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Angelani et al. [1] suggest an alternative derivation of
the relation between low-frequency shear modulus G′ and
confinement length L derived in [2]. They seem to im-
ply that an integral over plane waves in 3D isotropic
media can be decoupled into a separate integral over
kz (z-component of wavevector k, the confined dimen-
sion), times an independent 2D integral in the uncon-
fined (kx, ky) plane. This would then change the final

integration in Eq. 9 of [2] from G′ = G∞ − α
∫ kD

1/L
k2dk

to G′ = G∞ − γ
∫ kD

1/L
dk, where α and γ constants, and

the scaling of G′ with L would change from G′ ∼ L−3 to
G′ ∼ L−1.

Angelani et al.’s reasoning [1] is erroneous because they
confuse the geometry of real space with the geometry of
reciprocal k-space.

The plane waves in a 3D isotropic system of any shape
in real space, must satisfy, in k-space, the relation:

1

k2
(k2x + k2y + k2z) = 1, (1)

with |k| = k = 2π/λ, where λ is the wavelength: see, for
example, Eq. 24 on p. 493 in Ref. [3] or Eq. 12 on p. 38
in Ref. [4]. Then, considering the infrared cutoff kmin ≡
|kmin| = 2π

√
(1/Lx)2 + (1/Ly)2 + (1/L)2 and confine-

ment along the z direction where L ≡ Lz � Lx, Ly,
gives the lower limit in the integral over k-space in Eq.
9 of [2] as 1/L. This gives G′ ∼ L−3 as predicted [2].

The spherical constraint Eq. (1) implies that the 3D
integral of plane waves in the isotropic k-space cannot
be decoupled into a separate integral over kz times an

independent 2D integral in dkxdky, contrary to what An-
gelani et al. are proposing. Integration can be done in
Cartesian (or any other) coordinates, but this introduces
couplings of coordinates in the integration limits due to
Eq. (1) above (Angelani et al.[1] erroneously missed this).
As a result, the Debye metric factor k2dk emerges and
applies to any shape of 3D isotropic media - the standard
textbook result [3–7]. The same spherical constraint ap-
plies to the Fermi sphere in 3D k-space for plane waves
in a box and holds for parallelepipeds, cubic, cylindrical
boxes or any other geometry [3, 4]. Implying otherwise
gives the incorrect result that differently-shaped systems
give rise to different density of states and thermodynamic
properties. In particular, Angelani et al.[1] imply that
the phonon density of states is ∼ ω for a macroscopic 3D
cylindrical sample, instead of Debye’s law ∼ ω2. This is
incorrect.

The detailed and rigorous calculation of the size effect
is presented in Ref. [8] and shows that the k-space integral
over a cylinder confined along the z direction gives:

∫
d3k =

4

3
π k3D −

8

3
π4 L−3. (2)

in agreement with our result in Ref. [2] and the law
G′ ∼ L−3 derived therein.

Angelani et al.[1] mention a “non-universal” exponent
between 2 and 3 but do not provide references. The scal-
ing G′ ∼ L−3 with exponent 3 is cleanly seen in several
other experiments as well, see Fig. 3 of Ref. [8].

[1] L. Angelani, T. Bryk, S. Capaccioli, M. Paoluzzi, G.
Ruocco, W. Schirmacher, Do we understand the solid-like
elastic properties of confined liquids? Letter to the Editor,
PNAS.

[2] A. Zaccone and K. Trachenko, Explaining the low-

∗ alessio.zaccone@unimi.it
† k.trachenko@qmul.ac.uk

frequency shear elasticity of confined liquids. Proc. Natl.
Acad. Sci. USA 117, 1965319655 (2020).

[3] T. L. Hill, An Introduction to Statistical Thermodynam-
ics (Addison-Wesley, Reading Massachusetts, 1960), Ap-
pendix VI, pp. 493-495.

[4] C. Kittel, Introduction to Solid State Physics (Wiley and
Sons, Hoboken NJ, 2005), pp. 111-112, and p. 138.

[5] L. D. Landau and E. M. Lifshitz, Statistical Physics
(Butterworth-Heinemann, 1980), Section 56 and Section
63.



2

[6] L. D. Landau and E. M. Lifshitz, The Classical Theory of
Fields (Pergamon Press, Oxford, 1971), Section 52.

[7] M. Born and K. Huang, Dynamical Theory of Crystal Lat-
tices (Clarendon Press, Oxford, 1954), pp. 44-47.

[8] A. E. Phillips, M. Baggioli, T. W. Sirk, K. Tra-
chenko, A. Zaccone, Universal L−3 finite-size ef-
fects in the viscoelasticity of confined amorphous
systems, arXiv e-prints, arXiv:2012.05149 (2020),
http://arxiv.org/abs/2012.05149.


