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Glasses and disordered materials are known to display anomalous features in the den-

sity of states, in the specific heat and in thermal transport. Nevertheless, in recent

years, the question whether these properties are really anomalous (and peculiar of dis-
ordered systems) or rather more universal than previously thought, has emerged. New

experimental and theoretical observations have questioned the origin of the boson peak

(BP) and the linear in T specific heat exclusively from disorder and Two-Level Systems
(TLS). The same properties have been indeed observed in ordered or minimally disor-
dered compounds and in incommensurate structures for which the standard explanations
are not applicable. Using the formal analogy between phason modes (e.g. in quasicrystals

and incommensurate lattices) and diffusons, and between amplitude modes and optical

phonons, we suggest the existence of a more universal physics behind these properties.
In particular, we strengthen the idea that linear in T specific heat is linked to low energy

diffusive modes resulting from fundamental symmetries, and that a BP excess can be

induced in crystals either by gapped optical-like modes and/or by anharmonic diffusive
(Akhiezer) damping.
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Introduction

Anomalous low-temperature thermal properties play a big role in the mysterious

nature of the glassy state – which is considered ”perhaps the deepest and most

interesting unsolved problem in solid state theory”. On one side, glasses exhibit a

linear in temperature contribution to the non-electronic specific heat 56 at low T ;

from the other, together with various disordered materials, they display a charac-
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teristic excess in the vibrational density of states (VDOS) – the boson peak (BP) –

which violates the standard result from Debye theory, i.e. C(T ) ∼ T 3 56,49,12,45.

The most (and probably only) accepted theory to explain the linear in T con-

tribution relies on so-called two-level states (TLS) 40,2,41, while many theoretical

explanations for the BP anomaly have been proposed 46,54,13 over the past decades.

Importantly, all these theoretical frameworks rely strongly on disorder in various

forms and on the existence of new low energy degrees of freedom, the exact physical

nature of which has remained somewhat mysterious 33.

In addition to this questionable confidence and theoretical confusion, the

“anomalous” nature of glassy features in solids is in deep crisis 43. This is be-

cause the same allegedly “anomalous” features have been systematically observed

in non-disordered systems, atomic and molecular cryocrystals 53,26,35 and in qua-

sicrystals/incommensurate structures 44.

Not only these features appear to be quite universal rather than anomalous, and

not limited to glasses, but the chase for the universal physics or unifying principles

behind these phenomena is completely open. In particular, neither disorder nor Two

Level Systems (TLS) can be the ultimate causes of these phenomena since obviously

no disorder and no TLS can be found in ordered crystals and in quasicrystals.

Recently, the idea that these allegedly “anomalous” features can actually be

induced by different physical mechanisms has gained strength, supported by ex-

perimental observations 53,26,35,44 and first principles theoretical analyses. Robust

theoretical frameworks, which fit harmoniously with several experimental data 6 and

observations 53,26,35,44, have proven that a BP anomaly in crystals can be induced

by overdamped low-energy modes and (Akhiezer-type) anharmonicity 10,16 and also

by the piling up of softly gapped optical-like modes 9,3. Moreover, it has been shown

in Ref.8 that low-energy diffusive excitations produce a linear in T contribution to

the specific heat, in agreement with the results from random matrix theory 5.

In this article, we provide more evidence for the case by considering the low-

temperature thermal properties of quasicrystals and incommensurate structures.

Both anomalous features (BP and linear in T specific heat) have been experimen-

tally observed in quasicrystals 44. Phenomenological models have been constructed

and pinpoint as the origin of these anomalies the dynamics of the phason and am-

plitude modes 14,15. Here, we show that everything can be explained in a universal,

simple and elegant way using first principles ideas about the underlying symmetries.

The quasicrystal case provides another direct proof against the anomalous nature

of glasses and substantial evidence towards the idea that disorder and TLS cannot
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be the universal causes behind these phenomena. The key of universality simply

lies in the formal nature (i.e. mathematical dispersion relations) of the low-energy

excitations from which the (no longer) “anomalous” features can be analytically

derived.

Quasicrystals

Quasicrystals are crystalline structures possessing long range orientational order but

lacking full translational periodicity 52,30,21,27. Differently from glasses or amorphous

systems, they display sharp Bragg peaks easily observable with X-ray diffraction.

We refer to 31,51,24,47,32 for a more extensive literature. The simplest examples are

Penrose tilings and incommensurate structures. From a theoretical point of view,

the best way to describe them is by using an extra-dimensional superspace formal-

ism based on the mathematical fact that any aperiodic structure in d dimensions

is equivalent to a periodic one in a D > d manifold cut at an irrational angle α
28. In other words, to describe the crystalline structure of aperiodic crystals one

needs a number of independent wave-vectors D larger than the real spacetime di-

mensions d. This extra dynamics can be attributed to the so-called phason mode
20,29,50,19,11,55,57. In the superspace formalism the phason simply corresponds to the

internal shifts of the cut within the extra-dimensional manifold.

As a concrete case, let us focus on the dynamics of a modulated structure whose

density is described as:

ρ(r) = ρ0 + R cos (k r + φ(r)) (1)

where k is the wave-vector of the substrate periodic lattice (e.g. the ionic lattice)

and φ the phase of the modulation. Two possible excitations are possible:

ρ(r) = ρ0 + (R+ δR(r)) cos (k r + φ(r) + δφ(r)) (2)

where δR corresponds to the fluctuation of the amplitude – amplitudon – and δφ

to that of the phase – phason, (see Fig.1 for a visual representation). We refer to 39

for a review of the role of these two types of excitation in condensed matter.

The crucial point is that, because of the lack of periodicity, there is an extra hy-

drodynamic (≡ massless) mode, the phason. Even more importantly, in the limit

of small wave-vectors, its dispersion relation is diffusive, as confirmed by several

experimental checks 25,22. Using a standard hydrodynamic formalism 34, the low

energy dynamics of the phason is given by the dynamical equation:

∂tQφ + γQφ = −∂F
∂φ

, (3)

where φ is the phason shift, Qφ the conjugate momentum and F the free energy

that now depends both on the phonon and phason shifts (see Ref.34 for details).
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The parameter γ is the phason damping and the r.h.s. of the equation above is re-

sponsible for the propagative contribution in terms of the new phason (generalized)

elastic moduli. Eq.(3) has exactly the same dynamics that one would find in a simple

linear Maxwell model for viscoelasticity. Not surprisingly, the phason shows a k-gap

crossover, which is postulated also for transverse phonons in liquids 7a. The phason

damping is due to the fact that phason shifts are symmetries of the free energy but

they do not commute with the Hamiltonian 57. Technically, they are symmetries

with no associated Noether current 4; physically, phason shifts cost energy because

they correspond to atomic jumps and flips of the aperiodic structure (in analogy to

atomic re-arrangements in liquids).

All in all, the solution of (3) can be written as

ω2 + i ω γ = v2 k2 + . . . , (4)

which, for small momenta, predicts a diffusive behaviour

ω = − iD k2 + . . . ; D = v2/γ . (5)

The same result can be obtained from Frenkel-Kontorova models upon introducing a

dissipative coefficient for relative motion between the two incommensurate superim-

posed lattices 17. At larger momenta, the phason recovers the standard propagative

behaviour 57, and can be thought of simply as an additional sound mode. On the

contrary, the amplitudon is not a hydrodynamic gapless mode but rather a massive

gapped excitation with dispersion relation:

ω2 = ω2
0 + v2 k2 + . . . (6)

In a sense, amplitudons can be thought of as additional optical-like phonon modes

with the subtle difference that optical phonons do not have a clear interpretation in

terms of spontaneous symmetry breaking (SSB)b. The amplitude mode is usually

aNotice the difference with an attenuated sound mode following ω2 + iΓω k2 = v2k2.
bUnless the optical-like phonons come from the interaction of layered structures 37 (in this context
they are usually called pseudo-acoustic modes 23).

phason

amplitudon

Figure 1. The two types of excitations in incommensurate structures. The phason, a shift in the
phase of the modulated structure and the amplitudon, a variation in its amplitude.
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labelled as a “Higgs mode”, in analogy to the Higgs particle, and its massive na-

ture comes entirely from the SSB mechanism (e.g. amplitudons in superconducting

transitions 48).

k
Im(ω)

k

Re(ω)

phason amplitudon

Figure 2. The low-energy dispersion relation of the phason and amplitudon excitations. The

phason is a diffusive mode. The amplitudon is a gapped mode.

Specific heat

Interestingly, a robust linear in T contribution to the low-temperature specific heat

has been observed in incommensurate structures 44. Clearly, such feature cannot be

attributed to the presence of two-level states, but it was rather connected to the

dynamics of the phason mode. More specifically, a phenomenological computation

à la Landau 14 found that:

C ∼ γ kD
v2

T , (7)

where γ is the phason relaxation rate, kD the Debye momentum and v the asymp-

totic phason speed.

Here, we show that such contribution is the typical and universal term appearing

because of diffusive low energy modes due to the underlying fundamental symme-

tries. Using Eq.(5), the result (7) from 14 can be re-written as:

C ∼ kD
D

T , (8)

which is exactly the leading order term in 8 (see Eqs. (10) and (13) therein). In

Ref.8, this result was obtained from consideration of “diffusons” 1 as the relevant

excitations which manifest as a result of structural disorder in glasses, but share

exactly the same mathematical form with (5) for phasons above.
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Figure 3. The contribution of gapped optical-like modes to the Debye-normalized specific heat.

The orange curve is obtained using a single gapped mode; the green one by adding up three gapped

modes. The inset shows the dispersion relation of the modes.

The result of Ref.8 is a first-principles analytic, and much simpler, computation

which goes beyond the results of Ref.14 and it assumes solely the existence of a

diffusive low energy mode (in this case the phason).

This suggests that the ”anomalous” linear in T scaling of the specific heat in

quasicrystals is due to the diffusive nature of the phason and can be understood in

the general picture of Ref.8. In this sense, phasons in quasycristal/incommensurate

structures play exactly the same role as the diffusons in glasses and disordered

materials 1. Given the modest experimental evidence for TLS in glasses, and their

non-applicability to quasicrystals, we propose that the presence of low-energy dif-

fusive mode could be the real universal mechanism behind the (not so) anomalous

linear in T specific heat.

In addition to the linear in T contribution to the specific heat, a BP excess is

experimentally observed in incommensurate structures as well 44. The origin of this

anomalous bump has been already attributed to the presence of gapped amplitudon

modes 15. The similarities between this mechanism and those at work in ordered

crystals 36 went unnoticed until now. The resemblances are striking. It has been

shown from direct measurements of the density of states and the low-T specific

heat that the BP anomaly in ordered crystals 36 is caused by the piling up of opti-

cal modes with a soft energy gap.

Both the observations, in quasicrystals and in ordered crystals, point towards

the confirmation that gapped optical-like modes are able to produce a well-defined

BP excess without the need of any structural disorder. These experimental facts

are backed up by a first principle theoretical computation 9, which is in perfect
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agreement with the experimental results presented in both cases.

The idea is very simple and again based on symmetries and the low-energy dis-

persion relation of the modes. Take an underdamped gapped mode whose dispersion

relation is well approximated by the solution of:

ω2 − ω2
0 − v2 k2 + iΓω = 0 , (9)

where ω0 is the energy gap of the mode. The parameter Γ is the (Klemens) damping

of the optical mode and it is taken to be Γ � ω0 such that the gapped excitation

is a well-defined quasiparticle. Eq.(9) corresponds to a quasiparticle Green function

of the form:

G(ω, k) =
1

ω2 − ω2
0 − v2 k2 + iΓω

. (10)

Using the spectral representation of the density of states:

g(ω) =
2ω

π k3D
Im

∫ kD

0

G(ω, k) d3k (11)

together with the standard formula for the specific heat:

C(T ) = kB

∫ ∞
0

(
~ω

2 kB T

)2

sinh

(
~ω

2 kB T

)−2
g(ω) dω , (12)

it is straightforward to compute the contribution of the gapped optical-like modes

in Eq.(9).

The result is shown in Fig.(3) for an arbitrary choice of parameters. Importantly,

the contribution of the gapped modes gives a BP excess whose location is mostly

governed by the energy gap of the mode. Moreover, it is clear that piling up a large

number of close-by gapped modes increases the amplitude of the BP and amplifies

the effect. This simple computation provides a clear theoretical confirmation for the

experimental results found in ordered crystals 36 and quasicrystals 44. Once again,

the similar physical behaviour obtained in two completely different systems calls for

a universal mechanism, which can be found in the gapped nature of the low-energy

optical-like modes.

Discussion

In this article, we demystify the nature of anomalous glassy features in the low-

T properties of solids. We collected experimental and theoretical evidence which

supports the following emerging paradigm: (i) the anomalous thermal properties

of glasses are not peculiar but can be found in different structures such as ordered

crystals and incommensurate systems. In this sense, the label “anomalous” becomes

meaningless. (ii) Disorder (and all the theoretical models which incarnates it) and

the presence of “randomly distributed two-level systems” cannot be the universal
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Figure 4. The typical structure of the Debye-normalized specific heat in glasses, ordered crystals

and incommensurate structures. At low temperature, a ∼ 1/T 2 fall-off is visible before the Debye

regime ∼ cost. Finally, a BP bump is observed at higher temperatures. In our interpretation, all
these features can be universally explained by the presence of quasi-localized diffusive modes and

soft optical-like gapped modes.

causes behind this much more general physics. They certainly cannot account for

these features in ordered systems and in incommensurate systems.

We propose that a universal mechanism behind the linear in T specific heat

can be identified with the existence of low-energy quasi-localized diffusive modes.

The existence of these modes can be caused by diverse physical features such as

disorder-induced scattering (e.g. diffusons in glasses) or new low-energy dynamics

due to incommensuration and aperiodicity (e.g. phasons in quasicrystals). We are

able to prove analytically that low-energy diffusive modes give a linear in T con-

tribution to the specific heat, whose leading term is in perfect agreement with the

phenomenological analysis of 14.

In the same spirit, we argue that the presence of a boson peak anomaly can be

generically induced by strong Akhiezer damping effects (due to high anharmonici-

ties) and/or by the piling up of soft optical-like modes. The first mechanism could

be responsible for the BP observed in the low-T specific heat of molecular crys-

tals and cryocrystals 53, where anharmonicity is strong due to the shallow attrac-

tive part of the (van der Waals-type) interaction potential, thus leading to strong

Akhiezer damping, which implies a diffusive mode, and hence to a BP 10. The sec-

ond mechanism is the one at work in certain ordered crystals, where the BP has

been successfully linked to low-lying optical phonons 35 and quasicrystals, where

the gapped modes are the amplitude fluctuations of the incommensurate structure
15.
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Given these interesting formal analogies between diffusive excitations in glasses

and aperiodic crystals, it is likely that the same low-temperature anomalies could

be found in the thermal conductivity κ. Not surprisingly, a ∼ T 2 scaling and a

glass-like plateau have already been observed in the thermal conductivity of ape-

riodic crystals 18,42. It is tempting to attribute them to the existence of diffusive

phason modes playing the same role of diffusons 1 in glasses. This would provide a

final confirmation of the universal picture presented in this work.

Moreover, phasons appear also in twisted bilayer graphene (TBG), where they

might play a key role for transport and thermodynamics 38. Following the same

logic, it is tempting to predict the presence of a linear in T term in the vibrational

specific heat of TBG. To the best of our knowledge, measurements of the specific

heat in TBG have not appeared yet.

Conclusion

In summary, we suggest that the universal (and not anymore anomalous) glassy-like

features have to be generically understood from the nature of the low-energy exci-

tations (see Fig.4 for a visual summary). The latter is the key behind these, more

ubiquitous than originally thought, features, which importantly do not depend ex-

clusively on the presence of disorder or any amorphous structure. Supported by

experimental and theoretical evidence, this view sheds new light onto an old prob-

lem stuck into old ideas.
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