are at 13.5 cm
from it. The LaBr3(Ce) detectors are also coupled with BGO shields. On the
right side of the figure, the tape box and the lead wall shielding are shown.

Figure 2.3: Photograph of the GRIFFIN array (view from downstream). The
tape collection box can be seen in the foreground.
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clover detectors, as well as a suite of ancillary detectors. One of the possible configu-
rations of the spectrometer is presented in the technical drawing in Fig. 2.2. A detailed
explanation of the various components shown is provided in the following sections. The
specific spectrometer configuration used in the experiments discussed in this work will
be illustrated in Section 2.5. Figure 2.3 shows a photograph of the whole spectrometer.

2.2.1 The Moving Tape Collector

The low-energy radioactive-ion beam delivered to GRIFFIN is implanted into a Mylar
tape inside a vacuum chamber at the mutual centre of the spectrometer detectors. The
12.7 mm wide tape is a continuous loop of roughly 135 m length which is mounted
within a moving tape collector. The tape system is entirely inside the vacuum system of
the GRIFFIN chamber and of the low-energy beam transport lines.

The purpose of the moving tape system is to remove long-lived activity from the
chamber, thus optimizing the ratio between the radioactive decays of interest for the ex-
periment and contaminant decays, either from beam contaminants or daughter isotopes.
The tape can be operated in a series of cycles during data collection. During a cycle the
tape is first moved to remove previously implanted activity and then background data
are collected; implantation of the radioactive beam in the chamber follows and finally
decay data are collected while the beam is blocked. When the tape is moved, the im-
plantation point is transported to a collection box located downstream. A wall of 5 cm
thick lead bricks in front of the collection box shields the detectors from exposure to any
residual activity collected there.

2.2.2 The GRIFFIN Clover Detectors

The GRIFFIN array is composed of up to sixteen HPGe clovers, each consisting of four
n-type HPGe crystals with diameter of 60 mm (before shaping) and length of 90 mm,
which are tapered towards the front face [60]. The four crystals of each clover are con-
tained in the same cryostat and are operated at a temperature of ∼95 K, achieved with
a liquid nitrogen cooling system. Each clover is equipped with a liquid nitrogen dewar
which is filled every 8 hours. The operating voltages of the HPGe crystals are between
3.5 and 4 kV. The clover detectors, as well as the ancillary detectors, are inserted in a
rhombicuboctahedral supporting structure. Up to sixteen of the eighteen square faces
of the rhombicuboctahedron are covered by HPGe detectors. The two remaining square
faces are used for the beam delivery system and the in-vacuum moving tape collector
system, as can be seen in Fig. 2.2.

The HPGe array is supplied with suppression shields made of the high-efficiency
bismuth germanate (BGO) scintillator material. The purpose of the shields is to detect
Compton-scattered γ rays which scatter out of the HPGe crystal, as well as to shield the
crystal from background radiation originating from outside of the spectrometer. Signals
from the suppression shields are used as a veto to discard the Compton-scattered events
produced in the HPGe detectors, enhancing the overall sensitivity of the spectrometer.
The suppressors are made of three components; a front plate, a side shield and a back
catcher.
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Figure 2.4: Si(Li) crystals of PACES array
placed in the upstream hemisphere of the
vacuum chamber (view from downstream).

Figure 2.5: Zero Degree Scintillator detec-
tor mounted in the downstream hemisphere
of the vacuum chamber. The detector is
placed behind the tape where the beam is
implanted.

The HPGe array and the surrounding BGO shields can be operated in two differ-
ent modes: the ’High-efficiency’ mode and the ‘Optimized peak-to-total’ mode. In the
’High-efficiency’ mode, the HPGe clovers are close-packed around the target location
with their faces at 11 cm from the implantation point on the tape and the front suppres-
sors are retracted, as in Fig. 2.2. In the ‘Optimized peak-to-total’ mode, the faces of the
HPGe clovers are withdrawn to 14.5 cm and the front suppressors are inserted at 11 cm
to form a complete suppression shield around each HPGe detector.

2.2.3 The PACES Array

One of the ancillary detectors that can complement the HPGe array is the Pentagonal Ar-
ray of Conversion Electron Spectrometers (PACES). It is an array of five lithium-drifted
silicon [Si(Li)] detectors used for conversion electron spectroscopy. Figure 2.4 shows a
photograph of the silicon array. The five crystals have a cylindrical shape of 16 mm di-
ameter and 5 mm thickness and are coated with a thin layer of gold. PACES is placed
inside the vacuum chamber, in the upstream hemisphere. The five crystals are arranged
at ∼72◦ intervals around the beam axis. Each crystal is at a distance of 31.5 mm from
the implantation point on the tape and is tilted 24◦ relative to the implantation point.
A bias voltage of −500 V is applied to each crystal. The crystals are cooled down to a
temperature of ∼148 K during experiments. Their cooling is achieved through a cold
finger which connects the array to an external dewar of liquid nitrogen. To accomodate
the PACES dewar, one of the sixteen HPGe clovers must be removed. Thus, when us-
ing PACES, only 15 clovers are operated. The position of the dewar with respect to the
spectrometer can be observed in Fig. 2.2, which shows the dewar on the left side of the
image.

2.2.4 Zero Degree Scintillator

A scintillator detector can be mounted in the downstream hemisphere of the vacuum
chamber at zero degree with respect to the beam axis. It allows β tagging of the ob-
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served events in GRIFFIN and PACES, as well as fast-timing lifetime measurements.
The detector is referred to as Zero Degree Scintillator (ZDS). It is a disk made of BC422Q
plastic of 25 mm diameter and 1 mm thickness. It can be placed at a few millimeters
distance behind the implantation point on the tape. In the experiments discussed in this
thesis, its angle coverage was ≈25% of 4π, yielding a detection efficiency of ≈25%. Fig-
ure 2.5 shows a picture of the ZDS detector mounted behind the tape in the downstream
hemisphere of the chamber.

2.2.5 Lanthanum Bromide Detectors

A set of 8 cerium-doped lanthanum bromide scintillators [LaBr3(Ce)] can be installed in
the 8 triangular faces of the rhombicuboctahedral structure of GRIFFIN, as can be seen
in Fig. 2.2. These detectors are used to perform lifetime measurements of excited nuclear
states through fast-timing techniques. The crystals have cylindrical shape, with diame-
ter and length of 5.1 cm, and are cerium-doped at a level of 5%. They are provided by the
manufacturer in a hermetically-sealed aluminium case, together with their photomulti-
plier tube (model number R2083). They are coupled with BGO suppressors of annular
shape (20 mm thick and 110 mm long), to surround the LaBr3(Ce) case. Similarly to the
HPGe clovers, the LaBr3(Ce) detectors are placed at a different distance depending on
which experimental mode is used. They are installed at 12.5 cm from the implantation
point in the ‘High-efficiency’ mode, while in the ‘Optimized peak-to-total’ mode they
are withdrawn to 13.5 cm to accomodate the BGO suppression shields. The LaBr3(Ce)
detectors have not been used for the analysis described in the following chapters of this
thesis.

2.3 Data Acquisition

The data acquisition (DAQ) system of GRIFFIN is comprised of custom-designed digital
electronics modules [61]. These modules were developed and built with the purpose of
handling high-rate data collection, with each HPGe crystal counting at a rate of up to
50 kHz. They treat the signals both of the GRIFFIN HPGe detectors and of the ancillary
detectors, although the signal of the LaBr3(Ce) detectors used for fast-timing analysis
purposes is processed first with analogue electronics, as described in the following.

The DAQ consists of three levels of electronics modules. The lower level is consti-
tuted from GRIF-16 analogue-to-digital converters, with sampling rate of 100 MHz, that
digitize the detector signals. At the mid level are the GRIF-C Secondary collector mod-
ules, which collect the signals from the GRIF-16s. Finally, the top level consists of a GRIF-
C Primary collector module, which filters the data from all the lower levels modules, in
order to accept or reject the signals to read out. A reference clock signal is provided to
all the DAQ modules by a GRIF-Clk Primary clock module through a set of GRIF-Clk
Secondary clock modules.

Regarding the LaBr3(Ce) detectors, the PMT provides an anode and a dynode output
signal. The dynode signal, which is used for an energy measurement, goes through a
preamplifier and then is directly digitized via a GRIF-16 module. On the other side, the
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anode signal, which is used for a timing measurement, is treated with analogue elec-
tronics, before being digitized through GRIF-16s [6]. In particular, a Constant Fraction
Discriminator (CFD) module, fan-in/fan-out logic modules and a Time-to-Amplitude
Converter (TAC) module are used. Analogue electronics is preferred to a completely
digital treatment to read out the LaBr3(Ce) timing signals, because it has a faster re-
sponse than digital electronics. Thus, it provides the best timing resolution in order to
perform a fast-timing analysis [62].

The writing to disk stage is achieved through the Maximum Integrated Data Acqui-
sition System (MIDAS) frontend [63], developed at the Paul Scherrer Institute (Switzer-
land) and TRIUMF. As per the rest of the elements of the GRIFFIN DAQ system, MIDAS
is capable of writing data to disk storage at high data rate. Data are written to disk
according to the GRIFFIN event format, under the general MIDAS file format [64].

In terms of performance of the DAQ system, note that operating the system at high
data rate affects the resolving power of the array. In particular, the energy resolution
of the HPGe clovers at 1 MeV of energy degrades from around 2 keV at a count rate
of 1 kHz per crystal to >4 keV above 50 kHz [61]. The count rate for the beam times
discussed in this thesis can be found in Section 2.5. This degradation in resolution is due
to the occurrance of pile-up events at high count rate, which affect the energy evaluation
of each recorded hit. The pile-up events can be discarded during the offline analysis and
this procedure allows to partially recover the low-rate HPGe resolution. All the data
analysis described in the following has been performed discarding the pile-up events.

2.4 Detector Calibrations and Performances

Before the data analysis could be performed, the data had to be calibrated and the effi-
ciency of the detectors had to be studied. In this section, a description of the calibration
procedure will be provided, as well as addback procedure, cross-talk corrections and
summing corrections, needed for the GRIFFIN data. The detection efficiency of the dif-
ferent elements of the spectrometer will also be presented.

2.4.1 GRIFFIN Energy Calibration

Data from GRIFFIN crystals are summed together during the analysis to increase the
statistics and take full advantage of the high-efficiency of the HPGe clover array. A
proper gain matching of the energy registered by the crystals of the GRIFFIN array is
therefore crucial to be able to maintain the excellent resolution capabilities of HPGe de-
tectors when summing spectra together. Source data have been used to calibrate the
energy spectra for the crystals of the 15 clovers used in this work (the sixteenth clover
has been removed to accommodate PACES dewar, as discussed in Section 2.2.3). Pile-up
rejection was applied to the source data, as well as to both datasets.

The experiments performed in 2017 and 2019 used two different hardware revisions
of the GRIF-16 digitizers: Rev. 1 and Rev. 2, respectively. Rev. 2 significantly improved
the performance of the digitizers, eliminating a gain drift over time present in data ac-
quired with rev 1 GRIF-16 modules. The two datasets have been thus calibrated in a
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different way; an explanation of these procedures is given in the following paragraphs.

October 2017 Beam Time. The HPGe crystal energy spectra of this dataset have been
calibrated with a quadratic energy calibration. During this beam time, the Rev. 1 of the
GRIF-16 digitizers has been used. Data collected with those digitizer modules presented
a noticeable gain drift over time (actually dependent on the temperature in the electron-
ics shack which oscillated as the AC unit switched on and off with a period of roughly
5 minutes). In order to correct the drift, a run-by-run calibration was performed, using as
a reference six transitions of 72Ge with energies well known in literature. This procedure
guaranteed to exploit the high resolution of the GRIFFIN array, giving an energy reso-
lution of 2.5 keV at 1 MeV when summing 80 hours of acquired data (see Section 2.5.1
for further details on the acquisition time). Despite these corrections, a number of HPGe
crystals (number 10, 28, 57 and 59) presented a poorer resolution (≈5 keV at 1 MeV),
thus, they were excluded from the analysis.

September 2019 Beam Time. For the experiment performed in September 2019, the
Rev. 2 of the GRIF-16 digitizers was used. This solved the gain drift present in the 2017
experiment; therefore, a unique calibration for all the dataset runs could be used. Ini-
tially, a quadratic calibration has been performed using the sources of 152Eu and 56Co
(with energies in the range 121 keV-1.4 MeV and 1.7-3.2 MeV, respectively). This pro-
cedure, though, was not working satisfactorily. At energies higher than 1.5 MeV a sig-
nificant mismatch in gain for different GRIFFIN crystals was observed, as can be seen
in Fig. 2.6. The channels 61 and 63 are missing from the plot, since they showed a poor
resolution; thus, they were excluded from the analysis. To tackle the non-homogenous
linear response of the ADC over the whole enery range of interest, the energy calibration
has been split in two different energy ranges, below and above 1.6 MeV. For all energies
lower than 1.6 MeV 152Eu source lines have been used, while for higher energies lines
from a 56Co source have been used in combination with lines observed from the neu-
tron capture reaction 27Al(n,γ)28Al. An overlap region of ±100 keV has been identified
around the cut-off point at 1.6 MeV, where a randomized procedure assigned one calibra-
tion or the other, to assure a smooth passage between the two calibration ranges. Such
procedure improved noticeably the gain matching as shown in Fig. 2.7. The crystal 44
showed stronger non-linearities than the other channels, which could not be easily cor-
rected with a two-energy-range calibration. Therefore, it was excluded from the analysis
and it is not shown in the plot.

2.4.2 GRIFFIN Addback and Cross-Talk Corrections

The composite nature of the clover detectors allows to apply an addback procedure to
the data, which increases the peak-to-total ratio and the full-energy peak efficiency of
the array [66]. This procedure sums the energy deposited in two different crystals of the
same clover if the two crystals were hit within a fixed time window. In this work, the
time window was set to 300 ns length (see Section 3.2). This process aims to reconstruct
the full energy of a γ ray that deposited its energy in more than one crystal, because of
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Figure 2.6: GRIFFIN crystal energy versus GRIFFIN crystal number using the
same quadratic calibration on the whole energy range. Panels (a) and (b) show
56Co data, while panels (c) and (d) show 152Eu data. Crystals 49 to 53 are
missing since they correspond to the clover not installed in this experiment.
Crystals 61 and 63 are not present due to their poor resolution.
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Figure 2.7: GRIFFIN crystal energy versus GRIFFIN crystal number using two
different quadratic calibration below and above 1.6 MeV. Panels (a) and (b)
show 56Co data, while panels (c) and (d) show 152Eu data. Crystal 44 is miss-
ing due to its strong non-linearities, which prevented to obtain a proper gain
matching with the other channels.
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time difference ∆T is calculated as TGRIFFIN − TBGO. The red area indicates the
time window used to perform the suppression.
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Figure 2.9: Comparison of a 152Eu source GRIFFIN spectrum in all singles
(black), in suppressed singles (blue) and of events rejected by Compton sup-
pression (red). Data were acquired during the experiment in September 2019.
Energy values of the most intense peaks are indicated on the plot in keV
units [65].
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Figure 2.10: Comparison of a 152Eu source GRIFFIN spectrum in singles
(black), in addback mode (blue) and in addback mode with Compton suppres-
sion (red). Data were acquired during the experiment in September 2019. En-
ergy values of the most intense peaks are indicated on the plot in keV units [65].

Compton scattering or pair production. In this work, both adjacent and diagonal crystal
pairs were used for addback purposes, which is the standard procedure in GRIFFIN data
analyses.

The 2019 array was operated with BGO shields. Data could thus be Compton sup-
pressed, further increasing the peak-to-total ratio. Figure 2.8 shows a time difference
spectrum between GRIFFIN and BGO shields hits. A time window of 300 ns was set to
perform the Compton suppression. Any BGO crystal surrounding the clover has been
used as veto to suppress signals from any of the four HPGe crystals. The spectrum in
Fig. 2.9 shows the result of suppression in the case of 152Eu source data, together with
the spectrum of counts rejected by the suppression algorithm. To highlight the results of
combining addback and Compton suppression, a comparison between singles, addback
and suppressed-addback data is shown in Fig. 2.10.

Electronic coupling between the channels of a HPGe clover detector, known as cross-
talk, results in a shift in the measured γ-ray energy of a crystal when another one is
hit in coincidence with it. Thus, when applying addback – that considers specifically
coincidence events mainly due to Compton scattering of the same γ ray – it is necessary
to account for cross-talk among the two crystals fired, to prevent inaccuracy in centroid
determination and degradation in energy resolution. Otherwise, when summing the
measured energies E′i,j of two crystals fired in coincidence, one will find E′i + E′j 6= Eγ ,
with Eγ full deposited energy from the Compton-scattered γ ray. This discrepancy for
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Figure 2.11: Fit of coincident events due to the Compton scattering of a
1332.492 keV γ-ray from a 60Co source in two crystals within the same clover.
The inset shows a zoom in the region of the fit where one of the crystals regis-
ters a null energy (E′1 = 0 keV) and the other one is supposed to register the
full energy of 1332.492 keV. As described in the text, cross-talk among crystals
results in a shift of such recorded γ-ray energy, therefore a correction of this
effect is needed.

the GRIFFIN clovers is ≈0.1%. The magnitude of the cross-talk correction for a given
crystal is independent of the energy deposited in that crystal itself and is linearly pro-
portional to the energy deposited in the other crystals of that clover [6]. It is then possible
to write:

E′1 = E1 + α12E2 (2.1)

E′2 = E2 + α21E1 (2.2)

where Ei is the real γ-ray energy deposited in the crystal and E′i is the measured one.
The coefficients αij must be determined experimentally. In order to do so, coincidence
data of a 60Co source were used. The coincidence events used were required to satisfy
this condition:

1322 keV < E′1 + E′2 < 1342 keV (2.3)

Figure 2.11 shows an example of data points satisfying such condition for one crystal
pair. Considering the case E1 + E2 = Eγ of full-energy deposition inside the clover
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Figure 2.12: GRIFFIN energy spectrum of 76Ge (populated via the β-decay of
76Ga) in addback mode, before and after crosstalk corrections (black and red,
respectively). The full width at half maximum is equal to 7.1 keV before the
crosstalk correction, and it is reduced down to 5.3 keV after applying the cor-
rection. The spectra shown here are not Compton suppressed. All the peaks
correspond to γ-ray transitions previously observed in 76Ga β-decay experi-
ments [40]. The data were acquired during the September 2019 beam time.

detector, the Eqs. (2.1) and (2.2) give:

E′2 = Eγ
1− α12α21

1− α12
− E′1

1− α21

1− α12
(2.4)

The full energy value Eγ used here is 1332.492 keV. With this function, it is possible to
fit the data points to determine the αij coefficients. The fit of the data is also shown
in Fig. 2.11. The cross-talk effect can be easily observed when zooming into the plot
region where the energy deposition happens only into one crystal, and the other one
register a null energy signal: the full-energy value is shifted from the reference oneEγ , as
shown in the plot inset. Correcting the addback energies with this procedure improves
significantly the energy resolution of the addback data, as can be seen in Fig. 2.12, where
a reduction of the 25% of the width of the peaks at ∼4 MeV is observed. A further
quadratic calibration had to be performed on cross-talk corrected data to guarantee the
proper centroid placement of source lines in the γ-ray spectrum.
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Figure 2.13: On the left side, example of a γ-ray cascade where coincidence
summing can play a significant role in a γ-ray spectroscopy analysis. On the
right side, sketch of two γ rays detected by the same HPGe crystal (coincidence
summing) or by a HPGe crystal pair at 180◦. Due to the symmetry of γγ an-
gular correlations around 90◦, the summing events within the same crystal are
the same as the number of coincidence counts in 180◦ crystal pairs.

2.4.3 GRIFFIN Summing Corrections

Given the large volume of the GRIFFIN HPGe crystals and, hence, the large angle sub-
tended by their faces, it is possible that γ rays emitted in the same decay cascade interact
with the same HPGe crystal. This effect is referred to as coincidence summing and must
be taken into account when analysing GRIFFIN data, since it affects the γ-ray intensity
measurements [6]. It is important to note that true-coincidence summing is a purely geo-
metric effect and is independent of the counting rate, in contrast to random-coincidence
summing which is rate dependent. Consider the simple level scheme shown on the left
side of Fig. 2.13 and the case when the photons γa and γb interact with the same crystal,
as sketched on the right side of the figure. If both of them deposit all of their energy,
there will be an increase of counts in the γ-ray spectrum peak at the energy of γc, thus
incorrectly increasing the measured efficiency of detecting γc. This effect is called sum-
ming in. Then, suppose that γa deposits all its energy in a crystal and that γb deposits a
fraction or the totality of its energy within the same crystal. In this case, a decrease in the
measured detection efficiency for γa will be observed. Here, one talks of summing out.
The probability of summing out is usually larger than that of summing in.

It is possible to apply an empirical correction method to establish the correct intensity
of the γ rays of interest. Since the angular correlation of two γ rays emitted in a cascade
is symmetrical around 90◦, the summing events in a certain crystal (γ rays emitted at 0◦)
are as many as the coincidence interactions of the same two γ rays in a 180◦ crystal
pair (see sketch in Fig. 2.13). Studying the coincidence matrix of events detected in the
180◦ crystal pairs can, therefore, give a measure of the summing effect. In particular, to
correct summing in, it is necessary to count the γa-γb coincidence events present in the
180◦ coincidence matrix, gating on one γ ray and measuring the area of the full-energy
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peak of the other one. This number of counts needs to be subtracted from the number
of counts of γc measured in singles. To correct summing out, one measures the area
of γa in the total projection of the 180◦ coincidence matrix. This estimates how many
γa events are in coincidence with Compton scattered events and full-energy detections;
this number of counts needs to be added to the singles full-energy peak area of γa. In
both cases, the number of counts obtained with the 180◦ coincidence matrix must be
normalized dividing it by a factor F that takes into account that not all the crystals have
a partner at 180◦, when not all the 64 crystals of GRIFFIN are in use. This factor F is
given by the ratio of the number N180 of crystal pairs at 180◦ and the total number N of
crystals used in the analysis. When this correction is performed on addback data, clover
pairs at 180◦ are considered to build the 180◦ coincidence matrix, instead of crystal pairs.

This correction method has been applied to both the calibration data, to obtain the
efficiency curve (discussed in the next section), and the in-beam data (see Table 2.2 in
Section 2.4.6).

2.4.4 GRIFFIN Detection Efficiency

The detection efficiency of GRIFFIN was studied using activity-calibrated sources. Given
a source γ-ray spectrum, the absolute efficiency of a γ-ray spectrometer can be calculated
as

εγ =
Aγ

IγD(t)∆t
(2.5)

where Aγ is the area of the peak at the considered energy, Iγ the intensity of the tran-
sition, D(t) denotes the decays per second (activity) of the source at the time t of the
measurement and ∆t the measurement duration. Table 2.1 lists the sources used for
this purpose and summarizes their activity at the date of data collection. To obtain the
efficiency curve εγ(E) for GRIFFIN, the data points so obtained were fitted with the

Table 2.1: Activity of the sources used to determine the GRIFFIN efficiency
curve. The Table is separated for the two datasets and reports both the NIST-
certified activity and the activity at the date of measurement.

Source NIST-certified Date of Activity at Time Date of
Activity Certification of Measurement Measurement

Oct.
2017

152Eu 39.41 kBq 1/05/2016 36.59 kBq 11/10/2017
56Co 144 kBq 29/06/2016 2.14 kBq 11/10/2017
133Ba 38.78 kBq 1/06/2007 19.62 kBq 11/10/2017

Sept.
2019

152Eu 39.41 kBq 1/05/2016 33.12 kBq 20/09/2019
60Co 35.35 kBq 15/09/2008 8.31 kBq 20/09/2019
56Co 185 kBq 9/03/2018 1.21 kBq 20/09/2019
133Ba 38.78 kBq 1/06/2007 17.27 kBq 20/09/2019
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function [67]:

εγ(E) = H · exp
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where E is the γ-ray energy (in keV). The parameter B has been set to 0 in this work.
Figure 2.14 shows the efficiency curve resulting from the fit in singles and addback

mode for both the 2017 and 2019 datasets. In the 2017 experiment, the absolute efficiency
of GRIFFIN at 1 MeV was 9.7% in singles and 13.4% in addback mode, while in the
2019 experiment, it was 6.3% in singles and 8.5% in addback mode. Such variation in
efficiency in the two experiments is due to the different configuration of the detectors,
which will be explained in detail in Section 2.5.

2.4.5 PACES Energy Calibration

In order to calibrate the energy spectrum of the crystals of the electron spectrometer
PACES, an open 207Bi source was used. The three most intense K-shell electron peaks in
the 207Bi spectrum, at 481.7, 975.7, 1682.2 keV respectively, were used to perform a linear
calibration. The nominal energy of the electrons was used to calibrate the PACES energy
spectra, despite the electrons detected by PACES lose 0.5 keV of their energy, due to the
−500 V voltage applied to the PACES crystals. This results in a 0.5 keV discrepancy
between the electron- and γ-ray-peak energy in the PACES spectra.

Despite the energy gain matching of PACES spectra, the spectra of different crys-
tals have been treated separately during the analysis, to better account for the different
resolution of each detector when fitting electron peaks.

2.4.6 PACES Detection Efficiency

The efficiency of PACES was characterized both for the detection of conversion electrons
and for that of photons. The following paragraphs describe the results of this character-
ization.

Conversion Electron Efficiency

The conversion electron detection efficiency of PACES has been measured taking advan-
tage of the well-known γ-ray efficiency εγ of GRIFFIN and of the internal conversion
coefficients α obtained through the BrIcc conversion coefficient calculator [68]. Remem-
bering the definition of internal conversion coefficient α in Eq. (1.24), it follows that the
internal conversion coefficient can be measured experimentally as:

αexp =
Ace/εce

Aγ/εγ
(2.7)
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Figure 2.14: Efficiency of GRIFFIN obtained with 152Eu, 56Co and 133Ba
sources for October 2017 data (top panel) and with 152Eu, 60Co, 56Co and
133Ba sources for September 2019 data (bottom panel). Summing corrections
have been applied to the data points. Error bars are not visible, since they are
smaller than the marker size.
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where Ace and Aγ are the areas of the conversion electron and γ-ray peaks of interest
and εce and εγ are the efficiency of PACES for conversion electrons and of GRIFFIN for
γ rays. If the conversion coefficient can be calculated through BrIcc, as in the case of
a pure E2 transition (where no competing E0-decay branch is allowed, and there is no
experimental uncertainty for a E2/M1 mixing ratio), the equation can be inverted to
determine the value of the conversion electron efficiency εce at a given energy E:

εce(E) =
1

αBrIcc

Ace

Aγ/εγ
(2.8)

In-beam data were used to measure the electron detection efficiency of PACES. The
efficiency of PACES can vary during the experiment due to a number of factors, includ-
ing the beam implantation location and size, the crystal counting rate, as well as the
specifics of the decay scheme. Hence, to obtain the most accurate efficiency for each Ge
isotope at the energy of the 2+2 → 2+1 transition, the pure E2 2+1 → 0+1 transition of that
isotope was used. Indeed, in the energy region of the 2+2 → 2+1 and 2+1 → 0+1 transitions
the behaviour of PACES efficiency is expected to be constant, according to GEANT4 sim-
ulations [6]. The area Ace of the K-shell conversion peak of the 2+1 → 0+1 transition was
measured for determining the efficiency εce(E).

For the 2017 dataset, only the crystals 2 and 5 of PACES were used in the analysis, due
to a poor behaviour of the other crystals in terms of energy resolution and peak shape in
the energy spectrum. Figure 2.15 shows as an example the fit of the 2+1 → 0+1 transition
peak in the singles spectrum of the PACES 2 crystal used for this measurement. The fit
region has been cut close to the photo-peak on the high-energy side to avoid including
the Compton edge of the 3−1 → 2+2 1051-keV transition in 72Ge, which lies at ≈845 keV.
The area Aγ of the corresponding γ-ray peak in the GRIFFIN spectrum was corrected
for the summing out effect (note that no summing in occurs in this case, since there
are no parallel cascades to the 2+1 → 0+1 transition). Table 2.2 shows the contribution
of summing out to the photo-peak area measured in the GRIFFIN spectrum. The final
efficiency values εce(E) are reported in Table 2.3.

To confirm the robustness of this measurement, PACES-GRIFFIN coincidence data
were also considered. A GRIFFIN-gate on the 3−1 → 2+2 1051-keV transition in 72Ge
allowed to remove the contribution of the Compton background for this transition to the
PACES spectrum. The PACES-GRIFFIN coincidence matrix was sorted to include events
from both PACES 2 and 5, so in this case the total PACES efficiency was extracted. The
obtained value of 0.008(3) from coincidence data is consistent with the sum of 0.0085(2)
of the efficiency values measured separately for PACES 2 and 5 with singles data and
reported in Table 2.3, thus validating the result.

For the 2019 dataset, PACES crystals 2 and 4 were used in the analysis, since the
other ones showed an inconsistent behaviour throughout the experiment, including a
degradation of the energy resolution over time and a lack of stability of the detection
efficiency for data acquired with the same beam. Data in singles were used to determine
the area of the 2+1 → 0+1 K-shell peak in the cases of 72,74,78Ge. Figures 2.16, 2.17 and 2.20
show examples of the fits performed with the spectra of PACES 2 for these isotopes. In
the case of mass 76, it was not possible to use data in singles to confidently fit the K-shell
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Table 2.2: Contribution of summing out to the photo-peak area Aγ measured
in GRIFFIN spectrum for the 2+

1 → 0+
1 transitions used to measure the con-

version electron efficiency of PACES. The number of counts in the 180◦ matrix
is already corrected for the F factor proper of each dataset (equal to 48/56 for
2017 data and to 50/57 for 2019 data). Note that for the 2017 data the source-
to-detector distance was 110 mm, whereas for the 2019 data it was 145 mm.

Mass Energy (keV) Area ×108 180◦ counts ×106 Sum out %

Oct.
2017

72 834.01(2) 12.59(5) 20.49(14) 1.395(12)

72 834.01(2) 1.957(11) 1.36(2) 0.695(9)

Sept.
2019

74 595.847(6) 21.9(2) 25.69(9) 1.174(9)

76 562.93(3) 15.46(4) 18.47(10) 1.195(7)

78 619.40(16) 30.3(2) 44.2(2) 1.456(11)
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Figure 2.15: Spectrum in singles of PACES 2 for 72Ge data in the 2017 dataset.
A fit of the 834-keV, 2+

1 → 0+
1 transition of 72Ge is shown. The fit includes the

K-, L-shell and photo-peak of this transition and is on purpose cut after the
photo-peak, to exclude from the fitting region the Compton edge of the 1051-
keV, 3−1 → 2+

2 γ-ray transition of 72Ge at ≈845 keV. A partial level scheme of
72Ge shows the relevant transitions.
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Figure 2.16: Spectrum in singles of PACES 2 for 72Ge data in the 2019 dataset.
A fit of the 834-keV, 2+

1 → 0+
1 transition of 72Ge is shown. The fit includes the

K-, L-shell and photo-peak of this transition. A partial level scheme of 72Ge is
also shown in the figure.
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Table 2.3: Conversion electron efficiency εi of the i-th PACES crystal for each of
the β-decay experiments discussed in this thesis. The energies of the 2+

1 → 0+
1

transitions of 72−78Ge used for the measurements are indicated. The values εβi
obtained with β-tagged measurements are also reported, where available.

Mass Energy (keV) ε2 ε5

Oct.
2017

72 834.01(2) 0.0049(2) 0.003 59(11)

Mass Energy (keV) ε2 ε4 εβ2 εβ4

72 834.01(2) 0.0030(2) 0.0060(3) 0.0031(3) 0.0061(5)

Sept.
2019

74 595.847(6) 0.005 67(15) 0.007 09(15) 0.005 54(13) 0.006 59(14)

76 562.93(3) 0.0073(14) 0.0064(3) – –
78 619.40(16) 0.004 77(14) 0.006 70(14) 0.004 85(12) 0.0069(2)

of the 2+1 → 0+1 563-keV transition, because this overlaps with the L-shell and photo-
peak of the 2+2 → 2+1 546-keV transition (see Fig. 2.18). Thus, γ-coincidence data were
used for this purpose, in order to isolate the 2+1 → 0+1 K-shell peak by setting a gate
on a transition that populates directly the 2+1 state (see Fig. 2.19). The two transitions
of 847 keV (4+1 → 2+1 ) and 546 keV (2+2 → 2+1 ) were used as a gate on PACES 2 and
PACES 4 crystals, respectively. It was not possible to use the 546-keV transition as a gate
for the PACES 2 spectrum, despite this likely providing a higher statistics, because in
this case the fit was too sensitive to the choice of fitting region due to the irregular shape
of the background. This choice yields a higher uncertainty on the PACES 2 efficiency
for 76Ge relative to the one of PACES 4, due to the higher statistical uncertainty of the
electron spectrum in γ-coincidence with the low-intensity 847-keV transition. Similarly
to what was done for the 2017 dataset, summing out corrections were applied to the
GRIFFIN data; Table 2.2 shows the magnitude of this correction mass by mass. Table 2.3
summarizes the values of the electron detection efficiency εce(E) for each PACES crystal
considered in this work. The table includes also the efficiency measurements obtained
with β-tagged data of 72,74,78Ge. This measurement was performed as a consistency
check. These results were in agreement with the ones obtained through data in singles,
but since β-tagged data didn’t provide great advantage on the background shape, they
were not used further in the analysis to preserve the statistics.

As a further check on the conversion electron efficiency values obtained for the 2019
dataset, the efficiency was measured with another method. Consider again Eq. (2.8),
but this time let Aγ and εγ be the area and the efficiency for photo-peaks detected in
the PACES detector, instead of GRIFFIN. The photo-efficiency of the PACES crystals at
569.7 keV was measured with a 207Bi source (see the following paragraph for details).
Let Rγ/K be the ratio of counts of a photo-peak and K-shell peak for a given transition:

Rγ/K =
Aγ
Ace

(2.9)

This ratio has been measured for the 2+1 → 0+1 transition of the considered Ge isotope
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Figure 2.17: Spectrum in singles of PACES 2 for 74Ge data in the 2019 dataset.
A fit of the 596-keV, 2+

1 → 0+
1 , 604-keV, 3− → 3− and 608-keV, 2+

2 → 2+
1

transitions of 74Ge is shown. Three peaks have been fitted: the K-shell peak
of the 596-keV transition, a peak that comprises the L-shell and photo-peak
of the 596-keV transition and the K-shell peak of the 604-keV one, and the K-
shell of the 608-keV transition. The 604-keV, 3− → 3− transition is expected to
provide a negligible contribution to the second peak, since its γ-ray intensity
in β-decay is 3.1(2)% of the 596-keV one [41]. Nevertheless, only the area of
the first peak fitted is necessary for the detection efficiency measurement. A
partial level scheme of 74Ge shows the relevant transitions.
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Figure 2.18: Spectrum in singles of PACES 2 for 76Ge data collected in 2019.
The K-shell peak of the 563-keV, 2+

1 → 0+
1 transition overlaps with the L-shell

and photo-peak of the 546-keV, 2+
2 → 2+

1 transition. A partial level scheme of
76Ge shows the relevant transitions.
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Figure 2.19: Spectrum of PACES 2 for 76Ge data in the 2019 dataset in coinci-
dence with the 847-keV, 4+

1 → 2+
1 transition of 76Ge detected in GRIFFIN. A fit

of the 563-keV, 2+
1 → 0+

1 transition of 76Ge is shown. The fit includes the K-
shell peak and the sum of the L-shell and photo-peak of the 563-keV transition.
A partial level scheme of 76Ge shows the relevant transitions.
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Figure 2.20: Spectrum in singles of PACES 2 for 78Ge data in the 2019 dataset.
A fit of the 619-keV, 2+

1 → 0+
1 transition of 78Ge is shown. The fit includes

the K-shell, L-shell and photo-peak of this transition. A partial level scheme of
78Ge is also shown in the figure.
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by fitting two peaks in the PACES spectra: the K-shell peak and a peak that comprises
both the L-shell and photon contributions. Using the K-shell peak area and the αK/αL
value from BrIcc [68], it was possible to calculate the number of expected counts in the
L-shell peak (since only pure E2 transitions were considered). Subtracting this num-
ber of counts from the area of the second fitted peak, the number of photo-peak counts
was obtained and the ratio Rγ/K calculated for each PACES crystal. From Eq. (2.8) and
Eq. (2.9), the conversion electron efficiency εce at a given energy E can be written as:

εce(E) =
Ace/αBrIcc

Aγ/εPACES
γ

=

=
Ace/αBrIcc

Rγ/KAce/εPACES
γ

=

=
εPACES
γ

αBrIccRγ/K
(2.10)

thus providing a measurement of εce(E) where only fits of peaks in the PACES spectra
are considered. This measurement method was applied to the 74,76,78Ge data and pro-
vided results consistent with the previous measurements using PACES and GRIFFIN. In
the case of 74Ge, this measurement was performed with PACES data in coincidence with
the the 2353-keV transition detected in GRIFFIN, which populates directly the 2+1 state
decaying from the (3−) state at 2949.5 keV, in order to isolate the 2+1 → 0+1 peak from the
2+2 → 2+1 and 3− → 3− present in the singles spectrum (see Fig. 2.17). PACES spectra
in singles were considered for 78Ge. Regarding 76Ge, as explained before and similarly
to the 74Ge case, coincidence data are needed to isolate the 2+1 → 0+1 transition peak
in the spectrum. As already discussed, in the case of PACES 2 this greatly reduces the
statistics, leading to a large uncertainty on theRγ/K ratio and thus on the efficiency value
measured here. In the case of PACES 4, the background shape on the high energy side
of the transition peaks prevented a satisfactory fit of the L-shell and photo-peak, so no
measurement was performed for this crystal. The obtained values of εce(E) for 74,76,78Ge
are listed in Table 2.4. In the case of 72Ge, this procedure was not applied because of the
≈270 keV difference between the photo-peak energy of the 2+1 → 0+1 transition of 72Ge
relative to that of 207Bi. Indeed, the photo-efficiency of PACES cannot be considered
constant over such a range of energy.

Table 2.4: Conversion electron efficiency εi of the i-th PACES crystal for the
2019 dataset measured using Eq. (2.10), where εγ is the photo-efficiency of
PACES and Rγ/K is the photo/K-shell ratio for the 2+

1 → 0+
1 transition of the

considered Ge isotope. The ratio Rγ/K was measured with data in singles for
mass 78 and in coincidence for mass 74 and 76. The 2+

1 → 0+
1 transition ener-

gies are also reported.

Mass Energy (keV) ε2 ε4

74 595.847(6) 0.006(2) 0.0058(15)

76 562.93(3) 0.006(5) –
78 619.40(16) 0.007(4) 0.008(2)
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Figure 2.21: PACES 4 electron spectrum for the 569.7 keV transition from a
207Bi source. The L- to O-shell peaks and the photon peak are labelled. The
red line shows the total fit, while the dashed black lines indicate the single
peak contributions to the total fit function. Data were collected in the 2019
experiment.

Photopeak Efficiency

The conversion electron peaks of interest for this work are close to the γ-ray peaks de-
tected by PACES, because the electron binding energy of Ge is at maximum 11 keV (K-
shell electrons). Hence, the electron peaks will be separated from the γ-ray peak by
11 keV, with the L-shell peak at only 1.3 keV of separation. Given the detector finite
resolution, this implies that the L-shell peak and the photon peak are not resolved in
the PACES spectra. This had to be considered while performing the electron analysis, in
order to decouple all the different contributions to the observed peaks. The photo-peak
efficiency of the PACES crystals was estimated using data from a 207Bi source, which
decays to 207Pb through electron capture. Source data were chosen to perform this mea-
surement, independently from the conversion electron efficiency one, because they of-
fered the cleanest spectrum possible. Moreover, the 207Pb spectrum has a photo-peak at
the energy of 569.7 keV, which is conveniently close to the energy range of interest for
the analysis described in the following. The activity of this source has been measured to
be 24519(982) Bq on the 19th April 2017 using the GRIFFIN array.

To estimate the photo-peak efficiency of PACES, it was necessary to measure the area
of the photon peak of the 569.7 keV transition. In the case of 207Pb, conversion electrons
from the K- up to O-shell give a non-negligible contribution to the spectrum. Both the N-
and O-shell peaks are very close in energy to the photon peak (0.8 and 0.1 keV, respec-
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tively), resulting in a unique peak around 569.7 keV of energy (see spectrum in Fig. 2.21).
For this reason, only one peak was fitted that comprised N-, O-shell and photon peak.
The L- and M-shell peaks were fitted as well. Such a fit is shown in Fig. 2.21. To recover
the photon peak area, the following formula was used:

Aγ = ANOγ −AN −AO =

= ANOγ −
αN

αL
AL −

αO

αL
AL

(2.11)

where Aγ is the area of the photon peak to be recovered, ANOγ is the area of the fitted
peak that includes the N-, O-shell and photon contributions, Ai and αi are the area and
the internal conversion coefficient for the ith-shell conversion electron, respectively. The
areas of the N- and O-shell peaks were determined from AL, properly scaled for the
conversion coefficient ratios. The efficiency values obtained at 569.7 keV are reported in
Table 2.5.

Table 2.5: Photo-efficiency of PACES crystals at 569.7 keV, obtained with a
207Bi source (data collected in September 2019).

PACES Photo-Efficiency
crystal at 569.7 keV

2 1.7(3)× 10−6

4 2.0(4)× 10−6

2.5 Experimental Details of S1716 Beam Time

In this section, the details of the TRIUMF experiments S1716 analysed in this thesis will
be described. The experiment was completed in two beam times, that were performed
in October 2017 and September 2019, respectively. In both cases, the Ge isotopes were
populated through the β− decay of Ga isotopes. The Ga isotopes were delivered as
beams by the TRIUMF-ISAC facility to the GRIFFIN implantation point. In the 2017
experiment, a 72Ga beam was delivered, while in 2019 beams of 72,74,76,78Ga were used.
Table 2.6 summarizes the halflives and Q-values of the Ga isotope of interest for this
work.

Table 2.6: Halflives, ground state spin and parity Iπgs and Q-values for β− de-
cay of the Ga isotopes used in the S1716 experiments to populate the Ge nuclei
of interest [40, 41, 42, 43].

Beam Halflife Iπgs Q-value (keV)
72Ga 14.10(2) h 3− 3997.5(10)
74Ga 8.12(12) m (3−) 5373(4)
76Ga 32.6(6) s (2+, 3+) 7010(90)
78Ga 5.09(5) s (3+) 8156(4)
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Table 2.7: Summary of data collection details for the 72Ga beam delivered in
the 2017 experiment and for each of the four Ga beams delivered in the 2019
experiment. The tape cycle phases (column 3) are given in the following order:
tape move, background data collection, data collection with beam on, data
collection with beam off. When no tape cycle phases are indicated, the beam
was either implanted continuously or the previously accumulated Ga nuclei
were let decay at the implantation point. Superscripts (a, b, c) label the different
tape cycles used with the 78Ga beam.

Beam Ion Source Tape Cycle Hours of Data Average Beam
Collected Intensity (pps)

Oct.
2017

72Ga Laser Implantation 2.5 1.5×105

Decay 202 –

Sept.
2019

72Ga Laser Implantation 0.5 4.0×104

Decay 9.5 –
74Ga Surface Implantation 21 2.8×105

76Ga Surface 1.5 s – 1 s – 12 m – 1 m 34 1.9×105

78Ga Laser 1.5 s – 0.5 s – 3 s – 5 sa 10
1.1×1061.5 s – 0.5 s – 6 s – 5 sb 18.5

1.5 s – 0.5 s – 12 s – 5 sc 20

2.5.1 October 2017 Beam Time

The 72Ga ion beam delivered by TRIUMF-ISAC was produced with a proton beam cur-
rent of 25 µA impinging on a Ta target (23.60 g/cm2 thick). Ions were extracted from the
target with the laser ion source. The beam was implanted on the tape at the center of
the GRIFFIN chamber for 2.5 hours, in order to build a hot source. The data acquisition
lasted for the following 8.5 days. The intensity of the 72Ga beam was 1.5×105 pps and
no contaminant ions were identified in the beam. Such information is summarized in
Table 2.7.

Immediately after the hot source implantation, the count rate of GRIFFIN was of
25 kHz per crystal, while that of PACES was of 13 kHz per crystal. Only data at a GRIF-
FIN rate lower than 5 kHz (PACES rate lower than 4 kHz) were used to perform the
analysis described in this thesis. In particular, for the electron analysis data collected
after 2.6 halflives of the parent Ga were used (80 hours in total). Only this subset of the
entire dataset was used, since, as discussed in Section 2.3, the higher rate spectra were
affected in terms of energy resolution. This dataset collected very high statistics, thus,
the superior energy resolution of the low-rate part was preferable and still provided
excellent statistics.

The configuration of detectors for this experiment was as following:

• 15 HPGe clovers without BGO suppressors placed at 11 cm from the implantation
point (crystals 10, 28, 57 and 59 have not been used in this analysis, as previously
described in Section 2.4.1);

• PACES array, in the upstream half of the chamber (only the crystals 2 and 5 have
been used in the analysis, as described in Section 2.4.6);
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• ZDS detector, in the downstream half of the chamber;

• 8 LaBr3(Ce) detectors without BGO suppressors placed at 12.5 cm from the implan-
tation point.

During this experiment, the Rev. 1 of the GRIF-16 digitizers was used.

2.5.2 September 2019 Beam Time

The 72,74,76,78Ga beams were produced with a proton beam current of 10 µA and a UCx
target (10.42 g/cm2 thick). For masses 74 and 76 (first half of the experiment), the beam
was extracted using surface ionization only because of a technical issue with the laser
ion source. For masses 72 and 78 (second half of the experiment), the technical issues
were resolved so the laser ionization source was utilized for the production of the Ga
beam. The laser ionization source gives higher yields for Ga isotopes. The achieved
beam intensity is reported in Table 2.7 for each mass, together with information about
data collection, such as tape cycle modes and duration of measurements. For a detailed
explanation of how the beam intensity of the Ga ion beams has been calculated, see
Appendix A. The beams used were pure, except for in the case of 76Ga which contained
a small fraction (0.02%) of 76Rb.

The configuration of the GRIFFIN spectrometer and ancillary detectors was as fol-
lowing (as shown in Fig. 2.2):

• 15 HPGe clovers fully suppressed placed at 14.5 cm from the implantation point
(crystals 44, 61 and 63 have not been used in this analysis, as previously described
in Section 2.4.1);

• PACES array, in the upstream half of the chamber (only the crystals 2 and 4 have
been used in the analysis, as described in Section 2.4.6);

• ZDS detector, in the downstream half of the chamber;

• 8 LaBr3(Ce) detectors supplied with BGO suppressors placed at 13.5 cm from the
implantation point.

The Rev. 2 of the GRIF-16 digitizers was used in this experiment. Table 2.8 summa-
rizes the recorded count rates values for each detector type.
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Table 2.8: Count rates for each detector type in the 2019 experiment. Each
column corresponds to an ion beam delivered during the experiment. Count
rates for the 72Ga beam were measured at the start of decay time after implan-
tation; for 76,78Ga, the highest rate reached over the tape cycle is given. The
superscripts to the 78Ga beam refer to the three different tape cycles already
listed in Table 2.7. Reported rates of GRIFFIN, PACES and LaBr3(Ce) are per
crystal.

72Ga 74Ga 76Ga 78Gaa 78Gab 78Gac

GRIFFIN Rate (kHz) 1.2 5 5 10 8 10
ZDS Rate (kHz) 20 100 120 180 150 170
PACES Rate (kHz) 0.9 4 5 8 7 8
LaBr3(Ce) Rate (kHz) 0.9 4 3 7 6 7



3
A N A L Y S I S T E C H N I Q U E S

This chapter gives an overview of the techniques used to perform the analysis presented
in this thesis. The main goal of determining E0 strengths was achieved measuring inde-
pendently different observables (electromagnetic mixing ratios and internal conversion
coefficients). Branching ratio measurements of the γ-ray branches depopulating the first
excited 0+ states of 74,76,78Ge have also been performed in this study.

In the following, details about the data sorting are given, followed by a brief descrip-
tion of each technique relevant for such measurements.

3.1 Data Sorting

The data files collected with the GRIFFIN DAQ are written to disk according to the GRIF-
FIN event file format, under the general MIDAS file format (see Section 2.3). They are
subsequently sorted via the analysis package GRSISort [69], which is based on ROOT [70].
GRSISort converts the raw MIDAS files into ROOT files in two different stages. Firstly,
it produces a fragment tree, which is a ROOT file containing a collection of time-ordered
hits. Secondly, it applies an event-building process, namely it groups together hits whose
timestamps are in a given coincidence window, and stores these so-called events into an
analysis tree. In this work, a building window of 2 µs was used for this purpose. The
analysis trees are then sorted into histograms via GRSISort to perform the intended anal-
ysis.

3.2 Coincidence Timing Conditions

For the electron analysis and for the angular correlation analysis, coincidence γ-γ and γ-
electron matrices were built. The time coincidence window between prompt events was
set on the main peak appearing in the time difference spectra of the different detector
types. Figure 3.1 shows the time difference spectrum for GRIFFIN hits, while Fig. 3.2

51
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Figure 3.1: Absolute time difference spectrum for γ-γ hits recorded by GRIF-
FIN in the same event. The red area indicates the time window used to build
the γ-γ coincidence matrix. The grey area covers the region of the spectrum
used to perform the time random background subtraction. Data were collected
in the 2017 experiment.
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Figure 3.2: Time difference spectrum for γ-electron hits recorded in the same
event by GRIFFIN and PACES, respectively. The time difference ∆T is calcu-
lated as Tce − Tγ . The red area indicates the time window used to build the
γ-electron coincidence matrix. The grey area covers the region of the spectrum
used to perform the time random background subtraction. Data were collected
in the 2017 experiment.



Analysis Techniques 53

shows the time difference spectrum between GRIFFIN and PACES recorded hits. In the
latter, the coincidence peak at the center of the spectrum is not symmetric, because of the
different time response of the GRIFFIN and PACES detectors. The prompt coincidence
windows used in the analysis of the 2017 data set are marked in the figures with red
shaded areas. When establishing the time coincidences to fill in a coincidence matrix,
a time random subtraction procedure was also performed, to remove the time random
component present in the main peak in the time spectrum. The time random window is
also shown in Figs. 3.1 and 3.2, with gray shaded areas. In order to apply this subtraction,
a time random matrix was built using such window and was subtracted (properly scaled
for its width) from the prompt coincidence matrix of interest.

In order to perform the addback procedure on GRIFFIN signals, a time window of
300 ns was used.

3.3 Peak Fitting

A crucial part of this work was reliably establishing the areas of the peaks of interest
in the γ-ray and conversion electron spectra. In order to do so, the peaks were fitted
through the package jRootTool based on ROOT [71]. This package allows the user to se-
lect the most appropriate function to fit peaks, including a Radware-like function (Gaus-
sian with a low-energy tail and a step-like background [72]), a Gaussian function and a
superposition of two Gaussians with same centroid. It also allows to fit the background
with constant or linear shapes and with or without a step function below each peak, to
best describe the low-energy increase of counts due to Compton scattered events.

In the analysis presented here, the γ-ray peaks were fitted with a superposition of
two Gaussians, while the electron peaks, that present a more prominent low energy tail
(due to partial collection of the charge deposited in the detector), were fitted with the
Radware-like function.

3.4 Determining Electromagnetic Mixing Ratios through Angular Cor-
relations

This section summarizes how to determine the mixing ratio δ of a γ-ray transition through
the study of an angular correlation. For a definition of the mixing ratio δ, see Eq. (1.18).
The sign convention for the mixing ratio adopted in this work is the one introduced by
Krane and Steffen [28].

In the first part (Section 3.4.1), an overview of the angular correlation technique is
given. Section 3.4.2 describes the details of how the technique is implemented when
treating data collected with the GRIFFIN spectrometer.

3.4.1 Angular Correlation of γ rays in cascade

An angular correlation is the study of the emission probability of a certain γ ray as a
function of the emission angle θ with respect to the direction of emission of a previously
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Figure 3.3: Cascade of γ rays that have different multipolarities Li and L′i =
Li + 1.

emitted γ ray. The angular correlation is described by the function W (θ):

W (θ) =
∑
k, even

akPk(cos θ) (3.1)

where Pk are Legendre polynomials and the coefficients ak depend on the spins and mul-
tipolarities involved in the γ-ray cascade of interest [27]. Consider the cascade shown in
Fig. 3.3 with Ii

γ1−→ I
γ2−→ If , where the γ rays have multipolarities L and L′ = L+ 1 and

mixing ratio δ. For this cascade, the normalized coefficients ak are defined as [27, 28]:

ak = Bk(γ1)Ak(γ2) (3.2)

where

Bk(γ1) =
Fk(L1L1IiI)− 2δ1Fk(L1L

′
1IiI) + δ21Fk(L′1L

′
1IiI)

1 + δ21
(3.3)

Ak(γ2) =
Fk(L2L2IfI) + 2δ2Fk(L2L

′
2IfI) + δ22Fk(L′2L

′
2IfI)

1 + δ22
(3.4)

The Fk(LL′I ′I) coefficients are defined and tabulated in Ref. [27]. Note the different
sign appearing in the second term of the definition of Bk(γ1) and Ak(γ2), respectively.
Figure 3.4 shows the calculated angular correlation W (θ) for different combinations of
spins, multipolarities and mixing ratios.

The summation over k values in Eq. (3.1) is restricted up to k values that satisfy the
following rule [73]:

0 ≤ k ≤Min(2I, 2(L1)max, 2(L2)max) (3.5)

where (Li)max is the maximum value between Li and L′i, in the case of transitions with
mixed multipolarity. If pure transitions are considered, (Li)max corresponds to Li. For
k values not satisfying this rule, the Fk coefficients vanish, and thus the ak coefficient



Analysis Techniques 55

1− 0.8− 0.6− 0.4− 0.2− 0 0.2 0.4 0.6 0.8 1
)θcos(

0

0.5

1

1.5

2

2.5

3)θ
W

(

 2→ 0 →2 
 0→ 2 →0 

5− = 
1

δ 0, → 1 →1 
 0→ 2 →2 

 = 5
1

δ 0, → 2 →1 

Figure 3.4: Examples of theoretical angular correlationsW (θ) for different cas-
cades Ii

γ1−→ I
γ2−→ If . Spins are reported in the legend. In such examples, the

mixing ratios δ1 and δ2 of the γ rays γ1 and γ2 have been assumed as equal to
zero, unless otherwise indicated.

as well. One can conclude that in the case of I = 0 (or I = 1
2 , if considering odd-mass

nuclei) it holds that k ≤ 0, namely the angular correlation is isotropic. As an example,
this can be observed in Fig. 3.4 for the cascade 2

γ1−→ 0
γ2−→ 2 (dark blue line). If the

multipolarities involved are up to quadrupolar, the sum arrests at most at k = 4. For the
cascades studied in this thesis and discussed in Section 4.1 this condition always applies,
hence the relevant terms in the sum are a2 and a4 and Eq. (3.1) can be rewritten as:

W (θ) = 1 + a2P2(cos θ) + a4P4(cos θ) (3.6)

The study of an experimental angular correlation can provide a measurement of δ,
given the relationship between the coefficients ak and the mixing ratio δ of the consid-
ered γ rays [Eqs. (3.2) to (3.4)]. Constraints on the level spins can also be set by such
studies. In this work, experimental angular correlations will be used to measure mixing
ratio δ values.

The angular correlationW (θ) can be measured experimentally using a multi-detector
system, so that the intensity of γ-γ coincidences can be measured at different relative
emission angles. Due to the finite size of the detectors, the observed correlation will
present a weaker anisotropy relative to the theoretical one, namely the experimental ai
coefficients will be attenuated. This attenuation needs to be accounted for during the
analysis. In the following, it will be assumed that such an effect is well determined.
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Moreover, it will be assumed that corrections have been made for the different detec-
tor efficiencies of the considered detector-pairs. Details on the implementation of such
corrections will be provided in the next subsection. The experimental curve can thus be
written as:

W (θi)exp = a0[1 + a2P2(cos θi) + a4P4(cos θi)] (3.7)

where a scaling factor a0 has been introduced, since the observed angular correlation is
a priori non-normalized, and where the angles θ have been indexed to remind that the
set of available angles in the experimental setup is discrete.

To measure the mixing ratio δ of one of the γ rays (considering the other one to be
known, as well as the spins), a non-linear fit of Eq. (3.7) can be performed, where the
overall scaling factor a0 and the mixing ratio δ are free parameters [74]. In order to sim-
plify the non-linear fit procedure, it can be useful to set one of the unknown parameters
to a fixed value so to have effectively only one free parameter when running a fitting
routine. In this case, this procedure is applied by sampling possible values of the param-
eter δ. For convenience, samples of arctan(δ) are considered, since the arctan function
maps the δ values that range from −∞ to +∞ into the finite interval (−π/2, π/2). For
each arctan(δ) sample, the coefficients a2 and a4 are calculated through Eq. (3.2) and the
experimental curve is fitted only for the scaling factor a0. In order to determine what
is the optimum δ value, the χ2 of the fit is then plotted as a function of the considered
arctan(δ) values. The χ2 curve is approximated and fitted with a parabolic function in
the minimum region, to determine the χ2

min value that corresponds to the δ value that
best fits the data. This yields the δ measurement. The uncertainty on the mixing ratio is
extracted considering the δ values corresponing to χ2

min + 1 in the parabolic fit. In this
work, such a technique has been used to measure mixing ratio δ values.

Angular correlations can be used also to constrain (and at times assign) the level
spins. For this purpose, the same procedure as above is applied, making different hy-
potheses on one spin of the cascade Ii

γ1−→ I
γ2−→ If , so that different χ2 curves are

obtained. Such χ2 distributions have N − 2 degrees of freedom (ν), where N is the num-
ber of experimental data points and 2 is the number of parameters of the non-linear fit,
namely δ and a0. According to the recommendation of Ref. [74], any spin hypothesis that
provides a χ2/ν curve which falls below a 99% confidence limit can be accepted. Note
that in the case where the spin hypothesis implies that the considered γ ray has pure
multipolarity (e.g., when considering the spin I = 0), the mixing ratio δ is not anymore a
free parameter of the fit, since it is required to be null. Hence, in this case the number of
degrees of freedom ν is modified to N − 1, with a0 as the only free parameter. Moreover,
also the value of the χ2 corresponding to the 99% confidence limit will vary accordingly,
because a different ν is used.

A different approach to the analysis of an experimental angular correlation consists
in doing a linear fit of Eq. (3.7) with parameters a0, a0 · a2 and a0 · a4. After division
by a0, the parameters a2 and a4 are obtained. From such a2 and a4 values it is then also
possible to determine the mixing ratio δ, using the definition of a2 and a4 as functions of
δ in Eq. (3.2). There are critical aspects, though, in this approach to extract δ values. The
first one is the need of taking into account properly the joint probability distribution of
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the pair (a2, a4), since the two parameters can be correlated. Details on how to properly
implement this method are provided in Ref. [74]. The second one is that such a linear
fitting does not set any requirements on the a2 and a4 solutions. Therefore, the best-fit
values could not correspond to any physically meaningful solution for δ. Given these
considerations, the values of δ determined in this work have been obtained minimizing
the fit of the experimental angular correlations directly by δ, as described in the previous
paragraphs. Nonetheless, the linear fit has been also performed and the resulting (a2, a4)
pairs will be presented in Section 4.1, together with the values of δ.

3.4.2 Angular Correlation Analysis with the GRIFFIN Spectrometer

The implementation of the angular correlation analysis with data collected with the
GRIFFIN spectrometer is discussed in the following section. A thorough explanation
of the algorithms described here can be found in Ref. [75].

Angular bins at GRIFFIN

A set of 51 angular bins θi is available at GRIFFIN, ranging from 15.4◦ to 180◦ in the
14.5 cm source-to-detector distance configuration. In particular, the angular difference
between two adjacent HPGe crystals in the same clover detector is 15.4◦, while the angle
between diagonal crystals within the same clover is 21.9◦. Hence, experimental angular
correlations with up to 51 data points can be produced, providing great sensitivity to
mixing ratio δ measurements. In some specific cases it is necessary to exclude some of
the smallest angular bins, because they are contaminated with Compton-scattering of a
γ ray with equal energy to the sum of the two γ rays in the cascade of interest.

Event-mixing technique

Each angular bin θi is associated with a certain number of HPGe crystal pairs that are in-
stalled at an angular difference θ relative to the center of the GRIFFIN array. This number
can vary from 48 to 128. When measuring the experimental angular correlation W (θi) as
the number of γγ coincidences Nγγ

i at each angular bin θi, a correction is needed to take
into account the different number of crystal pairs for each θi. The simplest approach in
correcting for this is weighting the values Nγγ

i by the number of crystal pairs associated
with the ith bin. This, though, does not account for differences in the efficiency of the
HPGe crystals. In order to correct for this too, the so called event-mixing technique has
been introduced in Ref. [75]. According to this technique, a set of matrices is produced
using uncorrelated γ rays, one for each angular bin θi, analogously to the set of coinci-
dence matrices built to determine Nγγ

i . To guarantee the uncorrelation of the γ-ray hits,
a time difference larger than 2 µs is required, namely pairs of γ-ray hits recorded in dif-
ferent physical events are used. The numberN em

i of false coincidences at a given angular
bin θi obtained from the event-mixed matrices is used to weight the number Nγγ

i of true
coincidences. The experimental data points are thus obtained as:

W (θi) =
Nγγ
i

FN em
i

(3.8)
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An F factor has been introduced here to normalize the experimental curve to unity. It is
defined as:

F =

∑
iN

γγ
i∑

iN
em
i

(3.9)

where the sums are extended to all the considered angular bins θi. In order to avoid
the weight N em

i from increasing the overall uncertainty on the points W (θi), a very long
time window (in this work, from 2 µs to 200 µs) is used to build the event-mixed matri-
ces. This allows to maximise the number N em

i , hence significantly reducing its statistical
uncertainty and the impact of the correction on the overall error on W (θi).

Accounting for finite size detector effects through GEANT4 simulations

The finite size detector effects that attenuate the observed angular correlation relative to
the calculated one need to be properly corrected for in the analysis. In order to quan-
tify their impact, GEANT4 simulations have been run to reproduce the geometry of the
setup and the experimental angular correlation of each considered γ-ray cascade, follow-
ing the procedure introduced in Ref. [75], where the simulations for the 11 cm source-to-
detector distance GRIFFIN configuration are described in detail. The simulations used
in this work for the 14.5 cm source-to-detector distance setup have been performed by
C. Natzke and are presently unpublished [76]. In the following paragraph, a descrip-
tion is given of how extracting the relevant information by comparing the experimental
curves W (θi) with the simulations.

Determining the mixing ratio δ from an experimental angular correlation

In this work, the algorithm defined as Method 2 in Ref. [75] has been used to extract the
mixing ratio δ values from the data. According to this method, a GEANT4 simulation of
the following distributions has been produced:

Z0(θ) = 1 (3.10)

Z2(θ) = 1 + P2(cos θ) (3.11)

Z4(θ) = 1 + P4(cos θ) (3.12)

namely three angular correlations of the form Z0, Z2 and Z4 have been simulated for a
γ-ray cascade of set energy. Recalling the expression of Eq. (3.7), it follows that a linear
combination of such distributions can be used to reproduce any angular correlations
with coefficients a2 and a4:

Zsum = xZ0 + yZ2 + zZ4 =

= A00[(1− a2 − a4)Z0 + a2Z2 + a4Z4] (3.13)

Note that the scaling factor A00 introduced here is different from the a0 appearing in
Eq. (3.7). This A00 is necessary to scale the Zi simulated distributions to the data. The
experimental curve W (θi), as previously explained, is normalized to unity through the
normalization factor F introduced in Eq. (3.8). This linear combination of the simu-
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lated Zi distributions is then used to fit the observed angular correlation W (θi) with a
non-linear fit and extract the mixing ratio value, as discussed in Section 3.4.1. The two
parameters of the non-linear fit are A00 and the mixing ratio δ of one of the two γ rays
of the cascade, which appears in the coefficients a2 and a4 according to Eq. (3.2). Con-
siderations discussed in the previous sections are applied when determining the best-fit
δ value and its 1σ uncertainty.

As previously discussed in Section 3.4.1, the experimental angular correlations were
alternatively fitted with a linear fit of Eq. (3.13), which then yielded a2 and a4 values.
Results of such fits will also be presented in the following chapter.

3.5 Determining Internal Conversion Coefficients

The conversion electron spectra observed with PACES and the γ-ray spectra recorded
with GRIFFIN were used to determine the internal conversion coefficient α of the tran-
sitions of interest. As previosly mentioned in Eq. (2.7), the experimental value αexp for a
certain ith-shell transition can be obtained through the following formula:

αexp =
Ace/εce

Aγ/εγ
(3.14)

whereAce is the area of the conversion electron peak andAγ is the area of corresponding
γ-ray peak; εce and εγ are the efficiency of PACES and of GRIFFIN at the proper transition
energy. In this analysis, the K-shell conversion electron peaks were used to determine
the αexp value with such formula.

The procedure was applied both to singles and coincidence spectra. When spec-
tra in coincidence were considered, the same γ-ray gate was set both on the γ-electron
and γ-γ matrices. The contribution of the efficiency of GRIFFIN at the gating transi-
tion energy εgate

γ does not modify Eq. (3.14), since it appears in both the numerator and
denominator:

αexp =
Ace/εceε

gate
γ

Aγ/εγε
gate
γ

=
Ace/εce

Aγ/εγ
(3.15)

Each PACES detector was analysed and fitted separately, in order to better take into
account the different detector responses in term of resolution and peak shape.

3.6 Determining Electric Monopole Transition Strengths

The electric monopole strength for a given Iπi → Iπf transition, where Iπi = Iπf , can be
obtained from the measured observables, such as internal conversion coefficients, mix-
ing ratios and lifetimes. Reminding Eq. (1.28) and the fact that the lifetime τ is defined
as the inverse of the transition probability λ, it is possible to write the relation that yields
ρ2(E0) [77]:

ρ2(E0) =
1

Ω× τ(E0)
(3.16)
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Here, Ω is an atomic electron factor of the form:

Ω = ΩK + ΩL + ...+ Ωπ (3.17)

where each term can be calculated for the internal conversion decay process of a cer-
tain atomic shell (K, L, and so forth) or for the internal pair formation process (π) [33].
The other term appearing in Eq. (3.16), τ(E0), is the partial lifetime for E0 decay of the
state Iπi . This is defined as τ(E0) ≡ 1/λ(E0), with λ(E0) decay constant of the E0 decay
mode, and can be related to the total lifetime τ of the state Iπi by:

τ(E0) =

∑
j λj

λ(E0)
τ (3.18)

where λj is the relative decay constant of the jth decay mode of the state Iπi . In the
following, λ(E0) will be referred to as λce(E0), where the subscript reminds that the
E0 decay can occur only via the emission of conversion electrons (ce) for the low-energy
transitions considered in this work, for which the internal pair formation decay mode
is not energetically possible. In the rest of this section, it will be explained how the
measured internal conversion coefficients αK,exp and mixing ratio values δ are used to
determine λce(E0).

For a mixed Iπi → Iπf transition (Iπi = Iπf , I > 0), the experimental conversion coeffi-
cient includes not only the M1 and E2 contributions, but also the E0 one, if there is any.
It can be written as [78]:

αexp =
λce(E0) + λce(M1) + λce(E2)

λγ(M1) + λγ(E2)
(3.19)

where each λ indicates the decay constant for a certain decay mode, either internal con-
version (ce) or γ-ray decay (γ).

Reminding the definitions of multipolarity mixing ratio and internal conversion co-
efficient in Eq. (1.18) and Eq. (1.24), one can write:

δ2(E2/M1) =
λγ(E2)

λγ(M1)
, α(M1) =

λce(M1)

λγ(M1)
, α(E2) =

λce(E2)

λγ(E2)
(3.20)

It is possible to define also the mixing ratio q2(E0/E2) between the E0 and E2 com-
ponents of the internal conversion decay, which was firstly introduced by Church and
Weneser [32]:

q2(E0/E2) ≡ λce(E0)

λce(E2)
(3.21)

Using Eqs. (3.20) and (3.21), it follows that the experimental internal conversion co-
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efficient in Eq. (3.19) can be rewritten, in particular for the K-shell, as [79]:

αK, exp =
q2Kλγ(E2)αK(E2) +

λγ(E2)
δ2 αK(M1) + λγ(E2)αK(E2)

λγ(E2)
δ2 + λγ(E2)

=

=
δ2(1 + q2K)αK(E2) + αK(M1)

1 + δ2
(3.22)

where q2K and δ2 have been used to shorten the notation q2K(E0/E2) and δ2(E2/M1).
The coefficients αK(M1) and αK(E2) are calculated through the BrIcc calculator [68] for
a transition of the considered energy which is either pure M1 or pure E2. Therefore,
inverting this relationship, one can write q2K in terms of quantities that can be either
measured [αK, exp and δ2] or calculated [α(M1) and α(E2)]:

q2K(E0/E2) =
αK, exp(1 + δ2)− αK(M1)

δ2 αK(E2)
− 1 (3.23)

Once q2K is known, it becomes possible to calculate the decay constant λK(E0) relative to,
for example, λγ(E2):

λK(E0) = q2K λK(E2) = q2K αK(E2)λγ(E2) (3.24)

The subscript K indicates that q2 and λ are determined for the K-shell component of the
internal conversion decay. Only the K-shell contribution to αexp and λce(E0) is consid-
ered in this work. Indeed, it is possible to re-write Eq. (3.16) only in terms of the K-shell
component as [80]:

ρ2(E0) =
1

ΩK × τK(E0)
(3.25)

Here, the partial lifetime τK(E0) = 1/λK(E0) can be derived using the expression in
Eq. (3.24), supposing that the γ-ray transition probability λγ(E2) is known, either from
lifetimes orB(E2) measurements, therefore yielding the value of ρ2(E0). Equation (3.25)
follows from the fact that the transition probability for the jth shell, λj , is related to the
total E0 one, λce(E0), by:

λj =
Ωj∑
j Ωj

λce(E0) (3.26)

In the case of 0+ → 0+ transitions, which occur only via the E0 mode, the mixing
ratio q2(E0/E2) is defined taking as reference the E2 decay mode of a competing 0+ →
2+ branch. Typically, the decay to the first excited 2+ state is considered. In the very
special case that the first excited 0+ state is also the very first excited state, as it happens
in the nucleus 72Ge, the total lifetime of the state coincides with the partial lifetime τ(E0).
Thus, a direct application of Eq. (3.16) yields the measurement of ρ2(E0) for such 0+ →
0+ transitions.

Once all the necessary observables – such as internal conversion coefficients and mul-
tipolarity mixing ratios – have been measured for the transitions of interest, the UNCtool
software has been used to determine the value of ρ2(E0) through Eq. (3.16). UNCtool
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has been developed by the Nuclear Physics group of the Australian National Univer-
sity [81]. It is used to calculate electric monopole strengths by modeling the experimen-
tal quantities as random variables distributed with a Gaussian probability. The mean
and standard deviation of the Gaussian distributions are set to the measured values and
their uncertainties. The functionality of UNCtool is similar to that one of the NIST Uncer-
tainty Machine web application, developed by the National Institute of Standards and
Technology [82]. UNCtool, though, is specifically designed for nuclear structure studies:
it uses as input a ENSDF-format datafile [83] and it is integrated with BrIcc [68], to allow
the calculation of the proper theoretical internal conversion coefficients α and electronic
factors Ω needed to determine the ρ2(E0) values.

3.7 Determining γ-ray Decay Branching Ratios

In this section, the techniques used to determine the γ-ray branching ratios for the 0+2 states
of the nuclei of interest are briefly summarized. In this work, coincidence data were used
for such a measurement, to achieve the cleanest spectrum possible and to enhance the
weak transitions of interest relative to their more intense neighbouring peaks. Energy
gates were set either on transitions which lie above the 0+2 state and that populates it,
or on transitions that are below the γ-ray decay branches from the 0+2 state. These two
methods are referred to as gating from above and gating from below, respectively. In the
case an expected transition from the 0+2 state to a lower energy one was not observed, an
upper limit on its area, and therefore on its branching ratio, was set.

Branching ratio measurements have been used in this work to determine the partial
lifetime τγ of each γ-ray decay branch, defined in Eq. (1.20). In this way, reduced tran-
sition probabilities B(E2) could be determined for each branch, as will be discussed in
Section 4.5.

3.7.1 Gating from Above

Let γf be a γ-ray feeding the level of interest, as sketched in Fig. 3.5. To determine the
branching ratio B.R.γd of each γ-ray decay branch of this level, it will be sufficient to set
an energy gate on the transition γf and measure the areas of all the γ-ray branches in
coincidence with it. To obtain the branching ratio measurement for the ith transition, one
will use the following expression:

B.R.iγd =
Aiγd/ε

i
γd∑

j A
j
γd/ε

j
γd

(3.27)

where Aiγd is the measured peak area for the ith transition, εiγd is the detection efficiency
at the ith transition energy, and the sum over j is extended to all the γ-ray decay branches
from the level of interest. The peak area corrected by the efficiency, A/ε, represents the
relative intensity I of each transition.
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Figure 3.5: Example of level scheme where it is possible to gate from above
on the transition γf to measure the branching ratios from the level of interest
(highlighted in bold) for the γid transitions.

3.7.2 Gating from Below

Whenever it is not possible to use the gating from above method, for example for lack
of statistics, it is useful to employ the gating from below method, where coincidences
between the γ-ray decay branches from the level of interest, γif , and γ-ray transitions
below them, γid, are considered (see the sketch in Fig. 3.6). In this case, the number of
coincidences Nfd for each pair of γ rays, γf and γd, can be written as [84]:

Nfd = NIγf εγfB.R.γdεγdεfdη(θfd) (3.28)

where N is a normalization factor, εγf and εγd are the detection efficiencies at the energy
of γf and γd, respectively, B.R.γd is the branching ratio of the transition γd, εfd is the
coincidence detection efficiency and η(θfd) is an angular correlation attenuation factor.
Given the properties of the level schemes under investigation and the time coincidence
windows used, the coincidence efficiency εfd can be taken as equal to 1. Since the GRIF-
FIN array is symmetric, also the attenuation factor η(θfd) can be set to 1. Therefore the
intensity of each branch can be written as:

Iγf =
Nfd

NεγfB.R.γdεγd
(3.29)

It is then possible to calculate the branching ratio for each transition depopulating the
level of interest using:

B.R.iγf =
Iiγf∑
j I

j
γf

(3.30)

where the sum over j is extended to all the γ-ray decay branches. Note that the nor-
malization factor N will cancel out, therefore it is not necessary to determine it for a
branching ratio measurement.
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Figure 3.6: Example of level scheme where it is possible to gate from below to
measure the branching ratios of the γ-ray branches from the level of interest
(highlighted in bold). For each transition γif from the level of interest, a gate is
set on the transition γid.

3.7.3 Setting Upper Limits

When an expected transition was not observed, an upper limit on its area was established
with a 95% confidence limit, defined by Currie [85], according to the method described
in Ref. [86].

A critical limit LC can be defined, which is the number of counts below which a peak
can be affirmed not to be statistically significant.

Suppose that the energy spectrum shows only background counts in a given region,
because no γ-ray transition is present at such an energy. In this case, the mean net count
or areaA above the background will be zero, but distributed with a Gaussian probability
above and below zero (see Fig. 3.7). The spread or standard deviation of this distribution
will be indicated as σ0. In the case one measures an area A and wants to discriminate if
it is statistically significant or not, they can affirm it is significant if it exceeds a certain
number of standard deviations σ0, namely ifA > kα ·σ0. The factor kα will be selected to
provide a certain degree of confidence in the conclusion. For a confidence level of 95%,
which in statistical probability terms corresponds to α = 0.05, kα would be 1.645. This is
in contrast with the typical 2σ limit for a confidence level of 95%, because here one-tailed
probability distributions are considered to determine the critical limit, instead of two-
tailed probability distributions, as shown in Fig. 3.7. Indeed, it is of interest to determine
only if the critical limit is exceeded. Therefore the critical limit would be LC = 1.645σ0.

In practice, σ0 needs to be determined by the sample and background estimates.
Reminding that for a Poisson-distributed variable σ2(count) = count, and that the net
number of counts in a peak is calculated as the difference between the number of counts
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0 CL

0σ

0σαk
α

Figure 3.7: Probability distribution of the background counts, centered at 0
and with a spread equal to σ0. For a given α value (or confidence limit), the
critical limit LC is kασ0, with kα so that the area subtended by the probability
distribution function below the LC is 1− α.

in the peak region and the background counts, it follows that:

σ2(net counts) = net counts + background + σ2(background) (3.31)

Let A be the net peak area and B the estimate of the background counts below it. The
variance of the background estimate will be [86]:

σ2(B) = nB/2m (3.32)

where n is the width of the peak in number of channels and m is the width in channels
of the lower and upper background regions considered to estimate the background B

below the peak. In the case when n = 2m, the variance of B reduces to B, as for the case
of a single channel count. Equation (3.31) can therefore be written as:

σ2(A) = A+B + nB/2m (3.33)

Taking the net peak area A equal to zero, the variance will read:

σ2(A = 0) = B + nB/2m = B(1 + n/2m) ≡ σ2
0 (3.34)

After estimating the spread σ0, it is possbile to determine the critical limit LC as:

LC = 1.645
√
B(1 + n/2m) (3.35)

If the observed net area A is below the critical limit LC, it can be affirmed that no
activity has been detected and an upper limit LU on the area can be quoted, which does
for sure exceed the peak area, if there were any. This is defined as [86]:

LU = A+ kασA (3.36)
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where σA is the uncertainty of the measured net area A [see Eq. (3.33)]. For the 95%
confidence limit, this becomes:

LU = A+ 1.645
√
A+B(1 + n/2m) (3.37)

In the case the net area A were zero, this would reduce to the critical limit LC definition.
If the measured net number of counts in the area results less than zero, when calculating
it as:

A = G−B (3.38)

withG gross area in the peak region andB background estimate, according to the Covell
method described in Ref. [86],A should not be included in the calculation of LU, because
including it would yield an underestimate of the upper limit. The aforementioned Covell
method has been used in this work when determining upper limits to areas, since a peak
fit as described in Section 3.3 would obviously be not possible in a situation where no
peak can be distinguished above the background level.
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R E S U L T S A N D D I S C U S S I O N

In order to investigate mixed configurations of low-lying states of 72,74,76,78Ge, the E0

strength ρ2(E0) of their 2+2 → 2+1 transition has been measured in this work. Upper
limits on the ρ2(E0; 0+2 → 0+1 ) value could also be established for 74,78Ge. Lastly, weak γ-
ray decay branches from the 0+ states of 74,76,78Ge have been investigated and branching
ratio measurements have been performed.

This chapter presents the obtained results. Firstly, the measurements of electromag-
netic mixing ratio δ and internal conversion coefficient α needed to calculate ρ2(E0) are
described. Afterwards, the branching ratio measurements are presented. Finally, the
calculated E0 strengths and reduced transition probabilities B(E2) are discussed.

4.1 Electromagnetic Mixing Ratios

In this section, the γγ angular correlation analysis performed to determine the E2/M1

mixing ratio of the 2+2 → 2+1 transitions of 72,74,76,78Ge will be presented. The analysis
has been carried out following the procedure previously described in Section 3.4. The
2019 dataset has been used to perform this analysis, with the HPGe clovers installed
at a distance of 14.5 cm from the implantation point at the centre of the array (see Sec-
tion 2.5.2).

Previous results from literature on the mixing ratio values will be firstly presented.
Afterwards, a discussion of the analysis performed in this work will follow.

4.1.1 Previous Results from Literature

Measurements of the E2/M1 mixing ratio of the 2+2 → 2+1 transitions of 72,74,76Ge per-
formed prior to this work are summarized in Table 4.1. These were obtained either
through γγ angular correlations or γ angular distributions. No measurement was previ-
ously reported for the mixing ratio of such a transition in 78Ge.

67
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Table 4.1: Mixing ratio values δ of the 2+
2 → 2+

1 transitions of 72,74,76Ge re-
ported in literature, with references. For each measurement, it is indicated if
the result was obtained through γγ angular correlations [γγ(θ)] or γ angular
distributions [γ(θ)]. The reaction or decay process used to populate the isotope
of interest is also reported. Results are presented using the sign convention in-
troduced by Krane and Steffen [28].

Nucleus Technique Production Process δ(2+
2 → 2+

1 ) Reference
72Ge γγ(θ) 72Ga β-decay −10.3(13) [42]

γ(θ) 70Zn(α,2nγ)72Ge −0.35 −0.20
+0.10 [87]

74Ge γγ(θ) 74As ε-decay +3.4(4) [41]
76Ge γ(θ) 76Ge(n,n’γ) +3.5(15) [40]

γγ(θ) Coulex +2.1(4) [50]
γ(θ) 76Ge(n,n’γ) +2.5(2) [88]

4.1.2 Angular Correlation Analysis

The aim of the γγ angular correlation analysis presented in this work is to determine the
E2/M1 mixing ratio value, δ, of the 2+2 → 2+1 transitions in the 72,74,76,78Ge isotopes.
In the following, the procedure used to assess the proper functioning of the analysis
is presented, for which stretched E2-E2 γ-ray cascades have been used. Afterwards,
the analysis performed to obtain the mixing ratio measurements is discussed. A set of
1000 GEANT4 simulations of 106 events was run for each γ-ray cascade considered [76];
these have been used in the analysis to take into account the finite size detector effects,
as described in Section 3.4.2.

Validation of the method with pure E2-E2 cascades

The proper functioning of the analysis method with the current dataset and simulations
has been tested using cascades with well known spins and stretched E2 transitions.

The cascades 0+2
γ1−→ 2+1

γ2−→ 0+1 and 4+1
γ1−→ 2+1

γ2−→ 0+1 in 72,74,76,78Ge were consid-
ered. For the case of 72Ge, only the 4+1 → 2+1 → 0+1 cascade was used, since the 0+2 state
decays directly to the 0+1 ground state via an E0 transition, therefore no 0+2 → 2+1 γ-ray
branch is present. Since in such cascades the δ values are required to be null for both
the transitions γ1 and γ2, the fit of the simulated distributions Zi(θ) to the experimental
data points was carried out with only one free parameter, namely the scaling factor A00

[see Eq. (3.13)]. According to the recommendation of Robinson [74], any spin assign-
ments that yielded a reduced χ2 which falls below the 99% confidence limit should be
accepted. In the cases considered here, since the spin assignments are known, the fit
of the experimental angular correlations is used to confirm that a reduced χ2 below the
99% confidence limit would be obtained. In this way, the experimental procedure can be
validated. 49 data points have been used for each experimental cascade. The two dat-
apoints corresponding to the smallest angular bins available at GRIFFIN, that represent
the angular difference between crystal pairs within the same clover detector, have been
discarded in the analysis, since they were highly affected by the Compton background.
Hence, the number of degrees of freedom of the fits is ν = N −1 = 48, which then yields
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χ2/νCL = 1.535 for the 99% confidence limit.
The results of the fits for the stretched E2-E2 test cascades are summarized in Ta-

ble 4.2. Figures 4.1 and 4.2 show the fitted experimental angular correlations of the
cascades of 78Ge, as an example of the obtained results. In the plots, the experimental
angular correlation points and uncertainties are presented in the top panel, with black
dots and error bars. The best fit curve Zsum(θ) of the simulated distributions to the data
is represented by the red curve, whose thickness indicates the statistical uncertainty on
the simulations. Note that the top panel plots in Fig. 4.1 and Fig. 4.2 have different y-axis
ranges. Therefore, the fitted curve thickness is different, despite the statistical uncertain-
ties on the simulated distributions are comparable. The bottom panel shows the resid-
uals of the data points relative to the fitted curve; here, the uncertainty includes both
the experiment and simulations contributions. The same considerations apply to all the
angular correlation plots shown in this chapter. Plots of the correlations of the remaining
cascades considered for this test and listed in Table 4.2 can be found in Appendix B.

Table 4.2: Angular correlation results for stretched E2-E2 Iπi
γ1−→ Iπ

γ2−→ Iπf
cascades of the 72,74,76,78Ge nuclei. The γ-ray energies, Eγ1 and Eγ2 , are re-
ported in the third column (in keV). The number of coincidence counts are
also indicated. The χ2/ν values obtained by fitting the angular correlations by
the scaling factor A00 and requiring δ1 = δ2 = 0 are listed in the last column.
The number of degrees of freedom ν is equal to 49 − 1 = 48, since 49 experi-
mental points have been used and only one free parameter, A00, is considered
for the fit.

Nucleus Iπi → Iπ → Iπf Eγ1 -Eγ2 Counts χ2/ν

72Ge

4+1 → 2+1 → 0+1

894-834 7.66× 105 1.298
74Ge 868-596 6.83× 106 1.515
76Ge 847-563 2.79× 106 1.390
78Ge 951-619 9.40× 106 1.005
74Ge

0+2 → 2+1 → 0+1

887-596 2.76× 105 1.112
76Ge 1348-563 4.87× 105 1.325
78Ge 927-619 1.22× 106 1.067

Study of 2+2 → 2+1 → 0+1 cascades

Experimental angular correlations of the 2+2
γ1−→ 2+1

γ2−→ 0+1 γ-ray cascades of 72,74,76,78Ge
have been fitted to the simulated distributions, considering the scaling factorA00 and the
mixing ratio δ1 as free parameters. The results of such analyses are presented in Table 4.3
and in Figs. 4.3 to 4.6. Also in these cases, 49 data points have been used, since the two
datapoints corresponding to the smallest angular bins have been discarded. Therefore,
the number of degrees of freedom is ν = N − 2 = 47, which corresponds to a reduced
χ2 value of χ2/νCL = 1.5413 for the 99% confidence limit. Note that for the cascades of
74,78Ge the reduced χ2 exceeds this limit. The spin assignment of the 2+2 state, though,
is firmly established. Therefore, one must conclude that by analysing this ultra-high-
stratistics dataset (∼107 coincidence counts per cascade, see Table 4.3), the limitations of
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Figure 4.1: Experimental angular correlation of the 4+
1

γ1−→ 2+
1

γ2−→ 0+
1 951-

619 keV γ-ray cascade of 78Ge. Data are fitted to the simulated Zi(θ) distribu-
tions using A00 as the only free parameter, fixing δ1 = δ2 = 0.
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Figure 4.2: Experimental angular correlation of the 0+
2

γ1−→ 2+
1

γ2−→ 0+
1 927-

619 keV γ-ray cascade of 78Ge. Data are fitted to the simulated Zi(θ) distribu-
tions using A00 as the only free parameter, fixing δ1 = δ2 = 0.
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the GEANT4 simulations approach to take account of the finite size of the detectors have
been met. This can include, but is not limited to, the fact that the simulated geometry
does not take into account a possible misplacement (of few mm) of the detectors from
their nominal position at 14.5 cm of distance from the implantation point, due for ex-
ample to an incomplete closure of the GRIFFIN array. To avoid an underestimate of the
uncertainty on the measured δ value, this has been inflated by

√
χ2/ν.

For all the isotopes, the 2+2 → 2+1 transition is dominated by itsE2 component relative
to the M1 one. Note that for 72Ge the δ value obtained with this analysis is inconsistent
with both the previous measurements reported in Table 4.1. These last ones, though, are
also inconsistent between each other.

The experimental correlations have been fitted also using the a2 and a4 coefficients as
free parameters, together with the scaling factor A00, instead of minimizing by δ1. The
best-fit values for a2 and a4 are also presented in Table 4.3. The covariance matrices of
such fits are reported in Appendix C.

Table 4.3: Angular correlation results for the 2+
2

γ1−→ 2+
1

γ2−→ 0+
1 γ-ray cascades

of the 72,74,76,78Ge nuclei. The γ-ray energies, Eγ1 and Eγ2 , are reported in
the second column (in keV), while in the third column the number of coinci-
dence counts is listed for each cascade. The mixing ratio values determined
for the 2+

2

γ1−→ 2+
1 transitions (δexp

1 ) by fitting the simulated distributions to the
datapoints using the A00 and δ1 parameters are presented, together with the
reduced χ2 values of such fits. The mixing ratio δ2 has been set as equal to
zero, since the 2+

1

γ2−→ 0+
1 transition is stretched. The uncertainty on the δexp

1

values is already properly inflated to take into account the excess above unity
of the reduced χ2. The experimental correlations were fitted also using the a2
and a4 coefficients as free parameters, together with theA00 scaling factor. The
best fit a2 and a4 parameters are listed in the sixth and seventh column.

Nucleus Eγ1 -Eγ2 Counts δ
exp
1 χ2/ν a

exp
2 a

exp
4

72Ge 630-834 2.44× 106 +26(2) 1.443 −0.104(2) 0.327(3)
74Ge 608-596 1.48× 107 +2.87(3) 1.750 −0.2691(14) 0.294(2)
76Ge 546-563 2.81× 107 +1.85(2) 1.502 −0.3096(12) 0.2539(15)
78Ge 567-619 3.10× 107 +2.46(3) 1.837 −0.2847(12) 0.178(2)

4.2 Internal Conversion Coefficients

In this section, results of the internal conversion coefficient measurements are presented
for the 2+2 → 2+1 transitions of the Ge isotopes of interest. The measurements have
been performed using PACES and GRIFFIN spectra, with the technique described in
Section 3.5. Details on both the 2017 and 2019 dataset analyses are provided. At the
end of the section, the averaged results of the two experiments and of different PACES
crystals are presented.



72 4.2 Internal Conversion Coefficients

1− 0.8− 0.6− 0.4− 0.2− 0 0.2 0.4 0.6 0.8 1
)θcos(

0.02−

0

0.02

R
es

id
ua

l

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

1.25

N
or

m
al

iz
ed

 C
ou

nt
s

 = 1.44ν/2χ

Figure 4.3: Experimental angular correlation of the 2+
2

γ1−→ 2+
1

γ2−→ 0+
1 630-

834 keV γ-ray cascade of 72Ge. Data are fitted to the simulated Zi(θ) distribu-
tions using A00 and δ1 as free parameters.
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Figure 4.4: Experimental angular correlation of the 2+
2

γ1−→ 2+
1

γ2−→ 0+
1 608-

596 keV γ-ray cascade of 74Ge. Data are fitted to the simulated Zi(θ) distribu-
tions using A00 and δ1 as free parameters.
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Figure 4.5: Experimental angular correlation of the 2+
2

γ1−→ 2+
1

γ2−→ 0+
1 546-

563 keV γ-ray cascade of 76Ge. Data are fitted to the simulated Zi(θ) distribu-
tions using A00 and δ1 as free parameters.
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Figure 4.6: Experimental angular correlation of the 2+
2

γ1−→ 2+
1

γ2−→ 0+
1 567-

619 keV γ-ray cascade of 78Ge. Data are fitted to the simulated Zi(θ) distribu-
tions using A00 and δ1 as free parameters.
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Figure 4.7: Spectrum in singles of PACES 2 and 5 for 72Ge data from the 2017
beam time. A fit of the K-shell peak of the 630-keV, 2+

2 → 2+
1 transition of 72Ge

is shown. A partial level scheme of 72Ge indicates the relevant transitions. The
inset shows the PACES spectrum GRIFFIN-gated on the 834-keV transition.
Such gate suppresses the Compton edge at ≈638 keV in PACES spectrum.
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Figure 4.8: Spectrum in singles of PACES 2 for 72Ge data from the 2019 beam
time. A fit of the K-shell peak of the 630-keV, 2+

2 → 2+
1 transition of 72Ge

is shown. A partial level scheme of 72Ge indicates the relevant transitions.
With this level of statistics, the L-shell and photo-peaks are not visible in the
spectrum.
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4.2.1 Dataset of 2017

The sum of the spectra from the PACES 2 and 5 crystals was used for the analysis of the
2017 dataset, instead of treating the spectra separately, because this approach facilitated
the fitting procedure. Only the K-shell peak of the 630-keV, 2+2 → 2+1 transition of 72Ge
was fitted in the PACES spectrum (see Fig. 4.7). In this case, the L-shell and photo-peak
of this transition lie close to the sharp Compton edge of the 834-keV, 2+1 → 0+1 transition
(at ≈638 keV), such that including them in the fit prevents fit convergence, due to a
lack of a satisfactory definition of the background shape. The measured αK,exp value is
reported in Table 4.4.

To validate the result obtained with the PACES spectrum in singles, data in γ-coinci-
dence were considered too for the measurement. In particular, a gate was set on the
834-keV γ-ray transition observed with GRIFFIN to remove its Compton edge from the
PACES electron spectrum. The result of such gating is shown in the inset of Fig. 4.7.
Even in this case, only the K-shell peak was fitted to ensure fit convergence. The αK,exp

value measured with coincidence data is consistent with the value measured in singles,
as can be seen in Table 4.4. Hence, this confirms the robustness of the fit in the singles
spectrum, despite the proximity to the complex region of the Compton edge, and allows
us to confidently accept that result, which has a lower statistical uncertainty relative to
the coincidence one.

Table 4.4: Values of the internal conversion coefficient αK,exp for the 2+
2 → 2+

1

transition of 72Ge measured with the 2017 dataset. The results were obtained
using the sum of the spectra recorded by PACES 2 and PACES 5 in singles (s)
and γ-coincidence (c), respectively. The internal conversion coefficient value
αK,BrIcc calculated with BrIcc is also reported.

Nucleus αK,BrIcc PACES # αK,exp

72Ge 0.001053(15) 2+5 0.001 15(7) s

0.001 17(14)c

4.2.2 Dataset of 2019

Table 4.5 summarizes the internal conversion coefficient values measured with the 2019
dataset. The following paragraphs contain a detailed description of how the spectra
were treated, mass by mass, to obtain these results.

Mass 72

Data in singles were used for measuring the αK,exp value for the 2+2 → 2+1 transition of
72Ge. The PACES spectrum recorded with crystal 2 is shown as an example in Fig. 4.8.
Here, it is possible to observe the lack of L-shell and photo-peak, relative to the 2017
dataset case (see Fig. 4.7), due to a lower statistics collected in the 2019 beam time. The
fit of the peaks of the 2+2 → 2+1 transition in PACES spectra were constrained so that the
width and tail of the fitted functions were consistent with the result of the more intense
2+1 → 0+1 transition peak.
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Table 4.5: Values of internal conversion coefficients αK,exp for the 2+
2 → 2+

1

transitions of 72,74,76,78Ge measured with the 2019 dataset. Results obtained
with PACES 2 and PACES 4 spectra are listed separately. Internal conversion
coefficient values αK,BrIcc calculated with BrIcc are also reported.

Nucleus αK,BrIcc PACES # αK,exp

72Ge 0.001053(15) 2 0.001 22(14)
4 0.001 16(15)

74Ge 0.001125(16)
2 0.0009(4) 1

2 0.0012(6) 2

4 0.0012(4)

76Ge 0.001475(21) 2 0.0018(4)
4 0.001 58(15)

78Ge 0.001361(20) 2 0.001 29(9)
4 0.001 31(5)

1 GRIFFIN gate on the 493- and 498-keV transitions.
2 GRIFFIN gate on the 1745-keV transition.
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Figure 4.9: Spectrum of PACES 2 for 74Ge data, in coincidence with the 493-
and 498-keV transitions of 74Ge detected with GRIFFIN. Data are from the 2019
beam time. A fit of the 596-keV, 2+

1 → 0+
1 and 608-keV, 2+

2 → 2+
1 transitions

of 74Ge is shown. A partial level scheme of 74Ge indicates the relevant transi-
tions. Only two peaks have been fitted here: the K-shell peak of the 596-keV
transition and a peak that comprises the L-shell and photo-peak of the 596-keV
transition and the K-shell of the 608-keV transition. It was not possible to iso-
late the L-shell and photo-peak of the 608-keV transition from the background.
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Mass 74

The electron spectrum of 74Ge poses some challenges when trying to measure the αK,exp

value of the 608-keV, 2+2 → 2+1 transition. Indeed, as previously shown in Fig. 2.17, the
608-keV transition K-shell peak overlaps with those of the 596- and 604-keV transitions.
It is not possible to successfully decouple the various peak contributions to the spectra
in singles, despite constraining the peak areas in the fit on the basis of BrIcc information
about α and of the ratio Rγ/K of the 2+1 → 0+1 defined in Eq. (2.9). For this reason, data in
γ-coincidence were used to perform the αK,exp measurement for the 2+2 → 2+1 transition
in 74Ge.

The most intense 596-keV, 2+1 → 0+1 transition could not be used for this purpose,
because the 608-keV transition is suppressed in this gated projection. This occurs since
the β-decay population of the 2+1 state is significantly higher than the 2+2 one (Iβ(2+1 ) =

4.7(17)%, Iβ(2+2 ) < 1.2%) [41]. Hence, when gating on the 596-keV γ ray, the 608-keV
transition in the electron spectrum is suppressed by the Compton background in coinci-
dence with the 596-keV transition.

Thus, the GRIFFIN gates were set on transitions lying higher than the 2+2 state in the
energy spectrum. In particular, the transitions of 493, 498 and 1745 keV were chosen
(the gate on the 493- and 498-keV ones was set jointly). Figure 4.9 shows the spectrum
of PACES 2 gated on the γ rays of 493 and 498 keV. For the spectrum of PACES 4, the
1745-keV gate did not provide a clean enough projection, so only the gate on the 493-
and 498-keV transitions was used for this crystal. These gate choices suppress the 604-
keV contribution from the electron spectrum. Indeed, the 498- and 1745-keV transitions
are not in coincidence with it. The 493-keV transition, on the other hand, is reportedly in
coincidence with the 604-keV transition. Nevertheless, when gating on it in a γγ matrix
no coincidence with the 604-keV γ ray is observed. Hence, its detection in γ-coincidence
is below the sensitivity of both the GRIFFIN and PACES detectors. In the gated electron
projections, one peak that comprises the L-shell and photo-peak of the 596-keV transition
and the K-shell of the 608-keV transition was fitted. The area,AK,2→2, of the K-shell peak
of the 608-keV transition was determined by subtracting the proper number of counts
associated with the L-shell and photo-peak of the 596-keV transition,AL,2→0 andAγ,2→0,
based on the BrIcc α values and the previously measured Rγ/K. This equation was used:

AK,2→2 = A−AL,2→0 −Aγ,2→0

= A− αL

αK
AK,2→0 −Rγ/KAK,2→0 (4.1)

where A is the area of the fitted peak consisting of the three contibutions and AK,2→0 is
the area of the K-shell peak of the 596-keV transition, that was also fitted.

Mass 76

Similarly to the 74Ge case, even the electron spectrum of 76Ge presents overlapping
peaks in singles (see Fig. 2.18). Hence, data in γ-coincidence were used to clean the
spectrum of PACES. In this case, a gate was set on the most intense γ-ray transition,
namely the 563-keV, 2+1 → 0+1 one, to isolate the 2+2 → 2+1 electron peak. Here, a clean



78 4.2 Internal Conversion Coefficients

440 460 480 500 520 540 560 580 600 620
Electron Energy [keV]

8.5

9

9.5

10

310´
C

ou
nt

s/
ke

V Ge76
K Lg

545.51 keV

��+ �

��+ ���

��+ ����

������

������

Figure 4.10: Spectrum of PACES 2 for 76Ge data, in coincidence with the 563-
keV, 2+

1 → 0+
1 transition of 76Ge detected with GRIFFIN. Data are from the

2019 beam time. A fit of the 546-keV, 2+
2 → 2+

1 transition of 76Ge is shown. A
partial level scheme of 76Ge indicates the relevant transitions. The fit includes
the K-, L-shell and photo-peak of the 546-keV transition.

projection is obtained due to a more favourable ratio between the β-decay population of
the 2+1 and 2+2 states (Iβ(2+1 ) = 14.2(15)%, Iβ(2+2 ) = 10.1(6)% [40]), in comparison to the
74Ge case. The resulting gated spectrum of PACES 2 can be observed in Fig. 4.10.

Mass 78

The electron spectrum of 78Ge was analysed in singles, since here peaks associated with
different transitions are well separated. An example of the fits performed for the peaks of
the 2+2 → 2+1 transition are shown in Fig. 4.11. The fit was constrained so that the width
and tail of the peaks were consistent with the width and tail of the peaks associated to
the most intense 619-keV, 2+1 → 0+1 transition (also shown in Fig. 4.11).

4.2.3 Internal Conversion Coefficient Results

The αK,exp results obtained with the 2017 and 2019 datasets and with different PACES
detectors, previously listed in Tables 4.4 and 4.5, have been averaged in order to get a
final result for the 2+2 → 2+1 transition of each of the considered germanium isotopes. The
final results are presented in Table 4.6. The table also shows the ratio of the measured
αK,exp value to the αK,BrIcc value calculated through BrIcc, considering theE2/M1 mixing
ratio δ values presented in Section 4.1. Here, any excess above unity would point to the
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Figure 4.11: Spectrum in singles of PACES 2 for 78Ge data. Data were acquired
in 2019. A fit of the 567-keV, 2+

2 → 2+
1 transition of 78Ge is shown. A partial

level scheme of 78Ge indicates the relevant transitions. The fit includes the K-,
L-shell and photo-peak of the 567-keV transition.

presence of a finite E0 strength for the associated 2+2 → 2+1 transition.

Table 4.6: Final results for the internal conversion coefficients αK,exp of the
2+
2 → 2+

1 transitions of 72,74,76,78Ge. They are obtained from the average of
2017 and 2019 datasets results. The values αK,BrIcc calculated with BrIcc and
the ratio of the experimental results relative to them are also reported.

Nucleus αK,BrIcc αK,exp αK,exp/αK,BrIcc
72Ge 0.001 053(15) 0.001 16(6) 1.10(6)
74Ge 0.001 125(16) 0.0011(3) 1.0(2)
76Ge 0.001 475(21) 0.001 61(14) 1.09(10)
78Ge 0.001 361(20) 0.001 31(4) 0.96(4)

4.3 Upper Limits on E0 0+2 → 0+1 Transition Intensities

The conversion electron spectra acquired with the PACES crystals in the 2019 dataset do
not show peaks corresponding to the 0+2 → 0+1 transition via internal conversion decay
of 74,76,78Ge. Therefore, upper limits for the intensity of such transitions in 74,78Ge have
been set, following the method described in Section 3.7.3, in order to obtain an upper
limit for the associated E0 strength. No upper limit could be set in the case of 76Ge,
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since an escape peak dominates the energy region of interest in the PACES spectra of this
isotope, preventing to successfully determine an upper limit for the 0+2 → 0+1 transition
intensity.

As discussed in Section 3.6, in the case of a 0+2 → 0+1 transition the E0 strength can
be determined measuring the mixing ratio q2(E0/E2), which was defined in Eq. (3.21).
For the K-shell, this reads as:

q2K(E0/E2) ≡ λce,K(E0)

λce,K(E2)
(4.2)

where the considered E2 intensity corresponds to a 0+ → 2+ branch competing with the
E0 decay mode. Reminding that [see Eq. (3.20)]:

αK(E2) =
λce,K(E2)

λγ(E2)
(4.3)

it follows that the mixing ratio q2K(E0/E2) can be calculated from the experimental quan-
tity λce,K(E2)/λγ(E2). An upper limit for such a ratio has been set, using the upper limit
on the electron peak area and the 0+2 → 2+1 γ-ray peak area, both corrected by the de-
tector efficiencies. The obtained results are listed in Table 4.7. Note that in the case of
74Ge, a limit for this ratio was already published in literature, as indicated in the table,
and such a limit was more stringent than the result obtained in this work. Therefore, the
previous result provides a more stringent upper limit for ρ2(E0; 0+2 → 0+1 ), as will be
shown in the following section.

Table 4.7: Upper limits on the ratio λce,K(E2)/λγ(E2) for the 0+
2 → 0+

1 tran-
sitions of the 74,78Ge isotopes. The E2 transition of reference is the transition
to the 2+

1 state. Both the experimental values obtained in this work and the
results from literature are listed, with subscript exp and lit, respectively.

Nucleus Iπi → Iπf [λce,K(E2)/λγ(E2)]exp [λce,K(E2)/λγ(E2)]lit Reference
74Ge 0+2 → 0+1 <5.59× 10−3 <5× 10−5 [89]
78Ge 0+2 → 0+1 <2.19× 10−3 – –

4.4 E0 Transition Strengths

Combining the results about internal conversion coefficients αK and mixing ratio δ ob-
tained in this work with information on lifetime values for the 2+2 states of 72,74,76,78Ge
reported in literature [40, 41, 42, 43], the E0 strength of 2+2 → 2+1 transitions of these
isotopes has been determined. These results are presented in Table 4.8.

Upper limits on theE0 strengths of 0+2 → 0+1 transitions in 74,78Ge have also been set.
They can also be found in Table 4.8, together with previously known values, if available.
In the case of 74Ge, the upper limit determined in this work is less stringent that the
one already present in literature. Therefore, the literature value will be adopted in the
discussion which will follow in Section 4.6. Note that no new measurement has been
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performed for the ρ2(E0; 0+2 → 0+1 ) of 72Ge. Indeed, in such a case, a direct application
of Eq. (3.16) is used to determine ρ2(E0), since the only possible decay branch of the 0+2
state of 72Ge is to the 0+1 ground state. Thus, the partial lifetime τ(E0) coincides with the
total state lifetime τ . For this reason, only the lifetime τ of the 0+2 state and the atomic
electron factor Ω are needed to determine the E0 strength, and further experimental
information was not required.

Table 4.8: E0 transition strength measurements, ρ2exp, for the 2+
2 → 2+

1 and
0+
2 → 0+

1 transitions of 72,74,76,78Ge. The half lives of the 2+
2 and 0+

2 states
are reported in the third column and are taken from literature [40, 41, 42, 43].
Literature values of the E0 strength, ρ2lit, are taken from Ref. [44].

Nucleus Iπi → Iπf T1/2(Iπi ) ρ2exp(E0)× 103 ρ2lit(E0)× 103

72Ge 2+2 → 2+1 4.5+8
−6 ps 100(50) –

0+2 → 0+1 444.2(8) ns – 8.3(4)
74Ge 2+2 → 2+1 5.4(8) ps <0.22 –

0+2 → 0+1 6 +15
−3 ps <450 <5.3

76Ge 2+2 → 2+1 8.0(15) ps <120 –
0+2 → 0+1 >0.8 ps – –

78Ge 2+2 → 2+1 12(6) ps <6.5 –
0+2 → 0+1 25(11) ps <120 –

4.5 γ-ray Decay Branching Ratios and Transition Probabilities

Exploiting the great sensitivity of the GRIFFIN spectrometer, it was possible to deter-
mine branching ratios for the γ-ray decay from the 0+2 state of 74,76,78Ge, or to set a limit
for them, by observing for the first time the 0+2 → 2+2 decay branch in 76,78Ge. Such
branching ratio measurements allowed to re-calculate B(E2) reduced transition proba-
bilities for the 0+2 → 2+1 transitions, but also to determine them for the first time in the
case of the 0+2 → 2+2 transitions. The discussion that follows concerns only the isotopes
74,76,78Ge, since in the case of 72Ge the only possible decay of the 0+2 state (first excited
state) is directly to the 0+1 ground state via an E0 transition.

Firstly, the branching ratio measurements are presented for each nucleus. After-
wards, the B(E2) values are presented.

4.5.1 74Ge

In the γ-ray energy spectrum of 74Ge, the 0+2 → 2+2 transition, expected at 278.6 keV,
was not observed. A reduced level scheme of the 74Ge nucleus is shown in Fig. 4.13,
which shows the placement of the transitions of interest for the discussion. The GRIFFIN
coincidence spectrum gated on the 715-keV, 2+3 → 0+2 transition shows only background
counts in the region where the 279-keV peak would be expected. This gated spectrum
can be seen in Fig. 4.12. In particular, the region of interest is shown in the inset. Gates
were also set from below, in particular on the 608-keV, 2+2 → 2+1 and 1204-keV, 2+2 → 0+1
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Figure 4.12: GRIFFIN coincidence energy spectrum for 74Ge, gated on the 715-
keV transition. Transitions are labeled with their energy value. Newly ob-
served γ-rays which are in coincidence with the 715-keV, 2+

3 → 0+
2 line and

have been placed in the level scheme are denoted by a #. The region where a
279-keV, 0+

2 → 2+
2 transition would be expected shows only background, as

highlighted in the inset plot with the dashed line. A number of transitions,
indicated with a star, are in coincidence with a γ-ray of ≈715 keV, previously
unobserved, which could not be decoupled from the 715-keV, 2+

3 → 0+
2 line.

The transitions indicated with a u were previously unknown and have not yet
been placed in the level scheme.
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Figure 4.13: Partial level scheme for 74Ge. Newly observed γ-ray transitions
are marked in red, and both their measured energy and uncertainty are re-
ported. Transition and state energy values are adopted from literature for the
previoulsy known cases [41]. The 715-keV, 2+

3 → 0+
2 transition used as the gate

in the branching ratio measurements for the 0+
2 state is highlighted in bold. The

0+
2 → 2+

2 transition is dashed, to indicate that it has not been observed in the
data. All the states have been included up to the 0+

2 one; above it, only the
states that show the transitions in cascade with the 715-keV, 2+

3 → 0+
2 line are

shown, to be compared with the gated spectrum shown in Fig. 4.12.
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Figure 4.14: GRIFFIN coincidence energy spectrum for 76Ge, gated on the
2040-keV transition. The transitions which are in coincidence with it are la-
beled with their energy value. Other transitions, marked with a star, are in
coincidence with a γ-ray of 2037 keV, previously unobserved, which could not
be completely separated from the 2040-keV line. The transition indicated with
a u was previously unknown and has not yet been placed in the level scheme.

transitions, and even in these cases no transition was obvserved at 278.6 keV. Only an
upper limit to the area of the 0+2 → 2+2 transition, and hence to its branching ratio, could
be placed. In particular, the branching ratio results less than 0.03%.

4.5.2 76Ge

The 0+2 → 2+2 transition of 802.8(3) keV was observed for the first time in the 76Ge γ-
ray spectrum. This transition can be seen in the spectrum shown in Fig. 4.14, which
is gated on the 2040-keV transition populating the 0+2 state. To calculate the branching
ratios for the γ-ray decay branches from the 0+2 state, a gate from above could be applied,
using three different transitions of 1008, and 1230 and 2040 keV, respectively. Note that
the 1008.5(4) keV transition has been observed for the first time in this experiment, and
is a new decay branch of the 2920-keV level. The transition of 1230 keV, instead, was
previously observed only in (n,n’γ) experiments [40]. Figure 4.15 shows a reduced level
scheme of 76Ge, where the placement of the aforementioned transitions can be seen.
Table 4.9 summarizes the measured branching ratio values obtained by setting the gates
from above previously described. An average of such values has been adopted as the
final value for the branching ratios. This is reported in the last column of Table 4.9.

The technique of gating from below could not be used in this case to establish the
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Figure 4.15: Partial level scheme for 76Ge. Newly observed γ-ray transitions
are marked in red, with both their measured energy and uncertainty reported.
Transition and state energy values are reported from literature for the previ-
oulsy known cases [40]. The transitions used as gates in the branching ratio
measurements for the 0+

2 state are highlighted in bold. All the states have been
included up to the 2+

2 one; above it, only the states relevant for the discussion
are shown.
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branching ratios from the 0+2 level, since the 802.8-keV transition is a doublet with the
transition of 804.3(4) keV (observed here for the first time and not yet placed in the level
scheme). The transitions of 546 and 563 keV that would have been used as gates from
below are in coincidence with the 804-keV transition as well.

Table 4.9: Branching ratio (B.R.) measurements for the γ rays depopulating
the 0+

2 state of 76Ge. Both the energy of the Ii → If γ-ray transitions and
the energy of the gating transitions are reported, in the first and third column,
respectively. All the measurements are performed gating from above. The last
column shows the adopted average branching ratio values, B.R.ave.

Transition
Ii → If

Gating B.R. B.R.aveEnergy (keV) Energy (keV)

1348.13 0+2 → 2+1

2040 98.41(3)%
1230 98.47(10)% 98.45(4)%
1008 98.46(5)%

802.8 0+2 → 2+2

2040 1.59(3)%
1230 1.53(10)% 1.55(4)%
1008 1.54(5)%
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Figure 4.16: GRIFFIN coincidence energy spectrum for 78Ge, gated on the 927-
keV transition. Transitions are labeled with their energy value. The transitions
indicated with a u are previously unknown and currently unplaced in the level
scheme.
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4.5.3 78Ge

The 0+2 → 2+2 transition of 360.1(2) keV was observed in the 78Ge γ-ray energy spectrum.
This can be seen in the GRIFFIN gated projections shown in Fig. 4.17, which are gated on
the 2119-keV and 1186-keV transitions, respectively. A reduced level scheme of 78Ge is
shown in Fig. 4.18 for reference. Both the gating from above and below techniques were
applied. The gate from above was set on the 2118.9(4) keV transition, observed here
for the first time. This originates from the decay of a level at 3665.7(3) keV, which was
previously unknown. In literature, a level at 3667(10) keV is reported, observed in a (t,p)
reaction [43]. This level, though, cannot coincide with the one identified here, since its
spin and parity is firmly assigned as 0+. Therefore, a γ-ray transition from such a level to
the 0+2 state would be forbidden, while in this work a 2119-keV transition to the 0+2 state
is observed, and is used to perform the branching ratio measurement. Figure 4.16 shows
the 2119-keV γ-ray peak in a coincidence projection gated on the 927-keV, 0+2 → 2+1 line.
The observation of the level at 3665.7 keV has been confirmed by the observation of five
other γ-ray decay branches, that are listed in Table 4.10 and shown in the level scheme
in Fig. 4.18. Table 4.11 summarizes the measured branching ratio values. An average
of such values has been adopted as the final value and is reported in the last column of
Table 4.11.

Table 4.10: Summary of the γ-ray decay branches Eγ from the 3666-keV level
identified in this work. No spin and parity Iπi were assigned yet to this level.
The energy values Ef of the final state are taken from literature [43]. For each
γ-ray branch, the branching ratio (B.R.) measured in this work is also reported
in the last column. This was obtained with the gating-from-below method. The
γ-ray transitions used as a gate are indicated in the sixth column. As branching
ratio B.R.γd for the decaying transition of 927 keV, the value measured in this
work and previously presented (see Table 4.11) has been used.

Ei (keV) Iπi Ef (keV) Iπf Eγ (keV) Gating B.R.Energy (keV)
3665.7(3) – 2857.14 (2, 3, 4+) 808.9(3) 1212 4.3(5)%

2706.01 (2+) 960.0(3) 2706 26(2)%
1842.73 2+ 1823.0(4) 1223 19.4(7)%
1546.6 0+ 2118.9(4) 927 9.3(3)%
1186.51 2+ 2479.0(4) 1186 19(2)%
619.36 2+ 3046.3(5) 619 21.3(7)%

4.5.4 Reduced Transition Probabilities

Since branching ratio measurements have been performed in this work for the γ-ray de-
cay branches which depopulate the 0+2 state of 74,76,78Ge, it was possible to determine
B(E2) reduced transition probability values previously absent in literature. Such results
are summarized in Table 4.12. Half life values from literature have been adopted for the
0+2 states. It is to note that, in the case of 74,76Ge, such values have been determined
starting from B(E2; 0+2 → 2+1 ) values measured via Coulomb excitation measurements.



88 4.5 γ-ray Decay Branching Ratios and Transition Probabilities

320 340 360 380 400 420 440
Energy [keV]

1000

1500

2000

2500

3000

3500
C

ou
nt

s/
ke

V

34
6*

36
0

C

 u
41

7

 u
43

3

Ge, 2119-keV gate78

320 340 360 380 400 420 440
Energy [keV]

510

C
ou

nt
s/

ke
V

 u
32

7

34
6

 u
34

9

36
0  u

36
9  u

38
9

 u
41

5  u
41

7  u
43

3

Ge, 1186-keV gate78

Figure 4.17: GRIFFIN coincidence energy spectrum for 78Ge, gated on the
2119-keV and the 1186-keV transitions in the top and bottom panel, respec-
tively. Note that the top spectrum is shown in linear scale, while the bottom
one is in logarithmic scale. Transitions are labeled with their energy value. The
transitions indicated with a u are previously unknown and currently unplaced
in the level scheme. The letter C denotes a Compton diagonal component that
could not be succesfully removed in the 2119-keV gated projection, despite
applying a Compton-background subtraction. The 346-keV known transition
which appears in the 2119-keV gated projection and is marked with a star can-
not be in coincidence with the 2119-keV transition to the 0+

2 state. This points
to the fact that the 2119-keV line is a doublet, which could not be resolved.
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Figure 4.18: Partial level scheme for 78Ge. Newly observed γ-ray transitions
are marked in red, and both their measured energy and uncertainty are re-
ported. Transition and state energy values are reported from literature for the
previoulsy known cases [43]. The state at 3665.7(3) keV has been identified
in this work for the first time; it is marked in red. The transitions used as
gates in the branching ratio measurements for the 0+

2 state are highlighted in
bold. All excited states are shown up to 1.8 MeV, with their decaying transi-
tions. Above this, only the states that are relevant to show the newly observed
decay-branches from the 3666-keV level are included.
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Table 4.11: Branching ratio (B.R.) measurements for the γ rays depopulating
the 0+

2 state of 78Ge. Both the energy of the Ii → If γ-ray transitions and
the energy of the gating transitions are reported, in the first and third column,
respectively. A superscript to the gating energy indicates if the measurement
was performed setting a gate from above or below. The last column shows the
adopted average branching ratio values, B.R.ave.

Transition
Ii → If

Gating B.R. B.R.aveEnergy (keV) Energy (keV)

927.2(3) 0+2 → 2+1
2119above 98.29(14)%

98.31(9)%
619below 98.33(12)%

360.1(2) 0+2 → 2+2
2119above 1.71(14)%

1.69(9)%
1186below 1.67(12)%

Therefore, in the case of 76Ge where the second γ-ray branch, 0+2 → 2+2 , was previ-
ously unknown, the obtained half life (>0.9 ps) is a partial half life, under the simplest
assumption that the Coulex analysis is not biased by an incomplete knowledge of the
decay pathways of the considered state. Here, it was possible to determine the total half
life, knowing the branching ratios of the two γ-ray transitions and using the relation-
ship in Eq. (1.20). The limit, though, results unchanged, since the 0+2 → 2+1 branch is
dominant relative to the other one [98.45(11)% and 1.55(11)%, see Table 4.9].

Table 4.12: B(E2) reduced transition probabilities for the 0+
2 → 2+

1 and
0+
2 → 2+

2 γ-ray branches which depopulate the 0+
2 state of 74,76,78Ge. As dis-

cussed in Section 4.5, only the 0+
2 → 2+

1 branch has been observed for 74Ge,
therefore only the B(E2) value of this branch is reported. The half life values
are taken from literature and have been obtained either through Coulomb ex-
citation measurements [hence, from the measured B(E2; 0+

2 → 2+
1 ) values] or

from direct lifetime measurements via βγγ(t) fast timing, as indicated in the
third column. References for such values are provided, either in correspon-
dence of the T1/2 or the B(E2) measured value. The B(E2) values have been
calculated in this work for the first time, unless otherwise noted.

Nucleus T1/2 (ps) Technique B(E2; 0+2 → 2+1 ) B(E2; 0+2 → 2+2 )
(W.u.) (W.u.)

74Ge 6 +15
−3 Coulex 9 +9

−6 [41] –
76Ge >0.9 Coulex <7.4 [90] <1.5
78Ge 25(11) [91] βγγ(t) 1.6(7) 3.2(15)

4.6 Discussion

The E0 strength of Iπi → Iπf , Ii = If transitions with I = 2 in 72,74,76,78Ge have been
experimentally investigated in this work. Limits have been set, when possible, also in
the I = 0 case. The results of this analysis have been summarized in Table 4.8.

A finite ρ2(E0; 2+2 → 2+1 ) value, 100(50) milliunits, has been found for 72Ge. This
indicates that the 2+ states belonging to the ground-state and γ bands (nominally with
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Figure 4.19: Sketch of rotational bands with K = 0 and K = 2, respectively
(not to scale). Values of K correspond to those of unmixed states, in which K
is a good quantum number. The states drawn in black belong to the 0+

1 con-
figuration, while the red ones belong to the 0+

2 configuration. The black arrow
indicates the 2+

2 → 2+
1 transition, and the red arrow indicates the 0+

2 → 0+
1

one.

K = 0 andK = 2, respectively, and represented by the states in black in Fig. 4.19) cannot
have pure wave functions and must be mixed to some degree. This is consistent with
previous results, in particular those published by Ayangeakaa et al. [3], where evidence
of coexistence involving two triaxial configurations has been found. In the aforemen-
tioned publication, as previously discussed in Section 1.6, calculations were performed
within the shape-coexisting generalized triaxial rotor model (GTRM×2) [49]. These cal-
culations have been found to reproduce E2 matrix elements of 72Ge more successfully
than the generalized triaxial rotor model (GTRM) [92, 93]. This result supported the
description of the 0+1 and 0+2 states in terms of coexistence of two triaxially deformed
configurations. In the GTRM, a mixing of the ground-state and γ bands (K = 01 and
K = 21, respectively) is allowed. Such K-mixing is a result of the triaxiality of the con-
sidered configuration. Therefore, in contrast to the axially symmetric rotor model case
(see Section 1.1.2), where the ground state and γ bands are distinct, here mixing occurs
between those two. The relevant components playing a role in such a case are repre-
sented by the states in black in the sketch shown in Fig. 4.19. In GTRM×2, a coupling
of two such triaxial rotors is considered. The second triaxial rotor configuration is rep-
resented by the states in red in Fig. 4.19. Such coupling can result in K = 0 and K = 2

components in the wave function of a 2+ state from multiple configurations. For 72Ge,
the GTRM×2 calculations yielded the following wave functions for the first and second
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2+ excited states [94]:∣∣2+1 〉 = 0.67 |2,K = 01〉+ 0.287 |2,K = 21〉+ 0.593 |2,K = 02〉+ 0.342 |2,K = 22〉 (4.4)∣∣2+2 〉 = −0.368 |2,K = 01〉+ 0.858 |2,K = 21〉 − 0.18 |2,K = 02〉+ 0.312 |2,K = 22〉
(4.5)

where each component of the wave functions is given as |IK〉, with I total angular mo-
mentum of the system and K projection of the total angular momentum onto the sym-
metry axis in the intrinsic reference system, according to the notation introduced in Sec-
tion 1.1.2. In such wave functions, an overlap of ∆K = 0 components is found, which
can generate the observed E0 strength. This is the result of mixing of the configura-
tions associated with the 0+1 and 0+2 states, and not simply of the K-mixing of 2+ states
within a single configuration as per the single triaxial rotor model (GTRM). Hence, the
E0 strength of the 2+2 → 2+1 transition may be taken as an indirect measure or probe of
the mixing between the two configurations.

The value of ρ2(E0; 0+2 → 0+1 ) in 72Ge was already known in literature and reported
to be equal to 8.3(4) milliunits [44]. Such a value is not among the largest known,
which reach hundreds of milliunits (see, for reference, the most recent compilation of
E0 strength values published by Kibédi and Spear [77]). In Section 1.4, the relationship
ρ(E0) ' αβ∆〈r2〉 was derived [see Eq. (1.33)], that points to large E0 strength occur-
rance in case of strong mixing, within a simple two-state mixing model. This was based
in the assumption that the states involved in the mixing were associated with very dif-
ferent mean square charge radii. If such an assumption is relaxed, though, the aforemen-
tioned relationship could not hold anymore. In 72Ge, the 0+2 → 0+1 transition connects
the bandheads belonging to two different configurations, while the 2+2 → 2+1 transition
occurs between states built on the same intrinsic configuration. These transitions are
represented by the black arrow and the red arrow in Fig. 4.19, respectively. Given the
different nature of such transitions, a similarity in their E0 strength is not necessarily ex-
pected. An effective theoretical understanding of the emergence of E0 strength in states
with I > 0 is still lacking, and improvements are required also in the predictions for the
I = 0 cases.

For the higher mass isotopes 74,78Ge, stringent upper limits have been set on ρ2(E0; 2+2
→ 2+1 ) (<0.22 and <6.5 milliunits, respectively), pointing to near zero E0 strength in
such cases. The conclusions previously drawn from transfer reaction data indicate weak
mixing for the even-even Ge isotopes with N > 40, as summarized in the review by
Heyde and Wood [1]. For 76Ge, an upper limit of ρ2(E0; 2+2 → 2+1 ) < 120 milliunits has
been determined. This limit is still broad and must be refined in order to provide more
sensitive information on the presence of an E0 component for the 2+2 → 2+1 transition
of 76Ge. Broad upper limits have been set in this work also on the ρ2(E0; 0+2 → 0+1 ) of
74,78Ge. Despite not being in contrast with the weak mixing description where no E0

strength is expected, they also do not provide stringent results to support it. In the case
of 74Ge, a smaller upper limit was already reported in literature (<5.3 milliunits [44]),
which points to near zero E0 strength. Further experimental effort is required to mea-
sure the E0 strength for the 0+2 → 0+1 transition of 76,78Ge. Note that even the nuclei
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74,76,78Ge, as well as 72Ge, are expected to present triaxial ground state configurations,
on the basis of theoretical calculations [52], an analysis of the energy staggering param-
eter S(I) introduced in Eq. (1.5) [51, 52], and Coulomb excitation experiment results [4].
Therefore, multipleK components could emerge in the first and second 2+ excited states
as a result of triaxiality. Nonetheless, in the cases of 74,78Ge where weak mixing is indi-
cated between the 0+ configurations, near zero E0 strength is observed in the 2+2 → 2+1
transition, which points to the fact that both triaxiality and configuration mixing are
necessary for a large E0 strength to arise between I > 0 states belonging to the same
configuration.

A two-state mixing description has been proposed by Fortune as a more general,
simpler description of the configuration mixing in 72Ge relative to the GTRM×2 calcu-
lations, since it does not require the assumption of shape coexistence among predeter-
mined shapes [95]. From an analysis of the recently measured m(E2) matrix elements
by Ayangeakaa et al. [3] and allowing mixing between the 0+1 and 0+2 states and the 2+1
and 2+3 states, Fortune’s analysis points to the 0+ configurations being maximally mixed.
Note that the mixing between the first and third 2+ states assumed by Fortune (instead
of mixing between the first and second 2+ states, belonging to the ground-state and γ

bands) is consistent with the results of the GTRM×2 calculations, which better describe
the matrix elements compared to the GTRM, where only the first and second 2+ states
(K = 01 andK = 21) can mix. The model used by Fortune, though, does not require that
the mixed configurations are triaxial. Anyway, Coulomb excitation data bring evidence
of triaxiality for the observed 0+1 and 0+2 states of 72Ge [3].

A similar analysis cannot be performed yet in the case of the neighbouring isotopes,
74,76,78Ge, for which weak mixing would be expected, according to the results from
transfer data discussed in Section 1.6. This is momentarily prevented from a lack of
experimental data on the third 2+ state of these isotopes and its associated properties,
such as B(E2) reduced transition probabilities and lifetimes.

In conclusion, the E0 strength of the 2+2 → 2+1 transition of 72,74,76,78Ge have been
measured, and upper limits have been set for the 0+2 → 0+1 transition of 74,78Ge. These
results support the interpretation of the structure of Ge isotopes from previous works,
which points to strong mixing between deformed configurations in 72Ge and to a less-
ening of such mixing in the neighbouring isotopes, where the excited 0+ states move
higher in energy. They indicate that both triaxiality and configuration mixing are ele-
ments needed for a large E0 strength to occur between I > 0 states within the same
configuration. Further studies, both on the theoretical and experimental sides, will be
required to shed light on the origin of E0 strengths in atomic nuclei.





5
C O N C L U S I O N S

In this thesis, an experimental investigation of mixing between different configurations
in even-even Ge isotopes with mass A = 72, 74, 76, 78 has been presented. The measure-
ment of E0 strength has been used as a means to probe such mixing. The focus has been
set on the 2+2 → 2+1 transition of each of those isotopes. Upper limits on the E0 strength
of the 0+2 → 0+1 transitions of 74,78Ge have also been set.

Two β-decay experiments have been carried out at the TRIUMF laboratory, in 2017
and 2019, to populate and study the nuclei of interest. High-intensity radioactive ion
beams of 72,74,76,78Ga (∼104−6 pps) were delivered to the GRIFFIN decay station in the
ISAC facility and ultra-high-statistics datasets were collected. Details on the experiments
and on the employed setups have been given in Chapter 2 of this thesis.

Internal conversion coefficient (αK) measurements have been performed, exploiting
the data collected by both the PACES and GRIFFIN arrays for conversion electrons and
γ-rays, respectively. Moreover, an analysis of γγ angular correlations of γ-ray transitions
has been carried out, to measure the E2/M1 mixing ratio (δ) of the 2+2 → 2+1 transitions
of 72,74,76,78Ge. A new δ value has been measured in 78Ge, while previously known
values for the other isotopes were re-measured with much higher precision (the uncer-
tainty was reduced by a factor∼10), thanks to the high-statistics provided by the dataset
used for this analysis and the large number of angular bins available with the GRIFFIN
spectrometer (up to 51), and hence the large number of experimental data points in the
correlations. The high-efficiency of the GRIFFIN spectrometer, again combined with the
high statistics collected, also allowed the observation for the first time of γ-ray branches
from the first excited 0+ state of 76,78Ge to the second 2+ state. The techniques used to
perform such analyses have been discussed in Chapter 3, while Chapter 4 contains the
presentation of all the experimental results.

By combining the measured αK and δ values with literature lifetime τ of the 2+2 state,
the E0 strength of the 2+2 → 2+1 transitions of 72,74,76,78Ge has been determined. A fi-
nite value of 100(50) milliunits has been found in the case of 72Ge. This implies the
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presence of different K components in the wave functions of the 2+1 and 2+2 states, so
that ∆K = 0 transitions are allowed and E0 strength can emerge. This is consistent
with the interpretation drawn from GTRM×2 calculations [49], according to which the
matrix elements of 72Ge recently measured by Ayangeakaa et al. [3] can be effectively
described considering mixing between two triaxial 0+ configurations. This results in the
presence of multiple K components in the 2+1 and 2+2 states, as illustrated by Eqs. (4.4)
and (4.5) [94]. In the neighbouring nuclei, 74,78Ge, for which weak mixing is expected,
near zero E0 strength has been found in the 2+2 → 2+1 transitions (<0.22 milliunits in
74Ge and <6.5 milliunits in 78Ge). In the case of 76Ge, only a broad upper limit could
be set [ρ2(E0; 2+2 → 2+1 ) < 120 milliunits]. Therefore, further experimental studies are
needed to refine such measurement. The observation of near zero E0 strength in the
2+2 → 2+1 transitions of even-even Ge nuclei with N > 40, in contrast to the large value
determined for 72Ge, points to the fact that both shape mixing and triaxiality are neces-
sary ingredients for a large E0 strength to manifest in I > 0 transitions within the same
configuration.

In conclusion, the experimental investigation presented here is consistent with the
description of the structure of even-even Ge isotopes around N = 40 drawn from pre-
vious works, according to which strong mixing occurs in the 72Ge nucleus between the
0+1 and 0+2 states, while only weak mixing is presented between such states in the neigh-
bouring isotopes. The measurements presented in this thesis, which for the first time
investigate the E0 strength of 2+2 → 2+1 transitions in Ge isotopes, reinforce such a de-
scription, providing a new probe of their structure. A comprehensive theoretical descrip-
tion of the E0 strength, though, is still lacking, and further effort is required to address
it, complemented by experimental studies that expand our knowledge of E0 strengths
both in Ge nuclei and across the nuclear chart.
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A
R A D I O A C T I V E - I O N B E A M I N T E N S I T Y C A L -
C U L A T I O N

This appendix aims at summarizing the procedure to calculate the beam intensity of a
radioactive-ion beam delivered at GRIFFIN.

GRIFFIN uses a moving tape collector system which can be operated in cycle mode,
as described in Section 2.2.1. To properly calculate the beam intensity of a nucleus AX
delivered at the center of the array and β-decaying into the daugther nucleus AY, it is
necessary taking into account the applied cycle times. In the following, we will refer to
the cycle fraction in which data are collected while the beam is implanted on the tape as
beam-on time, while we will define beam-off time the cycle part in which data are collected
without beam being delivered to GRIFFIN.

The radioactive decay law [25] with the addition of a source term is used to perform
this calculation. During beam-on time, it holds:

dN

dt
= −λN +R (A.1)

with N number of AX nuclei present at the center of the array at a certain time t, λ
decay constant of the nucleus AX, λN decay rate and R beam rate. The solution of this
equation, with boundary condition N(t = 0) = N0 initial number of particle, is:

N(t) = N0e
−λt +

R

λ

(
1− e−λt

)
(A.2)

In the case here considered, at t = 0 there are no particles at the implantation point, since
all the previously deposited activity has been removed from the center of the array via
the moving tape collector. Therefore, the first term of the equation is null.

To calculate the total number of AX nuclei delivered during the beam-on time (from
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t

N

a b0

Figure A.1: Example of cycle with beam on from t = 0 to t = a and beam
off from t = a to t = b. The curve represents the number of particle N at the
implantation point at a certain time t.

t = 0 to t = a, see Fig. A.1), we need to integrate the positive term in Eq. (A.1):

Ndel =

∫ a

0

Rdt = Ra (A.3)

and to calculate the number of those decayed we need to integrate the negative term in
Eq. (A.1), with N = N(t) = R(1− e−λt)/λ:

Ndec. Beam-On =

∫ a

0

Rdt−
∫ a

0

Re−λt dt = Rt

∣∣∣∣∣
a

0

−R
(
−e
−λt

λ

) ∣∣∣∣∣
a

0

= Ra−R
(

1− e−λa

λ

)
(A.4)

During beam-off time, the source term present in Eq. (A.1) is dropped:

dN

dt
= −λN (A.5)

The solution of this equation is:

N(t′) = N0e
−λt′ (A.6)

with t′ = t − a. In this case, the initial number of particle N0 is the number of particles
at time t′ = 0 (t = a), which we find subtracting Eq. (A.4) from Eq. (A.3):

N0 = R

(
1− e−λa

λ

)
(A.7)
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The number of nuclei decayed during beam-off time is:

Ndec. Beam-Off = N0 −N |t′=b−a = (A.8)

= N0 −N0e
−λ(b−a) = (A.9)

= R

(
1− e−λa

λ

)(
1− e−λ(b−a)

)
(A.10)

The total number of β decays observed in a cycle is then obtained summing Eqs. (A.4)
and (A.10):

Ndec = Ra−R
(

1− e−λa

λ

)
+R

(
1− e−λa

λ

)(
1− e−λ(b−a)

)
(A.11)

= Ra− R

λ
e−λae−λ(b−a) (A.12)

After these considerations, it is possible to obtain the beam intensity through a γ-ray
intensity measurement. Indeed, the number of γ-ray decays of the daughter nucleus
AY observed in a cycle (corrected for the γ-ray intensity and the γ-ray efficiency) is also
equal to the number of β decays which happened during one cycle. This leads to:

Ndec =
Aγ ×∆Tcyc

Iγεγ ×∆T
(A.13)

where Aγ is the number of counts of a γ-ray in the set of data collected, Iγ is its intensity
in the β decay, εγ is the GRIFFIN array efficiency at the energy of the considered γ ray,
∆Tcyc is the duration of one tape cycle and ∆T the duration of the data collection.

Finally, from Eqs. (A.11) and (A.13) it is possible to calculate the beam intensity de-
livered to GRIFFIN:

R =
Aγ ×∆Tcyc

Iγεγ ×∆T ×
{
a− e−λae−λ(b−a)

λ

} (A.14)





B
A N G U L A R C O R R E L A T I O N A N A L Y S I S : A D -
D I T I O N A L P L O T S

In this appendix, plots relevant for the γγ angular correlation analysis discussed in Sec-
tion 4.1 are presented. In particular, Fig. B.1 shows the correlation of the 4+1 → 2+1 → 0+1
cascade of 72Ge. Figures B.2 and B.3 show the correlations of the 4+1 → 2+1 → 0+1
and 0+2 → 2+1 → 0+1 cascades of 74Ge, respectively. Finally, the correlations of the
4+1 → 2+1 → 0+1 and 0+2 → 2+1 → 0+1 cascades of 76Ge are presented in Figs. B.2 and B.3.

In all the plots, the experimental angular correlation points and uncertainties are
presented in the top panel, with black dots and error bars. The best-fit curve Zsum(θ),
defined in Eq. (3.13), of the simulated distributions to the data is represented by the red
curve. The thickness of the curve indicates the statistical uncertainty on the simulations.
The fits were performed using A00 as the only free parameter, with the requirement that
δ1 = δ2 = 0, since the transitions considered are stretched E2. The bottom panel shows
the residuals of the datapoints relative to the fitted curve; here, the error bars include
both the experiment and simulations uncertainties, added in quadrature.

The reduced χ2 calculated for ν = 49 − 1 = 48 degrees of freedom (N = 49 data
points and one free parameter in the fit, A00) is also shown in the plot. The results of the
fits were already summarized in Table 4.2.
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Figure B.1: Experimental angular correlation of the 4+
1 → 2+

1 → 0+
1 894-

834 keV γ-ray cascade of 72Ge. Data are fitted to the simulated Zi(θ) distri-
butions using A00 as the only free parameter, fixing δ1 = δ2 = 0.
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Figure B.2: Experimental angular correlation of the 4+
1 → 2+

1 → 0+
1 868-

596 keV γ-ray cascade of 74Ge. Data are fitted to the simulated Zi(θ) distri-
butions using A00 as the only free parameter, fixing δ1 = δ2 = 0.
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Figure B.3: Experimental angular correlation of the 0+
2 → 2+

1 → 0+
1 887-

596 keV γ-ray cascade of 74Ge. Data are fitted to the simulated Zi(θ) distri-
butions using A00 as the only free parameter, fixing δ1 = δ2 = 0.
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Figure B.4: Experimental angular correlation of the 4+
1 → 2+

1 → 0+
1 847-

563 keV γ-ray cascade of 76Ge. Data are fitted to the simulated Zi(θ) distri-
butions using A00 as the only free parameter, fixing δ1 = δ2 = 0.
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Figure B.5: Experimental angular correlation of the 0+
2 → 2+

1 → 0+
1 1348-

563 keV γ-ray cascade of 76Ge. Data are fitted to the simulated Zi(θ) distribu-
tions using A00 as the only free parameter, fixing δ1 = δ2 = 0.



C
A N G U L A R C O R R E L A T I O N A N A L Y S I S : C O -
V A R I A N C E M A T R I C E S

In this Appendix, the covariance matrices obtained from the linear fit of the angular
correlations discussed in Section 4.1.2 are presented. The linear fit has been performed
using a2 and a4 as free parameters, together with the scaling factor A00 (see Section 3.4.1
for a description of the analysis technique). Since only the correlation between the a2 and
a4 parameters is of interest, only the relevant matrix elements will be presented in the
following. Note that the uncertainty on the aexp

2 and aexp
4 parameters reported in Table 4.3

has been inflated by
√
χ2/ν, where the number of degrees of freedom is ν = 46, since

each correlations has N = 49 data points and there are three free parameters in the fit.
The covariance matrices C are presented in the form:

C =

[
var(a2) cov(a2, a4)

cov(a2, a4) var(a4)

]
(C.1)

where var(ai) is the variance of ai and cov(a2, a4) is the covariance between a2 and a4.
The covariance matrices are listed in Table C.1 for each of the considered 2+2

γ1−→ 2+1
γ2−→

0+1 γ-ray cascades in the 72,74,76,78Ge nuclei.
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Table C.1: Results of the linear fit of the angular correlations for the 2+
2

γ1−→
2+
1

γ2−→ 0+
1 γ-ray cascades of the 72,74,76,78Ge nuclei. The γ-ray energies, Eγ1

and Eγ2 , are reported in the second column (in keV). The parameters aexp
2 and

a
exp
4 obtained from the linear fit of the correlations are presented, together with

the reduced χ2 values of such fits. The uncertainty on the aexp
2 and aexp

4 values
has been inflated to take into account the excess above unity of the reduced
χ2 value. In the last column, the covariance matrix C between a2 and a4 is
presented for each fit.

Nucleus Eγ1 -Eγ2 a
exp
2 a

exp
4 χ2/ν C

72Ge 630-834 −0.104(2) 0.327(3) 1.473
(

3.878× 10−6 4.744× 10−7

4.744× 10−7 6.328× 10−6

)
74Ge 608-596 −0.2691(14) 0.294(2) 1.696

(
1.155× 10−6 9.78× 10−8

9.78× 10−8 1.884× 10−6

)
76Ge 546-563 −0.3096(12) 0.2539(15) 1.502

(
9.002× 10−7 5.723× 10−8

5.723× 10−8 1.448× 10−6

)
78Ge 567-619 −0.2847(12) 0.178(2) 1.796

(
8.709× 10−7 7.901× 10−8

7.901× 10−8 1.419× 10−6

)
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[81] Kibédi, T. et al. Publication in preparation.
[82] Lafarge, T. & Possolo, A. The NIST Uncertainty Machine. NCSLI Measure 10, 20–27

(2015). https://uncertainty.nist.gov.
[83] Tuli, J. K. The Evaluated Nuclear Structure Data File. A Manual for Preparation of

Data Sets. National Nuclear Data Center, Brookhaven National Laboratory (2001).
https://www.osti.gov/biblio/779777.

[84] Kulp, W. D. et al. N = 90 region: The decays of 152Eum,g to 152Sm. Phys. Rev. C 76,
034319 (2007).

[85] Currie, L. A. Limits for qualitative detection and quantitative determination. Ap-
plication to radiochemistry. Analytical Chemistry 40, 586–593 (1968).

[86] Gilmore, G. Practical Gamma-ray Spectrometry – 2nd Edition (John Wiley and Sons,
Chichester, 2008).

[87] Morand, C. et al. Niveaux de spin éléve du 72Ge atteints par la réaction 70Zn(α,2nγ)
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