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ABsTRACT. Let A/Q be an elliptic curve having split multiplicative reduction at an odd prime p. Under some
mild technical assumptions, we prove the statement:

rankzA(Q) =1 and #(LII(A/Q)pw) <co = ords—1L(4/Q,s) =1,

thus providing a ‘p-converse’ to a celebrated theorem of Kolyvagin-Gross-Zagier.
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Introduction

Let A be an elliptic curve defined over Q, let L(A/Q, s) be its Hasse-Weil L-function, and let IIT(A/Q) be its
Tate-Shafarevich group. The (weak form of the) conjecture of Birch and Swinnerton-Dyer predicts that III(A/Q)
is finite, and that the order of vanishing ords—1L(A/Q,s) of L(A/Q,s) at s = 1 equals the rank of the Mordell-
Weil group A(Q). The main result to date in support of this conjecture comes combining the fundamental work
of Kolyvagin [Kol90] and Gross-Zagier [GZ86] (KGZ theorem for short):

Tan = 0rds—1L(A/Q,s) <1 = rankzA(Q) =ra, and #(III(4/Q)) < oco.

Let p be a rational prime, let 74, € {0,1}, and let IIT(A/Q)p be the p-primary part of III(A/Q). By the
p-converse of the KGZ theorem in rank raz we mean the conjectural statement

rankz A(Q) = ryg and #(II(A/Q)px) <00 ==  ordy—1 L(A/Q, 5) = Taig.

Thanks to the fundamental work of Bertolini-Darmon, Skinner-Urban and their schools, we have now (at least
conceptually) all the necessary tools to attack the p-converse of the KGZ theorem. Notably, assume that p is a
prime of good ordinary reduction for A/Q. In this case the p-converse of the KGZ theorem in rank 0 follows by
[SU14]. In the preprint [Skil4|, Skinner combines Wan’s Ph.D. Thesis [Wan14] —which proves, following the
ideas and the strategy used in [SU14], one divisibility in the Iwasawa main conjecture for Rankin-Selberg p-adic
L-functions— with the main results of [BDP13| and Brooks’s Ph.D. Thesis [Bro13] —extending the results of
[BDP13|— to prove many cases of the p-converse of the KGZ theorem in rank 1. In the preprint [Zhal4], W.
Zhang also proves (among other things) many cases of the p-converse of the KGZ theorem in rank 1 for good
ordinary primes, combining the results of [SU14| with the results and ideas presented in Bertolini-Darmon’s
proof of (one divisibility in) the anticyclotomic main conjecture [BDO05]. The same strategy also appears in
Berti’s forthcoming Ph.D. Thesis [Ber14] (see also [BBV15]).
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The aim of this note is to prove the p-converse of the KGZ theorem in rank 1 for a prime p of split multiplicative
reduction for A/Q. Our strategy is different from both the one of [Skil4] and the one of [Zhal4], and is based
on the (two-variable) Iwasawa theory for the Hida deformation of the p-adic Tate module of A/Q. Together with
the results of the author’s Ph.D. Thesis [Ven13], and then Nekovar’s theory of Selmer Complexes [Nek06] (on
which the results of [Ven13| rely), the key ingredients in our approach are represented by the main results of
[BDO07] and [SU14]| (see the outline of the proof given below for more details). !

The main result. Let A/Q be an elliptic curve having split multiplicative reduction at an odd rational
prime p. Let Na be the conductor of A/Q, let ja € Q be its j-invariant, and let p, , : Gq — GL2(F),) be (the

isomorphism class of) the representation of Gq on the p-torsion submodule A[p] of A(Q).
THEOREM A. Let A/Q and p # 2 be as above. Assume in addition that the following properties hold:

1. P, is irreducible;
2. there exists a prime q||Na, q¢ # p such that ptordg(ja);
3. rankzA(Q) =1 and III(A/Q),~ is finite.

Then the Hasse-Weil L-function L(A/Q,s) of A/Q has a simple zero at s = 1.
Combined with the KGZ theorem recalled above, this implies:

THEOREM B. Let A/Q be an elliptic curve having split multiplicative reduction at an odd rational prime p.
Assume that p, , is irreducible, and that there exists a prime q||[Na, q # p such that p { ordy(ja). Then

ords—1L(A/Q,s) =1 <= rankzA(Q) =1 and #(II(A4/Q)p=) < oc.
If this is the case, the whole Tate-Shafarevich group III(A/Q) is finite.

Outline of the proof. Let A/Q be an elliptic curve having split multiplicative reduction at a prime p # 2,
and let f =5 ang" € S2(To(Na), Z)"*" be the weight-two newform attached to A by the modularity theorem
of Wiles, Taylor-Wiles et. al. Then Na = Np, with p{ N and a;, = a,(A) = +1. Assume that p, , is irreducible.

Let £ = > a,q" € I[q] be the Hida family passing through f. Here I is a normal local domain, finite
and flat over Hida’s weight algebra A := O [I'] with Op-coefficients, where I" :== 1 + pZ,, and Oy, is the ring of
integers of a (sufficiently large) finite extension L/Q, (cf. Section 1.1). There is a natural injective morphism
(Mellin transform) M: I < 7 (U), where U C Z,, is a suitable p-adic neighbourhood of 2, and &/ (U) C L[k — 2]
denotes the sub-ring of formal power series in k — 2 which converge in U (see Section 3.1). Write

foo = an(k)-q" € (U)[q],

with a, (k) € &/ (U) defined as the image of a,, € I under M. For every classical point k € U := U N ZZ2, the
weight-r-specialization fy, := Y~ | a,(k)g" is the g-expansion of a normalised Hecke eigenform of weight x and
level T’y (Np); moreover fy = f. For every quadratic character x of conductor coprime with Np, a construction of
Mazur-Kitagawa and Greenberg-Stevens [BDO07, Section 1] attaches to fo, and x a two-variable p-adic analytic
L-function Ly(foo, X, k,s) on U x Z,, interpolating the special complex L-values L(f,X,), where k € U®,
1<j<k—1and L(fx,,s) is the Hecke L-function of f, twisted by x. (Here s is the cyclotomic variable, and
k is the weight-variable.) Define the central critical p-adic L-function of (feo, X):

L5 (foor Xo k) 1= Lyp(foos X k. k/2) € 7 (U)

as the restriction of the Mazur-Kitagawa p-adic L-function to the central critical line s = k/2 in the (k, s)-plane.

On the algebraic side, Hida theory attaches to f a central critical deformation Tg of the p-adic Tate module of
A/Q. Tt is a free rank-two I-module, equipped with a continuous, I-linear action of Gq, satisfying the following
interpolation property. For every classical point k € U (s.t. kK =2 mod 2(p — 1)) the base change T¢ ®j ey, L is
isomorphic to the central critical twist Vy, (1 — 1/2) of the contragredient of the p-adic Deligne representation V7,
of f., where ev,, : I — &/ (U) — L denotes the morphism induced by evaluation at x on </ (U). Moreover, T is
nearly-ordinary at p. More precisely, let v be a prime of Q dividing p, associated with an embedding i, : Q < Qp,
and denote by iy : Gq, = G, C Gq the corresponding decomposition group at v. Then there is a short exact
sequence of I[G,]-modules

0— T, = Ty = Tg, =0,

LAfter this note was written, C. Skinner communicated to the author that, together with W. Zhang, he extended the methods
of [Zhal4]| to obtain (among other results) the p-converse of the KGZ theorem in cases where p is a prime of multiplicative reduction
[SZ14]. While there is an overlap between the main result of this note and the result of Skinner-Zhang, neither subsumes the other
(cf. the end of this section). Moreover, as remarked above, the methods of proof are substantially different.
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with T?fv free of rank one over I. For every number field F'//Q, define the (strict) Greenberg Selmer group

Selg, (f/F) i=ker | H'(Gps, T @1 I') — [[ H'(F,, Tg, @117)

vlp

Here S is a finite set of primes of F' containing every prime divisor of Nadisc(F'), Gp,s is the Galois group of the
maximal algebraic extension of F' which is unramified outside SU{oo}, I* := Homecont (I, Qp/Z;) is the Pontrjagin
dual of I, and the product runs over all the primes v of F' which divide p 2. Write

X (£/F) = Homz, (Sel(5, (£/F), Qu/Z, )

for the Pontrjagin dual of Sel(s, (f/F). It is a finitely generated I-module. We now explain the main steps entering
in the proof of Theorem A.

Step I: Skinner-Urban’s divisibility. Let K/Q be an imaginary quadratic field in which p splits. Assume that
the discriminant of K/Q is coprime to N4, and write Ng = N*N~, where N T (resp., N7) is divided precisely by
the prime divisors of N4 which are split (resp., inert) in K. Assume the following generalised Heegner hypothesis
and ramification hypothesis:

e N~ is a square-free product of an odd number of primes.
® 04, is ramified at all prime divisors of N™.

Under some additional technical hypotheses on the data (A, K, p,...) (cf. Hypotheses 1, 2 and 3 below), the main
result of [SU14|, together with some auxiliary computations, allows us to deduce the following inequality:

(1) ordi—s L (foo /K, k) < length,, (X(Cfr(f/K)) +2.

Here Lgc(foo/K, k)= Lgc(foo, Xtrivs k) ~L]CDC(f007 €k, k), where xiv is the trivial character and ek is the quadratic
character attached to K. py := ker (€V2 I Z(U) - L) is the kernel of the morphism induced by evaluation
at k = 2 on &/(U); it is a height-one prime ideal of I, so that the localisation I, is a discrete valuation ring.
Finally, length, ; (M) denotes the length over I, of the localisation My, for every finite [-module M.

REMARK. The main result of Skinner and Urban [SU14] mentioned above, which proves one divisibility in
a three variable main conjecture for GLg, is a result over K, for K/Q as above, and not over Q. This is why we
need to consider a base-change to such a K/Q in our approach to Theorem A.

REMARK. By assumption, A/Q has split multiplicative reduction at p, and as well-known this implies
that L,(feo, Xtrivs k, 8) has a trivial zero at (k,s) = (2,1) in the sense of [MTT86]. Moreover, the hypothesis
ex(p) = +1 (i.e. p splits in K) implies that L,(foo, €x, k, s) also has such an exceptional zero at (k,s) = (2,1)
(see, e.g. [BDO7, Section 1]). This is the reason behind the appearance of the addend 2 on the R.H.S. of (1).

REMARK. The generalised Heegner hypothesis gives ex(—Na) = —ex(N~) = +1. This implies that the
Hecke L-series L(f,s) = L(A/Q,s) and L(f,ex,s) = L(A%/Q,s) (where AX/Q is the quadratic twist of A by
K) have the same sign in their functional equations at s = 1. The Birch and Swinnerton-Dyer conjecture then
predicts that the ranks of A(Q) and AX(Q) =2 A(K)~ have the same parity. In particular rankz A(K), and then
ordg=2L;°(feo /K, k) should be even.

Step II: Bertolini-Darmon’s exceptional-zero formula. Let K/Q be as in Step I. Assume moreover

o sign(4/Q) = ~1

where sign(A/Q) € {£1} denotes the sign in the functional equation satisfied by the Hasse-Weil L-function
L(A/Q,s). As remarked above, this implies that sign(A% /Q) = —1 too. The analysis carried out in [GS93| and
[BDO07] tells us that, for both x = xtiv and x = ex:

(2) Ordkzszc)C(fomXa k) > 2

this is once again a manifestation of the presence of an exceptional zero at (k,s) = (2,1) for the Mazur-Kitagawa
p-adic L-function L,(fso, X, k, s). Much more deeper, Bertolini and Darmon proved in [BD07] the formula

d2

%Lgc(foo; X7 k’)ki? : logi‘(PX%

2Sel%fr (f/F) depends on the choice of the set S, even if this dependence is irrelevant for the purposes of this introduction.
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where = denotes equality up to a non-zero factor, log, : A(Q,) — Q, is the formal group logarithm, and
P, € A(K)X is a Heegner point. This formula implies that

(3) ordg=2 Ly (foo, X, k) =2 <= ords=1L(AY/Q,s) =1,

i.e. if and only if the Hasse-Weil L-function of the y-twist AX/Q has a simple zero at s = 1. (Here of course
AX = Ais X = Yuiv and AX = AK if y = ex. Recall that by assumption L(AX/Q, s) vanishes at s = 1.)

Step III: bounding the characteristic ideal. Let x denote either the trivial character or a quadratic character of
conductor coprime with Np, and write K, := Q or K, /Q for the quadratic field attached to x accordingly. Making
use of Nekovai’s theory of Selmer Complexes (especially of Nekovar’s generalised Cassels-Tate pairings) [Nek06],
we are able to relate the structure of the I, .-module X&.(f/ K, )y, = X& (f/K)X @11, to the properties of a
suitable Nekovdr’s half-twisted weight pairing (see Section 5.2)

(= 7>‘1\/I;}(7TX : AT(Kx)X x AT(Kx)X — Qp,
playing here the role of the canonical cyclotomic p-adic height pairing of Schneider, Mazur-Tate et. al. in
cyclotomic Iwasawa theory. Here, for every Z[Gal(K, /Q)]-module M, we write MX for the submodule of M on

which Gal(K, /Q) acts via x, and AT(K,) is the extended Mordell-Weil group of A/K, introduced in [MTT86].
(—, —>§;};X is a bilinear and skew-symmetric form on Af(K,)X (see Section 5). Assume that the following

conditions are satisfied:
e x(p) =1, i.e. psplits in K,;
o rankz A(K, )X = 1 and II(A/K, )}~ is finite.

Then Af (K)X®@Qp = Qp - g @ Qp - Py is a 2-dimensional Q,-vector space generated by a non-zero point
P, € A(K, )X ® Q and a certain Tate’s period q, € AT(K,)X (which does not come from a K,-rational point of
A). In the author’s Ph.D. Thesis [Ven13| we proved that

Nek,x -
(4) <ar Px>vf81WX = IOgA(PX)
(where = denotes again equality up to a non-zero multiplicative factor), which implies that (—, 7>‘1\/I;1;X is non-
degenerate on AT(K +)X. Together with the results of Nekoval mentioned above, this allows us to deduce that
(5) X(c}cr(f/KX)i’(f = pr/pf]lpf-
REMARK. Let Vy := Tay,(A) ®z, Q, be the p-adic Tate module of A/Q, and let H}(KX7 V¢) be the Bloch-
Nek,x

Kato Selmer group of V; over K,. The pairing (—,—) is naturally defined on Nekova¥'s extended Selmer

Vi,
group H}(Ky, Vy)X, which is an extension of H(Ky,Vy)X by the Q,-module generated by ¢y. Indeed it is

gfkwx on ﬁ}(KX,Vf)X to be directly related to the structure of the I, -module

X(C}Cr(f/KX);‘f. On the other hand, I;'} (K, V)X contains AT(K, )X ® Q,, and equals it precisely if the p-primary
part of IIT(A/K, )X is finite. This explains why we need the finiteness of III(A/K )y~ in order to deduce (5).

the non-degeneracy of (—,—)

REMARK. The length of X§&.(f/K, )y, over I, can be interpreted as the order of vanishing at k = 2 of an
algebraic p-adic L-function Li°(fw, X, k) € &/(U), defined as the Mellin transform of the characteristic ideal of
XE&(f/Ky )X (at least assuming that I is regular). The results of Nekovar briefly mentioned above can be used to
prove an analogue in our setting of the algebraic p-adic Birch and Swinnerton-Dyer formulae of Schneider [Sch83|
and Perrin-Riou [PR92|, which relates the leading coefficient of Li°(fw, X, k) at k& = 2 to the determinant of
(—, 7>‘1\,I;’k7’rx, computed on Af(K,)X/torsion.

REMARK. Formula (4) is crucial here. Indeed, as remarked above, it allows us to deduce the non-degeneracy of
Nek,

V;,Trx
in rank-one) seems out of reach at present.

the weight-pairing (—, —) . The analogue of this result in cyclotomic Iwasawa theory (i.e. Schneider conjecture

REMARK. The preceding results, and (4) in particular, should be considered as an algebraic counterpart of
Bertolini-Darmon’s exceptional zero formula (cf. Step II). This point of view is developed in [Ven14] (see also
Part I of the author’s Ph.D. thesis [Ven13]), and leads to the formulation of two-variable analogues of the Birch
and Swinnerton-Dyer conjecture for the Mazur-Kitagawa p-adic L-function L,(fe, X, k,s). Formula (4) —to be
considered part of Nekovai’s theory— and Bertolini-Darmon’s exceptional zero formula, also represent crucial
ingredients in the proof, given in [Ven15], of the Mazur-Tate-Teitelbaum exceptional zero conjecture in rank one.
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Step IV: conclusion of the proof. Assume that the hypotheses of Theorem A are satisfied. Thanks to Nekovai’s
proof of the parity conjecture [Nek06]|, sign(4/Q) = —1. By the main result of [BFH90| and hypothesis 2 in
Theorem A, we are then able to find a quadratic imaginary field K/Q which satisfies the hypotheses needed in
Steps I and II, with N~ = ¢, and such that L(AX/Q,s) has a simple zero at s = 1, i.e.

(6) ords—1 L(A%/Q,s) = 1.
An application of the KGZ theorem gives

rankzAX(Q) = 1; #(m(AK/Q)pw) < 0.
Together with hypothesis 3 in Theorem A, this implies that the hypotheses needed in Step III are satisfied by
both the trivial character x = xtriv and x = ex. Then

2) ) (5)
42 ordps L (foo/ K, k) < lengthpf(XéCr(f/K)) 122y

i.e. ordg=2L5°(foo/K, k) = 4. Applying now Bertolini-Darmon’s result (3) yields
ords—1 L(A/K,s) =2,

where L(A/K,s) = L(A/Q,s)- L(AX/Q, s) is the Hasse-Weil L-function of A/K. Together with (6), this implies
that L(A/Q,s) has a simple zero at s = 1, as was to be shown.

Recent related results. In the recent preprint [SZ14]|, Skinner and Zhang prove (among other results) a
theorem similar to our Theorem A. More precisely, Theorem 1.1 of loc. cit. proves instances of the p-converse
of the KGZ theorem in rank one, for an elliptic curve with multiplicative reduction at a prime p > 5. On the
one hand, their result does not require the p-primary part of the Tate-Shafarevich group to be finite, but only
that the p-primary Selmer group of the elliptic curve has Z,-corank one. On the other hand, together with the
assumptions 1 and 2 of Theorem A, the authors assume extra hypotheses in their statement. For example, they
assume that the mod-p Galois representation p ,, is not finite at p, that the Mazur-Tate-Teitelbaum L-invariant

Z(A/Q) = liiz((zz)) has p-adic valuation 1 (where g4 € pZ, is the Tate period of A/Q,), and require additional

‘p-indivisibility conditions’ for the Tamagawa factors of A/Q. (We refer to loc. cit. for a precise list of the
assumptions.) Finally, it is worth noting that our approach here (cf. preceding Section) is essentially different
from that of [SZ14], where the authors extend the results and methods of [Zhal4] to the multiplicative setting.

Acknowledgements. We sincerely thank Massimo Bertolini for many inspiring and interesting conversations, and
for his encouragement during the preparation of this note. We thank Henri Darmon for his interest in this work.

1. Hida Theory

Fix for the rest of this note an elliptic curve A/Q having split multiplicative reduction at an odd rational
prime p. Let N4 be the conductor of A/Q, so that Ny = Np, with pt N, and let

f=Yang" € S2(To(Np),Z)""

n=1
be the weight-two newform attached to A/Q by modularity. Fix a finite extension L/Q,, with ring of integers
Or, and maximal ideal mz, and an embedding i, : Q — Qp, under which we identify Q with a subfield of Qp.
This also fixes a decomposition group i% : Gq, < Gq at p (where Gp := Gal(F/F) for every field F).

1.1. The Hida family I. Let I" := 1+ pZ,, let Zf,p =T x (Z/pNZ)™, and let
OL[Zy ][Tn : n € N] - h?(N,OL)
be Hida’s universal p-ordinary Hecke algebra with Op-coeflicients. Writing A := Op[I'], h°(N,Op) is a finite,
flat A-algebra [Hid86|. Letting . := Frac(A), there is a decomposition h°(N,Or) @ £ = [[; #; as a finite
product of finite field extensions J¢;/.%. Let % = ¢, be the primitive component of h°(N,OL) @4 £ to which
the p-ordinary newform f belongs [Hid86, Section 1], and let T be the integral closure of A in the finite extension

H | Z. For every n € N, write a,, € I for the image in T of the nth Hecke operator T,,. By [Hid86, Corollary
1.5], there exists a unique morphism of O -algebras

(bf:HHOL,

such that ¢s(a,) = a, for every n € N; moreover, ¢y maps the image of Z]f,p in I to 1 (as f has weight two
and trivial neben type). I is a normal local domain, finite and flat over Hida’s weight algebra A. The domain T is
called the (branch of the) Hida family passing through f. This terminology is justified as follows.
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An arithmetic point on I is a continuous morphism of Op-algebras ¢ : I — Qp, whose restriction to I' (with
respect to the structural morphism A — 1) is of the form ¢|r(y) = 4% =2 xy(7), for an integer k, > 2 and
a finite order character x, on I'. We call ky and x, the weight and (wild) character of v respectively. Write
Xarith(T) for the set of arithmetic points on I. Note that ¢ re X arith(T) is an arithmetic point of weight 2 and

trivial character. Let
oo
f= Zan-q" € Iq]-
n=1

Then for every ¢ € X (T), the specialisation of f at 1:

o0
fo= ¥(an) " € Sk, (Do(Np=*1), &)
n=1
is a p-stabilised ordinary newform of tame level N, weight £, and character &y := xy -w? kv Here cy > 0 is the
smallest positive integer such that TP C ker(xy), and w : Z/(p — 1)Z = F) — Z; is the Teichmiiller character.
Moreover, we recover f as the ¢s-specialisation of f, i.e.

for =) b5(an)g" = f.
n=1

Let ¢ € X**(I) be an arithmetic point. Denote by K, := Frac(¢(I)) C Q, the fraction field of ¢(I), by my,
its maximal ideal, and by Fy = 9(I)/my its residue field. Let py : Gq — GL2(Ky) be the contragredient of
the Deligne representation associated with fy, and denote by p,, : Gq — Gal(Fy) the semi-simplification of the
reduction of p,, modulo my,. Then p,, is unramified at every prime ¢ { Np, and Trace(p,, (Frob,)) = ¢ (as) (mod my)
for every prime ¢ { Np, where Frob, € Gq is an arithmetic Frobenius at ¢. Enlarging L if necessary, one can
assume Fy = F := Or/mz. Then the representation Py, does not depend, up to isomorphism, on the arithmetic
point ¥. Denote by pg this isomorphism class, and assume throughout this note the following

HYPOTHESIS 1 (irr). pg is (absolutely) irreducible.

Under this assumption, it is known that Hg := (hO(N, Or) ®a ]I) N (Ji/ x 0) is a free T-module of rank one
(where we use the decomposition h°(N,O) ®x £ = H x [];;, #; mentioned above).

REMARK 1.1. Taking 1 = ¢y in the discussion above, we deduce that p; is isomorphic to the F-base change
of the mod-p Galois representation p, , attached to the p-torsion submodule A[p] of A(Q). (Indeed, Hypothesis 1
is equivalent to require that p, ,, is absolutely irreducible.) Since A has split multiplicative reduction at p, Tate’s

theory gives us an isomorphism (see [Tat95] or Chapter V of [Sil94])

_ o wey %
pf|GQP<6y 1)’

where pglGq, is the restriction of pe to Gq, and wey : Gq, — Gal(Q,(1p)/Qp) = F} is the mod-p cyclotomic
character. As p # 2, this implies that p¢ is p-distinguished, i.e. that condition (dist)s in [SU14]| is satisfied.

1.2. Hida’s representations 7y and T¢. Let Tf = (Tf,TfJr ) be Hida’s p-ordinary I-adic representation
attached to f (see, e.g. [Hid86], [SU14|). Thanks to our Hypothesis 1, T¢ is a free I-module of rank two,
equipped with a continuous action of Gq which is unramified at every prime ¢ { Np, and such that
(7) det (1 — Froby - X[Ty) =1 —a, - X + £[(] - X?
for every ¢ { Np. Here Frob, = frob; ' is an arithmetic Frobenius at £ and [] : Zy , C OL[ZY ] — I is the
structural morphism. Write xcy.n @ Gq — Gal(Q(unp=)/Q) = Z]XV,p =T x (Z/NpZ)*, Xey : Gq — Zy
for the p-adic cyclotomic character (i.e. the composition of xcy nv with projection to Z, = I' x (Z/pZ)™) and
Key : Gq, — T for the composition of x., with projection to principal units. Then [xcy] = [Key] = [Xey,N] as

I*-valued characters on Gq (since f has trivial neben type). In particular the determinant representation of 7%
is given by

(8) dHet Ty = ]I(ch . [Iicy]).

TfJr is an I-direct summand of T¢ of rank one, which is invariant under the action of the decomposition group
Gq, — Gq determined by i,. Moreover, Ty := T¢/T; is an unramified Gq,-module, and the Frobenius
Frob, € Gq,/Iq, acts on it via multiplication by the p-th Fourier coefficient a, € I* of f. In other words

) T = 1(ay " Xey - [yl )i Ty 2 1(a))
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as [[Gq,]-modules, where a;, : Gq, — Gq,/lq, — I is the unramified character sending Frob, to a,, and we
write again fcy : Gq, — Gal(Qp(up=)/Qp) = Z, — I for the p-adic cyclotomic character on Gq,.

Given an arithmetic point 1 € X*h(I) let Vj, be the contragredient of the p-adic Deligne representation
attached to the eigenform fy: it is a two-dimensional vector space over Ky = Frac(I/ker()), equipped with a
continuous Ky-linear action of Gq which is unramified at every prime ¢ { Np, and such that the trace of Froby
acting on V,, equals the ¢th Fourier coefficient 1 (as) = ar(fy) of fy, for every £ + Np. As proved by Ribet,
Vi is an absolutely irreducible Gq-representation, so that the Chebotarev density theorem, together with the
Eichler-Shimura relations (7) tell us that there exists an isomorphism of Ky[Gq]-modules

(10) Ty Q1,4 Kw = qu.

In other words, T interpolates the contragredients of the Deligne representations of the classical specialisations of
the Hida family f. (Note: T is the contragredient of the representation denoted by the same symbol in [SU14].)
Together with the representations T¢, we are particularly interested in a certain self-dual twist Ty of it, defined
as follows. Define the critical character
ey /2 = [ey] /2 : Gq — Gal(Q(up)/Q) = Z) —T 551 17,

where the isomorphism is given by the p-adic cyclotomic character xcy. (As p # 2 by assumption, I' = 1 + pZ, is
uniquely 2-divisible, e.g. by Hensel’s Lemma, so that /- : I' 2 T is defined.) Let

Te :=Tr ®p [ch]_1/2 € 1aqMod; TEJ‘E = TfjE Q1 [ch]_1/2 € H[GQp]MOd’

where we write for simplicity [x.y]~'/? for the inverse of [xc,]'/2. By (8), Tt satisfies the crucial property:

dHet Tf = ]1(1),

i.e. the determinant representation of Ty is given by the p-adic cyclotomic character. As explained in [NPOO],
this implies that there exists a skew-symmetric morphism of I[GqJ-modules

m:Te R T — ]I(l),
inducing by adjunction isomorphisms of I[Gq]- and I[Gq,]-modules respectively:
adj(r) : T¢ = Homy(Te,1(1)); adj(r) : T = Homy(TF,1(1)).

Let X**H(T)’ be the set of arithmetic points 1 with trivial character and weight ky, = 2 (mod 2(p — 1)). Given
Y € XM we have 1) o [xey] V/2(Froby) = ¢17F¢/2 for every £+ Np. Equation (10) then gives: for every
arithmetic point ¢ € X**H(T)’| there exists an isomorphism of K,[Gq]-modules

Te @r,p Ky = Vw(l — k¢/2).

In particular, T¢ interpolates the family of self-dual, critical twists Vi, (1 — ky/2), for ¢ € X2Hh(T).

Let v be a prime of Q dividing p, associated with an embedding i, : Q < Q,. Write ¢}, : Gq, <> Gq for the
embedding determined by i,, and G, := i} (Gq,) for the corresponding decomposition group at v. Let Mg denote
either T¢ or Te. Set ijfv = M € 1[Gq,)Mod, which we consider as I[G,])-modules via i}. Then there is a short
exact sequence of I[G,]-modules

it -
(11) 0— Mg, = Mg = Mg, — 0,

where i and p, are defined as follows. Fix a, € Gq, and 3, € Gq such that i, = o, 04, 0 B,. Then one sets
i =By oiToay! and py =, 0p~ o By, where iT : M;" C Mg and p~ : My — M, denote the inclusion and
projection respectively.

2. The theorem of Skinner-Urban

The aim of this section is to state the main result of [SU14]| in our setting. In order to do that, we recall
Skinner-Urban’s construction of a three-variable p-adic L-function attached to f and a suitable quadratic imaginary
field, and we introduce the Greenberg-style Selmer groups attached to the Hida family f.
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2.1. Cyclotomic p-adic L-functions. For every 1 € X% (I), write Oy = (). Let Qu/Q be the
Z,-extension of Q, let G = Gal(Qo/Q), and write Afpy = Oy[G] for the cyclotomic Iwasawa algebra over
Oy. Let ¢p € X¥(T) let € be a quadratic Dirichlet character of conductor C, coprime with Np, and let S be
a finite set of rational primes. We say that an Iwasawa function L£2(fy,) € Afﬁy is an S-primitive (cyclotomic)
p-adic L-function of fy ® e if it satisfies the following interpolation property. For every finite order character
X € Goo — 6; of conductor p°x and every integer 1 < j < ky — 1:

G (=) LA (fy WX )

(—27i)i—1G (wi=tyte) - st;bn(e)-(*l)j*1

S Ow,

where the notations are as follows. L(fy,u,s) = L(D( fuws b, s) denotes the analytic continuation of the complex
Hecke L-series L(fy, pt,8) := > ooy pu(n)an) — [T, Ee(fy @ p,£7%)~1 of fy twisted by u; for every finite set ¥ of

ns

rational primes, L¥(fy, u, s) == [Lies Ee(fy @ p,€7°) - L(fy, 1, ). G(i) denotes the Gauss sum of the character
u. Finally, Qi are canonical periods of fy, as defined, e.g. in [SU14]. We recall that wa is an element of C*,

defined only up to multiplication by a p-adic unit in Oy, and such that the quotient appearing in the second line of
the equation above lies in the number field Q (¢(a,,) : n € N) generated by the Fourier coefficients of f,. Together
with the Weierstraf preparation theorem, this implies that L',f (fy), if it exists, is unique up to multiplication a
unit in (9;. For a proof of the existence, see [MTT86, Chapter IJ.

2.2. Skinner-Urban three variable p-adic L-functions. Let K/Q be a quadratic imaginary field of
(absolute) discriminant D, let gk t 6p be a rational prime which splits in K, and let S be a finite set of finite
primes of K. We assume that the following hypothesis is satisfied.

HyYPOTHESIS 2. The data (K,p, L,qKi,S) satisfy the following assumptions:

o Dy is coprime with 6Np.

p splits in K.

L/Q, contains the finite extension Q, (D%Q, (—1)1/2, 11/NP) /Qp-
S consists of all the primes of K which divide qx D Np.

Let K/K be the Zg—extension of K. Then K = K - K, where K (resp., K) is the cyclotomic (resp.,
anticyclotomic) Z,-extension of K. Denote by G = Gal(Ks/K) = Gal(Qoo/Q) and Do = Gal(K/K) the
Galois groups of K/K and K /K respectively, so that Gal(]C/K) = G X Do, and let I, := I[Gs]. Section

12 of [SU14]| constructs an element
L3(£) €T[G X Doo] = Ino[Doo],

satisfying the following property: given ¢ € X (T), write ¥ : [[Goo X Ds] — Ay = ¢(I)[G] for the
morphism of O [G ]-algebras whose restriction to I is ¢, and s.t. (D) = 1. Moreover, fix canonical periods
Qf/f = Qﬁ for fy. Then, for every ¢ € X*H(I), there exists Ay € O,; such that

(13) VY (LR () = X - L3(fu) - L2 (F0),

where £5(fy) := LY (fy) (vesp., EfK (fy)) is an S-primitive cyclotomic p-adic L-function of fy (resp., of fy @ ex),
computed with respect to the periods Qf/f Here e¢x : (Z/DgZ)”* — 6; is the primitive quadratic character
attached to K/Q, and we write for simplicity £5(f,) := £5°(f,), where S, := {£ prime : £|qgx D Np} is the set
of rational primes lying below the primes in S. More precisely, such a p-adic L-function £3-(f) = £3(f; 1¢) is
attached to every generator l¢ of the free rank-one I-module H (mentioned at the end of Section 1.1), and it is a
well defined element of Ix[Doo] only up to multiplication by a unit in I. We refer to [SU14, Theorems 12.6 and
12.7 and Proposition 12.8] for the proofs of these facts, and for the interpolation property characterizing Ef((f ).

REMARK 2.1. Recall that Hypothesis 1 (denoted (irred)s in [SU14|) is in order, i.e. that the residual
representation pg is assumed to be (absolutely) irreducible. As explained in Remark 1.1, we also know that pg is
p-distinguished, i.e. that condition (dist)¢ in [SU14| is satisfied. These two hypotheses are used by Skinner and
Urban in their construction of £3-(f) (cf. Section 3.4.5 and Theorems 12.6 and 12.7 of [SU14]).



ON THE p-CONVERSE OF THE KOLYVAGIN-GROSS-ZAGIER THEOREM 9

2.3. Greenberg Selmer groups. Let F//Q be a number field, and let F/F be a Z,-power extension of F,
ie. Gal(F/F) = Z;, for some r > 0. Write Iz := [[Gal(F/K)] and

Tr(F) =Ty @115 (ex") € 1,1a,Mod,

where e : Gp — Gal(F/F) C I3 is the tautological representation. Let v of be a prime of F dividing p,
associated with an embedding i, : Q <= Q,, and let i} : GF, — G denote the corresponding decomposition
group at v. Define

Tf(]'—)g: = Tfj,[v @1 ]I].-({—:;-}v) € 17(¢p,1Mod,

where e 7 ,, := eroi} : Gp, — 5. The exact sequence (11) then induces a short exact sequence of I7[G p, ]-modules

(14) 0 = Tr(F)F 5 To(F) S To(F): — 0,

v

Let S be a finite set of primes of F, containing all the prime divisors of NpDp (where Dp := disc(F/Q) is
the discriminant of F/Q), and let Gp s := Gal(Fs/F) be the Galois group of the maximal algebraic extension
Fg/F which is unramified at every finite prime v ¢ S of F. As F/F (being a Z,-power extension) is unramified
outside p, T¢(F) is unramified at every finite prime v ¢ S of F, i.e. T¢(F) is a Iz[GF s]-module. Let a € Spec(Ir),
and write I := Homeont (Ir, Qp/Z,) for the Pontrjagin dual of Ix, so that I%-[a] is the Pontrjagin dual of Ir/a.
Define the (discrete) non-strict Greenberg Selmer group:

(15) Sel3(f,a) :=ker | H'(Grs, Te(F) @1, Ixa]) — [[ H' (I, Te(F), @1, Ix[a])

vlp
where I, = Ir, C G, is the inertia subgroup and the arrow is defined by Hv‘ p Pox OT€Sy,; P, being the morphism
induced in cohomology by p, : T¢(F) — T¢(F), . It is a cofinitely generated I/a-module, i.e. its Pontrjagin dual
X5 (£, ) = Hom, (Sel:(f, a), Ix[a] ) = Homz, (Sel3(f, a), Q,/Z,
is a finitely-generated Iz/a-module. If a = 0, write more simply
Sel$(f) := Sel3(f,0); X2 (f) := X3(£,0).

By construction there are natural morphisms of Ix/a-modules
(16) SelZ(f,a) — SelZ(f)[a]; XZ(f) ®1, Ir/a — X3(f,q).

Since I is a normal domain, so is Ix = I[Xy,..., X,] (with Gal(F/F) = Z7). Write Ch3(f) C Ir for the
characteristic ideal of the Ix-module X3 (f) (cf. Section 3 of [SU14|):

Chi(f) == {z € Ir : orda(z) > length, (X37(f)), for every a € Spec(I) s.t. height(a) = 1}.

Here ord, : Frac(Iz) — QU {oo} is the (normalised) discrete valuation attached to the height-one prime a, and
length, : (1-Mod);, — Z U {oo} is defined by sending a finite Ir-module M to the length over (Ir), of the
localization M, of M at a.

REMARK 2.2. Assume that F/F contains the cyclotomic Z,-extension Fy C F(ppe) of F. Thanks to the

work of Kato [Kat04], we know that X% (f) is a torsion Ir-module (see also Section 3 of [SU14]), so that Ch3(f)
is a non-zero divisorial ideal (which is principal if T is a unique factorization domain).

2.4. The main result of [SU14|. Let (K,p,L,qk,S) be as in Section 2.2, and assume (as in loc. cit.)
that this data satisfies Hypothesis 2. In particular, K/Q is an imaginary quadratic field in which p splits. Let
K = Ko - K3, be the Z2-extension of K, and let L3 (f) € I = [[Gal(K/K)] be Skinner-Urban’s three variable
p-adic L-function. Together with Hypotheses 1 and 2, we have to consider:

HyYPOTHESIS 3 (ram). Decompose N = NTN~, where NT = N;g (resp., N~ = Ny ) is divided precisely by
the prime divisors of N = Na/p which are split (resp., inert) in K. Then:

o N~ is square-free, and has an odd number of prime divisors.
e The residual representation pe is ramified at every prime £||N—.

The following fundamental and deep result is Theorem 3.26 of [SU14].
THEOREM 2.3 (Skinner-Urban [SU14|). Assume that Hypotheses 1, 2 and 3 hold. Then
Chic(f) € (£5 () -
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3. Restricting to the central critical line

The aim of this section is to specialise Skinner-Urban’s result to the (cyclotomic) central critical line in the
weight-cyclotomic space. More precisely, we use Theorem 2.3 to compare the order of vanishing of a certain
central-critical p-adic L-function of the weight variable with the structure of a certain central-critical Selmer
group attached to Hida’s half-twisted representation Tg.

In this section, the notations and hypotheses of Section 2.4 are in order. In particular, we assume that
Hypotheses 1, 2 and 3 are satisfied.

3.1. The (localised) Hida family. Let ¢; € X**"(I) be the arithmetic point of weight 2 and trivial
character introduced in Section 1.1, with associated p-stabilised weight-two newform f € So(To(Np), Z)*V. Write
ps = ker (¢y) € Spec(). By [Hid86, Corollary 1.4], the localisation I, is a discrete valuation ring, unramified
over the localisation of A = O[] at the prime p = ps N A. Fix a topological generator vy € I' = 1 4 pZ,,, and
write @yt := Ywt — 1. Then wy is a generator of the prime p, so that

(17) pf'pr :wwt'ﬂpfa
i.e. wyt € A is a uniformiser of the discrete valuation ring I, ,.
Let W C Z, be a non-empty open neighbourhood of 2. Denote by o7 (W) C Qp [k — 2] the subring of formal

power series in k — 2 which converge for every k € W. As explained in [GS93] (see also [NP0O]), there exist an
open neighbourhood U = Uy C Z,, of 2, and a natural morphism (the Mellin transform centred at ¢y)

M:T— &(U),
characterised by the following properties: for every x € I write M, (k) := M(z)(k) € &/ (U). Then: (i) for every
z €I, My(2) = ¢f(x) and (i) for every v € ' C I, Mpy)(k) = v¥72 :=exp,, ((k — 2) - log,(7)) € & (Zy) ([]: A — I
being the structural morphism). For every positive integer n, write a, (k) := M(a,) € &/(U) for the image of the
n-th Hecke operator a,, € I under M, and consider the formal g-expansion with coefficients in o7 (U):

foo = an(k)q" € &/(U)[q].

This is the ‘portion’ of the Hida family f we are mostly interested in. More precisely, let
Ut ={keUNZ:k>2k=2 (mod2(p—1))}

be the subset of classical points, which is a dense subset of U. For every classical point x € U°!, the composition
o | M (U) ALY Qp (where ev,, is evaluation at k) is an arithmetic point of weight x and trivial character,
and the weight-x specialisation f. = fo, = > o an(k)q" € Sx(Lo(Np)) is a p-ordinary normalised eigenform of
weight x and level I'o(Np). By construction: f = fo. Moreover, N divides the conductor of f, for every x € U
(and f, is old at p for k > 2, i.e. f, is the p-stabilisation of a newform of level I'o(IN) when s > 2 [Hid86]).

3.2. The central critical p-adic L-function. Let &/ (U X Z, x Z,) C Qp[[k:—Q, s—1,r—1] be the subring of
formal power series converging for every (k,s,r) € U x Z,, X Zy,. Let Xcy : Goo = 1+ pZ, be the p-adic cyclotomic
character, and fix an isomorphism Xacy : Doc = 1+ pZ,. We can uniquely extend the Mellin transform M to a
morphism of rings

M:[[Goo X Doo] — (U x Zy x Zy),
by mapping every ¢ € Do (resp., 0 € Go) to the analytic function on Z, represented by the power series
M(0) == Xacy(0)" ™! = exp, ((r — 1) - log, (Xacy(0))) (resp., M(0) == Xey(0)*71). We then define the S-primitive
analytic three-variable p-adic L-function of foo/K:

L (foo/ K K, 5,7) == W(L5 () € o (U x Zy X Z,) .

In the rest of this note, the (cyclotomic) central critical line £°° := {(k,s,r) € U X Zy, X Zy, : 7 =1; s = k/2} will
play a key role. Let [ be a prime of K contained in S, which does not divide p. Let £ # p be the rational prime
lying below it: [N Z = ¢Z. Define the central critical £-Euler factor of foo /K as

ag(k) v\ [, ex@ac(k) | Inpi(f)
0@ L (O w(e) ¢

where (¢) := w(¢)™'¢ € 1+ pZ, is the projection of ¢ to principal units and 1, denotes the trivial Dirichlet
character modulo M, for every M € N. Then

Ei(foo/ K, 1) = Eo(fu, 077%) - Eo(fx ® €xc, £7"7?)

Ei(foo/ K ) = (1 - ) € d(Zy),
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for every classical point x € U, where Ey(*, X) is the ¢-th Euler factor of the eigenform #, so that the Hecke
L-series of * is given by the product L(x,s) =[] Ey(x,q7%)7! (cf. Section 2.1). Define the central critical
S-Euler factors of foo /K by

q prime

Es(foo/K k)= [ Eelfeo/E k),
Llgx ND
where the product runs over the rational primes lying below a prime [ { p of S (cf. Hypothesis 2). One has
Ei(fx/K,2) # 0 for every {|NDgqx, so that, up to shrinking the p-adic disc U if necessary, one can assume that
Es(foo/K,k) € &/ (U)*. Define finally the central critical p-adic L-function of foo/K:

(18) L (foo /K, k) i= Es(foo/K k)" - L (foo /K, k., k/2,1) € &/ (U).
Note that, while the definition of LS(fOO/K, k, s,r) depends on the choice of the isomorphism Xacy : Doo = 14+pZp,
the analytic function L9°(fs /K, k) is independent of this choice.

3.3. The central critical Selmer group: a Control Theorem. Fix topological generators 71 € G,
v— € Do and 7y € T, and write w? := v — 1. We can (and will) assume that xcy(v74+) = Ywt, Where we write
again Xey : Goo =1+ pZ, =T C I* for the isomorphism induced by the p-adic cyclotomic character. Let

+ . _ Xy~ Vo [, 7
0F GalK/K) =Goo X Dog » Goo =T —T —1

be the cyclotomic central critical Greenberg character. We can extend uniquely @;r( to a morphism of I-algebras,
denoted again by the same symbol, 9} : Ix — 1. As easily seen, its kernel 3¢ is given by

P .= ker (@}’; e —» ]I) = (Wee, - ) - Iic; @Wee = [Ywt] — 'y_Qi_ € Ik,

i.e. P is generated by w_ and we.. In analogy with the definitions above, we define the (cyclotomic) S-primitive
central critical (non-strict) Greenberg Selmer group of £/K by

Selg;“(f/K) :=ker | H'(Gk.s,Te ®: 1) — [[H'(L,, T, @1 I")
vlp

Here T¢ = (T¢, Tf) is Hida’s half-twisted representation defined in Section (1.2) and S is as in Section 2.2.
Moreover, the arrow refers again to Hvlp Dox O TeSy, where p; : Tp — Tg is the projection introduced in equation

(11) 3. Denote by X(g’::(f/K) the Pontrjagin dual of Selg’::(f/K):

XGE(F/K) = Homa, (Sl (£/K), Qy/Z,)
With these notations, and the ones introduced in Section 2.3, we have the following perfect control theorem.

PROPOSITION 3.1. There exists a canonical isomorphism of I-modules
XE(F) o, T /B = XE(8/K).

PROOF. Let a; = (w_) € Spec(lk) and az := (wee) € Spec(Ix.. ). (We remind that K = K - K is the

Z-extension of K and K. /K is the cyclotomic Z,-extension). As Ix/a; = I, and T¢(K)/ap = Te (Koo ):
T (K) @1, Iic[a1] 2 Tr(K) /a1 @1 /0, T, 2= Tr(Koo) @1, Tk

and similarly T¢(K); @1 Igfar] = Te(Kw), @i, T for every v|p. In particular Self (f,a1) is canonically
isomorphic to Sel}g(oc (f). Moreover, by [SU14, Proposition 3.9], the maps (16) induce isomorphisms
(19) Self,_(£) = SelS(B)la ) XE(E) o, Tefar = X5_(F)

Similarly, ©7. induces an isomorphism: I /as = I, an isomorphism of I[G,s]-modules: T¢(Ko)/az = T¢ and
isomorphisms of 1[G ¢, ]-modules: T¢(Koo ) /ag = T?fv for every v|p. (Indeed, write Ok : I = Ix__ — I for the

—1/2

‘restriction’ of ©F to I. Then O o 5[_(; = [Xeyl on Gk, g, so that

Te(Koo) /a2 2 TE(Koo) @104, 1= TF @10 (E};) @1 0k 122 Tt 1 [Xey] /2 = Tt.

The same argument justify the statement for the +-parts at a prime v|p.) As above (i.e. retracing the definitions),
this gives a canonical isomorphism of Selmer groups

(20) Sely““(£/K) = Sel.__(f, a2).

3We should keep in mind that the cyclotomic variable plays a non trivial role in the definition of Hida’s half-twisted representation

Tg. This explains the appearance of the subscript Qoo in the notation Sel%z: (f/K).
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Let us consider the following commutative diagram with (tautological) exact rows:

00— Sel¥_ (f,00) ——— H'(Gk,s5, Te(Koo) @1 Iic__[a2]) [T, H (Io, Te(Koo)y @1 i, [02])

] | |

0 —= (Self:_(f)) [as] — (HI(GK’S,Tf(KOO) Otx_ H;(w))[aQ] N (HW H (I, Tt (Koo)y @1y 11’;(%)) [a2],

where the vertical maps are the natural ones induced by the inclusion I3, [as] C Ij_ (cf. (16)). We claim that
« is an isomorphism of T-modules:

(21) a:Self_(f,a2) = Sely (f)[az].
The map f3 sits into a short exact sequence (arising form 0 — I3 [ag] — Tj T I%_ —0):
0— HO(GKﬁs, Tf(Koo) ®HKQO ]I}}oo )/wcc —)Hl(GKys, Tf(Koo> ®HKao ]I}}oo [CLQ])

2y HY(Gr.s, Tr(Koo) @1, T )las] = 0.

Hypotheses 1 and 2 imply that the restriction of py to G is irreducible. Then the first H? vanishes, and 3 is an
isomorphism. By the Snake Lemma, the morphism « is injective, and its cockerel is a sub-module of ker(y). To
prove the claim (21) it is then sufficient to show that

(22) ker(v) = 0.
Looking again at the exact I,-cohomology sequence arising from 0 — I} [az] — T S I%_ — 0, we have
(23) ker(7> = H HO(LJ; Tf(Koo); ®HK;0 ]I*Koo> ®HK;O ]IK()O /wCC'

vlp

Note that T¢(Koo), @1, T =15 (af- 51};) (cf. Sec. 1.2). Since Ix__/(v+ — 1)Ik_ =1, one finds
HO(Ly, Tr(Koo)y @1, Tie) = Tic (a)) e — 1] =T (ay)

(recall that aj is the unramified character on Gq, sending an arithmetic Frobenius to a,). Finally, note that
Wee = [Ywt] — ’yi acts as wywt = [ywt] — 1 on I* = I [v+ — 1], so that I* is wwe.-divisible, and hence

HO(IU,Tf(KOO); ®HK00 H;(Oc) ®HK00 ]IKoo/wcc =0

for every prime v|p of K. Together with (23), this implies that (22) holds true, and then proves the claim (21).
When combined with the isomorphism (20), this gives canonical isomorphisms of I-modules

Selg““(£/K) = Sely._ (f)laz);  X5<(F/K) = X5 _(£)/aa.
Since P = (a1, az2) - I, combined with the second isomorphism in (19), this concludes the proof. O

3.4. Specialising Skinner-Urban to the central critical line. We can finally state the following corollary
of the theorem of Skinner-Urban. For every f(k) € &/ (U), write ordg=2f (k) € N to denote the order of vanishing
of f(k) at k = 2. Given a finite [-module M, write as usual length, (M) for the length of the localisation M,
over the discrete valuation ring I, , .

COROLLARY 3.2. Assume that Hypotheses 1, 2 and 3 are satisfied. Then
ordi—s L (foo/ K, k) < length,, (X5 (£/K)).

ProoF. Combining Skinner-Urban’s Theorem 2.3 with Proposition 3.1, we easily deduce that the character-
istic ideal of Xg’::(f /K) is contained in the principal ideal generated by the projection £3-(f) mod 3 (cf. the
proof of [SU14, Corollary 3.8]). In other words

{Characteristic ideal of Xé::(f/K)} C (Ef((f) mod ‘BCC).
In particular, writing ordy, : Frac(I) — Z U {oo} for the valuation attached to py,
ordy, (L5 (f) mod P) < length,, (XS’::(f/K)) .
Write for simplicity Eg’::(f JK) := L3(f) mod P°. To conclude the proof it remains to verify that
(24) ordy, L& (£/K) = ordi—a Ly (foo/ K. k. k/2,1).
Note that, by the definition of the Mellin transform M (and the normalisation Xcy(7+) = Ywt) we have
2(k/2—s)

(25)  M(weo) (b 5,7) = 2 =™ =208 (0 1) =0mod (s — k/2) - /(U x Zy x Z,),

wt
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and then M(we.)(k, k/2,1) = 0. Similarly, writing £, := log,(ywt) and £_ := log, (Xacy (7)), we have
(26) M(wwi) (k) = Lws - (k —2) mod (k —2)% M(w_)(k,s,7) =L - (r — 1) mod (r — 1)%
Assume now that Eé::(f/K) €pily, — p}”“ﬂpf, for some integer m > 0, so that ordpfﬁg’;c(f/l() = m. Since
psly, is a principal ideal generated by wy (17), equation (26) gives
S,cc S,cc
ordj_oM (LQM (f/K)) (k) = ordy, LE“(£/K).
On the other hand, we have by construction L3 (f) = Egi:(f) mod P, so that equations (25) and (26) give

LS (foo/ B e o/2,1) o= (L5 (6)) (s /2,1) = M (LE(E/K) ) (k).

Combining the preceding two equations, we deduce that (24) holds in this case. Assume finally that £3(f) € 9,
ie. Egi:(f/K) = 0. (This is the case ‘m = 00’.) Then Ly (foo/K, k,k/2,1) = 0 by (25) and (26), so that (24)
holds also in this case (giving oo = c0). O

4. Bertolini-Darmon’s exceptional zero formula

Throughout this section, the notations and assumptions are as in Section 3. In particular, we assume that
Hypotheses 1-3 are satisfied.

Let k € U be a classical point in U, let ¢, € X2 (I) be the associated arithmetic point (of weight x and
trivial character), and let f,, € S.(To(Np)) be the corresponding p-stabilised newform (cf. Section 3.1). Write
Bl = ¢y % X?ffl x 1:I[Gos x D] = Q, for the morphism of Op-algebras such that ¢f,(o x h) = Xcy ()27}
for every o x h € Goo X Doy, and such that ¢f () = ¢.(x) for every z € I. Since x = 2 mod 2(p — 1), p # 2, and
p splits in K (i.e. ex(p) = 1), equations (12) and (13) yield
51 )2 (k)2 — 1)1 LSMPY(f, k5/2)  Gler ) (/2 — 1) LSMPY(f ege, 1/2)

t (S _ 52 (q_ P2
¢n (‘CK(f)) - )‘KDK (1 ap(H)

By the very definition of the central critical p-adic L-function L$¢(fu /K, k) we then deduce: for every x € U
K 2
p) (52— DIL(fu5/2) Gle)(5/2 = DL (S, exc, 5/2)

(—2mi)~/2-107 (—2mi)=/271Q

L;C)C(foo/Ka K) = )\KD[(T (1 -

ap(K) (—27m')"””/2*19;fN (727ri)“/2*1(2;N
Since U is a dense subset of U, if we compare this formula with [BD07, Theorem 1.12], we obtain a factorisation
k—2
(27) Ly (foo/ K k) = D2 Lp(foos ks k/2) Ly(foo, €k, K, K /2).

Here, for every quadratic Dirichlet character x of conductor coprime with Np, L,(f, X, k,5) € /(U x Z,) is a
Mazur-Kitagawa two-variable p-adic L-function attached to fo, and x in [BDO07, Section 1], and we write simply
Lyp(foos by 8) := Lp(foor Xtriv, k,8) when x = Xy is the trivial character. Like L°(foo/K,s) (once the periods
Qiﬁ are fixed for k € UY), L,(fo, X, k, 8) is characterised by its interpolation property (namely [BD07, Theorem
1.12]) up to multiplication by a nowhere-vanishing analytic function on U, so the preceding equality has to be
interpreted up to multiplication by such a unit in </ (U).

The following exceptional-zero formula is the main result (Theorem 5.4) of [BDO07]|, where it is proved under
a technical assumption (namely the existence of a prime ¢|| V) subsequently removed by Mok in [Mok11]. Write
sign(A/Q) € {£1} for the sign in the functional equation satisfied by the Hecke L-series L(A/Q, s) = L(f, s).

THEOREM 4.1 (Bertolini-Darmon [BDO7|). Let x be a quadratic Dirichlet character of conductor coprime
with No = Np, such that
X(=N) = —sign(A/Q); x(p) = ap(4) = +1.
If x is non-trivial (resp., x = 1), let K, /Q be the quadratic extension attached to x (resp., let K, := Q). Then
1. Lp(foos X, k, k/2) vanishes to order at least 2 at k = 2.
2. There exists a global point Py, € A(K,)X * such that
d2
dk?
where log 4 : A(Qp) — Qp is the formal group logarithm °, and = denotes equality up to multiplication by a
non-zero (explicit) factor in Q-

Lp(fooa X, k, k/Q)kZQ = logi(Px)a

4By A(Ky)X we mean the subgroup of A(Ky) on which Gal(K,/Q) acts via x.
SWriting ®rate 6: /q% = A(Qp) for the Tate p-adic uniformization of A/Qp (see Section 5.3 below), one can define log 4 =
log, , oq)r;;te : A(ﬁp) — Qp, where log, , is the branch of the p-adic logarithm vanishing at the Tate period g4 € pZ, of A/Qp.
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3. P has infinite order if and only if the Hecke L-series L(f,x,s) has a simple zero at s = 1.

In the preceding result, y is allowed to be a generic Dirichelt character of conductor coprime with Np.
Applying the theorem to both x = xtiv and x = €x, we obtain the following corollary.

COROLLARY 4.2. Assume that sign(A/Q) = —1, and that Hypotheses 1, 2 and 3 are satisfied. Denote by
L(A/K,s) = L(f,s) - L(f,ex,s) the complex Hasse-Weil L-function of A/K. Then L{(fs/K,k) vanishes to
order at least 4 at k = 2, and

ordp—o L (foo /K, k) =4 <= ords=1L(A/K,s) = 2.

PROOF. Since sign(A4/Q) = —1, the hypotheses of the preceding theorem are satisfied by x = Xtriv. Moreover,
since p splits in K by Hypothesis 2, ex(p) = +1, and ex(—N) = —e(N~) = +1 by Hypothesis 3. Then x = ex
also satisfies the hypotheses of the theorem. The corollary then follows by applying the theorem to both x = xiriv
and x = ek, and using the factorisation (27). O

5. Bounding the characteristic ideal via Nekovai’s duality

Recall the arithmetic prime ¢ € X*1(I) defined in Section 3.1, and write as above p; := ker(¢¢), which
is a height-one prime ideal of I. Let x be a quadratic Dirichlet character of conductor coprime with Np. If x is
non-trivial (resp., x = 1), let K, /Q be the corresponding quadratic extension (resp., let K, := Q), and let D,
be the discriminant of K. Fix a finite set S of primes of K, containing all the prime divisors of NpD,, and
decomposition groups G, ,, = Gal(Q,/Kyw) — G K, at w, for every w € S dividing the rational prime ¢ (where
K, denotes the completion of K, at w). Define the strict Greenberg Selmer group of Te/K, (cf. Section 1.2):

Selg, (F/Ky) :=ker | H' (G, 5, T @1 1*) — [[H"(Ky, Tp, @1 1) | ,
vlp

where G, s denotes as usual the Galois group of the maximal algebraic extension of K, which is unramified
outside S U {oo}. Let

XE(£/K,) = Homa, (Sel& (£/K,), Qp/Zy ) °.

For every Z[Gal(K,/Q)]-module M, write MX for the submodule of M on which Gal(K, /Q) acts via x (so that
MX := M is x is trivial, and MX is the submodule of M on which the nontrivial automorphism of Gal(X, /Q)
acts as —1 if x is nontrivial). The aim of this section is to prove the following theorem.

THEOREM 5.1. Let x be a quadratic Dirichlet character of conductor coprime with Np. Assume that:
(1) x(p) =1, i.e. p splits in K,;
(13) rankg A(K, )X = 1;
(#ii) the p-primary subgroup II(A/K, )y~ of II(A/K )X is finite.
Then the localisation at py of X&, (f/K )X is isomorphic to the residue field of the discrete valuation ring I, :

X (/K )X @rly, =1y, /psly, .

5.1. Nekovar’s theory. In this section we recall the needed results from Nekovai’s theory of Selmer com-
plexes [Nek06]. Unless explicitly specified, all notations and conventions are as in loc. cit.

5.1.1. Nekovdr’s Selmer complexes. Given a ring R, write D(R) := D(gMod) for the derived category of
complexes of R-modules, and D% (R) C D(R) (resp., D% (R) C D(R)) for the subcategory of cohomologically
bounded complexes, with cohomology of finite (resp., cofinite) type over R.

Recall the self-dual, ordinary I-adic representation T¢ = (Tt, ’]I’fi), defined in Section 1.2. Denote by

A¢ = Homeont (T, ppee ); A;t := Homeont (T§, pipee)
the Kummer dual p-ordinary representation. Set Ty := T¢/pT¢ and Tf = 'H‘fi /p f']I‘fi. Then one has
Ap = Homcont (T, tpo) = As[pyl; A? := Homopg (T;F7 oo ) & A;JF [pr].

Given a multiplicative subset .# of a ring R, and an R-module M, write as usual .# ' M for the localisation of
M at .. Fix a multiplicative subset .# of I or Oy, let

X e {S Ty, STy, Ag, Ay}
6 The Selmer groups already defined depend in general on the choice of the set S. On the other hand, we are interested here

only in the structure of the localisation of X& (f/Ky) at py, and such a localisation does not depend, up to canonical isomorphism,
on the choice of S.
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and let Ry € {&7'1,.710.,1,0L} be the corresponding ‘coefficient ring’. For every prime v|p of K,, set
X = 77ITf (resp., Y*Tf*, Af, A;{) if X = . T¢ (vesp., /1T, A, Af), and X, := X/X, . The exact
sequence (11) then induces short exact sequences of Rx[Gk, ]-modules

it =
0= X5 X% X —o0.
(Recall that ’]I’;rw :=T{ for every prime w|p of Q, cf. equation (11).)

As in [Nek06, Section 6], define local conditions Ag(X) = {A,(X)}
v € S dividing p, let A,(X) be the morphism

Zj(X) : Uvj_(X) = C(:ont(KXJJ?ij_) — C(:ont(KXJJ?X)’

ie. A,(X) is the Greenberg local condition attached to the Rx[Gk, ,]-submodule i : X} C X. For every
S > w t p, we define A, (X) to be the full local condition: if(X) : UF(X) := 0 = C8 . (Ky.w, X) (resp., the

w

empty local condition: i) (X) =id : U (X) := C8 . (Ky.w, X) = Ct (Kyw, X)) in case X € {1 Tg, 1T}

(resp., X € {Af, As}). The associated Nekovdi’s Selmer complex [NekO06] is defined as the complex of Rx-
modules

ves for X/K, as follows 7. For a prime

~ ~ resg—is
C}(KX’ X) = C;‘(GKX,S’ X;As(X)) := Cone <Cc.ont(GKx,S’ X)® @ U:(X) =" @ Cc.ont(KX,U’ X)) (1],
veS veS
where resg = ®,egres, and z}' = Pyesiy (X). Tt follows by standard results on continuous Galois cohomology
groups [Nek06, Section 4| (essentially due to Tate [Tat76|) that C'}(Ky, X) is cohomologically bounded, with
cohomology of finite (resp., cofinite) type over Rx if X is of finite (resp., cofinite) type over Rx. Let

RIS (K X) € DY (e, e ()i 77 (K X) i= H (RT (K, X)) € ( Mod)

ft,(resp., cf)

be the image of C~‘]‘c (Ky,X) in the derived category and its cohomology respectively. If X € {T¢,T;} and Ry €
{I, O} is the corresponding coefficient ring, then

RIf (K, X) 2 RU(K\, X) ®py Rx; Hi(Ky, X) = Hi(Ky, X) Ory Rx,
which we consider as equalities in what follows.

Let X € {#!'T¢, S 'T¢} (resp., X € {A¢, Af}), and let S 3 w { p. Define the Rx Gk, ]-module X := X

(resp., X, := 0). By the definition of Nekovai’s Selmer complexes, there is a long exact cohomology sequence of

Rx-modules [Nek06, Section 6]:

oo @ HT (K, X)) = HY(Ky, X) = HY(Gi 5, X) = @ HI Ky, X)) = -+
weS weS
In particular this gives an exact sequence of Rx-modules
(28) XG5 — B HO(Kyw, Xy) = Hi(Ky, X) = &(Ky, X) = 0.
weS
Here 6(K,,X) = 6(K,,g,X) is the (S-primitive, strict) Greenberg Selmer group of X/K,, defined by

S(K,, X) := ker <H1(GKX,S,X) — ]I Hl(KXﬂU,X;)) :
weS

5.1.2. A control theorem. We know that I, is a discrete valuation ring, and that its maximal ideal pyI,,
is generated by wyt = ywt — 1 € A (see (17)). Write Vy := Ty ®o, L and T¢,, := Te @1 I,,. By [Nek06,
Propositions 3.4.2 and 3.5.10], the arithmetic point ¢y € X**"(I) induces an exact triangle in D% (I, ):

nT Wwi 11 Pre ST
REf (K, Trp,) =% ROp(Ky, Trp,) = REG(K,Vy),
and then an isomorphism in DY (L):

(29) cr: Loy (ﬁ\ff(KX’Tfan)) > RT (K, Vy),

"Let R be a local complete Noetherian ring with finite residue field of characteristic p, and let T" be an R-module of finite
or cofinite type, equipped with a continuous, linear action of GKX,S~ For every w € S, fix a decomposition group G, at w, i.e.
Guw = Gk, ,w > Gk, - GK,,s. According to Nekovai’s theory of Selmer complexes, a local condition at w € S for T is the choice
Aw(T) of a complex of R-modules U,} (T'), together with a morphism of complexes i, (T) : U (T') — C2. . (Ky,w, T). For G = Gk,,s
or Gy (w e S), C .. (G, T) (also denoted C2 . (Ky,w,T) when G = Gy) is the complex of continuous (non-homogeneous) T-valued
cochains on G. If Z is a localisation of R, and 7 :=T @r %, set C3 (%, .T) := C2 . (*,T) ®r #. Then a local condition for T at

cont o
w € S is a morphism i;5(T) ® Z : Ush (T) @ p # — C2 i (Kx,w, 7 ), obtained as the base change of a local condition 4;,(T') for T at w.



16 RODOLFO VENERUCCI

where Lg% : D™(I,,) — D(L) is the left derived functor of the base-change functor ¢%(-) := - ®n¢, L. (Note
that, since f = f> has integral Fourier coefficients, the residue field I, /pI,, of I, equals L.) This induces in
cohomology short exact sequences of L-modules

(30) 0= HY(Ky, Teyp,)/wwe — HY(Ky, Vi) ™5 HIT (K Tep, )ww] — 0.

5.1.3. Nekovdi’s duality I: global cup-products. Let X € {T¢, Ty}, and let R € {I,Or} be the corresponding
coefficient ring. For . € {I—py, O —my} (where my, is the maximal ideal of O), write X := . 7' X € {T¢,,, Vy}
and Ry := & 'R € {l,,,L}. Let

mx : X ®ry X = Rx(1)
be the localization at . of the perfect duality 7 : Tf ®; Ts — I(1) if X = T¢, or the localisation at . of its
¢¢-base change 7p := ¢}(7) : Ty ®o, Ty — Or(1) if X = Tt (see Section 1.2). As a manifestation of Nekovii’s
wide generalization of Poitou-Tate duality, Section 6 of [Nek06] attaches to 7x a morphism in D (Rx):

UNek : RT 4 (Ky, X) ©%  RT;(Ky, X) — 53R cont (K, Rx (1)) 2 Rx[-3],

where RI'¢ cont (K, —) denotes the complex of cochains with compact support [Nek06, Section 5|, and the iso-
morphism comes (essentially) by the sum of the invariant maps of local class field theory for v € S. The
pairings UN®K on ﬁff(KX,’]I‘f,pf) and Ufj’fk on ﬁff(KX, Vy) are compatible with respect to the isomorphism
¢+ Lo (RT(Ky, Tey,)) 22 RT (K, Vy) in D(L) described in (29).

The global cup-product pairing Uﬁik gives in cohomology pairings

(31) JUNE L HY(K, X) ®@py H{ YKy, X) — Rx
(for every g € Z). Writing Zx := Frac(Rx), they induce by adjunction isomorphisms
(32) adj (UN) : HI(Ky, X) @ry Zx = Homg, (ﬁ?‘q(KX,X) DRy %X,%X) :

as follows from [Nek06, Proposition 6.6.7], since R cont(Ky 0, X) = 0 is acyclic for every prime w { p of K.
(See also [Nek06, Propositions 12.7.13.3 and 12.7.13.4].)

5.1.4. Nekovdr’s duality II: generalised Pontrjagin duality. Let X denote either T¢ or T, let Rx be either I
or Or, (accordingly), and let Ax := Homcont (X, ptpes) be the (discrete) Kummer dual of X. Appealing again to
Nekovai’s generalised Poitou-Tate duality, we have Pontrjagin dualities

(33) HY1(K,, Ax) 2 Homeon (ﬁ;(KX, X), Qp/zp) —: HY(K,, X)".

We refer the reader to [Nek06, Section 6] for the details.
5.1.5. Nekovdr’s duality III: generalised Cassels-Tate pairings. Section 10 of [Nek06] —which provides a gen-
eralisation of a construction of Flach [F1a90]- attaches to 7 : Te ® Tr — I(1) a skew-symmetric pairing

UST : H}(Ky, Te)sors ©1 HF (K, Te)tors — Frac(D) /L,
where Mo = ker (M LM 1 Frac(]l)) denotes the I-torsion submodule of M. Denote by

(34) UST : H)% (KX’ Tf,pf)tors ®pr H; (KX’ Tf,pf)tors — FI‘&C(]Ipf )/pr

its localization at py, Niors := N[wg:] denoting now the I, ,-torsion submodule of N (see (17)). As proved in
[Nek06, Proposition 12.7.13.3], UST is a perfect pairing, i.e. its adjoint

(35) adj (UST) + HF(Ky Trop, Jiors = Homy, | (3K, Tep, Jiors, Frac(ly, )Ty, )

is an isomorphism. We call UST Nekovdr (localized) Cassels-Tate pairing on T¢yp,. This is the pairing denoted
Un(p,),0,2,2 in loc. cit. We refer to Sections 2.10.14, 10.2 and 10.4 of [Nek06] for the definition of UST.

5.1.6. Comparison with Bloch-Kato Selmer groups. Recall that V; := T ®p, L, and Vf%v = va ®e, L for
v|p. Then Vy = T¢ @1, .4, L is isomorphic to the ¢s-base change of the localisation T¢ p,, and similarly Vf%v is
isomorphic to the ¢¢-base change of the localisation of ’JI’EE’U at ps. By (7), combined with the Chebotarev density

theorem and [Sil86, Chapters V and VII], there is an isomorphism of L[Gk, s]-modules (cf. Section 1.2)
(36) Vi 2 V,(4) ®q, L,

where V,,(A) := Ta,(A) ®z, Q, is the p-adic Tate module of A/Q with Q-coefficients. We fix from now on such
an isomorphism, and we will use it to identify V; with V,,(A4) ®q, L.
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Consider the classical (or Bloch-Kato [BK90]) Selmer group attached to V,(A4)/K, via Kummer theory:

Selp(A/Ky) 1= ker | H' (Kys,Vp(4) — ] H;((Iz((wgg))

vlp

(it is easily verified using Tate local duality and [Sil86, Chapter VII| that H* (K, ., V,(A)) = 0 for w { p), sitting
in a short exact sequence

(37) 0— A(Kx)®Qp — Sel,(A/Ky) — Vp (LI(A/KYy)) — 0,

where III(A/K,) is the Tate-Shafarevich group of A/K, and V,(:) := lim,>1(-)p» ®z, Q, is the p-adic Tate
7

<_ n
module of the abelian group () with Qp-coefficients. R. Greenberg [Gre97| has proved that

Selp(A/Ky) ©q, L = 6(Ky, Vy).

Since a, = a,(A) = +1 (as A/Q, has split multiplicative reduction), the Gq,-representation Vy = V,(4) ®q, L
is a Kummer extension of the trivial representation L, i.e. VfTU = L(1) and V; = L for every v|p (where L is the
trivial representation of G, and L(1) := L®q, Qp(1) is its Tate twist). As H°(Gk, s, Vy) C H'(Gk, w,V§) =0
for every w t p (by [Sil86, Chapter VII| and local Tate duality), (28) gives rise to an exact sequence

(38) 0= EPL— Hi(Ky, Vs) = Sel,(A/K,) ®q, L — 0.
v|p
(See Section 5.3 below for more details.)
5.1.7. Galoii conjugation. Let X be as in Section 5.1.1. Section 8 of [Nek06]| defines a natural action of
Gal(K,/Q) on H{(Ky, X), making it a Rx[Gal(X,/Q)]-module. If 7 is a nontrivial automorphism on K, we

will write 7(z) or 7 for its action on z € I;'J’Z(KX, X). To be short, all the relevant constructions we discussed
above commute with the action of Gal(XK, /Q). In particular, we mention the following properties.

Nekovar’s global cup products UYe* (defined in (31)) are Gal(K,/Q)-equivariant [Nek06, Section 8|.

Nekovai’s Pontrjagin duality isomorphisms (33) are Gal(K, /Q)-equivariant [Nek06, Prop. 8.8.9].

The abstract Cassels-Tate pairing UST is Gal(K, /Q)-equivariant [Nek06, Section 10.3.2].

The exact sequences (28), (30) and (38) are Gal(K, /Q)-equivariant. (In case K, /Q is quadratic and p splits
in Ky, the action of the non-trivial element T € Gal(K/K) on the first term €p,, L = L ® L in (38) is given by
permutation of the factors: (¢,q¢")” = (¢, q) for every ¢,¢’ € L.)

5.2. The half-twisted weight pairing. Define Nekovdi’s half-twisted weight pairing by the composition

(= =Wy H (B Vi) @0 H (K V) "S5 H (K e, @] @1, HF K e, ) )

cT Lot

U T 2k
== (Frac(ly,) /T, ) [ww] £ T, /osTy, = L= L

where the notations are as follows. The morphism iyt : H} (Ky,Vy) — ﬁ?(KX,Tfﬁpf>[wwt] is the one appearing
in the exact sequence (30) (taking ¢ = 1). UST is Nekovai’s Cassels-Tate pairing attached to 7 : Tg @1 Te — I(1),
and defined in Section 5.1.5. Oy : (Frac(Ly, ) /Iy, ) [@wt] = L, /pslp, is defined by Oy (WLwt mod I, ) := a mod py,
for every a € I,,. (We remind that @y € A is a uniformiser of I,, by (17)). Finally, Lyt = log,(ywt) (where
wWwt = Ywt — 1). Note that both the morphisms iy and 0yt depend on the choice of the uniformiser coy:.
Multiplication by £ serves the purposes of removing the dependence on this choice.

Since UST is a skew-symmetric, Gal(K, /Q)-equivariant pairing, and since iy is a Gal(K,/Q)-equivariant
morphism (cf. Section 5.1.7), (—, 7%;1; is a skew-symmetric, Gal(K, /Q)-equivariant pairing. (Of course, here

we consider on L the trivial Gal(K, /Q)-action.)
The aim of this section is to prove the following key proposition, whose proof uses all the power of Nekovai’s
results mentioned above. Let x be (as above) a quadratic Dirichlet character of conductor coprime with Np.

Write (—, 7>‘1\,I;}(7;X for the restriction of (—, 7>§;kﬂ to I;T} (K, Vi)X®p ﬁ} (K, V)X, (Of course, if x is the trivial
character, i.e. if K, = Q, we are defining nothing new.) Given an I-module M, we say that M is semi-simple at

py if My, is a semi-simple I, -module, and we write length, (M) to denote the length of M, over I,,.

PROPOSITION 5.2. Let x be a quadratic Dirichlet character of conductor coprime with Np, and assume that
p splits in K. Then the following conditions are equivalent:

1. (-, _gfei;x is a non-degenerate L-bilinear form on ﬁ}(KX, Vi)X.
2.

length, (}NI?(KX,']Tf)X) = dimy, (ﬁ}(KX, Vf)X).
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3. ﬁ?(KX,Tf)X is a torsion I-module, which is semi-simple at py.
If these properties are satisfied, then X&,(£f/K, )X is a torsion I-module, which is semi-simple at py, and

length, (X(Cfr(f/KX)X) = dimq, (Selp(A/KX)X).

The proposition will be an immediate consequence of the following three lemmas (in which we will prove
separately the equivalences 1 <= 3,3 <= 2 and the last statement respectively).

>Nek,x

LEMMA 5.3. (=, =)y

is non-degenerate if and only if I:j?(KX, T¢,p, )X is a torsion, semi-simple I, . -module.
PROOF. Taking the y-component of the exact sequence (30), we see that the restrictions

i = A0 HY (K Vi) — HT (K Tep, )X @]

Lyt

of the morphisms iy = i, defined in (30) are surJectlve Since Hf (Ky,Vy) C HO(GKX s, V¢) = 0, this implies in
particular that Hf(KX7 ’]I’f,pf)x is torsion free, and ch is injective if and only if Hf (K, Tgp,)X = 0. Moreover,
since x is quadratic and ,UN* is Gal(K,/Q)-equivariant, the duality isomorphism (32) shows that the latter
condition is equivalent to the fact that ﬁ?(KX, Tt p,)X is a torsion I, ,-module.

Write for simplicity N := ﬁ;(KX,Tfﬁpf)tors for the I, -torsion submodule of ﬁ?(KX,’]Tf,pf). Since UST is
Gal(K,,/Q)-equivariant, p # 2 and x is quadratic, the isomorphism (35) restricts to an isomorphism

adj (UST) i NX = Homy, (NX, Frac(ly, )/, ).

Let USTX : NX[ww] ® NX[wwe] = (Frac(ly,)/Ip, ) [@wt] denote the restriction of UST to the @yt-torsion of NX.
It follows by the preceding isomorphism that the right (or left) radical of Uggft equals N'X := oy NX N NX [0y
In other words, Ugfv’ft is non-degenerate if and only if AX = 0. On the other hand, as wyy is a uniformiser for
I,,, the structure theorem for finite modules over discrete valuation rings gives an isomorphism of I, ,-modules
NX = @J 0 (]Ipf/(wwt) ) for positive integers e; such that e; = 0 for j > 0. Then NX = 0 if and only if

e; = 0 for every j > 1, i.e. 1f and only if NX is semi-simple.

Since iX, = il X is surjective, it follows by the definitions that (—, 7>‘1\/I;1;X is non-degenerate (i.e. has trivial
right=left radical) if and only if ¥, is injective and uggxt has trivial radical. Together with the preceding
discussion, this concludes the proof of the lemma. O

LEMMA 5.4. lengthpf (ﬁ%(KX, 'I['f)X) > dimy, (ﬁ}(KX, Vf)X), and equality holds if and only zfﬁ?(KX, Tep, )X

is a torsion, semi-simple I, .-module.

PRrROOF. Write for simplicity @ := wyt, My = ﬁ;(KX,Tﬂpf)X, and A, = ﬁ;(KX,Vf)X, so that there are
short exact sequences of L-modules (30): 0 — M, /w — Ay — Mgy1[w] — 0. We can assume that M, is a torsion
I, ,-module, hence M; = 0 by the duality isomorphism (32) (cf. the preceding proof). Then .#; = M;[w] and

(39) dimL %1 = dimL Mg[w]

The structure theorem for finite, torsion modules over principal ideal domains yields an isomorphism

oo

M2 _ @ (]Ipf/ )m(i)

j=1

where m : N — N is a function such that m(j) = 0 for j > 0. Since (I, /@’) [w] 21, /w for j > 1:
lengthprQZZm(j)-jZZm +Zm -(j— 1) =dimy Ma[w +Zm <(j-1).

Together with (39), this gives length,, Mz > dimy, M4, with equality if and only if m(j) = 0 for every j > 2, i.e.
if and only if Mp is a semi-simple I, .-module. U

LEMMA 5.5. Assume that ﬁ]%(KX,Tfmf)X is a torsion, semi-simple I, -module. Then X&,.(f/K, )X @11y, is
a torsion, semi-simple I, .-module, and

length, (X(Cfr(f/KX)X) = dimg, (Selp(A/KX)X).
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PROOF. Since adj(m) : T = Homy(T¢,I(1)) and Tf is a free I-module, there is a canonical isomorphism of

I[G K, s]-modules
Te @1 I = Homy(Te, I(1)) ®1r Homeont (I, Qp/Zp) = Homeont (T, pip) =: Ag,

the second isomorphism being defined by composition: 1 ® p +— g o). Similarly, the isomorphism of I[Gq,]-
modules adj(rm) : Ty = Homy(Ty,1(1)) gives an isomorphism of I[Gq,]-modules Ty ®;I* = Ay (Recall here that
Ag and A are the Kummer duals of Tf and T respectively.) This implies that Selg, (f/K,) = & (K, A¢). (Note
that A, := 0 for every S 5 w { p, so that we impose no condition at w { p in both the definitions of Selg, (f/ Ky )
and &(K,,Ar).) By (28) one then obtains an exact sequence

(40) H(Gx, .5, A¢) = @D HO (K0, Ag,) = Hi(Ky, Ag) — Sel, (£/K,) — 0.
vlp
We claim that the localisation at py of the Pontrjagin dual of H*(Gk s, A¢) vanishes, i.e.
(41) H(Gr, s, Ar)y, = Homg, (H'(Gi,,5B¢), Qp/Zy) @1 Ty, = 0.
Indeed, let w be a prime of K,. By Tate local duality, H°(K, ., A¢f) is the Pontrjagin dual of H?(K, ., T¢),
so that the inclusion H(Gk,s,Af) C H(Kyw,As) induces a surjection H*(Ky.w, Tep,) - H°(Gk,,s,Af);,
on (localised) Pontrjagin duals. As RI'cont(Ky,w,Tep,) = 0 € D(I,) is acyclic for every prime w { p (as easily
proved, cf. [Nek06, Proposition 12.7.13.3(i)]), the claim (41) follows. Since I;'} (K, A¢) is the Pontrjagin dual of
}NI)%(KX, T¢) by Nekovai’s duality isomorphism (33), applying first Homz,(—, Q,/Z;) and then — @I, to (40),
and using (41), yield a short exact sequence of I, .-modules
(42) 0= X&(E/Ky) @1l — Hi Ky, Tep,) = @ H*(Ky o, Tf, ®11,,) = 0,
v|p
where we used once again local Tate duality to rewrite the Pontrjagin dual of H°(K, , Ag,) as H?(Ky 0, 'H‘;fv).
Lemma 5.6 below gives an isomorphism of I, ,.-modules
H*(Ky 0, T, @11y,) = H?(Qp, Tf @11,,) 2Ty, /psly,,

for every v|p. Since p splits in (the at most quadratic field) K, taking the x-component of (42) gives a short
exact sequence of I, .-modules

0— XE(E/K )X @, — ﬁj%(KX, Tep, )X — Iy, /Ly, — 0.

(Note that, if x is nontrivial, the nontrivial automorphism of Gal(K,/Q) acts by permuting the factors in the
sum HQ(KXM,']I"P:U1 ®rlp,) @ HQ(KXM,T;W ®1lp,) =1V @&V, where {v|[p} = {v1,v2}. Then the e-component
of V @V is equal to either the subspace {(v,v) :v € V} 2V ife=1orto {(v,—v):v eV} =2Vife=y.)
In particular, X¢& (f/K,)X is a torsion module, which is semi-simple at py if ﬁ%(KX7Tf,pf)X is. Moreover, if

H]%(KX, Tt p, )X is indeed semi-simple, the preceding equation and Lemma 5.4 give

length, (X(C}Cr(f/ KX)X) — length,,, (ﬁ;(KX, Tf)x) ~ 1 = dimy (ﬁ}(KX, vf)x) —1

Since dimy, H}(Ky, Vy)X = dimq, Sel,(A/K,)X + 1 by (38), this concludes the proof of the lemma. O
LEMMA 5.6. H*(Q,, Tf ®11y,) =1y, /psly, .

PROOF. Write @ := wys. Since Tf @11, /w & Ver = L(1) as Gq,-modules (see Section 5.1.6), there are
short exact sequences of L-modules

(43) 0— H(Qp, Tf @11y,)/@ — H(Qp, Qp(1)) ®q, L — H T (Qp, Tf @11y, )[w] — 0.

Taking j = 0 one finds H*(Q,, T{ ®11,,)[w] = 0, i.e. HY(Qp, Tf ®11,,) is a free I,-module. It is imme-
diately seen by the explicit description of T;t given in (9) that H°(Q,, T{) = 0 and H°(Q,,T;) = 0. Since
T; = Homy(T{,I(1)) (under the duality 7 from Section 1.2), Tate local duality tells us that H?(Q,, T{)
is a torsion I-module. Since 'H‘;r is free of rank one over I, Tate’s formula for the local Euler characteristic
now gives X:izo(fl)krzmk]lHj(Qp,’]I";r ) = —1. Together with what already proved, this allows us to conclude
HY(Q,,Tf ®11,,) =1,,. Taking now j =1 and j = 2 in (43) we find exact sequences

0— pr/w — Hl(QPa Qp(l)) ®Q, L — H2(QP’T;F @1 pr)[w] — 05

H*(Qp, Tf @11,,)/w = H*(Qp, Qp(1)) ®q, L
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Since dimq, H'(Qyp, Q,(1)) = 2 and dimq, H*(Q,, Q,(1)) = 1, and since I, /o = L, it follows that both the
w-torsion H2(Qy, T{ @11, )[w] and the w-cotorsion H?(Q,, T{ @11y, )/w have dimension 1 over L =1I,,, /. The
structure theorem for finite torsion modules over principal ideal domains then gives H?(Q,, ’IF;" Rrly,) =21y, /"
for some n > 1. To conclude the proof, it remains to show that n = 1, i.e. that HQ(Qp, T;r ®1 1, ) is semi-simple,
or equivalently that the composition

H: Hl(Qpa L(l)) - HQ(Q;D, TfJ‘r ®Hpr)[w] — H2(Qpa TfJ‘r ®Hpr) - H2(Qp7T;‘r ®]I]Ipf)/w = HQ(va L(l)) = L
is non-zero. To do this, identify H*(Q,, L(1)) & Q) ®L via Kummer theory, and let ¢ € Q, . We want to compute
the image H(q) = H(q®1) € L. Identify T{ with I(a’ ™ xcy[Xey]'/?) (cf. Section 1.2), and write ¢, : Gq, — L(1)
for a 1-cocycle representing ¢®1. Since I, is a L-algebra and ¢y : I, — L is a morphism of L-algebras, one can

consider ¢, : Gq, — T @11, as 1-cochain which lifts ¢, under ¢;. The differential (in C&,,(Qp, Tf ®11,,)) of
cq is then given by

deg(g,h) = a;(g)_l “Xey(9) - [ch(g)]1/2 “cq(h) — cq(gh) + cq(9)

= Xex(9) (23(9) 7 ey (9)]/2 = 1) - g (),
where we used the cocyle relation (in Co(Qp, L(1))) for the second equality. Retracing the definitions given
above, the class 7(q) is then the image under inv, of the class represented by the 2-cocycle

a (o)1 . Cy1/2 _
(44) ﬂ(g,m:xcy<g>~cq<h>-¢f<P(g) ol 1) 1>6L<1>.

Consider the Tate local cup-product pairing (—, —)g‘;ﬁe : HY(Qyp, L) x H'(Qp, L(1)) — L. Noting that

*—1

1/2 _ 1
a Xc a,
Bp = b ( 2ol ) € Homeon (G, L) = H'(Q,, L),

the equality (44) can be rewritten as

(45) H(g) = invy(class of ¥) = (P, q>g:e e L.

Let go € Iq, be such that Xcy(g0)'/? = e (where @ = [ywt] — 1), and let g € Iq,. Then rey(g)'/? = ~Z, for
some z € Z,, satisfying %logp (Xey(9)) = z - log,(ywt). (Recall that rcy : Gq, — 1+ pZj, is the composition of
the p-adic cyclotomic character xcy : Gq, — Z, with projection to principal units.) Since a*(g) = 1 this implies

a*(g)~!- cyl/2 - wtl — 98p Xey

Let now Frob, € Gal(Q,"/Qp) =: Gg) be an arithmetic Frobenius, where Q;"/Q, is the maximal unramified
extension of Q,, and G‘ér; is viewed as a subgroup of the abelianisation Ggp of Gq, under the canonical de-
composition G?pr = Gal(Qp(pp=)/Qp) x G . Using the Mellin transform introduced in Section 3.1, and the

well-known formula of Greenberg-Stevens [GS93|: “La,(k)y—2 = —1.%,(A), where .Z,(A4) = :;i‘;(((;i)) for the Tate

period g4 € pZ, of A/Q, (sce the following section), one easily computes

a’(Froby)~! —1 n

(47) ®¢(Froby) = ¢f <#> = %i"p(A) BrrncmE

Let rec, : Q) — Ga’p be the reciprocity map of local class field theory [Ser67]. By combining the explicit formula
for rec, given by Lubin-Tate theory with formulae (46) and (47) above yields

a%(rec, —L. cy 1/2 recp -1
¢f< 5 (recy ()) [xw] (recy(q)) )%m log, , (4)

Dp (recp(q)) =

for every ¢ € Q,;, where log,, : Q; — Q, is the branch of the p-adic logarithm vanishing at the Tate period ga.
Equation (45) and another application of local class field theory then give (cf. [Ser67])

H(g) = (®r,q) . = ®r(recy(q)) = log,, (q),

where = denotes equality up to a non-zero factor. This clearly proves that H is non-zero, hence (as explained
above) that H?(Q,, T{ ®11,,) is a semi-simple I, ,-module. This concludes the proof of the lemma. O
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5.3. Algebraic exceptional zero formulae. Since A/Q, has split multiplicative reduction, it is a Tate
curve [Tat95], [Sil94, Chapter V], i.e. isomorphic (as a rigid analytic variety) to a Tate curve G,,/q% over Q,,
where g4 € pZ, is the so called Tate period of A/Q,. In particular, there exists a Gq,-equivariant isomorphism

(48) q)Tate : Q: /qf! = (6}7)
Write K, := K, ®q Qp = Hvlp K, v, and write ¢, : K, — K, , C Qp for the resulting embedding of K in its
completion at v. Following [MTT86| and [BD96|, define the extended Mordell-Weil group of A/K,:

AT(KX) = {(Pa (yv)v|p) € A(Kx) X K;p : (I)Tate(yv) = LU(P)’ for every ’U|p} .

In concrete terms, an element of Af(K y) i1s a K, -rational point os A, together with a distinguished lift under ®ma¢e
for every prime v|p. Then AT(K,) is an extension of the usual Mordell-Weil group A(K,) by a free Z-module of
rank #{v|p}. In other words there is a short exact sequence

(49) 0= EPzZ— AT(K,) — A(K,) -0,
vlp

where the first map sends the canonical v-generator to
(50) ¢ = (0.q4) € AT(KY),

g% € K;p being the element having g4 as v-component and 1 elsewhere. When K, /Q is quadratic, AT(KX)
has a natural Gal(K, /Q)-action, coming from the diagonal action on A(Ky) x K}, (with Gal(K,/Q) acting on

K, , = K, ®q Q, via its action on the first component). Recall the Kummer map A(K,)®Q, < Sel,(4/K,)
[Sil86, Chapter X]. The following lemma is proved in [Ven13, Section 4] (see in particular Lemma 4.1 and Lemma
4.3). For every abelian group A, write for simplicity A ® L := (ARZ,) ®z, L.
LEMMA 5.7. There exists a unique injective and Gal(K, /Q)-equivariant morphism of L-modules
il s AT(K) ® L — Hj(Ky, Vy),
satisfying the following properties:
(7) 2'2 gives rise to an injective morphism of short exact sequences of L{Gal(K, /Q)]-modules:
0——©&p

L— A K)®L—— A(K,)® L 0

vlp

‘ iL Kummer
0 @v\pL ﬁ}(KXan) —>861p(A/KX) ®Qp L—>0,

the bottom row being (38).
(i1) Let P = (P, (yv)u)p) € AT(Ky) be such that y, € OIX(X,U Jor every v|p. Then the image of i, (P) under the

natural map I:j}(KX, Vi) = D HY (K, o, V;rv) lies in the finite subspace @, H(Ky v, V;rv) 8,
In particular, iL cAT(K,) ® L = }NI}(KX, V) is an isomorphism provided that II(A/ K, )pe is finite.

We will consider from now on AT(K,) (or precisely AT(K,)/torsion) as a submodule of H} (K, Vy) via the

injection iL. In particular (P, Qﬂ;kﬂ = <iT4(P),iT4(Q)>§;kW for every P,Q € AT(K,).

For every a € Z,, let o = (a!/P, P’ ) bea (fixed) compatible system of p™-th roots of a in Qp. Using the
Tate parametrisation (and recalling that g4 € pZ, has positive p-adic valuation), we can identify V,,(A) with the
Q,-module generated by 1 € Z,(1) and q4. Thanks to our fixed isomorphism (36), the duality 7, := 7 ®, 05 L
induces a duality 7 : V,(4) ®q, Vp(A) = Qp(1). Denote by 71 : V,(A) ®q, Vp(A) = Q, the composition of 7f
with the isomorphism Q,(1) = Q,; 1+ 1. We can then state the main result of this section.

THEOREM 5.8. Let (P, P) € AY(K,), with P = (P,),, € K. Then

vl

<qm (P, 13)>ij; = c(m) - log,, (NKX,v/Qp (ﬁv)) )

8More precisely, by the definition of Nekovai’s Selmer complexes, we have a natural surjective morphism of complexes p}r :

ﬁff (K, Vy) — @U‘p RFCOHt(KX’U,VerU). The map referred to in the lemma is the morphism induced in cohomology by p}r.
Moreover, we recall that the finite (of Bloch-Kato) subspace H}(KX,U,—) is defined to be the subspace of H!(Ky,,, —) made of
crystalline classes, i.e. classes with trivial image in H!(Ky,v, — ® Beris) [BK90].
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where log,, : 6: — Qp is the branch of the p-adic logarithm vanishing at ga, Nk, ,/q, : Ky, — Q, is the norm,
and the non-zero constant c(m) € Q5 (depending on 7, but not on (P, P)) is given by c(m) = imr1 (1 ®qa).

PROOF. This is Corollary 4.6 of [Ven13]. (In loc. cit. w: Ts ®; T¢ — I(1) is normalised in such a way that
7y 1 takes the value 1 on 1 ® g4, so that the constant c(m) becomes 1/2.) For a more general statement, see also
[Ven14]. O

5.4. Proof of Theorem 5.1. Assume that x(p) =1, i.e. that p splits in K. Moreover, assume that

(51) rankz A(K, )X = 1; #(IH(A/KX);,‘OO) < 0,
and let P, € A(Ky)X be a generator of A(K, )X modulo torsion. Fix a lift P{ = (P, (ngyv)v‘p) € AT(K, )X of P,
under (49), and define a x-period

gy € AT(E )X
as follows. If x is the trivial character, i.e. K, = Q, then let ¢, := (0,q4) € AT(Q) C A(Q) x Q, . Similarly, if
K, /Q is quadratic, let g, := (0, (ga,q3")) € AT(Ky)* C A(Ky) x K}, x K¥s
sequence of Z[Gal(K, /Q)]-modules (49), our assumptions, and Lemma 5.7 one has

where pOg, = p-p. By the exact

it

~ A
(52) H} (K, V)X = (A(Ky) @ L)* = L-q, ® L- P}.

. Nek . . e Nek + + Nek .
Since (—, _>vf,7r is a skew-symmetric bilinear form, (qx,qx)vf . = 0 and <PX,PX>Vf L= 0. Moreover, in case

K, = Q, Theorem 5.8 gives
Nek . ~
<qX? P)‘(“>Vf,ﬂ' = loqu (PX7P) = 1OgA(PX)’

where log 4 := log,, o@;;te : A(Qp) = Q, is the formal group logarithm on A/Q,, and = denotes equality up
to multiplication by a non-zero element of L*. In case K, /Q is quadratic, write as above (p) = p - P, and
byt Ky C Ky p 2Qpand ip: Ky C K, 5= Q, for the completions of K at p and p respectively. Then iz = tpo7,
where 7 is the non-trivial element of Gal(K,/Q). Since P{ € AT(K,)X, we have P} = —P, and ]Sxﬁp = ]Sx_% As
¢y = ¢p — g5 (by the definitions), another application of Theorem 5.8 allows us to compute

Nek Nek Nek . ~
(e Py, = a0 Py — (a5 P)y, = logg, (Pyp) —log,, (Py5)

= log 4 (tp(Py)) —log 4 (15(Py)) = log 4 (Lp (Px - P;) ) =2-log, (Py),

where we write again (with a slight abuse of notation) log, : A(Ky) LN A(Qp) 984 Q.
The preceding discussion can be summarised by the following formulae (valid for y trivial or quadratic):

Nek Nek
. <q><vqx>vf,7r <‘1X7P>1<L>vf,7r 0 log 4 (Py) ‘
det (—, —>‘1\j; 0% = det = det = log% (Py)
’ Nek Nek 1 P.
(PlLa)yey (PLPDY a0
(where we used again the fact that (—, —)g;kﬂ is skew-symmetric to compute <P)‘<L, qX>l1\/I':ir = _<qxa P ;>§:kﬂa and

we wrote as above = to denote equality up to multiplication by a non-zero element in L*). Since P, € A(K,) is
a point of infinite order, and log 4 gives an isomorphism between A(Q,) ® Q, and Q,, log,(Py) # 0, so that

det (—, —)prX # 0.

Nek,x

Recalling that ¢, and P;g generate ﬁ}(KX, Vy)X as an L-vector space by (52), this implies that (—, 7>Vf X s

non-degenerate, and the last statement of Proposition 5.2 finally gives

=
length,, (X(C}Cr(f/KX)X) _ dimg, (Selp(A/KX)X) (37) and G1) |

This means that X&, (f/ K, )X @1, =1, /psl,, as I, ,-modules, as was to be shown.

6. Proof of the main result

This section is entirely devoted to the proof of Theorem A stated in the introduction.
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6.1. An auxiliary imaginary quadratic field. We will need the following crucial lemma, which follows
combining the main result of [BFH90|, Nekovai’s proof of the parity conjecture [Nek06], and the KGZ Theorem.

LEMMA 6.1. Let Ny = Np be the conductor of A/Q (with pt N ). Assume that the following properties hold:

(a) there exists a prime q # p such that q||Na;

(b) rankzA(Q) =1 and III(A/Q)pe is finite.
Then there exists an imaginary quadratic field F/Q, of discriminant D, satisfying the following properties:

1. Dp is coprime to 6N 4;

2. q (resp., every prime divisor of Na/q) is inert (resp., splits) in F;

3. ords—1 L(AY/Q,s) = 1;

4. rankz A(F) =2 and II(A/F)pe is finite.
(In 3: AF'/Q is the ep-twist of A/Q, er being the quadratic character of F.)

PRrOOF. By condition (b) and Nekovai’s proof of the parity conjecture [Nek06, Section 12]
sign(A/Q) = —1

(where sign(A/Q) denotes the sign in the functional equation satisfied by the Hasse-Weil L-series L(A/Q, s)).
Let x be a quadratic Dirichlet character of conductor ¢, coprime with 6 /N4 such that:

(ay) x(¢) = —1 and x(¢) = +1 for every prime divisor £ of Na/q;

() x(—1) = +1,
and let AX/Q be the x-twist of A/Q. As ¢||N4, we deduce by [Shi71, Theorem 3.66] and the preceding properties

sign(A*/Q) = x(—Na) - sign(4/Q) = —x(Na) = +1.

The main result of [BFH90| then guarantees the existence of a quadratic Dirichlet character ¢, of conductor
coprime with 6¢, V4, such that

() ¥(€) = +1 for every prime divisor £ of 6¢, Na;

(By) ¥(=1) =—1;

(vy) ords—1 L(AX¥/Q, s) = 1.
Define F = F,,, as the quadratic field attached to x, so x1 = er and L(AXY/Q,s) = L(AF/Q, s) is the Hasse-

Weil L-series of the F-twist of A/Q. In particular, property 3 in the statement is satisfied. By the KGZ theorem,
it follows by (7,) that A(F)¢F has rank one and III(A/F)¢F is finite. Together with (b), this gives

rankz A(F) = 2; #(HI(A/F)poo) < 00,

i.e. property 4 in the statement. Property 1 is clear by construction. Moreover, by (o, ) and (o) we deduce
er(—1)=—1, er(q) = —1 and ep(¢) = 41 for every prime divisor of N4/q. This means precisely that F//Q is an
imaginary quadratic field satisfying property 2 in the statement, thus concluding the proof. O

6.2. Proof of Theorem A. Assume that A/Q and p > 2 satisfy the hypotheses listed in Theorem A, i.e.

(@) Pa,p is an irreducible Gq-representation;
(B) there exists a prime g # p at which A has multiplicative reduction (i.e. ¢||Na);
() ptordg(ja);
(0) rankzA(Q) =1 and III(A/Q), is finite.
Let K/Q be a quadratic imaginary field such that
(e) D is coprime with 6N4;
(¢) g is inert in K;
(n) every prime divisor of N4/q splits in K;
(0) rankzA(K) =2 and IIT(A/K)pe is finite;
(1) ords—1 L(AK/Q,s) = 1.
The existence of such a K/Q has been proved in Lemma 6.1 above. Finally, let L/Q, be a finite extension
containing Q, (D}(p, (—1)/2, 11/Np) /Qp, let gx 1 6p be a rational prime which splits in K, and let S be the set
of primes of K consisting of all the prime divisors of gx N4 Dg. Then:

LEMMA 6.2. The data (f,K,p, L,qx,S) satisfy Hypotheses 1, 2 and 3.

PROOF. By construction and properties (e) and (n), Hypothesis 2 is satisfied. Since pg is isomorphic (by
definition) to the semi-simplification of p, ,, assumption (c) is nothing but a reformulation of Hypothesis 1. To
prove that Hypothesis 3 holds true, note that (with the notations of loc. cit.) N* = N4/pq and N~ = ¢ by (¢)
and (n) above. Then N~ is a square-free product of an odd number of primes. It thus remains to prove that
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Pap = Pg is ramified at g. By Tate’s theory, we know that A/ Qq is isomorphic to the Tate curve G,/ tqz over the
quadratic unramified extension of Q,,, where ¢, € gZ, is the Tate period of A/Q,, satisfying ord, (t,) = —ord,(ja)
[Tat95], [Sil94, Chapter V]. Then

A = AQp] = {t? 0<i < p}

as Iq,-modules, where té/p € Qq and ¢, € Qq are fixed primitive pth roots of ¢, and 1 respectively. As Q4(¢p)/Qq

is unramified, p4 ,, is ramified at g precisely if Qq(té/p)/Qq is ramified. Recalling that t, € ¢Z, and ord,(¢,) =
—ordy(ja), this is the case if and only if p { ordy(j4). Then Hypothesis 3 follows from (7). O

In order to prove Theorem A, we need one more simple lemma. Omitting S from the notations, recall the
dual Selmer groups X& (f/K) := Xé’:oc(f/K) and X& (f/K) introduced in Sections 3.3 and 5 respectively.

EMMA 6.3. lengt < lengt + 2.
L 6.3. 1 hpf X&foK 1 hpf X&E (/K 2

PROOF. As remarked in the proof of Lemma 5.5, the perfect, skew-symmetric duality 7 : Te ®p Te — (1)
induces a natural isomorphism of I[Gq,]-modules: Ty @1I* 2 Homeont (Ty , ptp) =: Af . By construction and the
inflation-restriction sequence, there is then an exact sequence

0 — Selés, (f/K) — Sel§_(£/K) — @D H' (Frobv, (A;)I“) :
olp
where I, := Ik, is the inertia subgroup of Gk, , Frob, € Gk, /Ik, is the arithmetic Frobenius at v, and we
write for simplicity H*(Frob,, —) := H*(Gk,/Ik,,—). (Here the reference to the fixed set S is again omitted, so
that Selq (f/K) := Selg’::(f /K).) Taking Pontrjagin duals and then localising at p; gives an exact sequence of

I, f—modules:

P u (Frobv, (A;)I”):f - XG_(£/K)p, = XG(E/K),, — 0,

vlp

where (—);f is an abbreviation for ((—)*), = (=)" ®1l,,. As p splits in K, one deduces
(53) length,,, (X&_(£/K)) < length, (X (£/K)) +2-length,, (H" (Frob,, (Ar)") "),

where I, := Iq, C Gq, is the inertia subgroup and Frob, € Gq,/Iq, is the arithmetic Frobenius at p.
By equation (9), Tf =1 ((a;)fl “ Xey [ch]l/Q) as Gq,-modules. Then its Kummer dual Ag is isomorphic
to I* (a; . [ch]’l/Q). Let v € 1+ pZ, be a topological generator, let [y] € I be its image under the structural

morphism [-] : A — I, and let @ = [y] — 1 € A. Since aj, is an unramified character and [p] = 1 mod w for every
p € 14 pZ,, one has isomorphisms of Frob,-modules
(54) HO (I, Ap) = Ag [w] = (I/=D)" (a).

Applying H'(Frob,, —) to (54) then yields H*' (Frobp, (Af_)lp) = (L)* /(a, — 1) (—H)* Taking the Pontrjagin

I
w1 w-
duals and then localising at ps one deduces

() ), = () -t

Indeed, as remarked in (17), @ is a uniformiser of I,,. Moreover, py := ker(¢y) and ¢y(a,) = a,(2) = +1 (as
A/Q, is split multiplicative), so that a, — 1 acts trivially on I, /pI,, and (55) follows. In particular, (55) yields

tength, (H* (Froby, (A7)™) ") = 1.

Together with equation (53), this concludes the proof of the lemma. O

1%

(55) H' (Frob,, (A;)Ip):f

We can finally conclude the proof of Theorem A. To be short, we have

Lemma 0.

Cor. 4.2 cc Cor. 3.2 o 3 ce Th. 5.1
(56) 4 < ordyms LS (fos/K k) < lengthpf(XQx(f/K)) < lengthpf(XGr(f/K))+2 :

4.

Indeed, hypothesis (J) gives dimgq,Sel,(A/Q) = 1, and then (as in the proof of Lemma 6.1) Nekovai’s proof of the
parity conjecture guarantees that sign(4/Q) = —1. Together with Lemma 6.2, this implies that the hypotheses
of Corollary 4.2 are satisfied, and then that the first inequality in (56) holds true. Lemma 6.2 also allows us to
apply Skinner-Urban’s Corollary 3.2, which gives the second inequality in (56). The third inequality in (56) is the
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content of the preceding lemma. Finally, let x denote either the trivial character or the quadratic character ex of
K, and let K, := Q or K, := K accordingly. Then (6) and (#) imply that (with the notations of Section 5)

rankz A(K, )X = 1; #(IH(A/KX);,%O) < 0.

Moreover, we know that p splits in K, (i.e. in K, by hypothesis (1)). Then the hypotheses (¢), (i7) and (i4¢) of
Theorem 5.1 are satisfied by both our x’s, and by applying the theorem twice yields

X&(E/K)p, = X6 (£/Q)p, © XG(E/ KT =T, /psly © Loy /sy,

9, justifying the last equality in (56).
Equation (56) proves that ordy—2L;°(feo /K, k) = 4. Tt then follows by Bertolini-Darmon’s Corollary 4.2 that
the Hasse-Weil L-function of A/K has a double zero at s = 1:

ords=1L(A/K,s) = 2.

Since L(A/K,s) = L(A/Q,s) - L(AX/Q, s) is the product of the Hasse-Weil L-functions of A/Q and its K-twist
A% /Q, and since L(A¥X/Q, s) has a simple zero at s = 1 by (1) above, we finally deduce

ords—1 L(A4/Q,s) = 1.
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