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Abstract: We report on the possibility of realizing adiabatic compression
of polaritonic wave on a metallic conical nano-structure through an oscillat-
ing electric potential (quasi dynamic regime). By comparing this result with
an electromagnetic wave excitation, we were able to relate the classical
lighting-rod effect to adiabatic compression. Furthermore, we show that
while the magnetic contribution plays a marginal role in the formation of
adiabatic compression, it provides a blue shift in the spectral region. In
particular, magnetic permeability can be used as a free parameter for tuning
the polaritonic resonances. The peculiar form of adiabatic compression is
instead dictated by both the source and the metal permittivity. The analysis
is performed by starting from a simple electrostatic system to end with
the complete electromagnetic one through intermediate situations such as
the quasi-electrostatic and quasi-dynamic regimes. Each configuration is
defined by a particular set of equations which allows to clearly determine
the individual role played by the electric and magnetic contribution in the
generation of adiabatic compression. We notice that these findings can be
applied for the realization of a THz nano-metric generator.
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1. Introduction

Adiabatic compression is the phenomenon describing the increase of the electric field asso-
ciated to a reduction of both the phase and group velocity of a polaritonic wave when it ap-
proaches the tip-end of a metallic conical structure [1]. The electrostatic counterpart of this
phenomenon, the lighting rod effect, takes its physical origin from the equipotential condition
of a conductor surface and thus charge densities need to grow more in tapered regions gen-
erating high electric fields in the surrounding medium [2]. High intensity electric field in a
small region of space becomes crucial to trigger several physical phenomena [3–11] and it can
be exploited for the design of Raman sensor-based applications [12–18] which may consider
elongated nanosized structures [19–24]. Surface Plasmon Polaritons (SPPs) have been utilized
as a mechanism to concentrate energy in small regions [1, 25–30] and to spatially separate the
far-field source from the excited region [31, 32]. In particular, high signal-to-noise ratio can
be achieved when metallic conical nano-devices exploit adiabatic compression. Here we ex-
plain the role of electrostatic (constant electric potential, ES), quasi-electrostatic (slowly -few
THz- oscillating electric potential, QES) and quasi-dynamic (oscillating electric potential, QD)
electric fields in the realization of resonances on nano-sized metallic conical structures, and
we compare their effects with the electromagnetic (EM) case which has been proved to create
adiabatic compression [1]. We will demonstrate that this optical phenomenon can be obtained
also under QD conditions, whose limit to low frequency is represented by the QES condition
(ES for zero frequency). In particular, we will show the relation between the two phenomena
lighting-rod effect and adiabatic compression. Furthermore, we will extrapolate the main cause
of adiabatic compression: electric field distribution and permittivity. In fact, we will show that
the magnetic contribution does not play any role in the formation of adiabatic compression [31],
however it is responsible for the resonance position in the spectral range. This characteristics
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can play an interesting role for engineering polaritonic resonances of metallic nano-cones in
QD regime. To be noted that for all the four cases, the frequency range is below the plasma
frequency of the conical metallic structure (for silver, ωp = 2172 THz ∼ 138 nm [33]).

2. Theoretical background

Plasmons are collective electronic oscillations which can be induced in metallic-like dispersive
materials. Depending on the type of excitation, coupling conditions and geometry we can refer
either to bulk plasmons, surface plasmons (SPs) or localized plasmons (LPs). In particular, bulk
plasmons are longitudinal oscillations triggerable at the plasma frequency of the bulk material,
which for noble metals usually lies in the UV region (e.g., the plasma wavelength of gold is
137.5 nm). However, since the transverse characteristic of electromagnetic waves, bulk plas-
mons cannot be optically excited [34]. SPs are electromagnetic waves propagating along the
interface between a dielectric and a conductor, evanescently decaying in both media. They can
be optically excited provided that the source is TM polarized and under proper coupling condi-
tions which guarantee the conservation of both the energy and the wave vector. Finally, LPs are
non-propagating waves which can be induced in metallic nanostructures. In particular, they are
characterized by the oscillation of surface electrons which are resonant at certain frequencies,
hence leading to an electric near-field enhancement.

For simple geometries such as nano-spheres, the resonant condition can be retrieved analyt-
ically by solving the Mie scattering problem [2]. When are instead considered more elongated
and complex geometries such as cylinders or cones, the problem of finding the resonant condi-
tions can have different approaches. In these cases, SPs and LPs can be correlated: in fact LPs
can be seen as the final results of SPs propagating back and forth along the structure while expe-
riencing self interference. For example, Barnard et al. in [24] show how a Fabry-Prot resonator
model can predict resonances in nano-strip antennas. In the particular case of a conical struc-
ture, SPs properties do not depend solely on the source frequency which intrinsically sets the
value of the dispersive medium dielectric permittivity. In fact, the SPs propagation is correlated
to the effective refractive index of the structure which, for a tapered geometry, is coordinate
dependent. Considering a surface plasmon propagating from the base of a nano-cone up to its
apex, its associated wavelength would undergo a progressive shrinking ought to the increase of
the effective refractive index of the medium which, in turn, is associated to the decreasing of the
section of the cone [35]. This results implies a decreasing of the wave group velocity, namely
SPs progressively slow down and concentrate in a narrow region where the electric field may
be enhanced even of some orders of magnitude. Overall, this process can be termed as adiabatic
compression.

3. Modeling

We start by considering a silver cone interacting with a plane wave linearly polarized along
the cone axis with an electric field amplitude of 1 V/m. All the calculations were performed
by using either Comsol Multiphysics package or Mathematica software. Comsol is a simula-
tion software based on finite element analysis; the minimum mesh size for the electromagnetic
simulations was set to 1 nm to reproduce the apex features of the conical structure. Given the
geometry of the problem (inset in Fig. 1) we expect the electrons in the metal to oscillate mainly
in the z direction. In such circumstances their motion strongly depends on the frequency of the
incident wave. The parameter which describes the medium optical response is the permittivity
which can be expressed, according to the Drude-Lorentz model, with a combination of oscilla-
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tors [33]:

εr = 1− Ω2
p

ω(ω − iΓ0)
+

m

∑
j=1

f jω2
p

(ω2
j −ω2)+ iωΓ j

(1)

where ωp is the metal plasma frequency, m stands for the number of oscillators with lifetime
1/Γ j, strength f j and frequency ω j. Ωp =

√
f0ωp is the modified plasma frequency that in-

cludes the oscillator strength f0. It should be noted that εr can be written in terms of the com-
plex conductivity σ(ω), namely εr = 1+σ(ω)/iωε0, expression which will return useful in
the discussion of the QD case [36]. Finally, in the present theory, no spatial dispersion was
taken into account [26, 37].

In Fig. 1 it is shown the norm of the electric field |E|= (E2
x +E2

y +E2
z )

1/2 for a wide range
of frequencies (from 4 THz to 600 THz or 75 μm to 500 nm). The cone is 2.5 μm long with
150 nm base radius. The tip-end is defined by a 5 nm radius of curvature. The values are taken
on the cone axis 5 nm off its apex when the plane wave is traveling in the x direction. We chose
to evaluate the field intensity in this position since it is close to the sharp tip-end where we
expect the free charges of the metal to accumulate [38]. We notice the first peak at around 51
THz (5878 nm). Increasing the frequency several other peaks occur, corresponding to higher
order resonances. This behavior is similar to the response of a metallic cylinder with the main
difference in the node distribution [20]. In fact, while in a cylinder the inter-node distance is
constant, in a cone, ought to its geometrical properties, the inter-node distance tends to shrink
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Fig. 1. Spectrum of the norm of the electric field calculated on the cone axis 5 nm off the
tip-end. The strongest peak, corresponding to the fundamental dipole mode, is found at
5878 nm (∼ 51 THz). No peaks are found for lower frequencies. The figure shows also the
sketch of the the illumination method together with the x-component of the electric field
for three frequencies: 10 THz, 93 THz and 147 THz. For each of them the nodal planes are
indicated by dashed lines.
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approaching the tip apex. Furthermore, an overall shift of the nodes toward the tip apex is
observed by increasing the excitation frequency. In particular, in the IR/visible range, these
features are known to be related to the generation of SPPs on the cone surface which undergo
adiabatic compression. The position of the resonances is dependent on both the aspect ratio [39]
of the cone and on the apex angle. The three mode profiles in Fig. 1 confirm the previous
description. For completeness, it should be noted that when moving from any dip in the electric
field profile to the next peak at higher frequency (positive derivative of the norm of the electric
field), only a slight shift of the existent nodes toward the tip apex is observed, however no new
nodes appear in the mode distribution. For example, when moving from the mode distribution
at 10 THz to 51 THz (not shown), only a slight shift in the position of the single node toward
the tip apex is observed.

4. ES, QES, EM: a face to face comparison

At very low frequency, such as 10 THz (30 μm), the source wavelength is much bigger than
the dimensions of the cone, which allows the use of the quasi-static approximation, where the
device does not experience any retardation effect [35]. Therefore, low-frequency (QES) and
static (ES) regimes are expected to converge in terms of charges response and corresponding
electric field. Figure 2 shows the profile of the electric field norm calculated on a line along the
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Fig. 2. E-field norm calculated along a line from the base to the apex of the cone. The
line is 1 nm above the cone surface (in the dielectric). Three situations are considered: (a)
equipotential condition on the cone is assumed (ES case); (b) slowly oscillating field (10
THz) characterized by strongly negative permittivity ε =−17000 (QES case); (c) electro-
magnetic source with λ = 30 μm (EM case). For the three cases the field amplitude is set
at 1 V/m. A common zero is found at ∼ 950 nm from the base. (a), (b) and (c) are the
corresponding E-field plots on the xz plane.

cone surface and extending from its base (r = 0 nm) to the apex (r ∼ 2500 nm). The calculation
was performed for three different situations: (a) the cone is inserted inside a capacitor whose
plates are perpendicular to the cone axis (see sketch in Fig. 2). The applied potential is set
such that the static electric field between the plates is fixed at 1 V/m. It is assumed to have
the cone in equipotential state, namely the oscillation frequency of the field is set equal to zero
(ES case); (b) same configuration as in (a) with the assumption of a slowly oscillating electric
field. The oscillating frequency of the capacitor is chosen to be 10 THz which corresponds to a
strongly negative permittivity ε =−17000 for the silver (QES); (c) an electromagnetic radiation
with λ = 30 μm (red dotted line in Fig. 1) impinges on the cone along x direction. The field
amplitude is 1 V/m (EM case). The results demonstrate that for all three configurations the
electric field norms show the same behavior: the field undergoes a local enhancement ought to
the sharp edges at the cone basis, reaches a zero at around 950 nm from the base, grows up to its
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maximum at the tip end and, finally, it sharply decreases just outside the metal. This description
is confirmed by the plots in Figs. 2(a)-2(c) where dipole-like field patterns calculated in the xz
plane passing through the axis of the cone are shown. As foreseen, the field patterns in the three
cases are the same with the only difference that the case (a) does not show any field inside the
metal ought to the equipotential assumption.

We shall now specify what was calculated in the three previously considered cases. In both
the ES and QES cases (Figs. 2(a) and 2(b), respectively), electrostatic equations (no magnetic
contribution) are solved: ⎧

⎨

⎩

�D = ε0εr�E
∇ ·�D = ρ
�E =−∇V

(2)

In particular, for the ES case, the electric permittivity ε is calculated only for the surrounding
medium (sm) while the cone is set in equipotential state. On the other hand, for the QES case,
the quantity ε is defined for the complete simulation domain (cone and surrounding medium).
In fact, even though permittivities are derived to describe the interaction between matter and
EM waves (which includes both the electric and magnetic contributions) through the Drude-
Lorentz model, a low frequency wave is physically similar to a static electric field by simply
taking a very low negative value for the cone permittivity (at ω = 10 THz, ε =−17000). As we
have seen, this work-around gives reliable results (Fig. 2(b)), even though it is not as physically
rigorous as the ES case. Finally, for the EM case (Fig. 2(c)), the Helmholtz equation is solved:
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∇×μ−1
r (∇×�E)− k2

0εr�E = 0 (3)
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where the relative magnetic permeability μr has been set to 1 both for the cone and for the
surrounding medium.

5. The QD approximation

The next step is to consider an electric potential oscillating between the capacitor plates (QD
case). Differently by the QES case, no slowly oscillating field assumption is made, however,
similarly to the QES case, no magnetic contributions are considered (μcone = μsm ≡ 0). In this
situation the calculated equations include the possibility of electric currents:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

�D = ε0εr�E
∇ ·�D = ρ
�E =−∇V

∇ · �J+ ∂ρ
∂ t = 0

�J = iω�D = σ(ω)E + ε0
∂E
∂ t

(4)

Figure 3 shows the electric field dependence from the source wavelength for the QD case. As in
Fig. 1, the field is calculated 5 nm off the tip-end along the cone axis. Interestingly, the spectrum
shows a behavior recalling the trend of Fig. 1, with a number of resonant peaks all associated
to a specific light mode. In particular, the insets in the figure are associated to three different
modes calculated at 10 THz, 213 THz (second peak) and 296 THz (third peak). Clearly, by
increasing the frequency, the number of nodes in the field amplitude goes from one to three.
This is the same behavior seen in Fig. 1. However, a blue-shift exists between the two spectra.
In fact, the fundamental mode for the QD case is centered around 150 THz, hence about 100
THz blue-shifted with respect to the EM case (51 THz). Furthermore, the electric field for the
QD configuration results to be roughly one order of magnitude higher than in the corresponding
EM case. We anticipate that this effect can be explained in terms of magnetic field contribution.
Indeed, for the QD case, only the electric field contribution was considered.

6. QD vs. EM

Turning again our attention toward the EM case, it has been proved the possibility to create
SPPs along a metallic cone also by means of linearly polarized light [40, 41]. Figure 4 com-
pares the electric field distribution for the seventh resonant peak of the EM (315 THz) and QD
(528 THz) cases. This peak was chosen inasmuch it shows a sufficient number of nodal planes
to qualitatively represent the adiabatic compression. Interestingly, not only EM but also the QD
case shows the typical adiabatic compression behavior. In fact, as previously suggested, the
magnetic field plays little role in the definition of the polaritonic field, hence adiabatic com-
pression is shown also by the QD case. This result agrees with the electromechanical definition
of plasmonic energy [42]. The frequency shift between the 7th peak in the EM and QD cases
is consequence of the different permeability μ . In fact, while the QD case is defined by μ = 0,
the EM case in Fig. 1 is characterized by μsm = μcone = 1. Figure 5 shows the existence of
saturation frequencies, characteristic already described for metallic nanostructures in relation
with the size scalability [39, 43, 44]. This phenomenon basically sets a limit in the use of plas-
monic structures and metamaterials in the optical range. Here we find that the same saturation
can also be directly related to the media magnetic response. In the zero limit of both μsm and
μcone, the EM frequency would overlap the QD case, as shown in Fig. 5. Obviously the counter
behavior is also expected: the inclusion of the magnetic contribute into the QD case would
return a response equal to the EM case. In Fig. 5 are also shown the resonance shifts when
only μsm is changed, while μcone = 1. Clearly, a blue-shift is observed by decreasing μsm. Many
interesting points can be explained by looking at both Fig. 4 and Fig. 5. First of all, an increase
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of the frequency leads to a decrease of the field amplitude. This is explained by the dipole re-
sponse shown by the mode at the tip apex. In fact, it can be demonstrated that the electric field
generated by a dipole shows an amplitude decrease by increasing the frequency. Furthermore,
choosing a specific resonance, the QD case shows a field amplitude much higher than the EM
case. Figure 5 demonstrates how this behavior is related to the value of the magnetic permeabil-
ity. In fact, a decrease of the relative permeability leads to an increase of the field amplitude.
This response is explained by considering the simple model of an oscillating electric dipole: i)
the relation between the electric field E and both the electric scalar potential V and the magnetic
vector potential �A; ii) the magnetic vector potential for an oscillating dipole:

{
�E =−�∇V − ∂�A

∂ t
�A = μ

4π
�̇p
r

(5)

where r is the spatial coordinate and �p is the dipole momentum. By solving the system, it is
found that for metallic structures an increase of μ implies a decrease of the electric field.

Finally, in Fig. 4 we also observe different positions for the nodal planes of the electric field
between QD and EM case. In particular, the EM case shows zeros shifted toward the cone base.
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Fig. 4. x-component of the electric field for a) EM case; b) QD case. For both cases the
seventh order peak was considered, corresponding to 315 THz and 528 THz for EM and
QD case, respectively (see bottom plots, Fig. 1 (left) and 3 (right)). Adiabatic compres-
sion (shrinkage of λe f f ) is clearly shown through the red/blue scale indicating the nodes
positions. c) Radial mode calculated 5 nm off the cone apex.
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This is related to the previous arguments of lower field for higher μ . In fact, considering the
overall power conservation, at lower field values must be associated higher effective wavelength
λe f f hence determining a node shift toward the tip base for the EM case when compared to the
QD case.
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Fig. 5. Norm of the electric field calculated at 5 nm off the tip apex by changing the relative
magnetic permeability μsm (μcone = 1 unless otherwise specified). The curve with μsm = 1
corresponds to Fig. 1. By decreasing μsm a blue-shift is observed. The QD case is also plot-
ted for comparison with the EM zero limit of both μsm and μcone resulting in a overlapping
of the two curves. The first two saturation frequency orders are shown by the two vertical
dotted lines. The ordinate is in log scale.

These observations can now be exploited in order to relate the lighting rod effect and adi-
abatic compression. In fact, while the former is usually associated to the ES case (or QD at
low frequencies), the latter is historically associated to a EM radiation in the visible/IR range.
In reality, as seen in Fig. 4 and Fig. 5, this division is purely arbitrary. Both phenomena can
be shown by QD and EM case, depending on the frequency (i.e., ω → 0: lighting rod effect;
ω > 0: adiabatic compression).

7. Conclusion

In conclusion, we have studied the interaction of static, quasi-static, quasi-dynamics and elec-
tromagnetic fields with a metallic silver nano-structure with the purpose of investigating the
generation of adiabatic compression. It was found that adiabatic compression does not strictly
require any electromagnetic radiation to be generated, in fact also quasi-dynamics fields can
provide an adiabatic compression behavior. This result can lead to a future development of
highly efficient energy concentrators, such as metallic conical tips, working on electrical exci-
tation (for example by means of tunneling electrons [45]) instead of laser systems. In fact, we
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have demonstrated that only the electric contribution is responsible for adiabatic compression,
while the magnetic part is associated to both the resonance position and the field intensity. This
last aspect might be considered for tuning the resonance of conical structures by acting on the
magnetic permeability μ .
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