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We investigate the implications of quantum Darwinism in a composite quantum system with interacting con-
stituents exhibiting a decoherence-free subspace. We consider a two-qubit system coupled to an N-qubit en-
vironment via a dephasing interaction. For excitation preserving interactions between the system qubits, an
analytical expression for the dynamics is obtained. It demonstrates that part of the system Hilbert space redun-
dantly proliferates its information to the environment, while the remaining subspace is decoupled and preserves
clear non-classical signatures. For measurements performed on the system, we establish that a non-zero quan-
tum discord is shared between the composite system and the environment, thus violating the conditions of strong
Darwinism. However, due to the asymmetry of quantum discord, the information shared with the environment is
completely classical for measurements performed on the environment. Our results imply a dichotomy between
objectivity and classicality that emerges when considering composite systems.

I. INTRODUCTION

The theory of open quantum systems provides frameworks
to describe how an environment destroys quantum superposi-
tions. The environment is an active player in the loss of quan-
tumness and emergence of classicality. In particular, quantum
Darwinism [1–3] and spectrum broadcast structures [4, 5] es-
tablish mathematically rigorous approaches to quantitatively
assess the mechanisms by which classically objective, ac-
cessible states emerge. The former employs an entropic ap-
proach, where classical objectivity follows from the redundant
encoding of copies of the system’s pointer states (preferred
basis states immune to spoiling by system–environment cou-
pling) across fragments of the environment. Objectivity be-
comes possible only if the information content of the system
is redundantly encoded throughout the environment, such that
the mutual information shared between the system and arbi-
trary fractions of the environment is the same and equal to the
system entropy. Quantitatively, this implies that the mutual
information, given as

I(ρS :E f ) = S (ρS ) + S (ρE f ) − S (ρS :E f ), (1)

where S (ρ) = −tr[ρ log ρ] is the von Neumann entropy, takes
the value I(ρS :E f ) = S (ρS ) independently of the size of the
environmental fraction E f for f <1, and attains the maximum
value of 2S (ρS ) only when one has access to the whole envi-
ronment, i.e. f = 1. Spectrum broadcast structures approach
the problem by rather examining the geometric structure of
the state, establishing strict requirements that it must fulfill.
Nevertheless, both employ the same notion of objectivity as
defined in Ref. [6]:

“A system state is objective if it is (1) simultaneously acces-
sible to many observers (2) who can all determine the state

independently without perturbing it and (3) all arrive at the
same result [3, 4, 7].”

Recently, the close relationship between quantum Darwin-
ism and spectrum broadcasting structures was established,
demonstrating that the latter follows when more stringent con-
ditions, giving rise to the so-called strong quantum Darwin-
ism, are imposed on the former [6, 8–10].

Establishing whether a given state can be viewed as clas-
sically objective has proven to be a difficult task. While any
measurement is objective for a classical system, for two or
more observers to agree on their measurement results in the
quantum case, the basis that they measure must form orthog-
onal vector sets [11]. Recent studies have shown that the
emergence of a redundancy plateau in the mutual informa-
tion, the characteristic signal of quantum Darwinism, may not
imply classical objectivity [4, 8, 12]. Several critical anal-
yses of quantum Darwinism have demonstrated that, while
a generic feature of quantum dynamics [13], it is neverthe-
less sensitive to seemingly small changes in the microscopic
description [14, 15], and non-Markovian effects can suppress
the emergence of the phenomenon, although the relation be-
tween non-Markovianity and quantum Darwinism is yet to be
fully understood [16–21]. Going beyond the single system
particle, the proliferation of system information in spin reg-
isters interacting with spin [22] and boson [23] environments
have shown to present different characteristics. In addition,
while not necessary for decoherence, system–environment en-
tanglement is required for objectivity as defined by quantum
Darwinism [24]. Experimental tests of this framework in plat-
forms consisting of photonic systems [25–27] and nitrogen-
vacancy centers [28] have recently been reported.

This work presents a detailed analysis of redundant infor-
mation encoding, classical objectivity, and quantum Darwin-
ism for a composite system. We consider two interacting
qubits that are coupled to a dephasing environment, as shown
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FIG. 1. Schematics of the considered model. A composite system
that is made up of two interacting qubits, which are also coupled to
a fragmented environment. For a excitation preserving interaction
between the system qubits, i.e., Jx = Jy in Equation (2) and pure de-
phasing interaction between the system qubits and the environment,
the interaction Hamiltonians commute, leading to Equation (4).

in Figure 1. We show that clear Darwinistic signatures are
present when the mutual interaction between the two sys-
tems is excitation preserving. However, while the compos-
ite system establishes precisely the strong correlations neces-
sary for the redundant proliferation of the relevant informa-
tion, (in this case the system’s total spin), the system estab-
lishes a decoherence-free subspace for the dynamics, which
is blind to the environmental effects and allows the system
to maintain highly non-classical features. We carefully assess
whether the redundant information is classical or not by study-
ing the asymmetric quantum discord [29], and demonstrating
that the classicality of the mutual information is relative to
the observer’s perspective on measuring the system or the en-
vironment. For measurements on the system, the state has a
significant non-zero quantum discord. Therefore, it violates
the conditions set out for objectivity, according to the strong
quantum Darwinism criteria [6]. On the other hand, for mea-
surements on the environment side, which are arguably more
in the original spirit of quantum Darwinism, the accessible
information is completely classical. Our results suggest that
the conditions for the objectivity of a system state, as shared
by many observers, have to be distinguished from its classi-
cality, understood as the absence of quantum correlations, for
the case in which the system has a composite structure. This
point turns out to be particularly subtle, as the lack of classi-
cality may not be perceived by an external observer, due to the
asymmetry of quantum discord.

The remainder of the manuscript is organized as follows.
In Section II, we introduce details of the composite system
model in which we investigate quantum Darwinism. We con-
tinue with the behavior of coherences and correlations among

the constituents of our model throughout the dynamics, and
discuss them in relation to the emergence of Darwinism and
objectivity in Section III. In Section IV, we put forward some
considerations on the relation between the phenomenology
observed in the case here at hand and the formalism of strong
quantum Darwinism, pointing at the asymmetry of quantum
discord and its implications for the ascertaining of classical-
ity. In Section V, we draw our conclusions.

II. COMPOSITE SYSTEM MODEL

We begin by introducing the dynamical model that we con-
sider throughout the paper. Our focus is on exploring how sig-
natures of redundant encoding and objectivity manifest when
the system itself is a complex entity with internal interactions
among its components. To this end, our system consists of
two qubits, S 1 and S 2, interacting via the following:

HS 1S 2 =
∑

j=x,y,z

J jσ
j
S 1
⊗ σ

j
S 2
. (2)

The composite system interacts with a bath of spins {Ek} via
a pure dephasing interactionHS iEk = JS Eσ

z
S i
⊗σz

Ek
with i=1, 2

and k = 1, 2, . . . ,N. A single interaction between any two
qubits in the model is realized by the application of the unitary
operator U =e−iH t to the state of the system, whereH =HS 1S 2

(H =HS iEk ) for the interactions between S 1-S 2 (S i-Ek). We
set the initial state of the system and environmental qubits to
be a factorized state of the following form:

|Ψ0〉 = |φ〉S 1
⊗ |φ〉S 2

N⊗
k=1

|Φ〉k , (3)

where |φ〉S j
= cos θ j |0〉S j

+ sin θ j |1〉S j
( j = 1, 2), and |Φ〉k =

|+〉k = (|0〉k + |1〉k)/
√

2, with {|0〉 , |1〉} being the eigenvectors
of σz for any of the subsystems involved.

In order to make the model analytically tractable, we en-
force the number of interactions with the environment to be
uniformly distributed, i.e., both system qubits interact with
each environmental qubit in an identical manner, cf. Fig-
ure 1. This condition is important since, as demonstrated
in Ref. [15], allowing for a bias in the interactions between
the system and particular environmental constituents results
in a deviation from a Darwinistic behavior that would oth-
erwise be present in the model. Furthermore, by taking the
interaction between the system qubits as excitation preserv-
ing (i.e., for Jx = Jy = J) the system–system and combined
system–environment interaction Hamiltonians commute, i.e.,[
HS 1S 2 ,

(
HS 1Ek +HS 2Ek

)]
= 0. This implies that the ordering

of interactions does not matter. Note that when this condition
does not hold, the dynamics can still be well simulated by
the collisional approach [15, 30–32]; however, as discussed in
Ref. [15], other system–environment interaction terms often
lead to a loss in redundant encoding. This simplification al-
lows us to work with the continuous-time t, always measured
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in inverse units of the coupling strength J, rather than employ-
ing the sequential collisional approach of Ref. [15]. This leads

to an analytical expression for the dynamics of the whole S -E
state after time t, which we write as follows:

|Ψ〉 = e−iNJztα |00〉S 1S 2

N⊗
k=1

1
√

2

(
e−i2JS E t |0〉k + ei2JS E t |1〉k

)
+ eiNJzt [β cos(Jt) − iγ sin(Jt)

]
|01〉S 1S 2

N⊗
k=1

1
√

2
(|0〉k + |1〉k)

+ eiNJzt [γ cos(Jt) − iβ sin(Jt)
]
|10〉S 1S 2

N⊗
k=1

1
√

2
(|0〉k + |1〉k) + e−iNJztδ |11〉S 1S 2

N⊗
k=1

1
√

2

(
ei2JS E t |0〉k + e−i2JS E t |1〉k

)
(4)

with α = cos θ1 cos θ2, β = cos θ1 sin θ2, γ = sin θ1 cos θ2,
δ = sin θ1 sin θ2. Immediately we see some tell-tale signa-
tures of Darwinism appearing: |00〉 and |11〉 states imprint
the same type of phase on the environmental qubits as shown
in Ref. [15]. We see that in the single excitation subspace
of S , while the mutual interaction only exchanges popula-
tions, the environmental qubits are not affected. In what fol-
lows, we demonstrate that these features conspire to compli-
cate the decision on whether a classically objective state has
been achieved or not: the state in Equation (4) exhibits clear
signatures of redundant encoding in the environment while al-
lowing the system to maintain highly non-classical features
within a subspace that the environment is, in effect, “blind”
to.

III. QUANTUM DARWINISM AND OBJECTIVITY

Quantitatively, quantum Darwinism is signaled by a plateau
in the mutual information shared between the system and a
fraction of the environment at the entropy of the system’s state
plotted against the fraction size. This behavior is indicative of
a redundant encoding of the system information throughout
the environment such that, regardless of what fragment of the
environment is queried, an observer only ever has access to
the same information. While there can be a “minimum frag-
ment” size necessary to reach the redundancy plateau [3], we
focus on the extreme case where it is sufficient to query a sin-
gle environmental qubit in order to obtain all the accessible
information. This amounts to tracking the mutual information
I(ρS 1S 2:Ek ) between the composite two-qubit system and a sin-
gle environmental qubit together with the entropy of the for-
mer S (ρS 1S 2 ), such that I(ρS 1S 2:Ek )=S (ρS 1S 2 ) indicates we are
witnessing a classically objective state, according to quantum
Darwinism. Unless stated otherwise, we fix the mutual inter-
action between the qubits to be HS 1S 2 = J(σx ⊗σx +σy ⊗σy)
and the system–environment coupling is JS E = 0.1J to con-
sider conditions of weak system–environment coupling. The
system qubits are assumed to be initially prepared in identical
states with θ1 = θ2 = π/6. This choice is only dictated by the
convenience of the illustration of our results and, aside from
some minor quantitative differences, qualitatively similar re-
sults hold for any choice or combination of J and Jz, including
non-interacting system qubits, i.e., J = Jz =0, and also for dif-
ferent initial system states. Finally, we note that, as we assume

uniform coupling to all environmental units, it is immaterial
which is chosen in the evaluation of I(ρS 1S 2:Ek ).

Figure 2a shows the mutual information, I(ρS 1S 2:Ek ) and the
composite system entropy S (ρS 1S 2:Ek ) for environments con-
sisting of N = 6 (solid) and N = 250 qubits (dashed). We im-
mediately see that only at t = π/4 do we find I(ρS 1S 2:Ek ) =

S (ρS 1S 2 ). For N = 250, the system entropy quickly satu-
rates to a maximum value, which is dependent on the chosen
initial states, and remains so for most of the dynamics with
the notable exception of t = π/4, where it rapidly drops. A
qualitatively identical behavior is exhibited by the coherence
present in the two-qubit system state, C =

∑
i, j |ρ

i, j
S 1S 2
|, shown

in Figure 2b. While each system qubit quickly becomes diag-
onal, remarkably, the composite system maintains a minimum
value of coherence, indicating that it retains some genuine
non-classicality, with the magnitude of the coherence being
dependent on the particular choice of initial states for the sys-
tems.

The mutual information shared between the system qubits
and an environment, shown in Figure 2a (darker, black
curves), varies more gradually and is inversely related with
the behavior of the environmental qubit’s coherence, |ρ1,2

Ek
|,

shown in Figure 2b (darker, black curve). The point at which
I(ρS 1S 2:Ek ) = S (ρS 1S 2 ) corresponds to the minimum in the en-
vironment coherence establishing that in order for signatures
of objectivity to emerge a mutual dephasing is necessary [15].
Nevertheless, Figure 2b is remarkable, as it indicates that we
do not require all constituents to become fully classical, i.e.,
the coherence does not necessarily vanish. In Figure 2d, the
solid lines show the mutual information between the com-
posite system and fractions of the environment at t = π/4
and t = (π/4 − 0.1) for a N = 6 qubit environment. When
t = (π/4 − 0.1), there are no clear indications of Darwinistic
behavior, while at t = π/4, we clearly observe the character-
istic plateau, indicating that the system information is redun-
dantly encoded into the environmental degrees of freedom.
From these results, we see that the presence of a redundancy
plateau does not necessarily imply a complete loss of all non-
classicality within a complex composite system.

We can examine these features more quantitatively by di-
rectly computing the reduced and the total states of the system
for t = π/4. The density matrix for S 1S 2 is X-shaped, which
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FIG. 2. Both system qubits are prepared in a symmetric initial state with θS 1 =θS 2 =π/6 with the interaction parameters JS E =1, J =10, and we
consider environments of size N = 6 (solid curves) and N = 250 (dashed curves).(a) Dynamics of mutual information between the composite
system and a single environmental qubit, I(ρS 1S 2:Ek ), (darker, black) and the entropy of the composite system, S (ρS 1S 2 ) (lighter, red). (b)
Coherence present in the composite system state, |ρ1,2

S 1S 2
| (lighter, blue) and coherences in the state of a single environmental qubit |ρ1,2

Ek
| (darker,

black). (c) Quantum discord shared between the two system qubits, D→(ρS 1S 2 ) (lighter, orange) and quantum discord between one of the
system qubits and a single environmental constituent D→(ρS 1Ek ) (darker, green). In panels (a-c) the faint vertical line at t = π/4 denotes the
time at which we have I(ρS 1S 2:Ek ) = S (ρS 1S 2 ), i.e. emergence of Darwinism. (d) I(ρS 1S 2:E f )/S (ρS 1S 2 ) vs the size of the environment fraction f
(upper, solid) and I(ρS 1:E f )/S (ρS 1 ) (lower, dashed) at two instants of time, t =π/4 where perfect redundant encoding is observed (lighter, red)
and t=π/4 − 0.1 (darker, blue).

in turn enforces the reduced states to be diagonal as follows:

ρS 1S 2 =


α2 0 0 αδ
0 β2 βγ 0
0 βγ γ2 0
αδ 0 0 δ2

 ,

ρS 1 =

(
α2 + β2 0

0 γ2 + δ2

)
, ρS 2 =

(
α2 + γ2 0

0 β2 + δ2

)
.

Therefore, the non-zero coherence we see in Figure 2 when
the Darwinistic plateau emerges can be analytically deter-
mined to be

∑
i> j |ρ

i, j
S 1S 2
|= |αδ|+ |βγ|. The coherence contained

in a single environmental qubit |ρ1,2
Ek
| is dependent on the ini-

tial states of the system qubits but independent with regards
to the overall size of the environment, N. In particular, when
t = π/4, we find |ρ1,2

Ek
| = (β2 + γ2 − α2 − δ2)/2, indicating that

the environmental qubits themselves will fully decohere only
when either θ1 or θ2 =π/4, while for all other values of initial
states some non-classicality remains within the environmental
constituents.

Since the composite system maintains non-zero coherence,
even when a redundancy plateau is observed, it is relevant to
examine any non-classical correlations present in the over-
all state, cfr. Figure 2c, where we show the quantum dis-
cord [33, 34] between two system qubits D→(ρS 1S 2 ) and quan-
tum discord between one of the system particles and a single
environment D→(ρS 1Ek ). Mathematically, quantum discord
between two parties is defined as [33, 34]

D→(ρAB) = I(ρAB) − J→(ρAB). (5)

Here, J→(ρAB) = S (ρB) − min
{ΠA

k }

∑
k pkS (ρB

k ) is called the

Holevo information, where {ΠA
k } represents the set of all pos-

sible measurement operators that can be performed on sub-
system A, and ρB

k = (ΠA
k ⊗ I)ρAB(ΠA

k ⊗ I)/pk are the post-
measurement states of B after obtaining the outcome k with

probability pk = tr[(ΠA
k ⊗ I)ρAB]. In other words, J→(ρAB)

measures the amount of information that one can obtain about
subsystem B by performing measurements on subsystem A.
The non-zero coherence present in the S 1S 2 state mean that
there are genuine quantum correlations in the form of the dis-
cord shared between the system qubits and, despite exhibit-
ing a sharp decrease near the point where the characteristic
plateau emerges, they remain non-zero throughout the dynam-
ics. Thus, it is natural to question whether we can consider the
state as truly objective when the relevant system information
has clearly proliferated into the environment. Examining the
correlations established between a given system qubit and one
environmental constituent, D→(ρS 1Ek ), we find the quantum
discord vanishes when the redundancy plateau is observed,
implying that, at least at the level of a single system con-
stituent, only classical information is accessible. We thus have
a situation in which, due to the presence of a decoherence-
free subspace to which the environmental degrees of freedom
is blind, the overall composite system maintains non-classical
features, and therefore, is arguably not objective, despite the
redundant encoding and proliferation of the system informa-
tion. Such a situation is reminiscent of settings where solely
focusing on the mutual information can provide a false flag
for classical objectivity [8]. Therefore, in the following sec-
tion, we turn our attention to tighter conditions for objectivity
given by strong quantum Darwinism [6, 8], or equivalently
spectrum broadcast structures [4, 5].

Before moving on, we believe it is also meaningful to ex-
plore whether Darwinistic signatures are exhibited when con-
sidering how much information the environment can access
about the individual system constituents, i.e., whether in addi-
tion to checking I(ρS 1S 2:E f ) = S (ρS 1S 2 ) for various fragment
sizes, we also test whether I(ρS i:E f ) = S (ρS i ). We note, how-
ever, already that the latter quantity is upper bounded by the
former, i.e., I(ρS 1S 2:E f ) ≥ I(ρS 1:E f ) for all E f and at all times
since discarding a system never increases the mutual infor-
mation, due to the strong subadditivity of von Neumann en-
tropy [35].

Figure 2d shows I(ρS 1S 2:E f ) (solid) and I(ρS 1:E f ) (dashed)
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against the fraction size of the environment f for t=π/4 (red)
and t = (π/4 − 0.1) (blue). Focusing on t=π/4, it is clear that
the composite system exhibits the characteristic redundancy
plateau with the mutual information exactly equaling the com-
posite system entropy. While we observe a similar plateau for
the mutual information between a reduced system state and
environment fractions, in this case, it is below the entropy of
the considered system particle. Therefore, the redundantly en-
coded information regarding the single system qubit does not
contain the full information about the qubit itself, and this is
due to the fact that some of the information—specifically, that
which is tied up in the non-classical correlations shared be-
tween the two system qubits—is not classically accessible to
the environment.

The discrepancy between I(ρS 1S 2:E f ) and I(ρS 1:E f ), which
is related to the gap between the two curves in Figure 2d, can
be quantitatively determined by directly computing their dif-
ference ∆I = I(ρS 1S 2:E f )−I(ρS 1:E f ) and finding the following
(see Appendix A):

∆I = I(ρS 2:E) − I(ρS 2:E f
), (6)

where E f is the complement of E f . Note that this result is
completely independent of the nature of the dynamics and
valid for arbitrary fractions at any given instant, only relying
on the assumption of a pure initial state. Furthermore, another
useful insight regarding this mutual information gap can be
provided by exploiting the Koashi–Winter relation [36], which
helps us to bound the discrepancy as follows:

0 ≤ ∆I ≤ S (ρS 1S 2 ) + D←(ρS 1S 2:E f ). (7)

Considering the fraction to be the whole environment, i.e.,
E f is an empty set, the expressions above reduce to the fol-
lowing simple form ∆I = I(ρS 2:E), which corresponds to the
gap at the end of the curves. Equations (6) and (7) demon-
strate that the non-classical correlations present in the com-
posite system prevent the environment from gaining complete
and unambiguous information regarding the state of an indi-
vidual subsystem (see Appendix A for more details).

IV. STRONG QUANTUM DARWINISM

The previous section demonstrates that, despite observing
the signature plateau for redundant encoding, the constituents
of the model still carry certain signatures of quantumness,
namely non-zero coherences and discord of the composite
system state. This naturally leads us to question of whether
one can argue that the system state is truly classically ob-
jective or not. While it is clear that there is a proliferation
and redundant encoding of system information within the en-
vironment, the fact that the system itself persists in display-
ing non-classical features implies that there might be a subtle
distinction between the proliferation of relevant system infor-
mation and genuine classical objectivity of a quantum state,

with the former being a necessary but not sufficient require-
ment for the latter. Such a critical analysis of the conditions
for classical objectivity is formalized within the framework
of spectrum broadcast structures and strong quantum Darwin-
ism [4, 8, 12]. In particular, the strong Darwinism condi-
tion [6, 9] amounts to determining whether or not the mutual
information shared between the system and an environment
fraction is purely composed of classical information as quan-
tified by the Holevo information. Equivalently, this condition
can be stated as whether or not the system has a vanishing dis-
cord with that environment fraction. While stated originally
based on measurements performed solely on the system, this
condition was shown to be a necessary and sufficient condition
for classical objectivity [6]. However, it is known that quan-
tum discord is an asymmetric quantity, dependent on precisely
which subsystem is measured and, therefore, allows for curi-
ous situations where non-classical correlations can be shared
in one direction but not the other, so-called quantum-classical
states. Therefore, even though the framework of strong Dar-
winism established in Ref. [6] is well motivated, we argue
that, while objectivity is a property based on information that
can be accessed by measurements on the environment only,
classicality is a more subtle issue, and due to the asymmetry
of quantum discord, a system state, though assessed as clas-
sically objective from the environment or a fraction of it, can
retain quantum correlations [37].

The calculation of quantum discord is involved, even for
two-qubit states [29]; in fact, it can be shown to be a NP-
complete problem [38]. However, for our purposes, it suffices
simply to check whether or not there exists discord without
computing its numerical value. Thus, we focus on the cor-
relation properties shared between the composite system and
a single environment, taking into account the asymmetric na-
ture of the discord. We employ a nullity condition, which pro-
vides a necessary and sufficient condition to witness whether
the state, ρS 1S 2:Ek , has zero discord [39–41]. An arbitrary state
ρAB has a vanishing quantum discord with measurements on
A or B if and only if one can find an orthonormal basis {|n〉}
or {|m〉} in the Hilbert space of A or B, such that the total state
can be written in a block-diagonal form in this basis. Mathe-
matically, it is possible to express this condition as follows:

D→(ρA:B) = 0 ⇐⇒ ρAB =
∑

n

pn |n〉 〈n| ⊗ ρB
n , (8)

D←(ρA:B) = 0 ⇐⇒ ρAB =
∑

m

qmρ
A
m ⊗ |m〉 〈m| . (9)

Note that in our case, we make the identification A → S 1S 2
and B → E1. In Appendix B, we explicitly calculate a neces-
sary and sufficient condition for the nullity of quantum discord
introduced in [40, 41], separately considering both cases of
measurements performed on the system and the environment
side. When the mutual information plateau is observed while
D→(ρS 1S 2:E1 ) is non-zero, for measurements performed in the
environmental qubit, the discord D←(ρS 1S 2:E1 ) vanishes. Thus,
we have a quantum–classical state implying that, as far as
measurements are only performed on the environment, all the
accessible information is completely classical in nature. As
already discussed, this result implies an important subtlety re-
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garding the connection between quantum Darwinism and the
emergence of objectivity or classicality in composite quantum
systems. While, locally, both system qubits are completely
decohered, the composite state of the system is still coherent
and shares some non-classical correlations with the environ-
ment. It is, thus, non-classical from the perspective of the sys-
tem. However, from the perspective of the environment, the
system is both objective, as the accessible information about
the composite system is redundantly encoded throughout its
degrees of freedom, and classical in that quantum discord for
the measurement performed on the environment is equal to
zero.

V. CONCLUSIONS

We have examined the emergence of quantum Darwinism
for a composite system consisting of two qubits interacting
with a N-partite bath. For an excitation-preserving interac-
tion between the system qubits, we established that the sys-
tem information is faithfully, redundantly encoded through-
out the environment; therefore, we see the emergence of clear
Darwinistic signatures. Nevertheless, a decoherence-free sub-
space permits the system to create and maintain significant
non-classical features in the form of quantum discord. Em-
ploying the framework of strong quantum Darwinism, which
insists that in addition to a mutual information plateau, the dis-
cord between the system and an environment fragment must
vanish, we have shown that whether or not this state is inter-
preted as objective and classical depends on how the discord is
evaluated. Following the framework of Ref. [6], for measure-
ments on the system, the sizable non-zero coherence present

in the decoherence-free subspace implies that this state is
definitively not objective. However, as quantum Darwinism
posits that classicality and objectivity are dictated by what in-
formation can be learned by measuring the environment, and
due to the asymmetric nature of the quantum discord when
measurements are made on the environment, we find that the
discord is vanishing and therefore conclude a classically ob-
jective state. To better understand this point, we demonstrated
that redundant encoding at the level of the composite sys-
tem does not imply the same for the individual constituents.
Specifically, when non-classical correlations are established
between the system qubits, there is still a redundant prolifera-
tion of some of the system information into the environment;
however, the correlations between the two system qubits pre-
vent all of the system’s information from being redundantly
shared with the environment.
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Appendix A: Derivations of Eqs. (6) and (7)

1. Direct approach

Using the definition of mutual information one has I(ρS 1S 2:E f ) = S (ρS 1S 2 ) + S (ρE f ) − S (ρS 1S 2E f ) and I(ρS 1:E f ) = S (ρS 1 ) +

S (ρE f ) − S (ρS 1E f ), from which ∆I = I(ρS 1S 2:E f ) − I(ρS 1:E f ) can be calculated as

∆I =
[
S (ρS 1E f ) − S (ρS 1 )

]
−

[
S (ρS 1S 2E f ) − S (ρS 1S 2 )

]
(A1)

=
[
S (ρS 2E f

) − S (ρ
E f

)
]
−

[
S (ρS 2E) − S (ρE)

]
.

In passing to the second line we assumed that the total S 1S 2E system starts from a pure state and E f denotes the part of the
environment that is not included in the fraction E f , i.e. E f is the complement of E f . We continue by adding and subtracting
S (ρS 2 ) to the right hand side of the above equation and rearranging to get

∆I =
[
S (ρS 2 ) + S (ρE) − S (ρS 2E)

]
−

[
S (ρS 2 ) + S (ρ

E f
) − S (ρS 2E f

)
]

(A2)

∆I =I(ρS 2:E) − I(ρS 2:E f
).

We note that this result is completely independent of the nature of the dynamics and valid for arbitrary fractions at any given
instant. Considering the fraction to be the whole environment, i.e. E f is an empty set, the second term in the above equation
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vanishes and reduces to the following simple form

∆I = I(ρS 2:E), (A3)

which corresponds to the gap at the end of the curves.

2. Koashi-Winter Relation

Given an arbitrary tripartite quantum system ρABC , the Koashi-Winter (KW) relation [36] states the following inequality

E f (ρAB) ≤ S (ρA) − J←(ρAC), (A4)

with equality attained if ρABC is pure and E f (·) denotes the entanglement of formation. Here, we will try to exploit this inequality
to present bounds on the mutual information shared between the different fractions of the system and environment.

In addition to our usual assumption of a pure S 1S 2E state, we also introduce a pure auxiliary unit A that serves only as a
mathematical tool to ensure our set up fits within the framework of the KW relation. Identifying A → S 1S 2, B → A and
C → E f , and noting that by definition E f (ρS 1S 2A) = 0, we have

J←(ρS 1S 2:E f ) ≤ S (ρS 1S 2 ) (A5)

I(ρS 1S 2:E f ) ≤ S (ρS 1S 2 ) + D←(ρS 1S 2:E f )

which provides an upper bound on the information that we can get on the total system by probing a fraction of the environment.
We now use the KW relation to bound the mutual information between a single system qubit and fractions of the environment.

To that end, we shift our labeling to A → S 1, B → S 2 and C → E f again with the assumption that S 1, S 2 and the whole
environment E is in a pure state. The KW relation gives

E f (ρS 1S 2 ) ≤ S (ρS 1 ) − J←(ρS 1E f ). (A6)

Adding I(ρS 1:E f ) to both sides we get

E f (ρS 1S 2 ) + I(ρS 1:E f ) ≤ S (ρS 1 ) + D←(ρS 1E f ) (A7)

I(ρS 1:E f ) ≤ S (ρS 1 ) + D←(ρS 1E f ) − E f (ρS 1S 2 ).

Comparing Eq. (A5) and Eq. (A7) can help us to understand the discrepancy between the mutual information curves presented
in Fig. 2(d). Naturally, we have both I(ρS 1S 2:E f ) and I(ρS 1:E f ) greater than zero, and moreover, we know that discarding a
subsystem never increases the mutual information, thus I(ρS 1S 2:E f ) ≥ I(ρS 1:E f ). Together this allows us to restrict the gap
between the curves as

0 ≤ ∆I ≤ S (ρS 1S 2 ) + D←(ρS 1S 2:E f ). (A8)

Finally, let us also specifically look at the gap at the end of the curves in Fig. 2(d), i.e. E f = E, where we can use the equality
in the KW relations given in Eq (A5) and Eq. (A7), and obtain a more precise expression. A pure S 1S 2E state implies that
I(ρS 1S 2:E) = 2S (ρS 1S 2 ), and we have

∆I = 2S (ρS 1S 2 ) − S (ρS 1 ) − D←(ρS 1E) + E f (ρS 1S 2 ) (A9)
= 2S (ρS 1S 2 ) − S (ρS 1 ) − S (ρE) + S (ρS 1E)
= S (ρS 2 ) + S (ρE) − S (ρS 2E)
= I(ρS 2:E).

In passing from the first to the second line we resort to the basic definition of I(ρS 1:E). Note that this is exactly the same result
we obtain in Eq. (A3) using the direct approach.

Appendix B: Testing the strong quantum Darwinism criteria

We would like to assess whether the mutual information between the system particles and a single environment state
I(ρS 1S 2:E1 ) is purely classical. To that end, we need to check whether the state ρS 1S 2E1 has vanishing quantum discord or
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not for which we have two options to consider: measurements performed on the system or environment side. The former is the
condition of strong Darwinism introduced in [6] and the latter is an alternative constraint recently put forward in Ref. [37].

Here, we present the explicit calculation of the nullity condition for quantum discord introduced in [40, 41] considering
both measurement scenarios mentioned in the paragraph above. An arbitrary state ρAB has a vanishing quantum discord with
measurements on A or B if and only if one can find an orthonormal basis {|n〉} or {|m〉} in the Hilbert space of A or B, such that
the total state can be written in block-diagonal form in this basis. Mathematically, it is possible express this condition as follows

D→(ρA:B) = 0 ⇐⇒ ρAB =
∑

n

pn |n〉 〈n| ⊗ ρB
n , (B1)

D←(ρA:B) = 0 ⇐⇒ ρAB =
∑

m

qmρ
A
m ⊗ |m〉 〈m| . (B2)

Note that in our case, we make the identification A→ S 1S 2 and B→ E1.
Let us start with checking the former condition. We pick an arbitrary orthogonal basis in the Hilbert space of the environmental

qubit as {|ei〉} and express the state at hand as follows

ρS 1S 2E1 =
∑
i, j

ρS 1S 2
i j ⊗

∣∣∣eE
i

〉 〈
eE

j

∣∣∣ , (B3)

In order for the state in Eq. B3 to be written as the one given in Eq. B2, all ρS 1S 2
i j ’s must be simultaneously diagonalizable and,

if it exists, the basis in which they are diagonal is then {|n〉}. It has been shown in [40, 41] that mathematically this implies the
following: D→(ρS 1S 2:E1 ) = 0 if and only if one has

[
ρS 1S 2

i j , ρS 1S 2
i′ j′

]
= 0. Similarly, this condition can be stated as ρS 1S 2

i j ’s must be

normal matrices, such that
[
ρS 1S 2

i j ,
(
ρS 1S 2

i j

)†]
= 0, and also commute with each other [40, 41].

Using our analytics, we can write the general form of ρS 1S 2E1 at the instant we observe Darwinism, i.e. JS E t = π/4, as follows

ρS 1S 2E1 =



a −a 0 0 0 0 b −b
−a a 0 0 0 0 −b b
0 0 c c d d 0 0
0 0 c c d d 0 0
0 0 d∗ d∗ e e 0 0
0 0 d∗ d∗ e e 0 0
b∗ −b∗ 0 0 0 0 f − f
−b∗ b∗ 0 0 0 0 − f f


, (B4)

where a = α2/2, b = (−1)Nαδ/2, c =
[
β2 cos2

(
Jπ
2

)
+ γ2 sin2

(
Jπ
2

)]
/2, d =

[
2βγ + i(β − γ)(β + γ) sin(Jπ)

]
/4, e =[

γ2 cos2
(

Jπ
2

)
+ β2 sin2

(
Jπ
2

)]
/2 and f = δ2/2. Recall that parameters α = cos θ1 cos θ2, β = cos θ1 sin θ2, γ = sin θ1 cos θ2,

δ = sin θ1 sin θ2 are dependent on the initial states of the system qubits. The dimensions of our the system particles and the
environmental qubit are dS 1S 2 = 4 and dE1 = 2, respectively, which means that the set {|ei〉} is composed of two elements and we
have 4 ρS 1S 2

i j matrices that are 4 × 4 in size. Horizontal and vertical lines dividing the density matrix in Eq. B4 in fact denote
these 4 matrices. Explicitly, we have

ρ11
S 1S 2

=


a −a 0 0
−a a 0 0
0 0 c c
0 0 c c

 , ρ12
S 1S 2

=


0 0 b −b
0 0 −b b
d d 0 0
d d 0 0

 , ρ21
S 1S 2

=


0 0 d∗ d∗

0 0 d∗ d∗

b∗ −b∗ 0 0
−b∗ b∗ 0 0

 , ρ22
S 1S 2

=


e e 0 0
e e 0 0
0 0 f − f
0 0 − f f

 .
The diagonal matrices are clearly normal matrices, i.e. they satisfy

[
ρii

S 1S 2
,
(
ρii

S 1S 2

)†]
= 0. However, the off-diagonal ones are

not normal in general. In fact, using the parameters we use in our simulations (setting S 1-S 2 interaction J = 10), they do not
commute independent of the initial state of the system. As a result, it is not possible to write ρS 1S 2E1 in the form given in Eq. B2,
and thus D→(ρS 1S 2:E1 ) > 0 implying that the condition for strong Darwinism, as defined in [6], is not satisfied.

Considering the alternative approach of checking the condition of vanishing discord with measurements on the environment
side, D←(ρS 1S 2:E1 ) > 0, similar to the previous case, we start by expressing our total state in an arbitrary orthogonal basis in the
Hilbert space of the system qubits {sk} as

ρS 1S 2E1 =
∑
k,l

∣∣∣sS
k

〉 〈
sS

l

∣∣∣ ⊗ ρkl
E1
. (B5)
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Recalling that dS 1S 2 = 4, it is possible to identify the set {sk} consists of four elements and we have 16 ρkl
E1

matrices which are
2 × 2 in size, denoted by the horizontal and the vertical lines below

ρS 1S 2E1 =



a −a 0 0 0 0 b −b
−a a 0 0 0 0 −b b
0 0 c c d d 0 0
0 0 c c d d 0 0
0 0 d∗ d∗ e e 0 0
0 0 d∗ d∗ e e 0 0
b∗ −b∗ 0 0 0 0 f − f
−b∗ b∗ 0 0 0 0 − f f


, (B6)

Following [40, 41] again, checking the nullity condition amounts to checking whether the commutators satisfy the condition[
ρkl

E1
, ρk′l′

E1

]
= 0. It is possible to show that these commutators indeed vanish, which implies that from the point of view of put

forward in Ref. [37], all mutual information we have between the system qubits and environment fractions at the instant we
observe the plateau is classical, and therefore objective.


	Quantum Darwinism in a composite system: Objectivity versus classicality
	Abstract
	I Introduction
	II Composite system model
	III Quantum Darwinism and objectivity
	IV Strong Quantum Darwinism
	V Conclusions
	 Acknowledgments
	 References
	A Derivations of Eqs. (6) and (7)
	1 Direct approach
	2 Koashi-Winter Relation

	B Testing the strong quantum Darwinism criteria


