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Abstract

A sequence in a separable Banach space X (resp. in the dual space X*) is said
overcomplete (OC in short) (resp. overtotal (OT in short) on X) whenever the
linear span of each subsequence is dense in X (resp. each subsequence is total on
X). A sequence in a separable Banach space X (resp. in the dual space X*) is
said almost overcomplete (AOC in short) (resp. almost overtotal (AOT in short)
on X) whenever the closed linear span of each subsequence has finite codimension
in X (resp. the annihilator (in X) of each subsequence has finite dimension). We
provide information about the structure of such sequences. In particular it can
happen that, an AOC (resp. AOT) given sequence admits countably many not
nested subsequences such that the only subspace contained in the closed linear span
of every of such subsequences is the trivial one (resp. the closure of the linear
span of the union of the annihilators in X of such subsequences is the whole X).
Moreover, any AOC sequence {x,},en contains some subsequence {x, }jen that is
OC'in [{zn; }jen]; any AOT sequence { f, }nen contains some subsequence { fn; }jen

that is OT on any subspace of X complemented to { fy, }]TGN.
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1 Introduction

Throughout the paper we use standard Geometry of Banach Spaces terminology and
notation as in [3]. In particular:

- [S] stands for the closure of the linear span of the set .S;

- the annihilator in X* of a subset I' of the Banach space X is the subspace I't C X*
whose members are the bounded linear functionals on X that vanish on I';

- the annihilator in X of a subset I of the dual space X* is the subspaceI'" C X, I'T =
Nyerker f;

-aset [ C X* is called total over X whenever I'" = {0}.

Recall that a sequence in a Banach space X is called overcomplete (OC in short) in
X whenever the linear span of each of its subsequences is dense in X. It is a well-known
fact that overcomplete sequences exist in any separable Banach space. On the basis of
this notion, in [1] the first and the fourth authors introduced the following new notions.

- A sequence in a Banach space X is called almost overcomplete (AOC in short)
whenever the closed linear span of each of its subsequences has finite codimension in X.

- A sequence in the dual space X* of the Banach space X is called overtotal on X (OT
in short) whenever each of its subsequences is total over X.

- A sequence in the dual space X* of the Banach space X is called almost overtotal
(AOT in short) on X whenever the annihilator (in X ) of each of its subsequences has
finite dimension.

In [1] some applications have been shown to support the usefulness of these notions.
For instance, the fact that bounded AOC as well as AOT sequences must be strongly rela-
tively compact makes it possible to answer quickly in the positive the following questions.

- Must any infinite-dimensional closed subspace of [, contain infinitely many linearly
independent elements with infinitely many zero-coordinates? (R. Aron and V.Gurariy,
2003; see Theorem 3.2 in [1].)

- Let X C C(K) be an infinite-dimensional subspace of C(K) where K is metric
compact. Must a (infinite) sequence {t; }ren exist in K such that z(¢;) = 0 for infinitely
many linearly independent z € X7 (See Theorem 3.1 in [1].)

This paper is a continuation of [1].

Our first aim is to provide information about the structure of AOCand AOT sequences.
In particular, for any separable Banach space X the following questions seem to be of
interest.



- Does an AOC sequence exist in X that admits countably many subsequences such
that the intersection of their closed linear spans is the origin?

- Does an AOT sequence exist on X that admits countably many subsequences such
that the closure of the linear span of the union of their annihilators in X is the whole X ?

We answer in the positive both of them, respectively in Section 2 (Proposition 2.3)
and Section 3 (Propositions 3.1). It is a remarkable fact that, in both cases, the involved
subsequences cannot be nested (Propositions 2.5 and 3.3).

Our second aim is to give a possible explanation for the following fact. As a con-
sequence of Theorem 3.3 of [1], by using strong relative compactness of bounded AOT
sequences we get e. g., as a special case, that any infinite-dimensional closed subspace of
l, contains infinitely many elements with infinitely many zero-coordinates not only when
p = 00, as we mentioned at the beginning, but for any p > 1. However, the case p < oo
looks much more complicated to be handled than the case p = co. In Section 4 we provide
an example to show one possible reason for that.

We refer to [1] for general information about AOC and AOT sequences. Here we point
out only the evident fact that, if {(z,,z})} is a countable biorthogonal system, then
neither {z,,} can be almost overcomplete in [{x,}], nor {z*} can be almost overtotal on

REE

2 Almost overcomplete sequences

We start by recalling a simple method, due to Ju. Lyubich, to get an overcomplete
sequence in any separable Banach space X. We will use it in the proof of Proposition 2.3.

Fact 2.1 Let {eg}ren be any bounded sequence such that [{ex}ren] = X. Then the se-
quence

{Ym s = {Z exm Yoy
k=1
is OC in X.
Proof Let {y,,}72, be any subsequence of {ym}r_y = {d_pe; exm ™ }oe_,, let

feXxX n{ym}" (1)



and let D be the open unit disk in the complex field. Since the complex function ¢ :
D — C defined by ¢(t) = >_p, f(ex)t* is holomorphic, from fWm;) = &(1/m;) = 0 for
j =1,2,.., it follows ¢ = 0 that forces f(ex) = 0 for every k € N. Since f in (1) was
arbitrarily chosen, it follows [{ym,;}] = X. B

Remark 2.2 A formally different, but substantially equivalent, technique can be used
to prove Fact 2.1: see for example the proof of Theorem 2.1.2 in [2]. We will use such
technique in the second part of the proof of Proposition 2.3.

Proposition 2.3 Any (infinite-dimensional) separable Banach space X contains an AOC
sequence {x, }nen with the following property: for each i € N, {x,}nen admits a subse-
quence, that we denote by {x}}jeN to lighten notation, such that both the following condi-
tions are satisfied

a) codimy [{2};en] = i;

b) Mienl{zj}ien] = {0}.

Proof Let the biorthogonal system {ey, €j }rew C X x X* provide a normalized M-basis
for X. We recall that, by definition, the sequence {e} }xeny must be total on X. Moreover,
it is a well known fact that, at least when A is a finite subset of N, a (topological)
complement in X to the subspace [{ej}rca] is the subspace [{eg}rema]. Fori=1,2, ...
put

Y; = [{er}reggiit1 it 2i-1}] (2)

so codimyY; = i. For each integer ¢ € N, Y; is a Banach space itself so, by Fact 2.1, the
sequence {y!, }m>2 C Y; defined by

[e.e]

Y= > m%e,  i=1,2,.., m=2.3,.. (3)
k=1,k¢{ii+1,i+2,...,.2i—1}

provides an OC'sequence in Y;.
Order in any way the countable set U;enm>2{y.,} as a sequence {x,},en. For each
i, select a subsequence {z}}yen of {Zn}nen whose terms belong to {y),}m>o: this last
sequence being OC'in Y;, we have codim X[{x;}peN] = codimyY; = i. Moreover, since the
sequence {€j }ren is total on X, it is clear that N2, Y; = {0}, so N2, [{z? },en] = {0} too.
It remains to show that the sequence {x,}nen is AOC in X. Let {z,, }jen be any of
its subsequences. Two cases are possible.

A) For some i, {an,};en contains infinitely many terms from {9 Ymsa: being {4 }nso
OC in Y;, we have codimy [{zy, }jen] < codimxY; = ¢ and we are done.



B) For each i, {x,,};en contains at most finitely many terms from {7, }n>2. Take
any
fe{n}ien (4)
We prove that f(ey) = 0 for every k& € N: it implies f = 0, that means that {z,, };cn is
complete in X. B
Suppose by contradiction that f (ex) # 0 for some index k: without loss of generality
we may assume that k is the first of such indexes. For j € N, let
i) _ .
Ym(j) = Ty
put _
A={i i=i(j), jeN, i(j) >k}
Under our assumption i(j) goes to infinity with j, so A is infinite and we have e € Y; for
every i € A. For i € A, put

mi = min{m(j) : i(j) = i, 49 € {y hmse}-

From (4) it follows that, for each i € A, we have
fleg) = —mi > m; " f(ex) (5)

k>k, k¢ {ii+1,i+2,...,.2i—1}

hence
o0

[f(ep)l < mit 1] > m; " < (6)

k>k, k¢ {ii+1,i+2,...,2—1}

m p—
<IF1 3" mi* P <2 fmit = 0asi— oo
k=k+1

that forces f(e;) = 0, so contradicting our assumption. We are done. W

Our construction above can be modified by replacing (2) with

Vi = [{ex}rnil (7)

and modifying (3), (5) and (6) according to that. In this case it is still true that
NH{zn, }jen] = {0} as {zn, }jen ranges among all possible subsequences of the AOC se-
quence {Z,}nen, but actually the codimension of the closure of the linear span of any
subsequence is at most 1. In other words, the following alternative version to Proposition

2.3 holds.



Proposition 2.4 Any (infinite-dimensional) separable Banach space X contains an AOC
sequence {xytnen with the following property: {x,}nen admits countably many subse-
quences {:z:;-}jeN, 1=1,2, ..., such that both the following conditions are satisfied

a) codimy [{z%};en] = 1 for each i;

b) nieNHﬁé}jeN] = {0}.

By the previous Proposition, it is matter of evidence that actually the conclusion
Mienl{z}}jen] = {0} is due to the fact that infinitely many pairwise “skew” subsequences
can be found of {x,},en. This consideration is stressed by the following proposition.

Proposition 2.5 Let {x,}nen be any AOC sequence in any (infinite-dimensional) sepa-
rable Banach space X and let {x]}jen D {23} jen D {23} jen D ... any countable family of
nested subsequences of {&n nen. Then the increasing sequence of integers {codimx [{}} jen] }ien
is finite (so eventually constant).

Proof. Let {z,}nen be an AOC not OC sequence in X and let {:Ejl-}jeN be any of its
subsequences whose linear span is not dense in X. Put

Xl = [{z}}jEN]7 P1 = COdimxXl > 1.

If {x}}jeN is OC in X; we are done; otherwise, let {x}k}keN be any of its subsequences
whose linear span is not dense in X;. Put

{x}k}keN = {rc?}jeN, Xo = [{x?}jeN]a p2 = codimy Xz > py.

Now we can continue in this way. Let us prove that this process must stop after finitely
many steps. Assume the contrary, i.e. that a nested infinite family

{x}}jeN 2 {-T?}jeN D...D {:U;"}jeN D...

of subsequences of {z, },en can be found such that p; T oo as i T 0o, where p; = codimy X
with X; = [{#}};en].

Under this assumption, we can construct a linearly independent sequence { f;}°, C X*
such that, for each i, f; € XZ%H \ X;. For each i, let y; be an element of the sequence
{2%}jen not belonging to the sequence {z}"'};cy such that f;(y;) # 0 (of course such
an element must exist): because of our construction we have fi(y;) = 0 for each k < i.
Without loss of generality we may assume f;(y;) = 1.

Now, following a standard procedure due to Markushevich, put

g1 = J1, g2 = fo — f2(y1)91> g3 = f3— f3(y1)91 - f3(?/2)g2,



k-1

v Gk = SR — ka(yz‘)gi, e

Clearly we have gi(y;) = 6y, for each k,i € N, so actually {yk, gk ren is a biorthogonal
system with {yg}tren C {Zn}nen. This is a contradiction since {z,}n,eny was an AOC
sequence. W

As an immediate consequence of Proposition 2.5 we get the following

Corollary 2.6 Any AOC sequence {z,}nen in a separable Banach space X contains some
subsequence {xy, }jen that is OC in [{n; }jen] (with, of course, [{xn,}jen] of finite codi-
mension in X ).

3 Almost overtotal sequences

The results shown in the previous section about AOC sequences have a dual restatement
for AOT sequences.

Proposition 3.1 Let X be any (infinite-dimensional) separable Banach space. Then
there is a sequence {fn}tnen C X* that is AOT on X and, for each i € N, admits a
subsequence { f! }]EN such that both the following conditions are satisfied

a) dlm{fl}jeN

b) Uiend f; }JEN] =

Proof The idea for the proof is the same as for the proof of Proposition 2.3, so we confine
ourselves to sketch the fundamental steps.

Let the biorthogonal system {ey,ej ey C X x X* provide an M-basis for X with
{e;}ren a norm-one sequence in X*. For i = 1,2, ... put

[{ek}m 1] Y, = [{eks}kgé{i,i—i—l,i—i—?,...,%—l}]a Y = [{62}kgz{i,i+1,i+2,...,2i—1}]-

Clearly X = Z;®Y; and *Y," = Z;, so dim*Y;" =i fori = 1,2, ... . For each integer i € N,
the sequence {y'},,>o C *Y; defined by
Y = > m~ ket i=1,2,..., m=23,..

k=1,k¢{i,i+1,i+2,....2i—1}



being overcomplete in the Banach space *Y}, is overtotal on Y;.

Order in any way the countable set U;en m>2{yt} as a sequence {f,}nen. For each i,
select a subsequence { f}}pen of {fn}nen whose terms belong to {y;}m>2: since this last
sequence is overtotal on Y;, we have { f/} .y = Z; too, so dim{ f}} ).y = . Moreover, since
the sequence {ey}ren is complete in X, we have | Z:lZ] = X.

It remains to show that the sequence {fy}nen is AOT on X. Let {f,,}jen be any of
its subsequences. Two cases are possible.

A) For some i, {f,,};en contains infinitely many terms from {4} ns2: being {45} =2
OT on Y;, we have {fn Fen C Z;, dim{ f,, } /oy < @ and we are done.

B) For each i, {fn,}jen contains at most finitely many terms from {y*'},,>,. Take
any = € {fn,}/en: Dy proceeding exactly as in B) of the proof of Proposition 2.3, just
interchanging the roles of points and functionals, we get ej(x) = 0 for every k € N.
{€}. }ren being total on X, it follows z = 0. It means that {f,,};en too is total on X and
again we are done.

The proof is complete. W

As we did for AOC sequences, with obvious modifications in the previous proof we
can obtain for AOT sequences the following alternative version to Proposition 3.1: it is
the dual version to Proposition 2.4.

Proposition 3.2 Let X be any (infinite-dimensional) separable Banach space. Then
there is a sequence { fn}neny C X* that is AOT on X and admits countably many subse-
quences {f'}]eN, 1 =1,2,..., such that both the following conditions are satisfied

a) dlm{fl en=1 for each i;

b) Uiend f }jEN] =

We point out that, though the existence of an AOT sequence on a Banach space X
does not imply X to be separable (one of the significant applications of this concept we
have shown in [1] was to the space [, ), the results we have shown in Propositions 3.1 and
3.2, as they have been stated, must concern only separable spaces. In fact, the annihilator
of any subsequence of any AOT sequence being finite-dimensional, the closed linear span
of the union of countably many of such annihilators must be separable too.

Finally we notice that also Proposition 2.5 has its dual version that shows that the
countably many subsequences in the statement of Proposition 3.2 cannot be assumed to
be nested. The proof can be carried on exactly like the proof of Proposition 2.5, just
interchanging the roles of points and functionals, so we omit it.

9



Proposition 3.3 Let {f,}nen be any sequence AOT on any (infinite-dimensional) Ba-
nach space X and let {f}}jen D {f7}jen D {f}}jen D ... any countable family of nested
subsequences of {fu}nen. Then the increasing sequence of integers {dim{fi}  y}ien is
finite (so eventually constant).

As an immediate consequence of Proposition 3.3 we get the following

Corollary 3.4 Any AOT sequence { f,}nen on a Banach space X contains some subse-
quence { fn,}jen that is OT on any subspace of X complemented to {f,, JTGN (with, of
course, { fn, jTeN of finite dimension).

4 A counterexample on compact operators

This Section is devoted to provide an example that may be of interest in Operator theory.
In [1] it was proved e. g. that any infinite-dimensional closed subspace of [, contain
infinitely many elements with infinitely many zero-coordinates not only when p = oo,
as we mentioned at the beginning, but for any p > 1. In fact the following much more
general results have been proved there.

Theorem 4.1 ([1], Theorem 3.2) Let X be a separable infinite-dimensional Banach space
andT : X — Iy be a one-to-one bounded non compact linear operator. Then there exist an
infinite-dimensional subspace Y C X and a strictly increasing sequence {ny} of integers
such that e,, (Ty) = 0 for any y € Y and for any k (e, the “n-coordinate functional” on

lo).

Theorem 4.2 ([1], Theorem 3.3) Let X, Y be infinite-dimensional Banach spaces. Let
Y have an unconditional basis {u;}32, with {e;}32, as the sequence of the associated coor-
dinate functionals. Let T : X —'Y be a one-to-one bounded non compact linear operator.
Then there exist an infinite-dimensional subspace Z C X and a strictly increasing se-
quence {k;} of integers such that ey, (Tz) =0 for any z € Z and any | € N.

To prove both the Theorems, the fundamental tool was the fact that bounded AOT
sequences are strongly relatively compact ([1], Theorem 2.3). However, despite Theorem
4.1 was then obtained as a quite easy consequence of the Ascoli-Arzela Theorem, the
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proof of Theorem 4.2 has required some additional delicate tools. One could expect that
Theorem 4.2 should be proved in a simple way by the following argument.

“Under notation as in the statement of Theorem 4.2, assume by contradiction that for
cach sequence of integers {i;} we have dim({T*e;;} ") < co. Then the sequence {T*¢;} C
X* is almost overtotal on X, so {T*e;} is relatively norm-compact in X*. {e;} being the
sequence of the coordinate functionals associated to the (unconditional) basis {u;} of Y,
that forces T' to be a compact operator, contradicting our assumption.”

In fact this argument does not work since the last conclusion 7" being forced to be
compact is false, as the following example shows.

Example 4.3 There exist a Banach space Y with an unconditional basis {u;}ien, {€:}ien
being the sequence of the associated coordinate functionals, and a non-compact operator
T :cy— Y such that T*e; — 0 as i — oo (so the sequence {T*e;} is relatively norm
compact).

Proof. Let {uf}¥ | be the natural (algebraic) basis of R*. For k € N, define
T;, : R¥ — R¥ in the following way

k k
Tk(z a;uf) = Zaiuf/k, a; ERfori=1,.. k.
i=1

=1

Let I* (resp.l¥) be the k—dimensional space R* endowed with the max-norm (resp.
the 1-norm). If we consider T}, : I¥, — I}, we easily get ||T| = 1 for every k € N.

For a sequence { Xy, [|-||x, }72, of Banach spaces, consider the Banach space (&2, Xx),,
(the linear space, under the usual algebraic operations, whose elements are the sequences
{zr}321, ox € X, for each k, such that ||z/|x, — 0 as & — oo, endowed with the norm
Iz )32 | = maxy, [zl x,)-

Clearly we have

co = (B721leo) - (8)
Put

Y = (@z‘iill’f)co-
Order the set U {uf}% | in the natural way and rename it as

k

{ub, w2, w2, oub,uf ) = g, ug, us, ) (9)

11



Of course {u;}$°, is an unconditional basis both for ¢y and for Y. Call Py the natural
norm-one projection of ¢y onto I¥ suggested by (8) and define T : ¢y — Y in the following
way

Ty = ZTkkaa X € Cgp.

1=0

T is a (linear) non-compact operator, since ||T(ZZ Lub)] =1 and Z ¥ is weakly
null as £ — oco. However, if we denote by {e; }°, the sequence of the coordmate functlonals
associated to the basis {u;}52, of Y, it is true that T*e; — 0 in X* as i — oco. In fact, for
=0 Ej , z¥ul € B, the following holds

[ZM <1 1<j<k, k=12,..
so, if we denote by uf the element u; as identified by (9), we have

oo k

(Trei)(@)] = le(Ta)| = e} Y ajus/k)| = |

k=1 j5=1

ki < 1k,

Since k; — oo with 7, we are done. W
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