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Abstract

In a posteriori error analysis, the relationship between error and estimator is usually
spoiled by so-called oscillation terms, which cannot be bounded by the error. In order
to remedy, we devise a new approach where the oscillation has the following two
properties. First, it is dominated by the error, irrespective of mesh fineness and the
regularity of data and the exact solution. Second, it captures in terms of data the part
of the residual that, in general, cannot be quantified with finite information. The new
twist in our approach is a locally stable projection onto discretized residuals.

Mathematics Subject Classification 65N15 - 65N30 - 65N12 - 65N50 - 41A05 -
41A63

1 Introduction

Finite element methods are a successful and well-established technique for the solution
of partial differential equations. A key tool for the quality assessment of a given
finite element approximation and the application of adaptive techniques are so-called
a posteriori error estimators. These are functionals that are computable in terms of
data and the finite element approximation and aim at quantifying the approximation
error. For all known estimators, their actual relationship to the error is spoiled by
oscillation, i.e., by some additive terms measuring distances between non-discrete
and discrete data. Remarkably, oscillation may be even greater than the error. This
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flaw directly interferes with the quality assessment and, on top of that, it weakens
results on adaptive methods and complicates their proofs.

In this article we introduce a new approach to a posteriori error estimation, where
oscillation is error-dominated, i.e. it is bounded by the error of the finite element
approximation, up to a multiplicative constant depending on the shape-regularity of
the underlying mesh.

We illustrate this new approach in the simplest case, where the weak solution
ue H& (R2) of the Dirichlet-Poisson problem

—Au = f in<, u=0 ond (1.1)

is approximated by the Galerkin approximation U that is continuous and piecewise
affine over some simplicial mesh M of Q. It is instructive to start by recalling the
a posteriori error bounds in terms of the standard residual estimator

1/2
ER(U, f. M) = ( Y k)72, +h%<||f||iz(,<)> SN
KeM

see, e.g., Ainsworth and Oden [2] or Verfiirth [26]. If f € LZ(Q), then the energy
norm error [lu —U|l 5 ) and the estimator are almost equivalent. More precisely, we
have

e = Ul o) SERW, £, M), E(U, £, M) Sl = Ul 1 0 +0sco(f, M),
(1.3)

where the interfering oscillation is given by

. 1
oscalf M i= Y RIS = st fliagey with Poad i i= e [ .
KeM K
(1.4)

Let us discuss the relationship of this classical L2-oscillation and the energy norm
error; for the proofs of the nontrival statements, see Sect. 3.8. Customarily, oscillation
is associated with higher order. This idea is supported by the following observation: if
f is actually in H'(), then osco(f, M) = O(hi/l) as haq ;= maxgepm hxg N\ O.
On any fixed mesh however, the oscillation osco(f, M) may be arbitrarily greater
than the energy norm error ||u — Ul 5 @) This is a consequence of the fact that the

L?-norm is strictly stronger than the H~'-norm. The use of the LZ-norm in (1.4) can
be traced back to its use in the element residual 21k || f || ;2 (k) in (1.2) and so it can be
motivated by the request for the computability of the estimator. In fact, in contrast to
an element residual based upon some local H —I_norm of f, this form reduces to the
(approximate) computation of an integral.

One may think that the use of the Z?-norm is the only reason for the possible relative
largeness of oscillations like osco(f, M). Yet, Cohen, DeVore and Nochetto present
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in [10] a striking example which entails that even the H ~!-oscillation

min || f — gl3,
2ePo(M) H-1() (1.5)

with Po(M) := {g € L™(Q) | YK € M g|g is constant}

from Stevenson [23] may converge slower than the error; see Lemma 21 below. Notice
that this contradicts the aforementioned idea that osco(f, M) is always of higher
order and, moreover, in view of osco(f, M) < Er(U, f, M), it entails that also the
estimator Er (U, f, M) may decrease slightly slower than the error.

The key tool to overcome the shortcomings of the above oscillations is a new
projection operator P enjoying the following properties; see Sects. 3.3-3.6:

e P f is discrete for any functional f € H~!(€2). In comparison to Py am, the
image of P, is enriched by the span of the face-supported Dirac distributions and
so contains true functionals.

e Paqf is computable in a local manner. Here computable means that it can be
determined from the information available in the linear systems for finite element
approximations.

e The local dual norms of the new oscillation f — Ppqf are dominated by
corresponding local errors. This property hinges on the face-supported Dirac dis-
tributions and on local H ~!-stability of P, f.

e In contrast to the local dual norms of the residual f + AU, the local dual norms
of the discretized residual Paq f 4+ AU can be estimated from below and above
in a computable manner.

Thanks to these properties, we derive in Sect. 3.7 abstract a posteriori bounds such
that the oscillation is bounded by the error. In Sect. 4 we provide several realizations
leading to hierarchical estimators and estimators based on local problems or based on
equilibrated fluxes. Furthermore, in Sect. 4.2 we show that an extension of the standard
residual estimator (1.2) onto the image of P satisfies

lu = Ul gy = ERW, Paaf, M)* + DN =Prflfig, (16
zeV

where V stands for the set of vertices of M and w; is the star around the vertex z. A
comparison with (1.3) immediately yields:

e Both &R (U, f, M) and the right-hand side of (1.6) bound the energy norm error
in terms of U, f, and M. However, while the latter one is free of overestimation,
the first one may overestimate, even asymptotically.

e Since Py f is discrete and computable in the aforementioned sense, we have that
ErRWU, Ppm f, M) is also computable, while Er (U, f, M) is not.

e Equivalence (1.6) thus splits the estimation of the error in two parts, reflecting
the spirit of Verfiirth [26, Remark 1.8] and Ainsworth [1, Section 3.1]: One part
is computable and related to the underlying differential operator. The other one
depends solely on data; its computation, or rather estimation, hinges on a priori
knowledge.
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46 C. Kreuzer, A. Veeser

We remark that our new approach also has consequences in the convergence anal-
ysis of adaptive methods. In particular, it allows to generalize and sharpen the basic
convergence for adaptive methods from [19]; see [15].

2 Model problem and discretization

In order to exemplify our new approach to a posteriori error estimation, we consider
the homogeneous Dirichlet problem for Poisson’s equation and the energy norm error
of the associated linear finite element solution. The purpose of this section is to recall
the relevant properties of this boundary value problem and discretization.

We shall use the following notation associated with a (Lebesgue) measurable set w
of R?, d € N. Given m € N, we let Lz(a); R™) denote the Lebesgue space of square
integrable functions over w with values in R"”. We write (v, w), and || - I|§) for its
scalar product and its induced norm. For m = 1, we abbreviate L?(w; R) to L¥(w).

If © C R? is non-empty and open, H'(w) stands for the Sobolev space of all
functions in L2(w) whose distributional gradient is also in L?(w; RY). Moreover, we
let HO1 (w) be the closure in H' (w) of all infinitely differentiable function with compact
support in w. If the boundary dw of w is sufficiently regular (e.g., Lipschitz), this are
all functions in H ' (w) with vanishing trace on the boundary dw. Thanks to Friedrichs’
inequality, H(} (w) is a Hilbert space with scalar product (V-, V-), and norm ||V - || o.
As usual, H~!(w) indicates the dual space of H Hw), i.e. the space of linear and
continuous functionals on HO1 (w). We identify Lg(a)) with its dual space and thus
have

Hi(w) € L*(w) € H (o). 2.1

The norm of H ™! () is given by

(€, w) _
€l -1 () == sup ©  teH '),
weH&(a)) IVwlle
where the dual brackets (¢, w), = {(w), w € HO1 (w), extend-restrict the scalar

product in L?(w). If D C R is a set such that D is suitable for one of the preceding
notations, we also use D instead of the more cumbersome ﬁ, e.g. we write also H 1 (D)
instead of H! (ﬁ).

Let Q be an open, bounded and connected subset of R? with Lipschitz boundary
and whose closure can be subdivided into simplices. We shall omit €2 in the notation
of dual pairings and norms. The weak formulation of (1.1) reads as follows:

Givenf € H™(Q), find u = us € H} (L) such that

. 2.2)
Yv e Hy(2) (Vu, Vv) =(f, v).

In other words: we are looking for the Riesz representation of f in Hol(Q). Notice
that the Riesz representation theorem establishes an isomorphism between the space
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Oscillation in a posteriori error estimation 47

H(} (2) of solutions and the space H —1(Q) of loads. In particular, a unique solution
exists not only for f € L*(Q) butforall f € H~'(Q). This fact suggests that, at least
conceptually, an approximation method for (2.2), along with its a posteriori analysis,
should cover also loads in H~1(Q).

In order to approximate the solution of (2.2), we use a Galerkin approximation based
upon finite elements. For the sake of simplicity, we restrict ourselves to simplicial
meshes and lowest order.

Let M be a simplicial, face-to-face (conforming) mesh of the domain 2. Given an
element K € M, we denote by hg := diam K := sup, , g [x — y| its diameter and
by px := sup{diam B | B ball in K} the maximal diameter of inscribed balls. In what
follows, ‘<’ stands for ‘< C’, where the generic constant C may depend on d and the
shape coefficient

h
o(M) := max og with og = K
KeM PK

In the case of both inequalities ‘<’ and ‘>, we shall use ‘>~ as shorthand.

An interelement face of M is a simplex F with d vertices arising as the intersection
F = KN K; of two uniquely determined elements K, K» € M. Its associated patch
is

or = K1 UK. (2.3)

We let F = F (M) denote the set of all (d — 1)-dimensional interelement faces of
M.Given F € F and K € M with F C K, we write

d|K|
hg.F = TF € [pk, hk] 24

for the height of K over F.
Furthermore, V = V(M) stands for the set of all vertices of M. To any vertex
z € V, we associate the sets

w; :=U{K€M:Kaz}, o, :=U{Fe]—":Faz},
for which we have
#HKeM|Kaz} S#FeF|F>z} < 1. (2.5)
If K € M with K C w, for some z € V, then the diameter /, of w, verifies

hg <h, < hg. (2.6)
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Moreover, if ¢ is a direction, i.e. ¢ € R? with le| = 1, we write h_., for the maximal
length of a line segment in w, with direction e. Then

pz = inf hg, 2.7
le|=1

verifies
PK < Pz S PK (2.8)

whenever K € M with K C w;.
Let P be the space of polynomials of degree at most k € N over R? and let

Pr(M) :={V € L¥(Q) | V| € Pr(K) forall K € M}

be its piecewise counterpart over M. The space of continuous, piecewise affine func-
tions over M is then

V(M) := Py (M) N H(Q) =Py (M) N CUQ).
Its nodal basis {¢;},cy is defined by
¢, € V(M) suchthat ¢,(y) =6, forallz,y € V.

This basis provides the nodal value representation

V=3 V@
zeV

for any V € V(M) and the partition of unity

quz =1 inQ, (2.9)
zeV

where, for each vertex z € V, we have supp ¢, = w., with skeleton o,. Finally, we
recall that, for any element K € M and any powers o, € Ng, z € VN K, we have

d! !
/ H ¢§lz _ HzeVﬁK (624 K|, 2.10)
K

zeVNK Xzevng @z + )

The finite element functions satisfying the boundary condition in (2.2) form the
space

Vo(M) :={V e V(M) | V(z) =0 forall z € VN Q) = P(M) N H} (Q).
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Oscillation in a posteriori error estimation 49

The associated Galerkin approximation U = U f, 1 is characterized by
U € Vo(M) suchthat VYV € Vo(M) (VU, VV)=(f, V). (2.11)

Notice that the right-hand side and so U are well-defined, also for f € H -1 (2), thanks
to the conformity of Vo(M). Céa’s lemma states that the Galerkin approximation is
the best approximation with respect to the energy norm error, i.e.,

IVu —VU|q < |[Vu — VV|lq forall V e Vo(M). (2.12)

In order to determine the Galerkin approximation U, one usually obtains its values
at the interior vertices Vp := V N 2 by solving the symmetric positive definite linear
system

Mo = F,
where

a=U@)evy, M=((Vo. Vo)), . F=(f. dy)yer. 213)

We thus see that the Galerkin approximation U is computable whenever the load
evaluations

(f, ¢y> , ¥ € Vp, are known exactly. (2.14)

Strictly speaking, these evaluations are in general not computable. In fact, even if
f € L*(Q) is a function, the evaluation of ( I qby) = fQ f @y requires the compu-
tation of an integral, which in general can be done only approximately by means of
numerical integration. Notwithstanding, error analyses of approximations like (2.11)
have proved very useful for the theoretical understanding and underpinning of finite
element methods and are therefore very common. Accordingly, we shall suppose that
the evaluations (2.14) are known to us. In Sect. 3.6 below, we will discuss which kind
of additional information is used in our a posteriori analysis.

3 A posteriori analysis with error-dominated oscillation
We present our new approach to a posteriori error analysis by deriving bounds for the

energy norm error of the Galerkin approximation (2.11). The new idea for achieving
error-dominated oscillation is described in Sect. 3.3.

3.1 Residual norms
Given some load f € H~'(Q) and a Galerkin approximation Uyr. M, we want to

quantify the energy norm error |V(uy — Uy, A1), where the exact solution u ¢ of
(2.2) is typically unknown to us.
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50 C. Kreuzer, A. Veeser

Our starting point is the so-called residual Res(f; M) € H~'(2) given by
(Res(f; M), v) := (f, v) = (VU m, V) forall v e Hj(Q).

It is defined in terms of data and the computable Galerkin approximation and vanishes
if and only if the latter equals the exact solution. The following lemma shows that
appropriately measuring the size of the residual relates to the error.

Lemma 1 (Error, residual and load) We have
IV —Up Al = [ Res(fs M)l g-1@) = 1f la-1(0)-
Proof Thanks to the differential equation in (2.2), we have, for all v € HO1 (2),
(Res(f; M), v) = (Vs —Uppm), Vo) = (=AQuyp —Uppp). v), (3.1

where — A indicates the distributional Laplacian. Consequently, the claimed equality
follows from the fact that — A : H () > HY(Q) is an isometry (which follows
from the Cauchy—Schwarz 1nequa11ty in L?($2) and from testing with v = u =Uzr. M)
The claimed inequality follows by invoking also (2.12):

Vs =Up Al = IVugll =11 flg-10)- =

Thus, we aim now at quantifying the dual norm || Res(f: M) | z-1q). The fol-
lowing simple observation shows that this task requires much more information than
computing the Galerkin approximation.

Lemma 2 (Bounding residual norms) Without any a priori information on the load
f € H-Y(Q), the residual norm || Res(f; M)|| -1 () cannot be bounded in terms of
a finite number of adaptive evaluations of the form: (f, v) withv € HO1 ().

Proof Suppose that the claim is false. Then, for each f € H~'(Q), there is a num-
ber B(f) = [IRes(f: M)l y-1(q) which is given in terms of evaluations (f, v;),

i =1,...,nz, where the choice of v; may depend deterministically on the previous
evalutauons (f,v1),...,{f, vi1). Fix some functional 0 # ¢ € H~!(). Since
Hg (RQ) is inﬁnite-dimensional, we can choose a normalized w € H(} (2) that is per-
pendicular to V(M) and all test functions v;, i = 1,..., n, associated with £. Set
8 :=3B(¢)(—A)w and observe that Us. o4 = O and (8, v;) =O0foralli =1,...,n
Therefore (£ 4+ &, v;) = (£, v;) and we obtain the contradiction

B(®) = B(£+8) = || Res(€ + 8 M)l -1 = I8 + Res(€; M)l -1
> 1181l 1) — IRes(€; M)l y-1g) = 3B(E) — B(€) =2B(€) > 0. O

@ Springer



Oscillation in a posteriori error estimation 51

Remark 3 (Load evaluations vs exact integrals) A similar yet simpler argument shows
that, without any a priori information on f € L?(2), also || f|| cannot be bounded in
terms of adaptive evaluations fQ fv withv e L2(Q).

Before discussing in Sect. 3.3 repercussions of Lemma 2, it is useful to take into
account a further requirement for a posteriori bounds.

3.2 Localized residual norm

Adaptive mesh refinement is an important application of a posteriori bounds. It is
usually based upon the comparison of ‘local’ quantities. Therefore, it is of interest to
split a posteriori bounds, or the residual norm itself, into local contributions.

Such a localization appears implicitly, e.g., in the a posteriori error analysis of
Babuska and Miller [3]. It is based upon the W' *-partition of unity (2.9) and the
orthogonality property:

(Res(f; M), ¢,) =0 forallze)Vy=VNAQ.
We thus introduce the subclass
Ry =1t e HY(Q) | VV € Vo(M) (£, V) =0}

of residuals associated with Galerkin approximations. Recall that supp ¢, = w, and
that H~!(w.) is a shorthand for H~!(&,).

Lemma4 (Localization)
Let £ € H'(Q) be any functional.

(i) If € € Ry, then

115100y S D 1€l 100
zeV

where the hidden constant depends only on d and the shape coefficient o (M).
(ii) We have

DN 1y = @+ DI g
zeV

Proof See also Cohen, DeVore, and Nochetto [10, §3.2 and §3.4], Ern and Guermond
[11, Proposition 31.7] or Blechta, Malek, and Vohralik [5, Theorem 3.7]. For the
sake of completeness, we provide details. In order to show (i), we fix an arbitrary
v e H(} (£2). In view of the partition of unity (2.9) and £ € R ¢, we can write

(€, v) =) (L vg) =D (€, (v—c)ps), 32)
zeV zeV
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where the reals c; € R are given by

/vdxforzevo, and ¢; =0forz € V\ ).

C, .
© oy

Thanks to 0 < ¢, < 1, the inverse estimate ||V, | Lo w,) < maxgce, p,}l < hz’]
and the Poincaré-Friedrichs inequality |[v — ¢ [lo, S h;[|Vvl|w, (see, e.g., Nochetto
and Veeser [21, Lemma 4]), we have, for any z € V,

IV((W = c)p) . < I1VVllw, + 10 = 2l Vel L%(w.) < CorplI VO, (3.3)
where the constant C, A4y depends only on o (M). Thus, (3.2) leads to

172

146 0 TS Y Il 1@ IV, < VA+T [ D11, | IV
zeV zeV

and the proof of (i) is finished.
To prove (ii), we let v, € H(} (w;) with ||V, |l», < 1 for any node z € V) and set
v=7 .yl v)u; € H(} (). Then

D (e v =€, v) < [l -1y VI,
zeV

and, with the help of two Cauchy—Schwarz inequalities,

Vo= > Y eve uy)/ Vv, - Vo,
K

KeM z,yeVNK

< D0 D @HDIE v PIVelz =@+ DY 1L, v) P

KeM zeVNK zeV
Consequently, we conclude (ii) by taking the suprema over all v, for all z € V. O

Thus, in the context of adaptive mesh refinement, we are also interested in quanti-
fying the single terms of the localized residual norm

IRes(f: M1 v = D IRes(fs MG 1, - (3.4)
zeV

Of course, we face the same problem for the local residual norms as for the global
one.

Corollary 5 (Bounding local residual norms) Without any a priori information on
f e H Y (Q), each local residual norm || Res(f, M)llg-1(w,) z € V, cannot be
bounded in terms of a finite number of adaptive evaluations of f.
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Proof Replace the domain 2 by w, in the proof of Lemma 2 and extend functionals
in H~!(w.) by 0 on the orthogonal complement of HOl (w;) in HOl (2). O

3.3 Towards error-dominated oscillation

Our approach to error-dominated oscillation relies on a projection operator. This sec-
tion motivates and formulates its key properties. They are summarized in (3.14) and
will guide the actual construction in the following sections.

In view of Lemma 2 and Corollary 5, a posteriori bounds for the residual norm
or its localized variant require knowledge on the load f beyond a finite number of
evaluations. The actual knowledge of f can be of different nature and, accordingly,
may require different techniques. Here we want to address only aspects of a posteriori
error estimation that are independent of the nature of this knowledge. Correspondingly,
we split the residual into a discretized residual and data approximation:

Res(f; M) = (Pmf + AU M) + (f — P f) (3.5)

where P maps onto a subspace D(M) of H~! () such that

o Pmf + AUy mllp-1(am) can be bounded with the help of a finite number of
evaluations of f and

o the task of bounding || f — P4 f || -1 (a1 hinges only on knowledge of the load
this task may be viewed as a matter of approximation theory since, apart from the
choice of the norm, it is independent of the boundary value problem (2.2).

Here we have used the localized dual norm || - || -1 (5, in order to allow for applications
in mesh adaptivity. It is then desirable that both parts are dominated by the error, i.e.,
we have

IPrf + AUsmllg-1my S IV = Upaoll (3.6a)
If = Pmflla-1omy S IV@s = Upall- (3.6b)

In view of Lemmas 1 and 4, the two conditions are equivalent.

The construction of a suitable mapping P4 is the new twist in our approach.
In order to get first hints on this, let us test out several candidates with necessary
conditions arising from (3.6b).

The proof of Corollary 5 suggests that the problem lies in the fact that f is taken
from an infinite-dimensional space. The projection Py a4 into discrete data from (1.4)
is thus a candidate for P4. This choice, however, does not verify (3.6). In fact,
Lemma 1, Lemma 4 (ii), and (3.6b) imply the stability estimate

IPMm Sl S W10 (3.7)

while Py g f is not even defined for a general f € H ~1(Q) (and cannot be continu-
ously extended; cf. Lemma 20).
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54 C. Kreuzer, A. Veeser

This flaw is easily remedied. For any element K € M, we replace in (1.4) the
characteristic function xx of K by the weighted mean

2d + 1)! .
VK = (w—) ]_[ ¢, € H}(K) with / vk =1 (3.8)
K| K
zeVNK
thanks to (2.10) and consider
Pomf = D {f ¥k) Xk (3.9)
KeM

Since Y € HOI(K) C H(} (£2) is an admissible test function, the operator 730,/\4 is
defined for all functionals in H~!(Q) and satisfies the stability estimate (3.7); see
Remark 11 below.

But still, the new operator 750, M does not verify (3.6). To see this, consider f =
—AV with V € V(M) arbitrary. We then have

ur =Ugpm
and therefore Res( f; M) = 0 and property (3.6b) entails
YV e Vo(M) Pupm(AV) = AV. (3.10)

In addition, integration by parts yields that, for all v € HO1 (),

(AV, v) = —[ VV -V = Z/ J(V)vds, (3.11)
L FeF F

where ds indicates the (d — 1)-dimensional Hausdorff measure in R¢ and J (V) is
the jump in the normal flux VV - n across interelement sides. More precisely, if
F = K| N K3 is the intersection of the elements K, K, € M with respective outer
normals ny, ny, then J(V)|p := VV|k, -n1 + VV]k, -ny € R.If V # 0, then we
have also AV # 0, while (3.11) yields 750,/\/1 (AV) = 0, in contradiction with (3.10).
Hence (3.6) does not hold for 750, M-

The two conditions (3.7) and (3.10) are central to our goals. Although they can be
checked without involving the Galerkin approximation (2.11), they are also sufficient
for (3.6). Incidentally, they imply that 7P o has to be a near best ‘interpolation’ operator
in light of the Lebesgue lemma.

The failure of (3.10) for 750’ M 1s not related to the choice of the test functions g,
K € M, but to its range. In fact, (3.11) and the fundamental lemma of calculus of
variation show that AV ¢ L%(2) whenever V # 0, while ﬁo,M(Vo (M)) C L3(Q).
In other words: to remedy, we have to change the range.

Finally, it is desirable that 7Pz is a local operator for two reasons. First, this comes
in useful when evaluating P¢. Second, since —A is a local operator, we have the
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following lower bound for the local error:
IRes(f5s M)llg-1(0,) < IV = Upp)lo,, (3.12)

which follows from testing (3.1) with all v from HO1 (w;). This bound can be exploited
if we strengthen (3.6) to the local conditions

1P + AU sl 1oy S RS M1 (3.13a)
1f = P -1y S I ReS(FT M) -1 (3.13b)

for all z € V. We shall therefore demand the stability (3.7) and invariance (3.10) in a
suitable local manner.

In order to formulate local invariance, let us introduce the following notations
associated with an open subset @ C 2. Whenever two functionals ¢1, £» € H~ ()
satisfy £1(v) = £2(v) forall v € HOl (w), we say £1 = £> on w. Moreover, we write
£1 € D(M) on w when additionally £, can be chosen such that £, € D(M). Notice
that, thanks to the fundamental lemma of the calculus of variations, these notions
reduce to the usual ones if £ € L%(S), i.e. £(v) = fQ gvforallv e H(} (2).

Let us summarize our discussion by a list of desired properties for the operator
Paq and its range D(M) C H~ (), which corresponds to the set of all possible
discretized residuals. This list provides the guidelines for our approach and choices.
Denoting by A(Vo(M)) = {AV | V € Vy(M)} the image of V(M) under the
distributional Laplacian, we aim for the following properties:

A(Vo(M)) C DM), (3.14a)
if £ € D(M) on w,, then ||£] -1 (,) 1S quantifiable with a finite number

of evaluations of £, (3.14b)
P is linear, (3.14¢)
P f is locally computable in terms of a finite number of evaluations

of f, (3.144)
if £ € D(M) on @, then Pyl = £ on @, (3.14e)
IPAMEN -1 () S 1€l -1, Forall € € H ' (@2). (3.14f)

Regarding the above discussion, we have that conditions (3.14f), (3.14e) and (3.14a)
are equivalent to (3.13); cf. Sect. 3.7. Conditions (3.14d) and (3.14b) allow to quantify
the local dual norms of the approximate residual Pagf + AU o € D(M) in a
computable manner; compare also with Sect. 3.6 below.

In the next three sections we construct two operators P a4 fulfilling (3.14).
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3.4 Discretized residuals and a locally stable biorthogonal system

We present a possible choice of the set D(M) of discretized residuals and introduce
an associated biorthogonal system, which is instrumental in constructing a suitable
operator P4 with range D(M).

We set

DM):={te H(Q) (€ v)= ) / chdx+Z/cdes

KeM FeF
forall v € Hj (Q2) with cx, cp € Rfor K € M, F € F}. (3.15)

Every functional £ € (M) is thus constant on each element and on each face.
Obviously, condition (3.14a) is verified. More precisely, D(M) is in general a strict
superset of A(Vo(M)), since in A(Vo(M)) only certain linear combinations of the
constants cr, F € F are allowed. The fact that these constants are independent in
D(M) facilitates the definition of P . Moreover, we have added the contributions
given by the constants cgx, K € M, for comparability with the classical oscillations
and a posteriori error estimators and because similar contributions will appear for
higher order elements; cf. Kreuzer and Veeser [14]. In spite of these enlargements, we
still have dim D(M) < oo. Consequently, an argument as in the proof of Lemma 2,
which hinges on infinite dimension, is ruled out.

Let us associate a biorthogonal system with D(M). To this end, we introduce the
surface Dirac distributions

XF {H O e (3.16a)

v [puds,

and we identify the characteristic functions xx, K € M, with their associated distri-
butions

XK {H o= R (3.16b)

v [vdx,

Notice that the definitions of xr and xx involve different measures for integration:
the (d — 1)-dimensional Hausdorff measure for y r and the d-dimensional Lebesgue
measure for yg. Correspondingly, each xx is absolutely continuous and each yr is
singular with respect to the d-dimensional Lebesgue measure.

We collect all elements and interelement faces in the index setZ = Z(M) := MUF
and derive in the next lemma the properties of the functionals x;, i € Z, that are of
interest to us.

Lemma 6 (Basis and scaling) The functionals x;, i € Z, are a basis of D(M). For
any element K € M and any face F € F containing a vertex z € V, we have

~1/2
Xk Iy < |KI'Y2 5, and Nxpllg-1e,) < 1FIV?5Y

with p; from (2.7).
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Proof We will use the Friedrichs inequality
Yo e Hy (@) vllo, < Azl Vollo, (3.17)

and the following trace theorem: if ' € F with F > z and n denotes a normal of F,
then

1
Ywe Wyl @) lwlipir < 5IVw-nlLi,) (3.18)

Given K € M with K > zand any v € H& (w;), the Cauchy—Schwarz inequality and

(3.17) yield
/ vdx
K

which verifies the first claimed inequality. To show the second one, fix F € F with
F > zand letagain v € H(} (w;). Using (3.18) with w = vZ and then again (3.17), we

derive
ot o) = V vds
F

~1/2
< |FI"232 Vo),

<K1Y |lly, < 1KV 5 lIVV]l,.,

I{xx. v)| =

< |FI"*|le < [FI"2 ol 21V - n)l?

and also the second claimed inequality is proved. O

In order to complete the basis of Lemma 6 to a biorthogonal system, we use the
following test functions: Given any element K € M, take

2d + 1)!
1/f1<—( * ) [ - (3.192)

d!
K zeVNK

Given any interelement face F € F, let z;, i = 1, 2, be the vertices in the patch wp,
see (2.3), that are opposite to F' and set

_@d-1) 2
VE= i [T ¢ (1—(2d+1)2¢1,.). (3.19b)

zeVNF i=1

Let us verify that the basis y;, i € Z and the test functions ¥;, i € Z, actually form
a biorthogonal system with a crucial stability condition.

Lemma 7 (Locally stable biorthogonal system) Together with the basis x;, i € I, the
test functions i, i € L, form a locally stable biorthogonal system:

(i) We have

Vi,jeTl (X,’, W‘/)ZSU.
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(ii) LetZ, :=={i € T |i > z} denote the elements and faces containing a vertexz € .
Then

VieZ: lIxillg-1w)IV¥illo, < Cy,

where the stability constant Cy, only depends on d and the shape coefficient o (M).

Proof To show (i), we consider the cases of elements j € M and faces j € F
separately. First, let K € M be an element. As already seen in (3.8), we have
XKk, Yk) = fK Y = 1. Moreover, since g = OinQ\f,weinfer (xx'» vx)=0
forany K’ € M\ {K}and (xr, ¥x) = 0forany F € F.

Second, fix a face F € F. Using (2.10), we obtain

(2d

, = ods = 1.
r VE) = 1),|F| i 1;£F¢ s

From ¢y = 0 in Q \ &p, where wp is the patch of the two elements containing the
face F, we infer {xg/, ¥p) = 0 forany F’ € F \ {F} and (xg, ¥F) = O for any
K € M with K p F. Last, let K € M such that K D F. Using again (2.10), we
deduce

2d — 1)!
(k. vr) = ( ) /l—[¢zdx—(2d+1)/ [] ¢-dx|=0.

d— D|F|
DIF] zeVNF zeVNK

For (ii), we again treat elements and faces separately. Let K € M be an element
containing z. The well-known inverse estimate ||Vik ||k < Cd,olzl Wklk, K C w;
and (2.10) imply

Ca
v = ||V < —.
IVYkllo, =IIV¥klx < K[2px

Combining this with the first inequality in Lemma 6 and (2.8), we obtain the claimed
inequality for elements:

0
I Xk -1 @) IV o, < Cdp_; < Ca;o(M)-

Let F € F be an interelement face containing z and write ' = K| N K>, where
K1, Ky € M are the two elements containing F. Proceeding as before, we deduce

IVyrls, = > IVYrlk, <C7 Y pg Ivrlk,
n=1,2 n=1,2
K|
<Ci > ) (3.20)
- 2,2
n=1,2 |F| 'OKn
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and

1/2
hK,,;F)O~
1XF 1@ IV Fllo, < Ca | Y —5—

3 = Ca;oM)-
i=12 Pk,

O

In what follows, we shall rely only on the properties of the test functions v;, i € Z,
expressed in Lemma 7. In other words: what counts is not their special form, but the
fact that they form a stable biorthogonal system with the basis x;, i € Z, of D(M).

3.5 Construction and properties of P4

We now propose a possible choice for the projection operator P, and verify the
desired properties (3.14). Set

Pl =Y (€ ¥i) xi. 3.21)

i€l

where the functionals x;, i € Z, are given by (3.16) and the test functions v, i € Z,
by (3.19). Clearly, P is linear and P f is locally computable in terms of a finite
number of evaluations of f,i.e., we have (3.14¢) and (3.14d).

The biorthogonality of these functionals and test functions implies the following
local counterparts of the algebraic condition (3.10).

Theorem 8 (Local invariance) For any functional £ € H™V(Q), element K € M,
and side F € F, the operator P\ does not change the following discrete restrictions:

(i) If £ € D(M) on K, then Pl =L on K.
(it) If £ € D(M) on &, then Ppl = £ on oF.

Proof Let £ = c¢xg on K with ¢ € R. For any i € Z, we have (£, ;) = ¢ [ i =
¢k .; by means of Lemma 7 (i). Consequently, Paf = cxx on K , which proves (i).

To show (ii), let K1, Ko € M be the two elements containing F and let £ =
CXF+ Zi:l,z cixk; on wr with ¢, c1, c2 € R. Using again Lemma 7 (i), we observe

(€, Yr)=cxr. ¥r)+ Y cilxk. vr)=c and (£, yg,)=c; fori=1,2
i=1,2

and (¢, ¥;) =0foralli € 7\ {F, K1, K»}. Consequently,

Pml=cxr+ Y cixg, =L ondr
i=1,2

and also (ii) is verified. O

Theorem 8 implies in particular (3.14e). Moreover, it has the following global
consequences.
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Corollary 9 (Global invariance) The operator Pay is a linear projection onto the
discretized residuals D(M) from (3.15). In particular, we have

Pm(AV)Y=AV  and Pmp(f)=f

forany V € Vo(M) and any M-piecewise constant function f € Py(M).

Next, we verify the local stability (3.14f) of P 4. As a side product, we also obtain
the local stabilty of the operator Py ¢, which was left open in Sect. 3.3.

Theorem 10 (Local stability) The linear projection Py is locally H™'-stable: for
any functional £ € H~'(Q) and any vertex z € V, we have

Pl 1y S 11 (-

where the hidden constant depends only on d and o (M).

Proof Given v € H& (w;), we derive

[(Pagly v) 1= D1 i) (s )T ) 1 =16 | VWi oo 16 1 =1 oy [ V0 o,
i€, ieZ,

S el =1 (@) VYo,

where we used Lemma 7 (ii) and #Z, < 1. O

Remark 11 (Stability of 730, M) The argument in the proof of Theorem 10 also shows

that 750, A is locally H~!-stable. In fact, one simply replaces P by 75(), M and the
index set Z, by Z, N M.

Let us conclude this section with the following further remarks on the linear pro-
jection Ppy.

Remark 12 (Orthogonality) For any £ € H~'(), the error £ — P £ is orthogonal
to span {y; | i € Z}. This a immediate consequence of Lemma 7 (i).

Remark 13 (Adjoint of P ) Formally, the adjoint of P is given by
Prv = (i, Vi, veH Q).
i€l

Here Lemma 7 (i) implies

/P}‘Vlvzf v and /Pﬂv:/v (3.22)
K K F F

for all elements K € M and interelement faces F € F. The operator P}kvl and these
conditions, which characterize it, were used in Veeser [24] to derive an a posteriori
error upper bound in terms of a hierarchical estimator. That argument, as well as Morin,
Nochetto, and Siebert [18, Theorem 3.6] and Verfiirth [25, (3.14)], is closely related
to Theorem 15 below.
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3.6 Required a priori information, an alternative to P 5, and quantification of
the discretized residual

The purpose of this section is twofold. First, we illustrate which type of a priori
information on f in (2.2) is needed to carry out our approach, presenting also a
possible alternative to P 4. Second, we show that a stable biorthogonal system is not
only useful to construct P, but also to quantify the local dual norms of discretized
residuals.

Clearly, the operator P, of §3.5 can be applied to the right-hand side f of (2.2)
whenever

(f, Vi), i € Z, are known exactly. (3.23)

In order to ensure a meaningful discretized residual, this information goes beyond
(2.14), the information necessary for the Galerkin approximation (2.11) on the mesh
M, itis available, e.g., when one is able to compute the counterpart of (2.11) of order
d + 1 over M.

There are other possibilities to obtain a meaningful discretized residual. The fol-
lowing one fits particularly well to (2.14) in the context of mesh adaptivity. Suppose
that we are given an initial mesh and a refinement procedure such that the set M of all
refined meshes form a shape-regular family. Furthermore, suppose that, for any mesh
M € M, there is arefinement M € M with vertices V(/\/l) that satisfies the following
properties:

VK € M 3K e M with K C Kandhg <hg, (3.24a)
Vi € T(M) 37 € V(M) such that 7 is interior to i. (3.24b)

Let us now fix a mesh M € M and a refinement /\/l € M satisfying (3.24). For any
i € T(M), using (3.24b), we ﬁx avertex 7 € V(/\/l) interior to i and denote by ¢7~ its
associated hat function in V(M) We then obtain counterparts 1//,, i € 7, of the test
functions V;, i € Z, by using these hat functions with a suitable scaling in place of the
element and faces bubble functions in (3.19) such that the following lemma holds. We
skip the technical details, referring to Morin, Nochetto and Siebert [17] and Veeser
[24].

Lemma 14 (Another locally stable biorthogonal system) Together with the basis i,
i € T, the test functions V;, i € L, form a locally stable biorthogonal system:

(i) We have
Vi, j €1 <Xi7 Jj)zau

(ii) LetZ, = {i € I |i > z} denote the elements and faces containing a vertex z € V.
Then

Vi€ T Xl g1 IV¥illo, < Cys
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where the stability constant C " only depends on d and the shape coefficient o (M).

Thus, the operator

Pl =Y (6, i) xi (3.25)

i€l

defines an alternative to Py ang the properties (3.14) without (3.14b) can be estab-
lished as for P 4. The operator P4 can be evaluated on any mesh M € M whenever

VM eMVze Vo(ﬂ) <f, as;) are known exactly, (3.26)

where {QNSZ} 2eVo(M) denotes the nodal basis of Vo(ﬂ). This is exactly (2.14) for all
meshes in M. Consequently, it is also needed to ensure that an adaptive algorithm
with the above refinement procedure can always compute the Galerkin approximation
(2.11).

Let us now turn to the quantification of the discretized residual and verify (3.14b),
considering a general locally stable biorthogonal system.

Theorem 15 (Quantifying local dual norms) Let ¥;, i € Z, be the test functions from
Lemma 7 or Lemma 14. If £ € D(M) on a star w,, then the corresponding local dual
norm can be quantified by a finite number of evaluations:

< [ Vlﬁz l >

(vl
AL

where the hidden constant depends on d, o (M), and Cy,.

2 2

1
d+1:
ie

< el

Proof Let us first prove the lower bound, which holds for any arbitrary functional
¢ € H~'(Q). In fact, the definition of the dual norm readily yields

Vi >‘
2 < 1l uppys (3.27)
K IVl ey

for any i € Z. Notice that the essential supremum of x +— #{i € Z, | supp ¥; > x}
is bounded by d + 1. Arguing as in the proof of Lemma 4 (ii), we therefore obtain

DGt uppyy = @+ DI 1, (3.28)
iel,

and the proof of the lower bound is finished.

To show the upper bound, we (need to) assume that £ € D(M) on w,. Given
NS HO1 (w;), we can then write

= Zc[ (xi, v) with ¢; € R.
ieZ,
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In light of the biorthogonality, we have ¢; = (¢, ;). Using also the local stability of
the biorthogonal system, we infer

(6 )| < D)1 i) (s v) |

ieZ,
< 2 Il 10 K Vv >‘ v
ieZ,
w.
= Cy <e’ ot ||| 17V
ez, '

Since the solid angle of every simplex containing z is bounded away from 0 in terms
of d and the shape coefficient o (M), we have #I, < C,(rq). Consequently, the
Cauchy—Schwarz inequality on the sum implies the desired upper bound. O

Theorem 15 implies the missing (3.14b) for both operators P4 and 73/\/1 and,
in accordance with Sect. 3.3, we have splittings of the local residual norms with the
desired properties. Notice that, in view of the discussion of this section and Corollary 5,
bounding the terms

1PAS = Fll-1wn) O 1PAS = fll -1 (o)

cannot be done in general with a finite number of evaluations of the load f. Notably,
these terms involve only the load, and the discretized residuals

IPpS + AUl -1 () OF IPAS + AU p Ml -1 0

can be quantified with finite information, which, in light of Remark 3, is less than the
information required for evaluating local LZ-norms of the load f.

3.7 A posteriori error bounds

We now summarize our preceding results by deriving a posteriori error bounds. The
resulting bounds are defined for any load f € H~!(2) and the oscillation is dominated
by the error. ~

The following statements remain correct if P is replaced by P4 from (3.25).

Theorem 16 (Abstract upper bound) For any functional f € H~'(Q) and any con-
forming mesh M, we have

IVGr = Up a0l S D NP + AU sl 1y + IPMS = F 10
zey

Each local dual norm ||Pa f + AU . pll g-1(.,) of the discretized residual can be
quantified with a finite number of evaluations of f, while the quantification of the

@ Springer



64 C. Kreuzer, A. Veeser

local dual norms [P f — fllg-1(w,) of the oscillation requires additional a priori
information on f.

Proof Lemma 1, Lemma 4 and a triangle inequality imply the claimed bound. Recall-
ing that

Pamf 4 AUsm € DIM),

Theorem 15 and Corollary 5 ensure the statements about the quantification of the two
parts of the bound. O

In contrast to previous results available in literature, the complete upper bound in
Theorem 16 is also a lower bound, even locally.

Theorem 17 (Abstract local lower bounds) For any functional f € H~'(2) and any
conforming mesh M, the discretized residual and the oscillation are locally dominated
by the error: for every vertex 7 € V, we have

IPrf + AU mllg=1(w) S IV s = Up a0l

and

IPrmf = flla-1wy S IV@s = Upalo.-

Proof Inlight of (3.12), the first claimed inequality follows from the triangle inequality
and the second one. The latter is a consequence of Theorems 8 and 10 and (3.12):

IPrmf = flla-1w) S IPM + AU A -1 (0, + 11 = AU Ml =10,
S = AUp M-t S IV@s = Up A0 llo,- O
Squaring and summing, we readily get global lower bounds.

Corollary 18 (Abstract global lower bounds) For any functional f € H~Y(Q) and
any conforming mesh M, the discretized residual and the oscillation are globally
dominated by the error in that

Y NPMS + AUl S IV @y = Up a0l
zeV

and

DNPMS = FlGige, S IV = Up a0l
zeV

To summarize: if we are able to quantify the oscillation terms [P f — fll g-1(a,)»
z € V, then the right-hand side in Theorem 16 is a truly equivalent a posteriori error
estimator.

@ Springer



Oscillation in a posteriori error estimation 65

Remark 19 (Surrogate oscillation) The quantification of the local dual norms || Py f —
fllg-1 ()0 % € V, of the oscillation appears to be a difficult matter. In [10, Section 7],
Cohen, DeVore, and Nochetto consider similar terms for special f and resort to surro-
gates that can be approximated with the help of numerical integration. Those surrogates
hinge on additional regularity of f, which entails the risk of overestimation; cf. Lemma
20 below.

3.8 Classical versus error-dominated oscillation
In this section we compare the error-dominated oscillation with the classical

1/2

DNPMS = FlGi,

zeV
L?- and H!-oscillation,

osco(f, M) and min |If —gllyg-1q)>
gePo(M) H=©)

from (1.4) and (1.5) in the introduction. Doing so, we verify statements of the intro-
duction and substantiate the advantages of the stability and invariance properties of
the operator P .

Let us first show that the error-dominated oscillation is always smaller, up to a
multiplicative constant, than both classical oscillations. To this end, let f € H™'(Q)
and let g € Pp(M) be an arbitrary piecewise constant approximation over M. The
local invariance and stability properties of P4 in Theorems 8 and 10 imply that, for
allz €V,

If =PmSfla-1w,) = I = 8lla-1(w) + I1IPME = P10,

(3.29)
S = 8lla—1w)-

Combining this with Lemma 4 (ii) and minimizing over g, we obtain the bound in
terms of the classical H ~'-oscillation:

If = Prmfl,- < min |1f —gll? o1 o (3.30a)
Z;; MITH @) = By H-1()

To show the other bound, suppose f € L?(2). Making use of the orthogonality of
Py, A and Poincaré inequalities in the elements of w,, we deduce

1f = Potf 100 S D Mk = Popaf ks
KCow,
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which together with (3.29) gives the bound in terms of the L2-oscillation:

D =Prf Iy S D hkllf = Poafllk = osco(f, M)*.  (3.30b)
zeV KeM

The converse bounds of (3.30) do not hold. For the classical L2-oscillation, this
applies even on a fixed mesh and is in particular due to stability issues. The fol-
lowing lemma provides an illustration, relating directly to the error instead of the
error-dominated oscillation.

Lemma 20 (Overestimation of classical L?-oscillation) For any conforming mesh M,
there exists a sequence (fi)r C L%(Q) such that

osco(fx, M)
IV g = Ug Al

— 00 ask — oo.

Proof Choose f € H~1()\ L*(R). Since L?(R2) is dense in H ™' (), there exists a
sequence (fi)x C L%(Q) such that fx— finH ~1(€). On the one hand, the energy
norm errors ||V(up — Uy Al are uniformly bounded with respect to k. On the
other hand, in view of limy— o || f |l L2(q) = 00, the oscillation osco ( fi, M) becomes
arbitrarily large for k — oo. O

In the case of the classical H ~!-oscillation, (3.30a) cannot be inverted because of
invariance issues. Let us illustrate this again by the relationship to the Galerkin error.
Consider

f =—AV forsome V € Vo(M) \ {0}, (3.31)

where M is some conforming simplicial mesh of €. For any conforming refinement
M of M, we then have ur=V =Uys pmand f ¢ Po(M). Hence

Vg —Upa)ll =0< min |[f —gllyg-1q)>
f fiM ¢ePo(M) H=1(Q)

where the classical H~!-oscillation can be made arbitrarily large for a given M but
decreases to 0 under suitable refinement. One could argue that the (neighborhoods of
the) loads (3.31) are very special, in particular because the optimal convergence rate
of (3.31) is formally oco. Here is another example based upon Cohen, DeVore, and
Nochetto [10, Section 6.4], where the optimal nonlinear convergence rate for the error
is finite and often encountered in practice.

Lemma 21 (Another overestimation of classical H !-oscillation) Ler Q = (0, 1)2.

There is a functional f € H~'(Q) and a sequence (L), with logn 2 L, — oo as
n — oo such that

in |V(us—Uys. <p 12 3.32
#rﬁnjgnll (ur=Urpll S (3.32a)
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and

1/2
. ) 2 -12
min  min — _ >L,n , 3.32b
#MgngewM)( 2 I sl l(“’f)) - (3320
zeV(M)

where M varies in all meshes created by recursive or iterative newest vertex bisection
of some conforming initial mesh M of 2.

Proof In [10, Section 6.4] Cohen, DeVore and Nochetto construct some function u y €
H(} (£2) and a sequence L, as claimed for which (3.32a) and

172
: 2 -1/2
min ( ) ||f||H_1(wZ)) > Lyn (333)
zeV(M)
hold. It thus remains to establish (3.32b). To this end, we fix temporarily an arbitrary

vertex z € )V of a conforming mesh M and let g € Py(M). The inverse triangle and
(3.12) yield

If = glla-1(w,) = 1AUpm + 8llg-1(0,) — IIf + AU Ml g1y
= AUs M+ 8l g-1(w) — IVuy = Up M) o, -

By Lemma 7, we have, for all K € M,

(AU vk)= ) /(Uf;M)IF/ xrYk ds =0

FeF F

and, forall F € Fand K1, K e Mwith K1 NKy =F,

(AUf;.M +8. IﬁF) = /F JWUgp)¥Fds + Z 8|K,~/K XK YF dx
i=1,2 i
= (AUpM ¥F).

Theorem 15 therefore implies

¢.
AU M+ 8l 10, 2 Z KAUf;M te IIWl/'II
L

ie,NF
Vi >'
= AUf;M,
,»EZIN vyl
=Y (AUpm. — >‘Z||AU<M|| -
,.d"< ] Sl
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Exploiting also Lemma 4, we arrive at

1/2
Y NAUs i+ 81510,
zeV
1/2
2| 2o NAU s Ml
zeV
1/2 172
A 0w, | [0+ AU M,
zeV zeV
1/2
= 2w, | = ClIV@y = Up a0l
zeV
Consequently, (3.32a) and (3.33) lead to
1/2
: : 2 ~1/2
min  min — _ >(L,—C)n ,
guin  min ZV 1f =8l iy | = @Tn—=0)
which, upon redefining (L,),, implies (3.32b) and the proof is finished. O

Remark 22 (Overestimation of H~!'-variant of standard residual estimator)  As
pointed out by Cohen, DeVore, and Nochetto [10], the example of Lemma 21 entails
that the right-hand side of

Vs =UpadlP S Y NAU sl g1y + 1110y
zeV(M)

a variant of the standard residual estimator defined for all loads f € H~1 (), is
overestimating. In Sect. 4.2 below, we propose through our new approach another
variant that is free of overestimation.

4 Realizations with classical techniques

The a posteriori error bounds in Sect. 3.7 are abstract in that they are given in terms of
the local dual norms || - || -1, ). z € V, of the discretized residual and the oscillation.
For the norms ||Paf + AUs mllg-1(0,)» 2 € V, of the discretized residual, we
required a quantification in terms of finite information on the load and provided a
possible realization in Theorem 15. In this section we discuss a selection of alternative
realizations. All realizations are motivated by classical approaches to a posteriori
analysis and cover two explicit and two implicit techniques. It is worth making the
following observations:
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e Hierarchical estimators and estimators based upon local problems implicitly intro-
duce a splitting of the residual like the one proposed in Sect. 3.3.

e The overestimation of the standard residual estimator in Remark 22 can be cured
with the help of the splitting of the residual in Sect. 3.3.

e Employing different local dual norms, the approach of Sect. 3 can be extended to
estimators based on flux equilibration.

e Each realization quantifies a local dual norm of the discretized residual by a
computable, equivalent norm. Both equivalence and computability hinge on the
finite-dimensional nature of the discretized residual.

4.1 A hierarchical estimator

Hierarchical estimators investigate the residual on an extension of the given finite
element space. While higher order extensions were used originally, Bornemann, Erd-
mann, and Kornhuber show in [6] that an extension containing the functions

Ak = 1_[ ¢, KeM, and Aip:= 1_[ ¢, FeF, 4.1
zeVNK zeVNF

already ensures reliability for piecewise constant loads f € Py(M). The indicators
of a corresponding, ‘minimal’ hierarchical estimator are given by

Eu(f, M, i) = ’<Res(f;/\/l), L> , ie€elT=MUPF,

VAl

and computable in terms of U ¢, ¢ and the evaluations (f, A;), i € Z. This definition
implies the constant-free local lower bounds

En(f, M, i) < | Res(fs M)l g1 (supp )

and therefore, cf. (3.28), we have that, foreveryz e Vand I, ={i € Z | i 5 z},

1/2

doEu(f M| = VAT Res(f, M)llg-1(,), 4.2)

i€,

which is a local counterpart of the global lower bound in Veeser [24, Lemma 3.3].

This estimator is very closely related to the discretized residuals of Sect. 3.4 and
Theorem 15. Indeed, if K € M and F € F, Ky, K» € M such that F = K| N K>,
we have

Vg = Ak and Yp =

_@d+ 1) 2d —1)!
d\[K| ~(d = DF]

2
Ap—(Qd+1) Zm) 4.3)

i=1
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in view of (3.19). Hence span{y; | i € 7} = span{}; | i € Z} and Remark 12 yields
(f, Ai) = (Pmf, Ai), i € Z, and the indicators may be viewed also as evaluations
of the discretized residual: fori € Z,

Ai
Eu(f, M, i) =|{P +AUs M, .
WD ’< l Al ||vxi||>’

As a consequence, we also have the following counterpart of (4.2):
1/2
YoEu(f, M SNVAHTIPMS + AUs pmll g1y (44)

i€,

In order to prove the converse bound, we may proceed with the help of Pj\/t as in
[24]. However, having Theorem 15 at our disposal, it is simpler to exploit (4.3). We
immediately see

YK
& M, K) = |(P AU , . 4.5
u(f, M. K) K mI+AUsM ||V¢K||>‘ (452

Moreover, given F € F, K1, K» € M with F = K| N K5, we deduce

Cal FI™! < maxyrp < hpmax [Vyr| S helKI™2IVYrlk,
1

with hp := diam F and, fori € {F, K1, K>}

IV2illoy < Ca max o lor| .
i=1,

We therefore obtain || V||~ VA; || < |F| and

v >' ,
P AU M, < Eu(f, M, i). 4.5b
K M+ AU Mo W;/(Z} u(f, M. (4.5b)

Summing up, the hierarchical estimator quantifies the local discretized residual,

Do Eulf, M = [P f + AU 13y, 2 €V
ieZ,

and we have the following a posteriori bounds.

Theorem 23 (Hierarchical estimator with error-dominated oscillation) For any func-
tional f € H~'(Q) and any conforming mesh M, we have the global equivalence

Vs = Up a0l = Y0 Ea(fs M)+ Y IPMS = fliy10,y:
ieZ zeV
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as well as the following local lower bounds: for every z € V,

> En(f M <@+ DIVup—Upapll,..
ieZ,

D IPMS = [l 1) SIVGs = Up a0l -
ieZ,

The hidden constants depend only on d and o (M).
Proof Combine Theorem 16, Theorem 17, Corollary 18, (3.12), (4.5), and (4.2). O

4.2 An improved standard residual estimator

The standard residual estimator applies suitably scaled norms to the jump and element
residual; see, e.g., Verfiirth [26, Section 1.4]. In the case of the discretized residual

Pamf + AU =Y (. wr) + T WUpa)lF)xr + Y (2 ¥k) xk-
FeF KeM

this leads to the following indicators:

ERWpn. P F) =21 (f. wr) + T WUppllr.  FeF,
ERWUp M, P S, K) == hkl (f, ¥&) lk, K e M,

where hr and hg denote, respectively, the diameters of F and K and computability
is given in terms of U, o4 and (3.23).

These indicators actually quantify the discretized residual and in a way that is very
tight to Theorem 15: for any interelement face F' € F,

5R(Uf;M,PMf,F)E'<77Mf+AUf;M, —WF >‘ (4.6a)
IVYEI
and, for any element K € M,

L4 > , (4.6b)

VYl

where the hidden constants depend only on d and o (M). To see (4.6a), let F € F be
any interelement face. Lemma 7 (i), the trace inequality (3.18) for w = %2,- and the
Friedrichs inequality (3.17) for v = y/r, both with wF in place of w,, give

gR(Uf;M’ Pmf,K)= ‘<’PMf +AUf M,

Yr

IVérll
< IS vr) + WU A lF

YF
= ) J(WUy. )
>‘ K((f v+ Uranle) xr ||wfp||>’
Wl r

i S RIS W) + T WU a0 s

‘<PMf+ AUf M,
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while (3.20) yields | VYrllq < (hr|F|)~'/? and so

Y >‘ _ I ¥R + T Ul
IVYEll |FIV2 |Vl

> P vE) + T WUl Fe

'<PMf + AUf;./\/lv

Similarly, we obtain (4.6b).
Inserting the combination of Theorem 15 and (4.6) in the abstract a posteriori
analysis of Sect. 3.7, we obtain the following result.

Theorem 24 (Standard residual estimator with error-dominated oscillation) For any
functional f € H™'(Q) and any conforming mesh M, we have the global equivalence

IV@s = Upadl? = D E&RWUpps Paafs 0> + Y NPaS = Fllgpios
iel zeV

as well as the following local lower bounds: for z € V,

YR PSP+ NPT = fllGy1 ) S IV = Up a0l
ieZ,

The hidden constants depend only on d and o (M).

Theorem 24 relies on key features of the approach in §3, which the following remark
elaborates on.

Remark 25 (Classical vs new standard residual estimator) In contrast to the classical
standard residual estimator (1.2) and its H '-variant in Remark 22, the variant of
Theorem 24 is completely equivalent to the error. The reason for this improvement
lies in a suitable correction of the original jump residual. To elucidate this, remember
that both the classical standard residual estimator and its A ~'-variant in Remark 22
do not discretize the residual and therefore compare them to

A ESTR Y TS 3l VED DIV P71 S

FeF zey FeF

which also does not split off an infinite-dimensional part of the load f. The corrections
(f, ¥Fr), F € F, of the jump residual make sure that the new jump residual has the
invariance properties necessary for avoiding overestimation, i. e., it vanishes whenever
the exact solution happens to be discrete. Corrections with this property have been used
previously. For example, Nochetto [20] considers the special case f = fi + div fa,
where fi, f2 are suitable functions, and assigns (div f2)|x, K € M, to the element
residual and the jumps in the normal trace of f> across interelement sides correct
the jump residual. Similarly, in standard residual estimators for the Stokes problem,
pressure jumps correct the jump residual associated with the velocity. The novelty is
that the corrections (f, ¥r), F € F, are defined for an arbitrary f € H _1(52) and
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also locally H~!-stable and so fulfill the second necessary condition to avoid local
overestimation. Notably, the latter entails that, even if f is a smooth function, the jump
residual will be corrected significantly in certain cases.

4.3 An estimator based on local problems

A local problem lifts the residual to a local extension of the given finite element space
and so provides a local correction, the norm of which is used as an error indicator; cf.
Babuska and Rheinboldt [4]. While computability requires finite-dimensional exten-
sions, the higher cost with respect to the previous explicit estimators is tied up with
the hope of improved accuracy.

The following instance from Verfiirth [26, Section 1.7.1 and Remark 1.21] is vertex-
based and uses the local extensions

U, :=span{i; |i € I;} =span{y; | i € I;}, z €V,

where the functions ; and A; are defined, respectively, in (3.19) and (4.1). Given a
vertex z € V, the indicator is then

EL(f . M, 2) ==V,

where
v, € U, suchthat Vi € U, / Vv, - Vidx = (Res(f; M), A).
Q

Thus, v; is computable in terms of U ¢, o and, e.g., (3.23). The indicator £L.(f, M, z)
may be viewed as an implicit counterpart of (3 ;.7 Eu(f, M, )12 from §4.1.
Taking A = v,, we immediately obtain the constant-free lower bound

EL(f, M, 2) < [IRes(f; M)l g-1(0,), 4.7
which slightly improves upon (4.2).

Notice that, in light of Remark 12, the solution v, can be interpreted also as a lift
of the discretized residual Ppq f + AU s, pq. Consequently, the first inequality in

EL(f M. 2) < IPaS + AU Ml -1y S EL(F ML 2) 4.8)

is correct. The second one follows from Remark 13 and Theorem 10 in the spirit of
Morin, Nochetto and Siebert [18]. In fact, for v € HO1 (w;), we have

(PMm S + AUs M, v) = (Res(f; M), Piyv) Z/ Vv - VPvdx

< IVvllIVP vlle, S EL(f, M, DIV, -
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Theorem 26 (Estimator based on local problems with error-dominated oscillation)
For any functional f € H~'(Q) and any conforming mesh M, we have the global
equivalence

Vs = Upa0l> = D& Mo + 1PMS = fly 10
zeV

as well as the following local lower bounds: for every z € V,

EL(f, M, 2) = IIV@uy = Upa)llo,
and [Paf = fla-1wy S IV@s = Usp i) llo. -

The hidden constants depend only on d and o (M).
Proof Combine Theorem 16, Theorem 17, Corollary 18, (3.12), (4.7) and (4.8). O

4.4 An estimator based on flux equilibration

While indicators based on local problems provide constant-free local lower bounds,
estimators based on flux equilibration aim for a constant-free, or at least explicit,
global upper bound. This is achieved with the help of other, more sophisticated liftings
within the framework of the fundamental theorem of Prager and Synge [22], which,
for the homogeneous Dirichlet problem (1.1), can be formulated as follows: For any
v € H}(Q), we have

IV(v — u)|| = min {||.;=|| | & € L2(Q: RY) with divé = Av+ fin H—l(Q)} .
(4.9)

Realizations of this idea in Ainsworth [1], Braess and Schoberl [8], Ern, Smears and
Vohralik [12,13], and Luce and Wohlmuth [16] make use of some classical oscillation.
Its replacement by an error-dominated oscillation requires some adjustment to the
approach of Sect. 3.

The upper bound in the localization of Lemma 4 involves a non-explicit multiplica-
tive constant. In order to improve on this, we replace the local spaces H(} (w7),z€V,
with

_JtveHY @) | [, vdx =0}, ifzeVy=VNQ,
v e H'@) [ vlswran =0}, ifz € VAV,

equip them with the norm ||V - ||, , and denote the respective dual spaces by H'.

Lemma 27 (Alternative localization) Ler £ € H~1(Q) be any functional.
(i) If £ € Rz, then

€131y < @+ DD llgLlFys
zeV
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(ii) We have

D oLl S 131 g0
zeV

where the hidden constant depends only on d and the shape coefficient o (M).

Proof The proof is essentially a regrouping of the arguments proving Lemma 4, where
(3.3) slips into the proof of (ii); cf. Canuto et al. [9, Proposition 3.1]. O

Splitting the residual up in discretized residual and oscillation, we then obtain
the following abstract error bounds; we do not state the global lower bound as it is
immediate consequence of the local one.

Lemma 28 (Alternative abstract error bounds) For any functional f € H™ () and
any conforming mesh M, we have the global upper bound

Vs —Up a0l

< @+ D Y (I6:Psaf + AU a0 laz + 16.Pans — Dz’
zeV

as well as the following local lower bounds: for every vertex z € V,

¢:(Prf + AU A 1z + Nz (Paaf — Pllaz S IV @y = Up ) llo, -

The hidden constants depend only on d and o (M).

Proof The global upper bound follows from Lemma 27 (i) and the triangle inequality.
To prove the local lower bounds, we recall Theorem 17 and take £ = Paq f + AU, pm
and ¢ =Py f — fin

(@, v2) = (€, d2vz) < 1l -1 IV @) l0, S 110 IVVzllw,,  (4.10)

which exploits (3.3) for v, € H, and z € V. O

In order to quantify the local discretized residual, we construct local equilibrated
fluxes following the ideas of Braess, Pillwein, and Schoberl [7] and Ern, Smears, and
Vohralik [12]. To this end, fix any vertex z € ) and define the operator 7, : {m; :
HY — H}} — H}by

[(22% VR
m (o) = | 00T T HEE M 4.11)
¢ L ifz € V\ .

We emphasize that 7, (¢z (Ppm f+ AUy, M)) can be computed in terms of U s, o4 and
(3.23). Thanks to the definition of the spaces H;, z € V), and the general form of the
theorem of Prager and Synge (see, e.g., Verfiirth [26, Proposition 1.40]), we have

(P f + AU A1z = 12 (Pa S + AU g A0 x = Ergxiwr; §llo, (4.12)
with the affine space
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W, := (& € L*(0;; RY) |divé = 7, (¢ (P f + AUp ) € HE
and& -n =0ondw, if z € V)
and’;‘-n:Oonaa)Z\aQifzEV\VO},

and the equalities in the definition of W, have to be understood in the sense of dis-
tributions; the space W is not empty since (7, (¢, (Paqf + AU A0), 1) = 0 for
every z € V.

In order to introduce a discrete counterpart of W in (4.12), we employ the Raviart-
Thomas-Nédélec spaces

RIN(K) :={E : K - R? | E(x) =a + bx forsome a € P/, b € P}, K € M,
and define

W, (M) := {E € L*(w) | E|x € RTN(K) forall K € M with K C o,
and div E = 7. (¢.(Pmf + AUjp M) € HY
and E -n=0o0ndw, ifz € V)
and E -n =0ondw; \ IQifz € V\ W},

which satisfies

min || Elle, < min [§]lo, < _ min[[Ell, (4.13)

7~

ZeW, (M) EeW, EeW, (M)

and the hidden constant depends only on d and o (M). Indeed, the right inequality is
obvious because of W, (M) C W,. The left inequality can be proved by an explicit
construction; see, e.g., [7,12]. For the ease of presentation, however, we shall assume

E; = argmin || E ||,
ZeW (M)

and note

1E:zllw, S NPt f + AU a0z < 1Bz,

in view of (4.12) and (4.13). Inserting this in the abstract bounds of Lemma 28, we
readily obtain the following a posteriori bounds; as before, we suppress the global
lower bound.

Theorem 29 (Equilibrated flux estimator with error-dominated oscillation) For any
functional f € H™Y(Q) and any conforming mesh M, we have the global upper
bound

Vs = Upa0l? < @+ D> (1E: o, + 16:Prtf = Hllz)’
zeV
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as well as the following local lower bounds: for every vertex z € V,
IE02, + 16 (Paaf = POl S UV @y = Up a0l -

The hidden constant depends only on d and o (M).

In contrast to the cited previous bounds, the upper bound in Theorem 29 contains the
multiplicative constant d + 1. This constant arises from the localization in Lemma 27.
As an alternative to this localization, one may use the constant-free upper bound in the
following remark and split the estimator part || Z | therein into local L?-contributions.

Remark 30 (Alternative upper bound) Observing that

Y divE. = f+ AU+ Y (¢ (Praf = f))s
zeV zeV

we set E := ) .y, E; and apply the theorem of Prager and Synge (4.9) globally and
Lemma 27 to obtain

1/2

VG = Upaoll < 121+ VAT T | 3 19:Patf — Dl

zeV
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