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Abstract

We present an algorithm which allows to solve analytically linear systems of differential equations which
factorize to first order. The solution is given in terms of iterated integrals over an alphabet where its structure
is implied by the coefficient matrix of the differential equations. These systems appear in a large variety
of higher order calculations in perturbative Quantum Field Theories. We apply this method to calculate
the master integrals of the three-loop massive form factors for different currents, as an illustration, and
present the results for the vector form factors in detail. Here the solution space emerging is given by the cy-
clotomic harmonic polylogarithms and their associated special constants. No special basis representation
of the master integrals is needed. The algorithm can be applied as well to more general cases factorizing at
first order, which are based on more general alphabets, iterated integrals and associated constants.
© 2018 Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The fundamental objects in any gauge theory are the scattering amplitudes or correlation
functions, as they allow to compute the scattering cross sections for collider experiments at large
facilities like the Large Hadron Collider (LHC) at CERN. Computations of such objects are
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mostly using the diagrammatic approach. Especially, in the case of perturbative Quantum Chro-
modynamics (QCD), one calculates these objects by obtaining all Feynman diagrams at each
order in the expansion coefficient, the strong coupling constant ¢;. Decades of dedicated work
have made it possible to partially automate this procedure, from generating Feynman diagrams
to the momentum-integral structure. The main remaining step consists in the computation of the
integrals over loop momenta and to perform the associated Feynman parameter integrals.

Through the reduction of the whole problem by integration-by-parts (IBP) techniques [1-8]
one obtains master integrals (MIs). One method to solve these integrals is the method of dif-
ferential equations [9-12]. Differentiating with respect to a parameter in the system one obtains
coupled systems of ordinary differential equations of master integrals in the uni-variate case, with
which we deal with in the following.! In the case where these systems factorize at first order,
the complete solution can be constructed algorithmically. This has been done before in Ref. [12]
mapping to systems of difference equations, which also factorize to first order. The solution has
then been performed using difference ring and field technologies [14-26], implemented in the
package Sigma [27,28].

In the present paper, we present an algorithm operating on uni-variate systems of differential
equations, which are factorizing at first order, directly. In the case where the factorization of the
system leads to higher order sub-systems, elliptic and even more involved structures will appear,
cf. e.g. [29-37]. Here still iterative solutions can be found. However, the corresponding integrals
contain also letters, which are given by non-iterative integrals and therefore these solutions are
given by iterative non-iterative integrals [38].

The solution in the first-order factorizing case is given by iterative integrals over a certain
alphabet 2 = { f1(x), ... fin(x)} together with special constants. We will present the algorithm
for solving these systems, which does not require a special choice of a basis for the MIs, like the
casein [11].

As an illustration, we employ this method of integration for computing the set of MIs which
contribute to both the color-planar and complete light quark non-singlet three-loop contributions
to the heavy-quark form factors for different currents, namely the vector, axial-vector, scalar
and pseudo-scalar currents. The massive form factors for vector and axial-vector currents play
an important role in the forward—backward asymmetry of bottom or top quark pair production at
electron—positron and hadron colliders. The scalar and pseudo-scalar ones contribute to the decay
of a Higgs boson to a pair of heavy quarks. They are also of importance to scrutinize the proper-
ties of the top quark [39,40] during the high luminosity phase of the LHC [41] and experimental
precision studies at future high energy eTe™ colliders [42]. The perturbative QCD contributions
to these massive form factors at two loops were first computed in [43—46]. Later an independent
computation was performed in [47] for the vector form factors, additionally including O(¢) terms
in the dimensional parameter ¢ = (4 — D)/2. Recently, the two-loop contributions up to O(&?)
for all the massive form factors were obtained in [48]. At three-loop level, the color-planar con-
tributions to the vector form factors have been computed in [49,50] and the complete light quark
contributions in [51]. Using the method described in this paper, we have obtained both the color-
planar and complete light quark contributions to the three-loop form factors for the other three
currents, namely axial-vector, scalar and pseudo-scalar currents in [52]. In a parallel and inde-
pendent computation in [53] the same results have been obtained. The asymptotic behavior of the
heavy quark form factors has been studied in [54,55] recently, see also Refs. [47]. The large By

1 For a recent survey on the calculation methods for multi-loop integrals, see Ref. [13].
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limit for massive form factors has been considered in [56] and in [57], where the three-loop scalar
and pseudo-scalar form factors were computed in the static limit.

The paper is organized as follows. In Section 2 we describe the algorithm to solve first-order
factorizing single-variate differential equation systems and present an illustrative example. In
Section 3 we consider the massive three-loop vector form factors in an arbitrary basis and present
the corresponding analytic results in Section 4. In Section 5 a numerical representation for the
cyclotomic harmonic polylogarithms (HPLs) up to weight w = 6 is given, to allow the numerical
evaluation of the massive three-loop form factors. Section 6 contains the conclusions. The com-
plete expressions for the vector form factors, which are very large, are given in ancillary files
together with the code CPOLY . £ for the cyclotomic harmonic polylogarithms and other mate-
rial, attached to this paper.

2. Description of the method

We consider n master integrals (MIs) Z = ([y, ..., I,) which belong to the same topology and
are functions of the dimensional parameter d = (4 — 2¢) and the variable x
2 2
1—
s=L Q-9 (1)
m X

Here g2 denotes the virtuality of the current and m is the heavy quark mass. One obtains an n x n
system of coupled linear differential equations by taking the derivative for x of each of the Mls
followed by the IBP reduction,

d
—I=MI+R. 2)
dx

Here the n x n matrix M consists of entries from the rational function field K(d, x) (or equiv-
alently from K(e, x)) where K is a field of characteristic 0; in the examples below the entries
are even from Q(d, x) (or equivalently from Q(e, x)). Furthermore, the inhomogeneous part
R = (R1,...,Ry) is composed by simpler master integrals whose evaluations are immediate
or can be carried out by other methods, like symbolic summation and integration; see [12] for

details and references therein. In simpler situations R turns out to be just the 0-vector. For more
2

involved applications we will assume that each entry R; is expanded into a Laurent series” in &
o .
Ri= Y /R
j=—k

up to a certain order in terms of special functions. More precisely, we assume that the first

coefficients R}J ) are given as polynomial expressions with coefficients from K in terms hy-
perexponential functions and iterative integrals over such functions; for a detailed definition see
below. Furthermore, we assume that the unknown integrals Z; can be expanded in an e-expansion

o
j=—k
This applies to the case that M has no poles in ¢. If this is not the case, according index-shifts
have to be performed. Here it may happen that part of the equations which have to be solved,

2 Inthe following f ®) does not denote the kth derivative of f.
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are no differential equations but are algebraic. Given such a coupled system, we seek for the first

coefficients Il.(’ ) in the form of polynomial expressions in terms of hyperexponential functions
and iterative integrals over such functions.

4
Definition. A function f(x) is called hyperexponential if d*f(fx(;) = r(x) is a rational function

in K(x). Such a function may be given in the form

fx) = efzxdy r(y)

for some properly chosen [ € K. An iterative integral over hyperexponential functions is an
integral of the form

X X1 Xh—1
[axinie [an ... [ an o o)
lo L -1
where f1(x),..., fa(x) are hyperexponential functions and the lower bounds Iy, ..., ;1 € K

are appropriately chosen.

The class of hyperexponential functions covers functions of the form g (x)* where g(x) €
K(x) and p € K. Note that in all our calculations that arose so far, we only dealt with the spe-
cial case u € Q. In the following we will use the property that f(x) g(x), ﬁ with f #0

and % f(x) are hyperexponential functions provided that f(x) and g(x) are hyperexponen-

tial functions. In addition, % acting on the iterative integral (4) simply removes the outermost
integral. As a consequence, applying the derivative to a polynomial expression in terms of hyper-
exponential functions and iterative integrals over such functions will lead again to a polynomial
expression in terms of such functions. Furthermore, the multiplication of two iterative integrals
over hyperexponential functions can be written as a linear combination of iterative integrals over
hyperexponential functions due to its shuffle algebra [58]. Consequently also a polynomial ex-
pression in terms of hyperexponential functions and iterative integrals over hyperexponential
functions can be always written as a linear combination of the form A (x) 11 (x) + ... (x) . (x)
where the [; (x) are iterative integrals over hyperexponential functions and the %;(x) are hyper-
exponential functions.

A general assumption of our method will be that the degree of uncoupling will be of first
order. More precisely, we will apply internally Ziircher’s algorithm [59-61] implemented in the
package OreSys [62] in order to decompose the system into one scalar linear differential equa-
tion (sometimes also several such equations) determining all unknown functions. In the case that
the scalar equations (evaluated at ¢ = 0) are first-order factorizable, we proceed.

In general, the dimension n of the system (2) is rather high (e.g., n = 100). In this matter
we note that the MIs can be distinguished sector-wise. A sector is defined by a set of maximum
number of non-vanishing propagators in a single Feynman graph. Correspondingly, the absence
of some propagators defines sub-sectors. The differential equation of a MI hence only contains
integrals from the same sector or its sub-sectors. Thus, organizing the integrals in a way such
that integrals with a minimum number of propagators are kept at the end of the list, provides
an upper-block-triangular form of M, i.e. the diagonal elements of M are square matrices of
not only rank one but higher. Each such square matrix represents a completely coupled set of
integrals and we call them sub-systems of M. The advantage of arranging the system in this
way is that now we can solve the system in a bottom-up approach, i.e. we first solve for the last
set of coupled integrals in the list which depend on themselves only (plus inhomogeneous parts
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from R that are already expanded in terms of special functions), and then solve the second last
set of coupled integrals, which depends on themselves and the last integrals and thus going up in
the list.

We will now elaborate the different steps of our proposed algorithm. Similar ideas have been
utilized already in Refs. [12,60,63,64] in order to find solutions in terms of iterative sums over
hypergeometric products.

1. Let us consider m integrals I= (i I oens im) which constitute a coupled sub-system,
d -~ -~ o~ ~
—I=MI+R, 5)
dx

where the non-diagonal elements of M are mostly non-zero and are rational functions from
K(d, x), or equivalently from K(g, x). In particular, we may assume that M is an invertible
matrix; if not, one can derive an alternative system by simple row operations with this property
(the new system consists of less unknown integrals and the redundant integrals, that are removed
from the system, can be expressed trivially by the integrals that arise in the new system). The
inhomogeneity R is formed by contributions from integrals belonging to sub-sectors and the
components of R. By construction we succeeded already in calculating the first coefficients of
the e-expansions of these integrals in terms of iterative integrals over hyperexponential functions.
Consequently, plugging these results into R yields the e-expansions

o0
Ri = Z eI RV
J—k

for 1 <i <m where the first coefficients 7~€§" ) are given explicitly in terms of iterative integrals
over hyperexponential functions.

Now we exploit the fact that for a certain topology and kinematics, the order k of highest pole
of an integral in 7T is well-defined, as e.g. the integrals arising in three-loop massive form factors
can have at most a pole of 1/&3. Hence, one has the following Laurent expansions

o8]
L=y 1. (©)

j=—k

In order to determine the first coefficients Z; in terms of iterative integrals, we proceed as follows.
We plug in (3) with undetermined coefficients Z; into (5), perform the series expansion in ¢ and
consider the coefficient of ¥ :

d -

;Efm=M©j@+CmmfFU+M®jW%+“_hﬂWﬂf4v+ﬁ®70)

fork=-I,—-1+1, etc.

2. At each order in the e-expansion we have now functions of a single variable x only. Solving
order by order, one obtains Z as a Laurent series expansion in €. To accomplish that we start with
the coefficient of the leading pole £ ~!. The corresponding sub-system is

d ~

Eﬂ%=M©fw+ﬂ%' ®)
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To solve Eq. (8), a natural first step is to reduce this m x m system to a higher order differential
equation for a single integral. We will refer to this procedure as ‘uncoupling’ from now on. By
using the package OreSys one obtains

“ ak -
> @)L @ =r). )
k=0

Here p;(x) are rational functions in K(x) and

A m di L
r) =Yy ri ) =R () (10)

dxi
i=0 j=1

for some integer X. Since the differentiation of iterative integrals over hyperexponential functions
yields again iterative integrals over hyperexponential functions, the inhomogeneous part » (x) can
be given explicitly in terms of iterative integrals over hyperexponential functions. Besides this

~ m
scalar differential equation, the package OreSys provides in addition the solutions I,Efl) (x) e

in terms of linear combinations of i'l(_l)(x) and its derivatives:

d I (x) + pr(x) (11)
.xi k Pr(X

m—1
L@ =) it -

i=0
with ai; € K(x). Like the r(x) in (10) the px(x) can be given in such a form. Consequently,
also the pi(x) can be expressed explicitly in terms of iterative integrals over hyperexponential
functions. In other words, if one succeeds in solving the linear differential equations (9) and
obtains the solution for fl(_l)(x) in terms of iterative integrals over hyperexponential functions,
one can plug this closed form into (11) and can extract such an integral representation of the

= (— m . . . . .
remaining functions I,E b (x) ' Concerning the uncoupling we remark that it is not advised

using the classical cyclic vector algorithm to achieve the uncoupling, since generally this method
provides uncoupled equations with large coefficients. Moreover, it is beneficial that Ziircher’s
algorithm may find several linear differential equations for several of the unknown functions:
they have usually smaller orders than the cyclic vector algorithm (which always finds only one
differential equation). The solving tools are now applied to each of the found equations. For
simplicity we assume in the following that only one scalar differential equation for i'l(_l) (x) is
produced.

3. From Eq. (7) it is evident that the homogeneous solutions are always the same for any order
in . The inhomogeneous solutions are different, however, by action of the inhomogeneities. We
first consider the homogeneous solutions of Eq. (9). First we check if the differential equation
can be factorized into first-order factors of the form

d d d
— —p ——p e ——p =07 12
<dx P (x)> (dx pz(X)) (dx Pm (x)> y1(x) (12)
with pg being rational functions in K(x) by using algorithms from [65-67]; for more details
see [68, Chapter 4]. If this is possible, we proceed as follows. Define for 1 < k < m the hyperex-
ponential functions

Jydy pr(»)
e 'k

hi(x) = (13)
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for some appropriate lower bounds /; € K, that are solutions of the kth first-order factor, i.e.,

d . B ()
(E—pk(X))hk(X)—O — o)

Finally, one can read off from the factorization (12) the m solutions

y1(x) =h1(x),

= pr(x). (14)

X
ha(x1)
(x)=h (X)/dx ,
2 1 1 h1(xr)
lo
(15)
[ o) [ me) [ Jin G 1)
2(x1 3(x2 mXm—1
Y. (X)=h1(x)/dx1— dx; ——= ... f dxy_] —=—"=27
" hi(x1) h(x2) " 1 (em—1)
ly I ln—2
where the lower bounds lo,...,[,;—» are chosen accordingly. These solutions, also hcz}ll)ed
k(x

d’Alembertian solutions [69], form iterative integrals over hyperexponential functions =
Since they are linearly independent over K, see [69, Thm. 5],

{Ciyix)+--+Cpymx) | Ci,...,Cp eK}

yield the full solution space of the homogeneous differential equation (12). In the calculations
presented below the hyperexponential functions /4 (x) can be simplified all to rational functions
in K. Even more is true after further simplifications: The integrands can be decomposed into the
form

hi(x)

=g+ Y qruipi(x),  qegri €K (16)
hi—1(x) ;
by partial fractioning with ¢;(x) = B‘;’égg, where the f;(x) are irreducible polynomials in K[x]

and o4 (x) are polynomials in K[x] with deg(¢; (x)) < deg(B;(x)) and e; € N\{0}.

Let us consider a typical example. Usually the functions pg(x) in Eq. (12) are rational func-
tions, which factor into the letters f;(x) of an alphabet 2A’. If these letters are the ones of the
Kummer—Poincaré type [70] the ratios A, / h,—1 in Egs. (15) are again Kummer—Poincaré letters
after partial fractioning. This representation holds as well for cyclotomic harmonic polyloga-
rithms, since these have complex representations by Kummer—Poincaré letters.

By linearity one can now apply the integration sign to each of the summands in (16) and
eliminate algebraic relations among the arising integrals utilizing their shuffle relations; these
ideas have been elaborated in detail for the sum case [58,71]. In particular, the multiplicity e; can
be reduced upon noting

1 -1 1 ! 1
/dxx_"_ (k— 1) xk=T° /dx(lix)k Th-DAE0ET a7

Likewise, the cyclotomic letters integrate to structures like

/d 1 S B +2/d | s
A x40 6(0—x+222 " 30—x42 3] T x4 e2

2 1 1
/dx al e R —/dxi, etc. (19)
(14 x+x2)2 3(14+x+x2) 3 14 x+x2
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In the course of these simplifications also products of these functions and corresponding har-
monic polylogarithms arise that can be joined using shuffle relations [58]. In addition to the
cyclotomic harmonic polylogarithms also their corresponding values at x = 1 contribute through
partial integration. In the case of the harmonic polylogarithms these are the multiple zeta values
(MZVs) [72]. In the cyclotomic case they are given by the cyclotomic constants [73—76]. In [77]
relations beyond those known from [73-76] already have been conjectured using PSLQ [78].
More generally, this tactic can be applied in combination with the Almkvist—Zeilberger algo-
rithm [79] if in addition hyperexponential functions arise that cannot be handled by the simpli-
fications described above. In summary, a homogeneous linear differential equation stored in the
variable de in terms of the unknown function f(x) can be solved in terms of d’Alembertian
solutions by executing the HarmonicSums command

SolveDE[de, f[x],x].

In particular, if a factorization of the form (12) exists for the given differential operator, it will
be computed and the full set of solutions (15) will be produced where all the simplifications
described above are applied.

In all our applications so far, the homogeneous solutions y;(x), i = 1,...,m could be ex-
pressed in terms of iterative integrals

X

Hp,a(x) = f dyfo(MHpa(y), Hp=1, (20)
0
where fp(y) € 2 are rational functions (or roots of rational functions) taken from a finite alpha-
bet 2(. For instance, for the massive three-loop form factor discussed below, the alphabet can be
chosen by

_J1 1 1 1 X 1 X 1 X
Ql_{x’ T=x’ THx’ T4x27 14227 T+aa?’ Ta+a?’ I—x+x2’ 1—x+x2]’ @D

where fj(x) corresponds to the bth entry. Summarizing, in our concrete application below the
arising d’Alembertian solutions (15) will be simplified to expressions in terms of the class of
harmonic polylogarithms [80] and the cyclotomic harmonic polylogarithms [76].

4. The solution of the inhomogeneous differential equation (9) can be given explicitly by the
following iterative integral [69]

X h X1 h Xm—2 h Xm—1
g(x) :hl(x)/d)q 201) dx) 3(x2) f dx,_1 M Xm r () .
hi(x1) ha(x2) hin—1(Xm—1) hon (Xm)
l() I lm—2 lm—]
(22)
Consequently,
Z000) = g(0) + C1y1(0) + -+ Con Y () (23)

where the constants C; are implied by (physical) boundary conditions and they are usually de-
termined by separate calculations. Since the inhomogeneous part r(x) can be given in terms of
iterative integrals over hyperexponential functions, also g(x) and thus fl(_l) (x) can be expressed
in terms of iterative integral over hyperexponential functions. Furthermore, using our simplifica-
tion tools from above, these integrals can be simplified further. E.g., within all our calculations
we end up at alphabets of the form (21) or variants involving also rooted letters.
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We want to emphasize an alternative approach to find a particular solution g(x) of (9). If

Y1 ce Ym
d (1) d
wey=| " " (24)
dm—l dm—.l
dxmflyl dxm—1 Ym

is the Wronskian of the linear differential equation (9) and

Y1 Yi—1 Yi+1 Ym
_ Ly Ly Ly L %ym
Wi(o) = (=D : : | (25)
m—'2 m—2. m—2. m 2
;inTz)’I #%—1 2oz Yi+l ... %)’m
then
_r(®Wi(x)
g(x) = Zyl( )/ o (26)

for some appropriately chosen [/ € K yields another particular solution. Note that by (a mild
generalization of) Abel’s theorem we have that W (x) itself can be written as a hyperexponential
function

Pm—10»)

"X
W(_x) zce_*/l y Pm(y)

for some constant ¢ € K and an appropriately chosen lower bound / € K; the polynomials
Pm(x), pm—1(x) € K[x] come from the linear differential equation (9). Furthermore, the W;(x)
are given by polynomial expressions in terms of the homogeneous solutions y;(x). As a conse-
quence % in (26) forms a polynomial expression in terms of hyperexponential functions
and iterative integrals over such functions. In particular, g(x) yields such a representation.

The following extra bonus often makes the formula (26) superior to (4): By reusing the simpli-
fied homogeneous solutions y; (x), ..., y, (x) for (20), it is much easier to obtain a simplification
of (26) than of (4) in terms of iterative integrals of the form (20) with alphabets like (21).

5. Now we plug this representation of if_l)(x) in terms of iterative integrals into (11) for
k=72,...,m. Since the derivation of iterative integrals over hyperexponential functions yields
again iterative integrals over hyperexponential functions, all entries in the vector ff_l) (x) can be
given within the class of iterative integrals over hyperexponential functions.

6. Finally, we plug this representation of Z~")(x) in terms of iterative integrals into (7)
for k = —/ + 1 and obtain a new system of the form (8) for the g~ coefficient ZHD =
(fl(le) x),... ,f,(,flﬂ)(x)). Thus we repeat the game for ¢~'*1 and the remaining coefficients
in (3) by induction/recursion. We note once more that the formula (23) remains the same, except
that in (26) the function r(x) changes. As a consequence one can again reuse the already sim-
plified homogeneous solutions yi(x), ..., y, (x) and just needs to simplify g(x) in (26) with the
updated function r (x).

Let us illustrate the above algorithm by an example, which concerns the solution of a sub-
system in the calculation of the three loop massive form factors in the color planar limit.
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Example. We consider the following system of differential equations for the integrals
{1, o, 3t eL:

4 [N Cci1 €12 €13 Ji Ri(e, x)
e =] cn 3 L |+ | Ra(e,x) |, 27
J3 €31 €3 033 J3 R3(e, x)

where ¢;;’s are rational functions in d, resp. ¢, and x as given by

(74 6x 4+ 7x* —2d(1 4 x + x?)) (=4 +d)(—10+3d)

11 = > »C12 = 3 N
x(1—x2) 2(=34+d)*(1 —x°)

(d*(15 + 8x + 15x2) + 8(20 + 9x + 20x%) — 2d (49 + 24x + 49x?))

= A3+ d)2x(l—x2) ’
(B4 DHA(B 401430 —2(5-18x+5x%)) (=T +2d)(1+x%)

e (—10+ 3d)x(1 — x2) RETTNa—n)

(—30+ 188x —30x* +d*(— 3+ 16x — 3x?) +d(19 — 110x + 19x?))
3= (—10 4 3d)x (1 — x2) ’

—3+d)*(1+x 2(=3+d)(1+x +x?
ey == A DAFD) 0= (Ltx+27) (28)
x(1—x) x(1 —x°)

The functions R; (e, x) contain the inhomogeneous contributions from sub-sectors. They can be
expanded into a Laurent series expansion in ¢ up to the required order and read

1 1 l—x 1 24 11x +2x2 9z, 1
Ri(e,x) = 3 - = 5— — ==
3(1—x%) ¢ 6x(1+x)e 3x(1 —x7) 20 —x4) | &
1 —4x 4+ 188x2 —4x3 +x* (1 -34x+ x5 3143 2
- 2 2 - 5T 7y + - Ho
6x°(1 — x*) 4x(1 — x%) 3(1 —x%)  x
l—x 5 2 5 8(3H3H1 —HoHo1 +Ho.1)
— H — i > 10) 29
T 03020 -2 +oE (29
Rate. %) 1+x 1 342x+3x21 1 —15x + 16x2 — 15x3 + x*
£,Xx) = — — -
2 6x(I—x) &3 ' 6x(1—x2) &2 6x2(1 — x2)

4x(1—x)  x 2x(1—x2)  Ole 6x2(1 + x)

(1—=2x—7x3) 25+ 110x 4+ 25x2)¢3

(1408  Ho  (1+4x+2?) 2}1 (1 —x)(9 — 59x + 9x2)

4x(1 — x2) 6x(1 —x2)

1—14x+x2 (1 +4x+xD)0 1-3x—6x2 ,
(_ 2x2 x(1—x2) ) ot o) o
5+22x+5x% 5 10 10 + 40x + 10x2

4

H} — Z“H_ 0+ — (HoH; — H
6x(1—x2) 0 Lo+ (HoHi —Hoa) + x(1—x2)
4(1 4 4x +x2)

x (HoH=1,0 —2H_1,0,0) — 0 D)

(HoHo,1 —2Ho,0,1)

4(1 +3x +x2)

1
x(1— )C2) <—H%Hl - HOHO,] + HO,O,I) + O(¢e) (30)

2
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1 1 1 1 142x —8x% +2x3 +x* 92, 1
- 13002 [ 6x2(1 — x2) 20 —xZ)}
9+ 18x — 76x% 4 18x3 + 9x* 9z, 3143 14 4x +x2
6x2(1 — x2) + 2(1 — x2) + 3(1 —x2) 2x2

R3(e,x) = -
3(e, x) 3 -

Ho

1 ) 2 3 8 I,
_ mH0 — 30 _xz)HO 1.2 EHOHI — HoHo,1 +Ho0,1 | + O(¢).

(31
Here we use the convention Hz(x) =Hz and & =) 22, 1/ k', 1 €N, [ > 2 denote the values of
Riemann’s ¢-function. The harmonic polylogarithms [80] are defined by
X
Hj G (x) =/dyfh(y)Ha(y), Hy=1, b,a; €{—1,0,1}, (32)
0
and the letters f,. are
fo(x) 1 Jfi(x) : f-1(x) 1 (33)
xX)=—, X)=—— foa@x)=—":
0 X ! 1—x ! 14+x

The HPLs are dual, by the Mellin transform, to the harmonic sums [81,82].
The solutions J; are calculated in terms of the following expansion in &
I 1 | .
Ji(x,é‘) — _3]1( 3) + _ZJI( 2) + _Ji( 1) + Ji(O) + 0(8) (34)
> € e

First, one obtains the determining equation for the leading pole O (1/¢):

-3 1 2 1 2 3 -3
J Ji T = 0 T~ x 1=x | ()
L I [P S ST S SR R 1_ 2 J-3
dx 2 - lx 12+x 1+x X 1—x ] X 21+x ; 2
-3 -3
J3 Faa 0 T~ x " Toxd \J3
R (x)
+1 R |- (35)
Ry (x)

Using the incomplete Ziircher algorithm, one of four algorithms implemented in OreSys, we
obtain for Eq. (35) two uncoupled differential equations, one of order two for J3(x) and another
of first order for J>(x). J1(x) can directly be obtained from the solution for J3(x).

The second order differential equation for J3(x)

d? 2 d +(2 2 2 ) I =) 36)
- - - x)=r; (x
dx? 1—xdx x l+x (1+x2/]3 3
with the inhomogeneous part
_3 1 1 1
ry(x) = (37

3x 3(14x)  3(1+x)?

needs to be solved first. The differential operator in Eq. (36) can be written in factorized form
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d d
D= (E - Pl(x)> ° (E - Pz(x)) , (38)
1 1 1 39
Pl(x)—m—;+1+x, (39)
1 1
p2(x) = - = (40)

l—x x 1+4+x°
In this case the rational functions p; (x) are linear combinations of the letters spanning the HPLs.
One now uses the method of the variation of the constants to obtain the solutions for the differ-
ential equation. The homogeneous solutions y;(x), y2(x) are given by

2x

WHO’ (41)

X
yi(x) = m , »nx)=1-
and we obtain the solution

-3 -3
_ (X)y2(x) ry 2 (x)y1(x)
I3 ) = C—/d’%—] [c /d37] 42
3 0 (x) yl(X)[ 1 X Wor.ya) +y2(x)| C2+ x Won ) (42)

where the constants C; can be determined from the physical boundary conditions and are known
from a separate calculation. With the Wronskian W given by

1

Wi, »)=————, 43
(1, y2) 1_x2 (43)
the integrals in (42) are easily evaluated
2 1
/ 3 (x)yz(x):_ 14 H, 44)
Wy, y2) 3+x)  3(1+x)
-3
/dxr3 @y x N 4s)
Wy, y2) 3(1+x)
For the remaining constants we find
C= ! Cr = ! (46)
1= 3 ’ 2= 6 ’
and thus
-3 1
Ji7(x) = " (47)
The solution for integral J 1_3 (x) can directly be obtained from this result
x 2(1+x+x?) (1-x)x d 1
I = 7300 - —— U7 ) = <. 48
=30 Gxn? 53 O~ 3 o W=3 (48)

With these results at hand we can obtain the first order differential equation for J, 3 (x)

d 1 1 1
[ (—=+-- —)]123(x) =r; (%), (49)

dx \—x x 1+4x
where the inhomogeneous part is given by
1 1 1
P = — — + (50)

3x  3(1+x) 3(1-x)
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The homogenous solution is given by

()=
X) =
Y3 =22
and thus we can obtain the full solution by evaluating
-3
ry o (x
J53(x) = y3(x) C3+/dx 2 &) ) 51)
y3(x)
The integral is easily evaluated
-3 2
1—
/dﬂ W _ 1= (52)
y3(x) 3x
and after fixing the constant of integration
C3=0 (53)
we obtain the final result
_ 1
J3(x) = -3 (54)
To summarize, the results obtained so far, the solutions Jl(_3), J2(_3), J3(_3) are given by the
numbers:
_ 1
I3 = 3 (55)
-3 1
J, 7 (x) = 3 (56)
3 1
J37(x) = i (57)

Now, once the sub-system is solved for the highest pole, we consider the next order in €. By
construction, the homogeneous structure of the sub-system remains the same for any order in ¢
and hence the uncoupling procedure. The only change that takes place for different orders in &
is in the inhomogeneous parts which also constitute the contributions from the already-known
previous orders in e-expansion. Thus, for higher orders in ¢, the only step is to iterate Eqs. (42)
and (51). In this way we obtain the following solutions for the functions Ji, J>, J3 up to 0(£Y).
Here we use the basis for the harmonic polylogarithms defined in [83].

5
=3 (58)
J2(x) =2 (59)
) 1
S50 =3 (60)
1+22x+x2 9
o= 61)

_ 28 2x 5 4x
I () ==+ SHj ey &

1
T ¢ S S € G A - T 62
3 20T 31—y 0T 2T 2 (62)

B 19
J3 (x)=6+4_1§2 (63)
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13—46)c—i—13x2 1 —x2 1 1—|—3x2 X
(0) 2 3
! x) 0 0 3(1—x2) 0 4(1—x2)

6x 2x 2
+(-2m2 acHy | o (amg+ 2 H2 Ho | — 4H,
0730 . ) ot 0,1 —4Ho0,1

4x 0 49  4(1+x?) 2x .,
| — 2 000175 1—x2 07 1_x20

4
0

8x 8x 32x¢f 31
— ——HyH sH =+ 64
2o+ 17— 01>§ 5(1—x2)+3§3 (64)

16x (HH H )+ I6x |1
T — 2 \HoHoo.1 000.1)+ 73

0
J. =—
2 (x) 6

(HOH1 — H()J)H%

1, 16x |1,
— 3HoHo.1 +HoHo.o.1 = Hoo.01 | + 7—7| 7HoHo.1 — 2HoHo0.1

40x (1.,
+ 3Ho,0,0,1 | + -2 EHQH—I,O — 2HoH_1,0,0 +3H_1,0,0,0

+ 4(H()H(),1 — 2H0,0’1) — 10(H()H_1,0 — 2H_1,0’0)

G+0o 8 }HO

1
—2| =H2H; — HyH, H —
|:2 ot oHo,1 + 0,0,1:| |: I —x -2

8x&o 2 2(1 —2x) 3 X 4 8x
+[ +1_x2} ot 31—x) 0 31 _x2) 0T T2 1,0,0,0 '9)

16x 8x0» 96x ¢} 28
HoH, — H - —2=H_ — 65
(HoH, 0.1)% .2 1,0 + 50—x3) 3 & (65)

1

— 52

1

0) 15 8x 2 1 2
J37(x) = B ) E(HOHI —Ho,1)Hg — §H0H0,1 + HoHo,0,1 —Ho,0,0,1

1—x2|2

1 4xg |, 143x2 4 x . 35

- H HS — HY 4+ 2

+2{ 1—x2:| 0t e 0 T qa a2y 0T 78
8x 2(1+x2)0 32x¢3 31

HoH; — H —Hy———-+—43.. 66
1—x2( oHi —Ho,1)2 + T2 Ho 5(1_x2)+ S (66)

ax 1., 1,
— —— | zHgHo,1 — 2HoHo,0,1 +3Ho,0,0,1 | — 2 EHQHI — HoHp,1 +Ho,o0,1

In total the solution of Eq. (27) has to be expanded to O(e*). Here harmonic polylogarithms
to weight w = 8 are contributing. The result is attached in the file exampleIntegral.m to
this paper. The Mathematica notebook CheckExample.nb allows to verify the solution
exampleIntegral .m. It needs HarmonicSums . m, which can be obtained from [84]. After
the reduction to the algebraic basis, 796 to 833 different harmonic polylogarithms contribute. In
the present example no cyclotomic harmonic polylogarithms occur, which are, however, present
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Fig. 1. The color-planar topologies.

in the solution of other sub-systems. The pole terms do not contain the latter functions. In assem-
bling the form factors, harmonic and cyclotomic harmonic polylogarithms of up to weight w = 6
contribute.

3. Application to the heavy quark form factors

We consider the decay of a virtual massive vector boson of momentum ¢ into a pair of heavy
quarks of mass m, momenta g; and g and color ¢ and d, through the vertex F"‘,’C 4+ We follow
the notation used in Ref. [48]. Here ¢ = (g1 + ¢2)? is the center of mass energy squared. The
general form of the amplitude is given by

- . i
ic(qUTy qva(q2) = —luc(41)[5cva (V” Fy1+ %quqv FV,2>]vd(qz), (67)

where it.(q1) and vy(g2) are the bi-spinors of the quark and the anti-quark, respectively, o’ =
%[y”, y"] and vy is the Standard Model (SM) vector coupling constant. Fy | and Fy ; are the
corresponding ultraviolet (UV) renormalized form factors, also called the electric and magnetic
form factors. They are expanded in the strong coupling constant ¢t; = g% /(4m) as follows

o
% \" pn)
Fyi=Y <E> F. (68)
n=0
The form factors are obtained from the amplitudes by multiplying appropriate projectors as pro-
vided in [48] and performing the trace over the color and spinor indices. n; and nj are the
numbers of light and heavy quarks. For convenience, we use the Landau variable [85]

_ VR —am? = Jg?
ViZ—am? + /g%

see also Eq. (1). Particularly, we focus on the Euclidean region, ¢ < 0, corresponding to x €
[0, 1[. The expressions for the other kinematic regions are obtained by the analytic continuation
of the final result, given by HPLs [80] and cyclotomic HPLs [76].

x (69)

3.1. Details of the calculation

The calculation of the three-loop massive vector form factors proceeds in a similar way as
has been outlined in Refs. [48,52]. As usual the packages QGRAF [86], Color [87], Q2e/Exp
[88,89] and FORM [90,91] have been used to generate the Feynman diagrams, calculate their
color and Dirac-structure, and to determine moments for comparisons. The reduction to master
integrals has been performed using Crusher [8]. Finally, we have obtained 109 MlIs, out of
which 96 appear in the color-planar case, as indicated in [52]. In the color-planar limit, the
families of integrals can be represented by eight topologies, shown in Fig. 1, whereas for the
complete light quark contributions, three more topologies are required, cf. Fig. 2. Note that, only
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Fig. 2. The n; topologies.

sub-topologies with a maximum of eight propagators contribute in the latter scenario. Finally, to
compute the master integrals, we implemented the algorithm described in the previous section,
applying it to all occurring systems of differential equations. This calculation is performed by
intense use of HarmonicSums [76,92-96], which uses the package Sigma [27,28]. Finally we
have checked all MIs numerically using FIESTA [97-99].

3.2. Ultraviolet renormalization and infrared structure

The UV renormalization of the form factors has been performed in a mixed scheme. The heavy
quark mass and wave function have been renormalized in the on-shell (OS) renormalization
scheme, while the strong coupling constant is renormalized in the MS scheme, where we set the
universal factor Sg = exp(—e(yg — In(4m)) for each loop order to one at the end of the calcula-
tion. The required renormalization constants are available and are denoted by Z,, os [100-104],
Z 0s [100-102,105] and Z,, [106—112] for the heavy quark mass, wave function and strong
coupling constant, respectively. The renormalization of the heavy-quark wave function and the
strong coupling constant are multiplicative, while the renormalization of massive fermion lines
has been taken care of by properly considering the counter terms.

Considering the high energy limit, the universal behavior of infrared (IR) singularities of the
massive form factors was first investigated in [113]. Later in [114], a general argument was pro-
vided to factorize the IR singularities as a multiplicative renormalization constant. Its structure
is constrained by the renormalization group equation (RGE), as follows,

Fr=Z(uw)FM ), (70)

where F/ is finite as & — 0. The RGE for Z(u) reads

InZ(e,x,m, u) =—I(x,m, ). (71)
dinp

Here T is the corresponding cusp anomalous dimension, which is by now available up to three-
loop order [115,116]. Note that Z is independent of the current. Both Z and I' can be expanded
in a perturbative series in «; as follows

- U \" () > o \"tl
ZZZ(E) zm F:Z(H) r,. (72)
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Fig. 3. The 0(50) contribution to the vector three-loop form factors F ‘(/3)1 (left) and F, ‘(/3)2 (right) as a function of x € [0, 1].
Dash-dotted line: leading color contribution of the non-singlet form factor; Full line: sum of the complete non-singlet
nj-contributions for n; =5 and the color-planar non-singlet form factor; Dashed line: large x expansion; Dotted line:
small x expansion. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this
article.)

and the solution for Eq. (71) up to O(a?) is

a5\ | To as\2| 1 /T3 Boloy Iy
Z=1+(2) | 2|+ (2) [5(2-22)+ =
+(471) 2¢ +(4n> 82<8 4 >+48
as\3[ 1 (T3 BoTF  B3To\ , 1 (Tol't  Bilo) , 1(T2 4
) (2= - -2+ (2 O@h.
+(47‘[> [83 w8 e JTaTs 6 )Tele)|TO@
(73)

4. The three-loop vector form factors

We apply our algorithm to the single scale and first order factorizable system of differential
equations which are relevant for the color-planar and the complete light quark contributions to
the heavy quark form factors. One obtains the solutions for all contributing integrals in Laurent
series expansion up to the required order in €.

Finally, using the results for the integrals, we obtain the color-planar and complete light
quark (n;) non-singlet contributions of the three-loop massive form factors for the vector cur-
rent. Due to the substantial length of the expressions, we provide them as supplemental material
along with this publication. In the following we only present expansions of the form factors in
different kinematic limits and give numerical results for the whole kinematic region. Here the
following abbreviation is used

c1 = 1202 10%(2) 4+ In*(2) + 24Liy4 G) , (74)

as mentioned in [48] and Lig (x) denotes the polylogarithm [117,118]. In Figs. 3 we illustrate the
behavior of the O (&%) parts of the vector form factors as a function of x € [0, 1]. We also show
their small- and large-x expansions. The latter representations are obtained using Harmonic-
Sums. For the numerical evaluation of the HPLs and the cyclotomic HPLs we use the GiNaC
package [119,120] and the FORTRAN-codes HPOLY . £ [83] and CPOLY. £f.

We present now the expansion of the form factors in different kinematic regions.
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4.1. The low energy region x — 1

In the static limit, i.e. g> — 0, we define y = 1 — x and expand the form factors around y = 0.
In this region, the electric component of the vector form factor vanishes. The O(y?) contribution

of the electric component of the three loop vector form factor (F ‘(,%)1) is given by

FO 2 a2 1 1340+44§ +l ﬂ_@§ _§2+E§
L ) PSR TR G Y ’ 54 ST

4961563 8977 280 , 7127
(769984 Ry Ty Sl y ya S —§2§3 +5€5>}
+Cin T {i§_l<g_2§>
FRTF129 7 e\ 27 ~ 97
3107  64cy 19676 3536 1792 , 1100
(B - %0 - B B+ 203 - 10)
+CACW11TF{—iﬁ i<@—2 2)
g3 81 243 27
1 1556 320 112
g<—% g?z—ﬁﬁ)

260644 32¢c; 10474 17681 (g, _ 1408 5 1622
2187 9 243 27 R s et s
{ 132 1160 1 32 (29524 928 448 )}

581 223 e 2a3 T\ Tt

2 116 10088 1784 724
+CrnpnTey — _EQ +| - a3 —4“2 +161In(2)¢2 — —4“3

(75)

Here C4 = N¢, Cr = (Ng —1)/(2N¢), Tr = 1/2 and N¢ denotes the number of colors for
SU(Nc¢) with Nc = 3 in case of QCD. The magnetic component of the vector form factor (Fy 2)
is the anomalous magnetic moment of a heavy quark in this limit allowing for a cross-check of

our computation with Ref. [121]. The form factor Fy; ( ) » up to order y? reads

104147 962
3 | A3
FV,2 - |:NC{

80
4+ T 248 4+ =53+ 480203 — 20
a8 + 9 9) &+ 3§3+ 083 4“5}
64c; 5056 352
+ CFanp{ZSO - T] — gt H 640 + —;2 - 192;3}
38576 32¢; 1232 176 304
+CACFanF{_ o1 + 91 + §2—3201n(2)§2——§22+7g“3}
5 ,[5072 128 1952 128
+ CF”] TF 81 _52 + CFnhanF 81 + TQ

5| 1 llN 8C T 1 N3 31 2 16C2 T
+y ) 13 c+9 Fan +§ c 12+ %) 3 rhulF
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13236461 22849{ +@§2_ @; - 7_“ o
155520 720 > 5 3 2537085
12653 736, 12184 16096 4048 664
2 2
T — In(2 ek
+ Crny F{ 90 + 135 + 15 o — 15 (2)¢r — 5 — + 3}
CrCom, | 206026 368 916 8048 . 2024 , 348
n - — n - —
ARFRTE 43 135 o 22t RN
3736 64
+ Crnpm T} —“824 - @ — 21n(2) 4+ (76)
FapnTp 243 3 e} 3 & 9 3¢ |-

4.2. High energy region x — 0

Here we present the expansion of the form factors F (31 and F (32 in the asymptotic limit i.e.
forx — 0T up to O(x?). The abbreviation L has been used to indicate In(x).

@ L[ 4 175 467L 7L* L? 8 16L 8L?
FV’IZS_ Ne ———————6 +C nTr §+T+T

e 176 7O 212 32 3L
" 32 32L
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In this limit, the electric component of the vector form factor i.e. Fy | satisfies the Sudakov
evolution equation. This behavior has been studied in detail in [54,55,113] accounting for the
components known. The complete three-loop result has been given in [54] and partial four-loop

results in [54,55].
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4.3. Threshold region x — —1
We consider the parameter
4m?
B=,1- e (719)

to perform the expansion of the form factors in the threshold region g> ~ 4m? or x — —1.In B,
the limit translates to 8 — 0 and we expand the form factors up to O(8*). Here the physical
quantities like the decay rates and production cross sections, get contributions only from the
form factors, as the contributions from real radiation are suppressed. One obtains
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The constant ¢; is given by
1
2 =263 In(2) — 202, In®(2) — In°(2) + 120Lis <§> ) (82)
Also the following cyclotomic constants, i.e. the cyclotomic harmonic polylogarithms at x = 1,

{Ho, 6,01 (1), Hys,0y,—1(1), H,1y,—1(1), Hys,05,1,—1 (1), Hys, 13,1,—1 (1),
Ho,0,(3,03,1(1), Ho,0,3,13,1(1), Ho,0,6,01,1,—1 (1), Ho,0,16,11,1,—1 (1)} (83)
contribute. Here the letters of cyclotomy 3 and 6 are

X
{f{3’0}(x)_71+x+x2’ f{3,1}(x)—71+x+x2,
= =— 1 84
fooW =173 flen®) 1_x+x2} (84)
The simpler cyclotomic constants have been mapped to
2 b4
Ho.goo (D= —=Cl(3) (85)
1 1 2 1
Hi,1),—1(1) = —L12 1 —i-ﬁ—i-—l (2)——ln(2)ln(3)+ H()O —1(1) (86)
St 1+iv3 1 17
H 11 ———Cl 2Re | Li Lio{ - ) In(2) 4+ —
t6,13,1,—1(1) 2( )+ ( ( 1 )) + 7L <4> n( )+72C3
1. 5 n? 1
+gln (2)— EIH(ZH— =Hie,05,1,-1(1), (87)

[73], see also [77],° where Clz( ) ng( ) In(3) and Re (Ll (H"“/_)) seem to be all new
independent constants [96,122] beyond the MZVs [72], respectively, referring to functional

3 We gave 7 here the preference instead of ¢ = 7?2 /6 as it appears individually.
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Fig. 4. The 0(80) contribution to the vector three-loop form factors Re[ F Jg)l (left) and Im[F J(\;)I (right) as a func-
tion of x € [—1,0]. Full red line: expansion around x = 0; Full green line: éxpansion around x = —1; Dotted line:
nj-contributions. Dash-dotted line: leading color contribution of the non-singlet form factor; Full black line: sum of the
complete non-singlet n;-contributions for n; = 5 and the color-planar non-singlet form factor.

representations w.r.t. the polylogarithms [117,118]. The Clausen functions [123] are defined
by

Cli(z) = ImLij (eiz) . (88)
4.4. Checks

By maintaining the gauge parameter & to first order, a partial check on gauge invariance
has been obtained. After appropriately considering «-decoupling, the UV renormalized results
satisfy the universal IR structure, confirming again the correctness of all pole terms, see [54].
Finally, we have compared our results with those of Ref. [50,51], in the region x € [0, 1] which
have been obtained using a different method, and agree by adjusting the respective conventions.
We also agree now with the results in [50,51] for the expansions given in [124].

4.5. Numerical results

The color planar parts to the three-loop vector form factors F ‘(,3)1 and F‘(,3)2 are illustrated in
Fig. 3 in the range x € [0, 1], showing the complete n; contributions as well. In this region the
form factors are real. We also indicate a series of expansion terms around x = 0 and x = 1, which
are working in a wider kinematic region.

The behavior of the vector form factors in the region x € [—1, 0] is illustrated in Figs. 4 and 5.
Here the two form factors have a real and imaginary part. The threshold expansions around
x = —1 and the expansion around x = 0 are also shown. They work in the regions x € [—1, —0.7]
and x € [—0.3, —0] respectively. In all cases the n;-contributions are non-negligible in a wide
kinematical range. For the form factor F ‘(,3)2 the threshold expansion works well even in the
region x € [—1, —0.5] and the expansion around x = 0 in [—0.35, 0].

5. Numerical implementation for harmonic and cyclotomic harmonic polylogarithms
The color-planar part of the three-loop massive form factors depends on 206 cyclotomic

harmonic polylogarithms (HPLs) [76] up to weight w = 6 and correspondingly the harmonic
polylogarithms also up to weight w = 6. In intermediary results for both cases HPLs of w = 8
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Fig. 5. The 0(80) contribution to the vector three-loop form factors Re[ F Jg)z (left) and Im[F J$)2 (right) as a func-

tion of x € [—1,0]. Full red line: expansion around x = 0; Full green line: expansion around x = —1; Dotted line:
nj-contributions. Dash-dotted line: leading color contribution of the non-singlet form factor; Full black line: sum of the
complete non-singlet n;-contributions for n; = 5 and the color-planar non-singlet form factor.

appear. A FORTRAN-implementation of the harmonic polylogarithms to w = 8 has been given
in [83].* The space of the cyclotomic HPLs already up to w = 6 is very large and therefore we
will rather represent the contributing individual functions numerically, and do not refer to an
associated basis representation.

The main argument of the cyclotomic HPLs, x, is located in the interval [—1, 1] in the present
physical application. This is going to be the range we are considering in the following. In
Ref. [76] the range x € [0, 1] was considered. Here the cyclotomic HPLs are real-valued. In
the extension to x € [—1,0[ some of the cyclotomic HPLs will become complex, as we will
show below. The cyclotomic HPLs are given as iterated integrals over the letters (84) and those
present in the usual HPLs, cf. (33). In the following {6, 0} and {6, 1} (resp. {3, 0} and {3, 1})
encode the corresponding cyclotomic letters. One obtains e.g.

xd X1 d X2
0.1 (6. 1)x1 = [ 0 [182 fam (89)
X1 1—xp 1 —x3+x3
0 0 0

The following cyclotomic HPLs contribute:

w=1:

H[{6, 0}, x], H[{6, 1}, x] (90)
w=2:

H[O, {6, 0}, x], H[O, {6, 1}, x], H[{6, 0}, 0, x], H[{6, 0}, 1, x], H[{6, 1}, 0, x],

H[{6, 1}, 1, x] on
w=3:

HJO0, 0, {6, 0}, x], H[O, 0, {6, 1}, x], H[O, 1, {6, 0}, x], H[O, 1, {6, 1}, x], H[O, {6, 0}, 1, x],
HIO, {6, 1}, 1, x], H[{6, 0}, 0, —1, x], H[{6, 0}, 0, 0, x], H[{6, 0}, 0, 1, x],
HI[{6, 0}, 0, {6, 0}, x], H[{6, 0}, O, {6, 1}, x], H[{6, 0}, 1, 0, x], H[{6, 1}, 0, —1, x],

4 A corresponding Fortran-program to w = 5 has been given in Ref. [125].
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H[{e6, 1}, 0,0, x], H[{6, 1}, 0, 1, x], H[{6, 1}, 0, {6, 0}, x], H[{6, 1}, 0, {6, 1}, x],
H[{6, 1}, 1,0, x] (92)
w=4:

HIO, {6, 0}, 0, 0, x], H[O, {6, 1}, 0, 0, x], H[{6, 0}, 0, —1, O, x], H[{6, 0}, 0,0, —1, x],
H[{6, 0}, 0,0, 0, x], H[{6, 0}, 0,0, 1, x], H[{6, 0}, 0, 1, 0, x], H[{6, 0}, 1, 0, 0, x],
H[{6,0}, 1, 1,0, x], H[{6, 1}, 0, —1, 0, x], H[{6, 1}, 0, 0, —1, x], H[{6, 1}, 0, 0, 0, x],
H[{6, 1},0,0, 1, x], H[{6, 1}, 0, 1, 0, x], H[{6, 1}, 1, 0, 0, x], H[{6, 1}, 1, 1, 0, x], 93)
w=>5:

HJO0, {6, 0}, 0, —1, 0, x], H[O, {6, 0}, 0, 0, 0, x]JH[O, {6, 0}, 0, 1, 0, x],

HJO0, {6,0}, 1,0, 0, x], H[O, {6, 1}, 0, —1, 0, x], H[O, {6, 1}, 0, 0, 0, x],

HJ[O0, {6, 1}, 0, 1,0, x], H[O, {6, 1}, 1,0, 0, x], H[{6, 0}, 0, —1, 0, 0, x],

H[{6, 0},0,—1,0, 1, x], H[{6, 0}, 0, —1, 1, 0, x], H[{6, 0}, 0, 0, —1, 0, x],

H[{6, 0},0, 0,0, 0, x], H[{6, 0}, 0, 0,0, 1, x], H[{6, 0}, 0,0, 1, O, x],

H[{6,0},0, 1, 1,0, x], H[{6,0},0, 1, 0,0, x], H[{6, 0},0, 1,0, 1, x],

H[{6, 0},0, 1, 1,0, x], H[{6, 0}, 1, 0, —1, 0, x], H[{6, 0}, 1, 0, 0, 0, x],
H[{6,0},1,0,0, 1, x], H[{6,0}, 1,0, 1,0, x], H[{6, 0}, 1, 1, 0, O, x],

H[{6, 1},0,—1,0,0, x], H[{6, 1}, 0, —1,0, 1, x], H[{6, 1}, 0, —1, 1, 0, x],

H[{e, 1},0,0, —1,0, x], H[{6, 1}, 0,0, 0, 0, x], H[{6, 1}, 0,0, 0, 1, x],

H[{e, 1},0,0, 1,0, x], H[{6, 1},0, 1, —1, 0, x], H[{6, 1}, 0, 1, 0, 0, x],

H[{6,1},0, 1,0, 1, x], H[{6, 1},0, 1, 1, 0, x], H[{6, 1}, 1,0, —1, 0, x],

H[{e, 1},1,0,0,0, x], H[{6, 1}, 1,0,0, 1, x], H[{6, 1}, 1,0, 1, 0, x],
H[{6,1},1,1,0,0, x] (94)
w==6:

HJO0, 0, {6, 0},0, —1, 0, x], H[O, 0, {6, 0}, 0, 0, 0, x], H[O, 0, {6, 0}, 0, 1, 0, x],

HJO0, 0, {6, 0}, 1, 0,0, x], H[O, 0, {6, 1}, 0, —1, 0, x], H[O, 0, {6, 1}, 0, 0, 0, x],
H[O0, 0, {6, 1}, 0, 1, 0, x], H[O, O, {6, 1}, 1, 0, 0, x], H[O, 1, {6, 0}, 0, —1, O, x],

HIO, 1, {6, 0},0,0,0, x], H[O, 1, {6,0}, 0, 1, 0, x], H[O, 1, {6,0}, 1, 0, 0, x],

HI[O, 1, {6, 1},0, —1, 0, x], H[O, 1, {6, 1}, 0, 0, 0, x], H[O, 1, {6, 1}, 0, 1, 0, x],

HI[O, 1, {6, 1}, 1,0, 0, x], H[O, {6, 0},0, —1, 0, 0, x], H[O, {6, 0},0, —1, 0, 1, x],

HIO0, {6,0},0, -1, 1,0, x], H[O, {6, 0}, 0,0, —1, 0, x], H[O, {6, 0}, 0,0, 0,0, x],

HJO0, {6,0},0,0,0, 1, x], H[O, {6, 0}, 0,0, 1, 0, x], H[O, {6, 0},0, 1, —1, 0, x],

HIO0, {6,0},0,1, 0,0, x], H[O, {6, 0}, 0, 1,0, 1, x], H[O, {6, 0},0, 1, 1, 0, x],

HJO0, {6,0}, 1,0, —1, 0, x], H[O, {6, 0}, 1,0, 0, 0, x], H[O, {6, 0}, 1,0, 0, 1, x],

HJO0, {6,0}, 1,0, 1,0, x], H[O, {6, 0}, 1, 1,0, 0, x], H[O, {6, 1},0, —1, 0, 0, x],

HIO0, {6, 1},0,—1,0, 1, x], H[O, {6, 1}, 0, —1, 1, 0, x], H[O, {6, 1}, 0,0, —1, 0, x],
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HI0, {6, 1},0,0,0,0, x], H[0, {6, 1}, 0,0, 0, 1, x], H[0, {6, 1},0,0, 1,0, x],

HI0, {6, 1},0, 1, —1, 0, x], H[0, {6, 1}, 0, 1,0, 0, x], H[0, {6, 1}, 0, 1,0, 1, x],

HI[0, {6, 1}, 0,1, 1,0, x], H[0, {6, 1}, 1,0, —1,0, x], H[0, {6, 1}, 1, 0,0, 0, x],

HI0, {6, 1},1,0,0, 1, x], H[0, {6, 1}, 1,0, 1, 0, x], H[0, {6, 1}, 1, 1,0, 0, x],

H[{6,0},0, —1, —1,0, 0, x], H[{6,0},0, —1,0, —1, 0, x], H[{6, 0}, 0, —1,0,0, 0, x],
H[{6,0},0, —1,0,0, 1, x], H[{6,0},0, —1,0, 1,0, x], H[{6,0},0, —1, 1,0, 0, x],
H[{6,0},0,0, —1, —1,0, x], H[{6, 0}, 0,0, —1, 0,0, x], H[{6, 0}, 0,0, —1,0, 1, x],
H[{6,0}, 0,0, —1, 1,0, x], H[{6, 0}, 0,0, 0, —1, 0, x], H[{6, 0}, 0, 0,0, 0, 0, x],
H[{6,0},0,0,0,0, 1, x], H[{6,0},0,0,0, 1,0, x], H{6,0},0,0, 1, — 1,0, x],
H[{6,0},0,0,1,0,0,x], H[{6,0},0,0,1,0, 1, x], H[{6,0},0,0,1, 1,0, x],

H[{6,0},0,1, —1, 0,0, x], H[{6,0},0, 1,0, —1, 0, x], H[{6, 0}, 0, 1,0, 0,0, x],
H[{6,0},0,1,0,0, 1,x], H[{6,0},0, 1,0, 1,0, x], H[{6,0},0, 1,1,0,0, x],

H[{6,0}, 0, {6, 0}, 0, —1, 0, x], H[{6, 0}, 0, {6, 0}, 0, 0, 0, x], H[{6, 0}, 0, {6, 0}, 0, 1, 0, x],
H[{6,0}, 0, {6,0}, 1,0,0, x], H[{6, 0}, 0, {6, 1},0, —1,0, x], H[{6, 0}, 0, {6, 1}, 0,0, 0, x],
H[{6,0},0, {6, 1}, 0, 1,0, x], H[{6, 0}, 0, {6, 1}, 1,0, 0, x], H[{6, 0}, 1,0, —1, 0, 0, x],
H[{6,0}, 1,0,0, —1,0, x], H[{6,0}, 1,0, 0,0,0, x], H[{6, 0}, 1,0,0, 1,0, x],
H[{6,0},1,0,1,0,0,x], H[{6,0}, 1, 1,0,0,0, x], H[{6,1},0, —1, —1,0, 0, x],

H[{6, 1},0, —1,0, —1, 0, x], H[{6, 1},0, —1,0,0,0, x], H[{6, 1},0, —1,0,0, 1, x],

H[{6, 1},0, —1,0, 1,0, x], H[{6, 1},0, —1, 1,0, 0, x], H[{6, 1},0,0, — 1, —1, 0, x],

H[{6, 1},0,0, —1, 0, 0, x], H[{6, 1},0,0, —1, 0, 1, x], H[{6, 1}, 0,0, —1, 1, 0, x],

H[{6, 1},0,0,0, —1,0, x], H[{6, 1},0,0,0, 0,0, x], H[{6, 1}, 0,0, 0,0, 1, x],

H[{6, 1},0,0,0, 1,0, x], H[{6, 1},0,0, 1, —1,0, x], H[{6, 1}, 0,0, 1, 0,0, x],

H[{6, 1},0,0,1,0, 1, x], H[{6, 1},0,0, 1, 1,0, x], H[{6, 1},0, 1, —1,0,0, x],

H[{6, 1},0,1,0, —1,0, x], H[{6, 1}, 0, 1, 0,0,0, x], H[{6, 1}, 0, 1, 0,0, 1, x],
H[{6,1},0,1,0, 1,0, x], H[{6, 1}, 0, 1, 1,0,0, x], H[{6, 1}, 0, {6,0},0, —1, 0, x],

H[{6, 1}, 0, {6,0}, 0, 0,0, x], H[{6, 1}, 0, {6, 0},0, 1,0, x], H[{6, 1}, 0, {6, 0}, 1, 0, 0, x],
H[{6, 1}, 0, {6, 1},0, —1,0, x], H[{6, 1}, 0, {6, 1}, 0,0,0, x], H[{6, 1}, 0, {6, 1}, 0, 1, 0, x],
H[{6, 1}, 0, {6, 1}, 1,0, 0, x], H[{6, 1}, 1,0, —1, 0,0, x], H[{6, 1}, 1,0,0, —1, 0, x],

H[{6, 1}, 1,0,0,0,0, x], H[{6, 1}, 1,0,0, 1,0, x], H[{6, 1}, 1,0, 1,0, 0, x],
H[{6,1},1,1,0,0,0, x]. (95)

As we mentioned already, some of the above cyclotomic HPLs become complex in the region
x € [—1,0[. An example is H[ {6, 0}, 0, x], which we illustrate in Fig. 6. In the series
expansion the imaginary part results from the constant H[0, —1] =ix.

To prepare an arbitrary polynomial expression out of usual HPLs [80] and the above cyclo-
tomic HPLs one runs the Mathematica notebook CHPL_prepare.nb. It rewrites the usual
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Re(HPL) Im(HPL)

-20-

Fig. 6. The real (left panel) and imaginary part (right panel) of the function H[ {6, 0}, 0, %] in the region x € [—1, 1].

HPLs and the cyclotomic HPLs from the form given by HarmonicSums into the form the re-
quired for HPOLY . £ [83] up to w = 8 and the cyclotomic HPLs used in CPOLY . £. The latter
ones are given in the form

CHPn(J,X), n=1...6, (96)

with the argument X € [—1, 1]. The index J denotes the place of the respective cyclotomic HPL
in the above lists, i.e. H[O, {6, 0}, 1, x] = CHP3(5, X). The numerical representation follows
Ref. [83], Section 4. For n=1 there are no logarithmic contributions. In all other cases there
are contributions of In®~*(x) for the expansion around x = 0, also implying imaginary parts
for x < 0. For 6 > n > 2 there are contributions of In(1 — x) for the expansion around x = 1.
Likewise, one has logarithmic contributions up to O (In?(1 + x)) expanding around x = —1. The
numerical representations have been derived by mutual use of the package HarmonicSums
[76,92-96], referring to the MZV data mine [72] and evaluating other special constants using
Ginac [119] numerically. The numerical performance of the cyclotomic HPLs in FORTRAN
turns out to be faster than a corresponding (complex-valued) representation in Ginac [119,120].
On the other hand, the former one is limited to double precision, while the latter one can be ex-
tended to arbitrary precision. We have tested the numerical implementation of the real-valued
cyclotomic HPLs in CPOLY . £ comparing to the corresponding results obtained by correspond-
ing numerical results provided by Ginac. The code is compiled by gfortran CPOLY. f. The
representation has an accuracy of

~2.1071 97)

and better. The reading of the data needed in CPOLY . £ requires 5.8 - 1072 sec. The calculation
of all 206 cyclotomic HPLs at a given value of x is performed in 2.3 - 1073 sec or faster. In using
the code CPOLY . £ only the subroutines UCPOLYIN and UCPOLY are user routines to provide
further input and to perform the calculation, respectively. Any use of the code CPOLY . f requires
to quote the present paper.’

5 After completion of this paper another numeric implementation in Mathematica of cyclotomic harmonic polylog-
arithms appeared in [126].
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6. Conclusion

We presented an algorithm to solve single-variate systems of differential equations, factorizing
at first order and depending on the dimensional parameter ¢, analytically. Here no choice of a
special basis representation is required. The Laurent expansion in the parameter ¢ leads to a
one-variable problem. We considered differential equations with rational coefficients in x and .
The algorithm solves these systems in terms of iterative integrals over finite alphabets and rational
terms to any order in the dimensional parameter €. This method can be applied to a wide range of
problems in Quantum Field Theory, after one knows whether the corresponding systems factorize
to first order, which is checked by the present algorithm.

In the example of the massive three-loop form factors the emerging letters are those forming
the HPLs and the cyclotomic HPLs at cyclotomy ¢ = 3,4 and 6. The homogeneous solutions are
the same for any order in ¢. The corresponding inhomogeneities then determine the respective
inhomogeneous solutions using the variation of constants. The iterative-integral structure is pre-
served by the latter operation, as can be shown by integration-by-parts. Besides the harmonic and
cyclotomic harmonic polylogarithms up to weight w = 6 also associated special constants appear.
In the cyclotomic case not all their relations have been proven yet by analytic methods. However,
a series of relations has been conjectured by using PSLQ [77]. Assuming that these relations
would hold, the results at three-loop order presented in this paper can finally be expressed by
very few multiple zeta values only

1

and no special cyclotomic constants contribute. However, cyclotomic constants remain in the
expansion around x = —1.

Our result for the vector form factors agree with those given in Ref. [49-51]. We provide the
FORTRAN-code CPOLY . £ which allows to calculate the cyclotomic harmonic polylogarithms
contributing to all massive three-loop form factors in the color-planar limit.
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