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1. Introduction

Suppose that X is some d-dimensional smooth affine A'-contractible scheme of finite
type over an algebraically closed field F' of characteristic zero. When d = 1, then X’
is isomorphic to A! [, Claim 5.7]. Any Al-chain connected smooth affine surface
in the sense of Asok—Morel [6] is Al-ruled, i.e. it contains a cylinder like open
subscheme of the form X’ x A!, and hence is of logarithmic Kodaira dimension
—oo [16]. Thus, when d = 2, deep classification results in birational geometry
due to Miyanishi and Sugie [38] imply that X is isomorphic to A? (see Sec. 7).
Thus, up to isomorphism, A? is the unique smooth affine A'-contractible and A'-
chain connected scheme of dimension d < 2. Such a characterization fails for A3,
as recently witnessed by Koras—Russell 3-folds of the first kind [14}, 26]. Initially
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used in the monumental work of showing every G,,-action on the affine 3-space is
linearizable [28], these 3-folds are of interest in their own right as potential counter
examples to the long-standing Zariski cancellation problem [34 [53]. Moreover, they
admit hyperbolic G,,-actions with a unique fixed point, and can be distinguished
from A3 by the Derksen and Makar-Limanov invariants recording locally nilpotent
derivations on coordinate rings [19].

For integers n, a; > 2, where a; and as are coprime, a € F'*, recall that Koras—
Russell 3-folds of the first kind are defined in A* by the following equation:

X(n,a;,a) :={a"z =y +t*2 + ax}. (1.1)

In [26] it is shown that Koras—Russell 3-folds of the first kind are stably Al-
contractible, and consequently Al-contractible after a finite suspension by the pro-
jective line P! pointed at infinity:

X(n,ai,a) A\PLA - AP~y % (1.2)

Similarly by [26], for m > 1, n,«; > 2, where 7 and nay are coprime, a € F*,
the same A'-contractibility result holds for Koras-Russell 3-folds of the second
kind, defined in A* by the equation:

X(m,n,a;,a) = {(z" +y*)"z =t + az}. (1.3)

As shown in [I4], X(n,q;,a) is in fact Al-contractible. It is an open ques-
tion whether Koras—Russell 3-folds of the second kind (L3) are A'-contractible.
This makes (LI) the first family of examples of smooth affine Al-contractible
schemes that are not isomorphic to affine spaces. One cannot make such a distinc-
tion topologically because X (n,;,a) is diffeomorphic to R® when equipped with
the Euclidean topology; this was shown independently by Dimca and Ramanujam
[53, Sec.B]. From the viewpoint of motivic homotopy theory, the remarkable proper-
ties of a Koras—Russell 3-fold of the first kind makes it a potential algebro-geometric
analogue of the Whitehead manifold. The latter is an open contractible 3-manifold
non-homeomorphic to R?, and the first counterexample to the assertion that every
contractible manifold is homeomorphic to a ball, as stated in a purported proof of
the Poincaré conjecture [50, [B1].

In this paper, we extend the results in [I4] [20] to classes of examples such as
deformed Koras—Russell 3-folds of the first kind

X(n,ai,p) = {z"z = y** + 1 +ap(z,y,1)}, (1.4)

where n,a; > 2 are integers, ay and ag are coprime, and p(x,y,t) € Flz,y,t]
satisfies p(0,0,0) € F*. The special case p(x,y,t) = a € F* recovers (LI)). By [14]
it is known that X(n,a;,p) is Al-contractible when p(z,y,t) = ¢(z) € Flz] and
q(0) € F*. Note that X' (n, a;, p) is smooth according to the Jacobian criterion since
we assume p(0,0,0) € F*. Moreover, the unique singular fiber of the projection map

pry - X(nvaivp) - A; (15)
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is a cylinder on the cuspidal curve Ty, o, = {y®' +t*2 = 0} C A2, which is
Al-contractible:

pry t(0) = Tay an X AL ~p1 % (1.6)

Here, (L3) is a flat A%-fibration, i.e. a flat surjection with general fibers iso-
morphic to A2, restricting to a trivial A%-bundle over AL\ {0} and X (n,a;,p) is
factorial (see e.g. 23, Lemma 3.1]). The Al-homotopy theory of deformed Koras—

Russell 3-folds of the first kind (4] is essentially governed by (LH) and (L6). More
generally, we make the following definition.

Definition 1.1. Suppose s(x) € F[z] has positive degree and let R(z,y,t) €
Flxz,y,t]. Define the closed subscheme X (s, R) of Al x A% = Spec(F[z][y, z,])
by the equation:

{s(x)z = R(z,y,1)}.
We say that the projection map
pi=pr,: X(s,R) = A (1.7)
defines a Koras-Russell fiber bundle if

(a) X(s,R) is a smooth scheme, and

(b) For every zero zg of s(z), the zero locus in A? = Spec(F[y, t]) of the polynomial
R(zg,y,t) is an integral rational plane curve with a unique place at infinity and
at most unibranch singularities.

Remark 1.2. Theorems 2.4] and show that a Koras—Russell fiber bundle is
isomorphic to A? if and only if for every zero xg of s(x) the curve { R(zo,y,t) = 0}
is isomorphic to A'. For the theory of unibranch singularities, we refer to [55].

As examples of Koras—Russell fiber bundles we consider smooth affine 3-folds
with degenerate fibers. For 1 < i < m, choose distinct linear forms [;(x) =
(r — x;) € Fla], ni, o, Bi > 2, where «; and §; are coprime, and a € F*. We
define X, (n;, oy, 3;,a) or simply X, by the equation in A%:

Xm = Xm(ni,aj,ﬁj,a) = {(le<x)"z> z
i=1

m

_ Hlj(z) (yai+tﬁi) JraHli(x) . (1.8)

=1\ \J#i
In the case of two degenerate fibers, (L8] takes the form:
Xo={(z —x1)" (x —x2)"2 = (v — x1)(y** + tﬁz)
+ (2 — 22) (Y™ + 7)) +alz — 1) (2 — 22)}. (1.9)
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For all m the Makar-Limanov invariant of X,,(n;, o, §;, a) equals F[z] (see Exam-
ple ZT0)); hence we can distinguish it from A®. Moreover, the projection map

pr, : Xm(ni,aj,ﬁj,a) — A; (110)

defines a trivial A2-bundle over the punctured affine line AL\ {x1, ..., 2., }. Its fiber
over the closed point x; € Al is isomorphic to the cylinder on the cuspidal curve
Lo, {y> + t% = 0}. By counting closed fibers non-isomorphic to A% we show
X and A,/ are non-isomorphic when m # m/ (see Lemma [2.T2]).

Theorem 1.3. Suppose p : X(s,R) — Al is a Koras—Russell fiber bundle with
base point the origin. The S*-suspension and hence the P-suspension of X(s, R)
are A'-contractible:

X(s,R)ANS" ~p1 X(s,R) NP ~y1 5.

Remark 1.4. In general, A'-weak equivalences do not desuspend, e.g. by homo-
topy purity we have (G, VG, ) APt ~41 (PN {0,1,00} = Spec(F[t*!, (1—)71]))A
P!, but there is no Al-weak equivalence between G,, V G,, and P'~ {0,1,00} by
[52]. Theorem [[3] does not allow us to conclude that X(s, R) is Al-contractible.

A systematic study of Al-contractible varieties presents itself by noting that
deformed Koras—Russell 3-folds are examples of affine modifications [30]. It turns
out these “affine blow-ups” are intertwined with questions about A!-contractibility.
This provides a useful technique for constructing families smooth affine varieties
which become A'-contractible after a single simplicial suspension. By way of exam-
ple, we consider affine modifications of deformed Koras—Russell 3-folds of the first
kind (L4). This yields iterated Koras—Russell 3-folds of the first kind defined
in A* by

Y(m,ni, o, p) i={a™z = (2™y + 2™) + 2 + ap(a, 2™y + 2", 1)}, (1.11)

where m,n;,; > 2, may and ag are coprime, and p(x,w,t) € F[z,w,t] satisfies
p(0,0,0) € F*. The projection map pr, : Y(m,n;, a;,p) — AL has a unique singular
fiber A X T4, .0, at the origin and restricts to a trivial A%-bundle over Al {0}.
By Theorem 24l it follows that Y (m, n;, oz, p) in (LII) is not isomorphic to A3.

Theorem 1.5. For every iterated Koras—Russell 3-fold of the first kind ([LI1I), we
have

y(mvn’ivaivp) A Sl ~AL y(mvniv aivp) N ]P)l AL K.
Inspired by these 3-folds and the classical Brieskorn-Pham surfaces [43]

Se; =yt + g +ys® =0}, (1.12)
for pairwise coprime integers «; > 2, we form the smooth affine modification
Y(n, o, p) i={a"z = yi"* +y3° + y5° + ap(x, y1,y2, ¥3)}, (1.13)

where n > 2, and p(x,y1,y2,y3) € Flx,y1,y2,ys] satisfies p(0,0,0,0) € F*. The
4-fold ([CI3)) is not an affine space since it has a nontrivial Makar—Limanov invariant
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(see e.g. [29, Proposition 11.1]). In a special case we show ([I3) is stably Al
contractible, and conclude the following theorem.

Theorem 1.6. Ifaz = majas+1, m > 0, then the smooth affine 4-fold Y (n, a;,p)
in (LI3) becomes Al-contractible after a finite suspension with the projective line
P! pointed at infinity:

y(n,ozi,p)/\]P’l/\~'/\]P’1 AL K.

Relation to other works. Asok-Doran produced families of non-isomorphic
smooth quasi-affine but not affine n-dimensional varieties for n > 4 that are
Al-contractible [4]. Their main technique, tracing back to classical contractibil-
ity results for PL and smooth manifolds, is to form quotients of affine spaces by
free actions of unipotent groups. Inspired by Asok’s lectures [2] and connections to
the Zariski cancellation problem, [14] 26] established Al-contractibility results for
smooth affine Koras—Russell 3-folds of the first and second kind. In this paper we
open a systematic study of such examples by utilizing the geometric technique of
affine modifications to craft accessible and widely applicable proofs of results per-
taining to A'-contractibility. This represents a concise version of the theory that
strengthens the results in [I4] [26], presents new insights, and opens new lines of
inquiry.

Outline. In Sec. [ we review background on affine algebraic geometry and
Al-homotopy theory. We review and give examples of affine modifications. Related
to Al-contractibility we study A'-chain connectedness — an algebro-geometric
analogue of path connectedness introduced by Asok—Morel [6] — which loosely
speaking means that any two points can be connected by the images of a chain of
maps from the affine line. There are many elementary open problems related to
these notions; we record a few sample questions which we believe warrant further
investigation.

Section Bl improves on the stable Al-contractibility results in [26] by producing
several new families of examples. This is achieved by explicit calculations of Bloch’s
higher Chow groups [9] or equivalently of motivic cohomology in the sense of Suslin
and Voevodsky [48] [49]. Using the techniques of stable motivic homotopy theory
allow us to conclude A'-contractibility after a finite number of suspensions with
PL. For an elucidation of these techniques and further references we refer to [26].

Our main results are shown in Sec. @ The proof of Theorem [[3] proceeds by
induction on the number of singular fibers of (7). For the induction step we
invoke the geometric construction of an affine modification along a divisor in the
sense of Kaliman and Zaidenberg [30], a notion tracing back to [12, 54]. More-
over, by homotopy purity for closed embeddings [31, Theorem 3.2.23] and excision
over open neighborhoods of the origin, we reduce the proof to the special case
of deformed Koras—Russell 3-folds of the first kind (I4]). As alluded to above an
explicit calculation shows X (n, o, p) — Spec(F’) induces an isomorphism on higher
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Chow groups, and there is an A'-weak equivalence:
X(n,o;,p) APYA - AP~y (1.14)
Improving upon ([L14) requires a deeper understanding of the geometry of the 3-fold
X(n,a;,p). To that end, we study the G,-action on X (n,«;,p) corresponding to
the locally nilpotent derivation
0 0 0
9= " — ar—1 - t)) —
on the coordinate ring of X (n,a;,p), with fixed point locus the affine line {x =
y =t =0} = Al. The geometric quotient X (n,a;,p) — X(n,a;,p)/G, yields an
Al-bundle X (n, a;, p)~ Al — &(a1, az) in the category of algebraic spaces [33]. We
note there exists a factorization

X(n, oz, p)~ AL i A2~ {(0,0)} (1.15)

\/

&(ar,az),

where 7| is the restriction of 7 := pr, , : X(n,a;, p) — A2 ; to X(n,as,p)~ AL. To
construct (LIH) we form a cyclic Galois cover of A%)t of order a; and consequently
of X(n,a;,p) by pullback via 7. The maps arise as geometric quotients for fin,-
equivariant maps by gluing copies of A2\ {(0,0)} by the identity away from a
family of cuspidal curves. Here X (n,a;,p)N Al — &(a1,az) is an étale locally
trivial Al-bundle. We have &(a1, an) = &(aq, 1), and both of the projection maps
for the smooth quasi-affine 4-fold

(X(TL, Oli,p)\ Ai) X&(ar,as) (X(TL, g, 17p)\ A;) (116)

are Zariski locally trivial Al-bundles, and hence Al-weak equivalences. The fiber
product in (LI0) is formed in algebraic spaces over the punctured affine plane
A2 ;~{(0,0)}. Furthermore, the projection pr, : X(n,a1,1,p) — A} is a trivial
A2-bundle. Hence X(n,a1,1,p) = A3 and we obtain:

T,Y,Z
X(n, i, p)N AL ~pr X(n, a1, 1, p)N AL~ A2 N {(0,0)].
Combined with an explicit calculation of cohomology with Milnor-Witt K-

theory sheaves using (LI4) we conclude ) is an A'-weak equivalence.
The projection 7 gives rise to a commutative diagram of cofiber sequences:

X(’I’L, aivp) N Ai - X(nv aivp) I X(”? al7p)/(X(nv aiap) ~ A.lz) AL (Ai)“‘ A (PI)AQ

T ]

Afc,t ~ {(0,0)} Ag,t Ai,t/Ai,t ~A{(0,0)} ~an (Pl)/\2~

(1.17)

The rightmost vertical map in (LI7) is an A'-weak equivalence according to homo-
topy purity for closed embeddings [39, Theorem 3.2.23]. By continuing (LI7) into
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a long cofiber sequence we find that the simplicial suspension of X (n, a;,p) is Al-
contractible:

Y X (n, i, p) = X(n,a;,p) A ST ~u1 % (1.18)

This finishes the proof of Theorem [[3 since P! ~41 G,, A S by the standard open
covering of the projective line.

Throughout the paper, we work over an algebraically closed field F' of charac-
teristic zero. We write Schyp and Smp for the categories of separated and separated
smooth schemes of finite type over F.

2. Background in Affine Algebraic Geometry
and A'-Homotopy Theory

2.1. Affine modifications

Our main technique for generating examples of A'-contractible smooth affine
schemes involves affine modifications. This construction is ubiquitous, e.g. every
affine birational map between integral affine schemes of finite type arises from an
affine modification see [31I, Theorem 1.1]. An affine modification is a birational
construction which also makes sense for non-affine schemes [13].

Definition 2.1. Suppose (£ C D C X)) be a triple consisting of an effective Cartier
divisor D on an integral scheme X with sheaf of rational functions Ky and a closed
subscheme Z with ideal sheaf .#z C @x(—D). Then the affine modification of X
along D with center in Z is the affine X’-scheme

7.z : X(D, Z) = Spec(Ox[£z/D]) — X,
where Ox[.9z /D] denotes the quotient of the Rees algebra
R(Sz ® Ox(D)) = P(Sz ® Ox(D))"t" C Kxlt]

n>0
of the fractional ideal .#z ® Ox (D) C Ky by the ideal generated by 1 — ¢.
We note there is a canonical open immersion
j: X(D, Z) = Projy (R(Fz © Ox(D))) = Projy (R(Sz2)).

Via j, the affine modification X (D, Z) coincides with the complement of the proper
transform of D

DP" :=Projy (R(Iz @ Ox(D))/t) C Bly, X
in the blow-up
Oz . BlzX = PI‘OjX (R(ﬂz)) — X.

The proper transform DP” of D is in general different from its strict transform D', i.e.
the closure of o' (D~ Z)) in BlzX'. However, the said proper and strict transforms
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coincide in the case when Z is a local complete intersection in D [I3] Proposition
1.10].
Letting & := U;l (Z) be the exceptional divisor of the blow-up oz, we note that

0z restricts to an isomorphism X (D, Z)~ & = X D. We refer to

‘SZ/'D = X(D,Z) né :g\Dpr

as the exceptional fiber of the affine modification 7p z : )?(D, Z)— X.

For an integral affine scheme X = Spec(A4) and f # 0 an element in an ideal
T C A, the affine modification of X along the principal divisor div(f) with center
V(Z) is isomorphic to the spectrum of the sub-A-algebra

AlZ/f] = ART)/(1 —tf) = {a/f*|a € T",k > 0} C A;.

as defined in [30]. We denote the exceptional divisor of an affine modification of an
integral affine scheme by £7;.

Example 2.2 (See [12]). Suppose f,ai,...,a, is a regular sequence generat-
ing the ideal of the closed subscheme Z C A™ = Spec(F[z1,...,7m]). Then
An(div(f), Z) is isomorphic to the subscheme of A™ %" defined by the equations:

{ai(z1, ..., 2m) — tif(z1,...,2m) = 0}1<i<,, C AT
= Spec(Ft1, ... tn, T1,. .., Tm)]).

Example 2.3. The following smooth schemes from Sec. [I] are examples of affine
modifications. Here, we identify the coordinate ring of X'(n,a;,p) with the sub-
algebra Flx,y,t, 27" (y** + t*2 + zp(x,y,t))] of FlzT! y,t], i.e., X(n,a;,p) is the
affine modification pr, , , : X'(n,a;,p) — Ai,y,t of Spec(F[z,y,t]) along the princi-
pal divisor div(z™) with center Z defined by the ideal (™, y®* + t*2 + xp(z,y,t)).
That is, X' (n, a;, p) is isomorphic to the complement of the proper transform of the
divisor n{x = 0} in the blowup of A% with center Z. Similar reasoning applies to
the other examples in Table [Tl

Given a closed embedding Z < X between smooth schemes, the (affine) defor-
mation space D(X, Z) of Z in X' [22] Chap. 5], [45] is the complement of the proper
transform of X x {0} in the blow-up Blz, (o} (X x A') — X x A of X x A" along
Z x {0}. In other words, D(X, Z) is the affine modification of X x Al along the

Table 1. Affine modifications.

X(D, Z) X Divisor D Ideal defining Z

GED X(n,ai,p) A3 n{m = 0} (mn7y&1 +t92 + mp(:]c,y, t))

@CR) Xm(ni,aj,Bj,a) A3 >oinadiv(li(z)) (T lzl_l(l’)"wzz((l_[#@ Li(2))(y™i + 91))
+11; li(@))

@D x(s,R) A? div(s(z)) (s(z), R(z,y,1))

m y(m7ni7ai7p) (m) HQ{IZO} (xn27y_zm)

@CI3) Y(n,as,p) Al n{z = 0} (@™ y7! + s +ys® +ap(a, y1,y2,y3))

1950069-8
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divisor D = X x {0} with center in Z = Z x {0}. When X is affine, this construction
is called the hyperbolic modification of X with center Z (see [53]).

2.2. FExotic affine spaces

Recall that a smooth affine d-dimensional C-variety X is called exotic if X is non-
isomorphic to Agj and its underlying smooth manifold is diffeomorphic to R2¢ [53]
Definition 3.1]. In dimension d > 3, the h-cobordism and Lefschetz hyperplane
section theorems imply that smooth affine contractible C-varieties are diffeomorphic
to R2? by the Dimca-Ramanujam theorem [53], Sec.[3]. The following beautiful result
due to Kaliman [27] is a useful test for detecting exotic 3-folds. It was extended
to all fields of characteristic zero by Daigle-Kaliman [IT, Theorem 4.2] using a
Lefschetz principle.

Theorem 2.4. If the general fibers of a reqular function ¢: A> — Al are isomor-
phic to the affine plane A2, then all the closed fibers of ¢ are isomorphic to A2,

Example 2.5. Theorem [Z4] does not apply to the 4-fold Y(n,a;,p) defined in
(LI3) (see [301).

Kaliman—Zaidenberg noted the following version of Miyanishi’s characterization
of A} [31] p. 1650].

Theorem 2.6. A smooth contractible affine complex 3-fold X is isomorphic to A
if and only if there exists a reqular function ¢ : X — AL such that every closed fiber
has at most isolated singularities and the general fibers are isomorphic to A%.

2.3. Topological contractibility of affine modifications

In [31l Proposition 3.1, Theorem 3.1] Kaliman-Zaidenberg give useful criteria for
when an affine modification induces isomorphisms on fundamental groups and sin-
gular homology. When combined with the classical Hurewicz and Whitehead the-
orems (see e.g. [25, Theorems 4.5, 4.23]), one obtains the following version of [31]
Corollary 3.1, Remark 3.1].

Theorem 2.7. Suppose (£ = V(I) C Dy = div(f) C X = Spec(A) is a triple
in Sche, where X is an affine variety and T is generated by a regular sequence
f,a1,...,a,. Let 7 : )?(Df,Z) — X be the affine modification of X along D with
center Z and suppose that:

(1) the supports of Dy and the exceptional divisor 1, are irreducible,
(2) 7 (suppDy) = Ez/y,
3) supp Dy and E7,+ are topological manifolds,
f /f g
(4) Z — Dy is a homotopy equivalence.

Then /\N,’(Df, Z) is contractible if and only if X is contractible.
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Remark 2.8. Assumption (2) implies 07(€7/¢) intersects the smooth part of Dy
nontrivially. Theorem 2.7 holds more generally for finite decompositions into irre-
ducible components Dy = > D; and E7,5 = > ;" & such that (2)-(4) hold
componentwise.

Example 2.9. The hypersurface S := {2?2 = y? + 2} C A3 is the affine modi-
fication of A% along the principal divisor Dy given by f = x2 with center defined
by (22,y% + x). It is not topologically contractible since the first homology group
Hy(S) = Z/27Z. This follows from the Thom isomorphism and the commutative
diagram of exact sequences:

Hy(S) —— Ho(Ez/f) = Z — Hi (S~ E1/5) ——= H1(S) —— 0

l | l
Hy(A%?) =0 —— Ho(Dy) = Z —— H(A*\Dy) —— H1(A?) =0 ——=0.
(2.1)

This example does not contradict Theorem 7 because ©*(suppDy) = 27,5 #
gl'/f .

Example 2.10. Theorems 241 and 27 show the following examples are exotic
3-folds.

e Every deformed Koras—Russell 3-fold X' (n, a;,p) given by () is topologically
contractible. The projection pr,: X (n,a;, p) — A{ ([I4) has zero fiber pr;!(0) =
Loy ar X AL 2 AZ (LG) with non-isolated singularities. Hence X (n, a;,p) is not
isomorphic to A3.

e By Remark[28 X, (n;, a;, 55, a) defined in (LF) is topologically contractible. The
projection pr, : X, (n,a;,B;,a) — Al has general fiber A? while pr!(z;) =
Al X Faj,gj.

e As noted in Remark [[J a Koras-Russell fiber bundle is isomorphic to A? if and
only if for every zero of s(x) the curve {a(y,t) = 0} is isomorphic to Al.

e Y(m,n;, a;,p) defined in (LTI is topologically contractible because it is an affine
modification of some topologically contractible deformed Koras—Russell 3-fold.
Here pr, : Y(m,n;,a;,p) — AL has general fiber A? while pr;1(0) = A! x

Fmal,az'

We note every vector bundle on such an exotic 3-fold is trivial by a result of Murthy
[40, Theorem 3.6].

2.4. Locally nilpotent derivations

The Makar-Limanov invariant of an affine algebraic variety X is the subring ML(X)
of I'(X, Ox) comprised of regular functions invariant under any G,-action [36]. For
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a commutative F-domain A, let LND(A) denote the locally nilpotent derivations
0: A — A. With this notation we have:

ML(X) = N ker(9).
OELND(I'(X,0x))

Moreover, the Derksen invariant D(X') of X is the subalgebra of I'(X', O x) generated
by the kernels of all nonzero locally nilpotent derivations € LND(I'(X, Oy)) (see
[19] for a survey of these invariants).

Example 2.11.

e ML(A™) = F for n > 1 and D(A") = F[z1,...,x,] for n > 2 while D(A!) = 0.
e The same arguments as in [29, Theorem 9.1] for the Russell cubic, i.e. the hyper-
surface
R :={2?2=¢* + 1+ 2} C A%, (2.2)
show more generally that ML(X (s, R)) = Flz] and D(X(s,R)) = F|[z, z,t] for
the Koras—Russell fiber bundles introduced in Definition [Tl

Lemma 2.12. For m # m’' € Z the smooth affine 3-folds X,, and X, with degen-
erate fibers (L8)) are non-isomorphic.

Proof. If there exists an isomorphism ¢ : X,,, — X,y we obtain a commutative
diagram as follows:

X X/

| |

Spec(ML(X,)) — > Spec(ML(X ).

Here, the vertical maps, induced by ML(X,,) C Ox, and ML(X,) C Ox,,
can be identified with the respective projection maps to Al because ML(X,,) =
ML(X,, ) = F|z] according to Example 211} Since m # m’ we conclude by count-
ing the number of closed fibers non-isomorphic to A2. O

2.5. Al-homotopy theory

Following Morel-Voevodsky [39] (see e.g. [I7] for an introduction) we view schemes
over F as analogous to topological spaces with A! playing the role of the unit
interval. Recall that X' is Al-contractible if the canonical map X — Spec(F) is an
Al-weak equivalence in the sense of [39]. Affine spaces are readily Al-contractible.
We will make repeatedly use of the following example.

Example 2.13. The cuspidal curve L'y, o, is A'-contractible. Since Or is

a1,

isomorphic to F[w® , w2], the normalization of the cuspidal curve AL — Ty, 4, is
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given by w — (w2, w®). This map is an Al-weak equivalence, even an isomorphism
of representable presheaves on Smp (see [4, Example 2.1]).

The following result elucidates the role of affine modifications in A'-homotopy
theory.

Theorem 2.14. Suppose (2 C D C X) is a triple in Smp as in Definition 211
with affine modification m : X(D, Z) — X such that the following holds:

(1) the supports of D and of the exceptional divisor £z p are irreducible,
(2) Z C D is an Al-weak equivalence.

Then there is a mnaturally induced A'-weak equivalence between simplicial
SUSPENSIONS:

Yo 8. X (D, Z) 4 B.X. (2.4)

Furthermore, if AN,’(D, Z) is Al-contractible, then X is Al-contractible.

Proof. Since (2 € D C X) is a smooth triple, the affine modification X :=
X (D, Z) is isomorphic to the complement of the proper transform D’ of D in the
blow-up ¢ : BlzX — X of X along Z, and 7 : X — X coincides via this isomor-
phism with the restriction of o. The exceptional divisor £ of ¢ is isomorphic to
the projective bundle of lines in the normal bundle Nz sx of Zin X, on which o
restricts to the structure morphism p : P(Nz,x) — Z. The normal bundle Ng/)g of
€ in Blg&' is equal to the tautological line sub-bundle Op(xr,,,)(—1) of p*Nz/x .
From the exact sequence 0 — Nz,p — Nz x — Np x|z — 0, we obtain a closed
embedding P(N. z/p) — PNz sx) as a hyperplane sub-bundle given by the zero
locus of the global section of Op(x7,,,)(1) ® p*Np, x|z deduced from the composi-
tion Op(r,, ) (=1) = P*Nz/x — p*Np x|z

It follows from the setup that P(Nz,p) C P(Nz,x) is equal to the intersection
of the proper transform D’ of D with £. The restriction ¢ : £z/p = EXD' =
P(Nz,x)\P(Nz,p) — Z of 7 is then a locally trivial A%-bundle, d = codimp(Z);
in particular, it is an Al-weak equivalence. Moreover, since P(Nz /x) is the zero
locus of a section of OIP’(Nz/x)(l) ® p*ND/X|Z» it follows that the restriction of
Ne i = Ornz, ) (1) to Ez/p is equal to ¢*Np x|z.

Now, consider the following diagram of cofiber sequences:

?\?\53/73 —>A?—>)E/(A?\62/D)

j l J (25)

XD X X/(X\D).

Since 0~ 1(D) = D' UE, the leftmost vertical map M X~ Ez/p — AN\ Dis an iso-
morphism. By construction, the restriction of m to £z p factors as the composition
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of g: Ez)p = END' — Z with i : Z < D. On the other hand, by homotopy purity
for closed embeddings [39, Theorem 3.2.23], we have Al-weak equivalences:

.)E/()E\ Sz/p) ,\l; Th(Ngz/D/-)?) = Th(q*ND/X|Z) = Th((Z o q)*ND/X) and

X/(X~D) ™% Th(Npx).

Furthermore the map 7 : X /(X Ez/p) — X /(XN D) induced by m coincides via
these equivalences with the one induced by the composition:

Ez)p=ED L ZLD.
Here ¢ : £z/p — Z is an Al-weak equivalence. By assumption (2) we conclude
that 7 is an Al-weak equivalence. Since Y,(X~ Ez/p) — Ys(X\D) is an Al-
weak equivalence, it follows that g7 : ES)? — ¥, X is an Al-weak equivalence by
simplicially suspending theNhomotopy cofiber sequences in (2.0)).
Finally, assuming that X is A'-contractible, applying the very weak five lemma

for pointed model categories [14, Lemma 2.1] to (2.35]) implies X is Al-contractible.
O

Remark 2.15. Theorem 2.14] holds more generally for finite decompositions into
irreducible components D = Y | D; and £z,p = Y ;-; & such that (1) and (2)
hold component-wise. For an analogue of Theorem .14 in the setting of motives
we refer to [3| Proposition 4].

Example 2.16.

e Let R be the Russell cubic defined in ([Z2]). The affine modification of R along
the divisor D := div(z) with center Z given by the ideal (x,t + 1,y — 1) is the
hypersurface in A* given by the equation:

X(D, Z) = {az = 2*t® — 3t + 3t + 2w + 2y + 1}. (2.6)

Theorem shows X(D, Z) is isomorphic to A3, and hence Al-contractible.
However, we cannot use Theorem 214l to conclude R is Al-contractible because
(Z €D CR) isnot a smooth triple.
e Let X be the hypersurface in AS = Spec(F[z,v, 2,t,u, v]) defined by:
{uw =22 — (Y + 2 +2)}.
Setting D :=div(u) 2 R x Ay and Z :={u =2 =y =1t =0} = A2 _ the affine
modification
X(D, Z) = {v =a2%uz — y*u — t?u® — 2} C AS

is isomorphic to A®. Since X(D, Z), D, and Z are Al-contractible and the triple
(Z ¢ D C X) is smooth, Theorem 2.17 implies X is Al-contractible. It is an
open question whether or not X is isomorphic to A®.
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e We suggest a generalization of the previous example by constructing a potentially
nontrivial family of A'-contractible smooth affine schemes of higher dimensions.
For m > 5 and pairwise coprime integers a; we define hypersurfaces in A™+! =
Spec(Fu, v, 2, 2,y1, - ., Ym—3]) by:

X(nyo1, .. amez) i={uww=a"z+y{ +- - +ya"3’ +at (2.7)

Then Z = V(u,2,y1,...,Ym-1) C D, = div(u) C X(n, ;) is a smooth triple in
Smp satisfying the assumptions in Theorem [2.14] and

X(TL, Apy... ,Oémfg)(,D, Z) >~ A™ ~AL kK.
It is unknown whether or not X' (n, aq, ..., a;,—3) is isomorphic to an affine space.

Recall from Sec. 2l the deformation space D(X, Z) of a closed embedding Z —
X between smooth schemes. The composite map

p=pryom:D(X,2) =X x AL(D, Z) — A’

is flat. Its restriction over A\ {0} is isomorphic to the projection on the second
factor of X x (A1~ {0}), whereas its fiber over {0} is canonically isomorphic to the
normal bundle Nz, of Z in X.

Corollary 2.17. Let i : Z < X be a closed embedding between A'-contractible
irreducible smooth schemes. Then the simplicial suspension L;D(X, Z) of D(X, Z)
is Al-contractible.

Proof. Since Z and X are both A'-contractible, the inclusion i x id : Z =
Z x {0} — D = X x {0} is an Al-weak equivalence. Theorem E.I4] implies
Ve BsD(X, Z) — B X is an Al-weak equivalence. We are done since X x Al is
A'-contractible. O

Example 2.18. As examples of deformation spaces we look at the origin, a special
line and a particular affine plane in the Koras—Russell 3-fold X = X(n,q;,1) :=
{z"z =y +t*2 + 2} C A? [J). As a matter of notation we write A* x Al =
Spec(Fx,y, z, t][u]).

e Z =1{(0,0,0,0)}. The ideal of Z x {0} in X x A! is globally generated by the
regular sequence u, y, z,t. The deformation space D(X, £) is thus isomorphic to
the smooth 4-fold

{z"uz1 = (uy1)™ + (ut1)** + 2} C A* x A' = Spec(F[z,y1, 21, t1][u]),

and the modification map 7 : D(X, Z) — X x Al is given by (z,y1, 21, t1,u) —
(z,uy1, uz1, uty, u).
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o Z={x =y =1t=0}. The ideal of Z x {0} in X x Al is globally generated
by w,x,y,t. We find that the deformation space D(X, Z) is isomorphic to the
smooth 4-fold

{Iﬂllunilz = ua171y1a1 + uaeiltloé2 + xl} C A4 X Al = SpeC(F[Ilvylvzvtl][u])v

with the modification map 7 : D(X, Z) — X x Al given by (21,y1,2,t1,u) —
(uxy, uyr, z, uty, u).

o Z ={z=0}. The ideal of Z x {0} in X x A! is globally generated by the regular
sequence u, z. The deformation space D(X, £) is isomorphic to the smooth 4-fold

{2"uz; = y* +t*2 + 2} C A* x A' = Spec(F[z,y, 21, ][u]),

and the modification map 7 : D(X,Z) — X x Al is given by (z,y, 21,t,u) —
(xvyauzlatvu)'

In each case, D(X, Z) is smooth and the flat map p : D(X,Z) — Al coincides
with the restriction of pr,: A* x A’ — Al Here p restricts to a trivial bundle
X x (A1 {0}) over (A1 {0}) and p~1(0) is isomorphic to A3. Furthermore, since
X is Al-contractible, so is the simplicial suspension ¥,D(X, Z). We do not know
in any of these cases whether D(X, Z) is Al-contractible. When the base field F' is
C, it follows from Theorem [Z77 that D(X, Z) is topologically contractible.

2.6. Al-chain connectedness

Recall that an F-scheme X € Schy is A'-chain connected if for every finitely gen-
erated separable field extension E/F the set of Al-equivalence classes of E-points
X(FE)/ ~ consists of exactly one element. Here, rational points x,y € X(E) are
Al-equivalent if there exist rational points & = xg,21,...,Zn_1,7, = y € X(E)
and an elementary A'-equivalence f; : A}E — X between x;_1 and z; for 1 <i<n
(fi is a map of schemes such that f;(0) = x;,_; and f;(1) = z;). Equivalently,
7r0(SingAl (X)(E)) = * for the Al-singular functor of [39] and every E/F as above.

Remark 2.19. Our definition of Al-chain connectedness is that of [2, Defini-
tion 2.2.2], [6 Definition 2.2.2] generalized to Schp. All Al-chain connected smooth
schemes are Al-connected [6, Proposition 2.2.7]. The converse implication is false

by [, Sec. [].
Question 2.20. Is every Al-contractible smooth scheme also A'-chain connected?

We give some supporting examples for Question 2.27 based on the affine modi-
fications in Table[ll Antieau [2, Proposition 2.4.6] observed the following result for
the Russell cubic R in (22).

Example 2.21. Every Koras—Russell 3-fold of the first kind X (n, oy, 1) in ([T is
Al-chain connected.
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Proof. Let E/F be a finitely generated separable field extension. For rational
points 0, (yo,%0) € Tay as(F) on the cuspidal curve {y** + t*2 = 0} there is an
elementary Al-equivalence A — T, 4, given by

s+ (Yos™?, tos™).

Thus the fibers A2 ; and Ty, o, X Al of the projection pr, : X(n,a;,1) — A} are
Al-chain connected.

To construct elementary A'-equivalences between points in different fibers we
choose polynomials y(s),t(s) € F[s] such that s” divides y(s)** 4+ t(s)*2 + s. For a
rational point a € A'(E) the map A — X(n,a;,1) defined by

s (x(s), 2(8),y(s),t(s)) = (as, ylas)™ —|(—ats()ans)“2 + aS,y(as),t(as))

connects a point in the O-fiber with a point in the a # 0-fiber of pr,,. O

Remark 2.22. For the Russell cubic R we can choose the elementary
Al-equivalence A! — R defined by

s (x(s), 2(8),y(s),t(s)) = (as, —2 — as,as + 1, —as — 1).
Example 2.23. Every Brieskorn-Pham surface S,, in (1.17) is Al-chain
connected.
Proof. For (a1,az,a3) € Sa, ay.05(F) and E/F as above, the map A — Sy, 4, as
defined by
s (@187 ags™1?, a3s*1?)
is an elementary Al-equivalence between the rational points 0, (a1,as2,a3) €

Sal,az,as (E) O

Example 2.24. The 4-fold Y(2,(2,3,5),1) := {2?2 = y§ + y3 + y5 + 2} C A® in
(1.18) is Al-chain connected. The fibers A% and Sy 35 of the projection map pr, :
V(2,(2,3,5),1) — AL are Al-chain connected (see Example Z23). An elementary
Al-equivalence between the O-fiber and the a # 0O-fiber is given by

s+ (2(8),2(8),y1(8),y2(5),y3(s)) = (as, —2 — as,as + 1, —as — 1,0).

Example 2.25. For coprime integers k > [ > 2, the smooth tom Dieck—Petrie

Vi = { (22 + 1" ’iyz 0 s o} C A3 (2.8)

surface

is the affine modification of Z = (1,1) € D = {a¥—y! =0} C X = A2. It is topolog-
ically contractible by Theorem 7, and stably A'-contractible by Theorem 3.2 and
[26, Proposition 3.2]. However, Vj; has logarithmic Kodaira dimension ®(V,;) = 1,
and thus it is not A'-chain connected (see Sec. 7). This example shows that the
affine modification construction does not preserve A'-chain connectedness. It is an
open question whether or not Vg is Al-contractible.
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2.7. Al-contractible smooth affine surfaces

Let F be an algebraically closed field of characteristic 0. Al-contractible smooth
affine curves over F are isomorphic to the affine line A! by [ Claim 5.7]. Let
S be an Al-contractible smooth affine surface over F. By [2, Lemma 2.3.8] Al-
contractibility implies topological contractibility. From [2I] it follows that S has
logarithmic Kodaira dimension &(S) equal to —oo, 1, or 2. In case (S) = —o0,
the birational classification results due to Miyanishi, Sugie and Fujita show that
S contains a nonempty open subset isomorphic to A! x C, where C is a smooth
affine curve [38]. By Miyanishi’s algebraic characterization of the affine plane we
conclude S is isomorphic to A? [37]. This reduces the question whether A? is the
only smooth affine A'-contractible surface to the following.

Question 2.26. Does every A'-contractible smooth surface over F have negative
logarithmic Kodaira dimension? (An affirmative answer to Question 2201 would
show this is the case.)

Remark 2.27. The Zariski cancellation problem for X a smooth affine
d-dimensional scheme asks whether X x Al = A%+l implies X = A% This has
been settled affirmatively for curves by Abhyankar et al. [1], and for surfaces by
Fujita [20], Miyanishi and Sugie [38]. When d > 3 this remains an open problem
over fields of characteristic zero, while there exists counterexamples over fields of
positive characteristic; we refer to [24] for a survey. Note that if X" is stably iso-
morphic to an affine space then it is A'-contractible, e.g. the Russell cubic R is a
potential counterexample to Zariski cancellation. Indeed, the latter was a motiva-

tion for [14} 26].

All A'-chain connected smooth schemes in the sense of Asok—Morel [6] are log-
uniruled and hence of negative logarithmic Kodaira dimension [16]. This implies
the following classification result.

Proposition 2.28. An A'-contractible and A'-chain connected smooth affine sur-
face over an algebraically closed field of characteristic 0 is isomorphic to the affine
plane A2,

A landmark result due to Ramanujam [44] tells us that any smooth complex
surface whose underlying analytic space is contractible and simply connected at
infinity is isomorphic to A2.?

Question 2.29. Is the underlying analytic space of every A'-contractible smooth
affine surface simply connected at infinity? (An affirmative answer to Question 220
combined with the characterization of the affine plane due to Miyanishi and Sugie

2An open manifold M is said to be simply connected at infinity if for every compact subset
C C M, there is a compact subset C’ such that C C ¢’ C M and M~.C’ is connected and simply
connected.
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would imply that any smooth A'-contractible affine surface is isomorphic to A2,
and hence topologically simply connected at infinity.)

Remark 2.30. There exist non A'-chain connected topologically contractible
smooth affine surfaces non-isomorphic to A2, e.g. the Ramanujam surface [44] and
the tom Dieck—Petrie surfaces (see Example 2.20). Proposition 4.1 in [5] shows
that all vector bundles on these surfaces are trivial, i.e. algebraic K-groups cannot
disprove A'-contractibility of these surfaces.

3. Higher Chow Groups Calculations and Stable
A'-Contractibility

In the following, we will make use of a criterion for stable A'-contractibility shown

in [26, Sec.[].

Theorem 3.1. Suppose X is a smooth scheme equipped with a rational point x €
X(F). If the natural map X x Y — Y induces an isomorphism on higher Chow
groups for any smooth affine scheme ), then X is stably A'-contractible in the
sense that it becomes A'-contractible after a finite suspension with the projective
line pointed at infinity:

(X, 2) APLA - AP~y

In the proof of the following result we make repeatedly use of the facts
that higher Chow groups are contravariantly functorial with respect to flat maps
[9, Proposition 1.7] in addition to satisfying homotopy invariance [9, Theorem 2.1]
and localization [9, [10].

Theorem 3.2. Let (Z C D C X) be a triple as in Definition R where
X = Spec(A) is an affine scheme, D = div(f), and Z is defined by an ideal

I=(f,a1,...,a,) generated by a regular sequence.

(i) If for every smooth affine scheme Y, the maps pry, : ZxY — Y, pry, : DxY —
Y, and (f,idy) : X x Y — Al x Y induce isomorphisms on higher Chow groups,
then so does AN,’(D, Z)x Y — Y. In addition, if the affine modification AN,’(D, Z)
is smooth, then it is stably A'-contractible.

(i1) If for every smooth aﬂzne scheme Y, the maps pry) : ZxXY — Y, pry, : DxY —
Y, and (f om,idy) : X(D, Z) x Y — Al x Y induce isomorphisms on higher
Chow groups, then so does X x Y — Y. In addition, if X is smooth, then it is
stably A'-contractible.

Proof. Let X be shorthand for )?(D,Z), and set £ := £z ,p. To prove (i), note
that & and U = X~ E give rise to a commutative diagram of exact localization
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sequences for higher Chow groups:
CH, (G, x V,i+1) —— CH,(Y,i) —— CH,(A! x ,i) —= CH,(G,, x Y,i) — CH,(),i — 1)

(Ul (2)l (3)l (Ml (S)l

CH.(U x Y, i+ 1) ——> CH, (£ x ¥, i) —> CH,(X x ¥,i) —> CH, (U x Vi) —> CH,(€ x Vi — 1).
(3.1)

The vertical maps are induced by (f o7, pry): X xY — Al x ). Here e E— Z
is a locally trivial A%-bundle, d = codimp(Z), by the assumption on Z. Hence,
the map pry : £ x J — Y induces an isomorphism on higher Chow groups by
hypothesis and homotopy invariance of higher Chow groups. It follows that (2)
and (5) in BI) are isomorphisms. Furthermore, &« = X\ D and since the maps
pry : D x Y — Yand (f,idy) : X x Y — A' x Y induce isomorphisms on higher
Chow groups by assumption, applying five lemma to (3.2) shows (1) and (4) in
@) are isomorphisms:
CH,(¥,i) —= CH,(A! x Y,i) —> CH, (G X ¥,i) ——= CH, (Vi — 1) — = CH,(A' x V,i — 1)

| | | l |

CH,(D x ¥,i) —= CH,(X x ¥,i) —= CH,(U x V,i) —= CH,(D x ¥,i — 1) — CH,(X x Vi — 1).
(3.2)

It follows that (3) in (B is an isomorphism, and we conclude by homotopy
invariance. Theorem [3.1] implies the assertion of stable Al-contractibility.

Part (ii) is proved similarly by replacing X with X and interchanging the roles
of £ and D. O

Corollary 3.3. The deformed Koras—Russel 3-folds of the first kind in (L) are
stably At-contractible.

Proof. Recall that X (n, a;,p) in (I4) is the affine modification of A along D :=
div(2™) with center Z given by the ideal (2™, y** +t*2 +xp(x,y,t)), cf. Table[l We
identify the reduced scheme Z,¢q with the cuspidal curve Ty, o, = {y** +1t*> =0} C
A% so that CH,(Z,i) = CH.(Ta; ay,%) (see [I0]). If Y is a smooth affine scheme,
then Z x ) — Y induces an isomorphism in higher Chow groups [26, Proposition
3.2]. The same conclusion holds for the maps D x Y — Y and (pr,,idy) : X x Y =
A3 x Y — A' x Y by homotopy invariance. Applying Theorem finishes the
proof. O

Corollary 3.4. The iterated Koras—Russell 3-folds in (LII) are stably A'-
contractible.

Proof. Recall  that Y(m,n;,a;,p) in TIm is the affine

modification X(n,a;,p)(D = div(z™?),Z = V(Z)) where T = (2™,y — 2™), cf.
Table [[l Here Zeq is isomorphic T'ya, .0, and Dyeq is isomorphic to the cylinder
on I'y, ,. For any smooth affine scheme ), [26] Proposition 3.2] shows the maps
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Dx)Y — Yand Z x Y — Y induce isomorphisms on higher Chow groups. The
same holds for (pr,,idy) : X(n,a;,p) x ¥ — Al x Y by Corollary B3l To conclude
we apply Theorem O

We show stable A'-contractibility of 4-folds introduced by Kaliman—Zaidenberg
in [31]. These can be distinguished from A* by the Makar—Limanov invariant.

Corollary 3.5. For m > 2 and coprime integers k > 1 > 3, the 4-fold defined by

{umv _ (xz +1)F — (yz+ 1)} — z} C AP (3.3)

z

is stably A'-contractible.

Proof. The 4-fold in ([B3) is the affine modification of Ay , , _ along div(u?) with
center Z given by

)
z

(um (xz + 1)F — (yz + 1) - z) _

Here Z is isomorphic to a tom Dieck—Petrie surface, i.e. an affine modification of
A? (see Example 225)). Applying Theorem to these affine modifications yields
the claim. O

Remark 3.6. Setting m = 2, k = 4, and [ = 2 the hypersurface in B3] is given by
{uv = %23 + 42327 4+ 622 + 4o — y*2° — 3y?2 — 3y — 1}. (3.4)

Its affine modification along div(u?) with center given by I = (u?,x — 1,y —1,2) is
isomorphic to A%, If the tom Dieck—Petrie surfaces are Al-contractible, then ([B3.4)
is Al-contractible by Theorem 2141

We give two more examples of stably Al-contractible smooth affine 4-folds start-
ing with Theorem

Corollary 3.7. If ag = majas + 1, m > 0, then Y(n,«;,p) in [LI3) is stably
Al-contractible.

Proof. Recall Y := Y(n,q;,p) is the affine modification of A* along div(z") and
with reduced center isomorphic to the surface S = {y{'* + y5* +y5° = 0} C A3, cf.
Table[dl By Theorem [B2it suffices to show S x ) — Y induces an isomorphism on
higher Chow groups for any smooth affine scheme Y. The map (pr,, idy): SxY —
Al x Y fits into the commutative diagram of exact localization sequences:

CH, (G x Y, i+ 1) ——= CH, (¥, i) — CH, (Al x ¥,i) — CH,(Gp, x ¥,i) —— CH,(Y,i— 1)

(l)l (2)1 (3)l (‘Ul (5)l

CH,(U,i+1) — CH,(I' x ¥,i) —> CH,(S x ¥,i) — CH,(U,i) — CH,(T' x ¥,i — 1).

(3.5)
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Here T' := Tyy.0, and U = (S x Y)~{ys = 0}. By [26] Proposition 3.2] the
maps (2) and (5) in (3H) are isomorphisms. We note there is an isomorphism
U= A2\ T4, 0, = Spec(F[u,v])\ Ty, o, via the map

(177y7 Z) = (u(iual - vaz)mOtz’,U(iu

with inverse:

z Y
(u,v) — , :
Z’mag Z’mal

The five lemmas and [26, Proposition 3.2] show (1) and (4) in (B3] are isomor-
phisms, cf. the proof of Theorem B2l Another application of the five lemmas yields
that (3) in (A is also an isomorphism. |

Corollary 3.8. The smooth affine 4-fold Y(n,(2,3,5),p) in (LIJ) is stably A'-

contractible.

Proof. As in Corollary[B.7it suffices to check that §; x Y — ) induces an isomor-
phism on higher Chow groups, where ) is an arbitrary smooth affine scheme and
S1:={y} +y3 +y5 =0} C A3. In effect, we form the affine modifications:

S; 283 2 S I Sy (3.6)

Here Sy = {y? + y3ys + y3} C A3 is the affine modification of S; along div(ys)
with center given by (ys,y1,y2), Sz := {y? + y3ys + y3y> = 0} C A3 is the affine
modification of Sy along div(ys) with center given by (y2,%1,%3), and Sy := {y? +
y3ys +y2 = 0} C A? is the affine modification of S5 along div(y3) with center given
by (y3,v1,y2). By Theorem B2l S; x ) — Y induces an isomorphism on higher
Chow groups if and only if the same holds for S; x Y — Y. Now Sy is the affine
modification of A% along div(y3) with center given by (y3, —y? — y2), and we are
done by Theorem O

4. Unstable A'-Contractibility
4.1. Koras—Russell fiber bundles

For the convenience of the reader we recall the notion of a Koras-Russell fiber
bundle, see Definition [[.Ilin Sec. [l

For a polynomial s(x) € F[z] of positive degree and R(z,y,t) € Flz,y,t], we
define the closed subscheme X (s, R) of A! x A% = Spec(F[z][y, z,t]) by the equation
{s(z)z = R(x,y,t)}. The projection map p = pr, : X(s, R) — Al in ([I7) is called
a Koras—Russell fiber bundle if

(a) X(s,R) is a smooth scheme, and
(b) For every zero zo € Al(F) of s(x), the zero locus in A? = Spec(Fly,t]) of
the polynomial R(xo,y,t) is an integral rational plane curve C with a unique
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place at infinity and at most unibranch singularities. Equivalently, there exists
a polynomial a € Fly, t] and b(z,y,t) € F[z,y,t] such that

R(xvyvt) = a(yvt) + (.’,E - IO)b(xvyvt)v
such that C = {a(y,t) = 0}.

By definition, X(s, R) can be realized as the affine modification of A! x A? =
Spec(F[z][y,t]) along the principal divisor div(s) with center at the closed sub-
scheme defined by the ideal (s(z), R(z,y,t)). The map p : X(s, R) — Al restricts
to the trivial A%-bundle with total space Spec(F []s(x)[y, t]) over the principal open
subset {s(z) # 0} of Al. For a zero 2o € AY(F) of s(z), we have:

(c) If the curve C := {a(y,t) = 0} is smooth, then it isomorphic to Al and
p~Hxo) = A2

(d) If C is singular the Lin—Zaidenberg theorem [35] [41] [42] implies there exists an
automorphism ¢* of F[y,t] such that ¢*(a) = y** + ¢t*2 for coprime integers
a; > 2. Moreover, the fiber p~!(x¢) is singular and isomorphic to C x Al

Example 4.1. Every deformed Koras—Russell 3-fold X (n, «;,p) of the first kind
(T4 is an example of a Koras-Russell fiber bundle. The unique singular fiber of
p:X(n,a;,p) — Ay is p1(0) 2 Tay 0, X AL

The following key geometric result reveals that Koras—Russell fiber bundles are
deformed Koras—Russell 3-folds Zariski-locally.

Lemma 4.2. Suppose p : X(s, R) — Al is a Koras—Russell fiber bundle and let
o € Al (F)

(1) If p~Y(xo) is smooth there exists an open neighborhood U of xo such that p :
X(s,R)lu — U is a trivial A%-bundle.

(2) If p~Y(xo) is singular there exist an automorphism ¢ of Al mapping xo to
the origin 0, a deformed Koras—Russell 3-fold X (n,a;,p) of the first kind
(@Td), an open neighborhood U of xo, and an isomorphism U : X(s,R)ly —
X(n, i, p)|pw) rendering the following diagram commutative:

X (s, R) |y —== X(n, i, )| o)

Proof. (1) The assumption implies p~1(zg) = A2. Since the generic fiber of p is
isomorphic to A? over the function field F(x) of A', letting B = Spec(Op1 ,,) we
deduce from [47, Theorem 1] that pry : X (s, R) Xx51 B — B is a trivial A%2-bundle.
This implies the existence of ¢ with the claimed properties.

(2) Since p restricts to a trivial A2-bundle over the principal open subset Dy C
Al where s # 0, zg is a zero of s(x). Up to a coordinate change, we may assume
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xo = 0 and write s(z) = 2"5(x), where n > 1 and 5(0) # 0. This yields R(x,y,t) =
a(y,t) + xb(x,y,t) and p~1(0) = {a(y,t) = 0} x Spec(F|[z]). Since by hypothesis
C = {a(y,t) = 0} is a singular curve, the Lin—Zaidenberg theorem shows there exists
an F-automorphism ¢* of F[y,t] such that ¢*(a) = y®* +t*2 for coprime integers
a; > 2. This automorphism ¢* extends to an F[x]-automorphism ®* of F|x][y, t]
defined by (S ag(2)y't) = 3 aiy ()" (400). Letting p(zy,1) = B* (b(a, 1),
we have by construction:

O (R(x,y,t)) = ®*(a(y,t) + zb(x, y,t)) = y** + 92 + ap(z,y, t).

So ®* maps s(x) identically to itself and it maps the ideal T = (s(z), R(x,y,t))
isomorphically to J = (s(x),y** + t*2 + xp(x,y,t)). By the universal property of
affine modifications [30, Proposition 2.1], the corresponding automorphism & of
A3 = Spec(F[z,y,t]) lifts to an Al-isomorphism between X (s, R) and the Koras—
Russell fiber bundle:

—~

p:X(s,R) = {s(z)z = y™ +t*2 + xp(z,y,t)} — AL
We define the closed subscheme X (n,a;, p) of A* by the equation
{a"2 =y™ +1* +ap(z,y,1)},

—~

and let U := Dz C A! be the principal open subset where 5 # 0. Then X (s, R) |y and
X(n,a;,p)|u are isomorphic as U-schemes since 5(z)z is a coordinate function on
Fla]52)[y, 2, t] over F|x]3(4). To conclude X (n,a;,p) is a deformed Koras-Russell
3-fold as in Example [£1] it remains to show n > 2. Since X(s, R)|y is smooth,
X(n, aj,p) is smooth in an open neighborhood of pr;*(0), which implies n > 2 by
the Jacobian criterion. O

Corollary 4.3. Suppose p : X(s, R) — Al is a Koras—Russell fiber bundle, and
let Uy C Al be the complement of the finitely many points for which the scheme-
theoretic fiber of p is singular. Then p: X(s, R)|y, — Uo is a trivial A2-bundle.

Proof. By Lemma (1), p = X(s,R)|u, — Up is a Zariski locally trivial A2-
bundle, hence isomorphic to a rank 2 vector bundle by [8, Theorem 4.4], which is
in fact trivial since Uy is an open subset of Al O

Example 4.4. For coprime integers a; > 2 we define X (s, R) C A* by the equation:

{22 = 1)z = (0 — )™ +1%) + 2y +12) + a(z — 1)}.

This is a smooth scheme by the Jacobian criterion. We have R(0,y,t) = —(y** +
t*2), while for x = 1:

R(z,y,t) = (y+t°) + (x — D(y™ + 1 +y + > + x).

Here {y®* + t*2> = 0} and {y + t* = 0} satisfy hypothesis (1) of Definition [}
hence p : X (s, R) — Al is a Koras-Russell fiber bundle. Furthermore, p restricts
to a trivial A2-bundle over A\ {0} by Corollary E3
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Lemma 4.5. Suppose p : X(s,R) — Al is a Koras—Russell fiber bundle, and

p~Hxo) = C x Al is singular for the rational point xg € A*(F). Let m : X/(—s\,_]/%) —

X (s, R) be the affine modification of X (s, R) along the divisor {x = xo} with center

{c} x A C p=(z0) over a smooth point ¢ on the curve C.

(1) Thenp=pom: X/(js\,j%) — AL is a Koras—Russell fiber bundle with p—(z¢) =
AZ.

(2) By restricting 7 to X (s, R)~ p~1(xo) we obtain an isomorphism and a commu-

—_~—

tative diagram:

X (s, R)~ p~ ! (x0)

Proof. (1) Up to a change of coordinates, we may assume o = 0, s(z) = 2™5(z),
n > 2, 5(0) # 0, and

R(Ivyvt) = yal —t*® + Ib(xvyvt)
Furthermore, we may assume the center is the line over the point ¢ = (1,1) on
the curve C = {y™ = t*2}. Since X (s, R) and the center {c} x Al of the affine
modification 7 : X (s, R) — X(s, R) are smooth, so is X (s, R). It remains to check
p1(0) =2 A?. Setting y = xy; + 1 and t = oty + 1 yields:
Yy — 1%+ ab(,y,t) = 2((onys — aztr) + (0,1, 1)) + 2%b(z, y1, 11).

—~

Thus the equation defining X (s, R) in A* takes the form:
{2 '5(x)z = 2 'R(z, 2y1 + 1, wty + 1) = aqyr — aoty + b(0,1,1) + zb(z, y1, 1)}

This implies p~(0) = {a1y1 — azt; +b(0,1,1) = 0} x Al is the fiber product of an
affine line in A% by A!, i.e. it is isomorphic to A2. Part (2) follows readily. O

4.2. A'-contractibility of deformed Koras—Russell 3-folds after
simplicial suspension

In this section we refine the results and techniques in [14], Sec. 3.2].

Lemma 4.6. If X(n,;,p) is a deformed Koras—Russell 3-fold of the first kind
(T4, then:
X(n, 0, p)\ ({o =y =t =0} = A7) ~u AN {(0,0)}
Proof. Using a coordinate change we may rewrite the defining equation for
X(TL, alvp) as
X(ag) :={a"z = y™* —t*? + ap(x,y,t)},az > 1.
Let m := pr,, : X(az) — A? and define ¢o, : A* = Spec(F[u,v]) — A? by

(u,v) — (z,t) = (U™ —v*2,v). Here pq, is a cyclic Galois cover, fully ramified
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over the line {t = 0} C A and étale elsewhere. The fiber product X'(az) x 2 A7,
is isomorphic to the closed subscheme of A* = Spec(F[u,v][y, z]) defined by:

Flas) = {(u™ — v9)" = y™ — 7 + (W — " )p(u — 0%,y 0)}.

The Galois group s, of the cover ¢,, of /f(ag) is generated by (u,v,y,z) —
(eu,v,y, z), where e € F* is a primitive a;th root of unity. The projection 7 :=
Pryy X(r2) — A2 restricts to a trivial Al-bundle over the complement of the irre-
ducible curve Ty, a0, 1= {u® — 02 = 0}. The fiber 71((0,0)) = Spec(F[y]/(y**))
of 7 over (0,0) is supported on the line 1/\@ = {u=wv=y =0}, while 71T, )
is isomorphic to:

Spec(Flu, v]ly, 2]/ (u™ — v, y™ —u)).

The normalization map v : F/;; = Spec(Flw]) — Toy.an, w — (w02, w*),
restricts to an isomorphism between I:OZT;\ {(0,0)} = Al and 'y, 0, ~ {(0,0)}.
Moreover, 71 (T4, .0~ {(0,0)}) splits into a disjoint union of ay irreducible com-
ponents D, = {u* —v®2 =y —cup{u=v =y =0}, 0<i<a;—1,all
isomorphic to Al x Spec(F[z]). It follows that 7 restricts to a smooth affine map

T Xy o= )?(0@)\&1 U U D.; — A~ {(0,0)},
i
and a locally trivial A'-bundle since all its fibers are isomorphic to A!
[32, Theorem 1].
We let 0 : S — A%\ {(0,0)} denote the smooth scheme obtained by gluing the

Qa1 copies

S.i := Spec(Fluz, v])~ {(0,0)},0<i < ay — 1,
of A*\.{(0,0)} by the identity map away from the cuspidal curves {ul} = v**}.
With this definition,

7 X(as)~ AL — A2 {(0,0)}
factors through the locally trivial A'-bundle:
Pas /FYV(O(Q)\AE - 8.

The action of the Galois group e, lifts readily to an action on S defined by
sending (u.i,v) € S.i to (ugi+1,v) € S.it1. This yields ia,-equivariant maps Pas
A?(ag)\/AE —Sandd:S — A2 {(0,0)}.

As algebraic spaces, the geometric quotients of X (ag)\;\@ and A2~ {(0,0)}
under the ji,,-actions are isomorphic to X (az)~ Al respectively, A%\ ({0,0}) =
Spec(F[z,t])~ {(0,0)}. The geometric quotient for the ji,-action on & is an alge-
braic space S(a1,az) (see e.g. [46]). The map 6 : S(a1, az) — A%\ ({0,0}) induced
by § has the following properties:

e 0 restricts to an isomorphism away from the punctured affine line {& = 0} =
Spec(F[t*1]).
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e The restriction of § to 6~ 1({z = 0}) is an étale cyclic Galois cover of order a;
isomorphic to the projection pr, : Spec(F[t*!][u]/(u® — t92)) — Spec(F[tT1]).

Likewise, o, : X (a2)\&z — & descends to an étale locally trivial Al-bundle
Pas  X(a2)N Al — S(a1,az). While the ramified Galois cover ¢,, : A? — A?
depends on a; and as, the algebraic space § : S(a1,a2) — A2\ ({0,0}) depends
only on «a; as explained in [I4] Lemma 3.2] and [I5, Sec. 1.1]. When ay > 2,
X(az)~ Al and X (1)~ Al are étale locally trivial Al-bundles over the algebraic
space S(a1,as) = S(ag,1) = S; in general, this is not a scheme (see [I5, Remark
1.1]). As a consequence, the fiber product

W= (X(ag)N\ AL) xs (X(1)NAL)

is simultaneously an étale locally trivial A'-bundle over X (ag)~ Al and X (1)~ Al
via the first and second projection, respectively. Since X (o)~ Al is a scheme for
ag > 1, these bundles are locally trivial in the Zariski topology. It follows that
pry: W — X(ag)N Al and pry : W — X(1)~ Al are Al-weak equivalences.

To complete the proof it remains to show X' (1)~ Al is Al-weakly equivalent to
A2 {(0,0)}. When ay = 1, the fiber pr;*(0) of pr, : X(1) — Al is isomorphic
to A% = Spec(F[y,z]), and pr, : X(1) — Al is a trivial A%-bundle by virtue
of [47]. Furthermore, since Al C pr;1(0) is the line {y = 0}, the chain of inclusions
Al C pr;1(0) C X(1) identifies with the linear subspaces {x = a = 0} C {x =
0} € A' x A% The projection pr, , : Al x A\ {z =« =0} — A%\ {(0,0)} yields
the desired Al-weak equivalence X (1)~ Al ~41 A2\ {(0,0)}. |

The proof of the next result combines the techniques used in [I4] 26]. In outline,
we show a certain connecting map for a cofiber sequence involving P* A P! is an
Al-weak equivalence by using Milnor-Witt K-theory sheaves to reduce the proof
to stable Al-contractibility shown in Theorem [B.11

Theorem 4.7. If X(n,a;,p) is a deformed Koras—Russell 3-fold of the first kind
(T4, then:

Y X (n, i, p) ~p1 k.
Proof. Recall X(n,q;,p) = {z"z = y™ +1** + ap(z,y,t)} C A* and Al = {z =
y=t=0} C X(n,a;,p). LemmalL8 shows X (n, a;, p)~ Al is Al-weakly equivalent

to A2\ {(0,0)}. Since Al has trivial normal bundle in X (n, a;, p), homotopy purity
[39, Theorem 3.2.23] implies Al-weak equivalences:

X(n, a5, p)/(X(n, 0, p) N AL) ~ar (AD)4 A (PN ~pn (P12

Since X, A2\ {(0,0)} is Al-weakly equivalent to S?A(G,,)"? ~x1 (P1)"2, the cofiber
sequence

X(nvaivp)\Ai - X(nvaivp) - X(n7a17p)/(X(naalvp)\Ai) (41)
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induces via simplicial suspension the connecting map:
X(’I’L, aivp)/<X(n7 aivp)\ Ai) ~AL (Pl)/\2
25, X (n, 0, p)N AL ~pn SLA{(0,0)} ~pn (P2, (4.2)

To conclude that XX (n,a;,p) is Al-contractible, it suffices to show (2] is an
Al-weak equivalence. There are isomorphisms for Milnor-Witt K-theory sheaves

H(X(n, a5, p)~ AL KY™) = HY (AN A(0,0)}, Ky™) = K™ (F)
= 1)K,
so that the long exact sequence in cohomology associated to (@I takes the form:
- HY(X(n, 04, p), K3™Y) — KW (F) S K™ (F)
— H*(X(n, 0, p), K3'™) — .

The K}W(F)-linear map « is multiplication by the element of KW (F) corre-
sponding to @ in ([@Z) under the isomorphism [(P!)"2, (P})"2],: = K)W(F). We
claim « is an isomorphism, in fact:

H'(X(n, 0i,p), K3'™) = H*(X(n, ai,p), Ky™) = 0.
Since HF™((PH)"™ KYW ) = 0 for i > 1, the fact that there is a cofiber sequence
(PH)N™ — X(n, o, p)+ A (PN — X(n,ai,p) A (P
and
H'(X(n, ai,p), K3'™) 2 H' ™ (X (n, a4, p)4 A (PH K

for i,m > 1 [I8], it suffices to show X (n,a;,p) A (P1) ™ ~y1 % for m > 0. This
follows from Theorem [B.1] since for every smooth affine scheme ) the pullback map

CH.(Y) — CH.(X(n,a;,p) X))

is an isomorphism, owing to Corollary B3] O
Let o = pr, ,,: X(n, i, p) — A3 be the morphism expressing X (n, a;, p) as the

affine modification of A3 along div(z™) with center at the closed subscheme defined
by the ideal (2™, y** 4+ t*2 4+ xp(x,y,t)). Let

7w X(n,a;,p) — X(n,a;,p)

be the affine modification of X(n, a;, p) along div(x) with center Z : {q} x Al C
p~1(0) for a smooth point ¢ on the cuspidal curve Iy, 4,. Corollary and
Lemma imply the composite

ﬁ:poﬂ—:X<naaiap)_>A:ln
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is a trivial A%-bundle. This yields a commutative diagram of horizontal cofiber
sequences:

— — —_—

(TL aﬂp) ( ) - X(nvféi»p) - X(nv O‘ivp)/(X(TL’aivp) N 5—1(0)) ~AL A?‘» AP ~AL P!
X TL Oll,p (0) - X(nv Oéi,p) - X(nv O‘i7p)/(‘)((n7 aivp) N pil(o))

<;

{0} x A? Al x A? Al x A?/(AY {0} x A%) ~pn AR AP ~p PL

Since X (n,a;,p) = At x A% is Al-contractible and X X (n, o, p) is Al-contractible
by Theorem E7l we obtain the induced A'-weak equivalences

DT ESX(TL, O‘iyp) Al’l ESX(TL, Oéi,p), (43)
and
S0 X (n, s, p) 5 T(A x A?). (4.4)

Corollary 4.8. There are naturally induced A'-weak equivalences
ES% : 25P1 Ai)l ES(X(na Oé“p)/(X(TL, a“p)\ pil(o))7
and

%40 1 B (X (n, o, p) /(X (n, i, p)~ p~1(0)) =5 TP

4.3. A'-contractibility of Koras—Russell fiber bundles after
simplicial suspension

In this section we prove Theorem stated in the introduction.

Theorem 4.9. Let p : X(s,R) — Al be a Koras—Russell fiber bundle. Then
Y X (s, R) is Al-contractible.

Proof. We proceed by induction on the number of singular fibers of p : X (s, R) —
Al If there are no singular fibers, then p is a trivial A%2-bundle by Corollary E3]
so that X (s, R) is trivially Al-contractible. Suppose zo € A(F) is a point with
singular fiber p~1(z). As in Lemma [ the affine modification

m:X(s,R) — X(s,R)

yields a Koras—Russell fiber bundle with one less singular fiber than p : X' (s, R) —
Al namely:

p=pom: X(s,R) = Al
It suffices to show that if ESX/(S\,T%) is Al-contractible, then so is X;X(s, R). By
LemmalL2]2), there exists an open neighborhood U of 0, a deformed Koras—Russell
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3-fold of the first kind pr, : X(n,a;,p) — AL, and an isomorphism of -schemes

U X(s,R)|u = X(n,a;,p)|u. We form the affine modification

7 X(n,a;,p) — X(n,a;,p)

along the principal divisor pr; !(zo) with center in the image of W restricted to the
center of m, and set pr, = pr, o7’ : X(n,a;,p) — Al. By [30, Proposition 2.1] ¥
lifts to an isomorphism of /-schemes:

~ —~

U X(s,R)|u = X(n, ai,p)lu-

Invoking excision, ¥ induces an A'-weak equivalence
6 :Th:= X(s,R)/(X(s, R)~ p~"(z0)) = Th’'
= X(TL, alvp)/(‘)((nv Oéi,p)\ pr;l(xo))

between the homotopy cofibers of the open inclusions X (s, R)~\ p~!(z¢) — X (s, R)
and X (n, a;, p)~ pry H(zo) — X(n,a;,p), respectively. Similarly, ¥ induces an Al-
weak equivalence

6:Th:= X(s, R)/(X(s, R)~ p~"(x0)) & Th'

= X(n, o, p)/(X(n, i, p)~ P, ' (20))

—~ —~

between the homotopy cofibers of the open inclusions X (s, R)~ p~!(z¢) — X (s, R)

and X (n, a;,p)~ ﬁ;_l(:vo) — X(n,a;,p), respectively. Letting 7 : Th — Th and

/
7 : Th — Th' denote the natural maps induced by 7 and 7/, respectively, we
obtain the commutative diagram:

lﬂ'/
0

Th — Th'.

The map 7’ gives rise to a commutative diagram:

T X X (n, g, p)N ﬁ;_l(:vo) — 3N, X(n,ap,p) T Esﬁ/ —

ﬁl Esﬂ‘ll Esﬁ’l

= B X(n, oy, )\ pry (o) ——= XX (n, a4, p) —= B, Th' —— -

Corollary shows pr, : X(n,a;,p) — Al is a trivial A2-bundle, so that
—
Y, X (n, a4, p) is Al-contractible. Here L7 : ¥, Th — X,Th’ and hence X7 :

1950069-29



Int. J. Math. 2019.30. Downloaded from www.worldscientific.com
by UNIVERSITY OF MILAN on 08/26/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. Dubouloz, S. Pauli & P. A. Ostver

Esﬁ — %,Th are A'-weak equivalences by Corollary 4.12. In the commutative
diagram of cofiber sequences

2, X (s, R)~ p~(z0) —> S, X(s, R) — %, Th

N

)
Y X (s, )N p~ Y (zg) —= X X(s, R) — X, Th,

1R

—_~—

Y, X (s, R) is Al-contractible by the induction hypothesis. The very weak five lemma
in pointed model categories [I4] Lemma 2.1] implies Y47 is an Al-weak equivalence,
and hence XX (s, R) ~p1 . |

4.4. A'-contractibility of iterated Koras-Russell 3-folds after
simplicial suspension

In this section we prove Theorem stated in the introduction.

Theorem 4.10. If Y(m,n;, «;,p) is an iterated Koras—Russell 3-fold of the first
kind (1.15), then:

Esy(mvn’ivoé’ivp) AL K.

Proof. Setting A} := {z = z =t = 0} C Y(m,n;, a;,p) gives us the connecting
map

y(mvn’tvalvp)/(y(mvnlvalvp)\A;) AL (]P)l)/\2 g Esy(mvnivaivp)\A; (45)

associated to the cofiber sequence:
y(mvn’iva’hp)\ A; - y(mvn’iva’hp) - y(mvniv aivp)/(y(mvn’ivaivp)\ A;)

To conclude XY (m,n;,a;,p) ~p1 * it suffices to show 9 in ([@H) is an Al-weak
equivalence. First we observe that Y(m,n;, a;,p) A (PH)" ~u1 % for n > 0 by
Corollary B4l Following the proof of Theorem E7 we show Y(m, ni, a;, p)~ A} is
Al-weakly equivalent to A%~ {(0,0)}.

Set m := pr,; : Y(m,ni, a5, p) — A and define ¢ : A* = Spec(Flu,v]) — A?
by (u,v) — (x,t) = (—u®™ — v*2 v); this is a cyclic Galois cover of order may
which is fully ramified over {t = 0} C A% and étale elsewhere. The fiber product
Y(m,n;, i, p) X Az, Ai,v is isomorphic to the closed subscheme

Yl a0,p) = {(—u®™ = 02Nz = (a2

+ <_ua1m — v )p<_ua1m - Uaz’yv U)}v
of Aiv,y,z. The Galois group pima, of the cover ¢ of Y(m,n;, a;,p) is generated
by (u,v,y,z2) — (eu,v,y,z), where ¢ € F* is a primitive aym-th root of unity.
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Moreover, the projection map
7= Doy, V(m,ng i, p) — A2
restricts to a trivial A'-bundle over the complement in A? of the irreducible cuspidal
curve L'y moap = {u®™ 4 v*2 = 0}. The fiber 7?_1(((219)) = Spec(F[z]/ (™)) of
7 over the origin {(0,0)} is supported on the line Al := {u = v = z = 0} C
y(mmi,p), and 71 (T4, m.a,) is isomorphic to:
Spec(Flu,v][y, z]/(—u®™ — 02, 2M — 1Y),

—~

The normalization map v : Lo m.as = AL — Toimoas, 0 — (02, w
iU

mal) - restricts

to an isomorphism between I'n,m .o, {(0,0)} = Al and Ty,m.a,~ {(0,0)}, while
T Y Taym.as~ {(0,0)}) splits into a disjoint union of aym irreducible components

Dt {u™ —v2 =z —clu=0\{u=v=2=0},0<i<aym—1,

all isomorphic to Al x Spec(F[y]). As in the proof of Lemma L6l we conclude the
map

—_~—

72 V(m, i, i)\ AL — AP\ {(0,0)}
factors through a locally trivial Al-bundle

ﬁ: y(mvniv aivp)\ ?Ag - g
over a smooth scheme ¢ : & — A2~ {(0,0)}. This is achieved by gluing together the
maq-copies S.i = Spec(Flug:,v])~ {(0,0)} of A2\ {(0,0)}, 0 < i < majg — 1, using
the identity map away from the curves {u”;**

i L= v*2 = 0}. Furthermore, p descends
to an étale locally trivial Al-bundle

p: Y(m,ng, @i, p)~ Ay — S(may, az)
over the algebraic space constructed in Lemma6l Since S(may, az) = S(maq, 1),
we conclude as in the proof of Lemma that there exists a scheme W
which is simultaneously the total space of Zariski locally trivial A'-bundles over
Y(m,ni, ai, p)~ A} and A*~ {(0,0)} x A'. This construction furnishes the desired

Al-weak equivalence between Y(m,n;, a;,p)~ A;‘/ and the punctured affine plane
A% {(0,0)}. O

4.5. A family of A'-contractible 3-folds

In conclusion, we note a family of A'-contractible 3-folds with an A'-contractible
total space. Let us fix n > 4, coprime integers ai, as > 2, and set )Y :=
Spec(Flaz, .. .,an_1]) =~ A} 2 With these conventions we define the subscheme
X C Y x A% by the equation:

n—1
X = {w”z =yt tr a2’ ) aix”l} : (4.6)

i=2
Here pry : X — Y is a smooth family whose fibers are A'-contractible and non-
isomorphic to A? over the corresponding residue fields [14]. Furthermore, the fibers
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of pry, over the F-rational points of ) are pairwise non-isomorphic F-schemes
which are all A'-stably isomorphic. We claim the total space X of this family is
Al-contractible. Indeed, rewriting the defining equation (8] for X in the form

n—1
{$3 (_a2 _ Zaixi—2 +xn—3z> — you +t(¥2 +J](1 +J])} ,
=3

and noting that 7 = —ay — Z?;; a;x'"% + 2" 732 is a variable of F[z][as,
as,...,an_1, 2] in the sense that F|x][as,as,...,an—1,2] = Flz][Z,a3,...,an-1, 2],
we see that X is isomorphic to the product of A”~? = Spec(Flas, . .., an—1, 2]) with

the deformed Koras—Russell threefold:
X(3,a1,az, (1+z)) = {232 = y** +1°2 4 x(1 + 2) C Spec(F[z, Z,y,t])}.

Since X(3, a1, ag, (1 + 2)) is Al-contractible [14], so is X by homotopy invariance.
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