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Svizzera Italiana, I also thank his research team for their collaboration and
the accompanying me during the internship. I also thank all I worked with,
my colleagues, and all the Professors who helped me finalize my Ph.D.
dissertation. Among them I want to mention, with no particular order,
Prof. Pierangela Samarati, Prof. Sabrina De Capitani di Vimercati, Prof.
Paolo Boldi, Dr. Massimo Walter Rivolta, and Dr. Fatme Hachem. I would
also like to thank the administrative staff members of the Università degli
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Abstract
For more than a century, the methods of learning representation and the
exploration of the intrinsic structures of data have developed remarkably
and currently include supervised, semi-supervised, and unsupervised methods. However, recent years have witnessed the flourishing of big data, where
typical dataset dimensions are high, and the data can come in messy, missing, incomplete, unlabeled, or corrupted forms. Consequently, discovering
and learning the hidden structure buried inside such data becomes highly
challenging.
From this perspective, latent data analysis and dimensionality reduction
play a substantial role in decomposing the exploratory factors and learning
the hidden structures of data, which encompasses the significant features
that characterize the categories and trends among data samples in an ordered manner. That is by extracting patterns, differentiating trends, and
testing hypotheses to identify anomalies, learning compact knowledge, and
performing many different machine learning (ML) tasks such as classification, detection, and prediction.
Unsupervised generative learning (UGL) methods are a class of ML
characterized by their possibility of analyzing and decomposing latent data,
reducing dimensionality, visualizing the manifold of data, and learning representations with limited levels of predefined labels and prior assumptions.
Furthermore, explainable artificial intelligence (XAI) is an emerging field of
ML that deals with explaining the decisions and behaviors of learned models. XAI is also associated with UGL models to explain the hidden structure
of data, and to explain the learned representations of ML models. However,
the current UGL models lack large-scale generalizability and explainability
in the testing stage, which leads to restricting their potential in ML and
XAI applications.
To overcome the aforementioned limitations, this thesis proposes innovative methods that integrate UGL and XAI to enable data factorization
and dimensionality reduction to improve the generalizability of the learned
ML models. Moreover, the proposed methods enable visual explainability in modern applications as anomaly detection and autonomous driving
systems. The main research contributions are listed as follows:
• A novel overview of UGL models including blind source separation
(BSS), manifold learning (MfL), and neural networks (NNs). Also,

iii

the overview considers open issues and challenges among each UGL
method.
• An innovative method to identify the dimensions of the compact feature space via a generalized rank in the application of image dimensionality reduction.
• An innovative method to hierarchically reduce and visualize the manifold of data to improve the generalizability in limited data learning
scenarios, and computational complexity reduction applications.
• An original method to visually explain autoencoders by reconstructing
an attention map in the application of anomaly detection and explainable autonomous driving systems.

The novel methods introduced in this thesis are benchmarked on publicly available datasets, and they outperformed the state-of-the-art methods
considering different evaluation metrics. Furthermore, superior results were
obtained with respect to the state-of-the-art to confirm the feasibility of the
proposed methodologies concerning the computational complexity, availability of learning data, model explainability, and high data reconstruction
accuracy.
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Introduction
The rapid advancement of ubiquitous computing, in which computerized systems are
located everywhere, presents challenges related to the nature of data and their latent
structures, which contain significant features; these challenges arise due to the largescale and high-speed interactions that are encountered in both physical scenarios, such
as climate data flows, and virtual environments, such as social and financial data [93].
In particular, the main challenges lie in the massive data volumes of typical datasets;
such datasets may consist of billions of observations or entries that are represented by
high-dimensional blocks of matrices [3, 64, 158].
Typically, for latent data (or big data) analysis, the most difficult tasks include dimensionality reduction and uncovering the hidden structures of these massive datasets,
which contain the latent features and characteristics of the data. Furthermore, the
causality that explains the behavior of the data or models must be interpreted, especially if they include messy data, meaning that the organization of data belonging
to the same category is not standardized and there is clear variability among entries;
missing data, meaning that the observations are incomplete and there is inconsistency
among the variables; or corrupted data, meaning that there is consistency among observations but some entries are damaged [3, 354]. Moreover, the demand to disentangle
the exploratory factors of data to reduce the processing time and produce interpretable
results is currently very important [1, 62]. Accordingly, exploring data to extract the
latent features and factors that constitute their intrinsic structure offers the ability to
address data inflation; thus, learning from the data can be achieved flexibly to build
manageable visualizers, predictors, and classifiers [2, 50, 51, 330].
To build a machine learning (ML) model, it is essential to identify the format that
constitutes the data samples [176]. The data format is categorized into three main
groups according to its type including (i) structured data, that is organized in a specific form and it has a defined length as in time-series and tabular data [164]; (ii)
unstructured data, that lacks the structure as images, videos, and text data [161];
and (iii) semi-structured data, in which graph representations and adjacency relations
among data samples are exploited, as in the social media data that comprises both
structured and unstructured forms [228]. Usually, in ML models the learning is carried
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out from different abstraction spaces, that are constituted from data features and can
be detected by a set of representations [29]; where such representations are inverted
to generate the original data from the abstraction spaces. The data representations
that are commonly used to detect and extract latent features are derived from algebra,
probability approximations, statistical analysis, and graph theory; moreover, they are
usually integrated with ML models to learn data distributions and structures, differentiate patterns, and facilitate visualization and decision making [2, 3, 173, 304].
Unsupervised learning (UL) models are a class of ML tools for learning data distributions, discovering the underlying structures of data, removing redundancies, and
reducing the dimensionality of datasets with limited levels of prior assumptions and
predefined labels [18, 65, 164, 229, 256]. In UL models, it is assumed that the set of
observations (or samples) X (X ⊂ RD , where D is the original dimensionality) can
be algebraically represented by special values called “eigenvalues”, denoted by Λ, and
their corresponding vectors, called “eigenvectors” [1, 169]. Alternatively, X can be
addressed probabilistically by supposing that the set of samples, X, has a joint distribution P (X) (X = {xi | xi ∈ RD , i = 1, . . . , N }); then, analysis can be performed
based on that joint distribution P (x1 , x2 , ..., xN ) [3, 159]. X can also be statistically
represented based on nth -order statistical moments, e.g., the mean, variance, skewness,
and kurtosis [29, 171]. Moreover, X can be graphically represented as a set of nodes,
ν = 1, .., N , and relations between data samples, X, are represented by edges, ε, to view
the data as an undirected or directed graph, G{ν, ε}, where the graph is characterized
by its adjacency matrix A ∈ RN ×N [36, 176, 281].
UL is usually applied in combination with generative modeling, where the task is
to model the distribution P (X), or the compact space, from which the original data
are drawn [251] utilizing a density function f and a set of model parameters θ, in
the form f (X|θ). Generative models are defined as methods or techniques that are
able to transform data into a code or subset of codes from which the original data
can be generated and reconstructed [129]. Moreover, early UL methods aimed to fit
generative models to the given data with a high likelihood, P (θ|X), by eliminating
redundancy and reducing the dimensionality through data preprocessing, thus allowing
useful representations to be obtained [298].
As a statistical preprocessing, normalization utilizes the first and second-order moments, i.e., the mean (µ, or E[X] for discrete data) and the variance (σ), respectively,
to characterize data on a fine-scale or in a white space [143]. However, normalization
alone is not an efficient means of removing redundancies, reducing data dimensionality, or facilitating representation learning. Therefore, this thesis focuses on the ability
of UL-based generative models (UGL) to be used in data analysis to improve the
generalizability through dimensionality reduction (Section 4.1), minimize learning and
visualization complexity (Section 4.2), and to improve accuracy as well as their potential to produce explainable results to elucidate causality and facilitate decision making
(Section 4.3 and Section 4.4) [8, 116].
Recent deep learning (DL) models comprise hundreds of linear and nonlinear layers,
which map the input data X to the corresponding target domain Y. The target domain
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can be a discrete class label as in the case of DL-based classification (e.g., true/ false
classification), or a continuous class label as in the case of DL-based regression (e.g.,
age, price, salary prediction). Alternatively, the target domain can be a specific object
domain as in the DL-based segmentation (e.g., object detection, semantic segmentation, and instance segmentation). Therefore, many different mapping layers are utilized
including fully connected layers (dense multiplication), and convolutional layers as in
the convolutional neural networks (CNNs) [3, 4, 29]. Accordingly, different representations at different levels of abstraction spaces can be learned; however, the performance
decreases when multiple layers are trained simultaneously, and they are susceptible to
diminishing features reuse and overfitting, i.e., learning too many specific details and
noise from the data, which can negatively affect the model performance [128]. Moreover, lacking the explainability when analyzing and learning specific-domain datasets
(or models) has led to undermining the potential of recent models to perform tasks in
many different real-life application domains.
To mitigate these shortcomings, various approaches have been introduced in the
literature and will be highlighted in this thesis including (i) unsupervised pretraining
by which data and the learning parameters are regulated to be in appropriate forms
and ranges concerning redundancy and noise removal [125]; (ii) intelligent weights initialization as in using orthogonal weights W , i.e., W T W = I [140]; (iii) minibatch
normalization and dropout by deactivating some neurons in accordance with a predefined probability [275]; (iv) knowledge transfer and domain adaptation by utilizing
representations from related domains [257]; (v) and skip connections (residual learning)
by adding layers that apply an identity mapping f (X) to copy early layers X [120];
and (vi) explainable artificial intelligence (XAI) methods that are introduced to build
a level of confidence, or understanding, by explaining and interpreting the learned
representations when generalizing the learned model to real-life production (testing)
stage, and they are also introduced to improve the model accuracy by improving and
incorporating different optimization objectives [4, 188].
Consequently, the generalizability and explainability for unseen data (any data do
not consider in model training) are improved according to the above approaches; especially, when building UL models for data visualization and distribution encoding
to make a prior knowledge [296, 298], dimensionality reduction to remove the redundancy and address missing data [1, 2], object recognition and detection tasks [227],
autonomous driving and semantic segmentation [4], or when proposing new representations learning strategy as in Generative Adversarial Networks GANs based on min-max
optimization losses approach [133].

1.1

Relevant Application Domains of UGL Models

Currently, UGL models (including DL models) offer valuable capabilities for exploring
and learning datasets from different application domains. These capabilities have led
to success in modern ML applications in which such models are used at an early stage
to prepare the data and then learn representations, thereof regardless of whether the
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Table 1.1: Relevant application domains and finer-grained categorization of the stateof-the-art UGL models, namely, blind source separation (BSS) models, manifold learning
(MfL) models, and neural network (NN)-based models.

Family

Category
Statistical

BSS

Structure

Probabilistic

Global
MfL
Local

Energy

Autoencoder
NN

Adversarial

Application Domains
Missing data [291], Multivariate data analysis [321],
Dimensionality reduction [5, 94], Pattern recognition [183],
Clustering [220], Polynomial feature extraction [258], Signal
unmixing and separation [142], Coding and decoding [131]
Data mining [51], Hyperspectral image processing and signal
separation [64], Explainable artificial intelligence and
low-rank approximation [1, 7], Tensor data learning [158],
Missing data and collaborative filtering [24], Dimensionality
reduction[62], Object recognition [51]
Latent data mining [205], NLP and topic modeling [42, 108],
Data visualization and topographic mapping [11], Clustering
and Dimensionality reduction [343, 350]
Global data visualization [289], Dimensionality reduction
[169], Clustering and interpolation [273, 344], Global joint
mapping [74], Graph and multimedia analysis [132],
Classification and regression [328], Time series analysis [325],
Topological analysis [17]
Local data visualization [2, 297], Data behavior analysis
[244], Dimensionality reduction [298], Clustering and
interpolation [221], Local joint mapping [315, 345], Social and
biological analysis [327], Object recognition [297], Graph and
tensor analysis [179]
Model pretraining and representation normalization [128],
Object reconstruction [6], Object recognition [61, 197], image
classification [173], Speech recognition [202], Image and
speech interpolation [252], Multimodal learning [276]
Anomaly detection [188], Encoding/decoding [248], Image
segmentation [326], Collaborative filtering [337], Cybernetics
[322], Object recognition [153], Natural language processing
[269], Disentangled learning [122], Autonomous driving
systems [4, 95]
Data generation and synthesis [105, 218], Image denoising and
deraining [312], Image-to-image translation [356], Multiclass
labeling [200], High-resolution image learning [76, 83, 307],
Multimodal image synthesis [218], Object recognition and
shape learning [323], Natural language processing [182],
Graph learning[107], Chest COVID-19 X-ray detection [189]

5

1. INTRODUCTION

samples are unstructured, structured, or semi-structured (See section 1).
Table 1.1 highlights the existing research in terms of the application domains and a
fine-grained taxonomy among the state-of-the-art UGL models. Specifically, Table 1.1
encompasses three kin families of UGL models including blind source separation (BSS),
manifold learning (MfL), and neural network models (NN) due to their potential in big
data learning and XAI applications. Additionally, categorizing the models (see the
second column in Table 1.1) is implemented based on the model’s learning concept
and methodology for each subgroup of models. Moreover, the main utilization of such
models can be summarized in the application of data analysis and dimensionality reduction, visualization and manifold learning, object detection and segmentation, natural
language processing (NLP), machine translation, object recognition/ prediction, XAIpowered systems, and other applications.

1.2

Performed Research and Novelties

Related works that focus on UGL models for data analysis, representation learning
(rather than only deep learning models), and XAI have not thoroughly covered the
recent aspects and challenges of interest in this field. The main challenge lies in the
generalizability, where the learned ML model is generalized for the large-scale production (or testing) stage that is coupled with unseen and diverse data. Another recent
challenge is raised due to lacking interpretability when analyzing real-life datasets, or
explainability when building DL models without uncovering the black box of learned
parameters (weights and biases) to explain how they are learned.
This thesis presents innovative methods for data analysis and XAI applications
based on UGL models, which are able to improve generalizability and offer novel explainability techniques for modern ML applications. The realized approaches include
BSS, MfL, NNs models based on UGL to facilitate data learning and dimensionality
reduction, manifold visualization, computational complexity reduction, and the application of XAI in anomaly detection and autonomous driving system (ADS).
The first goal of this thesis is to review the current state-of-the-art UGL models
based on the theoretical, mathematical foundation, application, and development points
of view. Indeed, only a few works in the literature have reviewed and discussed these
topics, such as [29, 354]. A comprehensive overview of unsupervised representation
learning was presented in 2013 [29], which reviewed the probabilistic, MfL, and DL
models. By contrast, the overview presented in [354] was brief, and the taxonomy of
methods was restricted to traditional and DL models, excluding state-of-the-art models
and research challenges. The history of deep learning based on NNs was addressed
in 2014 [257] through a review of supervised learning, UL, reinforcement learning,
and evolutionary computation without highlighting the current challenges and recent
developments among the state-of-the-art UGL models.
Accordingly, a novel overview of UGL models has been performed in this thesis,
where the objective of making interested researchers aware of the current status of the
field of unsupervised generative methods by reviewing the most common and state-
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of-the-art models. In contrast to recent works that have targeted specific disciplinary
perspectives, e.g., data science excluding representation learning procedures [50], deeplearning-based NNs [227], and GANs [133]. Moreover, this thesis presents the models’
foundation, development, research challenges among three kin families of UGL models.
The first family of models is BSS and its extensions, which are intended for extracting
representative factors from shallow and massive datasets. The second family of models
is considered in this thesis consists of MfL-based generative models, which can accommodate data in joint spaces and offer powerful strategies for visualizing low-dimensional
embedding of the original data. Finally, this thesis presents a review of generative NNs
models from shallow to deep, concerning showing the advantages achieved by integrating these three categories of models for effective representation learning.
The second goal of this thesis is to introduce innovative approaches to improve the
generalizability of UGL models concerning the production stage, i.e., testing the model
with more data samples than the training ones. Considering that many different approaches were introduced in the literature to improve the generalizability by learning
data with additional noise, or by integrating additional penalties to the optimization
objective to enforce models to learn new different representations. However, such methods require more computational time, and they did not perform well in reconstruction
or generation tasks due to the overfitting when learning data.
Thus, this thesis proposes innovative methods to improve the generalizability of the
learned representations by means of data factorization and dimensionality reduction. In
this regard, the introduced methods motivate data decomposition by nonnegative data
(matrix) factorization (NMF) to decompose data into compact subspaces. Accordingly,
the redundancy is removed, and the representations are learned from a rooted version of
data to carry out the model training and testing procedures for many different ML tasks,
such as reconstruction, generation, and recognition. Moreover, a novel method based
on hierarchically reducing the dimensionality of data to minimize the computational
complexity when visualizing the manifold of data is presented in this thesis.
The third goal of this thesis is to propose an innovative method to improve the
explainability of deep autoencoder models and XAI-based applications. Recently, deep
autoencoders were utilized to perform object detection and segmentation tasks concerning modern applications such as anomaly detection and ADS. Also, recent models
have introduced visual XAI methods that are induced by attention mapping, which
aim to visualize the learned representations and to draw a level of confidence about the
model performance. However, recent works were proposed based on offline attention
mapping, i.e., after learning the model, neglecting the online explainability in which
XAI objectives are integrated into the model optimization objective to give a better
visual explainability, and to improve the model generalizability.
Consequently, this thesis offers an innovative XAI method based on the second-order
derivative between the latent space of autoencoders with respect to the encoding layers.
The proposed method is able to capture the temporal variations of neurons’ activations
during learning time, which are aggregated to build attention maps to visually explain
the learned representations. Besides the explainability, the proposed method showed its
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ability to improve the model’s performance by incorporating a novel attention loss to the
optimization objective. Moreover, the proposed XAI method are used to explain the
behavior of the variational autoencoder model (VAE), concerning one-class anomaly
detection in which the learned model is able to characterize data samples that are
misrepresented from what is normal. Furthermore, the introduced XAI method are
utilized to build a multiscale explainability for ADS applications, where the proposed
model is able to semantically segment the data samples utilizing a separate attention
map at each encoding scale (or layer).

1.3

Formalization, Conventions, and Basic Concepts

Because unsupervised learning has been studied in diverse fields, the terminology and
mathematical notations that are reported in Table 1.2 and used in the literature can
differ, even when referring to similar (or identical) concepts. To assist the reader, this
thesis uses a uniform formalization, stressing the alternative terminologies that can be
found in the literature when needed. In addition, although the techniques and learning
paradigms reviewed in this thesis can be applied to datasets consisting of elements with
a complex structure, our explanations will consider only the simplest form: a dataset of
arrays of features. Without loss of generality, the data are given as a dataset X ⊂ RD :
X = {xi | xi ∈ RD , i = 1 , . . . , N }

(1.1)

where D is the dimensionality of the original data space, i.e., the number of features
in the original data, and N is the number of data samples. Alternatively, the dataset
X can be represented as a matrix, where the ith row is the ith element, xi , and the
columns represent the feature points. Unless potentially ambiguous, we will use the
same symbol, X, for the matrix described above, where d is the dimensionality of the
reduced space and M is the number of mapped features in the embedding space.
UGL algorithms aim to generate a new representation of the data in a lowerdimensional subspace, Z ⊂ Rd , by applying a suitable mapping, f : RD → Rd (where
d << D), to the original data:
Z = f (X) = {zi = f (xi ) | i = 1 , . . . , M }

(1.2)

where Eqn. 1.2 can be seen as an encoding of the data belonging to the original space,
as in autoencoder (AE) models (see Section 2.3.2). Moreover, for AE models, the
corresponding decoding function can be devised as follows: g : Rd → RD ,
X̃ = g(Z) = {x̃i = g(zi ) | i = . . . , N }

(1.3)

However, when approximations are required (e.g., for noise removal), the composition
of the two functions does not produce an identity mapping: f ◦ g 6= I and x̃i 6= xi
(although they should be similar).
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Table 1.2: List of notations and mathematical symbols used in the thesis.

Notation
X ∈ RN ×D
X ∈ Rn×m×p
N
Z ⊂ Rd
f : RD → Rd
g : Rd → RD
d
E[X]
U
Σ
J, H(X)
◦
Λ
ǫ
Z
k.k∗
P (V ), P (X)
P (v|h)
∂

Description
Dataset, matrix, or
second-order tensor
Three-way dataset or
third-order tensor
Number of original
data samples
Lower-dimensional
space or latent space
Mapping or encoding
function
Reconstruction or
decoding function
Embedding or latent
spaces dimension
Expectation value of a
random variable
Left singular vectors,
orthonrmal matrix
Diagonal matrix of
singular values
Negentropy, differential
entropy
Composition of linear
mappings
Eigenvalues in a
diagonal matrix
Radius or variational
parameter
Core tensor in Tucker
decomposition
Nuclear norm is
obtained from SVD
Prior distribution of
data
Conditional probability
of v given h
Partial derivative, or
rate of change
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Notation
D
n, m, p
M
r
CX,X
X̃
k.kF
KL(XkX̃)
V
I
A
⊗
G
W, B
λ
Tr
h
P (v, h)
θ

Description
Dimensionality of the
original data space
Indices of row, column,
and depth
Mapped features in the
embedding space
Data or matrix rank in
NMF and SVD
Covariance matrix, X
is the original data
Reconstructed data
after learning
Frobenius norm used as
a reconstruction metric
Kullback-Leibler (KL)
divergence
Right singular vectors,
orthonrmal matrix
Identity matrix (ones
in the diagonal)
Reconstruction
coefficients
Outer or tensor
product
Weighted or finite
graph
Learning weights and
biases
Eigenvalue or scaling
factor
The trace of data
matrix
Hidden or latent
variable
Joint probability of v
and h
Learning parameters,
i.e., weights and biases

1. INTRODUCTION

In the statistical context, the features of xi are called observable, or explanatory
variables, while the features of zi are called latent, or hidden variables or factors. The
data are seen as samples that are representative of a larger population and hence can
be used to estimate various properties of the whole population. Common statistical
indices used to describe a population distribution are the (sample) mean, variance,
covariance, and kurtosis [163]. Several methods described in the thesis are based on
properties of the distribution that are estimated from the statistics of the sampled data
(e.g., the P
mean of a random variable, E[xi ], can be replaced by the mean of the data,
µ = 1/N N
i=1 xi ), and in the following, the statistics of the sample and the population
will be referred to interchangeably. The mean µ describes the central tendency of the
population, while the variance σx describes the spread of the distribution around the
mean. When a sample of data is multivariate (which is typical), the auto-covariance
matrix, CX,X , is introduced :
CX,X =

T
ΣN
i=1 (X − µX )(X − µX )
N −1

(1.4)

where CX,X describes the linear relationships between every pairs of scalar components.
For a zero-mean variable, CX,X coincides with the autocorrelation matrix (E[X ⊺ X]). A
similar concept is the Pearson correlation coefficient, ρ, of random variables or a matrix,
which is the covariance matrix of the standardized X (i.e., the variable obtained by
shifting X by its mean and scaling it by its standard deviation) and expresses the linear
correlations in terms of a dimensionless index:
ρ=

CX,X
σX σX

(1.5)

The calculation of standardized variables is a common preprocessing step in data
analysis and is called whitening. In addition to simplifying algorithm procedures,
whitening of the data enables a fairer evaluation of the contribution of each component to the phenomenon described by the data. Other indices of interest are the
skewness (which measures the asymmetry of a probability distribution and is defined
as a third-order statistic), and the kurtosis (which gives information about the shape
of the probability distribution and is defined as a fourth-order statistic). In particular,
kurtosis is used to measure the similarity of the data distribution to the Gaussian distribution with the same variance. The kurtosis is defined as kurt(X) = E[(X − E[X])4 ] −
3E[(X − E[X])2 ]2 , which, for zero-mean data, becomes kurt(X) = E[X 4 ] − 3E[X 2 ]2 ;
in the case of whitened data, it simplifies to E[X 4 ] − 3.
Two distributions p (represents original data xi distribution) and q (represents the
distribution of approximated data x̃i after learning) can also be compared using the
Kullback-Leibler (KL) divergence, which is also known as a relative entropy (since it is
a relative, thus no measurement unit is given for the score) [163, 204]:
KL(pkq) =

Z

p(x) log
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p(x)
dx
q(x̃)

(1.6)
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which is always nonnegative and tends to zero if and only if p and q are almost equal
in the distributions. The KL divergence can also be generalized to enable matrix
comparisons:
X
Xi, j
− Xi, j + X̃i, j ]
(1.7)
KL(XkX̃) =
[Xi, j log
X̃
i,
j
i, j
Practically, the KL divergence measures if two distributions p and q are equal
(or identical) almost everywhere in the distributions, thus no divergence comparison is
required in case when q is equal to 0, or when q contains no information, i.e, log 0p → ∞.
Moreover, the base of the log-term in Eqn. (1.6 and 1.7) can be expressed either in the
base-nat (base-e or base-10), or base-bit (Shannons or base-2); whereas, when basenat is considered, then the output score must be equal to 0 if both p and q identical
everywhere in the distributions, otherwise, the score will be positive taking into account
that the KL divergence is an asymmetrical divergence, i.e., KL(p||q) 6= KL(q||p) [37].
However, considering the base-2 in the log term reflects the number of bits required
to encode data or information that is represented in p distribution in a compact or
learned form that is drawn in q distribution, taking into account minimum information
and loss after encoding. Furthermore, the KL divergence is extended in the JensenShannon divergence JS [181] to enforce the resulted score to be a normalized-symmetric,
i.e., JS(p||q) = JS(q||p), where the JS is obtained as follows:
1
1
JS = (KL(p||M )) + (KL(q||M ))
2
2

(1.8)

where M = 21 (p + q).
Another class of divergence metrics that has been used in the literature to quantify
the difference between two probabilistic distributions is termed as β-divergences, which
is a group of metrics that comprises the Itakura-Saito divergence (IS) when β = 0,
the KL divergence when β = 1, and the Frobenius norm when β = 2 [63]. The
distributions p and q are referred to x and x̃, respectively, in the context of matrices
or images comparison:
p
p

 q − log q − 1,
dβ (p||q) = p log pq − p + q,

1
β
β
β
β (β − 1)(q + (β − 1)q − βpq ),

β=0
β=1

(1.9)

otherwise

The Frobenius norm [222] that is utilized to measure the difference between the
two matrices (or data samples), kX − X̃kF , is also commonly used for quantifying
the similarity between two images in the context of image recognition; when the score
difference between two images is zero, then it reflects that two images are identical and
can be calculated for each image (or matrix) as follows:
k.kF =

sX
i,j
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Furthermore, a comparison between data distributions can be carried out in a lowdimensional space by utilizing rank, r, truncation methods. The rank is the dimensionality of the data, represented in a matrix, in terms of the number of columns or
rows and can be utilized to reduce the data dimensions by eliminating columns that
are linearly dependent while retaining only columns that are linearly separable [1].
Finally, besides the abovementioned metrics, the structural similarity index (SSIM)
has been proposed in [310] and is mainly used for image quality assessment. Moreover,
it measures the quality of an image after encoding or carrying out learning procedure,
i.e., it indicates the quality of reconstruction in the AEs models (See section 2.3.2),
and it measures the quality of image generation from scratch as in GANs models (see
Section 2.3.3.1). Unlike the most widely utilized image quality metrics which reflect
the absolute error, such as mean square error:
MSE =

1 N
Σ
(X − X̃)2
N i=1)

(1.11)

or pixel-to-noise ratio:
PSNR = 10log(pr) − 10log(MSE)

(1.12)

where pr is the pixel range in an image (pr = 255 for a gray-scale image), the SSIM
estimates its score based on the dependencies between local pixels preserving symmetry
property. Furthermore, it measures the similarity by windowing images (e.g. window
x from original image and x̃ from the reconstructed one) to simplify the computation:
SSIM(x, x̃) =

(2µx µx̃ + c1 )(2Cx,x̃ + c2 )
(µ2x + µx̃2 + c1 )(σx2 + σx̃2 + c1 )

(1.13)

where µx , µx̃ , σx , and σx̃ are the statistical components that are derived from the
original and reconstructed window, respectively, and Cx,x̃ is the window covariance
matrix; c1 = (k1 L)2 , c2 = (k2 L)2 are stabilizers components and L is the range of pixel
vales and obtained as 2pr − 1, where both k1 , k2 are equal to 0.01 and 0.03, respectively.

1.4

Thesis Structure and Organization

The thesis is structured as follows:
• Chapter 2 presents a novel overview of the current UGL models that are utilized
in data analysis, representation learning, and XAI applications. In particular, it
reviews three kin families of models including BSS, MfL, and NNs. Chapter 2 is
organized as follows:

– Section 2.1 reviews three subsets of BSS models, namely, statistical, structural, and probabilistic-based approaches. Moreover, the same section highlights the importance of such methodologies for disentangling the main and
latent factors influencing data analysis.
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– Section 2.2 summarizes MfL models, separated into global and local methodologies, for constructing low-dimensional embeddings. Additionally, the
same section discusses the value of such models in capturing meaningful
representations and reconstructing messy and corrupted data.
– Section 2.3 presents a review of NNs-based models, from shallow to deep,
including energy, autoencoders, and generative adversarial learning-based
models, which are utilized to learn the representations among data.
• Chapter 3 describes the current open issues, research challenges, and future research direction of the reviewed UGL method at Chapter 2 for data analysis and
XAI applications. Chapter 3 is organized as follows:

– Section 3.1 presents the role of BSS in XAI data analysis, where it gives the
development of BSS models and future directions for many different data
types in the form of tabular, image, video, and signal data.
– Section 3.2 introduces the current role of MfL in preparing data and visualization, where it highlights the developments and future directions for
local and global MfL methods. Moreover, the same section shows the role
of integrating BSS and MfL methods for real-time big data exploration.
– Section 3.3 reports the considerations, challenges, and future directions of
the reliable NNs-based models. Also, it comprises the recent trends of DL
models from the architectural and optimization point of view. The same
section highlights the role of integrating BSS, MfL, and NNs models to
facilitate learning procedures and generalize standard deep UGL models.
– Section 3.4 highlights the current XAI attention mapping methods that are
utilized to build visual XAI attentions of the learned deep NN models. Moreover, the same section introduces the research issues and future considerations to build reliable XAI attention.
• Chapter 4 describes our proposed investigations and experimental analysis to
cope with the generalizability and explainability of recent UGL models. In particular, this chapter introduces NMF rank approximation for data factorization
to reduce the dimensionality, and to learn from limited data aiming to improve
the generalizability of autoencoders. Moreover, the same chapter contains a novel
XAI method based on the online gradient attention mapping to improve the explainability of the deep VAE. Chapter 4 is organized as follows:

– Section 4.1 introduces a novel method to obtain the nonnegative rank, r,
that is imposed as a prior for β-NMF data factorization, which is used in
explainable dimensionality reduction.
– Section 4.2 highlights an innovative method to improve the generalizability
(large-scale testing) of autoencoders learning, where the proposed method
depends on the NMF and rank approximation introduced in Section 4.2.
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– Section 4.3 presents a novel method to explain the VAE models based on
the second-order derivation between the latent space (bottleneck) concerning
the encoder layers. The same section contains the experimental analysis of
the proposed method in the field of one-class anomaly detection.
– Section 4.4 introduces multiscale variational attention mapping method for
explainable image segmentation, where the introduced method expands the
role of gradient attention mapping method that is introduced in Section 4.4
for ADS applications.
• Chapter 5 summarizes the work and the obtained results, the originality of the
contribution, and then presents a series of possible future works.
• Appendix A contains the list of publications in which some of the ideas and
significant results present in this thesis were published.
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2

State of The Art of Unsupervised
Generative Learning (UGL)
Models
2.1

Blind Source Separation Models

Typically, massive-scale datasets are naturally aggregated from several sources; they
are also inherently heterogeneous and may include messy, missing, or corrupted data.
Accordingly, disentangling the exploratory factors from such datasets to reduce their
dimensionality, understand the causality of their behavior and the natural interactions
among the data, and visualize the latent features are extremely important tasks for
achieving flexible learning based on suitable representations.
BSS models are a set of methods and techniques that are valuable for splitting up
mixed sources, signals, and data points [357]. Moreover, BSS models are utilized in
many different fields including speech signal analysis and recognition, image processing,
electroencephalogram (EEG), electrocardiogram (ECG), and musical signal separation
as it is shown in Fig. 2.1. Furthermore, BSS methods share the same goal of using the
original data and subjecting them to a set of operations such as nth -order statistical
analysis, matrix decomposition, and probabilistic estimation [3]. BSS methods are also
closely associated with unsupervised representation learning and XAI, through which
the hidden structures of the data, signal sources, or learned representations can be
discovered, separated, isolated, and interpreted.
Consequently, BSS methods can be used to decompose the original data samples or
points in a massive-scale dataset into a set of linear combinations, thereby facilitating
learning and reducing computational complexity [25]. In the following, we provide a
brief summary of the three main types of BSS methods: those that are derived from
statistical analysis in section 2.1.1, those related to structural or matrix decomposition
in Section 2.1.2, and those that are derived from probabilistic modeling (PBMs) in
Section 2.1.3.
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Figure 2.1: A typical BSS model for musical signals separation.

(a) Gaussian Distribution

(b) Skewness of Gaussian

(c) Kurtosis of Gaussian

Figure 2.2: The graphical representation of the statistical moments, where the first and
second moments (µ, σ, respectively) are used to draw the Gaussian (or normal, X ∼
N(µ, σ 2 )) distribution that is depicted in Fig. 2.2(a); the third moment is the skewness of
the data distribution and is shown in Fig. 2.2(b); the fourth moment is the kurtosis of the
data distribution is exhibited in Fig. 2.2(c).

2.1.1

Statistics Based Models

Statistics-based models (SBMs) are a class of BSS models that depend on statistical
moments that provide information about the variability and location (dispersion or
spread) of a set of data points for feature (or sample) X; they also offer insight into
the data distribution. Moreover, such moments are widely used in statistical data
exploration to describe the characteristics of estimated parameters θ (mean, variance,
etc.) or sets of data points Xi . For a given dataset (or matrix) X ⊂ RD , X = {xi | xi ∈
RD , i = 1, . . . , N }, the first moment (first statistical parameter) is the mean of the
xi
2
data, µ = ΣN
1 N ; the second moment is the variance, σ = Σ(xi − µ) ; the third moment
x3

i
is the skewness, Sk = ΣN
1 N , which is described in terms of the normalized variance;

x4

i
and the fourth moment is the kurtosis, Kr = ΣN
1 N , which is regarded as a high-order
statistic and can be obtained from the normalized version of the third moment [163].
Fig. 2.2 depicts the graphical representation of the statistical moments.
SBMs are utilized in different applications to remove correlations, feature extraction,
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and dimensionality reduction. In the following, we highlight the two basic methods:
principal component analysis (PCA) [220] in Section 2.1.1.1 and independent component analysis (ICA) [67] in Section 2.1.1.2. These techniques are interrelated with the
forthcoming sections, as in the PCA connection to Sections 2.2.1 and 2.3.2.
2.1.1.1

Principal Component Analysis

PCA, proposed by Pearson [220], was one of the earliest methods used to determine
the correlations among data and to reduce the dimensionality of the original space by
projecting the data X ⊂ RD into a lower-dimensional subspace Z ⊂ Rd , d << D.
In the formalization defined in Section 1.3, the PCA attempts to find a mapping f
that preserves, to the greatest extent possible, the variance (second moment) of the
original data points once they are projected into the reduced space Z. Without loss
of generality, in the following, X can be taken to be a zero-mean (normalized) data
matrix, corresponding to X − µX . Because the variance of a feature can be influenced
by the measurement units used to express it, a commonly used preprocessing procedure
for X is normalization. PCA is applied in various domains, and its mathematical and
statistical properties can be derived using different conceptual tools.
Mathematically, in PCA, the mapping f : RD → Rd generates a linear transformation matrix U ∈ RD×d , whose columns map each data vector xi to corresponding
elements zi , called the principal components of xi :
Z = XU

(2.1)

Because the columns of U are constrained to be unit vectors that are normal to each
other (U ⊺ U = I, to restrict the orthogonal lengths between singular values and bound
the optimization to avoid a quadratic explosion of the optimization), they constitute
an orthonormal basis for the mapping domain Z. The estimation of the projection can
be treated as an optimization problem to find the principal components that achieve
the highest variance among data points:
U = arg max Û ⊺ CX Û

(2.2)

Û

where CX is the covariance matrix of X and is given as:
1
X ⊺X
(2.3)
N −1
where N is the total number of the data points in a feature vector (or sample), and
it is utilized as a normalization factor. The optimization is constrained such that
the variances of the transformed dataset along the U basis directions are sorted in
decreasing order w.r.t. the basis element order, i.e., the first column of U matrix
corresponds to the highest eigenvalue of CX , the second column of U corresponds
to the second largest eigenvalues of CX , and so on. The features in Z are hence
uncorrelated and capture most of the variability of X. Thus, the usage of the covariance
matrix CX allows PCA to be applied for statistical analysis tasks. Fig. 2.3 shows the
CX =
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Figure 2.3: The graphical representation of two principal components that are taken
from the decomposition of the covariance matrix CX , where the purple line arrow is the
direction of the first principal component which is corresponded to the largest eigenvalue
(λ = 9), and the green line arrow reflects the second principal component direction which
is associated with the second largest eigenvalue (λ = 1).

graphical representation of two principal components. Moreover, it can be shown that
the columns of U can be formed from the eigenvectors of CX (which describe the
directions of maximum variance) with the d largest eigenvalues Λ. Finally, the inverse
of the mapping g : Rd → RD generates, or reconstructs, the original data X from its
mapped space Z as follows:
X̃ = g(Z) = ZU ⊺ = XU U ⊺

(2.4)

PCA can also be derived on the basis of geometrical considerations [147]. Here, the
process can be iteratively described as finding one orthonormal basis component ui at
a time. The direction of the first component, u1 , is defined by the best-fit line which
passes through the origin, and the projection of the data xi onto ui is given as follows;
proxu =

xi .ui
||xi ||2

(2.5)

where the line is optimized such that the average projection residual of the data onto
u (i.e., the mean squared distance of the original data from their projections onto u) is
minimized by using mean square displacement (MSD) as follows:
1
Σi=1 |xi − proxu |2
(2.6)
N
The other basis components can be found by generalizing the above approach to a search
for the best-fit line for the differences between the original data and their thus-farcomputed principal components. The unit vectors along the best-fit lines and the sum
of the squared distances correspond to the eigenvectors and eigenvalues, respectively,
in the mathematical definition of PCA presented above. Another property of PCA is
that U is the projection in a d-dimensional subspace Z that maximizes the expected
MSD =
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Euclidean distance between pairs of projected vectors (i.e., the projected vectors are as
spread out as possible).
Several extensions of the PCA method have been reported in the literature. Among
others, dual PCA [183], kernel PCA [258], and probabilistic relational PCA [178, 291]
have been developed. Dual PCA relies on decomposing the right singular vectors obtained through singular value decomposition (SVD) (further details on SVD can be
found in Section 2.1.2.1). Kernel PCA can be used for nonlinear data reduction. In
kernel PCA, a mapping function φ(·) is used to spread the data X throughout the
high-dimensional space in which PCA is performed; a proper kernel function involving the inner product in the φ space enables the computation of the eigenvectors and
eigenvalues of the covariance matrix in that high-dimensional space [258]. In the probabilistic PCA [291], the optimization enforces each basis u to follow a certain Gaussian
to ensure that all principal components are independent. However, in probabilistic
relational PCA [178], it is instead assumed that the data are not independent and
identically distributed (i.i.d.). In this regards, two subsets of the data follow (i.i.d.)
when the values of data points in a subset do not affect the values of the other subset
(independent), and changing the values setting doesn’t change µ and σ for each subset
(identical).
2.1.1.2

Independent Component Analysis

ICA [67], attempts to find linear representations of non-Gaussian data in an unsupervised manner, is considered to be another powerful technique for source separation and
data exploration. In contrast to PCA (Section 2.1.1.1, in which Gaussianity of the
data is assumed and global projection is performed, ICA considers non-Gaussianity
and local data projection. It also operates on signals resulting from the superposition
of different sources that must be separated; such sources can be formed from multimicrophone with different wavelengths in audio signal systems, or from the electromagnetic spectrum (range of frequencies) that build hyperspectral images. Fig. 2.4 shows
the graphical representation of ICA for speech separation, where a similar graphical
representation is utilized for RGB and hyperspectral images unmixing.
Intuitively, the problem can be explained using the cocktail party analogy, in which
several people are speaking while several microphones record their speech, and the goal
is to recover the separate speech signals from the recordings. Formally, the problem is
to represent a multivariate signal (x1i , x2i , ..., xD
i , i = 1, ..., N ) as a linear combination
of independent components following a non-Gaussian distribution [143]. In the formalization defined in Section 1.3, the features of xi represent the recordings from the D
sensors at the ith instant and are a linear combination of the d sources described by
the components zi . ICA involves the construction of a generative model as follows:
X = ZA + R

(2.7)

where A is called the mixing matrix (weights) and describes how each source contributes
to each feature, and R is the factorization, decomposition, or unmixing residual. Al-
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Figure 2.4: A typical ICA block diagram for speech processing, where W represents the
window size in a period of time. Moreover, a similar block diagram and learning procedure
are applied for image channel separation.

ternatively, ICA can be formulated as the search for a transformation matrix U such
that the columns of Z, where Z = XU , are independent [142].
As in PCA, without loss of generality, X can be assumed to be a zero-mean data
X = (X − µX ), implying that Z has the same property. Because ICA decomposition is
possible up to proper scaling of Z and A, a common hypothesis is that each zi should
have unit variance, which limits the ambiguity of the decomposition to the sign (i.e.,
a scaling factor of -1). The whitening of the data (i.e., the linear transformation of
the data into a zero-mean, with columns that are uncorrelated and have unit variance)
simplifies the ICA computation, and hence, it is a common preprocessing step for ICA
(notably, PCA can be used for this purpose). Also, because it is not possible to rank
the importance of the components and accordingly discard some components after ICA
decomposition has been performed, dimensionality reduction should instead be performed during preprocessing, if at all. However, an absence of correlation is necessary
(but not sufficient) for independence. Specifically, random variables are mutually independent if their joint probability can be expressed as the product of their marginal
probabilities as follows:
Y
Pz1 , ..., zd (z1 , . . . , zd ) =
Pzi (zi )
(2.8)
i

where, if the values of any subset of the random variables do not provide any information
regarding the values of the other variables. Thus, a correlation merely indicates a
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linear trend of the variables (as in PCA), and hence, a lack of correlation does not
imply independence (unless the variables are Gaussian), and there are many different
considerations are taken to achieve the independence and optimize ICA factorization.
The main tool for computing ICA components is the non-Gaussian property: essentially, it can be shown that choosing the zi that maximize the non-Gaussianity ensures
their independence. The kurtosis (Section 2.1.1) is a classical statistical moment used to
measure non-Gaussianity and can thus be exploited to estimate the components using
several less computationally demanding algorithms: Z can be estimated by minimizing
the kurtosis of the components. However, the kurtosis is quite sensitive to outliers
and noise [142]; as an alternative, a more robust measure of non-Gaussianity defined
in the field of information theory is the negentropy (J) [163]. Among all statistical
distributions with the same µ and σ, the Gaussian distribution has the largest entropy:
Z
H(X) = − P (x) log P (x) dx
(2.9)
The negentropy is defined as the difference between the entropies of the Gaussian
distribution and Z as follows:
J(Z) = H(ZGauss ) − H(Z)

(2.10)

where, J(Z) can be used as a measure of the non-Gaussianity of Z. However, because
the definition of the negentropy involves probability distributions that are usually unknown, estimation of these distributions is required, which makes the algorithms more
computationally expensive. Another tool that can be used to measure the independence
of the components is the mutual information:
I(z1 ; . . . ; zd ) =

d
X

H(zi ) − H(Z)

(2.11)

i=1

where for two variables z1 and z2 ,the mutual information is computed as:
I(z1 ; z2 ) = H(z1 )H(z1 |z2 )

(2.12)

When the components are independent, the entropy of their joint distribution is equal
to the sum of the entropies of the individual components; when the components are not
independent, the entropy of their joint distribution is smaller. Equivalently, independence can be tested using the KL divergence (Eqn. (1.6)) between the joint distribution,
P (z1 , z2 , ..., zi ), and the product of the marginal distributions, P (z1 )P (z2 ), ..., P (zi ), of
the components. Eventually, the original data can be generated from the separated
components, i.e., Z = XE and E = A−1 , by mixing the components as:
X̃ = g(Z) = ZE ⊺
such that EE T = I.
Among the prevalent ICA-based models, low-complexity coding and decoding (lococode) [131] is a nonlinear ICA that is built based on the sparse regularization of an
autoencoder (see Section 2.3.2.1). Finally, we refer the reader to [142] for more details
and other ICA extensions.
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Figure 2.5: The graphical representation of dataset decomposition, where the colored cells
reflect numeric values if the data comes in a tabular format; they reflect pixel’s intensities
if the data is represented in an image format, and they reflect nodes values if the data is
introduced in the context of graph learning. Also, the preparation step is an optional stage
and can be exploited for data standardization and pre-clustering.

2.1.2

Structure Based Models

Structure based models are considered the pillars of UGL and dataset decomposition.
The intuition behind such methods is that instead of directly exploring or learning from
the original data, it is desirable to simply decompose the dataset’s structure into a set of
subcomponents. Then, learning based on the representative factors can be implemented
flexibly. Fig. 2.5 depicts the graphical representation of the structural decomposition
of data, where the dataset can be introduced in the tabular, image pixels, or graph
format.
A given dataset X ⊂ RD can be factored into a product of two matrices, X ≈ U V =
ui1 v1j + ui2 v2j + ... + uim vnj , for i = 1, ..., m and j = 1, ..., n, where m and n are the
numbers of rows and columns, respectively. Moreover, this expression is valid in several
different techniques when diagonal matrices are introduced for various purposes, such as
the singular value matrix Σ in SVD, i.e., Σ = δ1 , δ2 , ..., δn ; accordingly, the generalized
form for the decomposition of a given dataset X:
X ≈ U1 δ1 V1⊺ + U2 δ2 V2⊺ + ... + Un δn Vn⊺

(2.13)

where U and V are called the left and right decomposition matrices, respectively, and
the δn are diagonal scalars. In SVD (Section 2.1.2.1), these scalars represent the singular
values that identify the data rank r (r is the number of feature vectors or columns that
are linearly separable); however, δ = 1 in other methods, such as nonnegative matrix
factorization (NMF) (Section 2.1.2.2). In the following, we provide a brief overview of
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Figure 2.6: The graphical representation of truncated SVD, where data X is formed in
colored cells that reflect specific intensities of image pixels, or they give numeric measurement values when data comes in a tabular form. Moreover, X is the original data, X̃ is
the reconstructed data, and the rank r reflects the dimensionality in the mapped space Z
and can be obtained by counting the highest singular values of the matrix Σ.

the major structure-based methods, namely, SVD [155] in Section 2.1.2.1, NMF [215]
in Section 2.1.2.2, and tensor decomposition (TD) [158] in Section 2.1.2.3, all of which
share similar mathematical concepts.
2.1.2.1

Singular Value Decomposition

SVD is an algebra-driven tool for decomposing a data matrix, X, to extract its singular
values Σ. The singular values, Σ, and eigenvalues, Λ, play a substantial role in model
reduction, where the reduced version of the data is the result of transforming the
original data from one vector space to another, i.e., f : RD → Rd [71]. The singular
values measure the spectrum of the eigenvalues and are used to find the data rank,
r, which indicates how many feature vectors are linearly independent (the number of
columns, or rows in a compact space) [155]. For a given data matrix X ∈ RN ×D , SVD
generates three matrices (U ∈ RN ×N , Σ ∈ RN ×D , and V ∈ RD×D ) such that:
X = U ΣV ⊺

(2.14)

where U and V are orthonormal matrices, called the left and right singular vectors,
respectively, that represent the eigenvectors of XX ⊺ and X ⊺ X, respectively. Fig. 2.6
depicts the graphical representation of SVD decomposition, where the original data is
represented by X, and the reconstructed data after decomposition is provided by X̃.
Additionally, Σ is a diagonal matrix that contains the singular values {δi | i =
1 . . . , D} of the matrix X and are sorted in decreasing order. If the rank of X is
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r, the singular values after the first r values are equal to zero (or neglectable). The
exact decomposition in Eqn. (2.14) can be approximated when the nonzero singular
values are neglected based on a threshold of small value, i.e., truncated SVD. This
practice is useful in addressing numerical instability and noise and in reducing the dimensionality of the data. However, dimensionality reduction to a d-dimensional space
is obtained from the rank, r; the rank gives the dimension of the column space of a
matrix U , and it gives the dimension of the row space of a matrix V . Furthermore, the
dimensionality reduction can be realized by defining Ud as the matrix with the first d
columns of U , Σd as the d × d diagonal matrix containing the first d singular values,
and Vd as the first d rows of V (see Fig. 2.6). Also, Ud represents the distribution of the
data points around the directions Vd when they are multiplied by the singular values
as Ud Σd . Moreover, the original data X can be generated (or reconstructed) after the
decomposition as follows:
X̃ = Ud Σd Vd⊺

(2.15)

minkX − X̃kEr .

(2.16)

considering an optimization goal:

where Er is the reconstruction error metric that can be measure by MSE (Eqn. (1.11),
Frobenius norm (Eqn. (1.10)), or KL divergence (Eqn. (1.6)).
Various extensions have been proposed in the literature to generalize SVD, e.g., generalized SVD (GSVD) [216], in which the joint decomposition of two different matrices
is performed:
X1, X2 = U1 U2 Σ1 Σ2 V ⊺

(2.17)

where the first matrix is given by X1 = U1 Σ1 V ⊺ , and the second matrix is obtained
from X2 = U2 Σ2 V ⊺ . For certain values of the second matrix, GSVD reduces to SVD;
however, it can be used to formalize prior knowledge. This approach is extended in
restricted SVD (RSVD) [72], which decomposes a given matrix with special constraints
encoded in two other matrices.
2.1.2.2

Nonnegative Matrix Factorization

The analysis of the environmental data originating from chemical or physical interactions requires the identification of quantitative scales to conduct reliable measurements.
Such analysis also possesses variational errors due to natural interplays. PCA (see Section 2.1.1.1) is based on the covariance CX decomposition and faces different challenges
in disentangling the representative factors from big datasets, due to imposing the centering around the origin that leads to the loss of some important information among the
original data and prevents the interpretability. NMF proposed in [215], addresses the
limitations of PCA in determining the interpretable factors by forcing non-negativity
onto the elements resulting from the data decomposition. In contrast to PCA and
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Figure 2.7: The graphical representation of NMF, where data X is formed in colored cells
that reflect specific intensities of image pixels, or they give numeric measurement values
when data comes in a tabular form. Moreover, all values of the factorized subspaces are
positive (> 0), where Z is the bases subspace that hides the features of data, A represents
the reconstruction coefficients (weights), and R is the factorization residual.

ICA, no assumption on the statistical dependency of the components is made, where
PCA implies the Gaussianity of data samples and components, but ICA requires the
non-Gaussianity among samples and factors. NMF provides a generative model for the
data: for a given dataset X ∈ RN ×D , the algorithm decomposes the data matrix as:
X = ZA + R

(2.18)

where Z ∈ RN ×d is the bases subspace, A ∈ Rd×D is the reconstruction coefficients subspace, R ∈ RN ×D is the factorization residual, with the constraints of that Z, A ≥ 0,
d = r is the rank, and minimum residual R. Fig. 2.7 exhibits the graphical representation of NMF factorization; unlike SVD (see Fig. 2.6), all subspaces Z, A, and R
elements values are positive.
The model provided by NMF tends to be sparser (fewer elements in the Z rows are
nonzero) and more part-based (few elements in the A rows are nonzero) than PCA.
Because all the components are nonnegative and the combination is additive, thus
NMF offers what is called part-based representations, where the data reconstruction
(g : Rd → RD ) is realized by assembling different parts:
X̃ = Z N ×d Ad×D
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NMF can be optimized to minimize the residual R using various approaches. For
example, in [215], a weighted Frobenius norm of R was introduced, in which the inverse
of the variance of each element of X is used to weight the corresponding element of
R. In [171], the objective function was related to the likelihood of reconstructing X by
adding Poisson noise to ZA:
X
R=
kX(i,j) log(ZA)(i,j) − (ZA)(i,j) k
(2.20)
i, j

Another way to minimize R was proposed in [172]; in this case, the modification lays in
introducing a composite objective (loss) function to update both the basis Z and the
coefficients A. The first term of this composite function is the square of the Frobenius
norm:
REuc = kX − ZAk2F
(2.21)
and the second loss is the KL divergence, given by:
X
X(i,j)
] − [X(i,j) + ZA(i,j) ]
KL(X||ZA) = [
X(i,j) log
ZA(i, j)

(2.22)

(i,j)

Finally, R is optimized by minimizing REuc + KL(X||ZA) because both sides of this
function vanish when X = ZA and the lower bound is zero. Additionally, because the
product ZA is invariant under a scaling factor, additional constraints can be added
to make the optimization numerically stable or regularized. For instance, the rows of
Z can be restricted to be of unit norm [171], or the orthogonality of the basis or an
altered factorization (e.g., kernel mapping) can be addressed [308].
The main advantages of NMF are the nonnegativity in the factorized subspaces, i.e.,
Z and A, and the fact that it is applied in the data space, i.e., X. However, it cannot
be used to address data in the kernel Hilbert space. Concept factorization (CF) is a
variant of NMF that can be used in either the kernel space or the original data space
due to its resilient formalization. Specifically, in CF, the data matrix X is decomposed
into a product of three matrices:
X = XZA + R

(2.23)

where, as in NMF, the residual R are minimized and Z, A ≥ 0 (XZ approximates
the basis and A corresponds to the new representations) [351]. Among the generations
of CF, Robust Flexible Auto-weighted Local-coordinate Concept Factorization (RFALCF) was proposed in [350, 352] for high-dimensional data clustering. RFA-LCF is
based on data cleaning and the learning of a local sparse projection of the data, followed
by flexible CF in the projected subspace. The RFA-LCF is followed in the Deep Selfrepresentative Concept Factorization Network (DSCF-Net) framework [343], in which
the data are factorized in the subspace into which they are projected hierarchically,
i.e, the projected subspace is factorized at layer L1 , then Z1 subspace is factorized at
layer L2 , and so on for the deepest (consecutive) layers Li+1 for the corresponding Zi .
DSCF-Net also improves the locality of representations using a matrix of coefficients
as adaptive reconstruction weights.

27

2. STATE OF THE ART OF UNSUPERVISED GENERATIVE
LEARNING (UGL) MODELS

Figure 2.8: The graphical representation of tensor orders, where data X is formed in colored cells that reflect specific intensities of image pixels, or they give numeric measurement
values when data comes in a tabular form. Moreover, four different orders of the tensor are
considered: (i) 0-way tensor that is considered any scalar value; (ii) 1-way tensor which is
a row or a column vector; (iii) 2-way tensor that is represented by a 2-d matrix; and (iv)
3-way tensor that stores data in a 3-dimensional cube as in the RGB images.

2.1.2.3

Tensor Decomposition

A tensor is a generalization of a vector or matrix, often represented as a d-way array,
where dw denotes the number of dimensions (or the order); for example, a 1-way tensor
is a vector, while a 2-way tensor is a matrix. Accordingly, a tensor is of high order
when d ≥ 3, as in the case of RGB and hyperspectral images [158]. Fig. 2.8 shows
the graphical representation of tensor orders as a function of dimensionality (number
of ways).
The aforementioned BSS methods, including both statistics- and structure-based
techniques (Sections 2.1.1 and 2.1.2), are considered to be fundamental data factorization techniques; however, they are limited to 2-way representations because they are
based on concepts of linear algebra. By contrast, TD methods and their variants are
a set of techniques developed based on multilinear algebra to decompose massive-scale
datasets regardless of their dimensionality, for which matrix operations and optimization procedures are utilized. For three given vectors u ∈ Rn , v ∈ Rm , and w ∈ Rp , a
3-way tensor X can be formed by the outer product (a product that yields a matrix as
a result of two vectors multiplication) of these vectors:
X=u⊗v⊗w

(2.24)

where X ∈ Rn×m×p and Xi,j,k = ui vj wk . This principle can be extended to d-way
tensors when d > 3; here, however, we limit the description to d = 3 to keep the notation simple. The decomposition process generates low-order components to discover
the hidden structure of the data. For instance, the SVD procedure described in Section 2.1.2.1 can be described
P by reframing Eqn. (2.14) in the tensor context, where X
is a 2nd -order tensor, X̃ = ri=1 σi Ui ⊗ Vi , with Ui and Vi being the ith columns of the
matrices U and V , respectively; accordingly, 2nd -order tensors can be obtained.
Canonical polyadic decomposition (CPD) [116] and Tucker decomposition [293] are
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Figure 2.9: The graphical comparison between CPD and Tucker decomposition of a 3way tensor data, where r is the decomposition rank, λ is the scaling factor (eigenvalue),
and “Residual” is the factorization residual that must be minimized.

commonly used tensor factorization methods and serve as the foundation for muchrelated work. CPD is often used for latent variable estimation, while Tucker decomposition can be used for dimensionality reduction and compression. In CPD, a d-way
tensor is expressed as a sum of rank, r, tensor products of d 1-way tensors as shown
in Fig. 2.9, and under certain mild conditions, this decomposition is unique. For a
3-way dataset X ∈ Rn×m×p , CPD generates three matrices, U ∈ Rn×r , V ∈ Rm×r , and
W ∈ Rp×r , such that:
r
X
Ui ⊗ Vi ⊗ Wi = JU, V, W K
(2.25)
X=
i=1

where Ui , Vi , and Wi are the columns of the corresponding factor matrices. When Ui ,
Vi , and Wi are normalized, their scaling factors can be factorized as a vector λ ∈ Rr , and
the original tensor is generated from the decomposed matrices considering Jλ; U, V, W K:
X̃ =

r
X

λr Ui ⊗ Vi ⊗ Wi

(2.26)

i=1

Tucker decomposition can be regarded as multiway PCA when applied to different
views (or sides) of the data, and it can also be generalized to higher-order SVD to
capture the best rank for a given set of data. Tucker decomposition involves factorizing
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d-way tensor data X into d factor matrices (which represent the orthogonal basis of the
space of each dimension of X, i.e., the “principal components”) and a d-way core tensor,
Z, consisting of the projections of the data onto those bases as depicted in Fig. 2.9.
For a 3-way dataset X ∈ Rm×n×p , given the factor matrices U ∈ Rm×r , V ∈
n×s
R , and W ∈ Rp×t and the 3-way core tensor Z ∈ Rr×s×t (ranks of Z), the Tucker
decomposition generates approximation such that:
X̃ =

t
s X
r X
X

Zi,j,k Ui ⊗ Vj ⊗ Wk = JZ; U, V, W K

(2.27)

i=1 j=1 k=1

where Ui , Vj , and Wk are the columns of the factor matrices. Similar to PCA, because
r, s, and t are usually smaller than m, n, and p, respectively, Z is an encoding (compact
version) of the data X.

2.1.3

Probabilistic Based Models

Probabilistic-based models (PBMs) are a class of UL models that utilize the advantages
of probabilistic estimation to learn ML models. Many recent shallow and deep learning
models have been built based on probabilistic modeling, where the goal is to model the
generation of data Pmodel (X) [159]. The following methods share a similar concept in
using the inference P (X|θZ ) to predict a variable (or set of variables) given any other
variables, i.e, given a set of latent parameters θZ (or Hi in the context of hidden variables
in NNs), the data X can be predicted in an unsupervised fashion [146]. Moreover,
they are able to model data generation and prediction by coupling a set of input data
X ⊂ RD , X = {xi | xi ∈ RD , i = 1, . . . , N }, with a set of latent variables Z ⊂ Rd ,
Z = {zi | zi ∈ Rd , i = 1, . . . , M } through a set of parameters θZ to form the structure
of the PBM:
Pmodel = Ez P (X|θZ )P (θZ )
(2.28)
where P (θZ ) is the prior probability, and Ez is the expectation (discrete averaging)
among all possible configurations (update) of the latent parameters θZ . Fig. 2.10 shows
the graphical representation of a PBM that estimates the index of the merry of life (as
an example), where six feature points, or parameters, are connected to each other
(based on relative correlations) to form the least structure of the PBM. Furthermore,
assigning a probabilistic value to each variable leads to parametrize the whole model,
and the final probability result among all configurations of the parameters reflects the
index of the merry of life, which is given according to any liner function, e.g., the
exponential of linear regression:
exp(−θZ⊺ X)
P (x1 , x2 , x3 , x4 , x5 , x6 ) =
hZi

(2.29)

where hZi is the partition factor that normalizes the final probabilistic result among
all configurations, or learning iterations. Moreover, the model can be expanded as a
function of the number of the model’s parameters; however, the complexity of averaging,
hZi, among all model configurations will be increased.
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Figure 2.10: The graphical representation of a PBM, where 6 random variables are
considered to form the model’s structure that estimates the index of the merry of life (as
an example). Moreover, the connection is drawn based on the correlation between the
parameters, and the final probabilistic result is given according to Eqn. (2.29).

In the following, we recapitulate two categories of the PBMs: those are derived
to latent variables (LVs) modeling in Section 2.1.3.1, and those related to mixture
modeling in Section 2.1.3.2; however, some models comprise both latent and mixture
modeling perspectives.
2.1.3.1

Latent Variable Models

LVs are unobservable random variables, which introduce a latent generation process
among observed data [206]. Latent variables models (LVMs) quantify different characteristics or phenomenons (such as intelligence, happiness, and document understanding), which are unable to be measured directly by a quantitative scale [205]. Moreover,
the standard ML methods such as regression and discriminative NNs are not useful
in this regard; because of missing data and handling uncertainty. Accordingly, the
LVs are introduced to build links between all data points (features’ components), thus
constructing a final parameterized model. Such models affect Eqn. (2.28) to be more
tractable, i.e., they factorize the joint probability into small probabilities:
Pmodel = Ez P (x1 |θZ )P (x2 |θZ )...P (xN |θZ )P (θZ )

(2.30)

Practically, LVs are integrated into the PBMs to form the connections between
the model’s parameters, where each LV acts as a focal point in the model inference;
such integration can affect each parameter’s value, and LV can be measured according
to a predefined scale αH . Considering Fig. 2.10 that mimics the estimation of the
index of the merry of life, the connections among all parameters can be reduced by
introducing an LV that can affect all parameters (e.g., Happiness, ZH ). Also, it assigns
the probability for every pair of variables, i.e., given the happiness what is the value
of xi , P (xi |ZH ), where Fig. 2.11 shows the integration of the latent variable, HZ , into
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Figure 2.11: The graphical representation of a LVM, where an LV “Happiness” is integrated into the PBM that is depicted in Fig. 2.10. Also, the connection between ZH and
each xi is directed, i.e., the probability is gained given HZ , and not vice versa.

the PBM that is depicted in Fig. 2.10. Moreover, Eqn. (2.29) can be factorized by
neglecting hZi as follows:
Pmodel =

αH
X

P (x1 |ZH )...P (x6 |ZH )P (ZH )

(2.31)

ZH =1

where αH is the maximum limit of a predefined happiness scale, and P (ZH ) is the prior
probability; such a prior can be obtained according to the available data.
Consequently, the LVMs reduce the model complexity by shrinking the total number
of parameters and edges, i.e., the connections between data points and latent variables
without losing the model flexibility. In the following, we summarize common LVMs,
including Latent Dirichlet Allocation [42], hierarchical Latent Dirichlet Allocation [108]
as well as their relevant extensions, is given.
2.1.3.1.1 Latent Dirichlet Allocation (LDA) is a typical UL method that is capable of detecting words and phrases in a corpus, scanning and clustering documents,
and analyzing textual information. Recently, it has been received high popularity in
topic modeling, i.e., finding the distribution over words [42]. LDA builds a probabilistic model considering a multinomial distribution P (X|θ) of each document over
latent/hidden topics, and each latent topic is represented as a multinomial distribution
of words. Moreover, the LDA is named from Dirichlet distribution Dir: a continuous
multivariate distribution that is parameterized by a non-negative and summed to 1
vector α. The Dirichlet prior, Dir(θ), is considered a conjugate to the multinomial like(θ)
lihood, or distribution over count, when the posterior, P (θ|X) = P (X|θ)P
, belongs to
P (X)
a similar distribution of the prior:
P (X|θ) =

n!
K
θ x1 , .., θK
x1 , .., xk 1
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Figure 2.12: The graphical representation of the latent Dirichlet allocation model, where
dn refers to the number of documents d in a corpus, θdn is the distribution of a document
dn over topics θd , and θzmd is the distribution of word zm over topics in a document dn .
n

Initially, the corpus is represented as a word-document matrix (as a bag of words),
where each matrix element reflects the number of documents D in the corpus, vocabulary V = {1, 2, .., N } of N words, and the number of topics Z of the documents.
Fig. 2.12 illustrates the graphical representation of the LDA, which assumes that each
document distribution through all topics participates in a common Dirichlet prior:
P (θd ) = Dir(θd |α) =

1
ΠD θ αd −1
B(α) d=1 d

(2.33)

where α is a parameter for each document (a prior distribution of topics), B is a
distribution of words represented by a K × V matrix, and K is the dimensionality of
the Dirichlet distribution. Similarly, the distribution of the topics over words Z share
a joint prior:
1
ΠZ θ ηz −1
(2.34)
P (θz ) = Dir(θz |η) =
B(η) z=1 z
where η is a parameter for each topic (a prior distribution of words). Thus given both
α and η the Dirichlet distribution for document d and Z topics is drawn as Dir(θd |α),
and for a topic z over N words as Dir(θz |η).
The LDA is attributed to the UGL due to its ability to describe a document in a
corpus, D, by repeating the process D times. Moreover, it can generate a posterior
distribution P (θ|X) for a model with unknown latent variables and parameters, i.e.,
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given the corpus it estimates the model posterior. Subsequently, it utilizes model
inference for parameters optimization and model fittings, by using variational inference,
Monte Carlo simulation, or Gibbs sampling [86]. Finally, the model output comprises
two sub-matrices; the first one of size D × Z and shows the probability of the topic over
documents, where the other of size Z × N and reflects the probability of words over
topics. The LDA-dual was proposed in [263] is considered an extension of the LDA for
multi-topic modeling in the same document, and to solve the name-sharing problem in
bibliography websites.
2.1.3.1.2 Hierarchical Latent Dirichlet Allocation Mining modern complex
datasets (as in social media data) that are composed of hierarchical relations among
data entries, becomes more challenging nowadays [184]. Such datasets come in unformalized or unstructured forms and can be explored by probabilistic generative models.
The LDA [42] (see Section 2.1.3.1.1) captures the correlation between words in a document, where it neglects the correlation among topics because of the single distribution
of the topic in each document. Accordingly, hierarchical Latent Dirichlet Allocation
(hLDA) has been proposed in [108] to model the hierarchical correlation among topics
of documents in a corpus D, by using a tree structure to break the independence among
all topics. Moreover, the hLDA is built based on the nested Chinese restaurant process
(nCRP), which offers a distribution of an infinite number of customers n to sit in an
infinite number of tables i in a restaurant according to the following distribution:
ni
γ+n−1
γ
P (Next Occupied Table | Previous Customers) =
γ+n−1
P (Occupied Table i | Previous Customers) =

(2.35)

where ni reflects the total number of customers that are sitting at a table i, and γ is a
parameter that regulates how often a customer selects a specific table versus sitting in
the other tables. [40]. The nCRP constitutes topics hierarchy equivalently to assigning
a probability for customers to visit L restaurants for L days, thus the L restaurants
construct a path from the root to the L level from an infinite tree, see Fig. 2.13. For
documents in a corpus, D, a vocabulary, V = {1, 2, .., N }, of N words, and Z topics;
the hLDA selects a root topic, z1 , which sits in the top-level, l1 , then it passes to
the next levels l ∈ {2, ..., L} utilizing the distribution drawn from Eqn. (2.35), and it
chooses the topic, z1 , from zl−1 as what is shown in Fig. 2.13. Moreover, it draws the
L-dimensional topic proportions to a document d from Dir(θd |α), and for N words it
draws a topic z as Dir(θz |η).
The hLDA is attributed to UGL because it is able to generate documents using
L-level path from the top root to the bottom leaves; however, it fixes the path for each
document when sampling topics (each node represents a single topic). Accordingly, a
supervised hierarchical latent Dirichlet allocation (SHLDA) was proposed in [212] to
allow a document to obtain a multi-path through a tree structure, and a semi-supervised
hierarchical topic model (SSHLDA) was proposed in [223] based on a supervised path
labeling method to search a topic automatically in the data space.
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Figure 2.13: The graphical representation of the hierarchical latent Dirichlet allocation
model. The first row is attributed to the “Vanilla Likelihood” shows how the distribution
of customers sitting in a restaurant; in the middle row the “nCRP for Topic Modeling”, the
same analogy from the first row is utilized but with a different distribution that is drawn
from Eqn. (2.35); and in the bottom row, the hLDA is depicted.

Another kin model to the hLDA is termed as Pachinko Allocation Model (PAM)
and was proposed in [177], where it differs from the hLDA in that the correlation among
the topics in the PAM is captured by a Directed Cyclic Graph (DAG) instead of using
a tree as in the hLDA. Moreover, in the PAM the topic is modeled considering the
distribution through all topics, not only over words. Two steps are necessary in the
PAM to generate a document d from a topic zi : (i) the first step lies in sampling the
parameters θzdi from Dir(αi ), (ii) the topic path is sampled, for each word vi , in the
second step utilizing θz(d) ; thus the word vi is generated from θz(d) . Finally, the
n(i−1)
n(Ln )
model can be inferred using sampling methods such as Gibbs sampling, or variational
inference [41, 184].
2.1.3.2

Mixture Based Models

MBMs are a set of UL models that defines a suitable probability density function for
data in the input or latent spaces, and they explain data clusters in terms of a sequence
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of density distributions, e.g., a sequence of Gaussian or Student-t distributions [221].
They also share a similar concept in modeling data distributions based on centroids
or prototypes and Euclidian distance. The MBMs restrict the mixture components to
follow a certain shape for model optimization, e.g., Gaussian-spherical or Gaussian-full,
etc, and they are optimized using the expectation-maximization (EM) to maximize the
model likelihood [190]. For a given dataset X ⊂ RD , X = {xi | xi ∈ RD , i = 1, . . . , N },
the mixture expresses data utilizing the joint distribution between data and latent
variables in the latent space, Z ⊂ Rd , Z = {zj | zj ∈ Rd , j = 1, . . . , M }:
P (X, Z) =

M
N Y
Y

[Pj (xi )πj zij ]

(2.36)

i=1 j=1

Eqn. (2.36) is a mixture model with M components, and πj is the component
weight. In the following, we highlight typical MBMs including Gaussian mixture models
(GMMs) [243], probablisic self-organizing map (PSOM) [57], generative topographic
mapping (GTM) [38], and their extensions.
2.1.3.2.1 Gaussian Mixture Models Many real-life datasets comprise different
clusters, i.e. more than one subgroup of data samples, thus fitting a probabilistic model
for such data can not be evaluated by one distribution like a Gaussian. Intuitively, one
Gaussian distribution fits all data points to a shape, e.g., a circle or ellipsoid, and
it assigns a higher probability to the center of the shape which is not applicable for
multi-cluster datasets with multi-centers [243]. Accordingly, multi-class datasets can
be analyzed by a multi-Gaussian (a sequence or mixture) model to meet the number
of clusters; by using a GMM that is able to model the densities among data points
according to a predefined weighted sum from the mixture densities (components).
The GMM is a probabilistic model that implies that all data points (or samples)
are generated in a form of a limited number of Gaussian distributions (a linear combination of distributions), X ∼ N(θj ), which are paramertrized by θj = {πj , µj , σj2 },
hidden or latent variables Z = zi ∈ Rj , zij ∈ {0, 1}, and Σj zij = 1 [96]. It also estimates the mixture components j in Eqn. (2.36) in terms of multivariate Gaussian
with components centroids µj (which reflects the locations of the Gaussians), and a
positive-definite (all eigenvalues Λ are positive) covariance matrix CX (which reflects
the shapes of the Gaussians). Fig. 2.14 depicts an example of a GMM model with an
order of three, i.e., three different Gaussian distributions with their corresponding µj
and σj to model three different clusters or populations of balls in a dataset.
The number of components, j, is a free parameter, and Pj (xi ) indicates the probability of the data sample xi if it is to be sampled from a certain mixture component j,
i.e., P (xi ) = P (θj )P (xi |θj ), and the model inference is given as:
P (xi |θj ) =

||xi − µj ||
1
exp{−
}
2
(2πj σj )
2σj2
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Figure 2.14: The graphical representation of a Gaussian mixture model of three clusters,
where each Gaussian distribution (G1 , G2 , or G3 ) refers to a certain cluster, cj , or publication of balls in a dataset. Usually, in the real-life datasets, the distributions are interfering
due to the interclass intervention among data classes, and the optimization process must
optimize the model parameters, θj , which separate each distribution (or each mixture component) considering the interclass and intraclass variations of data samples.

where the model posterior is generated using Bayes’ rule as:
P (θj |xi ) =

P (xi |θj )P (θj )
P (xi )

(2.38)

Assuming that all samples are independent given θj , thus the likelihood is factorized
and the latent variables are marginalized by a discrete sum among all values of Z:
P (X) =

Y

Σzj ∈Z

Y
[Pj (xi )πj zij ]

(2.39)

j

i

The GMM is optimized to find an optimal set of parameters which expresses the
density of each set of data points, i.e, θj = {πj , µj , σj2 }, by adapting the parameters’
values to maximize the likelihood P (xi |θj ) [238]. EM is an optimization algorithm that
is utilized to optimize GMM parameters, by assigning the data points to clusters c (or
z) given a certain probability [243]. Two associated steps in the EM algorithm proceed
iteratively, (i) Expectation or E-step which starts by allocating different clusters with
different parameters θj , then assigning a responsibility probability rcj that recognizes
if the data point i belongs to cluster cj (or zj ); (ii) Maximization or M-step in which
rcj is fixed and the mixture components parameters θj are updated. The model loss is
minimized considering the logarithm which is normalized by the number of samples N :
1 N
Σ log(Σj πj Pj (xn ))
(2.40)
N n=1
More details and model extensions about the GMM and EM algorithm are introduced in [207, 243].
L=
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(a) SOM

(b) PbSOM

Figure 2.15: The graphical representation of the SOM (Fig. 2.15(a)) vs PbSOM
(Fig. 2.15(b)). In the SOM, the prototypes are imposed and then are reorganized to fit the
data; however, in the PbSOM, the prototypes are considered the center of the Gaussians
and the model can be formed by multilayer to fit data.

2.1.3.2.2 Probabilistic Self Organizing Map Self-Organizing Map (SOM) is an
ML model that is trained in an unsupervised fashion to cluster and visualize data. Also,
it constitutes feature detectors that are spatially formed and represented in a gradually
increasing array [156]. In Fig. 2.15(a), a SOM contains a layer (like a layer of neurons)
that is parameterized by a set of weights, which are trained using an online algorithm
to fit a set of prototypes c (similar to centroids c of clusters) to the data, X, in the
latent space, Z, by assuming that the prototypes in both latent and data spaces are
nearby. For a given dataset X ∈ RN ×D , the SOM selects a random sample, xi , a time,
and the distances between the sample and all prototypes are computed:
||xi − cr || = min||xi − cj ||

(2.41)

where cr is the location of the center neuron that is maximized to be indicated as a
winner neuron. Subsequently, the weights are updated as:
winew = (1 − α.nb )wiold + α.nb .xi

(2.42)

where α is the learning rate. The neighbors for the ith neuron are identified such that
2
r ||
), where ω is the variance of nb .
nb = exp( ||ci −c
ω2
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The stranded SOM neglects the loss function throughout the model optimization
[157]; conversely, the loss function is considered in optimizing the probabilistic selforganizing map (PbSOM) that has been introduced in view of Gaussian-full mixture
components M [57] as it is shown in Fig. 2.15(b). The PbSOM implies a similar
prior probability P (θj ) is shared among all mixture components, and it partitions
the prototypes P = {c1 , .., cM } as a function of mixture M by utilizing the following
objective optimization:
M
O(P, θ) = ΣN
i=1 Σxi ∈cj Σj=1 (nb log P (xi |θj ))

(2.43)

which seeks to maximize the likelihood considering each partition P. The EM is used
to optimize and update θj , by introducing a new step “C-step” to assigns a sample xi
to each mixture component j, which obtains the highest responsibility probability rcj ,
i.e., cj = {argmax rcj = P (xi |θj )}. Lastly, the M-step re-estimates the mean µj and
variance σj for each mixture component j, thus its θj is optimized to maximize the
likelihood[157].
2.1.3.2.3 Generative Topographic Mapping GTM was proposed in [38] as a
probabilistic nonlinear latent space discovery method, which constructs relations between data points X and a mapping space Z. The GTM is built based on a normal
distribution among samples and has been introduced to be an alternative of the SOM,
which implies a uniform distribution in the mapped space (output mapping array).
For a given dataset X ∈ RN ×D , the GTM generates a parametric mapping from data
space to a latent space f : RD → Rd ; constraining the distribution to follow a Gaussian
centered among the mixture components which are drawn as:
P (xi |zj , wi , β) = (

β
β −D/2
)
exp{− ||xi − σ(zj ; wi )||2 }
2π
2

(2.44)

where xi is a data point in the original data space, zj is a mapping point in the
corresponding mapping space, wi is the learning weight for the data point xi , β −1 is
the variance, and σ is the sigmoidal activation function. The prior of Z is approximated
using the summation of M equally-weighted delta function on a grid as:
P (z) =

1 M
Σ δ(z − zj )
M j=1

(2.45)

where the M delta function reflects the spacing in the grid elements of the mapping
space, and it is employed also to measure the likelihood after fitting the model:
P (X|W, β) =

1 M
Σ P (xi |zj , W, β)
M j=1

(2.46)

Fig. 2.16 depicts the logical structure of the GTM model, where different Gaussian
distributions are centered in the original data space aiming to optimize the mapping
space, Z, probabilistically. Moreover, the optimization algorithm optimizes the model’s
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Figure 2.16: The graphical representation of the generative topographic mapping model,
where the original data is considered with 9 colored-RGB points, and the yellow points
are the data point in the original data space and its representation in the mapping space.
Also, the model samples from the structure of the data (probabilistically), then fits the
data through maximizing the likelihood in mapping space Z.

likelihood, P (X|W, β), such that the distances between the original data points and
their neighbors are preserved in the mapping space.
The EM maximizes the likelihood considering the same variance β −1 among the
components M ; however, it could be learned among the mixture components as β = σ12
[39]. In the E-step, the responsibility or posterior is estimated rcj = P (θj |xi , wi , β),
and each component j is linked with a point in the latent space zj . Subsequently, the
M-step maximizes the complete likelihood for the data concerning β and wi :
M
L = ΣN
i=1 Σj=1 rcj (logP (xi |zj , wi , β))

(2.47)

The GTM uses a batch learning approach to update the model parameters θj , thus
visualizing big datasets by standard GTM faces computational burdens: the complexity is increased because the M-step is performed among all data points. Accordingly,
the incremental learning procedure has been proposed in [39] to overcome the computational complexity issues, by using small batches and update the model gradually. We
refer to [11] for more details and extensions of the GTM models.

2.1.4

Summary

A brief, non-exhaustive but major review of prevalent BSS methods for data exploration and representation learning, facilitating the dimensionality reduction of massive
datasets and the discovery of the hidden structures characterizing them, has been introduced in Section 2.1. SBMs methods (Section 2.1.1) including PCA and ICA, are
derived from a statistical point of view; in particular, PCA depends on the second
moment, while ICA is based on the fourth moment [142].
PCA (Section 2.1.1.1) is derived from a Gaussian concept, yielding a global projection and indicating the order of the principal components. The Gaussian (or normal)
distribution N (µ , σ 2 ) is a commonly used continuous density distribution, which gives
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the probability of an event (or data point) falling between two real number boundaries on a curve that approaches zero on every side of the mean value (µ). The area
underneath the Gaussian distribution curve is always equal to 1 due to data standardization (normalization). The curve also has the axis of symmetry in X-axis, i.e.,
X = µ, µ = 0, and σ = 1. Conversely, ICA (Section 2.1.1.2) assumes non-Gaussianity
among the variables, produces local projections, and cannot be used to order the components. Fig. 2.17(a) shows a synthesized seven-segment dataset, where it comprises
100 images with a dimensionality of each image equal to 128 × 128. Both PCA and
ICA, Fig. 2.17(b), and Fig. 2.17(c), respectively, have been employed for the dataset
factorization and only 9 principal/ independent components have been considered. As
it is noticed from both subfigures, PCA gives the average or brightness of the global
features of the images for each class, and it also seeks minimal correlations among the
data points. By contrast, ICA identifies the local edges and features in each image and
looks for maximal independence among data components.
Structure-based methods (Section 2.1.2) including SVD and NMF, are commonly
used in data decomposition and tend to produce manageable components of the original messy data. SVD (Section 2.1.2.1) offers the ability to approximate the data’s
rank and to measure the spectrum of the eigenvalues; moreover, it yields approximate
factors that are unique and consist of both positive and negative values. In practice,
when using SVD, it is important to ensure that the data matrices are generative, i.e.,
the matrices are invertible; otherwise, approximation with SVD will fail. In contrast,
NMF (Section 2.1.2.2) restricts the decomposition to only positive values and outputs
unique factors; this method is very useful for interpreting natural phenomena due to the
nonnegativity restriction [2]. Utilizing the same dataset that is depicted in Fig. 2.17(a),
the SVD and NMF show different abilities in the dataset decomposition. Additionally,
SVD in Fig. 2.17(d) retains a similar decomposition result to PCA that is appeared in
Fig. 2.17(b), where NMF in Fig. 2.17(e) shows a better result than the others and it
preserves part-based decomposition and sparsity among the decomposed classes.
TD (Section 2.1.2.3) is a powerful mathematical tool for factorizing high-dimensional
datasets, which are represented as high-order tensors, into significant components; thus,
it is utilized in building efficient big data exploration algorithms, along with defining error metrics that are enhanced by properly decomposing such tensors. Furthermore, the
recent trends in reliable big data analysis and exploration lie in integrating the abovementioned BSS methods with TD, especially in combination with NMF [64], due to its
robustness in producing smooth, sparse, and nonnegative components, thus leading to
interpretable results for the given model.
Furthermore, there is the possibility of obtaining approximations of the results of
one of these methods using the others; for instance, by subtracting the means from the
dataset X and then dividing by its variances, followed by multiplication (or orthogonalization) in the form XX ⊺ , we can produce the data covariance matrix CX,X that is
used for PCA projection, see Eqn. 1.4 in Section 1.3. Similarly, if we apply SVD to
X, then the left singular vectors contained in the U matrix will be typical of the result
that is obtained by projecting covariance matrix CX,X by PCA, and SVD already sorts
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(a) Seven-Segment Dataset

(b) PCA

(c) ICA

(d) SVD

(e) NMF

Figure 2.17: Decomposition (or factorization) examples. The set of images in panel (a)
is decomposed using PCA, ICA, SVD, and NMF. The images are composed of D = 16, 384
pixels. For each method, d = 9 (or r = 9) components are identified as dimensions of
the latent space and used to reconstruct the original dataset. In panels (b) to (e), the
bases identified via PCA, ICA, SVD, and NMF are presented. Because the components
in panels (b) to (d) can have negative values, the gray levels have been remapped: middle
gray represents zero, while bright and dark shades represent positive and negative values,
respectively.
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the principal components in decreasing order. Consequently, it is possible to use SVD
to obtain the direction of the principal components as in PCA (which is known as dual
PCA), thereby also finding their spectrum, i.e., the singular values [183].
PBMs (Section 2.1.3) including LVMs and MBMs are derived from probabilistic
estimations of latent (or hidden) variables and distributional parameters among data
samples. LVMs (Section 2.1.3.1) including LDA, hLDA, and their relevant extensions
are summarized. Such models are built based on latent variables (LVs) modeling to
extract different characteristics which are buried inside data and cannot be obtained
directly by a quantitative scale, e.g., document interpreting and understanding, level of
intelligence among students in a class, or happiness, etc. The main utilization of LDA
and hLDA are in natural language processing (NLP) applications; specifically, they
are used for document understanding, detecting topics in a corpus, and text analysis.
Moreover, they use a continuous multinomial probabilistic distribution termed as “
Dirichlet distribution” to model the distribution among words, thus clustering the
topics of documents in a corpus and classifying words for document understanding are
carried out according to the Dirichlet distribution.
Addressing modern datasets that contain hierarchical relations between data samples or observations (as in social media data) was the intuition behind introducing
hLDA; it is also able to model the hierarchal relations among the whole dataset classes
or samples (the corpus can be viewed as a dataset), which is not obtainable from ordinal LDA. The hLDA views the dataset as a tree to capture the correlations between
topics of documents; also, relations between nodes and links are modeled based on a
probabilistic process termed as “nested Chinese restaurant process” (nCRP) to model
documents hierarchy, thus generating documents from the drawn tree paths. The hLDA
approach has been followed in the Pachinko allocation model (PAM), which utilizes a
directed cyclic graph (DAG) to model topic hierarchy. Moreover, it also models a topic
distribution considering the distribution among all other topics, unlike the hLDA which
considers only the distribution of a topic among words of a document.
To handle semantic confusion issue that is raised when a topic is distributed among
different documents in a corpus, matrix factorization, or decomposition, methods which
belong to the structure-based methods (Section 2.1.2) have been exploited besides the
PBMs, which has been let to capture smooth representations from a corpus structure
to model high-level topics. NMF (Section 2.1.2.2) factorizes a data into two subspaces,
namely, Z, A, (or U, V ) and has been utilized for topic modeling, by adding a sparseness
constraint L1 , (Σn(i=1) Ui ), to the optimization objective function as a regularization
term, where each column of U subspace reflects a specific topic, and meaningful topics
have been recovered by adding such sparseness restriction [136]. Moreover, sparseness
constraint has been combined with soft orthogonality (U T U = I) constraint among the
decomposed subspaces in [56], where the authors introduced the SONMFSR model for
a dynamic topic tracking. Also, spelling top-level topics, also known as super-topic,
into subtopic (HOSC) has been investigated in [278] by using NMF with orthogonality
and sparseness constraints to model hierarchy relations among topics. HOSC model
uses global and local independence between topics, it also employs special constraints
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termed as consistency constraints (sub-topics that are inherited from the same supertopic should share the same semantic) to ensure that topics are clustered and split
correctly [186]. Recently, the distributed latent Dirichlet allocation (dLDA), i.e., the
inference is distributed, and NMF have been integrated into the same model in [214],
to produce a distributed and a hybrid topic learning model. Moreover, dLDA is able to
model and extract topics from a corpus utilizing auxiliary labels, followed by NMF and
hierarchical clustering to rank features; consequently, such a combination is assisted to
regulate the topics into compact and less fragmented themes.
Other PBMs are built based on a sequence or mixture modeling (MBMs) among
high-dimensional and multiclass data (Section 2.1.3.2)). Such models are used for
dimensionality reduction, clustering, and visualization; they also generate a mapping
from data space to an embedding space f : RD → Rd , or vice-versa, based on a
probabilistic estimation among each mixture component, e.g., for Gaussian data, the
basic estimation is to find the distribution parameters θ = {µ, σ}. Additionally, MBMs
have been utilized for nonlinear BSS modeling, unlike ICA which able to split signals
based on linear transformations and high-order statistical moments. In this regard, the
self-organizing map (Section 2.1.3.2.2) has been used to construct a mapping from data
to embedded space, respecting the output components to be independent for separating
nonlinear signals which were modulated as mixed Gaussian components [217].
The advantage of the MBMs is that they can be used to perform many different
tasks, e.g., dimensionality reduction, and feature ranking. Similar to what we have
described above about obtaining the PCA components from SVD decomposition, Generative topographic mapping (GTM) (Section 2.1.3.2.3) can be used for visualization
and feature ranking simultaneously, i.e., besides obtaining a visualization map, it produces principal components; by exploiting the weights matrix W that is used to draw
the distributions of the mixture components P (X|W, β). The W matrix can be used
to initiate the principal components by decomposing the data covariance matrix CX,X ,
then considering the eigenvectors that are corresponding to the largest d eigenvalues;
followed by minimizing the error between the projected components, or points in the
GTM mapping space and the projection components from PCA. Moreover, there are
different metrics that can be utilized to measure how the error between the mapping
components of GTM and PCAs is minimized, by considering the sum of square Frobenius norm, mean square errors, or divergence metrics such as KL and β divergence [2].
Practically, to use the GTM for visualization and feature ranking, it is important to
initialize the value of β −1 to be greater than either the d + 1 eigenvalues of the decomposed covariance matrix, or greater than the square of the half of the grid spacing used
in the GTM to project the PCA on it [39].
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(a) Swiss-Rolle Manifold.

(b) Unfolded The Manifold.

Figure 2.18: The manifold of the Swiss roll synthesized data (Fig. 2.18(a)) vs. unfolded
the manifold of the data (Fig. 2.18(b)).

2.2

Manifold Learning Models

High-order tensors and multidimensional datasets consist of a large number of observations and data samples, and the direct exploitation of the raw data for feature extraction
or visualization is usually difficult for ML models. Interesting information that can be
extracted is structured in low-dimensional manifolds, with data in the same submanifold sharing properties that can be formalized as a smooth conditional distribution
P (Y |X), where X represents the data points and Y is any prior condition [296]. The
concept of a manifold is widely used in geometry; it represents a low-dimensional topological space that locally has the topological properties of a low-dimensional Euclidean
space immersed in a higher-dimensional space, e.g., a folded sheet in 3D space [44].
MfL models are a set of methods that aim to discover (learn) from a dataset the
embedded low-dimensional features over which the data are supposed to lie. Accordingly, these models can be utilized for dimensionality reduction and data visualization
tasks. MfL can be described as a search for an optimal mapping function f between
the original dataset X of points in RD and the corresponding feature points Z in the
d-dimensional parametric space of a manifold (d << D). Fig. 2.18(a) shows an example
of a synthesized manifold of 300000 data points that take a shape of a Swiss roll-cake
in RD space, D = 3, where the corresponding unfolding of the manifold is considered
in Rd space, d = 2, and it is depicted in Fig. 2.18(b).
The general framework of the methods described in this section consists of stating
a similarity or dissimilarity relations over the data points in both domains (X and
Z) to identify the neighborhood connections, and then selecting a mapping function
f that preserves the abovementioned relation while optimizing the given constraints;
for instance, a common dissimilarity relationship is a distance (Euclidean or other). In
this section, MfL methods for dimensionality reduction and visualization are described.
Such methods are commonly divided into two categories, namely, global and local
methods, depending on the domain over which distance matching is performed (i.e.,
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whether f is estimated on the whole dataset or on local subsets).

2.2.1

Global Models

Global models are a set of MfL methods known as full spectral techniques. These methods are based on global neighborhood relations and can capture the global structure of
a manifold, discover the noise in the manifold’s general structure, and adapt to cases
with multiple manifolds corresponding to different forms of data [298].
In the following, a brief review of several common and well-known global MfL methods, namely, multidimensional scaling (MDS) [162] in Section 2.2.1.1, Isomap [289] in
Section 2.2.1.2, and nonlocal manifold tangent learning (NLMTL) [31] in Section 2.2.1.3
as well as their relevant extensions, is given.
2.2.1.1

Multidimensional Scaling

MDS is a baseline method of linear MfL that generates a map that preserves the
distances between pairs of data points in a dataset, in contrast to PCA (see Section 2.1.1.1), which attempts to preserve the correlations or variance of nearby data
samples [162]. MDS calculates the distance between every pair of data points. Several
functions for representing the distance between data points, such as the Euclidean, the
mean of the absolute log-fold differences, the Hamming, and the Manhattan-distances,
can be used for this purpose. When the Euclidean distance is adopted, the results are
similar to those of PCA [318], because maximizing the linear correlation is identical
to minimizing the linear distance. The distance that is computed between each pair
of points xi and xj reflects the relation between the data samples, and these distances
form the dissimilarity matrix:
DX (i, j) = kxi − xj k2

(2.48)

where the mapping to Z is chosen so as to minimize the error:
L=

X
(DX (i, j) − DZ (i, j))2

(2.49)

i,j

where DZ is defined similarly to DX but in terms of the corresponding elements of the
feature in Z domain. Fig. 2.19 illustrates the graphical representation of MDS learning,
where we restrict our example to 12 data souses in RD , i.e., D = 5. Moreover, each
source can be seen as a vector of pixel values in an image, or any other measurements
which are mapped to Rd , i.e., d = 2.
The generative process of the mapping domain Z lies in decomposing the dissimilarity matrix to find a suitable set of eigenvectors that constitute the domain’s basis,
and it can be expressed as:
Z = U Λ1/2
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Figure 2.19: The graphical representation of MDS learning, where we consider 5 data
points from 12 sources; such sources can be sensors values, pixels in images, nods in a
graph, or any other measurements. Also, the dissimilarity DX is considered for each pair
of data points, then MDS decomposes the DX matrix to fined the corresponding z1 and z2
vectors that describe the manifold of the data.
⊺

where U is the N × d matrix formed by the largest d eigenvectors of X X (orthogonal
matrix) and the diagonal matrix (Λ) contains the eigenvalues corresponding to the
eigenvectors. Alternatively, mapping can be generated as:
1
Z = − HDX H
2

(2.51)

where H = I − N1 1 1, with H being the centering matrix, and 1 is an N × 1 column
vector in which each entry is one. Moreover, the original data can be generated from
Z space as:
X̃ = DZT A
(2.52)
⊺

where A is the reconstruction kernel, A = DZ−1 X.
The MDS approach can be extended by adding a weight to each distance to modulate the contribution of each pair of points to the error function when generating a
map:
L=

X

wi,j (DX (i, j) − DZ (i, j))2

(2.53)

i,j

where the nonnegative weight wi,j refers to the weighted distance between the ith and
j th points. MDS can also be expressed in a nonmetric form, in which the relationships
between the data samples and the dissimilarity matrix are defined by exploiting the
isotonic regression function [68].
The MDS and its extensions concern linear data representations, i.e., cases in which
the manifold is linear and can be obtained as a scaled version of the data, a condition
that often does not hold in many real-world problems. In the following, the principal

47

2. STATE OF THE ART OF UNSUPERVISED GENERATIVE
LEARNING (UGL) MODELS

Figure 2.20: Geodesic vs. Euclidean distance between data points i and j that are
pointed by yellow color.

methods devised to address nonlinear manifolds are described. In such methods, a
sparse graph is built over the data, and the graph information is exploited to approximate the geometrical and topological properties of the manifold.
2.2.1.2

Isomap

Isometric feature mapping (Isomap) is a global MfL method that combines the capabilities of PCA and MDS to discover linear manifolds; however, it is also able to capture
the global relations among the data points when learning nonlinear manifolds [289].
The primary characteristic of Isomap is its use of geodesic distances, which mirror the
geometry of the lower-dimensional nonlinear manifold, while PCA and classical MDS
employ Euclidean straight-line distances [78]. Fig. 2.20 shows the difference between
the geodesic and Euclidean distance among two data points in a manifold.
Hence, instead of DZ being matched with the Euclidean distance DX , it is matched
with an estimate of the geodesic distance, DG , which is built as follows. Given a certain
neighborhood relation (common choices are the k nearest neighbor (knn) points or
those within a suitable radius, ǫ, as it is shown in Fig. 2.21), a weighted graph G is
generated, where the vertices are the points and the edges connect neighboring points,
with the corresponding distances as weights. Moreover, the DG can then be defined
as the shortest path in G that passes through all k neighbors, which can practically be
identified by using Dijkstra or Floyd-Warshall algorithms that order all DG distances
from the shortest to the longest according to the neighborhood relations [289], i.e., after
computing all DG distances, a new sampled manifold can be produced in which the
distances are ordered.
The final step recalls MDS over the DG matrix to generate a mapping Z (either by
⊺
decomposing the matrix DG DG or by using the centering matrix in the form − 21 HDG H;
see Section 2.2.1.1), and an optimization procedure is applied to optimize the distances
in the Euclidean space. Also, the original data, X, reconstruction from space Z can
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(a) Radius, ǫ = r.

(b) knn, k = 4.

Figure 2.21: A graphical comparison between radius (Fig. 2.21(a)) and knn (Fig. 2.21(b))
methods to identify the neighborhood relations among data points, where the colored circles
reflect different values of data points.

be done similarly to the MDS, where inverting the k-neighbors distances and a kernel
matrix A is required.
There multiple variants of Isomap learning. As a prevalent method, C-Isomap is a
technique that follows the same procedure as standard Isomap in generating map Z,
except that the weighted distances are obtained in a special form as:
p
DX (i, j) = kxi − xj k/ mi × mj
(2.54)

where mi is the average distance between xi and its k neighbors [264]. Marginal Isomap
(M-Isomap) [344] uses pairwise constraints to identify and weigh the neighborhood relations among the data points (specifically, there is a Cannot-Link constraint for interclass clusters and a Must-Link constraint for intraclass clusters). Consequently, the
M-Isomap tends to preserve the margins between interclass and intraclass clusters to
unfold a multimodal discriminative (supervised) nonlinear manifold. Moreover, Isomap
has been improved to take an incremental form rather than considering fixed patches
of data to the incremental form in [169], while it has been stacked in a hybrid manner
to extract the intrinsic structures of hyperspectral images in [16]. Also, node-weighted
multidimensional scaling (NWMS) is an extension of MDS and Isomap that was proposed in [273]; NWMS partitions the data in the geodesic space employing weight
matrix that is fitted to the data using EM algorithm [190]. Recently, semi-supervised
multi manifold Isomap SSMM-Isomap was proposed in [342] for semi-supervised feature
extraction, where it utilizes explicit projection for the new data to be embedded and
requires the k-neighbors of each sample within the same class to be fixed.
2.2.1.3

Nonlocal Manifold Tangent Learning

NLMTL [31] was proposed to overcome the intrinsic weakness of methods that estimate
the manifold geometry as a linear combination of points within a close neighborhood;
namely, these estimates can easily be affected by noise in the data, especially when the
data are scarce or the manifold has a high curvature. NLMTL better addresses such
cases because the manifold model is more general and because data from a wider neighborhood are considered during the learning process. The core idea of the NLMTL technique is to estimate the tangent plane as a matrix mapping function F : RD → Rd×D
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Figure 2.22: A graphical representation of NLMT, where two layers NNs are used to map
the tangent plane (as a matrix) to its corresponding coordinates.

such that F (x), modeled as a standard single-hidden-layer neural network, outputs a
basis for the tangent plane at the point x. Fig. 2.22 depicts the tangent plane mapping
of a manifold in RD to its corresponding local coordinates in Rd space. To learn F , for
each point xi , a suitable neighborhood Ni is selected (e.g., the k nearest neighbors),
and the vectors {xi − xj | xj ∈ Ni } are considered targets for F (xi ) (i.e., noisy estimates
of the elements in the tangent plane). A point xj on the tangent plane at xi can then
⊺
be expressed as xi + wi,j F (xi ), where wi,j ∈ Rd is the local coordinate of xj in the basis
provided by F (xi ). The learning procedure is based on a dual optimization problem
that alternates between the learning of F and the updating of the optimal value of wi,j
to minimize a loss function called the relative projection error:
L(F, w) =

⊺
X X kwi,j
F (xi ) − (xi − xj )k2
i

kxi − xj k2

j∈Ni

(2.55)

where the contribution of each example (data point) is weighted by the distance from
⊺
the reference point, i.e., wi,j , to decrease the importance of more distant neighbors.
The NLMTL approach for learning the global manifold function is used in the
nonlocal manifold Parzen windows (NLMPW) technique [30], in which the manifold
distribution is described in terms of a global covariance matrix CX,X . NLMTL is also
inspired by neighborhood component analysis [103]; by contrast, NLMPW is generalized
and its learning inspired by the manifold Parzen window [302], in which a Gaussian
distribution is considered to model local behavior of data.
Geometric structures have been considered to capture the intrinsic embeddings of
data in various ways, such as charting a manifold [46], in which, similar to NLMPW,
a mixture of Gaussian densities (chosen by minimizing the information losses in the
context of posterior and prior inference) is used to model the manifold, but a closedform mapping can be computed. Furthermore, in local coordinate coding (LCC) [332],
the local point geometry is extracted based on anchors representing the low-dimensional
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coordinates. In the LCC method developed in [331], the number of anchors is optimized
by considering a local tangent plane, as in NLMTL.

2.2.2

Local Models

Local models are a class of MfL, known as sparse spectral methods, and are superior
in exploring the local relationships among nearby data samples. In contrast to global
methods, local models use local optimization to determine the manifold description.
Moreover, they able to capture the fine structure (local) of the manifold as the main
objective, and preserve the global properties [298].
In the following, we discuss local MfL methods, including locally linear embedding
(LLE) [244], Laplacian eigenmaps (LEs) [23], maximum variance unfolding (MVU)
[315], t-distributed stochastic neighbor embedding (t-SNE) [296], and their relevant
extensions.
2.2.2.1

Locally Linear Embedding

The intuition behind the LLE technique is based on the idea that the local geometries
of a nonlinear manifold can be captured by locally linear functions in small patches of
the data points, thus allowing the geometries’ overall local patches to be considered and
mapped to a lower-dimensional space (global coordinates). In LLE, the low-dimensional
mapping Z is generated and optimized by computing and weighing the local distances
through the k nearest data points (see Fig. 2.21(b)) rather than by estimating the
geodesic or Euclidean distances between the widely separated patches; accordingly, it
preserves the locally linear structure of the manifold [244]. A local approximation for
each data point xi is identified as a linear combination of its k neighbors, and the mapping is generated by constraining the mapped values to the same linear combination of
the mapped neighbors. Fig. 2.23 illustrates the two main stages of the LLE algorithm,
where the distances between local neighbors are weighed after obtaining the neighborhood relations, and the same weights are used in the low coordinates mapping space
Z.
Formally, the manifold is described by the weights, Wi,j , obtained to minimize the
error (or distance) using a special form of the MSE metric in the manifold data space:
MSEx =

X

kxi −

i

X

Wi,j xj k2

(2.56)

j

under the constraints that the Wi,j are zero for nonneighboring points and that they
sum to one to ensure that all neighbors are in the same convex hull, i.e., Σj Wij = 1.
The low-dimensional embedded coordinates are then generated by minimizing the cost
function:
X
X
MSEz =
kzi −
Wi,j zj k2
(2.57)
i

j

where the same weights utilized in Eqn. (2.56) are employed, and n1 Z Z = I as an
optimization objective. In practice, the problem can be reframed as the computation
⊺
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Figure 2.23: Neighborhoods weighing of LLE, where 4nn are considered to build the
neighborhood relations between the data points in a local batch. Moreover, the same
weights (e.g., w1 − w4 ) which reconstruct each data point from its neighbors are shared
between the data manifold, X, and the low coordinate space, Z, to optimize the mapping
procedure.

of the d + 1 bottom eigenvectors (corresponding to the d + 1 smallest eigenvalues) of
an N × N matrix derived from the weights W . Then, the sparse structure of W can be
exploited to speed up the computations; moreover, the original data is generated from
the embedded space Z by inverting W as:
X̃ = W −1 Z

(2.58)

Various extensions of LLE have been proposed in the literature, e.g., the locally linear coordination (LLC) method proposed in [288], which is based on viewing a nonlinear
manifold as a mixture (see Section 2.1.3.2.1) of subspace models to generate the coordinates in the lower-dimensional space Z. The core idea of LLC is to construct the global
coordinates based on the statistics of the mixture such that the mixture components
can subsequently be satisfactorily aligned in the lower-dimensional coordinates and the
number of optimization computations can be reduced. The LLC method was later
modified in [73] to fix the outlier issue encountered when embedding new data by considering the manifold as a mixture of t-distributed subspaces, as the t-distribution has
a larger variance and longer tails than the Gaussian or normal distribution [221]. Moreover, nonnegative adaptive feature extraction (NAFE) [341] is a method akin to LLE
(they use similar optimization formulations) that is able to embed new data. NAFE is
built based on sparse NMF (see Section 2.1.2.2) to correct outliers, and weights learning
is then performed over the new representations. Thus, NAFE learns the manifold on
the projected space Z; unlike LLE, which learns the manifold from the original data
space X and requires precalculating the learning weights W .
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Figure 2.24: The mathematical representation of a local graph in the manifold, where
the adjacency matrix, A, is obtained from the connected nodes (if two nodes are connected
the value is 1, and 0 otherwise); the degree matrix, D, is obtained by summing up each row
of the adjacency matrix and form the result of summation among all rows in a diagonal
matrix; and the Laplacian matrix is estimated as L = D − A. Moreover, L contains
0 eigenvalues if the graph is connected, however, it contains n eigenvalues for a graph
contains n branches.

2.2.2.2

Laplacian Eigenmaps

In the LE method, a mapping is computed using the eigenvectors of the Laplacian
matrix of the adjacency graph G built from the data points [23]. The Laplace Beltrami
operator (LBO) is defined on a manifold to measure the divergence of the gradient
of a function, where this gradient can be considered a measure of the dispersion of
nearby points in the mapping. The purpose of using this operator is to discover the
local minima and maxima on the manifold surface in terms of the vectors’ gradient
divergences [148]. The LBO is related to the modeling of heat distribution and results
in a new function for estimating the distances in the graph induced by the data points.
Thus, the core idea of the LE method is to use the LBO, which provides the ability to
use the heat kernel to adjust the weights matrix and control its decay.
The algorithm starts from a graph of the data points, which is formalized as an
adjacency matrix. Fig. 2.24 depicts the procedure of obtaining the mathematical representation of a graph in the manifold, where the numerical values of 6 nodes are
considered, as an example, in the manifold to obtain the Laplacian matrix. For every
pair of connected nodes, the relations (or distance of edges) can be identified as 1, or
0 for the disconnected ones. Also, the weight of the edge connecting two neighboring
nodes can be defined using the heat kernel distance:
kxi − xj k2 )
)
(2.59)
t
where t is a parameter that identifies the scale and data point pools. The Laplacian
matrix L is then computed using W instead of using the adjacency matrix A as:
W(i,j) = exp(−

L=D−W
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where D
P is a diagonal matrix whose elements are the sum of the weights of each node:
Di,i = j Wi,j . The mapping is obtained from the solution of the eigenvector problem:
Ly = λDy

(2.61)

as the components of the 2nd to d + 1th eigenvectors corresponding the eigenvalues
(the first eigenvalue being zero), Z = [Y2 , . . . , Yd+1 ], with Yj ∈ RD×1 being the j th
eigenvector. Practically, the algorithm uses the trace loss to simplify th optimization:
⊺

L = min(Tr(Z LZ))

(2.62)

⊺

where Z Z = I is considered as an optimization objective. Moreover, the optimization
procedure can be viewed as analogous to spectral clustering (SC) in the context of
Laplacian graph cuts and segmentations [262]. Both the LE and SC methods involve
optimization in the feature domain rather than the original data domain. Accordingly,
the Laplacian graph can be optimized using the standard graph cut technique as L =
(D − W ), where L̃ = D −1/2 × L × D −1/2 is the normalized version of L in the form
of the symmetric positive semidefinite matrix, i.e., the diagonal entries are positive or
zero. Finally, the Z components are taken to be the eigenvectors corresponding to the
second smallest eigenvalues of L̃.
The LE approach has been utilized in several recent works; among the most popular
methods are Hessian eigenmaps and Hessian-LLE (hLLE), which were introduced in
[79] and possess the properties of both LLE and LE for identifying the k neighbors of
a point and locally analyzing a nonlinear manifold. Here, the Hessian operator defines
the second-order derivative of a multivariate function that is the eigenfunction of the
tangent plane; thus, the Hessian matrix embeds the local curvature information. While
the Laplacian is the second-order derivative and returns the sum of the derivative as a
single scalar value for each neighbor (or subset of data), the Hessian operator outputs
a matrix with all possible combinations [47]. Another extension of the LE method,
introduced in [349], utilizes the projection of the principal curves [117], and the Hessian
operator is applied in the projection space to obtain the low-dimensional coordinates.
2.2.2.3

Maximum Variance Unfolding

In MVU [315][281], initially proposed as a semidefinite embedding (SDE), a manifold
is learned under the constraint of maximizing the variance between the mapped data
samples. MVU is based on semidefinite programming optimization [299] and global
isometric mapping [289]. MVU attempts to preserve the local geometry (distances
and angles in the local neighborhood), unlike Isomap, which attempts to preserve the
geodesic distances. This condition (local isometry) preserves local distances and can
be characterized by the constraint:
kzi − zj k2 = kxi − xj k2

(2.63)

The MVU assumes that to unfold the manifold, the variances in the mapping space
must be maximized (pair wise distances in Z), which can be expressed as:
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MUV = max

X

kzi − zj k2

(2.64)

i,j

To make the search for the mapping simpler and more robust, the problem can be
reframed as a semidefinite programming problem, in which the solution is found by
⊺
maximizing the trace of the Gram matrix Z Z, where Z is the embedding space.
Numerous methods have been developed to learn manifolds by utilizing semidefinite
programming. Among the state-of-the-art methods, the kernel matrix method proposed
in [316] for learning a low-dimensional manifold depends on maximizing the variance
in the feature space and can preserve the distances and angles among the members of
each k-neighborhood. The minimum volume embedding (MVE) method proposed in
[260] has a different objective function than SDE; specifically, MVE intends to maximize the energy for the top d dimensions of the eigenspectrum to maintain the local
distances among k neighbors. Furthermore, to ensure that the structural and topological characteristics of the original data are retained, structure-preserving embedding
(SPE), proposed in [261], can be utilized for loss monitoring and visualization.
2.2.2.4

T Distributed Stochastic Neighbor Embedding

Maaten et al. [296] proposed t-SNE, which is considered a promising recent model for
embedded unfolding and dimensionality reduction. Its main focus is also to preserve the
local properties and global structure of the nonlinear manifold in the mapping space.
The t-SNE model captures the outline of the global structure in terms of multiscale
clustering; moreover, it preserves local properties by constructing a weights matrix
derived from the local probability density of the local kernels or data point pools.
The t-SNE is built based on the stochastic neighbor embedding (SNE) method proposed in [127], which starts by identifying a similarity matrix based on an asymmetric
joint distribution. For two data points, xi , xj , in a manifold X ∈ RD , SNE identifies
the probabilistic similarity relations in the manifold space as:
P(j|i) =

exp(−||xi − xj ||2 /2σi )
Σk6=i exp(−||xi − xk ||2 /2σi )

(2.65)

where k refers to the index of all k-neighbors points of the data point xi . Equivalently,
SNE measures the same probabilistic similarity relations in the embedding space, Z ∈
Rd , as:
exp(−||zi − zj ||2 /2σi )
Q(j|i) =
(2.66)
Σk6=i exp(−||zi − zk ||2 /2σi )
where k refers to the index of all k-neighbors points of the embedding space point zi .
Finally, the SNE optimizes the mapping from space X to spaces Z to visualize the
manifold, throughout optimizing the distributions in both spaces and minimizing the
KL divergence (see Eqn. (1.6)) as follows:
KL(P, Q) = Σi Σj P(j|i) log
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Figure 2.25: The graphical representation of the SNE embedding learning, where both
distributions P and Q are optimized by minimizing the KL divergence.

Fig. 2.25 shows the graphical representation of the SNE learning, where it fixes a
Gaussian in the data manifold, thereafter it draws another Gaussian with random points
in the embedding space to optimize the two distributions by using the KL divergence.
The main differences between SNE and t-SNE include the type and shape of the distribution. SNE considers an asymmetric conditional probability (i.e., P (i|j) 6= P (j|i))
and a different standard deviation, σi , for each data point depending on its k neighbors. In contrast, in t-SNE, the conditional probability is converted into symmetric
joint distribution and a fixed standard deviation derived from all data points in the
same kernel. Moreover, t-SNE and SNE differ in the statistical distribution used in the
mapping space Z; SNE uses the Gaussian distribution, which suffers from the curse of
dimensionality, whereas t-SNE employs the t-distribution (or student’s t-distribution),
which has a large variance and long-heavy tails and drops to zero in a smoother manner
than the Gaussian. Thus, t-SNE offers a larger volume in the mapping space to accommodate data in higher dimensions. Fig. 2.26 depicts the difference between using the
Gaussian distribution (Fig. 2.26(a)) and t-distribution (Fig. 2.26(b)) to accommodate
data in the embedding space, where a similar data points configuration is exploited
from Fig. 2.25.
As in SNE, for two data points, xi , xj , in a manifold X ∈ RD , t-SNE identifies the
probabilistic similarity relations in the manifold space using the probability relation
that is presented in Eqn. (2.65); however, in t-SNE, the probability is symmetrized as
follows:
Pij =

P (j|i) + P (i|j)
2N

(2.68)

where N represents the dimensionality of the original data manifold, Pij = Pji , Pii = 0,
and Σi,j Pi,j = 1. Moreover, t-SNE measures the same probabilistic similarity relations
of Eqn. (2.69) in the embedding space, Z ∈ Rd , but a heavy-tailed distribution is used
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(a) Gaussian Distribution.

(b) T-Distribution.

Figure 2.26: Gaussian distribution (Fig. 2.26(a)) vs. t-distribution (Fig. 2.26(b)) in the
embedding learning, where it is noticed that the t-distribution is able to accommodate more
data points than the Gaussian due to its heavy-tailed and large variance, see Fig. 2.25.

to allow dissimilar points in the mapping space to be far away from the similar ones:
Qij =

(1 + ||zi − zj ||2 )−1
Σk6=i (1 + ||zk − zl ||2 )−1

(2.69)

where Qii = 0 and it is matched iteratively with Pij by minimizing the KL divergence
(see Eqn. (2.67)) through gradient descent optimization.
Further extensions of the t-SNE technique include parameterized t-SNE [191], nonmetric visualization [297], and t-SNE acceleration by quadtrees to reduce the computational cost [295].

2.2.3

Summary

Humans’ perception of big data varies more than a computer’s attention and is limited
to low dimensionality; furthermore, increasing the dimensions to d > 3 leads to uninterpretable observations when visualizing data [287]. We highlighted the prevalent and
well-known MfL models, including both global (Section 2.2.1) and local (Section 2.2.2)
techniques that can be utilized for dimensionality reduction in visualization and data
exploration, to facilitate representation learning and the determination of interpretable
information and decisions. These methods share similar intuitions in transforming the
original data structures expressed in a high dimensional space, X ∈ RD , D > 3, into a
sampled space of the manifold (as in constructing neighborhood graph G from X) and
then performing additional estimations, e.g., computing and decomposing geodesic or
weights matrices in the sampled manifold to obtain the final mapping space, Z ∈ Rd ,
d <<< D; thereby enabling data visualization, exploration, and feature extraction to
facilitate model learning [44].
The core idea of employing such techniques in building machine learning models lies
in mapping high-dimensional data into a low-dimensional joint space. Consequently,
such techniques can be used in a bidirectional manner to provide insight into the data
by looking at the joint mapping space. Moreover, they offer the ability to generate or
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reconstruct the data from the joint space, thus overcoming the challenges presented by
corruption, outliers, and session variability in subsequent data samples.
By comparing the local and global models for MfL, it is easy to identify a tradeoff between the two types of methods. Methods in the global class, such as MDS
(Section 2.2.1.1), Isomap (Section 2.2.1.2), and NLMTL (Section 2.2.1.3), seek to preserve the general curvature and global characteristics of the manifold and data points.
Local methods, such as LLE (Section 2.2.2.1), LE (Section 2.2.2.2), and t-SNE (Section 2.2.2.4), attempt to maintain the local neighbor relations between data points.
Recently, robust neighborhood preserving projection (2DNPP) [345] has been proposed
as a local method for extracting representations from 2D images, where it is built based
on preserving neighborhoods during projection. As a result of this difference in their
focus, global methods tend to be affected by the shortcut edge problem (points that
are considered neighbors but belong to different regions of the manifold), which induces errors in the estimation of the manifold topology, whereas local methods do not
propagate such errors [52].
In particular, among all recent modalities, t-SNE appears to be superior due to
its ability to preserve both local and global structures [3, 296]. Furthermore, both
global and local methods can suffer from the out-of-sample problem when embedding
new high-dimensional data into the previously obtained mapping space. Various works
have attempted to overcome this issue, as in [32]; however, there is a demand for further
investigations regarding very-large-scale online data streaming, manifolds with holes,
and the nonconvexity of neighboring points (i.e., isometric submanifolds). Fig. 2.27
presents a comparison between the most widely used MfL methods, where we show the
ability of each method to visualize the embeddings of 10000 images from the MNIST
digits dataset [75].
Furthermore, note that PCA (described in Section 2.1.1.1) is applied directly to the
data matrix, whereas MDS requires the computation of the dissimilarity matrix and
thus incurs a higher computational cost; we refer to [52, 250] for a more detailed comparison among manifold methods in terms of computational complexity1 . Moreover,
Isomap, LLE, and LE transform the original data to special forms before carrying out
the eigendecomposition to visualize the embeddings, e.g., Isomap estimates geodesic
distances matrix, LLE approximates weights sparse matrix, and LE estimates Laplacian matrix of the original data. Table 2.1 summarizes the relationship between PCA,
MDS, Isomap, LLE, and LE to the eigendecomposition, where all methods apply the
decomposition considering different transformations among data and different locations
among the eigenvectors of the decomposed matrices. Furthermore, it is important to
mention that here, we have attempted to focus on how MfL models have developed and
how they can be utilized, rather than presenting an exhaustive list of investigations
into each technique; we refer the reader to [29, 174, 298] for relevant complementary
reviews.
1

https://scikit-learn.org/stable/modules/manifold.html
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(a) MNIST Digits.
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(b) MDS (Section 2.2.1.1).

(c) Isomap (Section 2.2.1.2).

(d) LLE (Section 2.2.2.1).

(e) LE (Section 2.2.2.2).
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(f) SNE (Section 2.2.2.4).

(g) t-SNE (Section 2.2.2.4).

Figure 2.27: A comparison between (b) MDS, (c) Isomap, (d) LEE, (e) LE, (f) SNE, and
(g) t-SNE. From the six subfigures, it is noticed that t-SNE outperforms the other methods
because it depends on the t-distribution, which offers a high volume to accommodate the
high-dimensional embedding of the manifold into the mapping space. Moreover, because
Isomap attempts to preserve geodesic distances, the data appear as thick scattered curves,
whereas MDS and LLE force the mapping space parameters to be centered around the
origin, which leads to overlapping clusters. Moreover, LE is a geometrically motivated
method that preserves the geometric properties among data classes, and it clusters similar
subgroups to the same region in the embeddings space; whereas SNE attempts to preserve
the local neighborhood relation among data points, but it suffers from the crowding problem
in the mapping space (class overlapping because the algorithm is unable to accommodate
the moderate-near data points), thus t-SNE has been introduced in [296] to break the
crowding problem by using t-distribution with heavy-tailed in the mapping space.
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Table 2.1: The relationship between PCA, MDS, Isomap, LLE, and LE to the eigendecomposition. Whereas PCA is applied to the original data form, all other methods
decompose transformed forms of the data (not the original data).

Method

PCA

Decomposition
Space

CX

MDS

− 12 HDX H

Isomap

− 21 HDG H

λMax (I − M ), or M −1
LLE

λMax (I − M ), or M −1
LE

Note
Covariance matrix CX : Ordinal PCA is
obtained from XX ⊺ , and Dual PCA is ob⊺
tained from X X. The mapping space is
visualized considering the top eigenvectors
corresponding to the highest eigenvalues
of the decomposed matrix
Dissimilarity matrix DX with double centering matrix H. The mapping space is
visualized considering the top eigenvectors
corresponding to the highest eigenvalues
of the decomposed matrix
Geodesic matrix DG with double centering matrix H. The mapping space is visualized considering the top eigenvectors
corresponding to the highest eigenvalues
of the decomposed matrix
⊺
M = (I − W )(I − W ) where I − W is a
form of Laplacian, and M −1 is pseudo inverse that gives the same eigenvectors but
the eigenvalues are flipped. The mapping
space is visualized considering the bottom
eigenvectors corresponding to the smallest eigenvalues of the decomposed sparse
matrix, from 2 to d + 1 eigenvectors (the
smallest eigenvalue is zero)
⊺
M = (I − D)(I − D) where I − D is a
form of Laplacian, and M −1 is pseudo inverse that gives the same eigenvectors but
the eigenvalues are flipped. The mapping
space is visualized considering the bottom
eigenvectors corresponding to the smallest eigenvalues of the decomposed sparse
matrix, from 2 to d + 1 eigenvectors (the
smallest eigenvalue is zero)
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Nowadays, Learning from data manifold is evolved with the prosperity of UGL
based-NNs and deep learning models (see Section 2.3), throughout using modern graph
neural networks [107] and GANs [105] to learn graph data, embeddings, and Riemannian manifold. Variational graph auto-encoder (VGAE) has been proposed in [154]
based on VAE (see Section 2.3.2.4), where the authors investigated the link prediction
[34] in a graph data utilizing non-Euclidean representations. A distance preserving
embedding among data has been investigated in [101], whereas the Gaussian random
weights were used for a deep network to preserve a small angle between relative data
within the same class. In [213], Poincarè embedding has been employed to capture
latent hierarchical representations among complex symbolic data, by embedding the
data into a hyperbolic space based on using a Riemannian optimization. The graph
structure has been divided into small batches in [265] for the sake of molecule generation of a graph structure using graph-VAE, where such a model encodes nodes and
links (or edges) from a graph structure. Moreover, it is also able to reconstruct the
graph from the embedding space; conversely, in [230] and [154] the contents of the
nodes and topological structure have been encoded as a single graph. The concept of
AAE (see Section 2.3.3.2) in combining a GAN and AE in a single model has been followed in [160], by employing autoencoding and adversarial objective functions to learn
the manifold from data that preserves a smooth and local mapping in the embedding
space. Moreover, the AAE has been utilized recently in [107] to detect the dynamical stationary points (stationary points are equivalent to the representative point of
k-neighbors) in graph streams, by exploiting the embeddings that are obtained from
constant-curvature Riemannian manifolds.
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(h) Directed NN.

(i) Undirected NN.

(j) Hybrid NN.

Figure 2.28: The graphical representation of the probabilistic graphical models of NNs,
where we consider (a) directed, (b) undirected, and (c) hybrid models with one visible layer
V = {vi } and three hidden layers H = {hi }. Moreover, vi reflects the index of the visible
unit that pass data xi through it, hi represents the index of a hidden unit that contains
the transformed data, and bi is the bias that shifts the values of activation of neurons in
the corresponding hidden layer to a better fit a model to the data instead of centering the
fitting line around zero.

2.3

Neural Network Models

Generative models based on NNs play a substantial role in learning representations of
data. These models are probabilistic graphical models PGMs and can be divided into
three categories. Models in the first category are called directed generative models as it
is depicted in Fig. 2.28(h) and require the prior distribution, P (V ) (or P (X)), to define
the states of the hidden units H; such methods also require a separate set of predefined
parameters to define the states of the visible or input units, V , given the states of the
hidden variables P (V |H) (P (v|h) for a pairwise visible and hidden units) [123, 159].
The second category consists of undirected models and it is shown in Fig. 2.28(i), in
which joint probabilities P (V, H; W ) between the visible and hidden units are defined
given the weights parameters W . Furthermore, NNs models are inherently probabilistically undirected or directed; however, different models may comprise both directed
and undirected graph schemes as it appears in Fig. 2.28(j). Moreover, these models
usually involve estimating the probability density function (pdf) of the approximated
data (X̃ m , where m is the sample index) and comparing the pdf with the data prior
P (X). The posterior distribution P (h|v) is also approximated to optimize the learning
for unseen data [8].
From this perspective, three approaches can be used to combine any two different
pdfs: (i) a mixture, which can be obtained by taking a weighted average of the samples,
where the resulting pdf is no smoother than the individual pdfs; (ii) a composition, in
which the latent or hidden values are considered as the input to the next layer, provided
that the connection between the layers is undirected; and (iii) a product, which is considered a powerful strategy, in which the pdfs are multiplied together and the resulting
distribution is then normalized [124, 126]. Furthermore, either a product or a compo-
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sition between the input elements, vi , and the corresponding, hi , defines a combined
density distribution that is obtained by multiplying the input data by corresponding
weights, followed by an activation function to append nonlinear properties to the whole
mapping process, hi = σ(wi⊺ vi ), and σ is the sigmoid activation. Thus, the first hidden units feed into subsequent units, and so on. Additionally, the following methods
learn representations of the original data based on the Jacobian spectrum, which is the
first derivative of the activation matrix that aggregates all activations across all of the
network’s neurons. Moreover, the subsequent methods are dissimilar to the manifold
learning models which need to identify neighborhood relations between batches of data
points in the early stage to generate mapping spaces. [29], see Section 2.2. However,
the combinations between the MfL, BSS, and NNs can bring interesting and obedient representations among the data to facilitate learning and reduce computational
complexity.
In the following, we review three classes of models derived from the NNs family,
namely, energy-based models (EBMs) in Section 2.3.1, autoencoder models (AE) in
Section 2.3.2, and adversarial learning models (GANs) in Section 2.3.3.2.

2.3.1

Energy Based Models

EBMs encode the dependencies between the input data and the hidden units by modeling their joint probability, P (v, h). Such a model is composed of several units bidirectionally connected to each other (using a schema that characterizes the model family),
which can be partitioned into units representing the visible variables, v, and units representing the hidden variables, h, and can follow either a Bernoulli (binary) or Gaussian
distribution [58] (for notational coherence, we use X to denote the input data; v to
denote the visible layer, which receives the data; and h to denote the hidden layer).
Moreover, EBMs are built based on the Markov process employed to capture the probabilistic dependencies among a set of RVs. Also, the Markov process has a condition
that enforces the independence between RVs, or neurons, in the same layer given the
activation of neurons in the preceding or subsequent layers. Furthermore, in a Markov
network, each node is parameterized by a unary potential function, φ, and it is also
parameterized by a pairwise potential function, ψ, with another connected node [286].
Fig. 2.29 depicts an example of a pairwise Markov network of two variables.
For each configuration of the units, an energy property can be defined and encoded
in the weights of the unit connections W as well as the input. The model learning
process is driven by an attempt to minimize the global energy of the network, which
is a condition that is obtained when, for each configuration, its energy is inversely
proportional to its joint probability, P (v) ∝ e−E(v) , according to the distribution of the
training data [125]. More specifically, the probabilities for the visible and hidden units
in an EBM are assigned following the Boltzmann distribution:
P (v, h; W ) =

exp−E(v, h; W )
Z

(2.70)

where Z is the partition function (canonical ensemble) that is used to normalize the
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Figure 2.29: The graphical representation of a pairwise Markov network of one visible
and hidden units, where φ reflects the unary potential energy in the visible node, wvi is
the node weight, and ψ represents the pairwise potential energy between v, h interaction.

approximated distribution over the possible values of the distribution variables among
all possible configurations, and is gives as:
Z=

X

exp−E(vi ,hj ;w)

(2.71)

vi ,hj

Consequently, such models learn and reconstruct the latent representations by capturing the interactions of v and h units; the results obtained are shared representations that can be generalized to unseen data. After training, such models can provide closed-form representations of the distributions of the training set and the hidden
variables. In the following section, we highlight typical EBMs, including restricted
Boltzmann machines (RBMs) [124] in Section 2.3.1.1, conditional restricted Boltzmann
machines (CRBMs) [197, 201] in Section 2.3.1.2, deep belief networks (DBNs) [126] in
Section 2.3.1.3, deep Boltzmann machines (DBMs) [252] in Section 2.3.1.4, and their
relevant extensions.
2.3.1.1

Restricted Boltzmann Machines

RBMs [268][124] were among the earliest models for data reconstruction based on Boltzmann machines [6] and are considered one of the principal families of generative undirected stochastic models. Because connections between units are allowed only between
units of different layers (i.e., no connections are permitted between visible units or hidden units in the same layer), an RBM can be structured as a two-layer shallow network,
where the first layer is the visible layer, v, and is associated with the input data X,
while the second layer is the hidden layer, h, and is associated with the feature representation. The RBM can then be interpreted as a deterministic network that learns
representations in the feature domain based on the expected activations of the hidden
units [87]. The connections are characterized by the weights W and the two biases c
and b for the visible and hidden units, respectively. Fig. 2.30 illustrates the graphical
representation of an RBM with two layers.
For binary or Bernoulli units, the configurations (v, h) between the hidden and
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Figure 2.30: The graphical representation of an RBM model of 4 visible units and 3
hidden units, where two biases, b, c, are introduced for v and h, respectively.

visible units have the following energy function:
X
X
E(v, h; θ) = −
bi vi −
i∈visible

cj hj −

j∈hidden

X

vi hj Wi,j

(2.72)

i,j

where θ = {b, c, W }. Because there are no intralayer connections, the visible units are
influenced only by the hidden units and vice versa, i.e., when h units are given, v units
are independent and can be factorized:
Y
P (v|h) =
P (vi |h)
(2.73)
i∈hidden

where, for a Bernoulli RBM, P (vi = 1|h) is given as:
P (vi = 1|h) = σ(bi + Wi h)

(2.74)

where σ is the sigmoid activation function. Moreover, this also applies to the hidden
units:
Y
P (h|v) =
P (hi |v)
(2.75)
i∈visible

where, for a Bernoulli RBM, P (hj = 1|v) is given as:
P (hj = 1|v) = σ(cj + v ⊺ Wj )

(2.76)

These properties simplify the training algorithm because variables of the same type
(in the same layer) can be sampled simultaneously. Moreover, the probability approximation is performed by computing both the energy function E(v, h) and the joint
probability P (v, h), and the activation between the v and h units is calculated from the
conditional probabilities P (v|h) and P (h|v). Hence, the RBM assigns joint probabilities
for pairs of vi and hj units in accordance with Eqn. (2.70).
Additionally, the reconstruction error in the RBM is estimated using the k-step
contrastive divergence [124] to optimize the model parameters {W, b, c} and maximize
the log-likelihood probability. The contrastive divergence is used to minimize the KL
divergence between the current obtained distribution, P0 (v|W ∗ ), and the equilibrium
distribution, P∞ (x|W ), which is obtained in the last stage of the model learning, or it
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Figure 2.31: The graphical representation of an CRBM model of 4 visible and historical
units, and 3 hidden units, where two biases, b, c, are introduced for v and h, respectively.
Also, three different sets of weights, A, B, and W are used to learn the model.

can be sampled from the original data. Accordingly, the learning process is repeated
several times while varying both the biases and the weights until the reconstruction
error is minimized; further guidelines are given in [125]. RBMs are used for various tasks, including multiclass classification, collaborative filtering, and information
retrieval. They are also utilized as pretraining facilitators for autoencoder networks
[128].

2.3.1.2

Conditional Restricted Boltzmann Machines

Despite the plethora of applications based on RBMs, RBMs do not perform well on
structured data, such as in multi-label classification and time-series applications, where
the output configuration space can be of large dimensionality [27]. To this end, in [201],
the CRBM was proposed. The CRBM is similar to the RBM except that a conditional
variable u is introduced to retain the context information (e.g., the historical values of
the inputs v) and acts as the gateway to control the v and h activations.
Analytically, the CRBM models the energy function E(v, h, u) and provides P (v, h|u),
which can be used to obtain P (v|u) (by marginalizing over h). The CRBM is an undirected model, similar to the RBM, where in addition to the v and h layers coupled by
the weight matrix W with the biases and activation (or conditional) probabilities, an
additional layer u is coupled to v and h by directed connections and weight matrices
A and B, for v and h, respectively. During the learning, the pairs (u, v) are used as
input (visible layer), while after training, only the u variables are known, and v has to
be estimated from P (v|u).

E(v, u, h; A, B, W ) = −

X

i∈visible

X
i,j

vi hj Wi,j −

X
i,k
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bi vi −

X

cj hj −

j∈hidden

vi uk Ai,k −

X
k,j

uk hj Bk,j

(2.77)
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where θ = {A, B, W }, and the model contains an associated energy F :
X
X
F (v, u; A) = −
bi vi −
vi uk Ai,k
i∈visible

(2.78)

i,k

where during the learning, the pairs (u, v) are used as input (visible layers), while after
training, only the u variables are known, and v has to be estimated from P (v|u):
P (v|u) = P

exp−F (v,u)
−F (vi ,uk ;w)
vi ,uk exp

(2.79)

There are various extensions of CRBMs; among the most popular are GaussianBernoulli restricted Boltzmann machines (GBRBMs) [59], which follow the same principle as CRBMs but with differences in the probability distributions. Whereas the
visible units in a GBRBM follow a Gaussian distribution, the hidden units are forced
to take the form of a Bernoulli logistic distribution [27, 58]. Another CRBM model,
proposed in [180], integrates a label layer instead of the historical unit layer u as the
conditional layer. Moreover, in a gated restricted Boltzmann machine (GRBM) [197],
the variables are conditioned to interact multiplicatively with modulated filters. A
GRBM can be regarded as a high-order RBM because multiplication can be performed
among three units or more, with the weights matrix W being a 3-way tensor among
the input, hidden, and output layers. CRBMs are used in motion recognition, multiclass simultaneous labeling, and nonlinear time-sequence analysis; recently, interesting
results have been achieved for gait recognition [61].
2.3.1.3

Deep Belief Networks

Deep learning has become increasingly popular in the ML community since the breakthrough work presented in 2006 by Hinton et al. [126], which offers a new approach for
successfully training deep NNs. The main challenges leading to unsuccessful training
lie in random initializations and standard gradient optimization, which had previously
failed to train most multilayer deep NNs [102]. Hinton et al. introduced the correct
recipe for efficient representation learning utilizing a complementarity prior to overcoming the above challenges. These authors were inspired by [88] when conceiving of
the deep architecture as a sequential model. A DBN is a hybrid probabilistic model
constructed by sequentially combining several simple blocks that are forced to extract
different representations. The learning process described in [126] is performed employing greedy layer-wise training, i.e., training one layer at a time.
In terms of structure, a DBN is identical to a multilayer perceptron (MPL); however,
they differ in their training procedures. DBNs are hybrid generative models that are
composed of multiple directed sigmoid layers except for the top layers, which form
an RBM model; the joint distribution of the variables in the layers of a DBN can
be factorized into the conditional probabilities of variables in two successive layers.
Fig. 2.32 depicts an example of DBNs, where we use the same network size that is shown
in Fig. 2.28(j). Furthermore, the training of such a DBN starts from the generation
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Figure 2.32: The graphical representation of a DBN model of 4 visible units and 3 hidden
layers of the same size of the visible layer, where two different processes are utilized to learn
the model including generation (right) and inference (left), and the layer-wise pretraining
is performed by using an RBM.

of the posterior distribution for the preceding-down layers by using an RBM at the
top, thereafter it uses the posterior distribution in the inference for model optimization
(thus the training process exploits the complementary prior).
The training of a DBN is performed through a recursive procedure that starts with
the training of an RBM. The weights matrix between the visible and hidden layers is
then frozen, and its (transposed) replica is used to initialize the weights matrix of a
new layer. The hidden variables of the first layer then become the visible variables of
the second layer, and training is performed only on the second weight matrix. The
joint distribution for the DBN model that is appeared in Fig. 2.32 is given as:
P (v, h1 , h2 , h3 ) = P (h2 , h3 )P (h1 |h2 )P (v|h1 )

(2.80)

where the distribution is conditional in the directed-connected layers (v, h1 , h2 ); however, the top two layers (h2 , h3 ) are undirected-connected layers and their joint distribution is estimated first (top-down flow) according to the Boltzmann distribution as
stated in Eqn. (2.72):
2 3
exp−E(h ,h )
2
3
P (h , h ; W ) =
(2.81)
Z
where Z is the partition function that gives the normalization scalar. The conditional
distribution P (h1 |h2 ) is given as:
P (h1 |h2 ) =

Y
j
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and the conditional distribution P (v|h1 ) is given as:
Y
P (v|h1 ) =
P (vi |h1 )

(2.83)

i

Eventually, the bottom-up flow approximates the posterior inference that is associated with a conditional distribution, Q, by using the variational mean-field inference:
P (h|v) ≈ Q(h|v) =

Y

Q(hj |v)

(2.84)

j

where the optimization procedure maximizes the maximum posterior (MAP) for each
hidden layer. Furthermore, after the pretraining, generation, and inference processes
are completed, the model fine-tuning is introduced to measure how the model can fit
data; such a fine-tuning can be a supervised or unsupervised procedure and includes
discriminative fine-tuning by maximizing logP (Y |X) (X: data, Y : label), and generative fine-tuning by maximizing logP (Y, X). Finally, the complete training procedure
can be found in [126, 128, 251].
Convolutional deep belief networks (CDBNs) are special types of convolutional neural networks (CNNs), which were proposed to address large-scale image processing
applications, are an extension of DBNs. A CDBN follows the same principles as a
DBN; however, it uses a stack of convolutional filters to satisfy the image processing requirements [173]. DBNs are employed in various application domains, including
regression and classification on highly structured data, human motion analysis, and
character recognition, and speech recognition [202]. Notably, DBN models are distinct
from DBMs [252], of which we give a brief overview below.
2.3.1.4

Deep Boltzmann Machines

With the deep learning revolution, simpler RBM models have been combined to form
DBM models [126, 252]. A DBM differs from a DBN, introduced in Section. 2.3.1.3, in
that all of the connections among layers are undirected. DBMs are undirected graph
models that approximate the gradient of the likelihood by the variational expectations
over-dependent data instead of randomly approximating the expectations as in RBMs.
The motivation behind DBMs is that interpolation applications, such as speech and
image, require the estimation of the posterior over the hidden units to be performed in
a single-mode; accordingly, the naı̈ve mean-field method attempts to perform unimodal
approximation. Additionally, DBMs use Markov chain Monte Carlo (MCMC) methods to estimate the gradient of the intractable partition function Z [251]. Moreover,
DBMs differ from DBNs in that both sample generation and inference are performed
within the network. After the first bottom-up pass is performed, the approximated
distribution is used in the top-down pass, exploiting the complementary information of
the intermediate features. Fig. 2.33 presents a DBM model composed of three RBMs,
where we use the same structure proposed in Fig. 2.30 for each shallow RBM.
The model training for general DBMs begins with the greedy layer-by-layer pretraining of each RBM; then, the RBMs are stacked together to form a deep architecture.
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Figure 2.33: The graphical representation of a DBM model of three RBMs, where the
model is initiated by an RBM (left) then it stacks all RBMs in the successive stages (right).
The full model parameters, θ = {b1 , W1 , c1 , W2 , c2 , W3 , c3 }, are considered in the learning
and fine-tuning the model.

Moreover, the attention to duplicate visible units in the bottom-up, and top hidden
units in the top-down passes alleviates the double-counting problem that is strongly
present during training and inference [252]. The energy of the whole model that is
shown in Fig. 2.33 is estimated according to Eqn. (2.72) as:
X
X
X
E(v, h1 , h2 , h3 ; θ) = −
b1i vi −
c1j h1j − −
c2k h2k −
i∈visible

−

X

c3l h3l

−

X

j∈hidden

vi h1j Wi,j

i,j

l∈hidden

−

X

k∈hidden

h1j h2k Wj,k

j,k

−

X

h2k h3l Wk,l

(2.85)

k,l

where θ = {b1 , c1 , c2 , c3 , Wi,j , Wj,k , Wk,l }. Moreover, the joint distribution is driven
according to Boltzmann distribution that is introduced in Eqn. (2.70) as:
1

exp−E(v, h , h
P (v, h , h , h ; W ) =
Zθ
1

2

3

2 , h3 ; θ)

(2.86)

where, for a Bernoulli DBM, P (vi = 1|h1 ) is given as:
P (vi = 1|h1 ) = σ(b1 + Wi,j h1 )

(2.87)

and P (h1j = 1|v, h2 ) is given as:
P (h1j = 1|v, h2 ) = σ(c1 + vWi,j + Wj,k h2 )

(2.88)

similarly, P (h2k = 1|v, h1 , h3 ) is obtained as:
P (h2k = 1|v, h1 , h3 ) = σ(c2 + vWi,j + Wj,k h1 + Wk,l h3 )

(2.89)

finally, the conditional activation of the last layer, h3 , is estimated as:
P (h3l = 1|h2 ) = σ(c3 + Wk,l h2 )

71

(2.90)

2. STATE OF THE ART OF UNSUPERVISED GENERATIVE
LEARNING (UGL) MODELS

where h1j and h2k are no longer independent given vi , and hence P (h1 |v) can not be
Q
factorized as j P (h1j |v). Moreover, given h1 the elements of the visible units, vi are
independent (as in an RBM); however, given h2 and h3 they are not independent.
Variational learning is utilized in DBMs to maximize the log-likelihood P (v; W ) and
minimize the KL divergence between the approximated distribution Q(h|v; θ) and the
exact posterior P (h|v; θ), utilizing a naı̈ve mean-field method involving factorization of
the approximated posterior [317] (see Eqn. (2.84)). Moreover, the maximum posterior,
MAP, of a DBM is obtained by maximizing the conditional probability and learnable
parameters θ:
hMAP = argmaxh P (h|v, θ)

(2.91)

and employing the same approximation for v inference:
vMAP = argmaxx P (v|h, θ)

(2.92)

DBMs are pretrained by using consecutive-separate RBMs, throughout fixing the
values of the last layer of each RBM and considering it as input for the successive
one. Thereafter, (after the pretraining) the whole model is trained and fine-tuned by
discriminative learning, P (v|y), or generative learning, P (v, h):
P (v, y|θ) = Σh1 ,h2 ,h3 P (v, y, h1 , h2 , h3 |θ)

(2.93)

where y is the class label:
P (v, y, h1 , h2 , h3 |θ) =

1 +h1 W h2 +h2 W h3 +h3 W y
y
j,k
k,l

expvWi,j h

Z

(2.94)

considering that all biases are ignored in the model fine-tuning. Moreover, the optimization procedure maximizes the model likelihood that is inferred as follows:
P (v) = Σh1 ,h2 ,h3 P (v, h1 , h2 , h3 )

(2.95)

where the classification inference of a DBM requires to identify labels, y, for the data
samples and is given as:
yclass = argmaxy Σh1 ,..,hL P (h1 , .., hL , y|v)

(2.96)

where the MCMC sampling methods, e.g., Gibbs sampling, or the variational methods,
e.g., variational naı̈ve mean-field, are introduced to approximate P (y|x).
After pretraining, the DBM can be trained using contrastive divergence and the
mean-field method. By contrast, the need for pretraining is avoided in the learning
method presented in [104], where multimodal DBM learning inspired by [276] is introduced. Finally, we refer the reader to [227, 251, 252] for further details.
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2.3.2

Autoencoder Models

Autoencoder (AE) models are UGL models that can be constructed with either shallow
or deep architectures; they also do not depend on partition functions [164], as EBMs do
(see Section 2.3.1). AE models share a similar goal of capturing the hidden structures
of data by performing sample reconstruction, benefiting from the advantages of distinct
encoding and decoding stages. For a given data sample xi ∈ RD , the encoding stage
produces a mapping f : RD → Rd , 0 < d < D, to the corresponding encoded data
zi = f (xi ; θˆe ), while the decoding stage produces a mapping g : Rd → RD , which
reconstructs an approximation of the original data: x̃i = g(zi ; θˆd ). The problem lies in
finding the encoding/decoding parameters that minimize the reconstruction error:
LREC{θ̂

e , θ̂d }

= min kX − (f ◦ g)XkEr

(2.97)

where the reconstruction error Er can be measured by different metrics including mean
square error (MSE), Frobenius norm, reconstruction cross-entropy, or β- divergence [1]
(see Section 1.3).
Consequently, the optimal reconstruction error allows one to capture rich representations of the hidden structures buried in data, which is considered a key element
of establishing a model’s reliability and robustness [18]. Commonly, f and g can be
composed of several encoding and decoding stages, with a high degree of symmetry, in
which the mapping from the j th stage is parameterized by a weights matrix Wj and a
bias bj . In the following, we review the development of classical autoencoders [248], denoising autoencoders (DAEs) [303], contractive autoencoders (CAEs) [240], variational
autoencoders (VAEs) [153], and their extensions.
2.3.2.1

Classical Autoencoders

One early type of AE, previously known as a circuit, was proposed in [248] as a shallow
model consisting of 3 layers, i.e., input, output, and bottleneck (or hidden) layers, where
the size of the bottleneck layer is restricted to log2 of the input layer size. Fig. 2.34
depicts an example of the early type of AE, where the architecture has been introduced
in [248].
The main role of such a circuit is to encode and decode a sequence of bits by utilizing
the backpropagation error to learn internal representations of the data, where the MSE
reconstruction error is introduced for optimizing the model:
LREC{θ̂

e , θ̂d }

1
= Σ(X − (f ◦ g)X)2
2

(2.98)

where {θ̂e , θ̂d } are set of weights and biases for the encoder and decoder, respectively.
Shallow AEs learn representations of the original data based on two associated
steps [130]: (i) encoding, in which the features of the data are encoded in the hidden
layer using the encoding parameters θ = {We , be }, and (ii) decoding, in which the
encoded features are reconstructed using the decoding parameters θd = {We⊺ , bd }, and
utilizing the same weights used in the encoding stage. Stated otherwise, the encoder
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Figure 2.34: The graphical representation of the classic AE proposed in [248], where it
encodes and decodes a binary string comprising 1 0 0 0 0 0 0 0.

is parameterized by weights and biases, whereas the decoder is parameterized only
by biases because it uses the transpose of weights passed to it by the encoder. With
the deep learning revolution, autoencoders have been stacked together to form a new
generation of networks called stacked autoencoders [326]. These models have gained
popularity due to their success in various tasks, including dimensionality reduction and
discovering the underlying structures of data [128].
The difference between AEs and EBMs, such as RBMs, lies in the complexity of
the posterior distribution approximations calculated from the input data in EBMs
as the depth of the stacks of RBMs increases. Additionally, the features extracted
in EBMs are derived from the data distribution and do not represent usable feature
vectors. By contrast, in AEs, the process begins with direct mapping or encoding
the inputs to their representations, generating parameterized feature vectors [29]. The
aforementioned differences are related to the encoding stage, whereas the decoding
phase is described by the regularization term, which is already included in RBMs as the
stochastic binary activation of the neurons. Moreover, the idea behind regularization
is to impose restrictions on the learning process to enhance the generalizability of the
learned representations and minimize the reconstruction error for unseen examples [3].
Although the regularization of AEs can take different forms, the original form is a
bottleneck, which is formed by restricting the hidden layer to have fewer units than
the input and output layers. Also, the role of such a bottleneck in AEs can be viewed
similarly to the role of PCA (see Section 2.1.1.1), i.e., reducing the dimensionality [257].
An alternative approach based on imposing regularization by adding sparsity, which
can be conceptualized as increasing the number of hidden units to be greater than the
number of units in the input layer, is similar to duplicating the inputs to better capture
the hidden structure of the data without increasing the data processing time. The
measure used to exploit the effect of sparsity is also called a sparsity penalty, which can
be implemented by forcing the average neuron activations to be near 0. In practice, this
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can be done by identifying a sparsity hyperparameter, ρ, to be used as the condition
for the activation of a specific neuron and then estimating the average activation of
that neuron as ρ̃. Consequently, the KL divergence, KL(ρ||ρ̃), can be introduced to
measure how ρ and ρ̃ are related [209]. Thus, the sparse AE is optimized to minimize
the sparsity loss and the reconstruction loss:
LSAE{θ̂

e , θ̂d }

= min[LREC + KL(ρ||ρ̃)]

(2.99)

where LREC{θ̂ , θ̂ } is obtained according to Eqn. (2.97).
e d
Furthermore, the effects of regularization on representations- consistency have led to
the emergence of many versions of AEs models to achieve model generalization [33, 209].
Among the most popular models are DAEs [303], CAEs [240], and VAEs [153], all of
which have been proposed as the results of various developments in regularization.
2.3.2.2

Denoising Autoencoders

DAE was proposed in [303] to obtain robust representations. The underlying principle
is to add noise to or corrupt the input data and attempt to train an autoencoder to
reconstruct the encoded data to obtain the clean or original data. The added noise can
take different forms, e.g., Poisson or Gaussian noise [43]. Moreover, the corruption or
noise can be practically implemented by adding a Gaussian noise for an image sample
(or a matrix of data), x, such that:
x̂ = x + ǫ

(2.100)

where ǫ ∈ N(0, σ 2 I). Thereafter, the joint distribution between the original, corrupted
(or noisy), and reconstructed samples, is drawn as:
P (X, X̂, X̃) = P (X)P (X̂|X)δf θe (X̃)

(2.101)

where the mass parameter δf θe (X̂) (X̃) enforces the decoding process from Z to X̃ to
˜ then δ puts mass = 0. Accordingly, the
be deterministic; whereas if δf θe (X̂) 6= (X),
joint distribution between X, X̂, and X̃ is parameterized by the encoding/ decoding
parameters θe , θd , which are optimized by using the reconstruction cross entropy LH :
L{θ̂e , θ̂d } = min[(X, (f ◦ g)X)]LH

(2.102)

where:
LH = H(Bx ||Bx̃ ) = −Σdk=1 [xk log x̃k + (1 − xk ) log(1 − x̃k )]

(2.103)

Additionally, the progression of deep learning based on stacking different shallow
autoencoders, as discussed in [166], has allowed DAEs to achieve a deep form as it is
shown in Fig 2.35; stacked denoising autoencoders (SDAEs) follow the same principle
as DAEs except that the data reconstructed in the first DAE are fed as clean data
to the next DAE, and so on [304]. Recently, DAEs have been employed for various
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Figure 2.35: The graphical representation of a DAE with 4 layers and one level of
dimensionality compression, i.e., reducing the encoding dimensionality by a stride of 2.

tasks, including machinery fault diagnosis, medical image processing, and collaborative
filtering [337].
2.3.2.3

Contractive Autoencoders

In a CAE [240], a modified optimization objective function is used to regularize the
reconstruction. The matrix aggregating all activations throughout the encoder after
one forward pass is known as the activation matrix, and its partial derivative is the
Jacobian matrix, J, which is used for gradient optimization. Moreover, the learning
weights and their Jacobian are used in fitting the model to data. For a given data
X ∈ RD , the Jacobian of the encoder activations is obtained by considering the partial
derivative of the latent space (features space), Z, concerning X, where the Frobenius
norm of the Jacobian is given as:
s
∂Zj 2
)
(2.104)
||J(f (X))||F = Σ(i,j) (
∂(Xi )
where, for sake of computation, only the partial derivatives between Z and X are
considered; however, the procedure is valid when considering the Jacobian of the weights
of Z concerning the weights of X.
Furthermore, the Frobenius norm of the Jacobian of the encoder’s activations,
||J(f (X))||2F , is added to the optimization objective function of the decoder (on the
generation side); thus, the reconstruction is forced to contract toward the original
training data. Fig. 2.36 shows the graphical representation of the CAE that uses the
same encoding/decoding layers of the DAE depicted in Fig. 2.35.
CAE learning aims to find optimal set of parameters, θe , and θd , that minimize the
error corresponding to the following objective function:
L{θ̂e , θ̂d } = min[kX − (f ◦ g)XkEr + λ||J(f (X))||2F ]
where λ is a hyperparameter that is tuned according to the nature of data.
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Figure 2.36: The graphical representation of the CAE that uses a similar architecture of
Fig. 2.35, where ∂ represents the partial derivative operator between Z and X.

In other words, the difference loss between the reconstructed and original data is
penalized and increased by the Frobenius norm of the Jacobian (between Z and X)
of activation matrix; thus, the form of the regularization offers the ability to discover
intermediate structures in the data. Recently, CAEs have been used in radar imaging
and domain adaptation and have been extended to aeronautical cybernetics [322].
2.3.2.4

Variational Autoencoders

Variational inference (VI) methods belong to the Bayesian family of analysis methods;
such methods can be used to approximate an intractable posterior over a large dataset
using a simpler variational distribution to obtain the solution to an optimization problem [336]. The Bayes’ rule is used to inferring the model according to a set of learning
parameters, where it is given as:
P (X|Z) =

P (Z|X)P (X)
P (Z)

(2.106)

where, P (X) and P (Z) are the priors for data X and latent space Z, respectively. Moreover, P (Z|X) is the posterior probability that is intractable and usually is challenging
to be approximated.
VAE uses a mean-field approximation to estimate P (Z|X) by sampling a simpler
Gaussian distribution, Q, thus the inference can be simplified with the Gaussian distribution, and the intractable posterior becomes tractable [153]. Throughout observing
the encoder output, also known as the results of AE inference, one can find the approximate posterior distribution function Q(z|x) that parameterizes the latent distribution z
according to the input data (we use lowercase x and z for a single sample). Specifically,
a VAE is characterized by forcing the latent distribution to follow a unit Gaussian with
certain µ and σ vectors, which can be regarded as the regularized form of the distribution. Fig. 2.37 shows an example of a VAE that uses the same encoding architecture
introduced in Fig. 2.35, where the latent code Z is sampled according to the preceding
dense layers µ and σ, respectively.
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Figure 2.37: The graphical representation of the VAE that uses a similar architecture of
Fig. 2.35, where the KL unit measures the KL divergence between the data distribution
P (X) and the sampled distribution Q(Z|X), and ǫ reflect the noise unit to reparameterize
Z.

As the first step, the prior distribution of the latent space P (z) must be defined
according to a unit Gaussian distribution (simply by copying the unit Gaussian distribution of the data manifold P (x)). Accordingly, the generated distribution Q(z|x) and
the prior distribution P (z) can be compared using the KL divergence [239]. Moreover,
adding noise to the approximated distributions by varying the standard deviations and
training the AE for reconstruction following the true prior is called the reparameterization trick, in which several different new distributions are generated and compared
with the prior for a better generalization. The noise can be appended to z according
to the Gaussian corruption:
z =µ+σ⊙ǫ

(2.107)

where ǫ ∼ N(0, σ 2 I). Thus, from the application of this reparameterization trick, this
method acquired the name “variational”.
Consequently, the evidence lower bound (ELBO) of the log-likelihood can be optimized through direct backpropagation, by optimizing the covariance and mean parameters as a function of two losses. The evidence is considered to be the marginal
likelihood probability of the data and is expressed as:
Z
P (x) = P (x, z) dz.
(2.108)
where, the ELBO is defined as the minimum bound on the evidence:
ELBO = −EQ [P (x, z) − Q(z|x)]

(2.109)

and it can be utilized in the AE training process as:
log P (x) = ELBO + KL(P (z)||Q(z|x))
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considering that KL(P (z)||Q(z|x)) must be minimized and reach zero, whereas the
ELBO must be maximized [336]. Here, VAE is optimizes depending on two losses
where, the first loss is the latent loss assessed in terms of the KL divergence for each
reparameterized approximated posterior P (z|x) and the prior P (z) and is used to judge
the extent to which the latent variables of the reparameterized distribution satisfy a unit
Gaussian. The second loss is the generative loss P (x|z), which measures the accuracy
of the reconstruction as the average of the negative expectation of the log-likelihood.
This metric (generative loss) represents the ability of the decoder to reconstruct the
encoded data; when the decoder is highly accurate, the negative log terms will tend to
be near zero [159]. Practically, the VAE is trained according to the following objective
function:

LVAEθ = min[kX − (f ◦ g)XkEr + KL(P ||Q)]

(2.111)

where VAEθ = {θ̂e , θ̂d , µ̂X , σ̂X , µˆZ , σˆZ }.
There are several extensions of VAEs, the most popular being sparse-coding VAEs,
which differ from VAEs in that the Gaussian distribution restriction on the encoder
output is replaced with sparse coding [22]. In a denoising VAE, as proposed in [144],
noise is added during the encoding stage, and the decoder is trained to reconstruct
the original input. Another extension is an importance-weighted autoencoder (IWAE),
which can optimize the ELBO based on derived significance weights [48]. Furthermore,
a posterior collapse VAE is another version that can optimize degenerate local minima
during learning [118]; in addition, the beta-VAE model has been developed to generate
interpretable factorized representations and facilitate disentangled learning [122].

2.3.2.5

Diversified Autoencoders

The emergence of regularized AE variants has led to a flourishing of AE frameworks
for different applications. Recursive AEs (RAEs) were proposed in [270] and extended
in [269] for natural language processing; the underlying idea of an RAE is to utilize a
sparse tree to represent the general structure of sentences, including nodes and words.
Moreover, at each node, the RAE learns the phrase features, and consequently, it is
trained to reconstruct the parents’ representations, then it builds a similarity matrix
between the branches and nodes. Similar work to (RAEs) was proposed for the natural
language processing by Bowman in [45] and dedicated for the word sequence generation.
Convolutional AEs (CoAEs) follow the same principles as DAEs; however, the weights
are shared among all layers to preserve spatial locality, and CoAEs have been applied
for image reconstruction [139, 195]. Another variant, which is specialized for Boolean
applications, is called a Boolean AE (BAE) [19]. Finally, complex-valued AEs (CvAEs)
were proposed in [20] to encode data from the complex domain, involving both real and
imaginary data forms.
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2.3.3

Generative Adversarial Learning Models

Generative adversarial learning models are a class of ML models that attempt to generate new data from scratch, based on the concept of reducing the accuracy of discriminating between original and generated samples by mining the original data distribution.
Such models are utilized for several tasks, including image/ video synthesis, dimensionality reduction, recognition, and visualization [105].
Although EBMs (Section 2.3.1) and AEs (Section 2.3.2) learn the latent parameters
of data via undirected or directed probabilistic modeling, they obtain different representations on high-dimensional data. Such models face challenges in approximating
the intractable posterior distributions (P (z|x) or P (y|x)) of massive datasets [153] and
in their inability to leverage linear transformations. Conversely, adversarial learning
models, which consist of two separate networks participating in the complete learning
cycle, can overcome these challenges experienced by previous generative models based
on NNs. The first network is called the generator, G, and is able to generate new
samples and noise. The second one is called the discriminator, D, and is trained to
distinguish between real and fake samples. In the following models, these two networks
share a similar optimization:
min max V(D, G) = EX∼PX (x) [log D(x)] + EZ∼PZ(z) [log(1 − D(G(z)))]
G

D

(2.112)

where, log D(x) is the logarithm of the marginal probability that describes D loss on
the real data. E is the expectation which refers to a sum of discrete random probabilities. Additionally, it approximates the global loss for a set of possible random likelihood
probabilities among the data after running n iterations or during learning. The term
log(1 − D(G(z))) represents the complementary loss of D for the generated data or
distributions. The optimization function in Eqn. (2.112) is common among adversarial learning models and is built upon the concept of a min-max game for V(D, G) to
optimize the two opposing losses of G and D. However, different variants of this optimization function can be found in the literature, which characterizes different models.
We will now describe the family of adversarial learning models, including standard
GANs [105] in Section 2.3.3.1, adversarial autoencoders (AAEs) [193] in Section 2.3.3.2,
conditional generative adversarial networks (CGANs) [200] in Section 2.3.3.3, and their
relevant extensions.
2.3.3.1

Generative Adversarial Networks

GANs, which were introduced in [105], are state-of-the-art generative models based on
NNs. A GAN model is able to map imposed noise to a desired output and consists
of two NN blocks. The first block is the generator G, which generates noisy samples
based on gradient optimization to supply the discriminator D with samples that are
similar to previously misclassified samples; thus, G can be used as a tool to determine
D’s performance. The other block is the discriminator D, which recognizes whether
samples are drawn from the generator distribution PZ (z) or from the real data distribution PX (x) based on a probability measure. The model is trained through stochastic

80

2.3 Neural Network Models

backpropagation optimization and regularized via dropout [275]. Fig. 2.37 illustrates
the graphical representation of a GAN model, where the model is introduced in the
form of convolutional blocks; however, it can take other forms such as dense neurons
(or fully connected layers) for specific datasets. A GAN is similar to a VAE [153] (see
Section 2.37) in that it uses a similar propagation method for optimization; however,
they differ in their optimization goals. A VAE performs optimization concerning the
latent space, Z, whereas GAN performs optimization and differentiation based on the
input space X.
The learning process starts with the definition of the prior noise distribution q(z);
then, the imposed noise is passed through the generator network and multiplied by
the weights to be mapped to the data. The discriminator, D, receives data from
two distributions, namely, the real data distribution PX (x) and the generated data
distribution PZ (z); thus, the GAN loss is composed of two probability components, as
in Eqn. (2.112). In Practice, D is trained to maximize the likelihood of the real data,
and it is trained to assign the correct label for real and generated samples:
LDθ̂ = argmax[EX∼PX (x) [log D(x)]]

(2.113)

whereas G is trained to minimize the following optimization objective:
LGθ̂ = argmin[EZ∼PZ(z) [log(1 − D(G(z)))]

(2.114)

considering that, if G provides poor samples (very noisy and far from x), then D distinguishes between real and generated sample with a high confidence level. Consequently,
the loss that is presented in Eqn. (2.114) can be saturated. Alternatively, G is trained
to maximize the following optimization objective:
LGθ̂ = argmax[EZ∼PZ (z) [log D(G(x))]]

(2.115)

Also, after the first pass is completed, the generator G samples the discriminator’s
distribution to adapt the variances of subsequent samples. Accordingly, G iteratively
adjusts the samples it generates until the min-max optimization process converges to
the global optimum and reaches “equilibrium”, i.e., when the real data converge with
the data produced by the generator G:
PZ (z) = PX (x)

(2.116)

and the discriminator probability for both sides of Eqn. (2.112) is balanced:
D(G(z)) = 1/2 = D(x)

(2.117)

GANs have been considered promising models in the last five years, even though
they suffer from challenges due to the gradient vanishing problem for the generator and
the possibility of non-convergence leading to instability [253]. Consequently, recent
works have devoted attention to optimizing GAN learning. From the perspective of
learning optimization, a bidirectional GAN was proposed in [77] considering the joint
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Figure 2.38: The graphical representation of a GAN model for image data, where q(z)
represents the noise distribution that is mapped to the real data distribution depending
on the generation process, σ is the standard deviation of q(z), “Real” and “Fake” are
the discriminator score for real and generated data, respectively, and P (X) represents the
real data distribution which is utilized by the generator to adapt the generation of future
samples by varying σ.

distribution between the real data and their latent features X = (x, hx ) as well as that
between the generated samples and their latent space Z = (z, hz ). Moreover, hx is
obtained by an encoder module E to map X to hx ; however, hz is obtained from the
output of G. Thus, D can discriminate between X and Z based on the assigned joint
distributions:

min max V(D, E, G) =
G,E

D

EX∼PX (x) [Ehx ∼E(.|x) [log D(hx , x)]] +EZ∼PZ (z) [Ehz ∼z(.|z)[log(1 − D(hz , z))]]
{z
}
{z
}
|
|
log D(x,hx )

(2.118)

log(1−D(G(hz ,z)

To force G to produce samples that are close to the real boundary (the manifold of
the real data), in a least-squares GAN, as introduced in [194], the sigmoid cross-entropy
loss is replaced with a least square error, i.e., the log term is removed from the objective
function, and the model is optimized in terms of two different objectives:
min V(D) =
D

1
1
E
[D(x) − b]2 + EZ∼PZ(z) [D(G(z)) − a]2
2 X∼PX (x)
2
1
min V(G) = EZ∼PZ(z) [D(G(z)) − c]2
G
2
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where a and b are labels for the real and generated data, which introduce a special
coding in a form of a − b for D, and c reflects the level of that G wants D to believe
about the generated data (in practice c is obtained as c = b, or b − c = 1).
Another extension aimed at forcing a GAN to learn the distribution of the target
data through the low-dimensional manifold is called a Wasserstein GAN (WGAN),
proposed in [13] and improved in [111]. Moreover, in WGAN the discriminator does not
actually classify examples, but it attempts to assign bigger output scores (or differences)
for real examples than the generated ones. Accordingly, Eqn. 2.117 is not applicable as
a threshold to reach the equilibrium, and the discriminator in WGAN is called “critic”
that tries to maximize the difference between the real and generated data:
LCriticθ̂ = argmax[EX∼PX (x) [D(x)]] − [EZ∼PZ(z) [D(G(z))]

(2.121)

whereas G is trained to maximize the discriminator scores of its generated examples:
LGθ̂ = argmax[Z ∼ PZ(z) [D(G(z)))]]

(2.122)

The boundary equilibrium GAN (BEGAN) proposed in [35] focuses on the error
distribution rather than on directing matching the distributions of the real and generated samples. Also, in BEGAN the equilibrium is reached and controlled by a new
hyperparameter γ ∈ [0, 1]:
γ=

E[L(G(z))]
E[L(x)]

(2.123)

where γ can control the diversity and quality of the generated data. Moreover, the
BEGAN optimization objective is given as:

for θ̂D

LDθ̂ = L(x) − kt .L(G(zD )),
(2.124)
LG = L(G(zG ))
for θ̂G

 θ̂
kt+1 = kt + λk (γL − L(G(zG ))) for each trainings tep t

where kt ∈ [0, 1].
The abovementioned works cover GAN-based learning (optimization); in the following, we review advances related to the model architecture, separating the models
into two classes to enhance the understanding. Additional details can be found in a
recent survey of GAN models in [133].
2.3.3.2

Adversarial Autoencoders

VI is utilized in VAEs to approximate the intractable posterior [153]; similarly, inference
can be performed using GANs to regularize AEs. AAEs were proposed in [193] and can
be conceptualized as consisting of two interconnected networks. The first network is
the AE net, which maps the data X ∈ RD into the latent space Z ∈ Rd , through a set of
parameters θe to produce the latent distribution q(zi |xi ) and subsequently reconstructs
the latent features in accordance with the posterior P (xi |zi ) and parameters θd . The
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Figure 2.39: The graphical representation of an AAE model, where the “Encoder” module
encodes data and acts as a generator G, and the discriminator is connected with both
“Bottleneck” and the “Arbitrary Prior” modules.

second network is the adversarial net, which contains G (which is identical to the
encoder of the first network because the AE encodes both real and generated samples)
and D. Once the real and generated samples are mapped to their own latent spaces,
the two networks are jointly trained via stochastic gradient descent in two phases.
The first stage focuses on optimizing the reconstruction error of the AE; the latent
codes from the aggregated posterior, q(z), are passed through the D to increase the
confidence in the real and generated data distributions. The second stage is concerned
with regularizing the AE network by forcing the aggregated posterior, q(z), to match
the arbitrary drawn prior P (z ′ ), as the decoder acts as the generator’s teacher; note
that by contrast, in a VAE, the aggregated posterior, q(z), is matched with the real
data prior P (x).
Fig. 2.39 depicts the graphical representation of an AAE model, where the AE
can be any model of which were introduced in Section 2.3.2. Moreover, in the figure,
there are two optimization objectives, whereas the first objective is related to the
AE reconstruction loss that is minimized by any metrics (e.g., MSE or reconstruction
cross-entropy); the other optimization objective is the adversarial loss minimization
in which the discriminator is enforced to distinguish between the samples from the
arbitrary imposed prior, P (z ′ ), and the samples from the bottleneck of the AE q(z).
The complete optimization objective of the AAE is given as:
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LAAEθ̂ = argmin[LG + LD + LAAE ]

(2.125)

where LG is the generator loss which is optimized as:
1 m
log(D(z))]
Σ
G
m k=1
and LD is the discriminator loss that is optimized as:
LGθ̂ = argmin[−

LDθ̂ = argmin[−
D

1 m
Σ
log(D(z ′ )) + log(1 − D(z))]
m k=1

(2.126)

(2.127)

where z ′ represents the sample that comes from the arbitrary imposed prior. Moreover,
LAE in Eqn. (2.125) is the loss that depends on the AE model (see Section 2.3.2).
In an AAE model, the aim is to produce a regularized AE such that the aggregated
posterior, q(z), matches the randomly imposed prior, P (z ′ ), by replacing the latent
loss assessed in terms of the KL divergence in the VAE learning with an adversarial
loss, as expressed in Eqn. (2.112). Conversely, the reconstruction loss obtained from
(P (x|z)) has been replaced from the VAE with the adversarial loss that is taken from
D of the GAN sub-module in [168]. Also, the authors have been combined the VAE
and GAN models as a single model to guide the VAE by the learned representations
at D, i.e., the learned representations at D side are considered the basis for the VAE
sub-module. The idea behind learning both VAE and GAN jointly in [168] is that
the element-wise reconstruction error taken from the VAE is not sufficient for invariant
signals and images, thus exploiting the VAE to encode the data and GAN for better data
generations tasks, and better similarities measures in the data space. Consequently, the
similarity metric can be taken from the D side, alleviating the difficulties of choosing
a similarity measure (for optimization) that plays the main role in training GANs.
The combination between GAN and VAE has been utilized to build a conditional
fine-grained image generation model (CVAE-GAN) [21], which consists of four submodules: (i) The Encoder that maps data to the latent space z, (ii) G to generate data
by sampling from the learned distribution P (x|z), (iii) D to distinguish between the
real and generated samples, (iv) adversarial classification “categorizer” to measure the
class probability of the data, i.e., posterior P (c|x), c is a class label. The CVAE-GAN
has been proposed for structure-preserving data generation, in which the encoder and
generator are utilized to map the real data x to the synthesis one x̃, utilizing pairwise
feature matching and pixel-wise l2 loss. The CVAE-GAN architecture followed in ZeroVAE-GAN model [91], to generate high-resolution features for generalized Zero-Shot
learning. The Zero-VAE-GAN exploits class-level semantic embedding s as a condition
for feature generation, i.e. s ∈ Rds and ds is the embedding dimensionality. Moreover,
it differs from CVAE-GAN in that the Zero-VAE-GAN generates features (instead of
images) with a similar distribution of the real data for unseen classes. Accordingly, the
semantic embedding of the data is considered as an auxiliary input instead of the class
label to capture finer details for feature generation. Additionally, the Zero-VAE-GAN
utilizes perceptual loss, Lperc , as a similarity metric (loss) for feature generation, by
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employing an intermediate output between the discriminator and classification submodules, as:
Lperc = ||fD (x) − fD (x̃)||22 + ||fC (x) − fC (x̃)||22

(2.128)

where fC and fD are the activations of the last hidden layers of the categorizer and
discriminator, respectively.
Finally, the literature includes many other works based on the integration of AEs
with GANs; in [242], the intractable log-likelihood is substituted with a synthetic likelihood, the discriminator is utilized for VI when generating the implicit posterior, and
the pixel ratio trick is applied to measure how the real and generated distributions are
related. Based on the denoising AAEs (DAAEs) inspired by [141, 144], Creswell et al.
[69] proposed two extensions of DAAEs that combine both denoising and regularization
terms. Whereas the first extension involves matches the aggregated posterior of the corrupted samples, q(z|x̂), with the predefined prior q(z), the other involves matching the
posterior of the reconstructed samples, P (x̃|z), with the distribution of the arbitrary
imposed prior P (z ′ ).
2.3.3.3

Conditional Adversarial Networks

Despite the success of the many ML models that have been developed for image recognition and computer vision tasks, they have not proven their proficiency for synthesis
applications such as image/video and multiclass labeling, i.e., for one-to-many mappings [201]. The CGAN model proposed in [200], which was the first GAN to address
the above issues, is considered the nucleus of many GANs; it is constructed by introducing an additional input, or layer, into D and G to condition their learning as it is
depicted in Fig. 2.40. In a CGAN, the class labels, yi ∈ Y , are used for conditioning;
therefore, such a model is classified as a supervised GAN that is optimized according
to the following objective:
min max V(D, G) = EX∼PX (x) [log D(x|y)] + EZ∼PZ(z) [log(1 − D(G(z|y)))]
G

D

(2.129)

Improvements to CGANs followed in [76] with the proposal of a Laplacian Pyramid
GAN (LAPGAN), which was introduced to generate high-resolution natural images.
A LAPGAN is a stack of different levels, with each level consisting of a discriminator,
a generator, and a Laplacian pyramid (LAP) operator that is considered an external
linear image inverter (it produces new representations of images). At each level, the
image is processed with the LAP operator to obtain a downsampled version of the
image from the previous layer. Moreover, LAP also provide an upsampled version of
the downsampled one, which is imposed as a label for the corresponding image, i.e.,
in the LAPGAN the label, y, is a new transformation of the image obtained from
LAP by upsampling the downsampled image, and the model is trained in accordance
to Eqn. (2.129). Accordingly, the noise can be reconstructed by the processed image
versions and the real samples.
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Figure 2.40: The graphical representation of a CGAN model, where the architecture is
identical to the vanilla GAN model that is depicted in Fig. 2.38 except adding the class
label module. Moreover, for each sample, the label y can be in a one-hot encoding vector,
or it can be in another format as in semantic, metadata, or descriptive tags labels.

Further improvement of the CGAN followed in [145], therein introducing a general
framework termed as pix2pix for image-to-image translation through conditioning both
G and D, with the image structure leveraging the structure loss during learning. Also,
in [145] the G has been built based on skip connection approach (or Residual learning
[120]) and U-Net model [241], while the D termed as patchGAN and built based on
L1 norm (loss) to model only high frequencies, i.e., by penalizing the patches at their
scales with a sparse loss. The main limitation of the pix2pix model is that the learning
process requires imposing pair of aligned images, i.e., to map the data from domain
X to Z then reconstruct it as X̃, a set of aligned images pairs must be provided
(one form domain X and the other from the corresponding Z (ground-truth)). CycleConsistent GAN (Cycle-GAN) proposed in [356] for image-to-image translation under
unpaired conditions, where two discriminators DX and DZ employed to enforce the
G to translate X into output unrecognized by domain Z. Moreover, the Cycle-GAN
uses two cycle consistency losses: forward loss (x → G(x) → F (G(x)) →≈ x̃), and
backward loss (z → G(z) → F (G(z)) →≈ z̃). The full optimization objective function
of the the Cycle-GAN is given as:
LCycle−GANθ̂ = argmin[LG,DZ + LF,DX + λLCyc(G,F) ]

(2.130)

where LG,DZ and LF,DX are optimized by using the min-max optimization objective
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introduced in Eqn. (2.112); however, LCyc(G,F) is optimized by utilizing the adversarial
and L1 norm losses:
min max V(G, F) = EX∼PX (x) [||F(G(x) − x)||1 ] + EZ∼PZ(z) [||G(F(z) − z)||1 ] (2.131)
G

F

The Cycle-GAN losses have recently been utilized for image deraining in the DerainCycleGAN model, which was proposed in [312] as a model for single-image deraining (SID). The DerainCycleGAN model consists of an unsupervised attention-guided
rain streak extractor (U-ARSE), two generators (GR and GN ) for generating rainy and
rain-free images, and two discriminators (DR and DN ) corresponding to the generators.
Similar to DerainCycleGAN, Semi-DerainGAN is a semisupervised model proposed for
SID applications in [314], where both real and synthetic datasets were utilized to build
the model. Unlike in DerainCycleGAN, a semisupervised rain streak mask learner
(RSSML) is utilized in Semi-DerainGAN to learn rain streaks. Moreover, three generators (Gr , Gs , and G,r ) are used to address synthetic and real rainy images, and
three corresponding discriminators (Dr , Ds , and Dp ) are used for multiscale image
transformations and paring tasks.
Furthermore, the CGAN [200] and pix2pix [145] methodologies in conditioning the
generation stage, by utilizing the residual learning [120] and Patch-GAN, have been followed in [185]. By introducing two GAN models that are termed as attribute-GAN and
CA-GAN. Both models share similar goals in guiding G to the synthesis of images with
specific attributes and different supervision conditions, by using multi-discriminators
frameworks. The attribute-GAN comprises a generator G : RX → RZ , two discriminators including real/ fake Dc : RZ → {0, 1}, and attribute Dattri : RZ → {1, ....., M } or
allocation Dcollc : RX × RZ → {0, 1} (one for attribute and one for allocation but not
both are used). However, the CA-GAN contains a generator G : RX+1 → RZ , three
discriminators including categorical discriminator Dcate : RZ → {0, ....., c − 1}, also
similar attribute and collocation discriminators which are used in the attribute-GAN.
Moreover, both GAN models in [185] have been proposed for collocating clothes and
cross-domain translation, due to the utilization of latent compatibility principles based
on attributes, and they formulate the outfit collocation as a conditional factor for image
generation, i.e., both models locate a mapping function from one domain to another.
The pix2pix model has not proven its superiority for high-resolution images with
dimensions of > 256 × 256; thus, in [307], the pix2pix framework was enhanced to a
high-definition version called pix2pixHD by utilizing a robust adversarial loss, coarseto-fine generators, and multiscale discriminators. In pix2pixHD, two generators (a
global generator, G1 , and a local enhancer, G2 ) and three discriminators (D1 − D3 )
with identical architectures that operate at different scales are used to enhance the
photorealism of the generated images. The utilization of different discriminators operating at the same scale had previously been proposed for an unconditional GAN [83];
however, in pix2pixHD this approach is extended for the modeling of high-resolution
images. The GAN loss that expressed in Eqn. (2.112) is improved in pix2pixHD by
incorporating the least square error loss (LSE) to match the image features based on
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the discriminator. Recently, the pix2pixHD has been further developed in [218] by using the same discriminators but replacing the LSE loss with a hinge loss and spatially
adaptive (de)normalization (SPADE) for multimodal synthesis.
The limitations of the LAPGAN and CGAN in generating high-resolution natural
images were addressed also in [229], by introducing the deep convolutional GAN (DCGAN), which is utilized for different image generation tasks. The proposed model can
scale the GAN using a specific CNN architecture by replacing the spatial pooling with
a stride convolution, therein neglecting the fully connected layers and using different
ReLU activation functions. Thus, if a noise vector with 100 dimensions is passed to the
DCGAN, then both agents are learned jointly to reconstruct that vector as a 64 × 64
image. This methodology was utilized to build the first 3D GAN model in [323].
The structure of the DCGAN has been exploited with the Resnet [120] and selfattention network architectures [338] in [92], to build a self-attention driven adversarial
similarity learning network (SAASLN). The idea behind proposing the SAASLN is
that most similarity learning algorithms distinguish objects, lacking the explainability
of the obtained similarity scores. The SAASLN neglects to employ the whole object
to obtain a similarity score, instead, it exploits the advantage of the self-attention
mechanism [92] that retains the semantic information from parts-based representations
to ensure that the final similarity scores are discriminative. Also, the SAASLN is
an interpretable semantic similarity model that was proposed for information retrieval
applications, where it comprises four sub-modules including (i) representations learning
model that is taken from the Resnet, (ii) self-attention mechanism that is obtained
from the self-attention network, (iii) similarity learning model, and (iv) generatordiscriminator model that is taken from the DCGAN [229]. Moreover, the whole model
is trained jointly based on a hybrid loss function, which considers all four sub-modules
to optimize a final explainable similarity score.
Recently, many GAN models have been proposed to address the limitations of the
original CGAN in terms of new metrics, e.g., the major deep perceptual similarity
metrics (DeePSiM) proposed in [80] as a new similarity metric. DeepSiM attempts
to measure the distance between the generated image and the original image in the
feature space instead of in the image space, by imposing the prior of the natural image
and carrying out the measurements concerning the transformed prior in the mapping
space. Moreover, the DeePSiM metric is synthesized using the preferred inputs for
the neurons in the deep generator network [211], which was used for the activation
maximization (AM) to find which neuron is maximally activated when learning the
image. Accordingly, by optimizing the imposed prior for the hidden distribution, one
could stimulate the neurons to detect the preferred images and their features. A similar
conditional prior for the AM was proposed in [210] with different generator outputs by
enforcing the additional diversity prior in the latent space.

2.3.4

Summary

The EBMs discussed in Section 2.3.1 including RBMs [6] in Section 2.3.1.1, DBNs
[126] in Section 2.3.1.3 , and DBMs [252] in Section 2.3.1.4, use MCMC sampling
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during the initial stages to sample the posterior parameters distribution, P (Z|X) from
the available data X. The core role of MCMC sampling is to estimate the posterior
distribution when it is difficult to approximate directly; by sampling in each iteration in
accordance with the acceptable probability and considering the statistics (µ and σ) over
the densities, the distribution parameters that can describe the data can be obtained.
The term “chain” refers to the idea that when the MCMC technique is applied, the
results will be a deterministic sequence, and one can determine a future state from
the previous state. We refer to [82], which describes how MCMC sampling can be
used in practice. Consequently, after extensive sampling from the data to obtain the
posterior distribution, the equilibrium distribution P∞ (which identify the best model
parameters, W and b, which fit the model to data) can be obtained and thus used for
inference or in further estimation.
Moreover, the approximated distribution is paired with a contrastive divergence
term, which is widely used to train EBMs. The high-dimensional data space is composed of a sequence of branch models called experts, which represent specific levels of
the dimensions. The product of these experts can be represented by a feature vector
of conditional probability, which constitutes the initial distribution P0 (X|W ∗ ), where
W ∗ represents the conditional distribution parameters. Thus, the contrastive divergence is used to minimize the KL divergence between P0 (X|W ∗ ) and the equilibrium
distribution P∞ (X|W ). Then, after one iteration, the reconstruction process produces
another distribution P1 (X|W 1 ), and the computation minimizes the divergence between P1 (X|W 1 ) and P∞ (X|W ). The process continues to iterate in this way until the
maximum likelihood parameters that may be close to equilibrium are estimated [124].
Various challenges accompany EBM learning, including the computation of the intractable partition function Z (see Eqn. (2.70)) that is used in estimating the joint
probability between hidden and visible units and the greedy layer-by-layer pretraining
of DBMs [252] and DBNs [6]. To overcome these challenges, the research community
has been motivated to introduce additional models based on statistics and Bayesian networks. Among such models, the neural autoregressive distribution estimator (NADE)
[167] model attempts to overcome the challenges in training RBMs by decomposing the
observed prior distribution P (v) via a factorized chain, where each state is conditioned
on all previous states and the connections in each state vi are correlated to speed up
the approximations. Accordingly, the NADE model can be used in the case of missing data because it can reconstruct later components based on all previous states by
arranging (ordering) the components over the visible vectors. NADE can be further
improved by running it in k steps during learning instead of using a single inference
step and conditioning the distribution using convolutional filtering; this method has
been utilized for natural image generation based on the PixelCNN architecture [294].
Interested researchers will find that various AE models borrow a term from linear
algebra, i.e., “overcomplete”, which is used in reference to sparse AEs. If the data
are encoded with losses and thereafter can still be reconstructed well with a minimum
loss, then the representation is called overcomplete, i.e., the data are still complete
after partial data removal. In practice, this is achieved by extracting several features
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that are larger than the original data dimensions (as in SparseAE that enforces the
bottleneck layer to be larger than the input and output layers of an AE), consequently
enhancing the model regularity [240]. Moreover, the AE regularization term plays a
major role in the decoding stage for achieving good generalizability. However, in some
models, there is no decoding stage, although an encoding stage is included; such models
typically resort to various expensive reconstruction approaches [29, 232]. To name one
important model of this kind, the slow feature analysis (SFA) model, which aims to
discover features that vary slowly over time, is used in image sequence applications and
is able to measure temporal coherence [320]. Also, in MfL models (see Section 2.2),
high-dimensional data are directly encoded employing k-neighborhood analysis.
The flourishing of AE models is attributed to the regularizer term, which is a component that is integrated into model optimization (objective function) to add special
restrictions when carrying out learning scenarios [29]. Accordingly, the generalizability of the learned model can be enhanced for both the development and testing (or
production) stages. In AE models, different forms of the regularizer have been considered, where the basic form comes from the AE’s structure that has a bottleneck
layer [130], which is obtained by restricting the size of the mapping (or middle) layer
Z to be smaller than the input X or output X̃ layers to reduce the dimensionality and
allow data to be compressed. Moreover, the bottleneck layer reflects the original AE
purpose in compressing and mapping data samples xi ∈ RD through benefiting from
both encoding f : RD → Rd , 0 < d < D to obtained the mapped data xi = f (xi ; θˆe ),
moreover, decoding g : Rd → RD stages to generate the original data as x̃i = g(zi ; θˆd ),
by minimizing the reconstruction loss among data samples, see (Eqn. 2.97).
Another form of regularization is presented in the DAE [303] (see Section 2.3.2.2)
and it can be implemented by adding a noise ǫ to the original data x thus obtaining the
corrupted data x̂, then encoding data samples zi = f (x̂i ; θe ) followed by reconstructing
the corrupted samples according to the original uncorrupted one x̃i = g(zi ; θd ). Additionally, the corruption or noise can be practically implemented by adding a Gaussian
noise such that x̂ = x + ǫ, ǫ ∈ N(0, σ 2 I). The joint distribution between input sample
x, corrupted one x̂, and the reconstructed version x̃ is drawn by using a delta function
δf θe (x̂) (x̃) (or a mass parameter) as P (x, x̂, x̃) = P (x)P (x̂|x)δf θe (x̃). Using δf θe (x̂) en˜
forces the decoding process from z to x̃ to be deterministic; whereas if δf θe (x̂) 6= (x),
then δ puts mass = 0. Finally, the objective function is optimized considering the reconstruction cross-entropy H between the original data x and the reconstructed (after
corruption) version in accordance with the Eqn. (2.103).
The deterministic decoding in the DAE that is obtained by δf θe (x̃) has been replaced
by a contractive activations regularizer in the CAE model [240] (see Section 2.3.2.3).
The CAE is considered another AE model that has been developed in terms of regularization, where it depends on adding penalty derived from the Jacobian J of the
encoder activations (it can be also the weights) to the optimization objective function;
thus letting the model decoder to learn the contractivity from the mapping space z to
the original data space x. Practically, the regularization term can be implemented by
considering the square of the Frobenius norm of the Jacobian J of the encoder acti-
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vations, i.e, for q
sample xi ∈ RD f : RD → Rd , the contraction regularizer is obtained
(xi ) 2
by ||J(θe )||F = Σ(ij) ( ∂f
∂(xi ) ) , and is integrated to the model learning in accordance
with the Eqn. (2.105). Instead of the activations, the Jacobian of the weights of latent
space z concerning the input weights can be considered a as contraction regularizer.
The Jacobian contraction is associated with what is called weights decay L2 regularizer (the sum of the square of the weights matrix Σ(ij) W ij 2 ), where both are identical in
the linear AEs that enforce the values of the weights to be small. Moreover, both DAE
and CAE share a similar goal in adding a regularity to the learning process, but they
are different twofold. (i) The representations side: in a DAE the representations are
affected in both encoder and decoder sides by the amount of noise or corruption, and invariance considerations must be shared between both encoder and decoder sides, which
leads to implicitly or indirectly induce the robustness of the representations. However,
in a CAE the representations are affected only on the decoder side by the encoder
activations or weights, thus leading to encourage the robustness explicitly among the
representations. (ii) The robustness method: in a DAE the robustness of the representations is gained by explicit noise or corruption that is added to the data. However, in
a CAE the robustness is gained by a tiny perturbation, which is added to the objective
function from the Jacobian of the encoder weights.
Following the CAE in modifying and optimizing the objective function by novel
regularization terms, a VAE [153] (see Section 2.3.2.4)) has been proposed based on a
variational inference approach. In terms of structure, a VAE is similar to the DAE and
CAE in containing the architecture to encoder and decoder components, see Fig. 2.37,
Fig. 2.36, and Fig. 2.35. However, a VAE is different than the others in terms of
learning methodology and using reconstruction metrics. Moreover, both DAE and
VAE utilize the corruption and noise, ǫ, when carrying out the learning; wherein the
DAE the noise is explicitly added to the input data and the reconstruction is carried
out regarding the original clean data; but in the VAE, a tiny perturbation is added by
varying the standard deviation, σ, of the approximated (or sampled) distribution in
the latent space Q(z|x). Furthermore, In the VAE, two losses are optimized to obtain a
regularized trained model, where the first one is termed as a latent loss and is measured
by the KL divergence for each reparameterized approximated posterior q(z|x) and the
prior P (z): such loss is used to judge the extent to which the latent variables of the
reparameterized sample satisfy a unit Gaussian. The second loss is the generative loss
P (x|z), which measures the model accuracy in terms of the reconstruction loss as the
average of the negative expectation of the log-likelihood.
The motivation behind developing VAEs and GANs (see Sections 2.3.2.4 and 2.3.3)
is to enable the utilization of amortized variational inference (AVI), in which the aim
is to indirectly estimate the variational parameters of the distributions of data samples. By imposing a parameterized function and passing the data through it, the past
inference is exploited to support future inference, which is implemented by factorizing the approximated posterior distribution over the local variational parameters [336].
Accordingly, mapping the data or observations to the latent space to approximate the
posterior distribution from the latent variables leads to better generalizability and plays
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the role of regularization. We have found that in works that aim to optimize amortized inference learning, among the prevalent methods, InfoVAE, proposed in [353],
uses the maximum mean discrepancy (MMD) as a metric for the divergence between
distributions, thus alleviating the problem of uninformative latent code encountered in
ordinary VAEs.
Amortized maximum a posteriori (MAP) inference was employed in [271] to estimate a loss function using an NN architecture to produce affine transformations of the
original images to establish a focal subspace q(z). Instead of measuring the similarity
between the imposed prior distribution P (z) and the posterior distribution P (z|x) for
each image, amortized inference assists in generating a function that is generally applicable for a set of images. Accordingly, high-resolution and less blurry images can be
generated by matching the objective function to both distributions until it approximates
the MAP distribution, resulting in the highest entropy concerning the distribution of
the focal subspace q(z). Moreover, inspired by [304], GAN models were stacked on
top of each other in [150] to divide the whole image generation problem into a set of
progressive targets; in this strategy, intermediate manifold representations of the data
are utilized to achieve stability in generating high-resolution images.
The ladder variational AE (LVAE) was introduced in [272] to facilitate shared learning between the encoder and decoder, thus leveraging joint training of the generative
and inference parameters (or the decoder and encoder parameters). Comparable to
the LVAE, [77] suggested a similar principle for GAN learning based on forcing the
discriminator to distinguish between the joint distribution of the real data and their
latent parameters and that of the generated samples and their variables. In this regard,
researchers being newly introduced to the field may doubt whether GANs are truly distinct from VAE models. Indeed, GANs and VAEs belong to the same family because
they both fall under the umbrella of unsupervised generative learning models. However, VAEs cannot generate a new image or new data; they can only reconstruct the
input data, for which they depend on minimizing the error between the reconstructed
and real data and leveraging the reparameterization trick. On the other hand, GANs
can generate new data samples by learning a complete model for mapping a given noise
prior to the real data distribution, therein utilizing the discriminator to guide the generator to adapt its distribution. Furthermore, in VAEs, the inference is mandatory on the
recognition (encoder) side, whereas in GANs, inference does not occur on the generator
side. For more details on VI, the lower bound on the log-probability or log-likelihood,
mean-field approximations, and the KL divergence, we refer to [41, 336] because these
references introduce these terminologies in an ideal manner.
Recently, AE regularization has been remarkably boosted through the integration
between AE and GAN in the same model (see Section 2.3.3.2), thus benefiting from
the AE and adversarial losses to generalize a learned model among many different
tasks. Such a combination is termed AAE, which has been proposed for dimensionality
reduction, data visualization, clustering, and recognition [193]. Furthermore, AAE
has been extended for high-resolution image generation and embedded learning with
high-level visual features in [168]; it also has been utilized in a conditional fine-details
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image generation in [21]. Moreover, the AAE has been utilized for zero-shot learning
applications in [91], and it was used for image-to-image translation applications in [356].
Lately, it has been exploited in learning constant curvature of latent manifolds among
data in [106, 107], and it has been utilized for spectral clustering with graph neural
networks (GNN) (including AE and VAE) in [36, 266].
As witnessed from recent works, the training of very deep models (generative or discriminative, supervised or unsupervised) faces various challenges, including overfitting,
gradient vanishing, and performance degradation. Such challenges impede the ability
to learn powerful representations, thus hindering model generalization for real-life evaluations (i.e., the deployment of ML models for applications in daily life). Accordingly,
various approaches have been introduced in the literature to overcome the aforementioned challenges [29, 229, 251, 333, 354], including (i) unsupervised greedy layerwise
pretraining, (ii) intelligent weights initialization as in using orthogonal weights W , i.e.,
W T W = I [140], (iii) minibatch normalization and advanced pooling methods [36],
(iv) dropout by deactivating some neurons in accordance with a predefined probability
[275], (v) knowledge or domain transfer [257], and (vi) skip connections (residual learning). Residual learning by employing skip connections (as exemplified by the ResNet
architecture) was introduced in [120] to overcome the model performance degradation
issue in terms of reconstruction; in this approach, a deep model is divided into different
blocks, which are gradually trained by adding layers that apply an identity mapping,
f (X ), to copy early layers that extract shallow forms of the data, X , as it is depicted
in Fig. 2.41 that presents the learning of residual blocks.
Instead of using each block of layers to fit a desired transformation or mapping,
ResNet aims to explicitly allow the layers to fit a residual mapping by fusing with a
copy of the original data (the input data to a residual block) in the form f (X ) + X ,
where f (X ) is the output from convolution mapping and X is the data that feeds the
residual block. To improve the learning process for residual blocks or stacks, various
works have recently proposed modifications to the model structure and different learning procedures for the residual blocks. One notable work is the identity mapping and
residual block analysis presented in [121], which addressed various architectural designs
and considerations, e.g., considering dropout between blocks and using bottleneck information to overcome diminishing feature reuse (when only some blocks learn useful
representations while others do not [277]) in deep ResNets. The concept of stochastic
depth in deep ResNets was considered in [138] to overcome the problem of diminishing
feature reuse by applying a special form of dropout between residual blocks, which is
carried out in accordance with scalar weights assigned to each block. Moreover, the
widening of deep residual networks can counteract the undesirable effects of deepening them [333]; hence, a novel approach for overcoming diminishing feature reuse is to
increase the width of the convolutional filters used.
The above approaches for improving deep residual models have been integrated
into modern architectures to improve their representation power and achieve large-scale
generalization. The major models include the faster region-based convolutional neural
network (Faster R-CNN) model, which was introduced for real-time object detection
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Figure 2.41: Residual block learning used in ResNet [120].

[237]; a large-scale, high-resolution image classification network called DenseNet [137];
the single shot multibox detector (SSD) for object detection [187]; an attention model
for machine translation [300]; models for image segmentation [54, 119]; other models for
large-scale, high-resolution image classification, including the Inception and Xception
models [282]; the you only look once (YOLO) model for multitask object recognition [234]; a GAN-based unpaired image-to-image translation model [356]; GAN-based
models for single-image deraining and rain generation [312, 314]; a multistream hybrid
deraining model for single images [313]; and models for multiscale and high-resolution
natural image learning [76, 83, 307], and multimodal image synthesis [218]. Moreover,
these improvements have been utilized in state-of-the-art models for text recognition
based on intensive and dense feature flows [346, 347, 348]. For further information, we
refer the reader to [227] for additional application domains of recent deep models.
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Research Challenges and Open
Issues of UGL Models
Moving forward and considering the open issues and research directions, in the following, we categorize the challenges and room for improvement in three branches according
to the literature analysis, as well as our belief of how can we coexist with the big data
revolution. In the first branch, we will discuss how the BSS models (reviewed in Section 2.1) affect the explainable and interpretable ML models. In the second branch, we
discuss how the MfL (recapped in Section 2.2) models can be used for dimensionality
reduction, their effects on the learning process, and how they can act as an agent in
noisy, missing, and corrupted data recreation. Finally, we end with open challenges for
neural network models (highlighted in Section 2.3) on achieving reliability factors, and
the generalizability to real-life data.

3.1

Explainable Artificial Intelligence and Blind Source
Separation

Currently, multidimensional datasets, or high-order tensors, are abundant and can
be amassed from different fields, including (i) high-frequency data from Industry 4.0,
(ii) real-time process variations in finance and supply chain management, (iii) social
network activities and interactions, (iv) large-scale engineering experiments and instrumental measurements, and (v) medical data and IoT flow. Such datasets require
a conscious effort to be analyzed and interpret the causal relationships among the entries. Currently, supervised deep learning is used to analyze such datasets; however,
this is challenging due to various factors. This requires prior knowledge “labeling”,
which results in high learning costs. Adversarial attacks that have recently come to
light have also hindered the recognition performance, as in Deepfool proposed in [203].
Finally, there are effectiveness limitations due to the inability to interpret the results
and explain the decisions [7].
On the other hand, UL models can reasonably interpret and explain the results of
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various real-time applications, deliver clear outcomes to end-users, and overcome the
challenges presented by growing dataset sizes. Currently, there is a strong trend toward
explainable ML and artificial intelligence, XAI, principles to ensure that the decisions
and actions of models can be explained and to provide a level of understanding of how
they will behave in the future. Interpretable results can be obtained by developing
or modifying unsupervised ML models that can meet the challenges of the big data
era while having the ability to disentangle the representative factors that describe
causality. Thus, understanding the causality relations among the relevant parameters
and factors offers a better way to understand model decisions, and such analysis is
usually accompanied by real evidence of what exactly drives a certain situation and
on what basis a decision has been made. Unfortunately, however, there are currently
no explicit ML models that can be fully and correctly explained while also producing
reliable results for real-time applications in the big data context.
Accordingly, we provided a brief recap of the unsupervised representation learning
methods that belong to the BSS family (Section 2.1), which can decompose data and
determine the factors that are linearly independent by identifying which factors are
derived from the other factors. Each of the BSS methods has its potential; however,
the methods that are based on restrictions when decomposing the datasets can offer
the best results, where that restriction is considered as a conditional prior. Thus, there
is the ability to utilize that prior to reconstructing the data for delivering certain results while interpreting the factors’ causality. For instance, in the BSS methods, NMF
(Section 2.1.2.2) decomposes the data into two matrices, on which it imposes strict
additivity of the positive data components, which are parts of the original data. Exploiting such a technique during data decomposition leads to different tensorial factors
that are forced to be linear and positive, also by which the different levels of the hidden
structures of the datasets can be extracted and interpreted in an explainable manner.
Moreover, SVD (Section 2.1.2.1) with the nuclear norm, Σi σi , regularization utilized
to win the Netflix challenge ($1M Prize) [24] was able to generate a series of linear
models; it was employed in the Netflix challenge to improve the accuracy by 10% over
the original recommender algorithm. SVD restricts the values to be semi-definite positive (eigenvalues are positives or zero) and is considered as a method that will continue
to be utilized in building real-time explainable models; it is also especially capable of
giving the dataset’s rank simply. Additionally, what is important for high-order decomposition is to combine factorization methods to improve the accuracy and reduce
the computational complexity. Recently, many projects have been launched to build
interpretable ML models, including explainable artificial intelligence (XAI)1 and BIGMATH2 , which target heterogeneous real-time dataflows. In the following, we discuss
the research directions toward explainable ML models, for various tasks:
• Investigating deeply optimization algorithms (by modifying old algorithms and
proposing new algorithms) specialized in dataset decomposition and reconstruction and also proposing algorithms to identify the optimal rank of the datasets
1
2

https://www.darpa.mil/program/explainable-artificial-intelligence
http://itn-bigmath.unimi.it/about/
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for describing which features can be linearly separable. The decomposition is
thus carried out based on that optimal rank, and the interpretability and model
learning can be carried out according to the reduced data employing lower rank
[1].
• Building models that can interpret themselves by disentangling the related factors
from the data, understanding the causality interactions, identifying how each
factor can affect the other factors, and considering the logic and reasoning among
the factors. Furthermore, reliable models that are able to mimic real-time data
flows should be constructed.
• Extracting new rich representations utilizing combinations of BSS models to identify the separable features flexibly, as in tensor decomposition integration with
the SVD, R-SVD, G-SVD, NMF, and TD methods. Moreover, new algorithms
and error metrics should be developed to restrict the data decompositions in a
standard manner.
• Introducing algorithms that can address noisy and attenuated data, therein being
achieved by integrating different data exploration tools (multiple feature detectors and cross representations), depending on the multi-scale decompositions and
engagement with ML methods that are able to build the general joint mapping
space for the data.
• Online learning from dynamical or temporal data as in the NLP applications
needs more investigations, specifically, for topic modeling in different domains including financial, commercial, medical or pharmaceutical, and bank-data; in these
domains data and topics are changing from time to time according to different
rules, thus adaptive and interpretable topic modeling models must be considered
in the future work [236].
• Document understanding and topic modeling are branches of the NLP, and they
are also characterized by the prior probabilities and the way we infer the model
when they are modeled by PBMs (see Section 2.1.3); however, different considerations must be addressed in future works including, besides the hierarchical
model learning, cross representations (shared representations) for a topic when
it belongs to more than one document or a document with different sub-topics.
Also, selecting the optimal models’ parameters such as the prior, and inference
methodologies must be boosted by research to overcome computational complexity [151].
• Modern deep learning-based models (see Section 2.3) for topic modeling and word
embedding face challenges in embedding out-of-vocabulary words, i.e., scaling up
the model for different languages by benefiting from different pre-trained models,
and other challenges arising from sparse and noisy data must be addressed [198].

Currently, the available data are often inherently heterogeneous and may include defects such as missing data, messy data, or noisy and unlabeled data, thereby hindering
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the development of reliable and explainable models. The conscientious development
of suitable UGL models can allow these issues to be overcome due to the potential to
capture better representations [227]. Future research regarding these issues is expected
to follow two directions. The first direction is to build explainable models that offer
self-interpretability and an understanding of causality; the second direction is to advance the capabilities of cross-modality structure representations to complementarily
exploit the latent variables in heterogeneous data. Recently, attempts have been made
to adapt the learning strategies for deep learning networks to follow the cross-modality
approach. To this end, the matrix capsules (capsule networks) introduced in [249] attempt to represent each feature point with respect to several poses (different activations
for each neuron to represent each data point from multiple views); thus, each piece of
a feature is represented by a 4 × 4 matrix to overcome the limitations of CNNs in
addressing messy data. Ultimately, applying BSS methods in combination with modern ML architectures will facilitate advancement beyond black-box implementations
toward white-box modeling. Accordingly, interpretable, self-configurable, adaptable,
multimodal, and trustworthy models are foreseen as the next generation of ML models.

3.2

Manifold Learning for Data Visualization and Unsupervised Pretraining

The MfL methods highlighted in Section 2.2, including both global (Section 2.2.1) and
local (Section 2.2.2) techniques, play a major role in discovering the hidden structures in massive datasets by unfolding the underlying manifolds describing the intrinsic
structures of the data in a lower-dimensional space. Moreover, such methods have
been developed from different perspectives on analyzing the geometrical structure of a
manifold, e.g., (i) the spatial distance view [244], in which the manifold geometry is
estimated based on optimization of the distances between data points and their neighbors in both the high- and low-dimensional spaces; (ii) the probabilistic view [30], in
which an attempt is made to analyze the manifold based on probabilistic distributions
and to optimize the similarity between densities; (iii) the clustering view [23], in which
each related data point is accommodated in a shared region, as described in the context
of the graph cut technique in Section 2.2.2.2; and (iv) the hybrid view [296], in which
the distance, probabilistic density, and clustering views are all considered in different
stages, as in t-SNE, which is described in Section 2.2.2.4. From these perspectives,
MfL methods can be introduced into ML models to facilitate UL by constructing joint
mapping data (similar data will have a similar joint mapping φ); such spaces can eliminate redundancies, offer a consistent basis for learning, and represent focal spaces for
messy data, in which learning or data reconstruction can be implemented to achieve a
reduction in complexity and an increase in normality. Consequently, even if new data
suffer from attenuation, they can be recreated and visualized from the manifold joint
space. Areas for future improvement are listed as follows:
• Combining the BSS methods and MfL methods is required to investigate it deeply
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in future works; such a combination leads to affordable learning from massive
datasets, and it reduces the dimensionality among data samples that leads to
lessening the computational complexity of the proposed models [2].
• Creating manifold agents or tools that can reconstruct attenuated data and reshape messy data when included as major components of an analysis system.
• Overcoming the current lack of cross-modality manifold representations. At
present, it is important to build multiple agents that share multiple representations of the same data; as an analogy, one can think of such agents as the
different parts of an octopus’s brain (an octopus has 9 brains, each of which addresses a different task based on different representations). Such investigations
can offer improved consistency for complex applications and supply practitioners
with multiple views of very large-scale data.
• Developing new optimization approaches for recovering and reconstructing the
original data from the joint mapping space of the manifold, considering that the
joint space containing the main factors or point cloud may become corrupted or
noisy under any circumstances.
• The recent manifold learning models have been introduced in the context of graph
neural networks and GANs with a higher level of accuracies in terms of clustering, dimensionality reduction, visualization, and recognition [107, 160, 230, 265].
However, many challenges and open issues still need more investigations to mimic
real-life conditions, including learning scenarios when the manifold contains holes;
considerations for temporal data that is characterized by dynamical manifolds
(stationary, point cloud, or k-neighbors points changing over time) as in the
physical, brain, biological, and sensor-networks data. Lastly, boundary bias and
vulnerability to noise issues must be addressed in future works [290].
• Constructing measures for relating manifold agents to online or real-time data,
which could be achieved by modeling and considering the quality of each embedding (every subspace or reconstructed data point), while also considering the
challenges mentioned in Section 3.1.

Recently, agent learning has received attention in the contexts of reinforcement learning
(RL) [149] and GANs [105] which introduced in Section 2.3.3. In RL, an agent is conceived of as a component that performs an action on its environment after interpreting
it via outsourcing. By contrast, a GAN consists of two agents: the discriminator and
the generator. Thus, MfL can support ML models through integration as an additional
agent that can transform data into a finer space, which can serve as a reference space
for corrupted observations. Combining MfL methods with other models increases the
chance that a broader space can be discovered from the hidden structures buried in
the data and enables the determination of more compact representations [2]; thus, the
number of free parameters (learning parameters, such as weights and biases) can be reduced, leading to lower computational complexity. Currently, GANs and VAEs are the
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main focus of attention in the research community. Joint mapping approximations have
been applied in various works to improve GAN and VAE learning; however, MfL has
not been fully utilized. Additionally, such models have achieved competitive results in
generating data; however, they still require further investigation [150, 194]. GAN models still have difficulty generating natural images at small scales or high resolutions due
to instability [13] and data manifold complexity; however, integrating manifold learning
methods into GANs, or any generative models, can help to generate image features that
are reliable and have better representations. Furthermore, improving MfL for big data
exploration offers the ability to forcibly characterize the noisy and messy data with a
joint scale; consequently, the variability of new data can be overcome.
In the following subsection, we discuss in detail the opportunities for the improvement of NN models, including GANs, regarding the quality of representation learning.

3.3

Neural Networks and Reliable Models

In contrast to supervised deep learning, which has been extensively investigated and
addressed in many works, few investigations have addressed the integration of UL with
similar modern architectures. However, innovative ML models are needed to solve realtime problems utilizing rich unsupervised representations [354]. The goal is to improve
methodologies for data exploration by introducing trustworthy representations and following design principles similar to those of recent learning architectures [105, 153] (see
Section 2.3.2.4, and 2.3.3.1). From this perspective, one of the approaches used to improve data representations in learning scenarios is called sparsity regularization [232].
This approach is applied in AE learning by penalizing the activations of the hidden
units to be near 0, or by restricting that the additive biases should be negative [29].
Nevertheless, a comprehensive analysis of sparse penalization has yet to be performed,
and the advantages and disadvantages of each based technique have not been systematically identified, although different works have recently taken a short step in that
direction [340]. Thus, a comprehensive analysis must be performed alongside empirical
investigation to compare all possible ways to apply penalization concerning sparsity
while also considering diverse probabilistic density metrics.
Recently, unsupervised representation learning has greatly shifted toward using variational Bayesian inference to improve the regularization performance. Although many
models developed under this dependency are VAE extensions [153] (see Section 2.3.2.4),
many open issues still need to be addressed. We noticed many tools to calculate the
similarity of two probabilistic distributions beyond the KL divergence, such as the α, β,
f , and J-S divergence [63], which are usually used in optimizing the objective function.
However, numerous such similarity measurements did not fully perceive the variational
distribution learning; moreover, there is no work in the literature comparing the superiority of each method. Accordingly, additional investigations of the distribution
similarity metrics comparing and introducing them in the context of additive noise
and outliers will facilitate future researchers in picking the best-trusted metric. Also,
introducing additional tools and methods from the Bayesian statistics field, such as

101

3. RESEARCH CHALLENGES AND OPEN ISSUES OF UGL MODELS

uncertainty quantification to be utilized in unsupervised learning, will open the door to
additional progress, especially for model physical interpretation and explanation, where
such statistics are inherent in data representations in unsupervised techniques. Recent
works that have targeted the uncertainty in deep learning proposed in [90] are based
on dropout; however, more investigations are required, including those into causality
interpretation, outliers, and other types of regularization.
The current trend in learning representations also concerns the field of quantum
mechanics (QM), which can explain how processes interact in the real world. Hence,
the tendency to build reliable models has been facilitated by the application of complex
domain analysis for reducing the computational cost and for interpreting the deep
architecture interactions [292]. Notwithstanding, attention has been recently paid to
supervised learning models that can obtain very competitive results: such models are
utilized to optimize the learning parameters in RNNs [70], to optimize the recurrence
matrix in the unitary recurrent neural network (uRNN) [319], in neuron tuning and
synchrony [235], and in image classification by CNNs [225], among others. Thus, the
analysis of real-time applications, including Industry 4.0, IoT, sequential modeling, selfdriving automobiles, speech and image, and sensor networks, based on unsupervised
learning utilizing rich representations of the complex domain is expected to play a role
in the future. Unfortunately, the literature evidences that little attention is given to
utilizing complex values for unsupervised learning, and it’s in its infancy. However,
recent works have taken a small step following this trend by introducing the theoretical
foundation for complex-valued AEs [20]. The following is a list of the facts and issues
that strengthen future considerations for complex domain representations:
• Most recent works performed evaluations based on private datasets [170] utilizing
matrix operations to obtain the imaginary values, therein lacking any generalization to real-time or real-world applications. Thus, real and complex-valued
datasets have yet to be generated.
• The interactions between the real and imaginary parts have yet to be considered.
How can one affect the other? The rich properties, including addition, multiplication, and division, are marginalized; however, they can bring about different
advancements for UL representations.
• The exploration of optimization algorithms in the complex domain remains imperfect and is required for developing theoretical and practical foundations.
• In recent works proposed for complex domain representation, stacks of differential equations dominate such researches; future works must be delivered in a
simple, technical, understandable, and comprehensive manner to stimulate the
community to investigate in such a domain.

In addition to complex-valued representations, Boolean and quantum logic (QL)
representations are considered as additional tools that can assist in understanding process reasoning and in considering various levels of logical abstraction. Additionally,
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such interpretations can be utilized in logic-based applications such as cryptography,
telecommunications, IoT technology, and cell biology, for which such representations
have not been a focus in recent works, although the relevant theoretical foundations
were proposed in [19] to facilitate an understanding of the concept of BAEs. Nevertheless, intelligent environments generally have a Boolean nature, therefore, we expect
that in forthcoming studies, unsupervised Boolean representation learning and reasoning will be of interest.
State-of-the-art unsupervised representation learning models based on deep generative modeling are also known as GANs (see 2.3.3.1). GANs are used for many different
tasks, including reconstruction, image synthesis, and visualization as well as nefarious
tasks such as security spoofing. Adversarial learning based on the min-max concept
offers an enormous degree of flexibility in interrepresentations that can be utilized in
transition modeling (changing from one state to another) and for building a level of
understanding of how a given noise prior is mapped to the original data. Consequently,
transition spaces can be processed to extract latent factors, which can assist in generating new data based on reduced factors. At present, GANs and VAEs continue
to be extensively studied, although most works dedicated to specific tasks neglect the
learning of the data generation process (or reconstruction in the context of VAEs) itself
when attempting to achieve superior performance [145].
Many recent works on building GANs have failed to offer clear insight into how
generators and discriminators work logically or which representations best enable rapid
progress toward equilibrium. Specifically, when a model consists of multiscale representations, it is important to visualize what the GAN is able to learn and to determine the conditions necessary to achieve balanced learning. Moreover, the tendency
of recent works to neglect generalizability has caused the proposed models to be scattered; accordingly, in future works, it will be important to consider the construction
of generalized models that can be adapted for different situations while also proving
their ability to yield reliable evaluations [35, 229]. Additionally, robust frameworks
for real-time processing are lacking; although different architectures are available, it
will be important to build competitive frameworks that utilize data augmentation and
data factorization and consider missing data for effective use in real-world applications. Below, we summarize the current opportunities for improvement according to
our literature analysis:
• The online explainability of the VAEs and GANs behaviors rather than building
an offline visual explainability (as in the heat mapping or class activation map
(CAM) [355]) is lacking in the literature; such an explainability offers the ability
to get an insight into the convergence of the model parameters, and it can improve
the level of accuracy and generalizability.
• The building of a joint mapping generation for generalization purposes that acts
as a manifold generation agent must be investigated (see Section 2.2). Different
works have attempted to impose the prior in the latent space; however, their prior
did not generalize well [211].
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• Generating the micro-scale geometrics remains in its infancy and requires more
effort to modify the Euclidean measurements in shifting to the geodesic analysis.
Thus, the model can be optimized based on the geodesic distance rather than the
Euclidean distance, and future works can use simple geometric perception rather
than classical deep representations.
• LAPGANs [76] are a promising approach that considers multi-scale and multiresolution transforms in the generating stage; however, modern multi-scale techniques, such as contourlets and curvelets [84], have not been discussed recently.
Extending such models with multi-scale techniques helps to achieve stability and
confirms the potential of such models.
• The utilization of the error distribution matching instead of directly matching
the data was recently proposed in [35]. In addition, margin adaptation was addressed in [306] to enhance the learning; however, both methods were not fully
investigated and need to be confirmed.
• Modifying CGANs (see Section 2.3.3.3) by designing a new objective function
to generate any stochastic object, by exploiting the full conditional distribution
entropy, has not been investigated [200].
• With the explosion in the number of VAE and GAN improvements and extensions,
it is important to build general guidelines and understandable ISO metrics, when
evaluating the results [150].
• The aim of SAASLN [92] is to measure the relevance or similarity between the
objects belong to each category or concept in an explainable manner, but measuring how tight is the object and proposing a novel method to connect object
still an open research direction.
• Similarity-based learning GAN models have been introduced to measure the quality of the generated data and can scale up generative models for large-scale and
complex data. However, such models are in their infancy stages and more investigations are required in terms of explainable metrics and complex data structures
[92, 168].
• Combining GANs and VAEs into the same model faces challenges in vanishing
gradient because different images that are taken from the VAE output become
blurry. Such an issue can be fixed by replacing the cross-entropy loss from the
generator side with l2 distance or utilizing mean feature matching and perceptual
reconstruction loss [91]. However, it is required to be confirmed when the data
are scarce, in case of unbalanced datasets, or when generating out-of-distribution
data (from a different domain).
• Multi-discriminator frameworks have been recently proposed to enhance data
generation, but no work or confirmation has been proposed to show the model
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complexity (computational or learning) when adding further discriminator modules, and to which extent the model will be able to generate images with more
delicate qualities. For instance, both attribute-GANs and CA-GAN [185] are considered recent models for cross-domain learning and clothes fitting; however, such
models consider extra discriminators in their architectures, but no guarantee has
been given that adding extra discriminators will reach stability at the generator
side. Moreover, the proposed models in [185] have been evaluated in the clothes
(fashion) dataset, but additional evaluations for other life applications such as
cosmetics, shoes, accessories, and jewelry fitting are required.
• Graph-based learning GAN models have been introduced recently to learn from
a graph data and Riemannian manifold; however, the experimental investigations among different works did not introduce performance analysis for a real-life
graph data including engineering or technical drawing maps from architecture
and mechanical fields, geographical data, and other medical applications as in
electroencephalography data [36, 106, 107, 266].
• An impressive challenge that requires deep study by the research community is:
How can we generate (or learn) high-resolution data or images when the original
samples are corrupted [111]?

The demand for rigorous, standardized UGL learning methods is strong because
such methods will lead to reproducible research and offer the ability to standardize
models in a sophisticated manner, thereby accelerating evaluations [12]. Generalized
models can be used in different real-world domains; in particular, 3D applications are
of daily relevance in various areas, and learning suitable representations for related
domains is consequently an important task that can be facilitated using adversarial
learning. For this purpose, 3D GANs [323] are promising models whose generation
ability has already been demonstrated; however, a confirmation of the reliability of
recent models is missing and should be achieved through clear evaluation metrics and
learning strategies. For instance, Wu et al. [323] proposed an adaptive learning strategy for 3D GANs in which the discriminator is updated if its accuracy was no higher
than 80% on the previous batch; this strategy may lead to instability and poor generalizability to different applications because the discriminator and generator are not
updated simultaneously.
Finally, it is also necessary to consider scenarios in which GANs are employed by
malicious actors aiming to attack security systems, e.g., in cyber or biometric attacks,
in which the GANs learn to mimic identities for spoofing purposes. A deep network attack procedure was recently proposed in [280] for hindering the ability of deep learning
models to recognize images based on adversarial learning by adding very small perturbations (at the single-pixel level) in a manner that depends on differential evolution
optimization. Currently, there are no clear countermeasures against soft adversarial
perturbations, and deep models are unable to address such attacks. Hence, it is important to build unified rules to protect critical systems from such spoofing attacks.
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3.4

Visual XAI Attention Mapping and Deep Neural Networks

Nowadays, DL models are improved by uncovering the underlying parameters that
perform the functional operation of models’ layers; such functions are utilized to perform specific data mapping at each layer including convolutional, dense, or rectifying
functions. To show how models learn data, the visual explainability mapping methods
(XAI attention) are specially studied, due to their ability in visualizing the intrinsic
structure of the learned parameters. Moreover, XAI attention methods translate the
decision and learning convergence to the models’ developers in an ordered manner,
where such methods can be generalized regardless of if the data lies in the Euclidean
space (unstructured images or videos), manifold and graph space (unstructured graph),
verbal space (text and speech), or if the data lies in a combined space (multimedia).
The visual saliency mapping (SM) approach has been introduced in [267], where
it introduces visual-offline explainability through gradient heat mapping (HM), i.e., it
estimates the gradient between the input, x, and output, y, and it considers the result
as a visual explainability. For each class ci , the method differentiates the output, y,
∂y
concerning input, x, as ∂xci . Thereafter, the differentiation result is passed to a RELU
activation function to eliminate the effect of negative values, and thus keeping the
positive values that reflect the maximum positive rate of change, ∂, as follows:
∂yci
)
(3.1)
∂x
Moreover, the method produces a heat map for each input considering the norm of
the gradient; by taking into account the norm over the gradient of the input,x variables,
concerning the output,y, reflects their importance:
HMSM = RELU(

∂yci
)||
(3.2)
∂x
Fig. 3.1 shows the ability of the gradient saliency mapping method to produce a
visual explanation when considering for the image classification task.
As it is noticed from Fig. 3.1 , the visual explanation of the saliency mapping
method represents noise rather than transformed signals, and the budding attention
does not reflect a real explanation concerning the input image. To overcome such
challenges, the class activation mapping (CAM) method has been introduced in [355],
where it is built based on the parameters’ importance through introducing weighting
factors α. Moreover, CAM restricts the penultimate layer (the layer before the output
softmax layer) to be convolutional, and it estimates a weighting factor, αk , for each
filter channel, fk ∈ R(u×v) , from that layer as follows:
HMSM = RELU||(

1
Σi Σj f k
(3.3)
Z
where αk is the global average pooling of the parameters constituting the convolutional
channel k.
αk =
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Figure 3.1: Visual SM attentions in the image classification task, where the top images
are the input, and the bottom (black and white) are the result taken from the gradient
saliency mapping [267].

Accordingly, CAM offers the visual explainability through the summation over the
filters channels’ parameters constituting the penultimate layer that is scaled by αk as
follows:
HMCAM = RELU(Σk αk fk )

(3.4)

Furthermore, the CAM method achieved a better visual explanation than the gradient saliency mapping approach in the literature, where both methods have been compared in the context of image recognition applications; however, both methods do not
work properly in the very deep neural networks when the penultimate layer is a dense
layer, i.e., not convolutional. Hence, a novel method termed gradient-weighted class
activation mapping (Grad-CAM) has been introduced in [259]. Moreover, Grad-CAM
relaxes the restriction of the penultimate layer by computing the gradient between the
output layer, y, and the last convolutional layer to estimate the weighting factors, αk ,
which are obtained through the global average pooling among the grading concerning
each filter channel k, i.e., the number of αk is a function of the depth of the convolutional layer:
αk =

∂yc
1
Σi Σj
Z
∂fk

(3.5)

where ∂ represents the gradient which measure the rate of change between the output
and the last convolutional layer. The final XAI attention map is obtained as follows:
HMGrad−CAM = RELU(Σk αk fk )

(3.6)

The Grad-CAM method is employed in many different image and text recognition
applications including image captioning, and visual question answering tasks; notwithstanding, it suffers from evidence collapse issue that is caused by the inter-class data
correlation, i.e., it shows similar XAI attentions for close classes even they are different.
Accordingly, the excitation backpropagation (EB) method has been introduced in [339]
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Figure 3.2: Visual XAI attention mapping of a fire hydrant image detection, where
GT represents the ground truth input image, and CAM, Grad-CAM, and EB have been
introduced in [355], [259], and [339], respectively.

based on factorizing the joint probability of the consequential neurons. Moreover, EB
builds XAI attention maps by defining a relative inference between pairwise neurons,
i, j, as follows:
P (i) = P (i|j)P (j)

(3.7)

where i is a neuron lies in the layer Ll−1 and j is a neuron in the layer Ll . Also, the
joint distribution is factorized as follows:
(
Zi iwi,j ifwi,j > 0
(3.8)
P (i|j) =
0
otherwise
where Zi is the partition function that average the probability among all possible configurations:
Zi =

1
(Σj:wi,j ≥0 )ai wi,j

(3.9)

Fig. 3.2 shows the ability of the CAM, Grad-CAM, and EM methods to draw an
offline XAI attentions for image recognition task. As it is shown in Fig. 3.2, the EM
method outperforms all other related methods on drawing the normalized XAI attention
maps based on the localized region of interest (ROI) areas. Moreover, all the above
methods offer offline XAI attentions that are represented by the heat maps and based
on weighting the activations or gradients by global average pooling of the convolutional
filter blocks. The following is a list of open issues that for future improvements:
• Introducing cross XAI approaches has not been noticed in the related works,
where further investigations are required to extract multiple explainability from
the model’s representations as in offering visual, contextual, and function explainability in the training and testing stages.
• Proposing techniques for visual-online and contextual explainability is missing
and has not been covered by the literature, where such methods can show the
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temporal behavior of each model. Such online explainability can help in improving
the overall model’s accuracy.
• Considering XAI losses has not been mentioned in the literature, where such
losses assist in modifying the current optimization algorithms used to learn the
deep NN models. That is by constructing hybrid optimization losses functions,
thus the model can be generalized for large-scale data or applications.
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4

UGL Models for dimensionality
reduction and XAI
This chapter presents the proposed investigations and the experimental analysis of the
recent UGL models including NMF (reviewed in Section 2.1.2.2), t-SNE (reviewed
in Section 2.2.2.4), AE (reviewed in Section 2.3.2.1), and VAE (reviewed in Section 2.3.2.4). Such methods are utilized in dimensionality reduction, visualization,
and the visual explainability of DL models. Also, the proposed investigations of the
selected models can be employed individually to carry out one ML task as in employing
β-NMF for dimensionality reduction; alternatively, the investigations can be combined
to reduce the computational complexity and accelerate learning from compact representations as in employing t-SNE on the factorized β-NMF subspaces to visualize the
manifold of data. The structure of the following chapter as follows.
Section 4.1 introduces our proposed nonnegative rank approximation that is imposed, as a prior, to identify the dimensions of the compact (reduced) subspaces to
carry out the β-NMF factorization. Based on algebraic transformations among data
matrices, the proposed rank can be approximated and it is generalized from small to
large-sized images. Thereafter, β-NMF and the proposed rank method are combined
with a shallow AE model to learn from limited available data in Section 4.2; such
data comprise fewer samples for the training than the testing. Consequently, combining β-NMF and AE can be utilized for a better generalization during the testing
(or production) stage, it also reduces the learning complexity among data classes because of the compact subspaces that are obtained from the β-NMF. Moreover, such a
combination can be used in data clustering and manifold visualization applications.
Section 4.3 presents a novel method to explain the VAE models based on gradientderivative attention that exploits the first derivative of the gradient. Specifically, the
derivative of gradient between the latent space layer, Z, and the encoder’s layers Lei ,
is utilized to build an explainable attention map that shows how the VAE behaves
according to different inputs. We evaluate the utilization of such visual attention
mapping in two different ML applications including one-class anomaly detection in
Subsection 4.3.4.2, and for the explainable autonomous driving systems in Section 4.4.
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4.1

β-NMF Rank Truncation for Unsupervised Dimensionality Reduction

In Chapter 2, the UGL methods have been highlighted which are a class of ML models that aims to learn representations, and it also reduces the dimensionality among
data without any predefined labels or with limited levels of assumptions. Among all
UGL methods, the NMF (Section 2.1.2.2) factorizes the data into two subspaces of
nonnegative components. Moreover, the NMF enforces the nonnegativity, sparsity, and
part-based analysis; thus, the dimensionality of data can be reduced, and also the representations can be interpreted and explained for the XAI applications. However, one
of the main issues when using the NMF is to impose the factorization rank, r, to identify the dimensionality of the subspaces, where the rank is usually unknown in advance
and termed as the non-negative rank that is employed as a prior to carrying out the
factorization.
To help solve the above issue, this section proposes a novel method for the nonnegative rank, r, approximation. Furthermore, we generalize our method among many
different image scales, where the results on different image datasets confirm the validity
of our proposed approach.

4.1.1

Introduction to Nonnegative Factorization

XAI is considered an emerging field in ML and data analysis to interpret how the
decisions of ML applications are made, and to capture the underlying structure of
data [1, 112]. The early stages of any XAI model include data reduction and disentangling the interpretable representations, i.e., the explainable features (or transformations
weights W ) that reflect parts of the data [100].
To disentangle the representations and reduce data dimensionality, UGL methods
have been specially studied, due to their advantage of working on limited levels of
prior assumptions and labels. In particular, the UGL methods used in this regard
include PCA, NMF, SVD, TD, and AEs [5, 65, 94, 301], see Chapter 2. Among all
UGL methods, the NMF introduced in Section 2.1.2.2 decomposes the data into low
dimensional subspaces, where the first one contains the bases of the latent features and
is named as the latent space, Z, the other space hides the coefficients that reconstruct
the data and is called the mixing space, A, [171]. The capability of the NMF lies in
the fact that it factorizes the data into non-negative components (rows or columns of
subspaces Z and A), which usually in low dimensional form and represent portions of
the original data itself. Moreover, the other advantage of the NMF is that it is an
inherently sparse method for feature representations, thus it offers sparse components
that are isolated and represent the original data objects [7].
The NMF can be integrated into the XAI models to improve their explainability
and interpretability, as it is easy to relate the hidden (or latent) representations to the
original data itself throughout reconstructing data after factorization. Also, it reduces
the dimensionality and the computational time required to disentangle the interpretable
representations among the data. However, one of the main issues when using the NMF
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is to identify the factorization rank, r, among the data, which is usually unknown in
advance and can be imposed as a prior to carrying out the factorization [165].
To help solve this problem, we propose a novel rank approximation method for the
NMF in this section, where our contribution is twofold: (I) introducing an effective
rank truncation method based on algebraic operators and a physical conceive, thus the
dimensionality among the data and the processing time are reduced according to the
approximated rank; (II) generalizing the rank truncation from small-size data samples
to large-size ones, thus achieving adaptability at different scales. The rest of this section
is organized as follows. Section 4.1.2 highlights the β-NMF. Section 4.1.3 outlines the
NMF rank analysis. The experimental results and related works comparison will be
reported in Section 4.1.4. Section 4.1.4.4 summarizes the conclusions and remarks of
our proposed method.

4.1.2

β-NMF Factorization

The NMF is a linear dimensionality reduction method that belongs to BSS models
reviewed in Section 2.1, due to its ability to learn part-based representations in an
unsupervised way [309]. Also, it is used in image recognition and reconstruction applications: for a given image X ∈ Rm×n , it decomposes the data matrix in accordance to
Eqn. (2.18) as:
X = ZA + R
(4.1)
where Z ∈ Rm×r represents the bases of the latent subspace, A ∈ Rr×n contains the
mixing subspace, R is the residual, and r is the factorization rank. The NMF represents
the data as a product to two subspaces, where the objective function of the optimization
procedure minimizes the residual, R, by measuring the mismatch between the original
data, X, and the reconstructed ones, X̃.
The most widely used class of distributional optimization objective is termed as
β-divergence which comprising the Itakura-Saito (IS) when β = 0, Kulback Leibler
(KL) when β = 1, and Frobenius norm when β = 2 [192]. The role of such objective
functions is to minimize the residual, R, by quantifying and minimizing the distance
between the original data and the reconstruction of the two factored subspaces, i.e., Z
and A [99]. The β-divergence between two matrix elements (or image pixels) is given
as:

x
x

 x̃ − log x̃ − 1,
dβ (x, x̃) = x log x̃x − x + x̃,

1
β
β
β
β (β − 1)(x̃ + (β − 1)x̃ − βxx̃ ),

β=0
β=1
otherwise

(4.2)

where dβ is the divergence, x represents the original data point (or pixel), x̃ is the
reconstructed pixel after applying the factorization or learning. When extending the
notation from pixel or data point to matrix (whole image), the β-divergence general-
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ization is given as:
dβ (X, X̃) =

X

dβ (X(i,j) , (Zr Ar )(i,j) )

(4.3)

(i,j)

where dβ is the divergence, X is the original image (or data matrix), X̃ = Zr Ar , Zr and
Ar are the bases of the latent space and the coefficients of the mixing space, respectively,
and resulting by the factorization using rank r. To achieve the minimum divergence,
the matrix update procedure [89] is followed as:
([ZA]⊙β−2 ⊙ X)A
[ZA]⊙β−1 A⊺

⊺

Z←Z⊙

Z ([ZA]⊙β−2 ⊙ X)
A ←A⊙
Z ⊺ [ZA]⊙β−1

(4.4)

⊺

(4.5)

where ⊺ is the matrix transpose and ⊙ denotes the element-wise multiplication.
The most widely used approaches for the NMF initializations, i.e., identifying the
dimensions and values of Z and A, are SVD-NMF, non-negative double SVD, and nonnegative SVD with low-rank correction [15]. These methods share a similar procedure
to carry out the NMF initialization and identifying the dimensions of both Z and
A spaces; by updating the matrices Z and A based on the rank increment at each
iteration until a given level of performance is reached. Other approaches, based on the
rank adaptation from the lowest to the highest or full rank, are time-consuming since
they depend on a trial and error procedure [98].
To avoid the cost given by the iterative search, a commonly used practical approach
(the rule of thumb) keeps the singular values that contribute to 90 : 99% of the total
energy sum and impose their number as the rank; however, such an approach suffers
from the instability due to fixing the bounds of the singular values [231]. The recent
method proposed in [274] is based on the minimum description length (MDL). The
MDL method depends on finding a possible way to encode the data with high precision
and low decoding error, where it does not approximate the rank directly from the data
itself; it selects the suitable rank that reflects the minimum MDL among a list of all
imposed ranks, thus it can be seen as a kind of trial and error method. Moreover, the
MDL method assumes that the data samples are already factorized with all available
ranks and the subspaces Z and A which correspond to each rank are kept, then it
converts the subspaces to distributions and utilizes the Shannon information content
[66] among the distributions to measure the minimum MDL that reflect the best rank.
To obtain the factorization rank automatically, the following section introduces
an innovative rank truncation method based on the combinations between the matrix
trace, nuclear, and the Frobenius-norm. Such a combination able to preserve suitable
bounds of the singular values that reflect the optimal rank, also it obtains the rank
directly from the data itself to achieve stability and reduce the computational cost.
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4.1.3

Proposed Rank Truncation Methodology

Advocated by the fact that the NMF requires to impose the factorization rank, r, before
carrying out the factorization, i.e., the size of the data columns and row spaces that
identify the dimensions of the NMF subspaces, also the rank must be accurate and able
to preserve an acceptable level of the reconstruction accuracy [15]. Practically, running
the empirical rank approximations for the NMF factorization among all available ranks
is considered a computational burden, especially when the data comes in a multi-way
form as in the RGB images and when its size is relatively big [7]. For instance, to
identify the optimal rank for an image with dimensions of 256 × 256 empirically, we
need to run 256 iterations from the lower rank (r = 1) to the full rank (r = 256).
Thus, to reach the appropriate rank without alternating all possible ranks, we propose
an automatic rank truncation procedure, which can be useful for many different image
datasets and based on the linear transformations among the data.
Both the trace and nuclear norm have been utilized to produce a very low-rank
solution theoretically [219, 233]; however, we extend the theory to the practice by
proposing a suitable rank approximation for ML datasets. The trace of the data matrix
(the data matrix is an image and denoted as X in all parts of this work) is considered a
useful linear transformation, and it gives the derivative of the determinant det|X| that
offers the volume equipped by the column space to approximate the data rank [134].
Mathematically, the trace is the sum of all diagonal elements of a square matrix (or
sum of the eigenvalues), where the physical meaning of the trace is the constructions
of the Hamiltonians (the total energy) of the quantum system that associated with a
finite set of the energy eigenvalues [115]. The trace of the n × n square matrix X is
given as:
n
X
x(i,i) ,
i = 1, , , n
(4.6)
Tr(X) =
i=1

In the same orientation, the nuclear norm || · ||∗ is considered a substantial tool in the
field of multivariate statistics and dimensionality reduction, whereas it used recently
for deep learning optimization as a convex replacement of the dimensional rank [233].
The nuclear norm reflects the importance of the singular values that constitute the
rank variation among the data. The nuclear norm can be obtained by summing all
singular values, which can be retrieved using the SVD decomposition reviewed in Section 2.1.2.1. Moreover, the singular values’ matrix is constituted in a diagonal form
and reflects the importance of the eigenvalues and data points when reconstructing the
data. Factually, summing all singular values is equivalent to adding up the absolute
values of the diagonal elements (i.e. the L1 norm) of a diagonal matrix, where the rank
optimization problem is tuned to find a sparse vector of singular values in the affine
subspace σ [233]. The nuclear norm of a given data matrix X is obtained from the
SVD as:
r
X
X
Ui σi Vi⊺ , where ||X||∗ =
σi
(4.7)
X≈
i=1

where Ui and Vi are orthonormal matrices called the left and right singular vectors,
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⊺

⊺

respectively, and they represent the eigenvectors of XX and X X, respectively. Additionally, σi is a diagonal matrix that contains the singular values {σi | i = 1, . . . , n}
of the matrix X and are sorted in decreasing order.
In our proposed approach, we combine the Frobenius norm [222] due to its capability
to the transformations that are unitary invariant, where it penalizes (or expands) the
rank value. Thus, the bound of the singular values are adapted to an appropriate level
reaching the optimal rank. The Frobenius norm for a given matrix X ∈ Rm×n can be
obtained by the square root of the sum of the squares of the matrix elements as follows:
v
uX
n
um X
x2(i,j)
||X||F = t

(4.8)

i=1 j=1

The nuclear norm and the trace of the data are considered algebraic tools, which
help to identify a truncation limit to remove the unwanted portions of data and only
keep the ones that reflect the rank r. The rank truncation limit is a threshold, ǫ, at
which performance can be saturated and the data can be reduced [110, 134]. Dividing
the trace of eigenvalues by the nuclear norm (as in Eqn. (4.9)) is equivalent to spreading
out the total energy of eigenvalues among different separate states of singular values
with different capacities, where the highest singular values absorb the highest energies
and the lowest values only get very low energies [115].
Practically, the trace of the square matrix is equal to the sum of its eigenvalues1 ,
and there is an ability to compute the trace directly from the data matrix without the
need to diagonalize the data to obtain the trace of its eigenvalues matrix. However, if
the data matrix in a non-square form or if the majority of values is zeros in its diagonal,
i.e., sparse, it must diagonalize the matrix first (i.e., covert it to sets of eigenvalues and
eigenvectors), then summing of its eigenvalues as a trace.
The proposed truncation threshold can identify suitable bounds of singular values
that reflect the rank; by truncating the singular values that absorb the minimum energies, and only keeping the highest ones that conclude the essential and appropriate
features among the data. Our methodology is divided into four steps as follows:
• For a given image (or data matrix) X ∈ Rn×n , calculate the Tr(X) and ||X||F .
• Calculate the SVD and obtain ||X||∗ .
• Identify the truncation threshold, ǫ, as:

ǫ=

p

Tr(X)
||X||∗ + ||X||F

(4.9)

• The rank is obtained by counting the singular values (taken from SVD) up to ǫ.
1

http : //people.math.harvard.edu/ ∼ knill/teaching/math19b 2011/handouts/math19b 2011.pdf
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Accordingly, the rank can be expressed as the total number of the singular values
that lie up to the truncation threshold ǫ.
To measure the performance of our proposed method, we will employ both MNIST
digits and MNIST fashion datasets [75, 324], which share similar small image dimensions. Thus, there is a possibility to build a common threshold to obtain the nonnegative
rank, r, as it appears in the Eqn. (4.9). Moreover, we found that it is important to
inject the Frobenius norm to the threshold denominator as a penalty factor and expand
the minimum bound of singular values, σr , into an appropriate limit that reflects the
optimal rank.
However, for the datasets which are relatively larger than the MNIST in terms of
image size, the trace and the nuclear norm can be fixed without injecting the Frobenius
norm; since the MNIST datasets contain a lot of zero elements in the images which
affect the bounds of the singular values. Following the same footprint in approximating
the rank for the MNIST datasets, we can build similar rank truncation based on the
trace and the unclear norm for the color and large-sized images. The rank truncation
threshold for such type of images that hides a lot of information due to their size and
dimensionality can be designed as:
s
Tr(X)
(4.10)
ǫ=
||X||∗

4.1.4
4.1.4.1

Experimental Results
β-NMF Rank Truncation for Small Size Images

The MNIST digits dataset comprises 70000 handwritten images divided into 10 classes,
representing digits from 0 − 9. The kin new dataset to the MNIST digits is called the
MNIST fashion with the same number of samples and classes. The size of each image in
the MNIST datasets is similar, and each image dimension is 28 × 28 pixel which forms
the data columns and the rows spaces. The MNIST datasets are ideal for analyzing the
small-size images, due to the limited size of the images. Also, our used computational
platform to approximate the NMF rank includes Intel CPU Core i7−4800M Q processor
with 8GB DDR3 RAM, and all experiments are implemented using MATLAB R2019b
on windows 10 operating system.
To extract the non-negative features for the MNIST datasets, i.e., the representations of Z and A subspaces, the factorization rank, r, among the images must be
imposed. The rank identifies the size and dimensions of features and mixing subspaces.
Traditionally, the rank can be approximated by alternating the rank from the lowest
(r = 1) to the full rank-size, (r=28), where the rank is adapted and estimated as a
function of the image size. We used the β-NMF introduced in [99] with β = 1 to show
how the traditional rank affects the image reconstruction. Moreover, the Frobenius
norm as a function of image rank is utilized in the following Fig. 4.1(a) to depict how
the original images and the reconstructed ones are similar to each other, where the minimum values of Frobenius norm reflect better reconstruction results after carrying out
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(a)

(b)

Figure 4.1: (Fig. 4.1(a)) The Frobenius norm of 100 images of the third class as a function
of rank r, (Fig. 4.1(b)) the corresponding singular values of the same images in Fig. 4.1(a).
It is possible to observe that the Frobenius norm decays around r = 15.

the factorization. Furthermore, to show the relationship between the rank truncation
and the distribution of singular values of the same data used in Fig. 4.1(a), we plot the
singular values and the rank (from r = 1 : 28) for each image as it can be illustrated
in Fig. 4.1(b). For sake of computation, we plot only the Frobenius norm and singular
values distributions for the first 100 images of the third class from the MNIST digits,
where the idea is generalized among all samples and classes.
As can be noticed from the Fig. 4.1(a) and Fig. 4.1(b), when the rank is very low at
r = 1 : 5, the Frobenius norm is very high; conversely, the norm is saturated in the pool
of ranks greater than 15. The rule of thumb [231] to extract the rank from the data
can be carried out by retaining 90 − 99% of the singular values that contribute to the
sum of total energies and utilizing their number as the NMF rank. However, according
to Fig. 4.2 using the rule of thumb reflects the rank r = 10, also at that rank the
averaged Frobenius norm between the original images and the reconstructed ones for
the same samples used in Fig. 4.1(a) and Fig. 4.1(b) is equal to 0.0209. Furthermore,
our method expands the bounds of the singular values to enhance the performance and
gives the rank r = 15, also the mean reconstruction loss obtained by the Frobenius
norm enhanced and reached to 0.0049 when comparing the useful rule of thumb [231].
As it evident from Table 4.1 that the performance based on the SSIM metric is
greater than 0.9950 among all classes in both MNIST datasets, which confirms the
validity of our proposed rank truncation method.
Another used approach in the practice, by keeping 90% of the singular values that
contribute to the nuclear norm introduced in Eqn. (4.7), where it gives the average
rank for the images used in Fig. 4.1 equal to r = 10. Also, at that rank the Frobenius
norm still not saturated, i.e., the reconstruction loss requires to increase the rank to
be minimized. From this angle, it is important to build a suitable rank truncation
threshold, ǫ, to be utilized for automatic non-negative rank approximation, thus the
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Figure 4.2: The distribution of the accumulated energies of the singular values. It is
apparent from the figure that the highest r = 10 singular values contribute to the 99% of
their total energy.
Table 4.1: The Rank and performance analysis for the MNIST datasets, where the ClassID represents the label of each class, Samples is the total number of data samples belong
to each class, Rank is the approximated nonnegative rank, Fnorm measures the Frobenius
norm that evaluates the reconstruction loss after the factorization, and SSIM reflects the
structural similarity index that measures the quality of images after reconstructing the
factorized subspaces.

ClassID
0
1
2
3
4
5
6
7
8
9

MNIST Digits
#Sample Rank Fnorm
5923
16
0.0107
6742
10
0.0029
6742
15
0.0074
6131
15
0.0065
5842
14
0.0071
5421
14
0.0097
5918
16
0.0068
6265
13
0.0090
5841
15
0.0083
5949
14
0.0056

SSIM
0.9962
0.9992
0.9974
0.9975
0.9976
0.9977
0.9982
0.9971
0.9987
0.9986

ClassID
T-shirt/top
1Trouser
Pullover
Dress
Coat
Sandal
Shirt
Sneaker
Bag
Ankle boot

MNIST Fashion
#Sample Rank Fnorm
6001
17
0.0048
6001
11
0.0001
6001
16
0.0027
6001
14
0.0019
6001
17
0.0031
6001
15
0.0096
6001
18
0.0056
6001
14
0.0025
6001
17
0.0036
6000
19
0.0020

SSIM
0.9971
0.9997
0.9974
0.9987
0.9969
0.9953
0.9950
0.9984
0.9988
0.9991

rank can be estimated and imposed easily with minimum reconstruction loss as it is
proposed in Eqn. (4.9).
Table 4.1 shows the average rank for each class extracted from the MNIST datasets
using our threshold introduced in Eqn. (4.9), using only the average rank of 1000
random images from each class to be generalized among the whole images within each
class. Moreover, the table presents the performance analysis of all datasets samples (not
just 1000 samples) when using the generalized rank, utilizing the Frobenius norm and
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(a)

(b)

Figure 4.3: Approximating the rank for Lena’s image, where Fig. 4.3(a) depicts Lena
image, and Fig. 4.3(b) shows the Frobenius norm as a function of the rank. The red,
green, blue curves in Fig. 4.3(b) represent the Frobenius norm as a function of rank for R-,
G-, B-domain, respectively.

the SSIM metrics to compare the original images and the reconstructed ones after the
factorization. For more details about the SSIM index we refer to [310] and Section 1.3.
4.1.4.2

β-NMF Rank Truncation for Large Size Images

In this section, we select miscellaneous standard color images of size 256 × 256 and
512 × 512, which were published by the Computer Vision Group of the University
of Granada1 . Also, the resolution of such images is very high, and approximating
their rank for the NMF factorization in their RGB domain is considered substantial
[310]; in the view of fact that a lot of information is vulnerable to be lost during
images transformation to the grayscale or in resizing their dimensions. Accordingly, it
is important to approximate the rank at R, G, and B-domain separately to keep an
appropriate level of the information at each domain, then extracting the rank for each
domain. Fig. 4.3(b) highlights the Frobenius norm of the Lena image of size 256 × 256
and its reconstructed version after applying the β-NMF with β = 1. Accordingly, the
rank is identified following the traditionally used approach, by varying the rank from
the lowest rank (r = 1) to the highest rank (r = 256).
As it can be noticed from the Fig. 4.3 that the highest Frobenius difference between
the original and the reconstructed images can be noticed at the first 50 ranks, and
the performance is improved (by reducing the Frobenius norm) as a function of rank
around r = 130 : 170. The proposed truncation threshold in Eqn. (4.10) gives r = 141
for R domain, r = 165 for G domain, and r = 193 for B domain for Lena image, which
1

http://decsai.ugr.es/cvg/index2.php
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 4.4: Generalizing the rank truncation threshold for natural images with a size
of 512 × 512 for each, where the first and third columns contain the original images and
the second and fourth columns represent the corresponding reconstructed ones. The SSIM
index is equal to 0.9663, 0.9205, 0.9438 and 0.9434 for (b), (d), (f), and (h), respectively.

is applicable with the rank plot in Fig. 4.3(b). Moreover, the SSIM index is equal
to 0.9880 according to our truncation threshold, where it is lower than the full rank
(when r = 256) by 0.0060. Thus, the proposed rank threshold in Eqn. (4.10) is able to
preserve a higher level of the original structure (for large-size images) after the NMF
factorization, by retaining the appropriate bounds of σi that reflect the rank.
The application domain is extended to a new series of natural images with a dimension of 512 × 512 for each one in Fig. 4.4. Throughout utilizing the same rank
truncation threshold proposed in Eqn. (4.10), where the images are factorized in each
RGB domain and they are reconstructed from their reduced spaces. To measure the
reconstruction loss after the factorization, we fixed the evaluation indicator to the SSIM
index which is commonly used to compare the quality of large-sized images in terms of
the structure and the local mapping.
4.1.4.3

Related Works Comparison

The rank selection stage is considered the first step to carry out the NMF factorization,
where it initializes the dimensions of the latent subspace, Z, and the mixing subspace
A. Moreover, the rank selection stage is usually tricky, and there are limited practical
approaches available to identify the rank r. For that aim, we proposed a novel method
to identify the NMF rank automatically, and we compare our proposed method with
the common practical approaches.
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Table 4.2: Related methods comparisons of the same images used in Fig. 4.1, where the
same computational settings that are reported in Section 4.1.4.1 is considered. Moreover,
this table compares the related methods concerning the estimated rank “Rank”, the total
computational time required to factorize the images “CPU Time”, and the quality of the
reconstructed images after the factorization is measured by using “SSIM” index.

Comparison
Method
Trial and Error [98]
99% of Energy of Singular Values [231]
90% of Truncated Singular Values [98]
MDL [274]
Our Method

Rank
1 : 28
10
9
13
15

Indicators
CPU Time
SSIM
NA
0.4732 : 0.9995
5.259 s
0.9866
4.781 s
0.9839
16.903 min
0.9943
3.873 s
0.9955

Table 4.2 reports the performance evaluation of our proposed method employing
the same images used in Fig. 4.1. Moreover, we compare our results with respect to
(i) trial and error method by adapting the rank from 1 to full image size [98], (ii)
retaining 99% of the energy of singular values contribute to the total sum [231], (iii)
the truncated SVD with keeping 90% of the whole singular values [98], and (iv) the
MDL [274]. Furthermore, the table shows the average execution time of the CUP used
in our machine for each method to obtain the rank. Also, we evaluate the stability when
reconstructing the images; respecting that, the stability is application dependent, and
we measured the SSIM among the reconstructed and original images, thus the method
that gives the highest SSIM is considered the most stable one.
As can be noticed from Table 4.2, that our method achieves the minimum execution
time and high reconstruction accuracy based on the SSIM, especially when comparing
our result to the recent method (MDL) [274]. Although the MDL achieves similar
results to our method, it requires time greater than our method by 262 times to obtain
the rank of the set of images used in Fig. 4.1. Also, the trial and error method that
is used in the practice is considered time-consuming and requires increasing the rank
by 1 at each factorization round. Moreover, the mean CPU time needed to factorize
each MNIST image using β-NMF is 0.1200 s, provided that the factorization rank is
imposed. For the trial and error method, we found that the factorization time when
adapting all ranks is equal to 0.1200 s × 28, and if the image size is relatively large
such method is considered time-wasting. Additionally, the truncated singular values
[98] however it achieved the lower SSIM, but it requires an average factorization time
greater than our method by 0.908 s for the same 100 images.
Instead, our proposed method reduces the required processing time to obtain r and
carry out the factorization by automatically derive the rank from the data itself, and
our performance analysis shows superior results in terms of preserving a similar amount
of the structural information when using all possible ranks.
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4.1.4.4

Summary

The NMF is a linear factorization technique that enforces non-negativity constraints
among the factorized subspaces, which leads to precisely additive positive components
to the factorized subspaces that are parts of the original data. Thus, the NMF offers
interpretability when it is integrated into the XAI models, due it its ability to relate
the factorized subspaces to the original data. The NMF reduces the dimensionality
but it requires identifying and impose the non-negative rank, r, before carrying out
the factorization, that usually unknown in advance. To solve this problem, this section
proposed a novel rank truncation method that reflects the rank by counting the singular
values which lie on certain bounds and consider their number as the rank. The rank
is obtained directly according to the truncation threshold, ǫ, instead of iteratively
adapting the rank. Also, it evaluated using β-NMF for the small-sized images of size
28 × 28 and generalized for the large-sized-images of size 512 × 512.
Our proposed method can approximate the NMF rank with a lower computational
time concerning methods in the literature, at the same time obtaining a higher similarity
to the original images. The proposed approach can therefore be used to efficiently map
the data to reduced subspaces, with limited information loss. Due to its advantages,
it could be used to optimize the learning process of deep ML architectures, by using
a compact data representation that can reduce the computational times required to
perform the training. Furthermore, our approach could prove beneficial when dealing
with devices with limited computational resources (e.g., mobile CPUs or FPGAs), or
in methodologies requiring real-time learning, e.g., online learning.
The following Section 4.2 introduces a novel way to improve the generalizability of
the ML models through combining β-NMF and AE learning (see Section 2.3.2), where
such a combination can be exploited in cases when only limited training samples are
available to fit the models, i.e., test ML models with more testing samples than the
training ones. Moreover, the following section presents a novel method to reduce the
computational complexity of unfolding the manifold of data based on t-SNE that reviewed in Section 2.2.2.4, by unfolding the intrinsic structure of the factorized data (lowdimensional) that preserves similar characteristics to the original (high-dimensional)
version of data.
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4.2

β-NMF Based AE for Limited Data Learning and Unsupervised Image Reconstruction

UGL models gain popularity due to their abilities to learn with limited levels of predefined labels and prior assumptions, and they are also able to reduce the noise, redundancy, and visualize the manifold among data samples. However, generalizing the
UGL models for different applications including image generation, compression, encoding, and recognition faces different challenges due to limited available data for learning,
diversity of classes, and complex data dimensions.
This section introduces a partial learning procedure to learn from limited available data by utilizing β-NMF introduced in Section 4.1.2, which maps the data into
two complementary subspaces constituting generalized driven priors among the data.
Moreover, this section employs a dual-shallow AE (see Section 2.3.2) to learn the subspaces separately or jointly for image reconstruction, and to reduce the computational
complexity of data manifold visualization tasks. Our proposed model shows superior
performance to the literary works, especially when learning the model with a small
amount of data and generalizing it for large-scale unseen data.

4.2.1

Introduction to Limited Data Learning

UGL models reviewed in Chapter 2 have the abilities to operate with limited levels
of prior assumptions to perform dimensionality reduction, manifold visualization, and
other representations learning tasks [2, 3, 65]. Among all UGL models, NMF is the
only one that decomposes the data into two non-negative subspaces: the first one is
termed as a latent space, Z, that hides the latent features, and the other is named as a
mixing space, A, that contains the reconstruction coefficients [171]. The NMF subspaces
constitute rooted priors to learn data because they hide the positive features, sparse,
and part-based representations that represent the original data [64].
Recently, there is a demand to generalize ML models for real-life applications, where
the data and computational resources are limited or scarce to carry out learning [1, 49,
114]. In most cases, the learning procedure in recent works uses more samples in the
training stage than the testing: around 70% of the data are used for the training and
the other for the validation and testing. Furthermore, different works feed ML models
by data without preprocessing and considering learning the relevant representation,
thus the models show more bias and overfitting [29].
To overcome the above issues, this section proposes a novel method to learn with
limited available data (fewer samples for training than the testing), utilizing the βNMF factorization introduced in Section 4.1; due to its ability in providing a driven
prior among the image data and lead to generalizing the learned model for large-scale
unseen data, i.e., out-of-distribution generalization. The β-NMF maps the data into
two positive and sparse subspaces that constitute parts of the original data (rooted
representations), thus the representations learning can be facilitated when building
shallow ML models to learn among the data [192].
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Since any NMF method requires imposing a factorization rank, r, that reflects the
original data space dimensions [15] to be learned, our proposed method utilized the
same rank truncation procedure introduced in Section 4.1.3 to obtain the nonnegative
rank for β-NMF. Moreover, a shallow AE will be employed to learn the factorized
subspaces partially (partial AE) or jointly using Dual-shallow AE. The rest of this
section is organized as follows. Section 4.2.2 highlights the AE learning. Section 4.2.3
introduces the proposed AE learning methodology. The experimental results will be
given in Section 4.2.4. Section 4.2.5 reports the remarks and conclusions.

4.2.2

AEs Learning

AEs reviewed in Section 2.3.2 are UGL models that can be formed in shallow or deep
architectures, which are utilized in ML to perform dimensionality reduction, recognition, and generation tasks [29]. They also share a similar goal in capturing the hidden
structure among the data, by reconstructing through the samples and benefiting from
the advantages of the encoding and decoding stages [18]. For a given image (or data
sample) X ∈ RD (D is the input image dimensions), the encoding stage provides a mapping f : RD → Rd , 0 < d < D (d is the bottleneck layer dimensions), to corresponding
encoded data Z = f (X; θe ), while the decoding stage provides a decoding mapping
g : Rd → RD , which reconstructs an approximation of the input data: X̃ = g(Z; θd ).
Commonly, f and g can be composed of several encoding decoding stages (deep architecture) with a high degree of symmetry, in which the mappings of the j th stage
are parameterized by a weight matrix Wj and bias bj . The objective function that
minimizes the reconstruction error is given as:
LREC{θ̂

e , θ̂d }

= argmin||X − (f ◦ g)X||Er

(4.11)

where θˆe = {We , be } contains the encoder’s weights and biases, θˆd = {Wd , bd } comprises
the decoder’s weights and biases, and ◦ is the Hadamard product of two matrices that
gives element-wise commutative product (θe ◦ θd ) = (θd ◦ θe ). Such product gives
a realization (in terms of data matrix) that the decoding weights are similar to the
transpose of the ones that are used for encoding, or trained to be similar, i.e., θd ≈
θe ⊺ . The reconstruction loss, Er , can be measured by different metrics including Mean
Square Error (MSE), Frobenius norm, β- divergence, and a recently utilized one for
image applications is the Structure Similarity Index (SSIM) [2].
The main challenge in AE learning lies in finding and generalizing both encoding
and decoding parameters (θe and θd ), which minimize the reconstruction loss [164].
Especially, when only limited data available for learning, or when the computational
resources restrict learning from big datasets (as in high order tensor data) [114]. The
β-NMF helps the AE to learn reduced sparse, non-negative, and part-based representations from both Z and A subspaces (see Section 4.1.2), while feeding the AE with the
original data enforces the AE to learn the data with noises, redundancy, and costly due
to the original dimensions of data. We will show that our approach achieves a minimum
reconstruction loss by comparing the related works; specifically, when generalizing the
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trained model for large-scale unseen samples. Also, we will show how our proposed
method allows capturing the rich representations that retain the fidelity among the
factorized and encoded data to the manifold of the original data.

4.2.3

Proposed AE Learning Methodology

The NMF factorization has been utilized in the literature to build AE models to achieve
a large-scale generalization. The Non-negative Sparse AE (NNSAE) proposed in [175]
for online learning, enforces the weights of the AE hidden layer to be positive by
using an asymmetric regularization and logistic activation function among neurons.
Moreover, the NNSAE approach has been followed in [135] to build the Non-negative
Constrained AE (NCAE) model for image reconstruction and classification. The recent
work proposed the AE with a simplified Random Neural Network (AERNN) [329],
where a training rule similar to the NMF used and able to update the model’s weights
in a non-negative way. However, such models do not exploit the NMF as a data-driven
method to disentangle rooted representations and conscious prior among the data. Our
proposed methodology is characterized from the others by decomposing the data in an
unsupervised way (as what is introduced in Section 4.1) to be in a volume where the
noise and redundancy are removed, thereafter uses the AE to learn the representations.
Thus, the learned model is generalized for large-scale unseen data.
The concept of consciousness prior has been proposed for NLP applications, to combine different priors for disentangling abstract factors to be learned in further stages
[28]. Such priors are seen as a bottleneck from which the extracted factors or representations have to proceed for further processing, and lead to generalization improvement
for ML and AEs. Following similar footprints of [28], we employ the β-NMF to derive consciousness priors among the data, followed by learning each β-NMF subspace
using a shallow AE for each. The subspace Z offers a prior among the data’s hidden
structure, while the A space contains a prior of the reconstruction coefficients.
To show the performance of our proposed work, we employ both MNIST digits and
MNIST fashion datasets [75, 324]. Each comprises 60k images for training and 10k
for the testing stage, divided into 10 classes with image size of 28 × 28. However, to
challenge the generalization ability of our model to large unseen data, only 10k images
will be trained, thus mimicking the limited available data scenario. Moreover, the
testing performance will be measured on the other dataset samples, i.e., 60k. Two
steps conclude the proposed methodology as follows:
• The initial stage includes image factorization to extract the β-NMF subspaces
(Z, A), utilizing the rank truncation threshold, ǫ, and setting β = 1. The same
decomposition steps presented in Section 4.1 are followed, and the rank is estimated using a subset of the training set (1k images from each class) from each
dataset, to be generalized among the whole data samples. The first and third
classes from both datasets have been employed to measure the rank threshold
robustness, then the Frobenius norm has been applied to measure the factorization loss acquired by the β-NMF, i.e., the difference between the factorized data
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(a) Z-AE

(b) A-AE

(c) Dual-AE

Figure 4.5: The three proposed AE learning schemes, Fig. 4.5(a) Z-AE in the top,
Fig. 4.5(b) A-AE in the middle, and Fig. 4.5(c) Dual-AE in the bottom.

and the original one. We obtained r = 16 and r = 15 (for the first and third
class, respectively) from the MNIST digits, and r = 16 and r = 17 (for the first
and third class, respectively) from the MNIST fashion dataset. The averaged
factorization loss among all testing samples (5k images from each class) did not
exceed 0.017. Similarly, the rank is approximated among all classes in both data
sets, where the generalized rank (taken from ǫ) r = 16 for both data sets due to
their image size similarity.
• The second stage is dedicated to the AE learning among the β-NMF subspaces,
separately by a shallow AE (Z-AE or A-AE), or jointly by a dual-shallow AE
(Dual-AE) as depicted in Fig 4.5. Each AE for either separate or joint learning shares the same number of layers: one layer for each encoder, decoder, and
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Table 4.3: The reconstruction performance of the Z-AE model, where SSIM refers to the
structural similarity index that measures the quality of the reconstructed images, and MSE
is the mean square error that measures the AE reconstruction loss.

Z-AE
Dataset
MNIST Digits
MNIST Fashion

Training
SSIM MSE
0.935 0.005
0.760 0.021

Testing
SSIM MSE
0.923 0.005
0.759 0.022

bottleneck layer. The bottleneck’s size still an open problem in the AE learning,
thus we followed the [245] approach to identify the required number of neurons,
where a discussion about the size of the bottleneck of the different data sets given
therein. The method in [245] is implemented by halving the feature vector dimensions and imposing the number as a bottleneck size. In our experiments, the
feature dimensions are 28 × r = 448, but we expand the bottleneck size for the
W-AE (see Fig. 1) to 250 neurons due to its sparsity nature, and we reduce it to
200 neurons to the H-AE (196 neurons proposed in [245]). Because of the class
complexity in MNIST fashion, we expand the size to 400 and 300 for the W-AE
and H-AE, respectively. Finally, all AE experiments are fixed under 2000 epochs,
saturated liner encoder and decoder transfer function, l2 = 0.0001 and sparsity
regularizer with coefficient = 0.01.

4.2.4

Experimental Results

To evaluate the performance of the proposed learning method, this section considers
three scenarios indicated as (i) Z-AE and (ii) A-AE when only Z and A subspaces are
learned, respectively, and (iii) Dual-AE when both the subspaces are jointly learned to
reconstruct the data, see Fig. 4.5. We employ both MNIST datasets to compare our
method with the literature in terms of MSE error introduced in Eqn. (2.98), which is
commonly used in shallow AE learning. Besides, to show the ability of our method
to preserve the original data structure, we also use the SSIM index. For more details
about the SSIM, we refer to [310] and Section 1.
4.2.4.1

Z AE:

The latent subspace, Z, hides sparse, non-negative, and part-based representations
that are obtained from the β-NMF and learned by the AE to reconstruct the data.
The mixing subspace, A, contains sparse values that require a wider bottleneck layer
than A-AE (250, 400 neurons for the MNIST digits and MNIST fashion, respectively).
We measured to which extent that Z subspace can be learned separately, while the
A subspace is used for the reconstruction (see Fig. 4.5(a)). Moreover, the learning
complexity has been reduced from O(m × n) to O(m × r) where m is the row space
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Table 4.4: The reconstruction performance of the A-AE model, where SSIM refers to
the structural similarity index that measures the quality of the reconstructed images, and
MSE is the mean square error that measures the AE reconstruction loss.

A-AE
Dataset
MNIST Digits
MNIST Fashion

Training
SSIM MSE
0.986 0.004
0.888 0.006

Testing
SSIM MSE
0.961 0.005
0.872 0.007

Table 4.5: The reconstruction performance of the Dual-AE model, where SSIM refers to
the structural similarity index that measures the quality of the reconstructed images, and
MSE is the mean square error that measures the AE reconstruction loss.

Dual-AE
Dataset
MNIST Digits
MNIST Fashion

Training
SSIM MSE
0.910 0.009
0.778 0.017

Testing
SSIM MSE
0.900 0.010
0.767 0.018

dimension, r is the data rank, and n is the column space dimension. Table 4.3 shows
the reconstruction performance of the Z-AE model.
4.2.4.2

A AE:

The mixing space, A, is considered a combiner to reconstruct the original data, where
it is multiplied by Z for the reconstruction purpose. Also, the coefficients of A subspace
are less sparse than Z, thus we reduce the number of neurons in the AE bottleneck
layer to 200 and 350 for the MNIST digits and fashion, respectively. As in learning Z
subspace, we measured to which extent that A subspace can be learned while keeping Z
space as an identity for the sake of reconstruction (Fig. 4.5(b)). The learning complexity
is carried out in O(r × n), instead of learning at O(m × n). Table 4.4 shows the
reconstruction performance of the A-AE based on the used indicators in Table 4.3.
4.2.4.3

Dual AE:

In this scenario, both Z and A subspaces are learned separately to reconstruct the data
jointly utilizing a dual AE: the model is fully automated and avoids keeping Z or A
as identities (as in the Z-AE or A-AE) for the sake of data reconstruction. Also, the
learning complexity for the Dual-AE scenario is O(m × r + r × n). Accordingly, the
learning process has been facilitated and implemented among different machines; we
carried out the learning for the Dual-AE in two separated machines with a core i7-CPU
at each one, where the learning complexity was O(m × r) and O(r × m) for the first
and second CPU, respectively. Table 3 highlights the reconstruction performance of
the Dual-AE model.
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(a) MNIST Digits Reconstruction

(b) MNIST Fashion Reconstruction

Figure 4.6: Visual comparison of the testing samples reconstruction from both datasets,
where the first row of Fig. 4.6(a) and Fig. 4.6(b) represents the Ground-Truth samples,
the second row of Fig. 4.6(a) and Fig. 4.6(b) represents the Z-AE reconstruction, the third
row of Fig. 4.6(a) and Fig. 4.6(b) represents the A-AE reconstruction, the forth row of
Fig. 4.6(a) and Fig. 4.6(b) represents the reconstruction of dual AE.

To show the reconstruction ability of the Z-AE, A-AE, and Dual-AE, Fig. 4.6 depicts the reconstruction differences between each AE model with respect to the ground
truth data. As it can be noticed from Fig. 4.6 and the above tables, that the A-AE
outperforms the other AEs in terms of data reconstruction.
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Eventually, to show the fidelity of the factorized and the encoded data to the original
one, in terms of clustering and preserving the inter-classes variations, Fig. 4.7 shows
the t-SNE (see Section 2.2.2.4) embedding of the original MNIST digits dataset, the
factorized subspace Z of the β-NMF, and the latent (bottleneck) space of the Z-AE
model.
As it can be concluded from Fig. 4.7, that the factorized subspace Z and the AE’s
latent space maintain the discriminating features to be clustered, and both show the
same fidelity to the original dataset; preserving the clustering properties and avoiding classes shuffling (i.e., realizing an invariant transform). Finally, the computational
complexity of the t-SNE is reduced from O(DN 2 ) (Fig. 4.7(a)) where D is the dimensions of each image (for the MNIST samples D = 28 × 28) and N is the number of
samples in the data set to O(dr N 2 ) (Fig. 4.7(b)) where dr is the Z space dimensions
dr = 28 × 16, see Section 4.2.3.
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Figure 4.7: The t-SNE embedding of the original MNIST digits dataset (Fig. 4.7(a)), Z
subspace of the factorized dataset (Fig. 4.7(b)), the latent (bottleneck) space of the Z-AE
(Fig. 4.8(c)). Moreover, 40000 samples have been employed for each sub-fig.
Table 4.6: Comparison with recent methods in the literature, including deep unsupervised
learning methods [245, 246, 254, 329].

Method
SAE-RBM [284]
NNSAE [175]
Fold-AE in [305]
Group Sparse-AE [254]
AE-SNN [245]
Structuring-AE [246]
NNAE-sRRNN [329]
Our proposed W-AE
Our proposed H-AE
Our proposed Dual-AE

4.2.4.4

Training MSE
MNIST
Digits Fashion
0.823
NA
0.012
NA
0.178
NA
1.10
1.10
0.110
0.150
0.025
0.014
0.024
NA
0.005
0.021
0.004
0.006
0.009
0.017

Testing MSE
MNIST
Digits Fashion
NA
NA
0.015
NA
5.929
NA
NA
NA
0.122
0.178
NA
NA
NA
NA
0.005
0.022
0.005
0.007
0.010
0.018

Recent Works Comparison

The performance comparison of the basic recent deep UL models based on the NMF
and AE learning is reported in Table 4.6. It also comprises: stacked AE with restricted
boltzmann machine (SAE-RBM) [284], non-negative sparse AE (NNSAE) [175], foldAE [305], group sparse AE (GSAE) [254], AE spiking neural networks (AE-SNN) [245],
structuring AE (SAE) [246], and non-negative AE with simplified random neural net-
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Testing performance
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Figure 4.8: The Testing loss performance as a function of dataset size.

work (NNAE-sRNN) [329]. Every work except [175] and [305] employed 60k training
samples and 10k testing to carry out the learning and performance evaluation. In [175]
only 10k training samples were used and 50k considered as testing samples, and in
[305] only a mini dataset of 200 images were used. We followed [175] and employed 10k
samples for the training stage and the other for the testing. As it can be reported from
Table 4.6, our proposed AE learning method obtained the best results in both datasets
concerning the image reconstruction metric (MSE) and recent UL Models.
To show a fair comparison, we adjusted the size of the dataset in the range of
[200 : 10000] considering 70% of the whole size as a training set and the other for the
testing set, thus demonstrating how the testing loss can be saturated in Fig. 4.8. As
it can be noticed from Fig. 4.8, the testing loss shows a minimum around a dataset
size of 1000, but it is saturated around a data size of 8000 − 10000, which meets the
specifications of our training size (see Section 4.2.3). Finally, besides obtaining the
minimum reconstruction loss, our method outperforms all other UL models in terms of
the limited data training and generalization abilities.
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4.2.5

Summary

We proposed an approach to improve the generalizability of ML models based on unsupervised data factorization and an encoding scheme, where the proposed method can
be utilized in image reconstruction, and manifold visualization. We used the β-NMF
to reduce the data dimensionality and obtain both latent and mixing spaces Z and A,
respectively. We trained a shallow AE at each subspace and used a dual-shallow AE
to learn from both subspaces jointly.
The performance analysis shows that our proposed work achieves the minimum reconstruction loss respecting the relevant literary works, especially when learning with
limited available data (a small set for training but large for testing). Moreover, our
proposed method can reduce the required computational complexity to visualize the
intrinsic structure of the data manifold. Furthermore, our method retains the same
clustering characteristics among the original data, the factorized version, and the encoding of the factorized data.
The following Section 4.3 presents a novel method to explain an AE model is termed
VAE, which has been reviewed in Section 2.3.2.4 and is built based on the variational
inference to enhance the generalizability of the learned representations. Also, the following section shows the advantage of the second-order partial derivative to capture the
curvatures of the neural activations, which are aggregated to build a visual attention
map. Furthermore, the proposed model will be employed in the application of one-class
anomaly detection, which is considered a branch of ML and deals with a special form
of limited data. Additionally, in one-class anomaly detection, the model training is
limited to the normal version of data; however, both normal and anomaly data are
considered in the production and testing stages.
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4.3

Second Order Gradient (Grad2 ) Attention for Explainable Autoncoders

In Section 2.3.2, AEs have been reviewed which are a class of UGL models characterized by their large-scale generalizability. AEs are utilized to perform many different
tasks including dimensionality reduction, visualize the decision, and learn data with
limited levels with prior assumptions. Among all AEs, the VAE model (highlighted in
Section 2.3.2.4) is a UGL model widely utilized in many different applications, where
it uses variational inference (VI) to approximate the posterior distribution of large
datasets.
In this section, we propose a novel XAI method to explain the behavior of the
VAE based on the second-order (2nd ) derivative of the latent space concerning the
encoding layers, which reflects the amount of acceleration required from the encoding
to decoding space. The proposed model is termed as Grad2 VAE, and it can capture the
local curvatures of the learned representations to visually explain the model’s behavior.
Besides the VAE explanation, we employ our proposed method for anomaly detection
task, where our model outperforms the recent deep UGL models when generalizing it
for large-scale anomaly data.

4.3.1

Introduction to VAEs

XAI models are associated with UGL models to explain the behavior of the learned
representations, throughout performing dimensionality reduction and learn data with
limited labels or prior assumptions. AEs are a class of UGL methods, which can reduce
dimensionality, visualize and generate data, and perform other ML tasks such as object
recognition [1, 2]. Many different types of AEs have been introduced recently and they
are characterized by a regularization term; such a term enforces AEs to learn with an
additional penalty to capture different representations for a better generalization [29].
Deep AEs encompass many different encoding and decoding stages, where at each
stage diverse layers with associated parameters (θ = {W, B}, W and B are weights
and biases, respectively) are employed to perform a specific mapping (convolution,
deconvolution, dense multiplication, etc.), by utilizing several sets of representations to
capture the neurons’ responses [18]. Moreover, for each setting among parameters (after
each learning iteration or epoch), the gradient is approximated between the input and
output by using the first-order partial derivative to optimally fit the model to data. AEs
comprise classic [248] (Section 2.3.2.1), denoising [303] (Section 2.3.2.2), contractive
[240] (Section 2.3.2.3), sparse [209] (Section 2.3.2.1), VAE [153] (Section 2.3.2.4), and
they can also be integrated with other UGL models, for example, when combining
GANs with VAE [193] (Section 2.3.3.2).
Among all AEs, the VAE is regularized by VI [336] to optimize the posterior distribution for large datasets, and it outperforms the others AEs in terms of large-scale
generalization (when the testing data is larger than the training set). The VAE is
utilized in many different fields including object detection, image reconstruction and
recognition, compression sensing, and other deep learning tasks [153]. However, ex-
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plaining VAEs did not receive an appropriate interest in the literature, where explaining
such a UGL model is considered essential to understanding the behaviors of neurons
when new data (normal or abnormal) is generated or reconstructed [247, 255]. Thus,
different works have been proposed for explaining DL models (including UGL models)
through supplementary inputs to carry out specific tasks. However, such works did not
explain the behaviors of the models themselves, and they explain the models through
offline attention mapping (after learning) on the penultimate layer of the trained model
[196, 259, 285, 339, 355].
The first explainable VAE has been introduced in [188], where it generates an
attention map by reduplicating the last layer of the encoder, thereafter scaling it up
by the global average pooling of the gradient of the latent space concerning that layer.
Such attention is seen similar to explaining discriminating models [335] that utilize
a copy of the penultimate layer after training the model, then scaling that layer by
different scalars, αi , derived from the global average pooling as in the class activation
map (CAM) [355]. Alternatively, different models scale the copied layer by the gradient
between that layer and the output layer, such as the gradient weighted class activation
mapping (Grad-CAM) [259]. Similar to Grad-CAM, the proposed work in [188] scales
the penultimate layer at the encoder side by the gradient between the bottleneck layer,
Z, concerning the copied layer. The drawback of such an attention map lies in unfair
scaling, i.e., related and unrelated features in the channels of the filters can be scaled
with the same factor. Furthermore, in recent works, attention maps are obtained
after training the models, neglecting to integrate the attention loss during the learning
process to enhance the models’ generalizability.
To help explain VAEs, this section proposes Grad2 VAE, a novel XAI model by
means of visual attention mapping. Moreover, the Grad2 VAE utilizes the (2nd ) derivative between the latent and 1st encoder’s layers to obtain the 1st derivative of the
gradient, which captures the curvatures of neurons responses that are aggregated to
show how the VAE learns data without additional scaling. Also, our attention map
is learnable through a novel loss that can be integrated into the VAE optimization to
enforce the model to reconstruct an attention map analogous to the input data. Therefore, our contribution is twofold: (i) introducing a novel method to explain the VAEs
using (2nd ) partial derivative between the latent space and the encoding module, and
(ii) expanding our method to accelerate VAE learning (reduced epochs) and one-class
anomaly detection. The rest of this section is organized as follows. Section 4.3.2 highlights the VAE learning and the 2nd derivative interpretation. Section 4.3.3 describes
the Grad2 VAE. The experimental results will be given in Section 4.3.4. The conclusion
and remarks will be reported in Section 4.3.5.

4.3.2

VAE Learning and Second Order Derivative Interpretation

This section highlights the learning methodology of the vanilla VAE model, which is
build based on VI and has been reviewed in Section 2.3.2.4. Moreover, this section
introduces our proposed interpretation methodology, where it utilizes the (2nd ) partial
derivatives to capture the local curvatures among the learned representations.

135

4. UGL MODELS FOR DIMENSIONALITY REDUCTION AND XAI

4.3.2.1

VAE Learning

Similarly to any AE model, the VAE contains two main modules: (i) the encoding module (inference side) that is employed to map data, X = {xi | xi ∈ RD , i = 1 , . . . , N },
D is the original dimensionality, to a latent space, Z = f (X) = {zi = f (xi ) ∈ Rd , | i =
1 , . . . , M }; such a module reduces dimensionality where 0 < d < D, and it is used
to infer the model likelihood P (X|θ); (ii) the decoding module (generation side) that
is utilized to generate or reconstruct the original data, X̃, from the latent space Z
[2, 3, 128, 130]. For a given data X ∈ RD , the encoding module creates a mapping
f : RD → Rd , while the decoding module creates an inverse mapping g : Rd → RD ,
which generates an approximation of the original data X̃ = g(Z; θ̂d ) [2]. The AEs are
regulated to find the parameters (θ̂e , θ̂d ) that achieve a better generalization [29], and
to obtain the minimum reconstruction loss:
LREC{θ̂

e , θ̂d }

= min kX − (f ◦ g)Xk2Er

(4.12)

where the reconstruction error Er can be measured by different metrics including mean
square error (MSE), Frobenius norm, reconstruction cross-entropy, or β- divergence [1]
(see Section 2.3.2 and Section 1).
Among all AE models, VAE is regulated by the VI, and it is optimized based on
two different losses that are minimized simultaneously [153]. VI method is one of
the Bayesian techniques, which can be utilized to estimate an intractable posterior,
P (Z|X), over a big dataset using a simpler variational distribution to obtain the solution to an optimization problem [336], i.e., the VI approximates probability distribution
through optimization. By considering the encoder module output, the approximate posterior distribution Q(Z|X) is estimated, which parameterizes the shape of the latent
distribution according to the original input data X. Moreover, optimizing Q(Z|X)
characterizes the VAE, where it enforces the latent space distribution to follow a unit
Gaussian distribution with a certain mean µ (which reflects the center of the Gaussian),
and a standard deviation σ (which reflects the Gaussian shape).
Initially, the prior distribution of latent space P (Z) is drawn (simply by copying the unit Gaussian distribution of the data manifold P (X)). Thereafter, the approximated distribution Q(Z|X) and the prior P (Z) are compared using the KL divergence [239]. The KL divergence (see Section 1.3 and Eqn. (1.6)) is defined as
P (x)
KL(P kQ) = Σx P (x) log Q(x)
, which is always positive and tends to zero if and only if P
and Q are almost equal. Furthermore, appending noise to Q(Z|X) throughout varying
σ by a small value ǫ, and then enforcing the AE to reconstruct the data following the
true (not varied one) Gaussian P (Z) is called the reparameterization trick; such a trick
generates several different distributions (similarly to duplicate the training data with
fusion) that are optimized and compared with prior distribution by the KL divergence,
consequently the model can be better generalized for a large-scale testing stage [153].
Finally, the vanilla VAE is optimized as stated by in Eqn. (2.111) to minimize the
reconstruction loss according to Eqn. (4.12), and it is also optimized to minimize the
latent loss between Q(Z|X) and P (Z) using KL(P kQ), which measures to which extent
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the reparameterized latent distribution can follow a unit Gaussian:
LVAEθ = min[kX − (f ◦ g)XkEr + KL(P ||Q)]

(4.13)

where VAEθ = {θ̂e , θ̂d , µ̂X , σ̂X , µˆZ , σˆZ }.
4.3.2.2

The second Order (2nd ) Derivative Interpretation

The first-order (1st ) partial derivative between input and output neurons reflects the
1st gradient, which measures the instantaneous rate of change (velocity or speed), ∂,
among model parameters, θ, that are employed to optimally fit ML model [152, 226].
Moreover, if the gradient sign is negative, then it is decreasing (velocity is reduced);
however, if the gradient sign is positive, then it is increasing (velocity is accelerated).
For a VAE with an encoding layer Le1 and a latent layer Z, the 1st gradient of Z
with respect to Le1 is computed by carrying out the partial derivative of each neuron
∂zi
; considering that, if an additional layer Le2 acts between Le1 and Z, then
zi as ∂L
e1
the chain rule is introduced [9]:
∂zi
∂zi ∂Le2
=
∂Le1
∂Le2 ∂Le1

(4.14)

The final result of derivations gives all possible rates of changes, which are required
to update θ laying between Le1 and Z. Because the rate of change, ∂, of a neuron’s
response (activation) is changing during a period of learning time (over several epochs),
thus capturing such variations draws an attention map that gives an insight into how
the neurons respond among different inputs (analogous to derive the acceleration for a
neuron from the velocity [334]), and it is achieved by considering the derivative of the
∂ 2 zi
gradient, i.e., 2nd derivative ∂L
2 [85].
e1

Graphically, a neuron response that is modeled by a non-linear ReLU function [208]
is given according to Fig. 4.9: the 1st gradient is the slope at a point in the graph (blue
curve), whereas the 1st derivative of gradient explains how the slope is changing over
time (the red and green points). As it is noticed from Fig. 4.9, the gradient of a neuron
response can be steady at a period of the learning time, i.e., the 2nd derivative around
the green points is ≈ 0; however, it can change at a different period of time, i.e., the
derivative around the red points is > or < 0. Accordingly, utilizing the 2nd derivative
which measures how the 1st gradient of neurons responses is changing (as in deriving
the acceleration from speed), is able to capture the curvatures of representations and
the temporal behavior of neurons when learn data. Moreover, such a strategy is valid
for any activation type and can be represented by a learnable attention map, which
aggregates all 2nd partial derivative to explain how the latent neurons of Z are activated
to the local curves and edges.
Our Grad2 VAE employs the 2nd gradient, i.e., the (2nd ) partial derivative, between
the latent space layer, Z, concerning the first encoding layer to explain the learned
representations by the VAE. Also, it exploits such explanations in the application of
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Figure 4.9: The graphical representation of a neuron activation (or response) over time,
where the number of epochs reflects the time index. Moreover, the numerical values of the
activation are increasing or decreasing (around the red dashed lines), also can be steady
during a specific period of learning time (around the green dashed lines).

one-class anomaly detection [247]. Furthermore, we will show how such a strategy is
able to accelerate the convergence among the learning parameters θ.

4.3.3

Grad2 VAE

Fig. 4.10 shows our proposed Grad2 VAE, where it comprises an encoder, decoder, and
attention modules. Both encoder and decoder contain one stage of down-sampling
(convolution with a stride of 2) and up-sampling (de-convolution with a stride of 2),
respectively. Moreover, the size of the first two layers of the encoder and the last
two layers of the decoder, are fixed to uniform the dimensionality. Consequently, the
obtained attention by the 2nd derivative can be fused with the Ldn−1 layer (dn is the total
number of the decoder’s layers); such a fusion is seen as a form of residual learning [120],
which enforces the Grad2 VAE to learn the residual of mapping between the encoder
and decoder by utilizing the gradient attention mapping. Accordingly, besides the
explainability of the Grad2 VAE, it also boosts the reconstruction of data by utilizing
the curvatures of representations that are combined with the decoder. Therefore, the
Grad2 VAE optimizes two losses by using Adam [152] as:
LGrad2 VAE = min[LVAE + kX − θgrad (Z, Le1 )k2Er ]

(4.15)

where the first loss, LVAE , is taken from the vanilla VAE [153] that is depicted at
Eqn. (4.13), and the second loss is the reconstruction loss between the input data
and the aggregated attention map that is obtained from the attention module (see
Fig. 4.10). Moreover, θgrad represents the 2nd derivative between each latent neuron,
zi , with respect to Le1 , i.e., for each zi there is a corresponding tensor of size of the
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Figure 4.10: The graphical representation of the Grad2 VAE model, where it comprises
an encoding module (left), a decoding module (right), and an attention module (bottommiddle). The size of the first two layers of the encoders is fixed and is equal to the input
size (similarly in the last two decoding layers), i.e., 28×28×16 for height, width, and filters
depth, respectively. Moreover, the model’s architecture can be customized to capture the
explainability of more depth layers at different scales, considering re-scaling the attention
size for sake of optimization. For each neuron in the latent space, Z, a tensor of the size of
the intended layer to produce the visual explainability is defined (as the gray tensor), thus
allocating all partial derivatives to build an attention map utilizing the local curvatures
among the representations. Finally, all attention tensors are concatenated and contracted
by using a convolutional layer with a depth typical to the depth of the input layer.

Le1 to allocate all derivatives. Additionally, the derivative of the gradient of Z can
be implemented concerning all other encoder’s layers (as in considering Le3 ); however,
considering more depth layers requires re-scaling the dimensionality, which increases
the computational time, and leads to the loss of global characteristics of data and
global representations.

4.3.4

Experimental Results

To show the performance of our Grad2 VAE, we employ both MNIST digits and MNIST
fashion datasets [75, 324]. Each comprises 60k images for training and 10k for testing,
divided in 10 classes with image size of 28 × 28. Moreover, all quantitative analysis
experiments are implemented with a batch size of 128, and 100 epochs with a starting
learning rate (η) of 0.001. Thereafter, η is reduced after each 50 epochs by a factor of
10−2 to search and fine-tune the Grad2 VAE parameters, i.e., θVAE , and θgrad .
4.3.4.1

Grad2 VAE Explainability

The explainability of the Grad2 VAE model lies in the attention module, which aggregates the derivatives of gradients, and it reflects the curvatures among representations
that are obtained at the neurons response level. For each neuron in the latent space, zi ,
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Figure 4.11: The unfolding of the tensor that holds all second-order partial derivatives
(Grade2 ) of z2 (green tensor) and z16 (gray tensor) concerning Le1 , respectively.

the corresponding tensor of 2nd partial derivative is produced and it represents the local
curvatures (attention) of neuron activation, where the number of tensors is a function
of the latent space dimensions. Thereafter, all tensors can be aggregated by different
matrix methods [188] including the addition, mean, convolution, etc.
Fig. 4.11 shows the 2nd partial derivative attentions of the second and last neurons
of the latent space, Z, as a function of the depth of the convolutional filters. The
Grad2 VAE has been trained to show the explainability for the 10th class of the MNIST
digits, by considering 16 neurons for Z, and a depth of 16 filters for each layer in the
encoding and decoding modules. Also, Fig. 4.12 depicts a comparison between the
aggregated attention of the Grad2 VAE (based on convolutional aggregation) and the
attention proposed in [188] (based on the mean aggregation). As it can be noticed
from the figure, considering the 2nd partial derivative (a derivative of gradient) offers
an explainable attention map that retains all possible curvatures of the representations.
Moreover, integrating the attention reconstruction loss in the whole model optimization
(see Eqn. (4.15)) leads to a better visual explainability map than offline attention as
in [188]; such integration preserves the full spectrum of the characteristics among the
data features that are obtained through optimizing the global representations.
4.3.4.2

Grad2 VAE in One Class Anomaly Detection

Anomaly detection (AD) is a branch of ML that characterizes data samples that are
misrepresented from what is normal or predicted [255]. One-class AD is referred to as a
learning approach, in which only normal data is considered at the training stage, where
the ML model learns to classify or reconstruct the normal data only [247]; however, at
the testing stage, all data samples that are falling out of the normal class distribution of
the trained data (abnormal data and unseen classes) are considered, and the learned ML
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(a) The learned attention of Grad2 VAE.

(b) The offline attention [188].

Figure 4.12: Grad2 VAE learnable attention (Fig. 4.12(a)) vs. the offline attention
proposed in [188] that depend on scaling of the penultimate encoding layer by the gradient
of Z respecting that layer (Fig. 4.12(b)) when learning the 10th class from MNIST digits.

model must be able to distinguish between normal and anomalies samples concerning
a high level of accuracy and confidence.
In the Grad2 VAE, the decoder is guided by the curvature of representations that
are obtained from the encoder and attention modules, thus the reconstruction process
is accelerated and the reconstruction loss is optimized. Accordingly, the Grad2 VAE is
directly applied to the AD application due to its reconstruction ability, where besides
reconstructing the original data, it also reconstructs an attention map of the same input
data distribution that gives an insight about learned representations at an early stage,
i.e., it detects the anomaly data at an early stage before decoding the encoded data.
In the following, we employ the Grad2 VAE in the one-class AD, where we benchmark our model on the MNIST digits and MNIST fashion datasets. Moreover, the
average area under the receiver operator characteristic curve (AUC-ROC) index will
be considered to show the performance, where we report the qualitative and quantitative comparisons to the recent works.
4.3.4.2.1 Qualitative Analysis Comparison In this section, we visually compare our work with [188] (the only related work in the literature) based on the MNIST
dataset. For this analysis, we consider 600 epochs to learn the whole model. Moreover,
we used the same experimental setup that has been reported in Section 4.3.3 and Section 4.3.4, i.e., 4 layers for each of the encoder and decoder, the size of the first two
layers of the encoder, and the last two layers of the decoder is equal to the input size
to reconstruct the output and attention maps, the depth of the convolutional filters is
equal to 16, and the model is trained by ADAM optimizer [152] (see Section 4.3.4).
Furthermore, we have followed [188] to train our model considering one class from
the training set as a normal class, subsequently test the learned model with all other
data classes from the testing set, i.e., out of the training data distribution. Hence, our
model must be able to distinguish and produce visual attentions for all testing classes
avoiding bias to the previously learned normal classes.
Fig. 4.13 shows the attention maps comparison between our model and [188] when
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Figure 4.13: The qualitative analysis comparison between our Grad2 VAE that produces
learnable attention maps (online attention) and the offline attention introduced in [188],
where GT represents the ground truth samples. Moreover, the images that appear in the
first two rows of the figure have been tested when only the second class of the MNIST digits
has been trained, also in the bottom two rows of the figure, the model has been trained
considering only the fourth class and tested with all other images from all classes. Also,
the attention maps that are produced by Grad2 VAE are considered the reconstruction of
attention maps, which are optimized through the model learning; however, the attention
maps produced by [188] reflect the local heat mapping after learning the model.

both are trained with the 2nd and 4th classes from the dataset separately, then considering data from other classes (out of the trained data distribution) as testing samples.
As it can be noticed from Fig. 4.13, our model produces visual attention maps
through reconstructing the 2nd partial derivative that reflects the curvature of neurons responses. Moreover, our proposed model also considers reconstructing the full
spectrum attention as part of the optimization objective that minimizes the attention
loss, instead of considered the penultimate encoding layer after learning the model and
highlighting portions of images through heat mapping. Consequently, our proposed
attention mapping method completely retains the curvatures among representations
of the input data regardless that they are normal (seen) or anomalies (unseen from
other classes). Specifically, our proposed model is able to visually explain the differences between the normal and anomalies samples, avoiding further preprocessing such
as scaling attentions maps by the gradient as in [188] to partially detect and explain
the anomalies.
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Table 4.7: The AUC-ROC metric comparison with recent deep learning models, where
the first column shows the utilized datasets, the second column gives the data classes
related to each dataset, and all other columns contain the results of the employed models
to evaluate the performance. Moreover, each row in the table contains the results when
training the model with the class of data that is labeled by the value of the normal class
column and lies in that row, subsequently test the model with the testing data from all
classes.

Dataset

Digits

Fashion

Normalclass
0
1
2
3
4
5
6
7
8
9
Average
T-shirt
Trouser
Pullover
Dress
Coat
Sandal
Shirt
Sneaker
Bag
Boot
Average

CAE
OCSVM
95.40
97.40
77.60
88.60
83.60
71.30
90.10
87.20
86.50
87.30
86.50
88.00
97.30
85.50
90.00
88.50
87.20
78.80
97.70
85.80
98.00
89.70

Deep
SVDD
99.10
99.70
95.40
95.10
95.90
92.10
98.50
96.20
95.70
97.70
96.60
98.80
99.77
93.50
94.90
95.10
90.40
98.00
96.00
95.40
97.60
95.90

Inception
CAENN
98.70
99.70
96.70
95.20
95.00
95.20
98.30
97.00
96.20
97.00
96.90
92.40
98.80
90.00
95.00
92.00
93.40
85.50
98.60
95.10
97.70
93.90

Grad2 VAE
97.62
96.81
98.84
98.53
97.98
98.70
98.54
98.59
98.09
98.62
98.23
96.54
95.88
96.59
96.29
96.49
96.39
96.65
96.05
96.58
96.42
96.37

4.3.4.2.2 Quantitative Analysis Comparison In this section, we compare our
model with the recent deep UL models dedicated for one class anomaly detection,
where we consider the convolutional AE that is built based on the one-class support
vector machine (CAE OCSVM), Deep support vector data description (Deep SVDD),
and inception-like convolutional AE termed as InceptionCAE NN-QED [247, 255, 283].
Moreover, we followed [255] to train 10 models for each normal class, thus reporting
the average AUC-ROC over 10 Grad2 VAEs. Additionally, we used 16 and 32 neurons
as the bottleneck size for the MNIST digits and MNIST fashion datasets, respectively.
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Our results are reported in Table 4.7, considering the same experimental protocol used
in Section 4.3.4.2.1 except that only 100 epochs are employed to learn the model; due
to the acceleration in the learning ability that the Grad2 VAE possess, which is obtained
by the residual fusion between the attention map and the reconstruction output.
As it can be noticed from Table 4.7, the Grad2 VAE outperforms the other deep
models under reduced epochs, where all other models have been trained considering
150 epochs [255]. Moreover, the Grad2 VAE does not show any bias to a class against
all other classes, e.g., the Deep SVDD and Inception-CAENN models learn the 2nd
class from the fashion dataset perfectly; however, they show minimum accuracies for
the 6th and 7th classes, respectively. Finally, the Grad2 VAE model shows a better mean
standard deviation (mstd) among the averaged results of 10 models (or 10 runs), where
our maximum mstd for both datasets did not exceed 0.117, whereas it reached 3.8, 3.9
for the Deep SVDD and Inception-CAENN models, respectively [255].
To compare the learning complexity and performance convergence of our proposed
Grad2 VAE model with the related models in the literature, we consider the baseline
convolution AE (Baseline CAE), vanilla VAE, and Inception CAENN models [3, 255].
Moreover, under the same experimental setup reported in Section 4.3.4, the Baseline
CAE learns 266 K, vanilla VAE learns 3.254 M, and Inception CAENN learns 334, 597 K
parameters to complete one training epoch. Additionally, our proposed Grad2 VAE
learns 3.380 M parameters as a consequence of the online attention mapping module
and the 2nd order partial derivative parameters.
Fig. 4.14 depicts the learning acceleration (convergence) ability over the learning
epochs of our proposed Grad2 VAE model considering the related models in the literature. As it is noticed from the figure, our proposed Grad2 VAE shows the highest
learning convergence ability at an early stage of the learning period, i.e., our proposed
model is able to search and find the suitable learning parameters, (θ = {W, B}), at an
initial interval of the learning epochs, which accelerate the model learning and prevent
the model from overfitting. That is by considering the XAI attention maps, which are
fused with the penultimate layer to compensate for the loss caused by encoding and
decoding operations. Finally, our model learns a number of parameters that are equal
to 12.7 x, 1.03 x, 10.10 x of the Baseline CAE, vanilla VAE, and Inception CAENN
models, respectively. However, it converges to an accuracy of 0.9500 for both datasets
considering the half number of the learning epochs required to learn the vanilla VAE,
and the other remaining models did not reach such accuracy in the first 50 epochs.
Accordingly, our proposed model converges to the optimal set of learning parameters
under a limited number of learning epochs, and it also outperforms all related models
in the literature considering both datasets.
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(a) The performance over epochs for the MNIST digits dataset.
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(b) The performance over epochs for the MNIST fashion dataset.

Figure 4.14: AUC metric over the first 50 epochs for MNIST Digits (Fig. 4.14(a)) and
MNIST fashion (Fig. 4.14(b)), where the red curves represent the performance plot of the
Baseline CAE, the green curves show the performance plot of the vanilla VAE, the magenta
curves reflect the performance plot of the Inception CAENN, and the blue curves represent
the performance of our proposed Grad2 VAE.
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4.3.5

Summary

We proposed an explainable VAE model termed (Grad2 VAE) to be utilized for XAI,
image reconstruction, generation, object detection, and anomaly detection applications.
We used the 2nd partial derivative of the neuron activation (or responses) between the
latent space, Z, and the 1st encoding layer to capture the curvatures of the representations at an early stage. Our proposed model can be expanded for different data types
and scales, it also accelerates the learning process by boosting the whole reconstruction
process through the residual fusion.
Furthermore, we employed our proposed model to explain the learned representations through a learnable attention mapping, where it shows a better visual explainability than the related works based on offline attention mapping. Furthermore, we
generalized our proposed model in the one-class anomaly detection. Our model outperforms all related deep models in both qualitative and quantitative analysis.
In the following Section 4.4, we will expand the utilization of the second-order gradient (or Grad2 ) attention mapping for autonomous driving applications, where we will
propose a novel semantic image segmentation method based on our gradient attention
mapping. Specifically, utilizing the VAE model for explainable semantic image segmentation in the application of autonomous driving systems will be highlighted, throughout benefiting from the state-of-the-art datasets and adapting the architecture of our
Grad2 VAE model to meet the application of explainable semantic image segmentation.
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4.4

Multiscale Variational Attention for Explainable Autonomous Driving Systems

Explainable autonomous driving systems (EADS) are emerging recently as a combination of XAI and vehicular automation (VA). EADS explains events, ambient environments, and engine operations of an autonomous driving vehicular, and it also delivers
explainable results in an orderly manner. Explainable semantic segmentation (ESS)
plays an essential role in building EADS, where it offers visual attention that helps the
drivers to be aware of the ambient objects irrespective if they are roads, pedestrians,
animals, or other objects. Moreover, ESS assists the ML model developers to realize
the behaviors of the learned models before distributing the models for testing, where it
builds a level of confidence to understand each stage (or layer) of ML and DL models.
In this section, we propose the first ESS model for EADS based on the VAE, and
it uses the multiscale second-order derivatives between the latent space, Z, and the
encoder layers to capture the curvatures of the neurons’ responses. Our model is termed
as Mgrad2 VAE, and it is considered an extension of the Grad2 VAE model proposed
in Section 4.3 for EADS. Furthermore, our proposed Mgrad2 VAE is bench-marked on
the SYNTHIA and A2D2 datasets, where it outperforms the recent models in terms of
image segmentation metrics.

4.4.1

Introduction to EADS and VAEs

The rapid advancement of AI and ML has lead to the development of AI-powered
autonomous systems, which can sense, learn, decide and interact for many different
applications including computer vision, NLP, robotics, autonomous driving, and other
fields[3, 4, 109]. Moreover, AI-powered autonomous systems are build based on DL
models comprising CNNs, AEs, GANs, and Bayesian models [14] (see Section 1 and
Section 2.3). However, the effectiveness of many recent models and systems are limited
due to the scarcity of explainability; such an explainability translates the actions and
decisions of the learned models to users who operate and develop them. XAI is a branch
of AI that aims to explain the behaviors of the ML models [113].
An autonomous driving system (ADS) is referred to any vehicle that can sense the
surrounded environment without human control, or with a limited level of supervision.
ADS is also able to control engines, visualize objects, detect abnormal actions, drive
vehicles, and activate breaks [311]. AI and ML influence ADS by automatically processing data, offering instantaneous recommendations, and recognizing objects; such objects
include pedestrians, trees, bicyclers, and other moving and static objects [53, 81]. Explainable autonomous driving systems (EADS) combine XAI and ADS to enhance the
vehicular automation (VA), throughout interpreting sensory data, mentoring vehicles
behaviors, and semantically segmenting the ambient objects [4, 113]. In this regard, the
explainable semantic segmentation (ESS) is a branch of the ML in which each pixel of
the segmented object holds a semantic meaning, and can be integrated into the EADS
to improve the explainability of the detected objects, and to offer roads conditions
conclusion to the drivers [4, 95].
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XAI-powered models are associated with UGL to visualize the hidden structure
of data and learn with limited levels of prior assumptions [1, 3]. AEs are a class of
UGL methods that are able to generate and visualize data, reduce dimensionality, and
perform other ML tasks such as object recognition [2]. AEs comprise classic, de-noising,
contractive, sparse, variational-AE (VAE) (see Section 2.3.2). Moreover, the success
of AEs architectures led to the flourishing of different supervised AEs for structured
prediction, i.e., semantic segmentation, such as Seg-net, U-net, and others [29, 199, 241].
Among all AEs, VAE is regulated by the variational inference (VI) to optimize the
posterior distribution of large datasets, which leads to a better generalization. The
VAEs have been utilized in the ADS in the absence of XAI, where it has been used in
the steering control [10], pedestrian prediction in [224], trajectory simulation in [55],
and anomaly detection for ADS [279].
The first work towards explaining the VAE behavior is proposed in [188] and highlighted in Section 4.3.1, where it generates visual attention to show how the encoder
side behaves. Moreover, the proposed attention map is built by copying the last layer
of the encoder, thereafter it scales each feature point in the filter channels by a global
average pooling of the gradient of the latent space concerning that layer. Actually, the
drawback of such attention lies in the unfair scaling, i.e., both related and unrelated
feature points are scaled with the same factor. Moreover, such an explainability is
built in an offline learning mode (after carrying out model learning), where it avoids
employing the attention mapping in the optimization objective to improve the model
performance and offer a better visual explainability. On the other hand, the first work
that has been attempted to build the attention of the CNN for ADS is described in
[53], where the visual attention is built by averaging the activations of 100 images; such
attention hides the effects of the high and low activations, i.e., approximated attention,
and is not stable for time-series segmentation.
To fill the gap of explaining VAEs in the EADS applications, we propose Mgrad2 VAE,
a novel ESS model for EADS applications. Moreover, the Mgrad2 VAE utilizes the multiscale second-order derivative between the latent space, Z, and each encoder layer,
which captures the curvatures of neurons’ activations to build online multiscale explainable attentions without unfair scaling or averaging the final attention. Therefore,
our contribution is twofold: (i) introducing a novel ESS model for EADS applications,
by using the unsupervised VI and a supervised convolutional AE, and (ii) proposing a
novel multiscale gradient attention mapping scheme for ESS to improve EADS applications using the second-order derivative operator. The rest of this section is organized
as follows. Section 4.4.2 recaps the explainability methodology that presented in Section 4.3.2.2 for ESS, and it describes our proposed Mgrad2 VAE model. Section 4.4.3
gives the experimental results. The conclusion and remarks will be reported in Section 4.4.5.

4.4.2

Grad2 Attention in Semantic Segmentation and Mgrad2 VAE

Deep semantic segmentation models comprise many different encoding and decoding
blocks to map data from the domain of the original image to the corresponding masks
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Figure 4.15: Neurons activations and gradient over learning epochs. Four pixels (on the
left side) appear with different intensities and the corresponding activations over learning
time (on the right side). Moreover, the magenta dashed lines represent the slope line (to
measure the gradient) to the activations curves. The green points show that the gradients
of activations are steady; however, the gradients of neuron activations are changing around
the green points.

[199, 241]. Moreover, neurons with different parameters (θ = {W, B}, W and B are
weights and biases, respectively) are employed to optimally fit models. Moreover, at
each learning epoch, the gradient that measures the instantaneous rate of change among
the model parameters is measured, by utilizing the first-order partial derivative, ∂, between each pixel in the segmented mask concerning the input image [152]. Following
the same methodology presented in Section 4.3.2.2, the variation in the rate of change,
∂, for each associated neuron with the segmentation mask (or model output) can be
captured by the derivative of the gradient, i.e., the second-order partial derivative,
between the input and output. Accordingly, the variation of gradient reflects the curvature of the learned representations and neuron activations, which are aggregated and
learned to build explainable visual attention maps.
Visually, four pixels of an image with their associated neurons activations are illustrated in Fig. 4.15, where the activations are given according to the non-linear ReLU
functions [208] (the method is valid for other types of activations, and it is valid for any
neuron in the depth layers). The 1st gradient is the slope (magenta dashed lines) at any
point in the curves (blue curves), where the derivative of the gradient interprets how
the curves are varied during a time (the red and green points). As it is observed from
Fig. 4.15, the gradient of activations can be stationary during a period of the learning
time, i.e., the 2nd derivative around the green points is ≈ 0; however, it can vary at
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a different period of time, i.e., the 2nd derivative around the red points is > or < 0.
Accordingly, utilizing the 2nd derivative which measures how the 1st gradient of the
activations of the neurons are changing, is able to capture the temporal behaviors of
the neurons (as in deriving the acceleration from speed) which reflects the curvatures
of learned representations[4].
Due to the VI, the latent space Z hides many different representations that are
generated to regularize the VAE (see Section 4.3.2.1); such representations assist in
building ESS attention utilizing the behavior of the neurons’ activations. To build a visual attention map, our Mgrad2 VAE aggregates all multiscale second-order derivatives
(2nd gradient) of the activations of the latent layer, Z, concerning each encoding layer,
which represents a different scale of dimensionality. For a better visual explanation,
our proposed attention map is enforced to follow the original mask distribution, by
minimizing the reconstruction and KL losses between the reconstructed mask, attention map, and original mask, simultaneously. Consequently, our proposed Mgrad2 VAE
reconstructs learnable attention maps in an online fashion, i.e. during learning time,
unlike the offline attention maps that are obtained from the penultimate layer after
carrying out model learning [53, 188].
4.4.2.1

Mgrad2 VAE

Fig. 4.16 shows our proposed Mgrad2 VAE which is built based on modifying the architecture and optimization objective of the Grad2 VAE (see Section 4.3.2.1 and Section 4.3.3). Moreover, Mgrad2 VAE encompasses encoder, decoder, and attention modules. The encoder and the decoder jointly include three stages of down-scaling (convolutional neurons with a stride of 2 to reduce the dimensionality, i.e., re-scaling) and
up-scaling (de-convolutional neurons with a stride of 2), respectively. Furthermore,
the Mgrad2 VAE visually explains the learned representations by reconstructing online
attention maps utilizing the 2nd gradient attention at each encoding scale, i.e., for each
encoder’s layer there will be a corresponding visual attention map that reflects explainability at that layer, and each attention is enforced to follow the mask distribution to
help to contract the representations to the mapped mask.
Moreover, for each layer, the dimensionality of the tensor that holds all partial
derivatives of the gradient is re-scaled for sake of optimization to match the mask size
(“Stride” in Fig. 4.16). Thereafter, all attention maps are aggregated and fused with
the Ldn−1 layer (dn is the total number of the decoder’s layers); such a combination is
considered as a novel form of the residual learning [120], which enforces the Mgrad2 VAE
to learn the residual of mapping between the images and masks by using the 2nd gradient
attention. Consequently, besides the explainability of the Mgrad2 VAE, it also assists
in mask reconstruction by employing the curvatures of activations that are fused to the
decoder. Accordingly, the Mgrad2 VAE optimizes two losses by using Adam optimizer
[152] as:
LMgrad2 VAE = min[LVAE + kX − θMgrad (Z, Lei )k2Er ]
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Figure 4.16: The graphical representation of the Mgrad2 VAE model, where it encompasses encoder (left side), decoder (right side), and attention modules (in the bottom).
The size of the input layer is equal to the image dimensionality and its depth of 8 filters.
Moreover, the dimensionality (except the depth) is reduced three times at the encoder
side (convolution with a stride of 2 and double filters’ depth); however, the size of each
layer is re-scaled up at the decoder side. At each encoding a tensor is defined to store all
second-order derivatives and it is re-scaled up to match the dimensionality of the target
“mask”.

where the first loss is obtained from the vanilla VAE [153] that has been introduced in
Section 4.3.2.1 and Eqn. (4.13), and the second loss is the reconstruction loss between
the original mask and the aggregated attention at the attention module (see Fig. 4.16).
Furthermore, θMgrad reflects the 2nd derivative parameters between the latent space, Z,
concerning all encoder layers Lei , i.e., for each layer, there will be a corresponding tensor
of the size of that layer to allocate all partial derivatives, and the final tensor holds
the multiscale-aggregated attention. Additionally, the model is trained to minimize
the loss between each mapped image and its corresponding segmentation mask, and it
also optimizes the loss between each attention map that is obtained at a different scale
with the same mask; such an optimization enforces all encoder layers to contract to the
same data, and it compensates the encoding loss that is raised from down-scaling the
dimensionality in the depth layers.

4.4.3

Experimental Results

To show the performance of our proposed Mgrad2 VAE, we used a collection of SYNTHIA
[26] and A2D2 [97] datasets, which contain high-resolution image samples for ADS.
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Figure 4.17: Unfolding of the tensor that holds all second-order partial derivatives
(Grad2 ) of the latent space, Z, concerning the last encoding layer.

Specifically, 5600 samples are categorized to the corresponding semantic classes that
have been employed. Moreover, the dataset partition to the training and testing subsets
complies with 75 : 25 protocol, i.e., 75% and 25% of the original data size are the training and testing subsets, respectively. For the sake of computation, in the qualitative
analysis, the Mgrad2 VAE considers an input layer of the size of 128 × 256 × 3, where
the output layer of the size of 128 × 256 × 1. For all experimental works, we consider
a minibatch size of 16, and 600 epochs with a learning rate η = 0.001, where the η is
decreased every 100 epoch by a factor of 10−2 to search and fine-tune the Mgrad2 VAE
parameters, i.e., θVAE and θMgrad .
4.4.3.1

Qualitative Analysis Comparison

Our Mgrad2 VAE visually explains the learned representations at the neurons activations level through reconstructing attention maps at different encoding scale, where it
considers the 1st derivative of the gradient (i.e., the 2nd order derivative of neurons
activations) between the latent space, Z, and the encoder layers. For each encoding
layer (with a different scale), our proposed model produces a tensor to allocate all
second-order partial derivatives, and the final attention map can be obtained by concatenating and aggregating all corresponding tensors by using a convolutional layer (see
Section 4.3.4.1). Fig. 4.17 shows the corresponding tensor unfolding (of an image from
SYNTHIA dataset) of the learned attention that is obtained from the last encoding
layer, Le4 , which represents the last encoding scale as a function of 16 filters depth.
Furthermore, Fig. 4.18 depicts the final aggregated attention of all encoding layers,
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Figure 4.18: Multiscale attention of our proposed Mgrad2 VAE (top right), where GT
represents the ground truth mask (top left). Each encoding layer is associated with an
attention map in the bottom, where four encodin scale are considered in our model with
four attention are depicted.
Table 4.8: SSIM index of the reconstructed masks and attention maps concerning GT
masks, where all selected samples (5600) from both datasets are employed to report the
reconstruction quality of the mapped masks and attentions.

SSIM Index
Reconstructed masks
Attention maps

SYNTHIA
97.57%
96.47%

A2D2
60.38%
55.71%

where it shows how our model can visually explain the global characteristics of the
learned representations at an early stage (Le1 ). Moreover, it is also able to show the
local characteristics among representations that are captured from the fine-grained
features in the depth layers (Le4 ).
Fig. 4.19 shows different examples from the testing set, ground-truth (GT) masks,
reconstructed masks, and the attention maps obtained by our Mgrad2 VAE. As it can
be noticed from Fig. 4.18 and Fig. 4.19, all attention maps which are obtained from
our Mgrad2 VAE are contracted to the ground truth mask distribution (target domain),
and they jointly utilize the multiscale attention mapping (attention at each layer) to
build a complimentary map for a better visual explainability.
To assess the semantic structure qualitatively, we employ the SSIM index [310]
for both datasets. Moreover, we report the semantic structure similarities between the
ground-truth masks, the corresponding reconstructed masks, and the attention maps in
Table 4.8. As it can be noticed from Table 4.8, the Mgrad2 VAE produces an attention
map (for each sample) that preserves a similar SSIM index for the reconstructed mask
by the decoder, which confirms our methodology and reflects the high quality of the
produced learnable attentions.
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Figure 4.19: Examples of the reconstructed masks and attention maps for the testing set
samples, where the original images, GT masks, reconstructed masks, and the Mgrad2 VAE
attention maps are illustrated from left to right, respectively.

4.4.3.2

Quantitative Analysis Comparison

Table 4.9 reports the pixel-wise predictive performance of our proposed Mgrad2 VAE,
where we consider AUC-ROC index (as in Section 4.3.4.2.2) that reflects an aggregated
measure of each pixel classification (in the reconstructed masks or attention maps)
accuracy. Moreover, we consider the same experimental setup that is reported in section 4.4.3. For the sake of numerical stability, the depth of the output layers at the
decoder and attention modules have been adapted from 128 × 256 × 1 to 128 × 256 × 3.
As it can be observed from Table 4.9, our proposed model offers high performance
at the pixel-level classification for both the reconstructed masks and attention maps.
Moreover, our attention mapping method outperforms the reconstruction obtained from
the decoder side in terms of pixel-level classification in the SYNTHIA dataset.
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Table 4.9: AUC-ROC metric of the reconstructed masks and the attention maps.

AUC-ROC
Reconstructed masks
Attention maps

SYNTHIA
81.50%
83.20%

A2D2
95.44%
95.36%

Table 4.10: AUC-ROC comparison with recent deep semantic segmentation models.

AUC-ROC
Deep VAE [153]
Xception [60]
Our Mgrad2 VAE reconstruction
Our Mgrad2 VAE attention

4.4.4

SYNTHIA
79.60%
67.43%
81.50%
83.20%

A2D2
94.05%
95.19%
95.44%
95.36%

Recent Work Comparison

In this section, we compare our proposed Mgrad2 VAE model with the recent deep
learning models, where we consider the deep VAE [153], and the Xception model [60]
that has been built based on the U-net architecture [241] and trained on ImageNet
dataset [161]. Moreover, we summarize the AUC-ROC metric between the GT masks
and the reconstructed masks among all models in Table 4.10.
As it can be seen from Table 4.10, our proposed Mgrad2 VAE model outperforms
all other models in reconstructing masks and attention maps. Moreover, although the
reconstruction module of our model is typical to the Deep VAE [153], the reconstruction performance of the Mgrad2 VAE is better than [153] by 1.90% and 1.39% for the
SYNTHIA and A2D2 datasets, respectively, because of the residual fusion between the
decoder and attention modules of our model.

4.4.5

Summary

We proposed an explainable VAE model termed as the (Mgrad2 VAE) to be utilized
for ESS and EADS applications. Our model uses the multiscale second-order gradient
(Grad2 ) attention at each encoding layer, unlike the Grad2 VAE model proposed in
Section 4.3 and produces attention maps concerning only one encoding layer. Our
proposed Mgrad2 VAE offers attention maps utilizing the second-order partial derivative
at each layer to capture both global and local behaviors of the learned representations,
throughout aggregating the curvatures of neurons’ activations and then learn the final
attention map to contract to the target domain.
Furthermore, we employed our proposed model to visually explain the behaviors of
the latent space of the VAE, concerning the application of ESS in EADS by employing
state-of-the-art semantic image segmentation datasets. Our proposed model outperforms all related deep semantic image segmentation models based on the pixel-wise
predictive performance obtained by the AUC-ROC metric.
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Conclusion and Future Works
5.1

Conclusion

The objectives of this thesis were to propose innovative methods which integrate UGL
and XAI approaches to improve the generalizability and explainability of ML models
by considering dimensionality reduction and visual explanation. That is by enabling
data factorization and the visual attention mapping of the learned representations in
modern ML applications such as anomaly detection and autonomous driving systems.
Accordingly, the first contribution was to review the development of UGL methods
utilized for data analysis, which are employed for representation learning and XAI
applications. Moreover, three families of UGL models including BSS, MfL, and NNs
which aim to capture, learn, visualize the manifold, and extract the representations
from data were considered. Also, the investigated methods in this thesis were chosen
to satisfy the demand of modern data trends in which the data size is exploding, and
their dimensions are high-order tensors. We aimed to help interested researchers be
aware of the development and recent research directions of the UGL models, also how
their role can affect the next generation of ML models and XAI applications. From
this perspective “the current state of research”, it is concluded that real-time data
processing has not received appropriate attention, where the ML model can be learned
to be generalized for large-scale testing and production stages. Also, the explainability
of recent UGL models used for modern ML applications is still challenging and more
investigation is required, specifically, when utilizing the online explainability (at each
learning epoch) to improve the general model performance.
Consequently, the second contribution of this thesis was to improve the generalizability of ML models, in which more samples were considered in the testing stage
than the training to simulate a reliable production stage. Initially, an innovative NMF
rank truncation method was proposed for unsupervised image dimensionality reduction.
Moreover, β-NMF was utilized to perform the factorization based on the proposed rank
threshold, which was able to identify the appropriate dimensions of the reduced subspaces (W , H) that retained less noise and high information. Another novel method
was introduced based on the combination between β-NMF and a dual autoencoder
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model for unsupervised hierarchical dimensionality reduction; such a combination was
able to draw conciseness prior to being learned, and it was also able to extract rooted
representations among data that enable more generalization.
Additionally, the proposed methods were evaluated to learn with limited available
data and computational resources, in which the dimensionality was reduced, and the
representations were learned hierarchically to meet the limit of the available resources,
i.e., data and computational environment. The proposed methods achieved superior
results concerning the-state-of-the art models and the publicly available datasets, respecting the image reconstruction metrics, processing time, availability of data, and
computational complexity.
A further contribution in this thesis was to improve the visual explainability of
UGL models which are utilized in modern ML applications as in the application of
anomaly detection. Specifically, this thesis proposed the Grad2 VAE model, an XAI
model which concerns the visual explainability of the autoencoder models, especially
VAE. By considering the second-order partial derivative of the bottleneck layer of the
VAE respecting the encoding layers, the proposed XAI method was able to offer visual
attention maps; such maps were obtained by aggregating all partial derivatives, thereafter, learning the proposed model to minimize the loss between the attention maps and
the input data to obtain the full spectrum maps (irrespective of the input data). The
proposed XAI method was evaluated in the application of one-class anomaly detection,
and it outperformed all deep learning modes that were dedicated to the specified task.
Moreover, the proposed visual attention mapping method was utilized in other application domains, where it was used for semantic image segmentation for autonomous
driving systems. Therefore, a novel XAI model termed Mgrad2 VAE was proposed in
this thesis for multi-scale semantic image segmentation introduced in the context of
autonomous driving. Also, the proposed model was considered an extension of the
Grad2 VAE, where it built a separated attention map for each encoding layer to visualize the learned representations at different scales. Concerning the state-of-the-art
models and datasets, the proposed model obtained higher accuracy by considering the
image segmentation and image quality metrics.

5.2

Future Works

Factually most of the actions, events, and phenomena that are considered sources of
data in the real world act in an unsupervised fashion. Additionally, such data sources
adapt hierarchically from an initial state (compact space) to an advanced state (scattered space with more details), which motivates building ML models based on UGL
modeling. That is due to the ability of UGL models to reduce dimensionality and
facilitate learning among the representations. Accordingly, this thesis introduces innovative methods based on UGL modeling for dimensionality reduction and modern XAI
applications, where the obtained results confirm the potential of the proposed methods
to meet the reliability and achieve superior accuracy. However, many different research
issues are still open and challenging, where they must be considered in future works.
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In the following, the current research directions and open issues are discussed:
• Learning existing models based on modern data considerations is still challenging,
and building UGL models for real-time data streaming is still missing. Moreover,
from the analyzed literature, an important discrepancy can be found: whereas
the size of datasets is currently exploding in the big data era, the majority of
recent works on practical methods (supervised and unsupervised) has focused on
implementation on small datasets. Generally, attempts to generalize the available methods to real-time applications in which the available data are messy,
incomplete, or corrupted have not been fully considered in the existing works.
• Learning from high-order tensorial datasets (or higher-dimensional datasets) will
receive further investigations, where it can be initiated by developing conscientious approaches for decomposing and disentangling the main representative factors (or exploratory factors) from such datasets. Consequently, accelerate learning
among representations can be obtained through carrying out the learning procedure among the extracted factors (or the compact space).
• Developing countermeasures to deal with learning in cases of data incompleteness
and online streaming will be considered in future works. Besides the definition
of suitable evaluation metrics for evaluating the learned (or extracted) representations and overall model performance in a standardized manner, thus enabling
reproducibility and reducing model complexity.
• Data factorization, or decomposition, shows its ability to reduce the dimensionality and to extract rooted representations among data. Specifically, NMF is considered a promising method that retains the non-negative factors and coefficients
in its decomposed subspaces, hence NMF can extract factors and representations
which are part of the original data and can be interpreted easily; however, the
realization of the ability of NMF to accelerate and explain deep learning models is still missing. In this regard, NMF is able to boost the learning process of
deep learning models by reducing the dimensionality and utilizing its subspaces as
features for classification or regression tasks, e.g., accelerating learning from highdimensional datasets and reducing the computational complexity can be achieved
by utilizing autoencoder models to encode W , or H, to compress the weights, i.e.
partial learning. On the other hand, NMF is able to visualize the representations
through factorizing the learned representations at different layers, which reflect
the explainability at different levels of abstraction spaces.
• The proposed method for limited data learning (Section 4.2) has been proposed
for 2-D images, where the proposed method has shown its ability to reduce the
computational complexity and obtain the highest performance in terms of image
reconstruction. Notwithstanding, generalizing the proposed method for largescale and high depth images (such as RGB and hyperspectral images) is still
challenging. In this context, such a challenge can be overcome by building highorder models based on n-way factorization and autoencoding methods, where
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n-models are jointly learned according to the depth of used images (the depth of
each image identify the number of models).
• The development of visual attention mapping has led to the flourishing of the
XAI models, which attempted to explain the learned representations depending
on the neurons’ activation level. Among all models, Grad2 VAE model (Section 4.3
) is a novel XAI model that depends on the second-order partial derivatives
between the latent space and the encoding layers, and it is able to provide online
explainability for the VAE during the learning time (during each learning epochs);
such an XAI method can be utilized to build a visual attention mapping and
assists in optimizing the model losses. Nevertheless, the proposed method will
be confirmed for other UGL methods such as GANs and modern DL nets, it also
will be confirmed for other ML application domains.
• Mgrad2 VAE is a novel XAI model (Section 4.4) that has been introduced in the
context of autonomous driving systems, where the main task of that model is to
perform semantic image segmentation. Also, the proposed model has shown superior results concerning the state-of-the-art semantic image segmentation models;
however, it has been evaluated in synthetic and real image data which have been
built in controlled environments neglecting the rough conditions and environments. In future works, the investigation of XAI models in harsh environments
and rough weather conditions will be targeted, where the ambient environment
includes rain, snow, dust, fog, etc. Also, to improve the explainability in autonomous driving systems, future works will consider exploring how to communicate such an explainability from the model to the vehicle’s engine or from vehicular
to vehicular.
• Expanding the application of Mgrad2 VAE and other XAI models to modern ADS
tasks will be considered in future works. Specifically, further investigations are
still required on the application of XAI models in devise reliability and functional
safety, privacy concerns and attack detection, vehicles powertrains design, driver
replacement, vision, and other tasks. Finally, the considerations to standardize
works and XAI models in the context of ADS will be highlighted in future works,
throughout introducing dedicated evaluation metrics and protocols.
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Publications
1. “A survey of unsupervised generative models for exploratory data analysis and
representation learning”
M. Abukmeil, S. Ferrari, A. Genovese, V. Piuri, and F. Scotti
ACM Computing Surveys (CSUR), Jul 9, 2021, pp. 1-40.
ABSTRACT: For more than a century, the methods for data representation and the exploration of the intrinsic structures of data have developed
remarkably and consist of supervised and unsupervised methods. However,
recent years have witnessed the flourishing of big data, where typical dataset
dimensions are high and the data can come in messy, incomplete, unlabeled,
or corrupted forms. Consequently, discovering the hidden structure buried inside such data becomes highly challenging. From this perspective, exploratory
data analysis (EDA) plays a substantial role in learning the hidden structures
that encompass the significant features of the data in an ordered manner
by extracting patterns and testing hypotheses to identify anomalies. Unsupervised generative learning (UGL) models are a class of Machine Learning
(ML) models characterized by their potential to reduce the dimensionality,
discover the exploratory factors, and learn representations without any predefined labels; moreover, such models can generate the data from the reduced
factors’ domain. The beginner researchers can find in this survey the recent
UGL models for the purpose of data exploration and learning representations;
specifically, this paper covers three families of methods based on their usage in
the era of big data: blind source separation (BSS), manifold learning (MfL),
and Neural Networks (NNs), from shallow to deep architectures.
2. “Towards explainable semantic segmentation for autonomous driving systems by
multi-scale variational attention”
M. Abukmeil, A. Genovese, V. Piuri, F. Rundo, and F. Scotti
in Proc. of the 1st IEEE Int. Conf. on Autonomous Systems (ICAS 2021), Mon-
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treal, Canada, August 11-13, 2021, pp. 1-5.
ABSTRACT: Explainable autonomous driving systems (EADS) are emerging recently as a combination of explainable artificial intelligence (XAI) and
vehicular automation (VA). EADS explains events, ambient environments,
and engine operations of an autonomous driving vehicular, and it also delivers
explainable results in an orderly manner. Explainable semantic segmentation
(ESS) plays an essential role in building EADS, where it offers visual attention
that helps the drivers to be aware of the ambient objects irrespective if they
are roads, pedestrians, animals, or other objects. In this paper, we propose
the first ESS model for EADS based on the variational autoencoder (VAE),
and it uses the multiscale second-order derivatives between the latent space
and the encoder layers to capture the curvatures of the neurons’ responses.
Our model is termed as Mgrad2 VAE and is bench-marked on the SYNTHIA
and A2D2 datasets, where it outperforms the recent models in terms of image
segmentation metrics.
3. “Unsupervised learning from limited available data by β-NMF and dual autoencoder”
M. Abukmeil, S. Ferrari, A. Genovese, V. Piuri, and F. Scotti
in Proc. of the 27th IEEE Int. Conf. on Image Processing (ICIP 2020), Abu
Dhabi, UAE, October 25-28, 2020, pp. 81-85.
ABSTRACT: Unsupervised Learning (UL) models are a class of Machine
Learning (ML) which concerns with reducing dimensionality, data factorization, disentangling and learning the representations among the data. The UL
models gain their popularity due to their abilities to learn without any predefined label, and they are able to reduce the noise and redundancy among
the data samples. However, generalizing the UL models for different applications including image generation, compression, encoding, and recognition
faces different challenges due to limited available data for learning, diversity,
and complex dimensions. To overcome such challenges, we propose a partial
learning procedure by utilizing the β-Non Negative Matrix Factorization (βNMF), which maps the data into two complementary subspaces constituting
generalized driven priors among the data. Moreover, we employ a dual-shallow
Autoencoder (AE) to learn the subspaces separately or jointly for image reconstruction and visualization tasks, where our model performance shows superior
results to the literary works when learning the model with a small amount of
data and generalizing it for large-scale unseen data.
4. “On approximating the non-negative rank: Applications to unsupervised image
reduction”
M. Abukmeil, S. Ferrari, A. Genovese, V. Piuri, and F. Scotti
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in Proc. of the 2020 IEEE Int. Conf. on Computational Intelligence and Virtual
Environments for Measurement Systems and Applications (CIVEMSA 2020), Tunis, Tunisia, June 22-24, 2020, pp. 1-6.
ABSTRACT: Unsupervised Learning (UL) methods are a class of machine
learning which aims to disentangle the representations and reduce the dimensionality among the data without any predefined labels. Among all UL methods, the Non-negative Matrix Factorization (NMF) factorizes the data into
two subspaces of non-negative components. Moreover, the NMF enforces the
non-negativity, sparsity, and part-based analysis, thus the representations can
be interpreted and explained for the Explainable Artificial Intelligence (XAI)
applications. However, one of the main issues when using the NMF is to impose the factorization rank r to identify the dimensionality of the subspaces,
where the rank is usually unknown in advance and known as the non-negative
rank that is used as a prior to carrying out the factorization. Accordingly,
we propose a novel method for the non-negative rank r approximation to help
solving this problem, and we generalize our method among different image
scales. Where, the results on different image data sets confirm the validity of
our approach.

A.1

Other Publications

1. “Experimental results on palmvein-based personal recognition by multi-snapshot
fusion of textural features”
M. Abukmeil, and GL Marcialis
International Journal of Biometrics (IJBM), 2020 (in press).
ABSTRACT: In this paper, we investigate multiple snapshot fusion of textural features for palmvein recognition including identification and verification.
Although the literature proposed several approaches for palmvein recognition,
palmvein performance is still affected by identification and verification errors.
As well-known, palmveins are usually described by line-based methods which
enhance the vein flow. This is claimed to be unique from person to person.
However, palmvein images are also characterized by the texture that can be
pointed out by textural features, which relies on recent and efficient handcrafted algorithms such as Local Binary Patterns, Local Phase Quantization,
Local Tera Pattern, Local directional Pattern, and Binarized Statistical Image
Features (LBP, LPQ, LTP, LDP, and BSIF, respectively), among others. Finally, they can be easily managed at feature-level fusion, when more than one
sample can be acquired for recognition. Therefore, multi-snapshot fusion can
be adopted for exploiting these features’ complementarity. Our goal in this
paper is to show that this is confirmed for palmvein recognition, thus allowing
us to achieve very high recognition rates on a well-known benchmark dataset.
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2. “Grad2 VAE: An Explainable Variational Autoencoder Model Based on Attention
Preserving Curvatures of Representations”
M. Abukmeil, S. Ferrari, A. Genovese, V. Piuri, and F. Scotti
submitted to an international conference, 2022.
ABSTRACT: Unsupervised learning (UL) is a class of machine learning
(ML) that learns data, reduces dimensionality, and visualizes the decisions
without labels. Among UL models, variational autoencoder (VAE) is considered a UL model that is regulated by variational inference to approximate
the posterior distribution of large datasets. In this paper, we propose a novel
explainable artificial intelligence (XAI) method to explain the VAE behavior
based on the first-order derivative of the latent space gradient, which reflects
the amount of acceleration required from encoding to decoding space. Our
model is termed as Grad2 VAE and it is able to capture the local curvatures
of the representations to explain the model’s behavior. Besides the VAE explanation, we employ our method for anomaly detection, where our model
outperforms the recent UL deep models when generalizing it for large-scale
anomaly data.
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