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Abstract: Two-loop QCD correction to massive spin-2 Graviton decaying to q + q̄ + g is

presented considering a generic universal spin-2 coupling to the SM through the conserved

energy-momentum tensor. Such a massive spin-2 particle can arise in extra-dimensional

models. The ultraviolet and infrared structure of the QCD amplitudes are studied. In di-

mensional regularisation, the infrared pole structure is in agreement with Catani’s proposal,

confirming the universal factorization property of QCD amplitudes, even with the spin-2

tensorial coupling. This computation now completes the full two-loop QCD corrections for

the production of a spin-2 in association with a jet.
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1 Introduction

After the discovery of the Higgs boson one of the main motivation of Large Hadron Collider

(LHC) is to search for new physics beyond the Standard Model (BSM). It is well under-

stood that the Standard Model (SM) is not complete on many accounts. One of the main

motivation to look for BSM physics is the large scale hierarchy between the Electroweak

scale and the Planck scale, which is commonly known as the hierarchy problem. There are

a plethora of models to address this issue. The models with spin-2 particles in brane world

scenarios are particularly interesting. Recently there has been a renewed interest in search

of spin-2 particle in the context of the Higgs boson discovery. Of these models, theories

with large extra dimension like Arkani-Hamed-Dimopoulos-Dvali (ADD) [1–3] and warped

extra dimension like Randall-Sundrum (RS) [4] have gained a lot of attention as their signa-

ture can be tested at LHC energies. In fact, dedicated groups at the LHC are studying the

search potentials of such exotic particles. In the simplest of these models gravity is allowed

to explore the full space-time dimensions. The effect of gravity on the 3-brane where the

SM resides is realized by a tower of spin-2 Kaluza-Klein (KK) excitations. When coupled

to the SM, these KK modes may provide important signatures about these models to be

ultimately tested by the LHC. The channels like `+`−, γγ, ZZ,W+W− and di-jet are the

main channels to look for any deviations from the SM as a result of the virtual spin-2
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exchange. At hadron colliders, QCD corrections to these processes are necessary to make

precise quantitative predictions and to have control over the theoretical uncertainties. To

next-to-leading-order (NLO) accuracy, these processes have been studied in the context of

ADD [5–10] and RS [11–15]. The effect of parton shower (PS) has also been considered

[16–18]. Moreover the signature can also be found in tri-gauge boson productions [19–

23]. Recently all the important processes are fully automatized [24] in MadGraph5aMC

framework [25] with NLO+PS accuracy for a generic spin-2 particle. Nevertheless the NLO

corrections are often very large, resulting in large K-factors and large scale uncertainties.

To have precise predictions the next stage is to compute full next-to-next-to-leading-order

(NNLO) correction. Higher order correction involves pure virtual contributions, pure real

corrections and appropriate interference terms at each order. For the spin-2 case, the quark

and gluon form-factors have been calculated at two-loop level [26] and at three-loop level

[27] in peturbative QCD (pQCD). An attempt to consider the soft and collinear contribu-

tion at NNLO accuracy was made [28] in the context of spin-2. This reduces the unphysical

scale uncertainties, thereby improving the predictions. Recently the full NNLO correction

has been studied [29] for Drell-Yan process with spin-2 mediators in the context of ADD.

The processes with missing energy associated with a SM particle can also give signif-

icant information about new physics. Particularly, jet + missing energy is one important

process studied at the LHC to look for BSM signature like dark matter in simplified models

(see for example [30] and references therein). A massive spin-2 particle which goes unde-

tected could be an important dark matter candidate. The NLO correction for this process

in large extra dimension has been considered in [31] and it is shown that the QCD correc-

tions for this process could be as large as 50% and suffer from large scale uncertainties.

Therefore a full NNLO correction is important for such process to have accurate prediction

of cross-section and distributions and also to have the scale uncertainties under control.

An attempt has been made towards this direction in [32], where the virtual NNLO QCD

correction has been studied for massive spin-2 → g+ g+ g. Although the gg initiated sub-

process is the dominant contribution at the LHC, as the perturbative order increases the

other sub-processes like qq̄, q(q̄)g begin to contribute significantly. In fact for full NNLO

correction one needs to have the virtual contributions from all the sub-processes, the real-

virtual piece and the pure real corrections. In this article we have considered the two loop

virtual QCD correction to the process massive spin-2 → q + q̄ + g. After appropriate

analytical continuation of the kinematical variables to the respective regions [33], the re-

sult in this paper can be used for other scattering sub-processes viz. q + q̄ → G + g and

q(q̄) + g → G + q(q̄), where G denotes the spin-2 field. This computation along with the

G → g + g + g [32] to two-loop now completes the full two-loop QCD corrections to the

production of spin-2+jet at a hadron collider.

Our main motivation for this work is two-fold; first to probe the structure of Quantum

Field Theory in the presence of a spin-2 field, to check the universality of infrared (IR)

pole structure in QCD [34]. The correct IR pole structure has been already realized in

the case of spin-2→ g + g + g [32]. Here we demonstrate the same for spin-2→ q + q̄ + g.

Secondly, we present one of the important ingredients for full two-loop QCD correction for

real graviton production associated with a jet. We consider a minimal universal coupling of
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spin-2 to the SM through energy-momentum tensor. Due to the conserved spin-2 current,

no additional ultraviolet (UV) renormalization is needed other than the QCD one. We

encounter more than 800 Feynman diagrams with higher tensorial integrals. The rank-2

nature of spin-2 increases the complexity of our calculation. Using Integration-By-Parts

(IBP) identities [35, 36] and Lorentz Invariance (LI) identities [37], we are able to reduce

all the scalar integrals to a fewer set of Master Integrals (MI). These MIs are available in

[37–42]. Finally we observe the universality of infrared factorization of QCD amplitudes

as predicted by Catani [34] (see also [43]).

The paper is organized as follows: in section 2, we discuss the theoretical framework for

our work, particularly the spin-2 action of interaction with the SM, the notation used, the

procedure of UV renormalization and infrared factorization. In section 3, we discuss our

approach to the computation. Section 4 and appendix are devoted to present the results.

We conclude in section 5.

2 Theoretical Framework

We consider a generic spin-2 particle minimally coupled to the SM fields through the

conserved SM energy-momentum tensor. The effective action which describes a spin-2

particle (Gµν(x)) interacting with colored particles is given by [1–4, 44, 45]

Sint = −κ
2

∫
d4x TQCDµν (x) Gµν(x), (2.1)

where κ is a dimensionful universal coupling which determines the strength of graviton

coupling to the SM. TQCDµν is given by

TQCDµν =− gµνLQCD − F aµρF aρν −
1

ξ
gµν∂

ρ(Aaρ∂
σAaσ) +

1

ξ
(Aaν∂µ(∂σAaσ) +Aaµ∂ν(∂σAaσ))

+
i

4

[
ψ̄γµ(∂ν − igsT aAaν)ψ − ψ̄(∂ν + igsT

aAaν)γµψ + (µ↔ ν)
]

+
[
∂µω̄

a(∂νω
a − gsfabcAcνωb) + (µ↔ ν)

]
,

(2.2)

where gs is the strong coupling constant and ξ is gauge fixing parameter. Here ωa is the

ghost field introduced in order to cancel the unphysical degrees of freedom associated with

the gluon fileds (Aaµ). T a and fabc represent the generator and structure constants of

SU(N) gauge group, respectively. Throughout the computation, we consider SU(N) as

our gauge group and the QCD corresponds to N = 3.

The decay process considered is

G(Q)→ q(p1) + q̄(p2) + g(p3). (2.3)

The corresponding Mandelstam variables for this process are defined as

s ≡ (p1 + p2)
2, t ≡ (p2 + p3)

2, u ≡ (p3 + p1)
2. (2.4)
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They satisfy the following relation

s+ t+ u = M2
G ≡ Q2. (2.5)

Here MG is the mass of the spin-2 field. The following dimensionless invariants which

appear in the argument of harmonic polylogarithms (HPL) [46] and two-dimensional HPLs

[41] are also defined:

x ≡ s/Q2, y ≡ u/Q2, z ≡ t/Q2. (2.6)

Accordingly, Eq. (2.5) becomes

x+ y + z = 1. (2.7)

2.1 Ultraviolet Renormalization

Beyond leading order in perturbation theory, the on-shell QCD amplitudes develop both

ultraviolet and infrared divergences. The spin-2 coupling to the SM particles κ is free from

such ultraviolet renormalization, which is due to the fact that spin-2 couples universally

to the SM through conserved current. So the only UV renormalization required is for the

strong coupling constant ĝs. Before performing the renormalization, we need to regularize

the theory in order to identify the true nature of the divergences. We regularize the theory

under dimensional regularization where the space-time dimension is chosen to be d = 4+ ε.

Expanding the scattering amplitude in powers of âs = ĝ2s/16π2, the matrix element (ME)

is given by:

|M〉 =
( âs
µε0
Sε

) 1
2

(
|M̂(0)〉+

( âs
µε0
Sε

)
|M̂(1)〉+

( âs
µε0
Sε

)2
|M̂(2)〉+O(â3s)

)
(2.8)

where ĝs is the unrenormalized strong coupling constant, Sε = exp[ ε
2(γE − ln 4π)] and

γE = 0.5772 . . . is the Euler constant. |M̂(i)〉 is the unrenormalized color-space vector

representing the ith loop-amplitude. µ0 is a mass scale introduced to make the strong

coupling constant (ĝs) dimensionless in d-dimension. We work within the MS scheme for

performing the UV renormalization, in which the renormalized coupling constant as ≡
as(µ

2
R) is defined at the renormalization scale µR and is related to the unrenormalized âs

by
âs
µε0

Sε =
as
µεR

Z(µ2R),

=
as
µεR

[
1 + as

2β0
ε

+ a2s

(4β20
ε

+
β1
ε

)
+O(a3s)

]
,

(2.9)

where

β0 =
(11

3
CA −

4

3
TF nf

)
, β1 =

(34

3
C2
A −

20

3
CATF nf − 4CFTF nf

)
. (2.10)

Here CA = N and CF = (N2 − 1)/2N are the quadratic Casimir of the SU(N) group.

TF = 1/2 and nf is the number of light active quark flavors.
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The matrix element can also be expressed as a power series of renormalized strong

coupling constant with UV finite matrix elements |M(i)〉,

|M〉 = (as)
1
2

(
|M(0)〉+ as |M(1)〉+ a2s |M(2)〉+O(a3s)

)
(2.11)

where

|M(0)〉 =
( 1

µεR

) 1
2 |M̂(0)〉 ,

|M(1)〉 =
( 1

µεR

) 3
2
[
|M̂(1)〉+ µεR

r1
2
|M̂(0)〉

]
,

|M(2)〉 =
( 1

µεR

) 5
2
[
|M̂(2)〉+ µεR

3r1
2
|M̂(1)〉+ µ2εR

(r2
2
−
r2
1

8

)
|M̂(0)〉

] (2.12)

with

r1 =
2β0
ε
, r2 =

(4β20
ε2

+
β1
ε

)
(2.13)

2.2 Infrared Factorization

In higher order calculation, the UV renormalized matrix elements contain singularities of

infrared origin. Generally two kinds of singularities arise – the soft and collinear while

working with massless QCD. According to the KLN theorem, these singularities get can-

celed against the similar contribution from real emission Feynman diagrams, resulting in

infrared safe observables. The IR divergences have a universal structure in dimensional

regularization, which was predicted in [34] to two loop, except the two loop single pole in

ε. In [43, 47, 48] the infrared structure of scattering amplitudes are studied and connection

of the single pole to soft anomalous dimension matrix is predicted. The factorization of

the single pole in quark and gluon form factors in terms of soft and collinear anomalous

dimensions was demonstrated to two-loop level [49] whose validity at three-loop was later

established in [50]. The proposal by Catani was generalized beyond two loops in [51, 52].

According to Catani’s prediction [34], the renormalized amplitude factorizes in dimen-

sional regularization. The ME at a given order |M(i)〉 can be expressed as the sum of the

lower order MEs times appropriate insertion operators (I
(i)
q (ε)) and a finite piece |M(i)fin〉.

These insertion operators contain the infrared pole structure which are universal. For the

present case, we have two external massless quarks and a gluon, for which the one-loop

and the two-loop ME can be written in the following form,

|M(1)〉 = 2 I(1)q (ε) |M(0)〉 + |M(1)fin〉 ,

|M(2)〉 = 2 I(1)q (ε) |M(1)〉 + 4 I(2)q (ε) |M(0)〉 + |M(2)fin〉
(2.14)
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where the one-loop and two-loop insertion operators are given by

I(1)q (ε) =
1

2

e−
ε
2
γE

Γ(1 + ε
2)

{( 4

ε2
− 3

ε

)
(CA − 2CF )

[(
− s

µ2R

) ε
2

]

+
(
− 4CA

ε2
+

3CA
2ε

+
β0
2ε

)[(
− t

µ2R

) ε
2

+
(
− u

µ2R

) ε
2

]}
,

I(2)q (ε) =
1

2
I(1)q (ε)

[
I(1)q (ε)− 2β0

ε

]
+
e
ε
2
γE Γ(1 + ε)

Γ(1 + ε
2)

[
− β0

ε
+K

]
I(1)q (2ε)

+
(

2H(2)
q (ε) + H(2)

g (ε)
)

(2.15)

where

K =

(
67

18
− π2

6

)
CA −

10

9
TF nf . (2.16)

The functions H
(2)
q (ε),H

(2)
g (ε) are dependent on the renormalization scheme. In the MS

scheme these are given by

H(2)
q (ε) =

1

ε

{
CACF

(
− 245

432
+

23

16
ζ2 −

13

4
ζ3

)
+ C2

F

( 3

16
− 3

2
ζ2 + 3ζ3

)
+ CF nf

( 25

216
− 1

8
ζ2

)}
,

H(2)
g (ε) =

1

ε

{
C2
A

(
− 5

24
− 11

48
ζ2 −

1

4
ζ3

)
+ CA nf

(29

54
+

1

24
ζ2

)
+

1

4
CF nf −

5

54
n2f

}
.

(2.17)

Here ζi is the Riemann Zeta function.

3 Calculation of Amplitudes

In this section we discuss the calculational details of the amplitudes |M̂(i)〉 for the process

G → q + q̄ + g to two-loop level in pQCD. Particularly we calculate the squared

matrix elements 〈M(0)|M(1)〉 and 〈M(0)|M(2)〉. Due to the tensorial coupling of spin-2

with the SM, the computational procedure becomes tedious. Starting from the generation

of Feynman amplitudes, we systematically automatize the calculational procedure using

in-house codes based on FORM [53], Mathematica, Reduze 2 [54] and LiteRed [55, 56].

3.1 Generation of Feynman Diagrams and Simplification

QGRAF [57] is used to generate all the Feynman amplitudes in terms of symbolic expres-

sions. For the process under consideration, we have 4 Feynman diagrams in the Born, 43

in the one-loop and 847 in the two-loop level; where we have excluded all the tadpoles and

self-energy corrections to the external legs. The raw QGRAF output is then manipulated

using in-house FORM routines to incorporate the Feynman rules [44, 45] and to take care

of the color and Dirac matrix ordering. For the internal gluons Feynman gauge is used and

– 6 –



the ghost-graviton interactions [58] are introduced in the Lagrangian (see Eq. (2.2)) as is

necessary for higher order computations. For the external gluon the physical polarisations

are summed using ∑
λ=±1

εµ(p3, λ)εν∗(p3, λ) = −gµν +
pµ3n

ν + nµpν3
p3.n

. (3.1)

Here λ is the helicity and p3 is the momentum of the external gluon. n is an arbitrary

light-like 4-vector. We choose n = p1, one of the external fermion momenta without loss

of generality. The spin-2 polarisation sum in d-dimension is given by [44, 58]:

Bµν;ρσ(q) =

(
gµρ − qµqσ

q.q

)(
gνσ − qνqσ

q.q

)
+

(
gµσ − qµqσ

q.q

)(
gνρ − qνqρ

q.q

)
− 2

d− 1

(
gµν − qµqν

q.q

)(
gρσ − qρqσ

q.q

)
.

(3.2)

where the metric gµν = Diag(1,−1,−1,−1). The squared matrix elements are further

processed using in-house codes based on LiteRed and Mathematica.

3.2 Reduction of Tensor Integrals

Two loop calculation involves a large number of higher rank Feynman integrals, particularly

in the present case it contains tensorial integrals. The conventional approach is to convert

the different Feynman integrals into scalar integrals. This generates thousands of scalar

integrals which need to be properly classified. The idea is to connect all the scalar integrals

to belong to a particular basis. The basis is chosen keeping in mind that any scalar

products of loop momenta and external momenta can be expressed only in terms of linear

combinations of the propagators. In the case of one-loop there are four different scalar

products which are written in terms of four propagators. The choice of basis for one-loop

and two-loop case is given in [32], for completeness we present those here. It is straight

forward to choose the following set as the basis for the one-loop case,

B11 = {D1,D1;1,D1;12,D1;123},
B12 = {D1,D1;2,D1;23,D1;123},
B13 = {D1,D1;3,D1;31,D1;123}

(3.3)

where

D1 = k21, D1;i = (k1 − pi)2, D1;ij = (k1 − pi − pj)2, D1;ijk = (k1 − pi − pj − pk)2 (3.4)

with i, j, k = 1, 2, 3. At two-loop one has 9 independent scalar products of loop momenta

and external momenta, viz. {(kα · kβ), (kα · pi)}; α, β = 1, 2 and i = 1, 2, 3. The physical

diagrams contain at most 7 different propagators. Hence we need to increase the number

of propagators to 9. With the help of Reduze 2, all the two-loop diagrams are classified
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into six different auxiliary topologies presented below:

B21 = {D0, D1, D2, D1;1, D2;1, D1;12, D2;12, D1;123, D2;123},
B22 = {D0, D1, D2, D1;2, D2;2, D1;23, D2;23, D1;123, D2;123},
B23 = {D0, D1, D2, D1;3, D2;3, D1;31, D2;31, D1;123, D2;123},
B24 = {D0, D1, D2, D1;1, D2;1, D0;3, D1;12, D2;12, D1;123},
B25 = {D0, D1, D2, D1;2, D2;2, D0;1, D1;23, D2;23, D1;123},
B26 = {D0, D1, D2, D1;3, D2;3, D0;2, D1;31, D2;31, D1;123}

(3.5)

where

D0 = (k1 − k2)2, Dα = k2α, Dα;i = (kα − pi)2, Dα;ij = (kα − pi − pj)2,
D0;i = (k1 − k2 − pi)2, Dα;ijk = (kα − pi − pj − pk)2.

(3.6)

Although properly classified, these large number of scalar integrals are not all inde-

pendent. In fact they are related by the IBP identities [35, 36] and LI identities [37] which

follow from the Poincare invariance. At a fixed order, they result in a large linear system

of equations for the integrals. The inclusion of LI identities accelerates the solution of the

system of equations, although they are not independent from the IBP identities [59]. We

generate the IBP relations and LI identities using Laporta algorithm [60] as implemented

in LiteRed. Using LiteRed along with Mint [61, 62] we reduce all different scalar integrals

to a fewer set of irreducible scalar integrals i.e. the MIs.

At one-loop, two kinds of MIs appear, viz. the Bubble- two-propagator MI and Box -

four-propagator MI. In case of two-loop we find a total of 24 topologies, out of which 8 are

non-planar topologies and 16 planar topologies. All the two-loop MIs in our calculation

can be related to the MI computed in [41, 42]. At this point we would like to note that

some of the MIs in our case do not appear as given in [41, 42]. The reason behind this is

the different convention in the basis in LiteRed and in [41, 42]. Thus we found topologies

containing higher power of propagators instead of the irreducible numerator in [41, 42].

Nevertheless those can be related by properly using the IBP and LI identities. In this

way we reduce all the scalar integrals to the known set of MIs. We also found two extra

topologies for the MI [32], viz. Kite and GlassS which are basically product of two one-loop

MIs. GlassS is found to be the product of two Bubbles. Kite is the product of one Bubble

and one Box one-loop MIs. Using all the MIs we finally find the unrenormalized one-loop

〈M̂(0)|M̂(1)〉 and two-loop 〈M̂(0)|M̂(2)〉 matrix elements which are presented in the next

section.

4 Results

We have checked that the amplitudes are gauge invariant, which serves a crucial check

on our computation. Following the renormalization prescription in section (2.1), we com-

pute the UV renormalized matrix elements 〈M(0)|M(1)〉 and 〈M(0)|M(2)〉 in terms of the
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unrenormalized ones,

〈M(0)|M(1)〉 =

(
1

µεR

)2 [
〈M̂(0)|M̂(1)〉 + µεR

r1
2
〈M̂(0)|M̂(0)〉

]
〈M(0)|M(2)〉 =

(
1

µεR

)3 [
〈M̂(0)|M̂(2)〉 + µεR

3r1
2
〈M̂(0)|M̂(1)〉

+ µ2εR

(
r2
2
−
r2
1

8

)
〈M̂(0)|M̂(0)〉

]
.

(4.1)

Similarly the renomalized matrix elements according to Catani’s prescription can be written

as

〈M(0)|M(1)〉 = 2 I(1)q (ε) 〈M(0)|M(0)〉 + 〈M(0)|M(1)fin〉

〈M(0)|M(2)〉 = 2 I(1)q (ε) 〈M(0)|M(1)〉+ 4 I(2)q (ε) 〈M(0)|M(0)〉 + 〈M(0)|M(2)fin〉 .
(4.2)

From Eq. (4.1) we extract the coefficients of different poles viz. the 1/ε4, 1/ε3, 1/ε2, 1/ε

and we find that they exactly agree with the respective poles coming from Eq. (4.2). By

comparing the O(ε0) terms from these two sets of equations (Eq. (4.1)) and (Eq. (4.2)), we

obtain the unknown pieces 〈M(0)|M(1)fin〉 and 〈M(0)|M(2)fin〉.
The final result is written in the following form:

〈M(0)|M(0)〉 = Fb A(0),

〈M(0)|M(1)fin〉 = Fb

{
A(1)

0 ln

(
− Q2

µ2R

)
+
(
A(1)

1 ζ2 +A(1)
2

)}
,

〈M(0)|M(2)fin〉 = Fb

{
A(2)

0 ln2

(
− Q2

µ2R

)
+
(
A(2)

1 ζ3 + A(2)
2 ζ2 +A(2)

3

)
ln

(
− Q2

µ2R

)
+
(
A(2)

4 ζ22 +A(2)
5 ζ3 +A(2)

6 ζ2 +A(2)
7

)}
(4.3)

where

Fb = 16π2κ2
(
N2 − 1

)
Q2, (4.4)

A(0) =

(
2 + y2

(
3− 9z

)
− 4z + 3z2 − z3 + y3

(
− 1 + 4z

)
+ y
(
− 4 + 12z − 9z2 + 4z3

))
4yz(1− y − z)

,

(4.5)

A(1)
i = A(1)

i;CA
CA +A(1)

i;CF
CF +A(1)

i;nf
nf ,

A(2)
i = A(2)

i;C2
A
C2
A +A(2)

i;C2
F
C2
F +A(2)

i;n2
f
n2f +A(2)

i;CACF
CACF +A(2)

i;CAnf
CAnf +A(2)

i;CFnf
CFnf .

(4.6)

We notice that unlike the Higgs decay i.e. H → b+ b̄+ g [63], there is no CF term in the

A(1)
0 , which is due to the absence of Yukawa-like term in spin-2 case. All the one-loop and

two-loop coefficients are presented in the Appendix B and C respectively except the A
(2)
7

term which is provided as the ancillary file in the arXiv.
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5 Conclusions

In this article, we present the two-loop virtual QCD correction to massive G → q + q̄ + g

considering the minimal and universal coupling between spin-2 and the SM particles. We

confine ourselves within the framework of massless QCD where only the light quark de-

grees of freedom are taken into account. We employ the Feynman diagrammatic approach

to achieve our goal. As expected, the computation becomes very tedious not only due

to the presence of a large number of Feynman diagrams but also due to the involvement

of a tensorial coupling. In-house codes and state-of-the-art techniques, in particular, IBP

and LI identities, are employed extensively to execute the computation successfully. The

bare matrix elements contain UV as well as IR divergences. The strong coupling constant

renormalization is sufficient to make it UV finite. No extra UV renormalization is required

for the spin-2 coupling as a consequence of the conserved SM energy-momentum tensor

through which it couples universally to the SM fields. The UV finite matrix elements

exhibit poles of infrared origin in dimensional regularization. The resulting infrared pole

structures are in exact agreement with the Catani’s prescription which ensures the univer-

sal factorization property of QCD amplitudes even in the presence of spin-2 field. This

serves a crucial check on the correctness of our computation. The result presented here is

an important piece, which now completes the full two-loop calculation of real graviton pro-

duction associated with a jet. The full NNLO computation to this process needs additional

inputs that we reserve for future study.
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A Harmonic Polylogarithms

All our results are presented in terms of HPLs which are generalisation of Neilson’s poly-

logarithms. Here we briefly discuss some important properties of HPLs. For more details

one can see [41, 46]. The HPLs are represented by H(
→
mω; y);

→
mω being a ω-dimensional

vector which belongs to the set {-1,0,1} through which we define the following rational

functions

f(1; y) ≡ 1

1− y
, f(0; y) ≡ 1

y
, f(−1; y) ≡ 1

1 + y
. (A.1)

The weight-1 (ω = 1) HPLs are then defined as

H(1, y) ≡ − ln(1− y), H(0, y) ≡ ln(y), H(−1, y) ≡ ln(1 + y). (A.2)

For ω > 1 HPLs are defined as

H(m,
→
mω; y) ≡

∫ y

0
dx f(m,x) H(

→
mω;x), m ∈ 0,±1. (A.3)
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Moreover the higher dimensional HPLs are defined following the Eq. (A.3) for the new

elements 2,3 in
→
mω, representing a new class of rational functions

f(2; y) ≡ f(1− z; y) ≡ 1

1− y − z
, f(3; y) ≡ f(z; y) ≡ 1

y + z
; (A.4)

correspondingly the weight-1 (ω = 1) two-dimensional HPLs are given by

H(2, y) ≡ − ln
(

1− y

1− z

)
, H(3, y) ≡ ln

(y + z

z

)
. (A.5)

Properties

HPLs follow some important properties

Shuffle algebra: Product of two HPLs with weights ω1 and ω2 of same argument y is

a HPL of weight (ω1 + ω1) and argument y. This way all possible permutations of the

elements of
→
mω1 and

→
mω2 are considered preserving the relative orders of the element of

→
mω1 and

→
mω2 ,

H(
→
mω1 ; y) H(

→
mω2 ; y) =

∑
→
mω=

→
mω1

⊎→
mω2

H(
→
mω; y) (A.6)

Integration-by-parts identities: Using the integration-by-parts identities the ordering of

the elements of
→
mω inside the HPL can be reversed and in this process some products of

two HPLs can be generated.

H(
→
mω; y) ≡ H(m1,m2, ...mω; y) = H(m1; y) H(m2, ...mω; y)

−H(m2,m1; y) H(m3, ...mω; y)

+ ...+ (−1)ω+1 H(mω, ...,m2,m1; y).

(A.7)

Equations A.6 and A.7 are very useful in writing the higher-weight HPLs in terms of lower-

weight HPLs or products of HPLs, which have been used in the checks of the different poles

in section 5. Below we provide the necessary relations of HPLs used in our computation.

H(0, 2, 0, y) = H(0, y)H(0, 2, y)− 2H(0, 0, 2, y),

H(1, 0, 2, y) = H(1, y)H(0, 2, y)−H(0, 1, 2, y)−H(0, 2, 1, y),

H(1, 2, 0, y) = H(1, y)H(2, 0, y)−H(2, 1, y)H(0, y) +H(0, 2, 1, y),

H(2, 0, 0, y) = H(2, y)H(0, 0, y)−H(0, 2, y)H(0, y) +H(0, 0, 2, y),

H(2, 0, 2, y) = H(2, y)H(0, 2, y)− 2H(0, 2, 2, y),

H(2, 2, 2, y) =
1

3
H(2, y)H(2, 2, y),

H(2, 2, 0, y) = H(2, y)H(2, 0, y)−H(2, 2, y)H(0, y) +H(0, 2, 2, y),

H(3, 0, 2, y) = H(3, y)H(0, 2, y)−H(0, 3, 2, y)−H(0, 2, 3, y),

H(3, 2, 0, y) = H(3, y)H(2, 0, y)−H(2, 3, y)H(0, y) +H(0, 2, 3, y),

H(3, 3, 2, y) = H(3, y)H(3, 2, y)−H(3, 3, y)H(2, y) +H(2, 3, 3, y),

H(2, 1, 0, y) = H(2, y)H(1, 0, y)−H(1, 2, y)H(0, y) +H(0, 1, 2, y),

H(2, 3, 2, y) = H(2, y)H(3, 2, y)− 2H(3, 2, 2, y)

(A.8)
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B One-loop Coefficients

A(1)
0 = −

β0

2
A0;

A(1)
1;CA

= −CA A0; A(1)
1;CF

= 0; A(1)
1;nf

= 0;

A(1)
2;CA

=

{
− 6(−1 + y)y

4
(−1 + z)(y + z) + 6(−1 + y)y

5
(−1 + z)(y + z) + 84(−1 + y)y

3
(−1 + z)z(y + z)− 54(−1 + y)y

4
(−1

+ z)z(y + z) + 44(−1 + y)y
5
(−1 + z)z(y + z) + 132(−1 + y)y

2
(−1 + z)z

2
(y + z)− 152(−1 + y)y

3
(−1 + z)z

2
(y

+ z) + 48(−1 + y)y
5
(−1 + z)z

2
(y + z) + 84(−1 + y)y(−1 + z)z

3
(y + z)− 152(−1 + y)y

2
(−1 + z)z

3
(y + z)− 88(−1

+ y)y
3
(−1 + z)z

3
(y + z) + 144(−1 + y)y

4
(−1 + z)z

3
(y + z)− 6(−1 + y)(−1 + z)z

4
(y + z)− 54(−1 + y)y(−1

+ z)z
4
(y + z) + 144(−1 + y)y

3
(−1 + z)z

4
(y + z) + 6(−1 + y)(−1 + z)z

5
(y + z) + 44(−1 + y)y(−1 + z)z

5
(y + z)

+ 48(−1 + y)y
2
(−1 + z)z

5
(y + z) + 3(−1 + y)y(−1 + z)(y + z)

4
(16y

3
+ y

2
(−41 + 12z)− 2(7− 6z + 3z

2
)

+ 3y(13− 9z + 4z
2
))H(0, y)

2
+ 3(−1 + y)(−1 + z)z(y + z)

4
(−14 + 39z − 41z

2
+ 16z

3
+ 6y

2
(−1 + 2z) + 3y(4

− 9z + 4z
2
))H(0, z)

2
+ 3(−1 + y)(−1 + z)(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z)

+ 3y
2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(1, z)

2
+ 2(−1 + z)(y + z)

4
H(0, y)(−10 + 30y − 35y

2

+ 20y
3 − 5y

4
+ 20z − 80yz + 132y

2
z − 116y

3
z + 44y

4
z − 15z

2
+ 60yz

2 − 72y
2
z
2
+ 24y

3
z
2
+ 5z

3

− 25yz
3
+ 20y

2
z
3
+ 3(−1 + y)(2 + y

2
(3− 9z)− 4z + 3z

2 − z3 + y
3
(−1 + 4z) + y(−4 + 12z − 9z

2

+ 4z
3
))H(0, z) + 3(−1 + y)(2 + 16y

4 − 4z + 3z
2 − z3 + 2y

3
(−21 + 8z) + 6y

2
(7− 6z + 2z

2
) + y(−18 + 24z

− 15z
2
+ 4z

3
))H(1, z)) + (−1 + y)(−1 + z)(y

7
(−9 + 84z) + 3y

6
(9− 83z + 144z

2
)− 9z

4
(−2 + 4z − 3z

2
+ z

3
)

+ 3y
5
(−12 + 92z − 373z

2
+ 324z

3
) + yz

3
(−36− 136z + 276z

2 − 249z
3
+ 84z

4
) + y

2
z
2
(−60− 292z + 1053z

2

− 1119z
3
+ 432z

4
) + y

3
z(−36− 292z + 1608z

2 − 2175z
3
+ 972z

4
) + y

4
(18− 136z + 1053z

2 − 2175z
3

+ 1248z
4
))H(2, y) + 3(−1 + y)(−1 + z)(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15

− 17z + 8z
2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(2, y)

2
+ 2(−1 + y)(y + z)

4
H(0, z)(−5(−1 + z)

2
(2− 2z + z

2
)

+ 5y
3
(1− 5z + 4z

2
) + 3y

2
(−5 + 20z − 24z

2
+ 8z

3
) + 4y(5− 20z + 33z

2 − 29z
3
+ 11z

4
) + 3(−1 + z)(y

3
(−1

+ 4z) + 4y(−1 + z)
2
(−1 + 4z) + 3y

2
(1− 5z + 4z

2
) + 2(1− 9z + 21z

2 − 21z
3
+ 8z

4
))H(2, y)) + (−1 + y)(−1

+ z)H(1, z)(3y
7
(−3 + 28z) + 3y

6
(9− 83z + 144z

2
)− 9z

4
(−2 + 4z − 3z

2
+ z

3
) + 3y

5
(−12 + 92z − 373z

2

+ 324z
3
) + yz

3
(−36− 136z + 276z

2 − 249z
3
+ 84z

4
) + y

2
z
2
(−60− 292z + 1053z

2 − 1119z
3
+ 432z

4
)

+ y
3
z(−36− 292z + 1608z

2 − 2175z
3
+ 972z

4
) + y

4
(18− 136z + 1053z

2 − 2175z
3
+ 1248z

4
)− 6(y + z)

4
(4

+ 16y
4 − 22z + 45z

2 − 43z
3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2

+ 20z
3
))H(3, y))− 6(−1 + y)y(−1 + z)(y + z)

4
(16y

3
+ y

2
(−41 + 12z)− 2(7− 6z + 3z

2
) + 3y(13− 9z

+ 4z
2
))H(0, 0, y)− 6(−1 + y)(−1 + z)z(y + z)

4
(−14 + 39z − 41z

2
+ 16z

3
+ 6y

2
(−1 + 2z) + 3y(4− 9z

+ 4z
2
))H(0, 0, z)− 6(−1 + y)(−1 + z)(y + z)

4
(2 + 16y

4 − 4z + 3z
2 − z3 + 2y

3
(−21 + 8z) + 6y

2
(7− 6z

+ 2z
2
) + y(−18 + 24z − 15z

2
+ 4z

3
))H(0, 1, z) + 6(−1 + y)(−1 + z)(y + z)

4
(2 + 16y

4 − 4z + 3z
2 − z3

+ 2y
3
(−21 + 8z) + 6y

2
(7− 6z + 2z

2
) + y(−18 + 24z − 15z

2
+ 4z

3
))H(0, 2, y)− 6(−1 + y)y(−1 + z)(y

+ z)
4
(16y

3
+ y

2
(−41 + 12z)− 2(7− 6z + 3z

2
) + 3y(13− 9z + 4z

2
))H(1, 0, y) + 6(−1 + y)(−1 + z)(y + z)

4
(2

+ y
2
(3− 9z)− 4z + 3z

2 − z3 + y
3
(−1 + 4z) + y(−4 + 12z − 9z

2
+ 4z

3
))H(1, 0, z)− 6(−1 + y)(−1 + z)(y

+ z)
4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2

+ 20z
3
))H(1, 1, z) + 6(−1 + y)(−1 + z)(y + z)

4
(2 + 16y

4 − 4z + 3z
2 − z3 + 2y

3
(−21 + 8z) + 6y

2
(7− 6z

+ 2z
2
) + y(−18 + 24z − 15z

2
+ 4z

3
))H(2, 0, y)− 6(−1 + y)(−1 + z)(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3

+ 16z
4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(2, 2, y)− 6(−1 + y)(−1 + z)(y

+ z)
4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2

+ 20z
3
))H(3, 2, y)

}/(
24(−1 + y)y(−1 + z)z(−1 + y + z)(y + z)

4
)
;

A(1)
2;CF

=

{
20(−1 + y)y(−1 + z)(y + z)− 59(−1 + y)y

2
(−1 + z)(y + z) + 68(−1 + y)y

3
(−1 + z)(y + z)− 39(−1 + y)y

4
(−1

+ z)(y + z) + 10(−1 + y)y
5
(−1 + z)(y + z) + 20(−1 + y)(−1 + z)z(y + z)− 138(−1 + y)y(−1 + z)z(y + z) + 316(−1

+ y)y
2
(−1 + z)z(y + z)− 318(−1 + y)y

3
(−1 + z)z(y + z) + 161(−1 + y)y

4
(−1 + z)z(y + z)− 41(−1 + y)y

5
(−1

+ z)z(y + z)− 59(−1 + y)(−1 + z)z
2
(y + z) + 316(−1 + y)y(−1 + z)z

2
(y + z)− 578(−1 + y)y

2
(−1 + z)z

2
(y + z)

+ 435(−1 + y)y
3
(−1 + z)z

2
(y + z)− 142(−1 + y)y

4
(−1 + z)z

2
(y + z) + 28(−1 + y)y

5
(−1 + z)z

2
(y + z) + 68(−1

+ y)(−1 + z)z
3
(y + z)− 318(−1 + y)y(−1 + z)z

3
(y + z) + 435(−1 + y)y

2
(−1 + z)z

3
(y + z)− 202(−1 + y)y

3
(−1
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+ z)z
3
(y + z) + 20(−1 + y)y

4
(−1 + z)z

3
(y + z)− 39(−1 + y)(−1 + z)z

4
(y + z) + 161(−1 + y)y(−1 + z)z

4
(y + z)

− 142(−1 + y)y
2
(−1 + z)z

4
(y + z) + 20(−1 + y)y

3
(−1 + z)z

4
(y + z) + 10(−1 + y)(−1 + z)z

5
(y + z)− 41(−1

+ y)y(−1 + z)z
5
(y + z) + 28(−1 + y)y

2
(−1 + z)z

5
(y + z)− (−1 + y)

2
(−1 + 4y)(−1 + z)

2
(y + z)

2
(−2 + 2y

3
+ 4z

− 3z
2
+ z

3
+ y

2
(−6 + 4z) + y(6− 8z + 3z

2
))H(0, y)

2
+ (1− y)(−1 + y)(y

3
+ 3y

2
(−1 + z) + 4y(−1 + z)

2
+ 2(−1

+ z)
3
)(−1 + z)

2
(y + z)

2
(−1 + 4z)H(0, z)

2
+ (1− y)(−1 + y)(−1 + z)

2
(y + z)

2
(4 + 8y

4 − 18z + 33z
2 − 27z

3

+ 8z
4
+ y

3
(−27 + 20z) + 3y

2
(11− 17z + 8z

2
) + y(−18 + 48z − 51z

2
+ 20z

3
))H(1, z)

2
+ (−1 + z)

2
(−1 + y + z)(y

+ z)
2
H(0, y)(−(yz(8y

3
+ y(30− 27z) + 12(−1 + z) + 2y

2
(−13 + 6z)))− 2(−1 + y)

2
(−1 + 4y)(2 + 2y

2
+ 2y(−2

+ z)− 2z + z
2
)H(1, z)) + (1− y)(−1 + y)(−1 + z)

2
(y

5
(−3 + 20z) + y

4
(9− 73z + 80z

2
)− 3z

2
(−2 + 4z − 3z

2

+ z
3
) + 6y

3
(−2 + 15z − 34z

2
+ 20z

3
) + yz(−8− 32z + 90z

2 − 73z
3
+ 20z

4
) + 2y

2
(3− 16z + 81z

2 − 102z
3

+ 40z
4
))H(2, y) + (1− y)(−1 + y)(−1 + z)

2
(y + z)

2
(4 + 8y

4 − 18z + 33z
2 − 27z

3
+ 8z

4
+ y

3
(−27 + 20z)

+ 3y
2
(11− 17z + 8z

2
) + y(−18 + 48z − 51z

2
+ 20z

3
))H(2, y)

2
+ (1− y)(−1 + y)(−1 + y + z)(y

+ z)
2
H(0, z)(yz(−12 + 30z − 26z

2
+ 8z

3
+ 3y(4− 9z + 4z

2
)) + 2(y

2
+ 2y(−1 + z) + 2(−1 + z)

2
)(−1 + z)

2
(−1

+ 4z)H(2, y)) + (−1 + y + z)(−1 + y + z − yz)2H(1, z)(y
4
(3− 20z) + y

3
(−6 + 50z − 60z

2
) + 3z

2
(2− 2z + z

2
)

+ y
2
(6− 34z + 94z

2 − 60z
3
)− 2yz(4 + 17z − 25z

2
+ 10z

3
) + 2(y + z)

2
(−4 + 8y

3
+ 14z − 19z

2
+ 8z

3

+ y
2
(−19 + 12z) + 2y(7− 10z + 6z

2
))H(3, y)) + 2(1− y)(1− 5y + 4y

2
)(−y − z)(−1 + z)

2
(2y

4
+ 6y

3
(−1 + z)

+ y
2
(6− 14z + 7z

2
) + z(−2 + 4z − 3z

2
+ z

3
) + y(−2 + 10z − 11z

2
+ 4z

3
))H(0, 0, y) + 2(1− y)(−1 + y)(−y

− z)(−1 + z)(1− 5z + 4z
2
)(y

4
+ 2(−1 + z)

3
z + 2y(−1 + z)

2
(−1 + 3z) + y

3
(−3 + 4z) + y

2
(4− 11z

+ 7z
2
))H(0, 0, z) + 2(−1 + y)

2
(−1 + 4y)(−1 + z)

2
(y + z)

2
(−2 + 2y

3
+ 4z − 3z

2
+ z

3
+ y

2
(−6 + 4z) + y(6− 8z

+ 3z
2
))H(0, 1, z)− 2(−1 + y)

2
(−1 + 4y)(−1 + z)

2
(y + z)

2
(−2 + 2y

3
+ 4z − 3z

2
+ z

3
+ y

2
(−6 + 4z) + y(6− 8z

+ 3z
2
))H(0, 2, y) + 2(−1 + y)

2
(−1 + 4y)(−1 + z)

2
(y + z)

2
(−2 + 2y

3
+ 4z − 3z

2
+ z

3
+ y

2
(−6 + 4z) + y(6− 8z

+ 3z
2
))H(1, 0, y) + 2(−1 + y)

2
(−1 + z)

2
(y + z)

2
(4 + 8y

4 − 18z + 33z
2 − 27z

3
+ 8z

4
+ y

3
(−27 + 20z)

+ 3y
2
(11− 17z + 8z

2
) + y(−18 + 48z − 51z

2
+ 20z

3
))H(1, 1, z)− 2(−1 + y)

2
(−1 + 4y)(−1 + z)

2
(y + z)

2
(−2

+ 2y
3
+ 4z − 3z

2
+ z

3
+ y

2
(−6 + 4z) + y(6− 8z + 3z

2
))H(2, 0, y) + 2(−1 + y)

2
(−1 + z)

2
(y + z)

2
(4 + 8y

4

− 18z + 33z
2 − 27z

3
+ 8z

4
+ y

3
(−27 + 20z) + 3y

2
(11− 17z + 8z

2
) + y(−18 + 48z − 51z

2
+ 20z

3
))H(2, 2, y)

+ 2(−1 + y)
2
(−1 + z)

2
(y + z)

2
(4 + 8y

4 − 18z + 33z
2 − 27z

3
+ 8z

4
+ y

3
(−27 + 20z) + 3y

2
(11− 17z + 8z

2
)

+ y(−18 + 48z − 51z
2
+ 20z

3
))H(3, 2, y)

}/(
4(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
)
;

A(1)
2;nf

=

{
− 24y

4
z + 12y

5
z − 8y

6
z − 24y

3
z
2
+ 8y

4
z
2 − 8y

5
z
2 − 24y

2
z
3 − 8y

3
z
3
+ 16y

4
z
3 − 24yz

4

+ 8y
2
z
4
+ 16y

3
z
4
+ 12yz

5 − 8y
2
z
5 − 8yz

6 − (y + z)
4
(2 + y

2
(3− 9z)− 4z + 3z

2 − z3 + y
3
(−1 + 4z)

+ y(−4 + 12z − 9z
2
+ 4z

3
))H(0, y)− (y + z)

4
(2 + y

2
(3− 9z)− 4z + 3z

2 − z3 + y
3
(−1 + 4z) + y(−4 + 12z

− 9z
2
+ 4z

3
))H(0, z) + 4yz(−5y

3
+ 3y

4
+ yz

2
+ y

2
(6 + z − 6z

2
) + z

2
(6− 5z + 3z

2
))H(1, z) + 4yz(−5y

3

+ 3y
4
+ yz

2
+ y

2
(6 + z − 6z

2
) + z

2
(6− 5z + 3z

2
))H(2, y)

}/(
24yz(−1 + y + z)(y + z)

4
)
.
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C Two-loop Coefficients

A(2)
0 = −

3β2
0

8
A0;

A(2)

1;C2
A

= − A0; A(2)

1;C2
F

= 24 A0; A(2)

1;n2
f

= 0; A(2)
1;CACF

= −26 A0; A(2)
1;CAnf

= 0; A(2)
1;CF nf

= 0;

A(2)

2;C2
A

=
55

12
A0; A(2)

2;C2
F

= −12 A0; A(2)

2;n2
f

= 0; A(2)
2;CACF

=
23

2
A0; A(2)

2;CAnf
= −

5

6
A0; A(2)

2;CF nf
= − A0;

A(2)

3;C2
A

=

{
8(−1 + y)

2
y(−1 + z)

2
z(y + z)(39y

6
(−1 + 4z) + y

5
(84− 710z + 204z

2
) + 3z

3
(26− 41z + 28z

2 − 13z
3
)

− 3y
4
(41− 372z + 507z

2
+ 56z

3
) + 2yz

2
(117− 543z + 558z

2 − 355z
3
+ 78z

4
)− 2y

3
(−39 + 543z − 1354z

2

+ 850z
3
+ 84z

4
) + y

2
z(234− 1662z + 2708z

2 − 1521z
3
+ 204z

4
))− 8(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(56 + 500y

4

+ 34z − 396z
2
+ 550z

3 − 244z
4
+ y

3
(−1415 + 1348z) + 3y

2
(433− 715z + 180z

2
)− 4y(110− 219z + 42z

2

+ 38z
3
))H(0, y)

3
+ 8(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(−56 + 244y

4
+ 440z − 1299z

2
+ 1415z

3 − 500z
4
+ 2y

3
(−275

+ 76z) + y
2
(396 + 168z − 540z

2
)− y(34 + 876z − 2145z

2
+ 1348z

3
))H(0, z)

3 − 32(−1 + y)
2
y(−1 + z)

2
z(y + z)

4
(9

+ 364y
4 − 203z + 702z

2 − 872z
3
+ 364z

4
+ y

3
(−872 + 564z) + 6y

2
(117− 167z + 92z

2
) + y(−203 + 606z − 1002z

2

+ 564z
3
))H(1, z)

3
+ (−1728y

12
(−1 + z)

2
+ 216(−1 + z)

5
z
6
(−1 + 4z) + 24y

11
(−1 + z)

2
(375 + 718z) + y

10
(−19080

− 28289z + 250122z
2 − 338949z

3
+ 136304z

4
)− y(−1 + z)

2
z
5
(−8082 + 36428z − 80967z

2
+ 91745z

3 − 40992z
4
+ 1728z

5
)

+ y
9
(20808 + 63133z − 748547z

2
+ 1624467z

3 − 1359901z
4
+ 400256z

5
) + y

2
(−1 + z)

2
z
4
(25944− 171016z + 438304z

2

− 585767z
3
+ 364650z

4 − 73560z
5
+ 864z

6
) + y

8
(−12024− 69787z + 1130000z

2 − 3636494z
3
+ 4922656z

4 − 3035579z
5

+ 701120z
6
) + y

7
(3312 + 52501z − 1005911z

2
+ 4577790z

3 − 9135618z
4
+ 9138769z

5 − 4491307z
6
+ 860032z

7
)

+ y
3
z
3
(32844− 401168z + 1810731z

2 − 4338377z
3
+ 6108582z

4 − 5103134z
5
+ 2392815z

6 − 537669z
7
+ 35376z

8
)

+ y
4
z
2
(23424− 374888z + 2225864z

2 − 6614805z
3
+ 11116384z

4 − 10963698z
5
+ 6184528z

6 − 1787581z
7
+ 190880z

8
)

+ y
5
z(6066− 175600z + 1559775z

2 − 6176973z
3
+ 12917254z

4 − 15269476z
5
+ 10196989z

6 − 3546779z
7
+ 488960z

8
)

+ y
6
(−288− 26312z + 553704z

2 − 3461777z
3
+ 9763000z

4 − 14401588z
5
+ 11527644z

6 − 4728907z
7
+ 774416z

8
))H(2, y)

2

− 32(−1 + y)
2
y(−1 + z)

2
z(y + z)

4
(9 + 364y

4 − 203z + 702z
2 − 872z

3
+ 364z

4
+ y

3
(−872 + 564z) + 6y

2
(117− 167z

+ 92z
2
) + y(−203 + 606z − 1002z

2
+ 564z

3
))H(2, y)

3
+H(0, y)

2
((y + z)

2
(1728y

10
(−1 + z)

2
+ 216(−1 + z)

5
z
3
(−1

+ 4z)− 72y
9
(−1 + z)

2
(149 + 87z) + y

8
(28080− 43945z − 17990z

2
+ 55603z

3 − 21640z
4
) + y(−1 + z)

2
z
2
(144− 3573z

+ 10219z
2 − 12168z

3
+ 4234z

4
+ 864z

5
)− y7(39888− 94511z + 2851z

2
+ 137595z

3 − 104887z
4
+ 19064z

5
) + y

6
(32832

− 125478z + 90408z
2
+ 113163z

3 − 158918z
4
+ 46681z

5
+ 1096z

6
)− y2(−1 + z)

2
z(360− 2430z − 10125z

2
+ 18134z

3

− 1460z
4 − 13140z

5
+ 4320z

6
) + y

5
(−15336 + 94486z − 141904z

2
+ 19649z

3
+ 66045z

4
+ 13557z

5 − 53601z
6
+ 17104z

7
)

+ y
4
(3600− 38177z + 94480z

2 − 70947z
3
+ 25180z

4 − 94718z
5
+ 142546z

6 − 75040z
7
+ 13184z

8
) + y

3
(−288 + 7227z

− 28965z
2
+ 25131z

3
+ 4151z

4
+ 35390z

5 − 108748z
6
+ 97128z

7 − 33618z
8
+ 2592z

9
)) + 48(−1 + y)

2
y(−1 + z)

2
z(y

+ z)
4
(16y

4
+ 4y

3
(−11 + 6z) + 6y

2
(8− 9z + 2z

2
)− 3(−2 + 4z − 3z

2
+ z

3
) + y(−26 + 48z − 33z

2
+ 12z

3
))H(0, z)

+ 144(−1 + y)
2
y(−1 + z)

2
z(y + z)

4
(2 + 16y

4 − 4z + 3z
2 − z3 + 2y

3
(−21 + 8z) + 6y

2
(7− 6z + 2z

2
) + y(−18

+ 24z − 15z
2
+ 4z

3
))H(1, z) + 48(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(2 + 16y

4 − 4z + 3z
2 − z3 + 2y

3
(−21 + 8z)

+ 6y
2
(7− 6z + 2z

2
) + y(−18 + 24z − 15z

2
+ 4z

3
))H(2, y)) +H(0, z)

2
((y + z)

2
(1728y

9
(−1 + z)

2
(−1 + 3z)

− 216(−1 + z)
6
z
3
(−1 + 4z) + y

8
(9000− 48470z + 93492z

2 − 78258z
3
+ 23552z

4
) + 4y

7
(−4770 + 28897z − 69529z

2

+ 79974z
3 − 42772z

4
+ 8200z

5
) + y(−1 + z)

2
z
2
(144− 3501z + 19081z

2 − 43239z
3
+ 50375z

4 − 23976z
5
+ 1728z

6
)

+ y
6
(20808− 148735z + 427794z

2 − 614728z
3
+ 447358z

4 − 140145z
5
+ 9016z

6
) + y

5
(−12024 + 107821z − 367983z

2

+ 619778z
3 − 507386z

4
+ 132177z

5
+ 54601z

6 − 26984z
7
)− y2(−1 + z)

2
z(360− 2934z − 12651z

2
+ 74708z

3 − 142537z
4

+ 119942z
5 − 36936z

6
+ 864z

7
) + y

4
(3312− 41639z + 174106z

2 − 315241z
3
+ 188404z

4
+ 184665z

5 − 356162z
6

+ 199207z
7 − 37336z

8
) + y

3
(−288 + 7155z − 40995z

2
+ 60519z

3
+ 92277z

4 − 437623z
5
+ 633399z

6 − 444135z
7
+ 146323z

8

− 16632z
9
)) + 48(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(y

3
(−1 + 4z) + 4y(−1 + z)

2
(−1 + 4z) + 3y

2
(1− 5z + 4z

2
) + 2(1

− 9z + 21z
2 − 21z

3
+ 8z

4
))H(1, z) + 144(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(y

3
(−1 + 4z) + 4y(−1 + z)

2
(−1 + 4z)

+ 3y
2
(1− 5z + 4z

2
) + 2(1− 9z + 21z

2 − 21z
3
+ 8z

4
))H(2, y)) +H(1, z)

2
(−1728y

12
(−1 + z)

2
+ 216(−1

+ z)
5
z
6
(−1 + 4z) + 24y

11
(−1 + z)

2
(375 + 718z) + y

10
(−19080− 28289z + 250122z

2 − 338949z
3
+ 136304z

4
)− y(−1

+ z)
2
z
5
(−8082 + 36428z − 80967z

2
+ 91745z

3 − 40992z
4
+ 1728z

5
) + y

9
(20808 + 63133z − 748547z

2
+ 1624467z

3

− 1359901z
4
+ 400256z

5
) + y

2
(−1 + z)

2
z
4
(25944− 171016z + 438304z

2 − 585767z
3
+ 364650z

4 − 73560z
5
+ 864z

6
)

+ y
8
(−12024− 69787z + 1130000z

2 − 3636494z
3
+ 4922656z

4 − 3035579z
5
+ 701120z

6
) + y

7
(3312 + 52501z − 1005911z

2

+ 4577790z
3 − 9135618z

4
+ 9138769z

5 − 4491307z
6
+ 860032z

7
) + y

3
z
3
(32844− 401168z + 1810731z

2 − 4338377z
3
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+ 6108582z
4 − 5103134z

5
+ 2392815z

6 − 537669z
7
+ 35376z

8
) + y

4
z
2
(23424− 374888z + 2225864z

2 − 6614805z
3

+ 11116384z
4 − 10963698z

5
+ 6184528z

6 − 1787581z
7
+ 190880z

8
) + y

5
z(6066− 175600z + 1559775z

2 − 6176973z
3

+ 12917254z
4 − 15269476z

5
+ 10196989z

6 − 3546779z
7
+ 488960z

8
) + y

6
(−288− 26312z + 553704z

2 − 3461777z
3

+ 9763000z
4 − 14401588z

5
+ 11527644z

6 − 4728907z
7
+ 774416z

8
)− 96(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(13 + 380y

4 − 225z

+ 747z
2 − 915z

3
+ 380z

4
+ y

3
(−915 + 584z) + 9y

2
(83− 117z + 64z

2
) + y(−225 + 654z − 1053z

2
+ 584z

3
))H(2, y)

− 96(−1 + y)
2
y(−1 + z)

2
z(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
)

+ y(−22 + 48z − 51z
2
+ 20z

3
))H(3, y))− 2(y + z)

2
(1728y

10
(−1 + z)

2
+ 216(−1 + z)

5
z
3
(−1 + 4z)− 72y

9
(−1

+ z)
2
(149 + 87z) + y

8
(28080− 43945z − 17990z

2
+ 55603z

3 − 21640z
4
) + y(−1 + z)

2
z
2
(144− 3573z + 10219z

2

− 12168z
3
+ 4234z

4
+ 864z

5
)− y7(39888− 94511z + 2851z

2
+ 137595z

3 − 104887z
4
+ 19064z

5
) + y

6
(32832− 125478z

+ 90408z
2
+ 113163z

3 − 158918z
4
+ 46681z

5
+ 1096z

6
)− y2(−1 + z)

2
z(360− 2430z − 10125z

2
+ 18134z

3 − 1460z
4

− 13140z
5
+ 4320z

6
) + y

5
(−15336 + 94486z − 141904z

2
+ 19649z

3
+ 66045z

4
+ 13557z

5 − 53601z
6
+ 17104z

7
) + y

4
(3600

− 38177z + 94480z
2 − 70947z

3
+ 25180z

4 − 94718z
5
+ 142546z

6 − 75040z
7
+ 13184z

8
) + y

3
(−288 + 7227z − 28965z

2

+ 25131z
3
+ 4151z

4
+ 35390z

5 − 108748z
6
+ 97128z

7 − 33618z
8
+ 2592z

9
))H(0, 0, y)− 2(y + z)

2
(1728y

9
(−1 + z)

2
(−1

+ 3z)− 216(−1 + z)
6
z
3
(−1 + 4z) + y

8
(9000− 48470z + 93492z

2 − 78258z
3
+ 23552z

4
) + 4y

7
(−4770 + 28897z − 69529z

2

+ 79974z
3 − 42772z

4
+ 8200z

5
) + y(−1 + z)

2
z
2
(144− 3501z + 19081z

2 − 43239z
3
+ 50375z

4 − 23976z
5
+ 1728z

6
)

+ y
6
(20808− 148735z + 427794z

2 − 614728z
3
+ 447358z

4 − 140145z
5
+ 9016z

6
) + y

5
(−12024 + 107821z − 367983z

2

+ 619778z
3 − 507386z

4
+ 132177z

5
+ 54601z

6 − 26984z
7
)− y2(−1 + z)

2
z(360− 2934z − 12651z

2
+ 74708z

3 − 142537z
4

+ 119942z
5 − 36936z

6
+ 864z

7
) + y

4
(3312− 41639z + 174106z

2 − 315241z
3
+ 188404z

4
+ 184665z

5 − 356162z
6

+ 199207z
7 − 37336z

8
) + y

3
(−288 + 7155z − 40995z

2
+ 60519z

3
+ 92277z

4 − 437623z
5
+ 633399z

6 − 444135z
7
+ 146323z

8

− 16632z
9
))H(0, 0, z) + 8(−1 + y)

2
y(−1 + z)z(528y

8
(−1 + z)− 3(−1 + z)

2
z
4
(14− 14z + 3z

2
) + 6y

7
(227− 631z

+ 404z
2
) + 6y

6
(−223 + 1245z − 1758z

2
+ 738z

3
) + 3y

5
(182− 2102z + 5517z

2 − 4865z
3
+ 1284z

4
) + 2y

2
z
2
(−294

+ 1706z − 2858z
2
+ 1581z

3
+ 225z

4 − 354z
5
) + yz

3
(−384 + 1354z − 1582z

2
+ 531z

3
+ 261z

4 − 180z
5
)− 4y

3
z(96

− 1033z + 2746z
2 − 2667z

3
+ 666z

4
+ 180z

5
) + y

4
(−42 + 2398z − 11683z

2
+ 18420z

3 − 10149z
4
+ 1128z

5
))H(0, 1, z)

− 8(−1 + y)y(−1 + z)
2
z(528y

9
+ 6y

8
(−323 + 492z) + 12y

7
(237− 866z + 609z

2
) + 3z

4
(−30 + 60z − 49z

2
+ 19z

3
)

+ 3y
6
(−692 + 4784z − 7993z

2
+ 3540z

3
) + yz

3
(−144 + 1364z − 1944z

2
+ 1374z

3 − 405z
4
) + y

5
(732− 9572z + 30498z

2

− 31161z
3
+ 9960z

4
) + y

2
z
2
(−204 + 3656z − 8678z

2
+ 7902z

3 − 3411z
4
+ 348z

5
) + 2y

3
z(−72 + 2320z − 8830z

2

+ 11118z
3 − 6117z

4
+ 1086z

5
) + y

4
(−90 + 2804z − 18275z

2
+ 34641z

3 − 24864z
4
+ 6048z

5
))H(0, 2, y) + 264(−1

+ y)
2
y
2
(−1 + z)

2
z(y + z)

4
(16y

3
+ y

2
(−41 + 12z)− 2(7− 6z + 3z

2
) + 3y(13− 9z + 4z

2
))H(1, 0, y)− 8(−1

+ y)
2
y(−1 + z)z(−3(−1 + z)

2
z
4
(30− 30z + 19z

2
) + y

7
(57− 405z + 348z

2
) + 3y

6
(−49 + 392z − 939z

2
+ 592z

3
)

+ 3y
5
(60− 516z + 1941z

2 − 2857z
3
+ 1356z

4
) + yz

3
(−144 + 956z − 2180z

2
+ 2505z

3 − 1581z
4
+ 444z

5
)

+ y
2
z
2
(−204 + 1868z − 6197z

2
+ 9312z

3 − 6951z
4
+ 2160z

5
) + y

3
z(−144 + 1808z − 8288z

2
+ 15567z

3 − 13539z
4

+ 4548z
5
) + y

4
(−90 + 902z − 5345z

2
+ 13260z

3 − 14271z
4
+ 5472z

5
))H(1, 0, z) + 2(1728y

12
(−1 + z)

2 − 216(−1

+ z)
5
z
6
(−1 + 4z)− 24y
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(−1 + z)

2
(375 + 718z) + y

10
(19080 + 28289z − 250122z

2
+ 338949z

3 − 136304z
4
) + y(−1

+ z)
2
z
5
(−8082 + 36428z − 80967z

2
+ 91745z

3 − 40992z
4
+ 1728z

5
)− y9(20808 + 63133z − 748547z

2
+ 1624467z

3

− 1359901z
4
+ 400256z

5
) + y

8
(12024 + 69787z − 1130000z

2
+ 3636494z

3 − 4922656z
4
+ 3035579z

5 − 701120z
6
)− y2(−1

+ z)
2
z
4
(25944− 171016z + 438304z

2 − 585767z
3
+ 364650z

4 − 73560z
5
+ 864z

6
)− y7(3312 + 52501z − 1005911z

2

+ 4577790z
3 − 9135618z

4
+ 9138769z

5 − 4491307z
6
+ 860032z

7
) + y

6
(288 + 26312z − 553704z

2
+ 3461777z

3 − 9763000z
4

+ 14401588z
5 − 11527644z

6
+ 4728907z

7 − 774416z
8
) + y

5
z(−6066 + 175600z − 1559775z

2
+ 6176973z

3 − 12917254z
4

+ 15269476z
5 − 10196989z

6
+ 3546779z

7 − 488960z
8
) + y

4
z
2
(−23424 + 374888z − 2225864z

2
+ 6614805z

3 − 11116384z
4

+ 10963698z
5 − 6184528z

6
+ 1787581z

7 − 190880z
8
) + y

3
z
3
(−32844 + 401168z − 1810731z

2
+ 4338377z

3 − 6108582z
4

+ 5103134z
5 − 2392815z

6
+ 537669z

7 − 35376z
8
))H(1, 1, z) +H(3, y)(96(−1 + y)

2
y(−1 + z)

2
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) + y(−22 + 48z

− 51z
2
+ 20z

3
))H(3, y)− 96(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z)

+ 3y
2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(2, y)H(3, y)− 288(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(2 + 16y

4

− 4z + 3z
2 − z3 + 2y

3
(−21 + 8z) + 6y

2
(7− 6z + 2z

2
) + y(−18 + 24z − 15z

2
+ 4z

3
))H(0, 0, y)− 96(−1 + y)

2
y(−1

+ z)
2
z
2
(y + z)

4
(−14 + 39z − 41z

2
+ 16z

3
+ 6y

2
(−1 + 2z) + 3y(4− 9z + 4z

2
))H(0, 0, z)− 96(−1 + y)

2
y(−1

+ z)
2
z(y + z)

4
(2 + 16y

4 − 4z + 3z
2 − z3 + 2y

3
(−21 + 8z) + 6y

2
(7− 6z + 2z

2
) + y(−18 + 24z − 15z

2

+ 4z
3
))H(0, 1, z)− 96(−1 + y)

2
y
2
(−1 + z)

2
z(y + z)

4
(16y

3
+ y

2
(−41 + 12z)− 2(7− 6z + 3z

2
) + 3y(13− 9z

+ 4z
2
))H(0, 2, y) + 96(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z)

+ 3y
2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(0, 3, y) + 96(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(2 + y

2
(3− 9z)

− 4z + 3z
2 − z3 + y

3
(−1 + 4z) + y(−4 + 12z − 9z

2
+ 4z

3
))H(1, 0, z)− 96(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(4 + 16y

4

− 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(1, 1, z)

− 96(−1 + y)
2
y
2
(−1 + z)

2
z(y + z)

4
(16y

3
+ y

2
(−41 + 12z)− 2(7− 6z + 3z

2
) + 3y(13− 9z + 4z

2
))H(2, 0, y)

+ 192(−1 + y)
2
y(−1 + z)

2
z(y + z)

4
(13 + 380y

4 − 225z + 747z
2 − 915z

3
+ 380z

4
+ y

3
(−915 + 584z) + 9y

2
(83− 117z

+ 64z
2
) + y(−225 + 654z − 1053z

2
+ 584z

3
))H(2, 2, y) + 96(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(4 + 16y

4 − 22z + 45z
2

− 43z
3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(2, 3, y) + 96(−1 + y)

2
y(−1

+ z)
2
z(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
) + y(−22 + 48z

− 51z
2
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3
))H(3, 0, y) + 96(−1 + y)
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y(−1 + z)

2
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4 − 22z + 45z
2 − 43z

3
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4
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(−43
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(15− 17z + 8z
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) + y(−22 + 48z − 51z

2
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3
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y(−1 + z)

2
z(y + z)
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4
+ 34z − 396z

2
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4
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(−1661 + 1420z) + 3y
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2
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2
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3
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2
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4
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2
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2
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2
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3
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2
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+ z)
2
z(y + z)

4
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4 − 4z + 3z
2 − z3 + y

3
(−83 + 28z) + 3y

2
(27− 21z + 8z

2
) + y(−32 + 36z − 21z

2

+ 4z
3
))H(0, 0, 1, z)− 96(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
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4
+ y

3
(−85 + 36z) + 3y

2
(29− 27z + 8z

2
)− 3(−2 + 4z
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− 3z
2
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) + y(−40 + 60z − 39z

2
+ 12z

3
))H(0, 0, 2, y) + 96(−1 + y)
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(−1 + z)
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z(y + z)
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− 2(7− 6z + 3z
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y(−1 + z)
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(−85 + 36z) + 3y
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(29− 27z + 8z
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)− 3(−2 + 4z − 3z
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) + y(−40 + 60z − 39z
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))H(0, 1, 1, z)− 96(−1 + y)
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y(−1 + z)
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(−85 + 36z) + 3y
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(29− 27z + 8z

2
)− 3(−2

+ 4z − 3z
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))H(0, 2, 0, y)− 96(−1 + y)
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2
z(y + z)

4
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(−83 + 28z) + 3y
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) + y(−32 + 36z − 21z
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+ 4z
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))H(0, 2, 2, y) + 96(−1 + y)

2
y(−1
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z(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z
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(−43 + 20z) + 3y

2
(15− 17z + 8z
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) + y(−22 + 48z
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2
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2
(−1 + z)
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z(y + z)

4
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3
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2
(−41 + 12z)− 2(7− 6z + 3z
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)

+ 3y(13− 9z + 4z
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y(−1 + z)

2
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2
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3
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+ 4z) + y(−4 + 12z − 9z
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2
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(−21 + 8z) + 6y
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) + y(−18 + 24z − 15z
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(−41 + 12z)− 2(7− 6z + 3z
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2
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(30 + 776y
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(−1873 + 1188z) + 3y

2
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2
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4
+ y

3
(−85 + 36z) + 3y
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− 27z + 8z
2
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) + y(−40 + 60z − 39z
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2
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2
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4
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(−83 + 28z) + 3y

2
(27− 21z + 8z
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2
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4
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3
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2
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2
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2
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2
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4 − 4z + 3z
2 − z3 + y

3
(−83 + 28z) + 3y
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2
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2
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2
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4
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3
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4
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2

+ 1188z
3
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2
y(−1 + z)

2
z(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z)

+ 3y
2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(2, 3, 2, y) + 96(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(4 + 16y

4

− 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(3, 0, 2, y)

+ 96(−1 + y)
2
y(−1 + z)

2
z(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3
+ 16z

4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
)

+ y(−22 + 48z − 51z
2
+ 20z

3
))H(3, 2, 0, y) + 192(−1 + y)

2
y(−1 + z)

2
z(y + z)

4
(4 + 16y

4 − 22z + 45z
2 − 43z

3

+ 16z
4
+ y

3
(−43 + 20z) + 3y

2
(15− 17z + 8z

2
) + y(−22 + 48z − 51z

2
+ 20z

3
))H(3, 2, 2, y)

}/(
192(−1 + y)

2
y
2
(−1

+ z)
2
z
2
(−1 + y + z)(y + z)

4
)
;

A(2)

3;C2
F

=

{
− 18(−1 + y)

2
y(−1 + z)

2
z(y + z)

2
(2 + y

2
(3− 9z)− 4z + 3z

2 − z3 + y
3
(−1 + 4z) + y(−4 + 12z − 9z

2
+ 4z

3
))

− 12(−1 + y)
2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−44 + 528y

3
+ 66z − 99z

2
+ 64z

3
+ y

2
(−829 + 412z) + 2y(187− 176z

+ 58z
2
))H(0, y)

3 − 12(−1 + y)
2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−44 + 64y

3
+ 374z − 829z

2
+ 528z

3
+ y

2
(−99

+ 116z) + y(66− 352z + 412z
2
))H(0, z)

3 − 12(−1 + y)
2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(4 + 72y

3
+ 46z − 131z

2

+ 72z
3
+ y

2
(−131 + 108z) + 2y(23− 50z + 54z

2
))H(1, z)

3 − 2(432y
10

(−1 + z)
2 − 54(−1 + z)

5
z
4
(−1 + 4z)

+ 2y
9
(−1 + z)

2
(−1125 + 1321z) + 3y

8
(1590− 7130z + 10312z

2 − 5603z
3
+ 822z

4
) + y

7
(−5202 + 29970z − 47113z

2

+ 16349z
3
+ 14834z

4 − 8838z
5
) + y(−1 + z)

2
z
3
(−1653 + 4845z − 5811z

2
+ 4198z

3 − 2002z
4
+ 432z

5
) + y

6
(3006

− 18611z + 14103z
2
+ 65692z

3 − 134393z
4
+ 90425z

5 − 20168z
6
)− y2(−1 + z)

2
z
2
(792− 14109z + 32355z

2 − 27545z
3

+ 10016z
4 − 1898z

5
+ 216z

6
) + y

5
(−828 + 945z + 35948z

2 − 178242z
3
+ 329525z

4 − 282687z
5
+ 110081z

6 − 14742z
7
)

+ y
4
(72 + 4209z − 39045z

2
+ 174583z

3 − 372816z
4
+ 403037z

5 − 220595z
6
+ 54578z

7 − 4050z
8
) + y

3
z(−1401 + 13065z

− 78255z
2
+ 213625z

3 − 291633z
4
+ 209152z

5 − 75802z
6
+ 11847z

7 − 598z
8
))H(2, y)

2 − 12(−1 + y)
2
y(−1 + z)

2
z(−1

+ y + z)(y + z)
2
(4 + 72y

3
+ 46z − 131z

2
+ 72z

3
+ y

2
(−131 + 108z) + 2y(23− 50z + 54z

2
))H(2, y)

3

+H(0, z)
2
(−108(−1 + z)

6
z
3
(−1 + 4z)− 4y

9
(−1 + z)

2
(216 + 215z) + y

8
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2
+ 9495z

3 − 4692z
4
)

+ y(−1 + z)
3
z
2
(−72 + 2469z − 8130z

2
+ 15633z

3 − 12928z
4
+ 864z

5
)− y7(9540− 30281z + 21427z

2
+ 17363z

3

− 25789z
4
+ 7740z

5
)− 2y

6
(−5202 + 24062z − 33217z

2
+ 1427z

3
+ 33635z

4 − 28049z
5
+ 7274z

6
)− y2(−1 + z)

2
z(180

+ 114z − 13297z
2
+ 48726z

3 − 88199z
4
+ 76698z

5 − 22076z
6
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7
)− 4y

5
(1503− 9820z + 19651z

2 − 5048z
3

− 33560z
4
+ 51210z

5 − 31336z
6
+ 7400z

7
) + y

4
(1656− 15965z + 40998z

2
+ 3632z
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4
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5 − 361522z
6
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8
)− y3(144− 2787z + 8149z

2
+ 23010z
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4
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5 − 474394z
6
+ 314077z
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+ 10120z
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) + 48(−1 + y)

2
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2
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2
+ 84562z

3 − 275038z
4
+ 340574z

5 − 219676z
6
+ 73813z

7

− 9876z
8
)− y3(144− 2823z + 4349z

2
+ 40704z

3 − 163328z
4
+ 272002z

5 − 250136z
6
+ 128747z

7 − 31815z
8
+ 2156z

9
)

+ 48(−1 + y)
2
y(−1 + 4y)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(1, z) + 48(−1 + y)

2
y(−1

+ 4y)(−1 + z)
2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(2, y)) +H(1, z)

2
(−2(432y

10
(−1 + z)

2

− 54(−1 + z)
5
z
4
(−1 + 4z) + 2y
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(14040− 14991z − 32938z

2
+ 54743z

3 − 20800z
4
) + y

7
(−19944 + 36561z + 52567z

2 − 160807z
3
+ 117263z

4 − 25640z
5
)

− y(−1 + z)
2
z
2
(−72 + 2577z − 8383z

2
+ 13377z

3 − 10501z
4
+ 3020z

5
)− 4y

6
(−4104 + 13505z + 4189z

2 − 53569z
3

+ 65725z
4 − 30346z

5
+ 4627z

6
) + y

2
(−1 + z)

2
z(−180− 366z + 14249z

2 − 35168z
3
+ 44729z

4 − 26794z
5
+ 4744z

6
)

− 2y
5
(3834− 21096z + 12153z

2
+ 79661z

3 − 164736z
4
+ 132075z

5 − 49685z
6
+ 7794z

7
) + y

4
(1800− 16449z + 20344z

2

+ 84562z
3 − 275038z

4
+ 340574z

5 − 219676z
6
+ 73813z

7 − 9876z
8
)− y3(144− 2823z + 4349z

2
+ 40704z

3 − 163328z
4

+ 272002z
5 − 250136z

6
+ 128747z

7 − 31815z
8
+ 2156z

9
))H(0, 0, y) + 2(108(−1 + z)

6
z
3
(−1 + 4z) + 4y

9
(−1 + z)

2
(216

+ 215z) + y
8
(−4500 + 8947z + 426z

2 − 9495z
3
+ 4692z

4
)− y(−1 + z)

3
z
2
(−72 + 2469z − 8130z

2
+ 15633z

3 − 12928z
4

+ 864z
5
) + y

7
(9540− 30281z + 21427z

2
+ 17363z

3 − 25789z
4
+ 7740z

5
) + 2y

6
(−5202 + 24062z − 33217z

2
+ 1427z

3

+ 33635z
4 − 28049z

5
+ 7274z

6
) + y

2
(−1 + z)

2
z(180 + 114z − 13297z

2
+ 48726z

3 − 88199z
4
+ 76698z

5 − 22076z
6

+ 432z
7
) + 4y

5
(1503− 9820z + 19651z

2 − 5048z
3 − 33560z

4
+ 51210z

5 − 31336z
6
+ 7400z

7
) + y

4
(−1656 + 15965z

− 40998z
2 − 3632z

3
+ 193426z

4 − 388782z
5
+ 361522z

6 − 164423z
7
+ 28648z

8
) + y

3
(144− 2787z + 8149z

2
+ 23010z

3

− 166174z
4
+ 387958z

5 − 474394z
6
+ 314077z

7 − 100103z
8
+ 10120z

9
))H(0, 0, z)− 48(−1 + y)

2
y
2
z
2
(−1 + y + z)(y

+ z)
2
(−12 + 30z − 26z

2
+ 8z

3
+ 3y(4− 9z + 4z

2
))H(0, 1, z)− 48y

2
(−1 + z)

2
z
2
(−1 + y + z)(y + z)

2
(8y

3
+ y(30

− 27z) + 12(−1 + z) + 2y
2
(−13 + 6z))H(0, 2, y)− 48(−1 + y)

2
y
2
z
2
(−1 + y + z)(y + z)

2
(−12 + 30z − 26z

2
+ 8z

3

+ 3y(4− 9z + 4z
2
))H(1, 0, z) + 4(432y

10
(−1 + z)

2 − 54(−1 + z)
5
z
4
(−1 + 4z) + 2y

9
(−1 + z)

2
(−1125 + 1321z)

+ 3y
8
(1590− 7130z + 10312z

2 − 5603z
3
+ 822z

4
) + y

7
(−5202 + 29970z − 47113z

2
+ 16349z

3
+ 14834z

4 − 8838z
5
)

+ y(−1 + z)
2
z
3
(−1653 + 4845z − 5811z

2
+ 4198z

3 − 2002z
4
+ 432z

5
) + y

6
(3006− 18611z + 14103z

2
+ 65692z

3

− 134393z
4
+ 90425z

5 − 20168z
6
)− y2(−1 + z)

2
z
2
(792− 14109z + 32355z

2 − 27545z
3
+ 10016z

4 − 1898z
5
+ 216z

6
)

+ y
5
(−828 + 945z + 35948z

2 − 178242z
3
+ 329525z

4 − 282687z
5
+ 110081z

6 − 14742z
7
) + y

4
(72 + 4209z − 39045z

2

+ 174583z
3 − 372816z

4
+ 403037z

5 − 220595z
6
+ 54578z

7 − 4050z
8
) + y

3
z(−1401 + 13065z − 78255z

2
+ 213625z

3

− 291633z
4
+ 209152z

5 − 75802z
6
+ 11847z

7 − 598z
8
))H(1, 1, z) + 192(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−4

+ 8y
3
+ 14z − 19z

2
+ 8z

3
+ y

2
(−19 + 12z) + 2y(7− 10z + 6z

2
))H(3, y)H(1, 1, z) +H(0, y)(96(−1 + y)

2
y(−1

+ 4y)(−1 + z)
2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(1, z)

2
+ 48y

2
(−1 + z)

2
z
2
(−1 + y + z)(y

+ z)
2
(8y

3
+ y(30− 27z) + 12(−1 + z) + 2y

2
(−13 + 6z))H(2, y) + 96(−1 + y)

2
y(−1 + 4y)(−1 + z)

2
z(−1 + y + z)(y

+ z)
2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(1, z)H(2, y)− 192(−1 + y)

2
y(−1 + 4y)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(2

+ 2y
2
+ 2y(−2 + z)− 2z + z

2
)H(1, 1, z))− 48y

2
(−1 + z)

2
z
2
(−1 + y + z)(y + z)

2
(8y

3
+ y(30− 27z) + 12(−1 + z)

+ 2y
2
(−13 + 6z))H(2, 0, y) + 4(432y

10
(−1 + z)

2 − 54(−1 + z)
5
z
4
(−1 + 4z) + 2y

9
(−1 + z)

2
(−1125 + 1321z)

+ 3y
8
(1590− 7130z + 10312z

2 − 5603z
3
+ 822z

4
) + y

7
(−5202 + 29970z − 47113z

2
+ 16349z

3
+ 14834z

4 − 8838z
5
)

+ y(−1 + z)
2
z
3
(−1653 + 4845z − 5811z

2
+ 4198z

3 − 2002z
4
+ 432z

5
) + y

6
(3006− 18611z + 14103z

2
+ 65692z

3

− 134393z
4
+ 90425z

5 − 20168z
6
)− y2(−1 + z)

2
z
2
(792− 14109z + 32355z

2 − 27545z
3
+ 10016z

4 − 1898z
5
+ 216z

6
)

+ y
5
(−828 + 945z + 35948z

2 − 178242z
3
+ 329525z

4 − 282687z
5
+ 110081z

6 − 14742z
7
) + y

4
(72 + 4209z − 39045z

2
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+ 174583z
3 − 372816z

4
+ 403037z

5 − 220595z
6
+ 54578z

7 − 4050z
8
) + y

3
z(−1401 + 13065z − 78255z

2
+ 213625z

3

− 291633z
4
+ 209152z

5 − 75802z
6
+ 11847z

7 − 598z
8
))H(2, 2, y) +H(0, z)(96(−1 + y)

2
y(y

2
+ 2y(−1 + z) + 2(−1

+ z)
2
)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−1 + 4z)H(2, y)

2
+H(1, z)(48(−1 + y)

2
y
2
z
2
(−1 + y + z)(y + z)

2
(−12 + 30z

− 26z
2
+ 8z

3
+ 3y(4− 9z + 4z

2
)) + 96(−1 + y)

2
y(y

2
+ 2y(−1 + z) + 2(−1 + z)

2
)(−1 + z)

2
z(−1 + y + z)(y

+ z)
2
(−1 + 4z)H(2, y))− 192(−1 + y)

2
y(y

2
+ 2y(−1 + z) + 2(−1 + z)

2
)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−1

+ 4z)H(2, 2, y)) +H(2, y)(−96(−1 + y)
2
y(−1 + 4y)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z
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2
)H(0, 0, y)− 96(−1 + y)

2
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2
+ 2y(−1 + z) + 2(−1 + z)

2
)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−1 + 4z)H(0, 0, z)

− 96(−1 + y)
2
y(y

2
+ 2y(−1 + z) + 2(−1 + z)

2
)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−1 + 4z)H(0, 1, z) + 96(−1 + y)

2
y(−1

+ 4y)(−1 + z)
2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(0, 2, y)− 96(−1 + y)

2
y(−1 + 4y)(−1

+ z)
2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(1, 0, y)− 96(−1 + y)

2
y(y

2
+ 2y(−1 + z) + 2(−1

+ z)
2
)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−1 + 4z)H(1, 0, z) + 120(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−4 + 56y

3

+ 50z − 109z
2
+ 56z

3
+ y

2
(−109 + 84z) + y(50− 92z + 84z

2
))H(1, 1, z) + 96(−1 + y)

2
y(−1 + 4y)(−1 + z)

2
z(−1 + y

+ z)(y + z)
2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(2, 0, y)− 96(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−4 + 8y

3

+ 14z − 19z
2
+ 8z

3
+ y

2
(−19 + 12z) + 2y(7− 10z + 6z

2
))H(2, 2, y)− 96(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y

+ z)
2
(−4 + 8y

3
+ 14z − 19z

2
+ 8z

3
+ y

2
(−19 + 12z) + 2y(7− 10z + 6z

2
))H(3, 2, y)) +H(1, z)(−60(−1 + y)

2
y(−1

+ z)
2
z(−1 + y + z)(y + z)

2
(−4 + 56y

3
+ 50z − 109z

2
+ 56z

3
+ y

2
(−109 + 84z) + y(50− 92z + 84z

2
))H(2, y)

2

− 96(−1 + y)
2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−4 + 8y

3
+ 14z − 19z

2
+ 8z

3
+ y

2
(−19 + 12z) + 2y(7− 10z

+ 6z
2
))H(2, y)H(3, y)− 96(−1 + y)

2
y(−1 + 4y)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z
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2
)H(0, 0, y)− 96(−1 + y)

2
y(y

2
+ 2y(−1 + z) + 2(−1 + z)

2
)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−1 + 4z)H(0, 0, z)

− 96(−1 + y)
2
y(−1 + 4y)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(0, 1, z)− 96(−1
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2
y(−1 + 4y)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(0, 2, y)− 96(−1 + y)

2
y(−1

+ z)
2
z(−1 + y + z)(y + z)

2
(−4 + 8y

3
+ 14z − 19z

2
+ 8z

3
+ y

2
(−19 + 12z) + 2y(7− 10z + 6z

2
))H(1, 1, z)− 96(−1

+ y)
2
y(−1 + 4y)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z

2
)H(2, 0, y) + 120(−1 + y)

2
y(−1

+ z)
2
z(−1 + y + z)(y + z)

2
(−4 + 56y

3
+ 50z − 109z

2
+ 56z

3
+ y

2
(−109 + 84z) + y(50− 92z + 84z

2
))H(2, 2, y)

+ 96(−1 + y)
2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−4 + 8y

3
+ 14z − 19z

2
+ 8z

3
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(−19 + 12z) + 2y(7− 10z

+ 6z
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))H(2, 3, y) + 96(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−4 + 8y

3
+ 14z − 19z

2
+ 8z

3
+ y
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(−19 + 12z)

+ 2y(7− 10z + 6z
2
))H(3, 2, y)) + 72(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−44 + 528y

3
+ 66z − 99z

2
+ 64z

3

+ y
2
(−829 + 412z) + 2y(187− 176z + 58z

2
))H(0, 0, 0, y) + 72(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−44 + 64y

3

+ 374z − 829z
2
+ 528z

3
+ y

2
(−99 + 116z) + y(66− 352z + 412z

2
))H(0, 0, 0, z) + 192(−1 + y)

2
y(−1 + 4y)(−1

+ z)
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z(−1 + y + z)(y + z)

2
(2 + 2y

2
+ 2y(−2 + z)− 2z + z
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y(−1 + 4y)(−1 + z)

2
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+ z)(y + z)
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2
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z(−1 + y + z)(y
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2
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2
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2
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))H(1, 1, 1, z) + 96(−1 + y)
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y(−1 + 4y)(−1 + z)
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+ 2y(−2 + z)− 2z + z

2
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2
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z(−1 + y + z)(y
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)H(2, 0, 2, y) + 96(−1 + y)

2
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z(−1 + y + z)(y + z)
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2
+ 2y(−2 + z)− 2z + z

2
)H(2, 1, 0, y)− 192(−1 + y)

2
y(−1 + 4y)(−1 + z)

2
z(−1 + y + z)(y + z)

2
(2 + 2y

2

+ 2y(−2 + z)− 2z + z
2
)H(2, 2, 0, y) + 72(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−12 + 104y

3
+ 102z − 207z

2

+ 104z
3
+ 3y

2
(−69 + 52z) + 6y(17− 30z + 26z

2
))H(2, 2, 2, y) + 96(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
(−4

+ 8y
3
+ 14z − 19z

2
+ 8z

3
+ y
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(−19 + 12z) + 2y(7− 10z + 6z

2
))H(2, 3, 2, y) + 192(−1 + y)

2
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2
z(−1 + y

+ z)(y + z)
2
(−4 + 8y
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+ 14z − 19z

2
+ 8z

3
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2
(−19 + 12z) + 2y(7− 10z + 6z

2
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2
y
2
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+ z)
2
z
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2
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;
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=
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7
(−1 + 4z) + y

6
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2
)− 5z
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(−2 + 4z − 3z

2
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3
) + y
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2
+ 140z

3
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3
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3
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4
) + y

2
z
2
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3
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4
) + y

3
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2 − 439z
3
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4
) + y

4
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3
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4
))− 9(y + z)

4
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3
(−1 + 4z)
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2
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3
))H(0, y)− 9(y + z)

4
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2
(3− 9z)− 4z + 3z
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3
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2
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3
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3
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4
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2
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2
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2
) + z

2
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2
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3
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4
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2
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2
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A(2)
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=
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− 4(−1 + y)y(−1 + z)z(y + z)((−1 + z)

2
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2
) + y
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(2725− 10952z + 7336z

2
) + y

4
(−10603

+ 43407z − 37764z
2
+ 4960z

3
) + y

3
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3
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4 − 10952z
5
) + y
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2
(272 + 3128y
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2
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2
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3
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z
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2
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2
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4
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2
z
3
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2
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4
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5
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+ 31885z
2
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4
+ 83616z

5
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6
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2
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4
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6
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2
z
2
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(4− 11z + 7z

2
))H(0, 0, z) + 54(−1 + y)

2
(−1 + 4y)(−1 + z)

2
(y + z)

2
(−2 + 2y

3
+ 4z − 3z

2
+ z

3

+ y
2
(−6 + 4z) + y(6− 8z + 3z

2
))H(0, 1, z)− 54(−1 + y)

2
(−1 + 4y)(−1 + z)

2
(y + z)

2
(−2 + 2y

3
+ 4z − 3z

2
+ z

3

+ y
2
(−6 + 4z) + y(6− 8z + 3z

2
))H(0, 2, y) + 54(−1 + y)

2
(−1 + 4y)(−1 + z)

2
(y + z)

2
(−2 + 2y

3
+ 4z − 3z

2
+ z

3

+ y
2
(−6 + 4z) + y(6− 8z + 3z

2
))H(1, 0, y) + 126(−1 + y)

2
(−1 + z)

2
(y + z)

2
(4 + 8y

4 − 18z + 33z
2 − 27z

3
+ 8z

4

+ y
3
(−27 + 20z) + 3y

2
(11− 17z + 8z

2
) + y(−18 + 48z − 51z

2
+ 20z

3
))H(1, 1, z)− 54(−1 + y)

2
(−1 + 4y)(−1 + z)

2
(y

+ z)
2
(−2 + 2y

3
+ 4z − 3z

2
+ z

3
+ y

2
(−6 + 4z) + y(6− 8z + 3z

2
))H(2, 0, y) + 126(−1 + y)

2
(−1 + z)

2
(y + z)

2
(4

+ 8y
4 − 18z + 33z

2 − 27z
3
+ 8z

4
+ y

3
(−27 + 20z) + 3y

2
(11− 17z + 8z

2
) + y(−18 + 48z − 51z

2
+ 20z

3
))H(2, 2, y)

+ 54(−1 + y)
2
(−1 + z)

2
(y + z)

2
(4 + 8y

4 − 18z + 33z
2 − 27z

3
+ 8z

4
+ y

3
(−27 + 20z) + 3y

2
(11− 17z + 8z

2
)

+ y(−18 + 48z − 51z
2
+ 20z

3
))H(3, 2, y)

}/(
108(−1 + y)

2
y(−1 + z)

2
z(−1 + y + z)(y + z)

2
)
;

A(2)

4;C2
A

=
39

20
A0; A(2)

4;C2
F

= −
44

5
A0; A(2)

4;n2
f

= 0; A(2)
4;CACF

=
93

10
A0; A(2)

4;CAnf
= 0; A(2)

4;CF nf
= 0;
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A(2)

5;C2
A

=

{
6048y

9
z + (−1 + z)

5
(814− 814z + 83z

2
) + 216y

8
z(−177 + 74z − 12z

2
+ 3z

3
) + y(−1 + z)

4
(4884− 4916z − 10029z

2

+ 20360z
3 − 14040z

4
+ 6048z

5
) + y

7
(83 + 112808z − 124552z

2
+ 79000z

3 − 39863z
4
+ 8812z

5
) + y

2
(−1 + z)

3
(12293

− 2060z − 65043z
2
+ 119980z

3 − 76600z
4
+ 15984z

5
)− y3(−1 + z)

2
(−16695− 44834z + 223663z

2 − 364320z
3
+ 263636z

4

− 73816z
5
+ 2592z

6
) + y

6
(−1229− 199901z + 397732z

2 − 413860z
3
+ 281873z

4 − 103639z
5
+ 14832z

6
) + y

5
(5714

+ 219568z − 670767z
2
+ 965408z

3 − 836204z
4
+ 417156z

5 − 103639z
6
+ 8812z

7
) + y

4
(−13040− 131106z + 629609z

2

− 1215939z
3
+ 1324022z

4 − 836204z
5
+ 281873z

6 − 39863z
7
+ 648z

8
) + 36(−1 + y)

4
(−1 + z)

4
(2 + y

2
(3− 9z)− 4z

+ 3z
2 − z3 + y

3
(−1 + 4z) + y(−4 + 12z − 9z

2
+ 4z

3
))H(0, y) + 36(−1 + y)

4
(−1 + z)

4
(2 + y

2
(3− 9z)− 4z + 3z

2

− z3 + y
3
(−1 + 4z) + y(−4 + 12z − 9z

2
+ 4z

3
))H(0, z)− 36(−1 + y)

4
(−1 + z)

4
(220y

4
+ y

3
(−443 + 324z) + 3y

2
(81

− 117z + 32z
2
) + y(−8 + 24z + 6z

2 − 24z
3
) + 6(−2 + 4z − 3z

2
+ z

3
))H(1, y) + 36(−1 + y)

4
(−1 + z)

4
(220y

4

+ 4y
3
(−111 + 82z) + 6y

2
(41− 60z + 16z

2
) + 5(−2 + 4z − 3z

2
+ z

3
)− y(12− 36z + 3z

2
+ 20z

3
))H(1, z) + 72(−1

+ y)
4
(−1 + z)

4
(−11 + 110y

4
+ 6z + 114z

2 − 219z
3
+ 110z

4
+ y

3
(−219 + 152z) + 3y

2
(38− 59z + 32z

2
) + y(6 + 30z

− 177z
2
+ 152z

3
))H(2, y)

}/(
144(−1 + y)

4
y(−1 + z)

4
z(−1 + y + z)

)
;

A(2)

5;C2
F

=

{
− 432y

9
z − 6(−1 + z)

5
(31− 30z + 20z

2
)− 12y

8
z(−261 + 147z − 40z

2
+ 10z

3
)− 6y(−1 + z)

4
(185− 354z + 224z

2

+ 102z
3 − 234z

4
+ 72z

5
) + y

7
(−120− 8820z + 8139z

2 − 1414z
3 − 733z

4
+ 356z

5
)− 3y

2
(−1 + z)

3
(960− 2620z

+ 2922z
2 − 754z

3 − 949z
4
+ 588z

5
) + y

3
(−1 + z)

2
(−4260 + 13428z − 23904z

2
+ 19624z

3 − 6031z
4 − 454z

5
+ 480z

6
)

+ y
6
(780 + 11256z − 11571z

2 − 4643z
3
+ 9499z

4 − 4121z
5
+ 528z

6
) + y

5
(−2286− 2220z − 5247z

2
+ 31232z

3 − 36206z
4

+ 18060z
5 − 4121z

6
+ 356z

7
) + y

4
(3930− 13818z + 38097z

2 − 69183z
3
+ 68534z

4 − 36206z
5
+ 9499z

6 − 733z
7

− 120z
8
)− 12(−1 + y)

4
(−1 + z)

4
(14y

4
+ 6y

2
(−3 + z)z + y

3
(−23 + 28z) + y(13− 18z + 15z

2 − 8z
3
) + 2(−2 + 4z

− 3z
2
+ z

3
))H(1, y) + 12(−1 + y)

4
(−1 + z)

4
(2 + 14y

4 − 4z + 3z
2 − z3 + y

3
(−26 + 40z) + y

2
(9− 45z + 6z

2
) + y(1

+ 18z − 12z
2
+ 4z

3
))H(1, z) + 12(−1 + y)

4
(−1 + z)

4
(−2 + 14y

4
+ 9z + 3z

2 − 24z
3
+ 14z

4
+ 8y

3
(−3 + 4z)

+ 3y
2
(1− 10z + 4z

2
) + y(9− 30z

2
+ 32z

3
))H(2, y)

}/(
6(−1 + y)

4
y(−1 + z)

4
z(−1 + y + z)

)
;

A(2)

5;n2
f

= 0;

A(2)
5;CACF

=

{
3456y

9
z + (−1 + z)

5
(2470− 2290z + 1613z

2
) + 72y

8
z(−351 + 207z − 64z

2
+ 16z

3
) + y

7
(1613 + 64136z − 47008z

2

− 12968z
3
+ 21871z

4 − 6908z
5
) + y(−1 + z)

4
(14640− 32276z + 25053z

2 − 2392z
3 − 11448z

4
+ 3456z

5
) + y

2
(−1

+ z)
3
(37763− 128708z + 163755z

2 − 83348z
3 − 2296z

4
+ 14904z

5
)− y3(−1 + z)

2
(−55665 + 243490z − 455855z

2

+ 399648z
3 − 166612z

4
+ 22184z

5
+ 4608z

6
)− y6(10355 + 47891z + 31748z

2 − 206372z
3
+ 191809z

4 − 69095z
5

+ 7488z
6
) + y

5
(30050− 97592z + 392007z

2 − 755056z
3
+ 679888z

4 − 308028z
5
+ 69095z

6 − 6908z
7
) + y

4
(−51380

+ 292182z − 867721z
2
+ 1421763z

3 − 1305946z
4
+ 679888z

5 − 191809z
6
+ 21871z

7
+ 1152z

8
) + 36(−1 + y)

4
(−1

+ z)
4
(64y

4
+ 18y

2
z(−5 + 2z) + 4y

3
(−27 + 34z) + y(66− 96z + 81z

2 − 44z
3
) + 11(−2 + 4z − 3z

2
+ z

3
))H(1, y)

− 36(−1 + y)
4
(−1 + z)

4
(4 + 64y

4 − 8z + 6z
2 − 2z

3
+ y

3
(−121 + 188z) + 3y

2
(13− 69z + 12z

2
) + 2y(7 + 30z

− 18z
2
+ 4z

3
))H(1, z)− 72(−1 + y)

4
(−1 + z)

4
(−9 + 32y

4
+ 29z + 3z

2 − 55z
3
+ 32z

4
+ y

3
(−55 + 72z) + y

2
(3− 63z

+ 36z
2
) + y(29− 18z − 63z

2
+ 72z

3
))H(2, y)

}/(
72(−1 + y)

4
y(−1 + z)

4
z(−1 + y + z)

)
;

A(2)
5;CAnf

=

{
− 1296y

9
z − 37(−1 + z)

5
(2− 2z + z

2
)− 18y

8
z(−459 + 177z − 8z

2
+ 2z

3
)− y7(37 + 23464z − 21866z

2
+ 9620z

3

− 4555z
4
+ 1076z

5
)− y(−1 + z)

4
(444− 388z − 1653z

2
+ 3376z

3 − 3078z
4
+ 1296z

5
)− y2(−1 + z)

3
(1147 + 878z

− 10719z
2
+ 18518z

3 − 12308z
4
+ 3186z

5
) + y

6
(259 + 38809z − 65000z

2
+ 56576z

3 − 38287z
4
+ 15203z

5 − 2376z
6
)

+ y
3
(−1 + z)

2
(−1665− 9214z + 35399z

2 − 55404z
3
+ 37768z

4 − 9332z
5
+ 144z

6
)− y5(814 + 40088z − 106383z

2

+ 140272z
3 − 121660z

4
+ 62292z

5 − 15203z
6
+ 1076z

7
) + y

4
(1480 + 24504z − 100897z

2
+ 183975z

3 − 196954z
4

+ 121660z
5 − 38287z

6
+ 4555z

7 − 36z
8
) + 108(−1 + y)

4
y(−1 + z)

4
(10y

3 − 3(−1 + z)
2
+ 2y

2
(−11 + 8z) + 3y(5− 7z

+ 2z
2
))H(1, y)− 108(−1 + y)

4
y(−1 + z)

4
(10y

3 − 3(−1 + z)
2
+ 2y

2
(−11 + 8z) + 3y(5− 7z + 2z

2
))H(1, z)− 108(−1

+ y)
4
(−1 + z)

4
(−1 + y + z)(10y

3
+ 6y

2
(−2 + z) + y(3− 6z + 6z

2
) + z(3− 12z + 10z

2
))H(2, y)

}/(
72(−1 + y)

4
y(−1

+ z)
4
z(−1 + y + z)

)
;

A(2)
5;CF nf

= −
1

9
A0;
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A(2)

6;C2
A

=

{
8(−1 + y)(−1 + z)(y + z)(−1008y

12
z + 4(−1 + z)

4
z
5
(10− z + 5z

2
) + 4y

11
(5 + 622z − 51z

2 − 1631z
3
+ 551z

4
)

− y(−1 + z)
3
z
4
(200− 96z + 1182z

2 − 2503z
3
+ 536z

4
+ 1008z

5
) + y

10
(−84 + 1087z − 12868z

2
+ 50961z

3 − 50902z
4

+ 13822z
5
)− y2(−1 + z)

2
z
3
(−400 + 3298z − 10431z

2
+ 24380z

3 − 31260z
4
+ 13276z

5
+ 204z

6
) + y

9
(176− 9291z

+ 57608z
2 − 186114z

3
+ 279822z

4 − 174455z
5
+ 38302z

6
) + y

8
(−264 + 11687z − 100176z

2
+ 374314z

3 − 739622z
4

+ 736539z
5 − 343702z

6
+ 61224z

7
) + y

7
(276− 6537z + 90451z

2 − 436329z
3
+ 1100987z

4 − 1543684z
5
+ 1154814z

6

− 427250z
7
+ 61224z

8
) + y

3
z
2
(400− 4252z + 32055z

2 − 129393z
3
+ 304882z

4 − 436329z
5
+ 374314z

6 − 186114z
7

+ 50961z
8 − 6524z

9
) + 2y

6
(−82 + 1035z − 24270z

2
+ 152441z

3 − 484929z
4
+ 903470z

5 − 973380z
6
+ 577407z

7

− 171851z
8
+ 19151z

9
) + y

4
z(200− 4098z + 32055z

2 − 165612z
3
+ 515832z

4 − 969858z
5
+ 1100987z

6 − 739622z
7

+ 279822z
8 − 50902z

9
+ 2204z

10
) + y

5
(40− 696z + 17427z

2 − 129393z
3
+ 515832z

4 − 1240356z
5
+ 1806940z

6

− 1543684z
7
+ 736539z

8 − 174455z
9
+ 13822z

10
))− 9(−1 + y)

4
(−1 + z)

4
(y + z)

6
(496y

4
+ y

3
(−1129 + 1244z)

+ 3y
2
(213− 557z + 284z

2
) + y(62 + 444z − 870z

2
+ 416z

3
) + 4(−17− 46z + 234z

2 − 301z
3
+ 130z

4
))H(0, y)

2

− 9(−1 + y)
4
(−1 + z)

4
(y + z)

6
(−68 + 520y

4
+ 62z + 639z

2 − 1129z
3
+ 496z

4
+ 4y

3
(−301 + 104z) + y

2
(936− 870z

+ 852z
2
) + y(−184 + 444z − 1671z

2
+ 1244z

3
))H(0, z)

2
+ 9(−1 + y)

4
(−1 + z)

4
(y + z)

6
(−104 + 992y

4
+ 246z + 861z

2

− 1995z
3
+ 992z

4
+ 5y

3
(−399 + 436z) + 3y

2
(287− 881z + 440z

2
) + y(246 + 696z − 2643z

2
+ 2180z

3
))H(1, z)

2

+H(1, y)(−48(−1 + y)
3
(−1 + z)

4
(y + z)

6
(−98 + 160y

5
+ 247z − 279z

2
+ 96z

3
+ y

4
(−697 + 232z) + y

3
(1221− 871z

+ 318z
2
) + y(503− 856z + 768z

2 − 192z
3
) + 3y

2
(−363 + 416z − 270z

2
+ 32z

3
)) + 144(−1 + y)

4
(−1 + z)

4
(y

+ z)
6
(84y

4
+ y

3
(−193 + 76z) + 3y

2
(51− 39z + 16z

2
) + 2(−2 + 4z − 3z

2
+ z

3
)− 2y(20− 12z + 3z

2

+ 4z
3
))H(1, z))− 12(672y

15
z − (−1 + z)

5
z
6
(−306 + 1094z − 1417z

2
+ 640z

3
)− 8y

14
(80 + 211z − 246z

2 − 284z
3

+ 71z
4
)− 3y

13
(−1539 + 3624z − 2740z

2
+ 6256z

3 − 6117z
4
+ 1188z

5
) + y

12
(−14579 + 71063z − 127704z

2
+ 152312z

3

− 144029z
4
+ 67593z

5 − 10032z
6
) + y(−1 + z)

4
z
5
(−1644 + 10824z − 23462z

2
+ 24135z

3 − 10904z
4
+ 1000z

5
+ 672z

6
)

+ 6y
2
(−1 + z)

3
z
4
(947− 7217z + 22516z

2 − 36737z
3
+ 33102z

4 − 15206z
5
+ 2354z

6
+ 328z

7
)− 2y

11
(−13173 + 94377z

− 256362z
2
+ 378172z

3 − 374314z
4
+ 238281z

5 − 76309z
6
+ 8656z

7
)− 2y

10
(14920− 147049z + 552045z

2 − 1083308z
3

+ 1307983z
4 − 1034540z

5
+ 496204z

6 − 121179z
7
+ 10892z

8
) + y

9
(21725− 293156z + 1483434z

2 − 3858986z
3
+ 5967465z

4

− 5942620z
5
+ 3826296z

6 − 1476766z
7
+ 296968z

8 − 23016z
9
) + 2y

3
(−1 + z)

2
z
3
(−3384 + 44062z − 198605z

2
+ 462415z

3

− 632873z
4
+ 523576z

5 − 249468z
6
+ 60796z

7 − 7112z
8
+ 1136z

9
) + y

8
(−9947 + 189503z − 1308468z

2
+ 4503474z

3

− 8996757z
4
+ 11383863z

5 − 9480686z
6
+ 5112368z

7 − 1673910z
8
+ 296968z

9 − 21784z
10

)− 2y
7
(−1312 + 38311z

− 380649z
2
+ 1756308z

3 − 4551510z
4
+ 7339866z

5 − 7783882z
6
+ 5514200z

7 − 2556184z
8
+ 738383z

9 − 121179z
10

+ 8656z
11

) + y
5
z(−1644 + 60348z − 580226z

2
+ 2711300z

3 − 7384344z
4
+ 12777180z

5 − 14679732z
6
+ 11383863z

7

− 5942620z
8
+ 2069080z

9 − 476562z
10

+ 67593z
11 − 3564z

12
) + y

4
z
2
(−5682 + 101660z − 722026z

2
+ 2711300z

3

− 6165396z
4
+ 9103020z

5 − 8996757z
6
+ 5967465z

7 − 2615966z
8
+ 748628z

9 − 144029z
10

+ 18351z
11 − 568z

12
)

− 2y
6
(153− 8700z + 141024z

2 − 903687z
3
+ 3082698z

4 − 6388590z
5
+ 8608206z

6 − 7783882z
7
+ 4740343z

8 − 1913148z
9

+ 496204z
10 − 76309z

11
+ 5016z

12
))H(2, y) + 9(−1 + y)

4
(−1 + z)

4
(y + z)

6
(−104 + 992y

4
+ 246z + 861z

2 − 1995z
3

+ 992z
4
+ 5y

3
(−399 + 436z) + 3y

2
(287− 881z + 440z

2
) + y(246 + 696z − 2643z

2
+ 2180z

3
))H(2, y)

2
+H(0, y)(−12(−1

+ y)
3
(y + z)

6
(672y

6
z + 49(−1 + z)

5
(2− 2z + z

2
) + 24y

5
z(−93 + 74z − 12z

2
+ 3z

3
)− y(−1 + z)

4
(−306 + 1096z

− 1680z
2
+ 1205z

3
) + y

3
(−1 + z)

2
(304− 3453z + 4062z

2 − 2983z
3
+ 984z

4
) + y

2
(−1 + z)

3
(415− 2620z + 4200z

2

− 3661z
3
+ 1156z

4
) + y

4
(−97 + 3488z − 6112z

2
+ 3784z

3 − 1283z
4
+ 220z

5
))− 432(−1 + y)

4
(−1 + z)

4
(y + z)

6
(2

+ y
2
(3− 9z)− 4z + 3z

2 − z3 + y
3
(−1 + 4z) + y(−4 + 12z − 9z

2
+ 4z

3
))H(0, z) + 144(−1 + y)

4
(−1 + z)

4
(y

+ z)
6
(22y

3
+ 4y

4 − 6y
2
(10− 9z + 4z

2
) + y(40− 60z + 39z

2 − 12z
3
) + 3(−2 + 4z − 3z

2
+ z

3
))H(1, z) + 144(−1

+ y)
4
(−1 + z)

4
(y + z)

6
(2 + y

2
(3− 9z)− 4z + 3z

2 − z3 + y
3
(−1 + 4z) + y(−4 + 12z − 9z

2
+ 4z

3
))H(2, y))

+H(0, z)(−12(−1 + z)
3
(y + z)

6
(−((−1 + z)

2
(98− 110z + 97z

2
)) + y

7
(49− 1205z + 1156z

2
) + y

6
(−343 + 6500z

− 7129z
2
+ 984z

3
) + y

5
(1078− 15046z + 18651z

2 − 4951z
3
+ 220z

4
) + y

3
(2205− 15725z + 24536z

2 − 14560z
3
+ 3784z

4

− 288z
5
) + y

4
(−1960 + 19590z − 27359z
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4
(−1

+ z)
4
(−1 + y + z)(y + z)

6
(−58 + 80y

4
+ 136z + 27z

2 − 185z
3
+ 80z

4
+ 5y

3
(−37 + 68z) + 3y
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