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Abstract

Given a k-node pattern graph H and an n-node host graph G, the subgraph counting
problem asks to compute the number of copies of H in G. In this work we address
the following question: can we count the copies of H faster if G is sparse? We
answer in the affirmative by introducing a novel tree-like decomposition for directed
acyclic graphs, inspired by the classic tree decomposition for undirected graphs.
This decomposition gives a dynamic program for counting the homomorphisms of
H in G by exploiting the degeneracy of G, which allows us to beat the state-of-the-
art subgraph counting algorithms when G is sparse enough. For example, we can
count the induced copies of any k-node pattern H in time 2°¢)0(n%25%+2 Jog n) if G
has bounded degeneracy, and in time 2°®) 0(n*925%+2 Jog n) if G has bounded aver-
age degree. These bounds are instantiations of a more general result, parameterized
by the degeneracy of G and the structure of H, which generalizes classic bounds on
counting cliques and complete bipartite graphs. We also give lower bounds based on
the Exponential Time Hypothesis, showing that our results are actually a characteri-
zation of the complexity of subgraph counting in bounded-degeneracy graphs.
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1 Introduction

We address the following fundamental subgraph counting problem:

Input: an n-node graph G (the host graph) and a k-node graph H (the pattern)
Output: the number of induced copies of H in G

If no further assumptions are made, the best possible algorithm for this problem is
likely to have running time f(k) - n®®. Indeed, the naive brute-force algorithm has
running time O(k’n*), and under the Exponential Time Hypothesis [23] any algo-
rithm for counting k-cliques has running time #*® [8, 9]. The best algorithm known,
which was given over 30 years ago by NesSetfil and Poljak [29] and is based on fast
matrix multiplication, is only slightly faster than O(k*n*). Ignoring poly (k) factors,!
the algorithm runs in time O(n®'31%?) where w is the matrix multiplication exponent.
Since @ < 2.373 [25], this gives a state-of-the-art running time of O(n®721k+2),

In this work, we aim at breaking through this “n®® barrier” by assuming that
G is sparse, and in particular, that G has bounded degeneracy. This assumption is
often made for real-world graphs like social networks, since it agrees well with their
structural properties [17]. The family of bounded-degeneracy graphs is rich from
a theoretical point of view, too: it includes many important classes such as Bara-
basi-Albert preferential attachment graphs, graphs excluding a fixed minor, planar
graphs, bounded-treewidth graphs, bounded-degree graphs, and bounded-genus
graphs, see [20]. Unfortunately, even when G has bounded degeneracy, the state of
the art remains the O(n®7°'%*2)-time algorithm by Negetfil and Poljak, unless one
makes further assumptions. For example, one can count the copies of any given pat-
tern H in time O(n), provided G is planar [15] or has bounded treewidth [27] or
has bounded degree [30]; all conditions that are stricter than bounded degeneracy.
Alternatively, if G has bounded degeneracy, O(n)-time algorithms exist when H is
the clique [1, 10, 16], or when H is a complete bipartite graph, if we do not require
the copies of H to be induced [14]. Unfortunately, it is not clear how to extend the
techniques behind these results to all patterns H and all G with bounded degener-
acy. Thus, to what extent a small degeneracy of G makes subgraph counting easier
remains an open question.

In this work we introduce a novel tree-like graph decomposition, to be applied
to the pattern graph H, designed to exploit the degeneracy of G when count-
ing the homomorphisms from H to G. When G is sparse enough, this decompo-
sition yields subgraph counting algorithms faster than the state of the art. For
example, we show how to count the induced copies of any k-node pattern H
in time 2°690n°%*2]logn) when G has bounded degeneracy, and in time
2069 0(n%625%+2 1og 1) when G has bounded average degree. These results are
instantiations of a more general result which says that H can be counted in time
F)O(d*"Hp*H Jog n), where d is the degeneracy of G, and 7(H) is a certain
measure of “width” of H arising from our decomposition. Assuming the Exponential

! In this paper we suppress poly (k) factors by default; if needed, we explicit them in order to emphasize
that the dependence on k is polynomial rather than exponential.
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Time Hypothesis, we also show that n((#)/1leg=(H) gperations are required in the
worst case, even if G has degeneracy 2. This provides a novel characterization of the
complexity of subgraph counting in bounded-degeneracy graphs.

1.1 Results

We divide our results into bounds (Sect. 1.1.1) and techniques (Sect. 1.1.2).
We denote by d the degeneracy of G, and we denote by hom(H, G), sub(H, G),
ind(H, G) the number of, respectively, homomorphisms, occurrences, and induced
occurrences of H in G. See Sect. 1.2 for further definitions and notation. We
remark that, unless otherwise specified, our bounds hold for every H including
disconnected ones.

1.1.1 Bounds
Our first results are two running time bounds parameterized by the sparsity of G.

Theorem 1 For any k-n()de pattern H one can compute hom(H, G) and sub(H, G)
in time ZO(klogk) O(dk (3 1+2y L3142 logn), and one can compute ind(H, G) in time
206 . O(d*~ (1514215142 log n), where d is the degeneracy of G.

This bound reduces the exponent of n to [ | +2 <0.25k+ 2, down from the
state-of-the-art a)L | +2 <0.791k + 2 of the Nesetfil-Poljak bound. This implies
that our polynomlal dependence on 7 is better whenever d = O(n°7?!), and in any
case (that is, even if @ = 2) whenever d = O(n°>®). As a corollary of Theorem 1,
since d = O(ﬁ) where r is the average degree of G, we obtain:

Theorem 2 For any k-node pattern H one can compute hom(H, G) and sub(H, G)
in time 20klogh) . O(rz(k 13- nz(kJrL b+ log n), and one can compute ind(H, G) in
time 200 . O(r'(k L3 - 1n2(k+[ b+t log n), where r is the average degree of G.

This bound has a polynomial dependence on n better than NeSetfil-Poljak
whenever r = O(n°%?!), and in any case (that is, even if @ =2) whenever
r=0(n"9%). In particular, we have a 20%") . O(n*25k+1 Jog p)-time algorithm
when r = O(1). These are the first improvements over the NeSetfil-Poljak algo-
rithm for graphs with small degeneracy or small average degree.

As a second result, we give improved bounds for some classes of patterns. The
first is the class of quasi-cliques, a typical target pattern for social networks [5-7,
31-33]. We prove:

Theorem 3 [f H is the clique mmus e edges, th \7_one can compute hom(H, G) and
sub(H,G) in tlme 20(k1°gk) 0( 2| [ * logn), and ind(H,G) in time
7 O(e+klogh) O(d f \/_1 [+ ]logn).
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Table 1 Summary of upper bounds for the problem of counting the number of occurrences of H in G

Pattern H Time to compute ind(H, G) References
All (even disconnected) O(le§J+2) (29]

All (even disconnected) 20G) 0( iz lh+2 log n) This work
All (even disconnected) 2062) o( Frk=LE D=1, 3Gt E D41 log ) This work
K, O(d*'n) [10]

Kk -€ edges 20(e+klogk) O(dk_(%'*'\/gw,zl(%'*'\/gW lOg n) This work
Ky x, O(d32%!n) (sub(H, G) only) [14]
Ky,...x, 20klogh) . O(d*1nlogn) (sub(H,G) only) This work
Ky ..p T€ edges 20(klogk) . O(dk—lfJ—ZnL§J+2 logn) (sub(#H, G) only) This work

The graphs G and H have n and k vertices respectively, and d is the degeneracy of G. All except the last
tree bounds hold for counting the number of induced occurrences

This generalizes the classic O(d*~'n) bound for counting cliques by Chiba and
Nishizeki [10], at the price of an extra factor 20+ loebO(log n). Next, we con-
sider complete quasi-multipartite graphs:

Theorem 4 [f H is a complete multipartite graph, then one can compute hom(H, G)
and sub(H,G) in time 20120 . O(@*~'nlogn). If H is a complete multipar-
tite graph plus € edges, then one can compute hom(H, G) and sub(H, G) in time
20(klogk) O(dk—liJ—ZnLEHZ log n).

This generalizes an existing O(d*2%?n) bound for counting the non-induced cop-
ies of complete (maximal) bi-partite graphs [14], again at the price of an extra factor
20(k log k) 10g n.

Table 1 summarizes our upper bounds. We remark that our algorithms work for
the colored versions of the problem (count only copies of H with prescribed vertex
and/or edge colors) as well as the weighted versions of the problem (compute the
total node or edge weight of copies of H in G). This can be obtained by a straightfor-
ward adaptation of our homomorphism counting algorithms.

1.1.2 Techniques

The bounds of Sect. 1.1.1 are instantiations of a single, more general result. This
result is based on a novel notion of width, the dag treewidth (H) of H, which cap-
tures the relevant structure of H when counting its copies in a d-degenerate graph. In
a simplified form, the bound is the following:

Theorem 5 For any k-node pattern H one can compute hom(H, G), sub(H, G), and
ind(H, G) in time f(k) - O(d*~""n* Jog n).
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Let us briefly explain this result. The heart of the problem is computing
hom(H, G); once we know how to do this, we can obtain sub(H, G) and ind(H, G)
via inclusion-exclusion arguments at the price of an extra multiplicative factor f(k),
like in [3, 11]. To compute hom(H, G), we give G an acyclic orientation with max-
imum outdegree d. Then, we take every possible acyclic orientation P of H, and
compute hom(P, G) where by hom(P, G) we mean the number of homomorphisms
from P to G that respect the orientations of the arcs. Note that the number of such
homomorphisms can be 7% even if G has bounded degeneracy (for example, if P
is an independent set), so we cannot list them explicitly. At this point we introduce
our technical tool, the dag tree decomposition of P. This is a tree T that captures
the relevant reachability relations between the nodes of P. Given T, one can com-
pute hom(P, G) via dynamic programming in time f(k) - O(d*""n*™ log n), where
7(T) € {1, ...,k} is the width of T. The dynamic program computes hom(P, G) by
combining carefully the homomorphism counts of certain subgraphs of P. The dag-
treewidth 7(H), which is the parameter appearing in the bound of Theorem 5, is the
maximum width of the optimal dag tree decomposition of any acyclic orientation P
of any graph obtainable by identifying nodes of and/or adding edges to H (this arises
from the inclusion-exclusion arguments). With this, our technical machinery is com-
plete. To obtain the bounds of the previous paragraph, we show how to compute
efficiently dag tree decompositions of low width, and apply a more technical version
of Theorem 5.

We conclude by complementing Theorem 5 with a lower bound based on the
Exponential Time Hypothesis. This lower bound shows that in the worst case the
dag-treewidth 7(H) cannot be beaten, and therefore our decomposition captures, at
least in part, the complexity of counting subgraphs in d-degenerate graphs.

Theorem 6 Under the Exponential Time Hypothesis [23] , no algorithm can com-
pute sub(H, G) or ind(H, G) in time f(d, k) - n®@#/1oe7t) £ a1 H.

1.2 Preliminaries and notation

Both G = (V,E) and H = (Vy, Ey) are simple graphs, possibly disconnected. For
any subset V! C V we denote by G[V'] the subgraph of G induced by V’; the same
notation applies to any graph. A homomorphism from Hto Gisamap¢ : Vy; =» V
such that {u, '} € E, implies {¢p(u), p(u')} € E. We write ¢ : H — G to highlight
the edges that ¢ preserves. When H and G are oriented, ¢ must preserve the direction
of the arcs. If ¢ is injective then we have an injective homomorphism. We denote by
hom(H, G) and inj(H, G) the number of homomorphisms and injective homomor-
phisms from H to G. To avoid confusion, we will use the symbol y to denote maps
that are not necessarily homomorphisms. The symbol ~ denotes isomorphism. A
copy of Hin G is a subgraph F C G such that F ~ H. If moreover F ~ G[V]then F
is an induced copy. We denote by sub(H, G) and ind(H, G) the number of copies and
induced copies of H in G; we may omit G if clear from the context. When we give
an acyclic orientation to the edges of H, we denote the resulting dag by P. All the
notation described above applies to directed graphs in the natural way.
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The degeneracy of G is the smallest integer d such that there is an acyclic orienta-
tion of G with maximum outdegree bounded by d. Such an orientation can be found
in time O(IEl) by repeatedly removing from G a minimum-degree node [27]. From
now on we assume that G has this orientation. Equivalently, d is the smallest integer
that bounds from above the minimum degree of every subgraph of G.

We assume the following operations take constant time: accessing the i-th arc of
any node u € V, and checking if (&, v) is an arc of G for any pair (1, v). Our upper
bounds still hold if checking an arc takes time O(log n), which can be achieved via
binary search if we first sort the adjacency lists of G. The log n factor in our bounds
appears since we assume logarithmic access time for our dictionaries, each of which
holds O(n*) entries. This factor can be removed by using dictionaries with worst-
case O(1) access time (e.g., hash maps), at the price of obtaining probabilistic/amor-
tized bounds rather than deterministic ones.

Finally, we recall the tree decomposition and treewidth of a graph. For any two
nodes X, Y in a tree T, we denote by 7(X, Y) the unique path between X and Yin 7.

Definition 1 (see [13], Ch. 12.3) Given a graph G = (V, E), a tree decomposition
of Gis atree T = (Vy, E;) such that each node X € V; is a subset X C V, and that:?

L Uyey, X =V
2. forevery edge e = {u,v} € G there exists X € T such thatu,v € X
3. VX, X' . X" eV, ifXeTX ,X")thenX' nX" CX

The width of a tree decomposition 7 is t(T) = MaXyey, |X| — 1. The treewidth t(G)
of a graph G is the minimum of t(T') over all tree decompositions T of G.

1.3 Related work

As discussed above, the fastest algorithm known for computing ind(H, G) is the one
by Negetfil and Poljak [29] that runs in time O(n®!3 /7 ™4 ) where w is the matrix
multiplication exponent. With the current bound w < 2.373, this running time is
in O(n%7°%+2), Unfortunately, the algorithm is based on fast matrix multiplication,
which makes it oblivious to the sparsity of G.

Under certain assumptions on G, faster algorithms are known. If G has bounded
maximum degree, A = O(1), then we can compute ind(H, G) in time c* - O(n) for
some ¢ = c(A) via multivariate graph polynomials [30]. If G has treewidth t(G) < k,
and we are given a tree decomposition of G of such width, then we can compute
ind(H, G) in time 2°%1°200(n); see Lemma 18.4 of [27]. When G is planar, we
obtain an f(k) O(n) algorithm where fis exponential in k [15]. All these assumptions
are stronger than bounded degeneracy, and the techniques cannot be extended easily.
A more general class that captures all these cases is that of nowhere-dense graphs

2 Formally, we should define a tree together with a mapping between its nodes and the subsets of V.
However, the definition adopted here is sufficient for our purposes and lightens the notation.
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[28], for which there exist fixed-parameter-tractable subgraph counting algorithms
[22]. Nowhere dense graphs however do not include all bounded degeneracy graphs
or all graphs with bounded average degree.

Even assuming G has bounded degeneracy, algorithms faster than NeSetfil-Poljak
are known only when H belongs to special classes. The earliest result of this kind
is the classic algorithm by Chiba and Nishizeki [10] to list all k-cliques in time
O(d*"'n). Eppstein showed that one can list all maximal cliques in time O(d3%/?n)
[16] and all non-induced complete bipartite subgraphs in time O(d>2%*n) [14]. These
algorithms exploit the degeneracy ordering of G in a way similar to ours. In fact,
our techniques can be seen as a generalization of [10] that takes into account the
structure of H. We note that a fundamental limitation of [10, 14, 16] is that they list
all the copies of H, which for a generic H might be ®(r¥) even if G has bounded
degeneracy (for example if H is the independent set). In contrast, we list the copies
of subgraphs H, and combine them to infer the number of copies of H. To be more
precise, we list the homomorphisms of H, which is another difference we have with
[10, 14, 16] and a point we have in common with previous work [11].

Regarding our “dag tree decomposition”, it is inspired by the standard notion of
tree decomposition of a graph, and it yields a similar dynamic program. Yet, the
similarity between the two decompositions is rather superficial; indeed, our dag-
treewidth can be O(1) when the treewidth is Q(k), and vice versa. Our decompo-
sition is unrelated to the several notions of tree decomposition for directed graphs
already known [19]. Finally, our lower bounds are novel; no general lower bound in
terms of d and of the structure of H was available before.

1.4 Manuscript organisation

In Sect. 2 we build the intuition with a gentle introduction to our approach. In
Sect. 3 we give our dag tree decomposition and the dynamic program for counting
homomorphisms. In Sect. 4 we show how to compute good dag tree decomposi-
tions. Finally, in Sect. 5 we prove the lower bounds.

2 Exploiting degeneracy orientations

We build the intuition behind our approach, starting from the classic algorithm for
counting cliques by Chiba and Nishizeki [10]. The algorithm begins by orienting
G acyclically so that max g d,,(v) < d, which takes time O(IEl). With G oriented
acyclically, we take each v € G in turn, enumerate every subset of (k — 1) out-neigh-
bors of v, and check its edges. In this way we can explicitly find all k-cliques of G
in time O(k*d*~'n). Observe that the crucial fact here is that an acyclically oriented
clique has exactly one source, that is, a node with no incoming arcs. We would like
to extend this approach to an arbitrary pattern H. Since every copy of H in G appears
with exactly one acyclic orientation, we take every possible acyclic orientation P of
H, count the copies of P in G, and sum all the counts. Thus, the problem reduces to
counting the copies of an arbitrary dag P in our acyclic orientation of G.
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Fig. 1 Toy example: an acyclic
orientation P of H = C¢, decom-
posed into two pieces

Let us start in the naive way. Suppose P has s sources. Fix a directed spanning for-
est F' of P. This is a collection of s directed disjoint trees rooted at the sources of P
(arcs pointing away from the roots). Clearly, each copy of P in G contains a copy of
F. Hence, we can enumerate the copies of F in G, and for each one check if it is a
copy of P. To this end, first we enumerate the O(r*) possible s-tuples of V to which the
sources of P can be mapped. For each such s-uple, we enumerate the possible map-
pings of the remaining k — s nodes of the forest. This can be done in time O(d*~*) by a
straightforward extension of the out-neighbor listing algorithm above. Finally, for each
mapping we check if its nodes induce P in G, in time O(k?). The total running time is
O(k*d*=*n*). Unfortunately, if P is an independent set then s = k and the running time
is O(k*n*), so we have made no progress over the naive algorithm.

At this point we introduce our first idea. For reference we use the toy pattern P
in Fig. 1. Instead of enumerating the copies of P in G, we decompose P into two
pieces, P(1) and P(3, 5). Here, P(1) denotes the subgraph of P reachable from 1
(that is, the transitive closure of 1 in P). The same for P(3) and P(5), and we let
P(@3,5) = P(3) U P(5). Now we count the copies of P(1), and then the copies of
P(3, 5), hoping to combine the result in some way to obtain the count of P. To
simplify the task, we focus on counting homomorphisms rather than copies (see
below). Thus, we want to compute hom(P,G) by combining hom(P(1), G) and
hom(P(3,5), G).

Now, clearly, knowing hom(P(1), G) and hom(P(3, 5), G) is not sufficient to infer
hom(P, G). Thus, we need to solve a slightly more complex problem. For every pair
x,y € V(G), let ¢ : {2,6} —» V(G) be the map given by ¢(2) = x and ¢(6) =y. We
let hom(P, G, (x,y)) be the number of homomorphisms of P in G whose restriction
to {2,6} is ¢. By a counting argument one can immediately see that:

hom(P,G)= )’ hom(P,G,¢)
¢:{2,6}-V(G)

)

Thus, to compute hom(P, G) we only need to compute hom(P, G, ¢) for all possible
¢. Now, define hom(P(1), G, ¢) and hom(P(3,5), G, ¢) with the same meaning as
above. A crucial observation is that {2, 6}, the domain of ¢, is precisely the set of
nodes in P(1) N P(3,5). It is not difficult to see that this implies:

hom(P, G, ¢) = hom(P(1), G, ¢) - hom(P(3,5), G, ¢) )
Thus, now our goal is to compute hom(P(l),G,¢) and hom(P(3,5),G, ¢p)
for all ¢ :{2,6} > V(G). To this end, we list all ¢p,) @ P(1) > G with
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the technique above, and for each such ¢p,, we increment a counter associ-
ated to (¢p(1)(2), dp1)(6)) in a dictionary with default value 0. Thus, we obtain
hom(P(1), G, ¢) for all ¢ : {2,6} — V. Since P(1) has one source, we enumerate
O(k?>d*='n) maps. If the dictionary takes time O(logn) to access an entry, the total
running time is O(k’d*~'nlogn). The same technique applied to P(3, 5) yields a
running time of O(k>d*~2n* log n), since P(3, 5) has two sources. Finally, we apply
Eq. 1 by running over all entries in the first dictionary and retrieving the correspond-
ing value from the second dictionary. The total running time is O(k>d*"*n? log n),
while enumerating the homomorphisms of P would have required time O(k*d*=3n?).

Let us abstract the general approach from this toy example. We want to decom-
pose P into a set of pieces Py, P,, ... with the following properties: (i) Each piece
P; has a small number of sources s(P;), and (ii) we can obtain hom(P, G, ¢) by
combining the homomorphism counts of the P;. This is achieved by the dag tree
decomposition, which we introduce in Sect. 3. Like the tree decomposition for
undirected graphs, the dag tree decomposition leads to a dynamic program to
compute hom(P, G).

3 DAG tree decompositions

Let P = (Vp,Ap) be a directed acyclic graph. We denote by Sp, or simply S, the
set of nodes of P having no incoming arc. These are the sources of P. We denote
by Vp(u) the transitive closure of u in P, i.e. the set of nodes of P reachable from
u, and we let P(u) = P[Vp(u)] be the corresponding subgraph of P. For a subset of
sources B C S we let Vp(B) = U,3Vp(u) and P(B) = P[Vp(B)]. Thus, P(B) is the
subgraph of P induced by all nodes reachable from B. We call B a bag of sources.
We can now formally introduce our decomposition.

Definition 2 (Dag tree decomposition) Let P = (Vp,Ap) be a dag. A dag tree
decomposition (d.t.d.) of P is a (rooted) tree T = (I3, £) with the following properties:

1. each node B € Bis a bag of sources B C S,

2. UBeBB =Sp
3. forall B,B,,B, € T,if B€ T(B,,B,)then Vp(B,) N Vy(B,) C Vp(B)

One can see the similarity with the tree decomposition of an undirected graph
(Definition 1). However, our dag tree decomposition differs crucially in two
aspects. First, the bags are subsets of S rather than subsets of V. This is because
the time needed to list the homomorphisms between P(B;) and G is driven by n'Zil,
Second, the path-intersection property (3) concerns the pieces reachable from the
bags rather than the bags themselves. The reason is that, to combine the counts of
two pieces together, their intersection must form a separator in P (similarly to the
tree decomposition of an undirected graph). The dag tree decomposition induces
the following notions of width, used throughout the rest of the article.
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Fig.2 Left: a dag P formed by five pieces. Right: a dag tree decomposition 7 for P. Since z(T') = 1 and
the largest piece contains 4 nodes, we can compute hom(P, G) in time O(d>n log n)

Definition 3 The width of T is ©(T) = maxgp |B|. The dag treewidth ©(P) of P is
the minimum of z(T) over all dag tree decompositions 7T of P.

Clearly z(P) € {1,...,k} for any k-node dag P. Figure 2 shows a pattern P
together with a d.t.d. of width 1. We observe that 7(P) has no obvious relation to the
treewidth t(H) of H; see the discussion in Sect. 3.2.

3.1 Counting homomorphisms via dag tree decompositions

For any B € B let T(B) be the subtree of T rooted at B. We let I'[B] be the down-
closure of B in 7, that is, the union of all bags in 7(B). Consider P(I'[B]), the sub-
graph of P induced by the nodes reachable from I'[B] (note the difference with P(B),
which contains only the nodes reachable from B). We compute hom(P(I'[B]), G) in
a bottom-up fashion over all B, starting with the leaves of 7" and moving towards the
root. This is similar to the dynamic program given by the standard tree decomposi-
tion (see [18]).

As anticipated, we actually compute hom(P(I'[B]), ¢), the number of homomor-
phisms that extend a fixed mapping ¢. We need the following concept:

Definition 4 Let P, = (V ,Ap ), P, =(Vp,Ap) be two subgraphs of P, and let
¢, : P, = G and ¢, : P, —» G be two homomorphisms. We say ¢, and ¢, respect
each other if ¢, (1) = ¢,(u) for allu € Vp, NVp,.

Given some ¢, we denote by hom(P, G, ¢,) the number of homomorphisms from
P, to G that respect ¢,. We can now present our main algorithmic result.

Theorem 7 Let P be any k-node dag, andT = (B,€) be ad.t.d. for P. Fixany B€ B
as the root of T. There is a dynamic programming algorithm HomCount(P, T, B)
that in time O(|B|k*d*"Dn*Dlogn) computes hom(P(I'(B)), G, ¢p) for all
¢p : P(B) = G. This is also a bound on the time needed to compute hom(P, G).
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The proof of Theorem 7 is given in the next subsection. Before continuing, let
Jf7(k) be an upper bound on the time needed to compute a d.t.d. of minimum width
with at most 2* bags for a pattern on k nodes. We can show that such a d.t.d. always
exists:

Lemma 1 Any k-node dag P has a minimum-width d.t.d. on at most 2* bags.

Proof We show that, if a d.t.d. T = (B, £) has two bags containing exactly the same
sources, then one of the two bags can be removed. This implies that there exists a
minimum-width d.t.d. where every bag contains a distinct source set, which there-
fore has at most 2¢ bags. Suppose indeed T contains two bags X and X’ formed by
the same subset of sources. Let B be the neighbor of X on the unique path T(X, X").
Let T* = (B*,£") be the tree obtained from T by replacing the edge {B’,X} with
{B', B} for every neighbor B’ # B of X and then deleting X. Clearly |B*| = |B| — 1,
and properties (1) and (2) of Definition 2 are satisfied. Let us then check property
(3). Consider a generic path T7*(B,, B,) and look at the corresponding path T(B;, B,).
If T(B,, B,) does not contain edges that we deleted, then T*(B,, B,) = T(B,, B,).
In this case the property holds for any bag in 7%(B,, B,) since it holds in 7. Sup-
pose instead T(B,,B,) contains edges that we deleted. Then T*(B,,B,) contains
the same bags of T(B,, B,) save that X is replaced by B. Thus we only need to
check that Vp(B;) N Vp(B,) C Vp(B). By property (3), Vp(B)) N Vp(B,) C Vp(X).
Moreover, since by construction B € T(X,X’), property (3) also gives
Vp(X) = Vp(X) N Vp(X") C Vp(B). Thus V,p(B;) N Vp(B,) C Vp(B). Therefore T* is a
d.t.d. for P. O

Then, as an immediate corollary of Theorem 7, we have:

Theorem 8 Let P be any k-node dag, and T = (B, ) be a d.t.d. for P. We can com-
pute hom(P, G) in time f;(k) + O(k*2*d*=*Pn*® log n).

Theorem 8 will be used in Sect. 3.2 to prove the bounds for our original problem
of counting the copies of H via inclusion-exclusion arguments.

3.1.1 Proof of Theorem 7

The algorithm behind Theorem 7 is similar to the one for counting homomorphisms
using a tree decomposition. To start, we prove that our dag tree decomposition
enjoys a separator property similar to the one enjoyed by tree decompositions.

Lemma 2 Let T be a rooted d.t.d. and let B, ..., B, be the children of B in T. Then
foralli e [l]:

a. Vp(T[B;) N Vp(TIB;) C Vo(B) forall j # i

b. forany arc (u,u’) € P(TU[B)), ifu € Vp(T'[B;]) \ Vp(B) thenu’ € Vp(I'[B,])
c. foranyarc (W ,u) € P(T[B)), ifu € Vp(I'[B;]) \ Vp(B) then u’ € Vp(I'[B;])
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Proof We prove (a). Suppose for some i # j we have Vp(I'[B;]) N VP(F[B_,-]) € Vp(B).
So there exists some node u € Vp such that u € Vp(I'[B;]), u € VP(F[BJ-]), and
u & Vp(B). By definition of I'[-], this implies u € VP(B;) and u € VP(BJ’,) for some
bags B € T(B;) and BJ’. € T(B)). Observe however that B € T(B/, B]f). Thus, by point
(3) of Definition 2, we have u € Vp(B). This contradicts the third inclusion,
u & Vu(B).

Now we prove (b) and (c). For (b), since u € V,(I'[B;]) and (u,u’) € P, then
u' € Vp(I'[B;]) too. For (c), suppose by contradiction u’ & Vp(I'[B;]). Therefore,
either u’ € Vp(B), oru’ € VP(B;) for some B; € ['[B;] with j # i. In both cases how-
ever we have u € Vp(B): in the first case this holds since u is reachable from u’ , and
in the second case since B € T(Bi,B]’.) and by point (3) of Definition 2. Thus in any
case u € Vp(B), which contradicts again u & V,(B). O

Lemma 2 says that Vp(B) is a separator for the sub-patterns
PT[B;]) in P. This allows us to compute hom(P(I'[B])) by combining
hom(P(I'[B, 1)), ... ,hom(P(I'[B,])).

Next, we show that each homomorphism ¢ of P(I'[B]) is the juxtaposition
(definition below) of some homomorphism ¢, of B and some homomorphisms
¢, ....¢, of I'[B,], ..., T'[B,], provided they respect ¢5. This establishes a bijec-
tion, implying that we can count the homomorphisms ¢ by multiplying the counts
of the homomorphisms ¢z, ¢, ..., @,

Definition 5 Let {¢,,...,¢,} be any set of homomorphisms, where for all
i=1,...,72 we have ¢, : X; —» G and ¢, respects d)j forall j=1,...,7. The juxta-
position of ¢y, ..., ¢,, denoted by ¢, ... ¢,, is the homomorphism ¢ : UlilXi -G
such that ¢(u) = ¢;(u) whenever u € X,.

Note that the juxtaposition is always well-defined and unique, since the ¢,
respect each other and the image of every u is determined by at least one among

TN P

Lemma 3 Let T be a d.t.d. and let By, ..., B, be the children of B in T. Fix any
¢p : PB) > G. Let O(¢pp)={¢ : PI'[B]) » G| ¢prespects ¢z}, and for
i=1,....,1let D(¢pp) ={¢ : PA[B;]) = G| ¢ respects ¢pg}. Then there is a bijec-
tion between @ (¢pg) and @, (¢pg) X ... X D, (pp), and therefore:

[
hom(P(I'[B]), G, ¢p) = H hom(P(I'(B;]), G, ¢p) 3)

i=1

Proof First, we show there is an injection between ®@(¢) and @, () X ... X D,(¢bp).
Fix any ¢ € ®(¢p), and consider the tuple (¢, ..., ¢;) where each ¢; is the restric-
tion of ¢ to P(I'[B;]). Note that ¢, is unique, and that it respects ¢ since ¢ does.
Thus ¢; € D,(¢p). It follows that (¢,,...,¢;) € P (¢p) X ... X D)(¢pp). Now we
show there is an injection between @,(¢p) X ... X D,(¢pp) and P(¢p). Consider
any tuple (¢y,...,¢) € D(¢dp) X ... X P)(¢pg), and consider the juxtaposition
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¢=¢pp,...¢. Then ¢ : PA'[B]) > G and ¢ respects ¢y It follows that
@ € D(¢p). O

Last, we bound the cost of enumerating the homomorphisms of a piece of P.

Lemma 4 Given any B C S, the set of homomorphisms ® = {¢ : P(B) — G} has
size O(d*"B'nlB1Y and can be enumerated in time O(k*d*~181n!Bl),

Proof We prove the bound on the enumeration time; the proof gives immediately
also the bound on |®|. Let B = {u,...,u,} where b = |B|. Fix a spanning for-
est{T,,...,T,} of P(B), where each T; = (V,A;) is a directed tree rooted at u; (arcs
pointing away from the root). Consider any ¢ € @, and let ¢, be its restriction to V.
Clearly, ¢ = ¢, ... ¢,,. Note that ¢, is a homomorphism of 7; in G. Thus, to enumer-
ate @ we can enumerate each possible tuples (¢, ..., ¢,) where ¢; is a homomor-
phism of 7; in G for all i. Note that not all such tuples give a valid juxtaposition
that is a homomorphism ¢ € ®. However, we can check if ¢ € ® in time O(k?) by
checking the arcs between the vertices of G in the image of ¢.

Let then @ be the set of homomorphisms of 7; in G. We show how to enumer-
ate CIDT in time O(d!ViI='n), and thus all tuples (¢, ..., ¢,) € ®; X ... X @ in time
H 0(dV1='n) = O(d**n"). Together with the check on the arcs, thls gives a total
runmng time of O(k*d*~"n’) for enumerating ®, as desired. To enumerate O, we
take each v € G and enumerate all ¢; € ®; such that ¢,;(s;) = v. To this end note
that, once we have fixed ¢;(x), for each arc (x,y) € T; we have at most d choices for
@(y). Thus we can enumerate all ¢); € <I)T that map s, to v in time d!Vil=1. The total
time to enumerate ®;. is therefore O(d Vil=13), as clalmed O

We can now describe our dynamic programming algorithm, HomCount, to
compute hom(P(I'[B]), G). Given a d.t.d. T of P, the algorithm goes bottom-up
from the leaves of T towards the root, combining the counts using Lemma 3. For
readability, we write the algorithm in a recursive fashion. We prove:
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Algorithm 1 HomCount(P, T, B)
1: Cp = empty dictionary with default value 0

2: if B is a leaf then > base case
3: for every homomorphism ¢ : P(B) — G do

4: CB(¢3) =1

5: else

6: let By,...,B; be the children of Bin T

7 fori=1,...,/do

8: Cp; = HomCount(P, T, B;) > recurse on the subtree of T rooted at B;
9: AGGp, = empty dictionary with default value 0

10: for every key ¢ in Cp, do > we aggregate the values of C
11: let ¢, be the restriction of ¢ to Vp(B) NVp(I'[B;])
12: AGGg;(¢r) +=Cp,(9)
13: for every homomorphism ¢ : P(B) — G do > Lemma 3 in action
14: fori=1,...,l let ¢; be the restriction of ¢ to Vp(B) NVp(I'[B;])
15: Cs(9) =TT;- AGGp, (91)

16: return Cp

Lemma 5 Let P be any dag, T = (B, E) any d.t.d. for P, and B any element of B.
HomCount(P, T, B) in time O(|B| poly (k)d*=""n*") log n) returns a dictionary Cy
that for all ¢y : P(B) — G satisfies Cy(¢pg) = hom(P(I'[B]), G, ¢p).

Proof We first prove the correctness, by induction on the nodes of 7. The base
case is when B is a leaf of T. In this case P(B) = P(I'[B]), and the algorithm sets
Cy(¢pp) =1 for each ¢z : P(B) = G. Therefore Cgz(¢pp) = hom(P(I'[B]), G, ¢p)
as desired. The inductive case is when B is an internal node of 7. As inductive
hypothesis we assume that, for every child B; of B, the dictionary C computed at
line 8 satisfies Cp(P) = hom(P(I'[B;]), G, ¢) for every ¢ : P(B;) = G. Let Dprip))
be the set of homomorphisms from P(I'[B;]) to G, and let @prip,)(P) be the sub-
set of elements of @z, that respect ¢. Thus, the inductive hypothesis says that
Cy(#) = |®pys (@) for every ¢ : P(B) = G.
Now consider the loop at lines 10—12. We claim that, after that loop, we have:

AGGy(p)= ), Cy(@) = PR NC))
¢inCp, ¢ : P(B)—>G
¢ respects ¢, ¢ respects ¢,
= > |¢’p<r[3[])(¢)| = |‘I’P<F[B[]>(¢r)
¢ : P(B)—G
¢ respects ¢,

“

The first equality holds since the loop adds CBI_(¢) to AGGBi((j),) if and only if the
restriction of ¢ to Vp(B) N Vp(I'[B;]) is ¢,., that is, if and only if ¢ respects ¢,. The
second equality holds since the keys of Cp are a subset of {¢ : P(B;) > G} and
Cp () =01if ¢ is not in Cpy. The third equality holds by the inductive hypothe-
sis above. The fourth equality holds since the sets @pz)(¢p) form a partition of
Ppriz(@r)-
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Finally, consider the loop at lines 13—15. We claim that line 15 sets:

1 1
Co(#) = [T |®raisn@| = [T|@rcis@®)| = homPTiBY. G.9)  (5)
i=1 i=1

The first equality holds by coupling line 15 and Eq. (4). The second equality holds
since any element of ®p 5, respects ¢ if and only if it respects its restriction ¢; to
Vp(B) N Vp(I'[B;]), thus @ pqp ) (¢;) = Ppryp,p) (). The last equality holds by defini-
tion of @p 5 1y (¢;) and by Lemma 3. This proves the correctness.

Let us turn to the running time. For each dictionary C we let |Cl be the number
of distinct keys in C. Recall that reading or writing an entry in our dictionary takes
time O( poly (k) log n). We split the running time as follows:

(i) the cost of the base case (lines 2—4). Since the loop has |Cp| iterations, and
each one costs O( poly (k) log n), this cost is in O( poly (k)| Cy| log n).
(i1) the cost of the iteration at lines 7-12, performed by the parent of B in T, where
the considered child is B, excluding obviously the cost of the recursive call at
line 8. Similarly to (i), this cost is bounded by O(poly (k)|Cy| log n).
(iii) the same as (ii), but for the loop at lines 13—15. This cost is in
O(poly (k)| Cg | log n) where B’ is the parent of B in T.

We charge B with every cost among (i), (ii), (iii) that applies (this depends on
whether B is the root, a leaf, or an internal node of 7). It is easy to check that the sum
of all charged costs accounts for the total running time of HomCount(P, T, B) when
B is the root of 7. Now, by Lemma 4, for every B € BB we have |Cy| = O(a@*~1BInlBl),
which is in O(@*~*Dn*™) by definition of 7(T). Thus each one of the three costs
above is in O(poly (k)d**"n*™ log n). Summing over B € B yields the claimed
bound. O

3.2 Inclusion-exclusion arguments and the dag-treewidth of undirected graphs

We turn to computing hom(H, G), sub(H, G) and ind(H, G). We do so via standard
inclusion-exclusion arguments, using our algorithm for computing hom(P, G) as a
primitive. To this end we shall define appropriate notions of width for undirected
pattern graphs. Let Z(H) be the set of all dags P that can be obtained by orienting
H acyclically. Let ©(H) be the set of all equivalence relations on V, (that is, all the
partitions of V), and for 0 € ®(H) let H/0 be the pattern obtained from H by iden-
tifying equivalent nodes according to # and removing loops and multiple edges. Let
D(H) be the set of all supergraphs of H on the node set V,, including H.

Definition 6 The dag treewidth of H is ©(H) = 7;(H), where:
7,(H) = max{z(P) : P € S(H)} (6)
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,(H) = max{z,(H/0) : 6 € O(H)} %)

ty(H) = max{z,(H') : H' € D(H)} ®)

Note that z(H) is unrelated to the treewidth t(H). For example, when H is a clique
we have t(H) = k and 7(H) = 1; when H is the independent set we have t(H) = 1 and
7(H) = ©(k), see Lemma 14; and when H is an expander we have t(H), 7(H) € O(k),
see again Lemma 14. In fact, (H) is within constant factors of the independence
number a(H) of H (see Sect. 4.4), and thus decreases as H becomes denser. This
happens because adding arcs increases the number of nodes reachable from the
sources of P € X(H), so we may need fewer sources to reach a given piece of P.
When H is a clique, P is reachable from just one source and thus 7(H) = 1.

Clearly, 7,(H) < 7,(H) < 7(H). The intuition behind z,(H) is that, in G, each
homomorphism of H corresponds to a homomorphism of some acyclic orientation
P of H. Thus to compute hom(H, G) we sum hom(P, G) over all orientation P of H,
and the running time is dominated by the P with largest treewidth. The intuition
behind 7,(H) is similar but now we look at computing sub(H, G). Since homomor-
phisms can map different nodes of H to the same node of G, to recover sub(H, G)
we must combine hom(H’, G) for all possible H' = H /8 through inclusion-exclusion
arguments. The intuition behind 7;(H) is that to compute ind(H, G) we must remove
from sub(H, G) the counts of sub(H’, G) for certain supergraphs H' of H. Indeed, the
three measures 7, (H), 7,(H), 7(H) yield:

Theorem 9 Consider any k-node pattern graph H = (Vy, Ey), and let fr(k) be an
upper bound on the time needed to compute a d.t.d. of minimum width on 20025
bags for any k-node dag. Then one can compute:

— hom(H, G) in time 20%1°20 . O(f, (k) + d*=1H) p71 ) Jog n),
— sub(H, G) in time 2°%1°20) . O(f.(k) + d*~"Hp=t) Jog n),
— ind(H, G) in time 29" . O(f (k) + d*~*Hp7 ™ Jog n).

The claim still holds if we replace t,,t,, T with upper bounds, and f;(k) with the
time needed to compute a d.t.d. on 2°%1°¢0 pags that satisfies those upper bounds.
Proof We prove the three bounds in three separated steps. The last claim follows
straightforwardly.

From dags to undirected patterns. Let H be any undirected pattern. First, note
that:

hom(H,G) = ) hom(P, G)
PEX(H)

9

Let indeed ®(H) = {¢ : H — G} be the set of homomorphisms from H to G. Simi-
larly, for any P € X(H) define ®(P) = {¢p : P — G} (note that ¢p, must preserve the
direction of the arcs). Then, there is a bijection between ®(H) and Upgy, P(P). Con-
sider indeed any ¢p € ®(H). Let o be the orientation of H that assigns to {u,v} € Ej,
the orientation of {¢(u), ¢(v)} in G, and let P = H_. Then ¢ is a homomorphism of
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P in G. On the other hand consider any homomorphism ¢ € ®(P) for some acyclic
orientation P of H. By ignoring the orientation of the edges, ¢ € ®(H), too.

Thus, to compute hom(H,G) we compute hom(P,G) for all P € X(H) and
apply Eq. 9. Clearly, enumerating |X(H)| takes time O(k!) = 20%1¢h  For
each P, by Lemma 1 in time f;(k) we compute a d.t.d. T = (B,€) of width
7(P) such that |B| < 2. Then, by Lemma 5 we compute hom(P,G) in time
0% poly (k)d“*®Pn*® logn). Thus, we can compute every hom(P,G) in time
O(fr(k) + 200 gk=*P)p(P) 1og ). Multiplying by 2°*1°¢h) gives the first bound of the
theorem.

From homomorphisms to non-induced copies Recall that H/0 is the graph
obtained from H by identifying the nodes in the same equivalence class and remov-
ing loops and multiple edges, where § € ®(H) is an equivalence relation (or parti-
tion) over V. Then, by Equation 15 of [3]:

inj(H, G) = Z u(0)hom(H/6, G) (10)
0€O(H)

where u(0) = HAee(_l)lAl_](|A| — 1)!, where A runs over the equivalence classes
(the sets) in 6. Thus, to compute inj(H, G), we enumerate all 6 € ©(H), compute
hom(H /6, G), and apply Eq. 10. It is known that |@| = 2°*"b (see e.g. [2]), and
clearly for each 6 we can compute 1(6) and H /6 in O(poly (k)). Thus, the first bound
of the theorem holds for computing inj(H,G) too. Finally, we compute
sub(H, G) = % where aut(H) is the number of automorphisms of H, which can
be computed in time 20(VkInk) [26]. This proves the second bound of the theorem.

From non-induced to induced. Finally, let D(H) be the set of all supergraphs of H
on the same node set. Then from Equation 14 of [3]:

ind(H,G) = Z(-l)'EH'\EH' inj(H', G)
H'eD(H)

(1)

To compute ind(H, G), we take every H' € D(H), compute inj(H’, G), and apply
Eq. 11. Since |D(H)| < 2% the third bound of the theorem follows. |

The algorithmic part of our work is complete. We shall now focus on comput-
ing good dag tree decompositions, so to instantiate Theorem 9 and obtain the upper
bounds of Sect. 1.1.

4 Computing good dag tree decompositions

In this section we show how to compute dag tree decompositions of low width. First,
we show that for every k-node dag P we can compute in time 2°® a dag tree decom-
position T that satisfies 7(T) < Lf] + 2. This result requires a nontrivial proof. As a
corollary, we prove Theorems 1 and 2. Second, we give improved bounds for cliques
minus € edges; as a corollary, we prove Theorem 3. Third, we give improved bounds
for complete multipartite graphs plus € edges; as a corollary, we prove Theorem 4.
Finally, we show that Q(a(H)) < 7(H) < a(H) where a(H) is the independence
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Fig.3 Left: a dag P. Right: its skeleton A(P) (sources S above, joints J below)

number of H, which is of independent interest. This implies that the trivial decom-
position on one bag has width that is asymptotically optimal, since in any orienta-
tion of H, the set of sources is an independent set.

To proceed, we need some additional notation. For a dag P, we say v € V, is a
Jjoint if it is reachable from at least two sources, i.e., if v € Vp(u) N Vp(u') for some
u,u’ € S with u # /. Let J be the set of joints of P. We write J(u) for the set of
joints reachable from u, and for any X C V, we let J(X) = U,cxJ(u). Similarly, we
denote by S(y) the sources from which y is reachable, and we let S(X) = U, cxS(u).

4.1 A bound for all patterns
This subsection is devoted to prove:

Theorem 10 For any dag P = (Vp,Ap), in time O(1.7549%) we can compute a dag
tree decomposition T = (B, &) with ©(T) < min([i], [%J) + 2 and |B| = O(k), where
k=|Vpland e = |Ap|.

By combining Theorem 10 with Definition 6 and Theorem 9, we obtain as a cor-
ollary Theorem 1. The proof of Theorem 10 is divided in four steps, as follows. First
(step 1), we remove the “easy” pieces of P; this can break P into several connected
components, and we show that their d.t.d.’s can be composed into a d.t.d. for P.
Next, we show that if the i-th component has k; nodes, then it admits a d.t.d. of width
Z[ + 2. This requires to “peel” the component to remove its tree-like parts (step 2)
and decomposing the remainder using a reduction to standard tree decompositions
(step 3). Finally, we wrap up our results and conclude the proof (step 4).

Throughout the proof, the relevant structure of P is encoded by a graph that we
call the skeleton of P, defined as follows.

Definition 7 The skeleton of a dag P = (Vp, Ap) is the bipartite dag A(P) = (V,, E,)
whereV, =SuJand E, C SXJ, and (4,v) € E, if and only if v € J(u).

Figure 3 gives an example. Note that A(P) does not contain nodes that are neither
sources nor joints, as they are irrelevant to the d.t.d.. Note also that computing A(P)
takes time O( poly (k)).

Let us now delve into the proof. For any node x, we denote by d, the current
degree of x in the skeleton.

Step 1: Greedy bag construction Set B® =@ and let A(O) = (V/(\O),Ef\())) =A.
Set j = 0 and proceed iteratively as follows, recalling that V/(\’) = S(/() U JX). For any
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source ue S(/) let V(’)(u) be the transitive closure of u in A?. If there exists a source
ue S such that |V/%’ (u)l > 4, then let Bi*+D = BD U {u}, and let AY*D be obtained
from A(/) by removing V )(w) from V(’ Repeat the procedure until |V(’)(u)| < 3 for
all u. Suppose the procedure stops at j = j*, producing the subset B* = BU") and the
residual skeleton A* = AU = (Vi E%).

Lemma 6 |B*| < min (AL, L) where k = |Vp|and e = |Ap|.

Proof For the first term of the min(), note that at each step we remove at least 4
nodes from A% and add .one node to BY”. Hence 4|B*| < |V, \ Vi| <k— |V},
which implies |B*| < —=2-. For the second term of the min(), we show that the
set of nodes V/(\’) (u) removed at step j identifies at least 4 unique arcs of P. To this
end, consider the sub-pattern P¥) = P\ P(BY) containing all nodes not reachable
from BY. Note that AY is the skeleton of PY. Indeed, if v € J? then v is not reach-
able from any source in BY, since otherwise v would have been removed before
step j. Thus, at step j we are removing at least 3 joint nodes of PY(u). Therefore,
PY(u) contains at least three arcs pointing to its joints. In addition, by definition,
the joints of P¥(u) must be reachable from some node in P% \ PY(u). Thus there
is an arc from PY \ P?(u) to a node of P¥(u), and this node is therefore a joint
itself. Thus, P¥ contains at least 4 arcs pointing to the joints of PY(u). Since the
joints of P (u) are then removed, from PY, these arcs are counted only once. Hence

e > 4|B*| + |E;), and |B*| < T, 0

Now, if B* = S, then T = ({B*},0) is a d.t.d. of P whose width is 7(T) = |B*|. By
Lemma 6, |B*| < min(f, i), so Theorem 10 is proven.

If instead B* C S, then A* has £ > 1 nonempty connected components. For each
i=1,...,0 let A; =(S;UJ;, E,) be the i-th component of A*. Let P* = P\ P(B*),
and let P; = P*(S;). Then, A, is the skeleton of P;; this follows from the same argu-
ment used in the proof of Lemma 6. We shall now see that we can obtain a d.t.d. for
P by arranging the d.t.d.’s of the P; into a tree, and adding B* to all bags.

Lemma 7 Foreachi=1,...,¢0 letT, = (B,,&;) be a d.t.d. of P;. Consider the tree
T obtained as follows. The root of T is the bag B*, and the subtrees below B* are
T,,...,T, where each bag B € T, has been replaced by BU B*. Then T = (B, &) is a
d.td. ofP with 7(T) < |B*| + max_, _,7(T;) and|B| =1+ Zl 1Bl

Proof The claims on 7(T) and |B| are straightforward. Let us check that
T is a d.td. of P, via Definition 2. Property (1) is immediate. For prop-
erty (2), note that UBes = S; because T; is by hypothesis a d.t.d. of A;. Thus
Upep = B* U (Uf S;)=Sp. We turn to property (3). Choose any two bags
B’ UB* and B”UB* of 7, where B’ € T; and B" € T; for some i,j € {1,...,¢},
and any bag BUB* € T(B' UB*,B"” U B*). Suppose first i =j; thus by con-
struction B € T(B',B”). Since T, is a d.t.d., then J,(B)nJ,(B") C J,(B), and
in T this implies Vp(B'UB*)NVp(B” UB*) C Vo(BUB*). Suppose instead
i#j. Thus Ji(S)NJ(S) = ¢ and this means that J(S,)N J(S;) € J(BY).
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Fig.4 Above: example of a skeleton component A;. Below: the core A; obtained from A; after peeling
(left), and its encoding as C; (right)

But Vp(B) N Vp(B)) € J(S)NJ(S) and J(B*) C Vp(B¥), thus
Vp(B) N Vp(B)) € Vp(B*). Tt follows that for every bag BUB* of T we have
Vp(B; UB*) N Vp(B; U B*) C Vp(BU BY). O

Step 2: Peeling A;. We now remove the tree-like parts of A;. These include, for
instance, sources that have only one reachable joint. For each such source, we create
a dedicated bag which becomes the child of another bag that reaches the same joint.
This removes a source without i 1ncreasrng the width of the decomposition.

The construction is recurswe Let P = P, and A(O) (S(O) U J(O) E(O)) = A;. Set
Jj =0. For any node x € A , We denote by d(’) its degree in A(’) We will show that
the tree T returned by our recursive construction is a d.t.d. for P(O) P,

The base case is |S | = 1. In this case we set T(’) = ({S(’)} Q)) Clearly, T(’)

a d.t.d. for P(’) of wrdth 1 and we are done. Suppose 1nstead |S | > 1. Recall that
d(’) <2 for all ue S(’) Consider the first one of these three cases that applies (if
none of them does, then we stop):

1. Jue S(i) d(’) = 1. Then choose any such u, and we choose any u’ € S(’) \ {u}
wrth J(’ )N J(’)(u’) # 0.

2. J (u) J(’)(u ) for some u, v’ € S(’) with u # . Then, choose any such u, u'.

3. Jv €J; 14 d(’ = 1. Then choose any such v, let u be the unique source such that
v E J(’)(u) and let ' # u be any source with J(’)(u) N J(’)(u ) # @

Then, we define Tl(i) recursively as follows. Let Pl(iﬂ) P, (S(’) \ {u}), and let A(’H)
be the skeleton graph obtained from A(’ by removing u and (for the third case) 'the
node v € J (u) that is reachable only from u. We invoke the procedure recursively
on A; G+l Suppose the recursive procedure returns a d.t.d. T(’H) of P(’H) Then,
T(’Jr ' must contain a bag B’ such that ' € B'. Create the bag B {u} set itasa
child of B’ in T(’Jr1> and let the resulting tree be T .Letus check that T isad.t.d.
for P(’) Propertres (1) and (2) of Definition 2 are obv1ously satisfied. For property
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(3), since B, is a leaf, we only need to check that J(’)(B )n J(’)(B”) C J(’)(B’) for
all B” € T(’Sl and all B’ S T(’)(BM,B” ). To this end note that, by the choice of u
and i/, for any u” € S \ {u,u'} we have J(’)(u) n J(’)(u”) C J(’)(u’) We repeat the
entire procedure unt11 we reach the base case, or unt11 |Sf’)| > 1 and none of the
three cases above holds, in which case we move to the next phase.

Before continuing, we make sure that the procedure above is well defined; we
must guarantee that, in each of the three cases, the node «’ exists. One can see that
u' exists whenever |S(’)| > 1 (which is true by hypothesis) and A is connected.
To see that A is connected note that if this was not the case then in some
step h < j we removed a source u with d(”) =2 such that no other source u' has
J(h)( )= J(h)(u’ ). However, this cannot happen by construction of the procedure

Step 3 Decomposing the core Suppose the peeling phase stops at j =j*. Let
P! —P andA (STUJLE) =A; . We say P is the core of P;; this is the
part that determines the dag treewrdth Now, since A} violates all three condi-
tions of the peeling step, we have d’ = 2 for every source u and d; > 2 for every
joint v. Thus A} can be encoded as a simple graph. Formally, let C; = (V. E¢)
where Ve =] and Ec = {e, tu €S}, where e, = J:(u) for eachu € §;. To ease
the dlscussmn for the edges we use u and e, 1nterchangeably Figure 4 gives an
example. Note that A? is the skeleton of P, since S’ are the sources of P; and
the degree bound above implies that each v € J, is reachable from at least two
sources of P. In what follows we let k; = [S7 U JI| = |[E¢ | + |V |-

We use C; to compute a good d.t.d. T = (B, &) of P; via tree decompositions.
First, we show that four our purposes it is sufﬁc1ent to ﬁnd a d.t.d. of width at most

|"+3

Lemma81fr(P)< ‘+3thenr(P)< +2.

Proof First, suppose that |V | < 4. Since all nodes of C; have degree at least 2, then
C; contains a 4-cycle, and thus an edge cover B of size 2. We then build 7, by
setting B as root, and B, = {u} for every u € E, \B°°V as child of B, This is
clearly a d.t.d. for P of wrdth 2< 4’ + 2, and thus T(P ) <k + 2.

Suppose instead that Vel =5 Note that |E | > |Vc | by construction of C;. One

can check that these conditions imply 20’ + —‘ > 1, which in turn gives:
|Ec,| |Ec.| + Vel k;
Py — +3< — L 42=-"42 12
o) S~ +3 s —g - (12
concluding the proof. O
Therefore, we compute a d.t.d. of width at most —- l ¢l + 3. We do this in two steps.

Lemma 9 In time O(1. 7549"!  one can compute a tree decomposition D = (V, Ep)
Jor C; with treewidth at most — + 2 and O(k;) bags.
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Proof By Theorem 2 of [24], the treewidth of a graph G = (V, E) is at most Isﬂ + 2.
By Theorems 5.23-5.24 of [18], we can compute a minimum-width tree decomposi-
tion of an n-node graph in time O(1.7549"). By Lemma 5.16 of [18], in time O(n)
we can transform such a decomposition into one that contains at most 4n bags, leav-
ing its width unchanged. Therefore, in time O(1.7549%) we can build a tree decom-
position D for C; with O(k;) bags that satisfies t(D) < % + 2. O

Lemma 10 Let D = (Vy, Ep)be a tree decomposition of C;.In time poly (k)we can
build a d.t.d. T; = (B;,E )for Plsuch that ©(T;) < (D) + land |B;| = O(|Vpp| + k).

Proof To simplify the notation let us write 7, 55, £ in place of Ti‘,Bi',Sl.'. We first
show how to build the tree 7. The tedious part is proving it is a valid d.t.d. for P;.

The intuition is that D covers the edges of C;, which correspond to the sources of
P;. This gives a way to “convert” the bags of D into bags for 7. For every v € V.
choose an arbitrary incident edge u, = {v,z} € E. Replace each bag Y € D by
B(Y)={u,:veY}, and forevery u € S[ \ UyepB(Y), choose abag B(Y) : J(u) CY,
and set the bag B, = {u} as child of B(Y). Let T be the resulting tree. To see that the
construction is well-defined, note that, by point (2) of Definition 1, for any u € Ec,
there exists some Y € D such that u = {x,y} C Y. Therefore assigning B, as child of
some B(Y) with u C Y is licit. Now, 7(T") < t(D) + 1 follows immediately by the facts
that|B(Y)| < |Y|forallY € D and that|B,| = 1for each of the bags B, above, and by
Definitions 1 and 2 . The bound |B;| = O(|Vp| + k;) holds since T contains a bag for
each bag of D, plus at most one bag for each node in S, and |S;'| < k;.

Let us then check that 7'is a d.t.d. for P; via Definition 2. Clearly, 7'is a tree and
satisfies property (1). For property (2), let E¢. (D) = UypB(Y). Observe that by con-
struction UgerB = E¢ (D) U (UueEq \EC[(D)BM). The right-hand expression is Ec..

It remains to check property (3). First, if we have set B, as child of By then by
construction J(B,) € J(By). Thus we can ignore any such B, and focus on the
remaining bags of T, proving that every B,B’,B” such that B € T(B’, B") satisfy
J(B'YNJ(B") C J(B). Let Y, Y, Y" the three bags of D from which the construction
produced respectively B, B’, B”. Observe that B € T(B’, B"”) implies Y € D(Y',Y").
Now suppose that, by contradiction, there exists v € J(B')nJ(B") such that
v & J(B). Note that, by construction, we must have put some u’ with e, = {v,z’}
in B’ and some u” with e,, = {v,Z’} in B”, for some 7',7” € V.. Moreover,
Yn{v,Z} #@and Y n {v,7"’} # @, else we could not have v’ € B’ and u” € B".
Finally, bear in mind that v ¢ Y and u’, " € B, otherwise v € J(B), contradicting
the hypothesis. Now we consider three cases. We use repeatedly properties (2) and
(3) of Definition 1.

Caselve Y nY"”. Thenv € Y, a contradiction.

Case 2 ve Y and v ¢ Y". Then 7’ € Y and «”’ with e, = {v,7"} is the edge
chosen to cover z”, else we would not put u”” € By,. Moreover there must be ¥ € D
such that e, = {v,7""} C ¥. For the sake of the proof root D at Y, so Y’ and Y”’
are in distinct subtrees. If ¥ and Y” are in the same subtree then Y € D(Y’, ), but
veY' nY and thus v € ¥, a contradiction. Otherwise ¥ € D(Y”,¥), and since
7' €Y' nYthenz” €Y and then u” € B(Y), a contradiction.
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Case 3ve¢Y and v Y”. Then 7 €Y', 77 € Y”, and «/,u" are the sources
chosen to cover respectively z’,z”. Moreover there must be ¥,¥” € D such that
ey, =1{v.z } c ¥ and e, ={v,7"} C ¥’. Root again D at Y. If Y € D(Y, ¥’) then
sincev € ¥ n ¥’ it holds v € Y, a contradiction. Otherwise ¥, ¥’ are in the same sub-
tree of D. If the subtree is the same as Y”, then Y € D(Y’,¥), but z € Y’ n ¥ and
thus 7 € Y and thus «’ € B(Y), a contradiction. Otherwise we have Y € D(Y", ¥);
butz” € Y n¥,thusz” € Y and u”’ € B(Y), again a contradiction. O

Combining Lemma 8§, Lemma 9, and Lemma 10, we obtain:

Lemma 11 In time 0(1 7549% poly (k;)) we can compute a d.t.d. T =(B.£) for
P! such that (T") < [ | +2and|B;| = Ok).

With Lemma 11, we are almost done. It remains to wrap all our bounds
together.

Step 4: Assembling the tree Recall the sub-patterns P; obtained after the greedy
bag construction (step 1). Let T; = (3;,&;) be the d.t.d. for P; as returned by the
recursive peeling and the core decomposition. Since the peehng phase only adds
bags of size 1, then 7(T;) = 7(T;). Therefore, by Lemma 9, #(T}) < [ L]+ 2.
Moreover, since each bag added in the peeling phase corresponds to a unlque
source, then |B;| = O(k; + |V(P,)|) = O(|V(P))]).

Let now T = (B, &) be the d.t.d. for P obtained by assembling the trees T, ..., T,
as in Lemma 7. By Lemma 7 itself, 7(T) < |B*| + max,_; . 7(T}), thus:

k.
< |B* L
(=B + i=nll,?.).(,f l4J +2 (13)

Now, by Lemma 6 we know that P(B*) has at least 4|B*| nodes and
4|B*| arcs. Similarly, smce each A; has at least k; nodes and k; arcs, then
P\ P(B*) has at least Z nodes and Z k; arcs. Then =(T) < [ |+2
and T(T) < [4J +2, o) o(T) < mln(L 1, L D+2. Moreover
Bl =1+ Zl Bl = O(Z _, [V(P)D) = OK). Flnally, by Lemma 9 the time to
build T; is O(1.7549% poly (k;)), since the peeling phase clearly takes time poly (k;).
The total time to build 7 is therefore O(1.7549% poly (k)). This concludes the proof
of Theorem 10.

4.2 Bounds for quasi-cliques (Theorem 3)

Lemma 12 [f a k-node dag P has (;‘) — € edges, then in time O(poly (k)) one can
compute a d.t.d. T for P on two bags such that ©(T) < [1/2 + 1/¢/2].

Proof The source set S of P is an independent set. Hence ¢ > (lil), and
S| <1+ \/_ Consider any tree T on two bags B,;,B, such that B, UB, =S,
|B;| = |IS|/2], and |B,| = [|S|/2]. It is immediate to check that T satisfies the
claim. O
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By coupling Lemma 12 and Theorem 9, for computm[g \/n(H,]G) d sub(H, G)
we obtain a running time bound of 20*logh . o(d* logn) For
ind(H, G), we refine the bound of Theorem 9 by pbs\?‘_vmrg that HD(H)| < 2¢. This
yields a running time bound of 20+klogb) . O(g* > "logn). This con-
cludes the proof of Theorem 3.

4.3 Bounds for quasi-multipartite graphs (Theorem 4)

Lemma 13 If H is a complete multipartite graph, then v,(H) = 1. If H is a com-
plete multipartite graph plus € edges, then t,(H) < L | + 2. In either case, for any
0 € O(H), for any acyclic orientation P of H/0 we can compute in time 2°® a d.t.d.
of P on O(k) bags whose width satisfies the bounds above.

Proof First, suppose H = (Vy, Ey) is complete multipartite, so V; = V,L U...uvy
where each qu is a maximal independent set in H. In any acyclic orientation P of H,
the source set S satisfies S C V;, for some j € {1, ...,k }. Moreover, Vp(u) = Vp(u')
for any u,u’ € S. A d.t.d. T for P of width z(T) = 1 is the tree on IS| bags with one
source per bag, which can be computed in time O( poly (k)).

Suppose now we add e arcs to P, with any orientation; this means H is a complete
multipartite graph plus € edges. Again we have S C V2, but now for some u,u’ € S
we might have V(1) # Vp(u'), so the d.t.d above might not be valid anymore. Let
P, = P[V/ ] and consider any d.t.d. T for P;. We argue that T'is a valid d.t.d. for P as
well Flrst the source set of P; is same of P (that is, §). Thus, since T satisfies prop-
erties (1) and (2) of Deﬁnltlon 2 for P;, then it does so for P, too. For property (3),
note that every node v € VH \ V’ is reachable from every u € S. Thus, all bags B of
T satisfy Vp(B) = (Vg \ V2 ) U (VP(B) nv ) As a consequence, for any three bags
B,B,,B,, if VP B)n VP (Bz) C VP (B) then Vp(B;) N Vp(B,) C Vp(B). Thus T satis-
fies property (3) and is a d.t.d. for P. Therefore, any d.t.d. for P; is a d.t.d. for P.
Now, since P; has at most e edges, by Theorem 10 in time 2°%) we can compute a
d.t.d. for it of width at most | 4J + 2 on O(k) bags.

Consider now any § € O(H). For any v € V,;, we denote by 6(v) the node of H/0
corresponding to v, and for any x € H/0 we let ~'(x) = {u € V}; : 0(u) = 0(x)} be
the set of nodes of H identified in x. Let P be any acyclic orientation of H /6. Since
the sources S of P form an independent set, then U, 6~ (x) C V, for some j. More-
over, for any node x of P, if v € 0~ (x) for some v € V;[ with i # j then x reachable
from every node in S. Therefore, if we let Vi, = Useyl 6(v) and P; = P[Vi,], the argu-

ments above apply and we obtain the same bound. O

By coupling Lemma 13 and Theorem 9, when H is complete multipartite, for com-
puting hom(H, G) and sub(H, G) we obtain a time bound of 2°0%1°¢b . O(g*~15 log n).
Similarly, when H is complete multipartite plus e edges, we obtain a time bound of
20Wklogh) . o(d*~Li1=2L31=2 1og n). This proves Theorem 4.
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4.4 Independence number and dag treewidth
Recall that a(H) is the independence number of H. We show:
Lemma 14 Any k-node graph H satisfies Q(a(H)) < t(H) < a(H).

Proof For the upper bound, note that a(H’/6) < a(H) for any H' € D(H) and any
6 € ©(H’). Moreover, in any acyclic orientation P of H' /@ the sources form an inde-
pendent set. Thus 7(P) < a(H). The bound follows by Definition 6.

For the lower bound, we exhibit a pattern H' obtained by adding edges to H such
that 7(P) = Q(a(H)) for all its acyclic orientations P. Let I C V; be an independent
set of H with |I| = Q(a(H)) and |I| mod 5 = 0. We add edges to /, so as to obtain the
1-subdivision of an expander. Partition [ into I;, Iy where |I;| = %ll | and |I§| = %l[ |
Consider a 3-regular expander £ = (I}, E;) of linear treewidth #(&) = Q(|/,]). It is
well known that such expanders exist (see e.g. Proposition 1 and Theorem 5 of
[21]). Note that |E¢| = %lljl = |[|. For each edge {u,v} € E¢, we choose a dis-
tinct node in g, denoted by e, and we add to H the edges {¢,,, u} and {e¢,,, v}. Let
H' be the resulting pattern. Observe that H'[I] is the 1-subdivision of £, and that
#&) = Q(a(H)) since |I;| = Q(a(H)).

Let now P = (Vp,Ap) be any acyclic orientation of H' where I C S, where Sp
are the sources of P. Such an orientation exists since I is an independent set in H'.
Let T be any d.t.d. of P. We show that 7(T") > %(t(é’) + 1) = Q(a(H)), which implies
7(P) = Q(a(H)) and therefore the thesis 7(H) = Q(a(H)). To this end, consider the
tree D obtained from 7 by replacing each bag of sources B with the bag of nodes
J(B) N 1;. We claim that D is a tree decomposition of £ of width at most 2z(7) — 1.
Let us start by checking the properties of Definition 1.

Property (1) By point (2) of Definition 2, the d.t.d. T satisfies UgrB = Sp.
Therefore, by construction of D, we have Uycp X = Upr(J(B)N ;) =1,

Property (2) Let {v,w} be any edge of £ where we recall that {v,w} C I,. By
construction of H’, there exists u € I such that J(u) = {v,w}in P. Since T'is a d.t.d.,
it satisfies point (2) of Definition 2, hence u € B for some B € T. By construction of
D this implies there is some bag X € D such that X = J(u) = {v,w}.

Property (3) Fix any three bags X;, X,, X5 € D such that X; € D(X,, X;). By con-
struction, X; = J(B))NI;, X, =J(B,)NI;, X5 =J(B;) NI, for some B|,B,,B; €T
such that B, € T(B,, B;). Consider any v € X, N X5; we need to show that v € X.
By construction of D, we have v € X, NX;=J(B,)NJ(B;)NI;. Thus, there
exist u € B, and «’ € By such that v € J(u)nI; and v € J(u') N I,. However, since
B, € T(B,,B;), point (3) of Definition 1 implies J(u) N J(u') C J(B,). Therefore,
v € J(B,) as well. Moreover v € I;, and thus v € J(B)) nI;. But J(B)) nI; = X|, so
veX.

Hence, D is a tree decomposition of £. Finally, note that any bag X € D by con-
struction satisfies |X| = |J(B) N I;| < 2|B| since any source u € B has at most 2 arcs
towards /;. Then by Definition 1 and Definition 3 we have t(£) < 27(P) — 1, that is,
7(P) > %(t(é’) + 1), as claimed. O
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5 Lower bounds

We prove Theorem 6, in a more technical form. Note that, since 7(H) = O(a(H)) by
Lemma 14, the bound still holds if one replaces 7(H) by a(H). The proof uses the
following result:

Theorem 11 ([12], Theorem 1.2) The following problems are #W[1}-hard and,
assuming ETH, cannot be solved in time f(k) - n®*/1¢® for any computable func-
tion f: counting (directed) paths or cycles of length k, and counting edge-colorful or
uncolored k-matchings in bipartite graphs.

Let us now state the lower bound.

Theorem 12 Choose any function a : N — N such that a(k) € [1,k] for all k € N
. There exists an infinite family H of patterns such that (1) for all H € Hwe have
T(H) = O(a(|V(H)|)),and (2) if there exists an algorithm that for all H € Hcom-
putes ind(H, G)or sub(H, G)in time f(d, k) - n®@=H)/logact)) \where d is the degen-
eracy of G, then ETH fails.

Proof We reduce counting cycles in an arbitrary graph to counting a gadget pattern
on k nodes and dag treewidth O(a(k)) in a d-degenerate graph.

First, fix a function d : N — N such that d(k) € Q(%). Now consider a simple

cycle on k;, > 3 nodes and any arbitrarily large k > 3. Our gadget pattern on k nodes
is the following. For each edge e = uv of the cycle create a clique C, on d(k) — 1
nodes; delete e and connect both u and v to every node of C,. The resulting pattern H

has k = k;d(k) nodes. Let us prove that 7(H) < k;; since ky, = % € O(a(k)), this

implies 7(H) = O(a(k)) as desired. Consider again the generic edge e = uv. In any
acyclic orientation P of H, the set C, U u induces a clique, and thus can contain at
most one source. Applying the argument to all e shows that [S(P)| < ky, hence
7(P) < ky. This holds also if we add edges and/or identify nodes of P, hence
T(H) < k.

Now consider a simple graph G, on r, nodes and m edges. We replace each edge
of G as described above, which takes time O(poly (n,)). The resulting graph G has
n=my(d—-1)+ny, = O(dn(z)) nodes and degeneracy d. Every kj-cycle of G is uni-
vocally associated to a copy of H in G (note that every non-induced copy of H in G
is induced too). Suppose we have an algorithm that computes ind(H, G) or sub(H, G)
in time f(d,k)-not/loer)  Since 7(H) < ky, n= 0(dny), k =f,(d.ky), and
d = f,(ky), for some functions f;,f,, then the running is time f(k,) - (15)°*o/1o2ko),
Invoking Theorem 11 concludes the proof. O
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6 Conclusions

We have shown how, by introducing a novel tree-like decomposition for directed
acyclic graphs, one can improve on the decades-old state-of-the-art subgraph count-
ing algorithms when the host graph is sufficiently sparse. This decomposition seems
to capture the structure of the problem, and may therefore be of independent interest.

We leave open the (important) problem of finding a tight characterization of the
class of patterns that are fixed-parameter tractable with respect to homomorphism,
subgraph, and induced subgraph counting, when the complexity is parameterized by
the degeneracy of the host graph. Our results represent one step, outlining properties
(the boundedness of our notions of width) that are sufficient, but maybe not neces-
sary. Indeed, our lower bounds only give evidence that such properties are necessary
for counting induced or non-induced occurrences, and only for some classes of pat-
terns. Finding a complete characterization, and therefore establishing a class pattern
dichotomy for all three problems, would be an exciting development.
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