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Abstract

We introduce and study a family of spaces of entire functions in one variable that generalise
the classical Paley—Wiener and Bernstein spaces. Namely, we consider entire functions of
exponential type a whose restriction to the real line belongs to the homogeneous Sobolev
space W*” and we call these spaces fractional Paley—Wiener if p = 2 and fractional Bern-
stein spaces if p € (1, o), that we denote by PW? and B”, respectively. For these spaces
we provide a Paley—Wiener type characterization, we remark some facts about the sam-
pling problem in the Hilbert setting and prove generalizations of the classical Bernstein
and Plancherel-P6lya inequalities. We conclude by discussing a number of open questions.
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A. Monguzzi et al.

1 Introduction and statement of the main results

A renowned theorem due to Paley and Wiener [21] characterizes the entire functions of
exponential type a > 0 whose restriction to the real line is square-integrable in terms of
the support of the Fourier transform of their restriction to the real line. An analogous
characterization holds for entire functions of exponential type a whose restriction to to
the real line belongs to some L? space, p # 2 [9]. To be precise, let £, be the space of
entire functions of exponential type a,

&, = {f € Hol(C) : forevery e > 0 there exists C, > 0 such that [f(z)| < C eI},
9]
Then, for any p € (1, ), the Bernstein space B’; is defined as

B ={fec el Iy =l |

where f; 1= f|g denotes the restriction of fto the real line and L” is the standard Lebesgue
space. In the Hilbert setting p = 2, the Bernstein space Bi is more commonly known as the
Paley—Wiener space and we will denote it by PW,, in place of Bﬁ.

Let S and S denote the space of Schwartz functions and the space of tempered distri-
butions, resp. For f € S we equivalently denote by ? or Ff the Fourier transform given
by

N 1 .
7o = / P96 d.
V2r JR

The Fourier transform F is an isomorphism of S onto itself with inverse given by

Fl = —— [ fee de.
V2
T R

By Plancherel Theorem, the operator F extends to a surjective isometry F : L>(R) — L*(R).
We now recall the classical Paley—Wiener characterization of the space PW,.

Theorem [21] Let f € PW,, then suppf, C [—a.al,

1 LN )
f@)=— / Jo®)e'™ d&
V2 J-a °

and ||f ll pw, = |U:‘(\)”L2([_a,a]). Conversely, if g € L*([—a, a]) and we define

f@) = g(&)e de,

1 / “
V2 J-a
then f € PW,, fo = g and |If|lpw, = 181l 2((-a.ary

In particular, the Fourier transform F induces a surjective isometry between the
spaces L*([—a, a]) and PW,. We shall write Lg instead of L?([—a, a]) for short.
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Fractional Paley-Wiener and Bernstein spaces

A similar characterization holds true for the Bernstein spaces B/, 1 < p < +00. We
refer the reader, for instance, to [4, Theorem 4]. We shall denote by N, the set of non-
negative integers.

Theorem (Characterizations of B)) Let 1 < p < oo. Then, the following conditions on a
Sfunction h defined on the real line are equivalent.

(i)  The function h is the restriction of an entire function f € B to the real line, that is,
h = fo; ~
(i) h e L’(R)andsupph C [—a,al;
(iii) he C® h™ eI’ foralln € Nyand||h™||,, < a*||h|l,.

The above theorem holds in the limit cases p =1 and p = +oo0 as well, but in this
paper we only focus on the range 1 < p < +o0.

We remark that in the Paley—Wiener characterization of the Bernstein spaces, the
Fourier transform of f, € L7(R) is to be understood in the sense of tempered distribu-
tions. Namely, L(R) C &', and the Fourier transform extends to a isomorphism of S
onto itself, where f is defined by the formula

F.o)=(9), feS,peSs

The Paley—Wiener and Bernstein spaces are classical and deeply studied for several rea-
sons. A well-studied problem for these spaces, for instance, is the sampling problem and
we refer the reader to [19, 24] and references therein. Moreover, the Paley—Wiener space
PW,, is the most important example of a de Branges space, which are spaces of entire func-
tions introduced by de Branges in [13]. They have deep connections with canonical sys-
tems and have been extensively studied in the recent years. For an overview of de Branges
spaces and canonical systems we refer the reader, for instance, to [23].

In this paper we introduce a family of spaces which generalizes the classical
Paley—Wiener and Bernstein spaces; we deal with spaces of entire functions of expo-
nential type a whose restriction to the real line belongs to some homogeneous Sobolev
space and we call these spaces fractional Paley—Wiener and Bernstein spaces. In the
present work we start such investigation: we introduce the spaces, we study some of
their structural properties, we prove a Paley—Wiener type characterization and generali-
zations of the classical Bernstein and Plancherel-Pélya inequalities. We also point out
that classical results such as sampling theorems for the Paley—Wiener space do not nec-
essarily extend to the fractional setting (Sect. 5). Finally we mention the papers [20, 22]
in which the authors studied other generalizations of the Paley—Wiener spaces. We also
point out that the investigation of these spaces has natural counterparts in the several
variable setting. We refer the reader to [3] and the upcoming manuscript [17] where we
present the development of this theory in the setting of several variables.

We now precisely define the function spaces we are interested in. Given a function
f € Sand s > 0, we define its fractional Laplacian Agf as

Asf = FN 1A
and we set

Wl i= A3l
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We remark that for f € S the fractional Laplacian A: f is a well-defined function and that
Il -1l is @ norm on the Schwartz space (see, for instance, [18]). Therefore, we define the
homogeneous Sobolev space W as the closure of S with respect to | - Il,p» i€

W = 5V

As described in [18], the space W*P turns out to be a quotient space of tempered distribu-
tions modulo polynomials of degree m = |s — 1/p|, where we denote by | x| the integer part
of x € R and by P,, the set polynomials of degree at most m, where m € N;. In [18, Corol-
lary 3.3] we prove that f € W*? if and only if

o fE€S/Py
e there exists a sequence {f,} C S such that f, — f in S /P,
e the sequence {A2f, }is a Cauchy sequence with respect to the L” norm.

If f € W we then set

Axf= lim Axf, )
where the limit is to be understood as a limit in the L” norm.

In order to avoid working in a quotient space, instead of considering the spaces W*?,
we consider the realization spaces E*”, see [18, Corollary 3.2]. Inspired by the works of
G. Bourdaud [10-12], if m € N, U {c0} and X is a given subspace of S'/P, which is a
Banach space, such that the natural inclusion of X into S'/P,, is continuous, we call a
subspace E of S a realization of X if there exists a bijective linear map

R:X—>E

such that [R[u]] = [u] for every equivalence class [u] € X. We endow E of the norm given
by IRl = a5 ,

We recall the definition of the homogeneous Lipschitz space A”, for y > 0, for details
see e.g. [15] and [18]. For k€ N and h € R\ {0}, let Di, the difference operator of
increment £ and of order k, be defined as follows. If k = 1, D,f(x) = f(x + h) — f(x), and

then inductively, for k=2,3,... Df(x) =D, (D}™'f)(x) = zj‘zo(—l)k—f <f> Fx 4+ jh).

The homogeneous Lipschitz space is defined as

~ DI
A*={[f]€C/7’m Cflla i= sup h—<+oo}.

hER, h£0 |h|”

For a non-negative integer m, we denote by C" the space of continuously differentiable
functions of order m.
The next result describes the realization spaces E*? that we will need.

Theorem [18] Fors > 0and p € (1,4), let m = |5 — I%J Then, W C 8'/P,,. We define

the spaces ESP as follows.

(i) LetO<s< 117, and let p* € (1, ) given byi - [% = s, define
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EP={fel” : flp, := 1A%, < +o0}.

(i) Lets— i &Ny, m=|s— iJ, and define
gL
B ={f €A77 P =0, Wllpw i= 18], < +oo }.

Then, the space E*P is a realization space for W*?.
We are now ready to define the fractional Bernstein spaces.

Definition 1.1 Fora,s > 0,1 <p < +ocoand s — i & N, the fractional Bernstein space BZ’p
is defined as

B = {f €&, : f, € E°” with norm |lf||3;‘w 1= |[f0||E\‘,,}.

Remark 1.2 In this paper we restrict ourselves to the case s — i &Ny, s>0, pe(,).
The case s — i € N could be thought to be the critical case, as in the Sobolev embedding

theorem. All the proofs break down for these values of s and p, although we believe that all
the results in this paper extend also to case s — -~ € N,,.

Thus, the case s — ; € N, remains open and is, in our opinion, of considerable interest.
We will add some comments on this problem in the final Sect. 8.
Remark 1.3 We point out that from the results in the present work we can easily deduce
analogous results for the homogeneous fractional Bernstein spaces B"’p defined as above,
but without requiring that Py, = 0. In this way, we obtain spaces of entire functions of

exponential type modulo polynomials of degree m = |s — —J

We first consider the spaces PW?, s > 0, and we prove some Paley—Wiener type theo-
rems assuming that s — - §7E No- For any s > 0 let L2(]€|*) be the weighted L*-space

LX) = {f : [-a,a] — C such that / IF(E)1€]* d& < oo}.

We prove the following Paley—Wiener type theorems. We distinguish the case 0 < s < %
from the case s > %

Theorem 1 Let0 < s < %and let f € PW.. Then, suppﬁ) C [—a,al, f(\) € Li(lflz“) and

o= \/% L’?‘)@e% ae. 3)

Moreover, ||f || pys = IlfAOIILzuﬂ:A). Conversely, let g € L§(|§|2S), and define f by setting

f@= g(&)e dé. @)

=1

Then, f € PW;, fo = g and |Ifllpws = llgllz2qepy
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Definition 1.4 Given s > %, letm=|s— %J, for any g € L?(|€|*) we define Tg by setting,
fory € S,

(Te,w) := & (W(&) = P,0(8)) dE. (5)

=

As we will see, Lemma 3.3, Tg is well-defined for any y € S, in particular Tg € S, and
T : L*(Jé)*) — S is a continuous operator.

We denote by DZ, the space of distributions with compact support, which is the dual of
C*®.

Theorem 2 Lets > %, m=|s— %J, assume that s — % & Nand set P, (iz€) = Z;io(izé:)j/j!.

Let f € PW;, then suppf/\O C [—a,a] and there exists g € Lﬁ(lflzs) such that ]/% =Tgin D:‘,
and

f@ = (fo. ey = 2(&)(e™ — P, (iz8)) dé. ©)

=

Moreover, |[f |l pys = 8]l 2(zj2s)- Conversely, let g € Li(lflzx) and define f by setting

f(@) = (Tg, &™) = (&) (™ = P, (iz)) d&. %)

=

Then, f € PW? andl[f||PW2 = ||g||L§(|§|z.\).

Observe that in particular Theorem 1 says that, if 0 <s < l, the Fourier transform
F 1 PW) > L2(|§|2‘) is a surjective isomorphism, as in the case s = 0. On the other hand,
if 5> %, F 1 PWS — T(L2(|€]*)) is a surjective isomorphism, where T(L2(||*)) € D,
denotes the image of Li(lélzs) via the operator T, endowed with norm ||7g]|| := ||gl| L2y

As a consequence of the above theorems we obtain that the spaces PW? are reproduc-
ing kernel Hilbert spaces and we are able to make some interesting remarks concerning
reconstruction formulas and sampling in PW? for 0 < s < im particular, we obtain that
the spaces PW? are not de Branges spaces. We refer the reader to Sect. 5 below for more
details.

Then we turn our attention to the fractional Bernstein spaces B

Theorem 3 Let s >0, 1 < p < o0 be such that s — 11 & N. Then, the fractional Bernstein

spaces BS P are Banach spaces and the following Plancherel-Pélya estimates hold. If
O0<s<- forfGBs‘”andyelRwehave

G+ il < el

If s> [lj and s— }7 €Ny, for feB? and yeR  given, define
Fw) =fw+iy) = Pryiyymo(W), w € C. Then, F € B and

Il g < ePUfll g
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Theorem 4 Let s > 0 and 1 < p < oo such that s — i & N,. Given a function h on the real

line, the following conditions are equivalent.

(i) The function h is the restriction of an entire function f € B} to the real line, that is,
h=fy ~
(i) h € E*P andsupph C [—a,a];
(iii) & € C*and it is such that h" € E*P for all n € Ny and |k r < @ ||Bl oo

Finally, the spaces PW? are closed subspaces of the Hilbert spaces E*2, and thus there
exists a Hilbert space projection operator P, : E*? — PW:. Tt is natural to study the map-
ping property of the operator P, with respect to the L” norm. We prove the following result.

Theorem 5 Let s>0 and 1<p<oo such that s—%%NO, s—IlJSENO and
s — %J =|s— zlJJ Then, the Hilbert space projection operator P, : E* — PW? densely
defined on E*” N E*? extends to a bounded operator P, : ESP — B> for all s >0 and
1<p<+oco.

The paper is organized as follows. After recalling some preliminary results in Sect. 2,
we prove Theorem 1 and 2 in Sect. 3. In Sect. 4 we investigate the fractional Bernstein
spaces proving Theorems 3 and 4, whereas in Sect. 5 we shortly discuss the sampling prob-
lem for the fractional Paley—Wiener spaces. Finally, we prove prove Theorem 5 in Sect. 6,
and conclude with further remarks and open questions in Sect. 8.

2 Preliminaries

In this section we recall some results of harmonic analysis we will need in the remaining
of the paper. We omit the proofs of the results and we refer the reader, for instance, to [25].
We do not recall the results in their full generality, but only in the version we need them.

Let 0 < s < 1so that the function & — |£|™ is locally integrable. Then, the Riesz poten-
tial operator Z, is defined on S as

If = F - 177). (8)

Observe that if f € Sand 0 < s < 1, then f = T,A2f = AILf.
For p € (0, ) we denote by HP, the Hardy space on R. Having fixed ® € S with
/ ® =1, then

H ={feS : f :=su([))[f>k D) el’}, ©)

where

e = 11l

We recall that the definition of HP is independent of the choice of @ and that, when
p € (1, ), HP coincides with L?, with equivalence of norms.
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The Riesz potential operator extends to a bounded operator on H?, 0 < p < oo, accord-
ing to the following theorem. Part (ii) is due to Adams, see [2].

Theorem 2.1 Let0 <5< 1,0 <p < oo.

G Ifs< ;and = ; — s, then, T, extends to a bounded operator I, : HP — HP".
) Ifs= 117 then, I, extends to a bounded operator I, : I’ — BMO.

Definition 2.2 For M a nonnegative integer, define
Sy = {feS : /xkf(x)dx=0forke No» ksM}
R

and

= {feS: /xkf(x)dx=0f0rallke NO}.
R

We recall that, as it is elementary to verify, ¢ € Sy, if and only if there exists ® € S
such that ¢ = ®™. We will use this fact several times. We also recall that S, is dense
in HP for all p € (0, o), see [25, Ch.I[,5.2]. For these and other properties of the Hardy
spaces see e.g. [25] or [15].

Notice that the Riesz potential operator Z is also well-defined on S, for any s > 0,
since if f € S, then f vanishes of infinite order at the origin. Moreover, for all s > 0

I,.A2 1S, — S, (10)

are both surjective bounded isomorphisms and in fact one the inverse of the other one; see
e.g. [15, Chapter 1].

3 Fractional Paley-Wiener spaces

In this section we first prove Theorems 1 and 2, we deduce that the space PW? is a repro-
ducing kernel Hilbert space for every s > 0,5 — - §£ Ny, and explicitly compute its repro-
ducing kernel. We conclude this section by provmg that the classical Paley—Wiener space
PW, and PW? are actually isometric.

Lemma 3.1 Let f € PW;, s > 0. Then, suppf C [~a.al, so that J, € D, and (fy), =0,

where m = |s — %J

Proof 1t is clear from the description of the realization spaces E* 2 that f, € ', hence, once
we prove that suppf0 C [—a, a], it immediately follows that fo € D’ Let p € S, N CY,
with M > s. Given f € PW; we define

fo@ 1= /f(z—t)(p(t)dt
R
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and we claim that f, € £, and (f, )y =fo * @ € L?; where the symbol * denotes the stand-
ard convolution on the real line. The function f,, is clearly entire and, for every € > 0,

I, < / I~ D] dr < Ce@ / M (1) dr < CeoOF
R R

where the last integral converges since ¢ is compactly supported. Hence, f,, € £,. Moreo-
ver, since @ € S, then ¢ * ne Sy as well for any n € S. Therefore, if {¢,} C S is such
that @, — f,in S’ /P,, and A2 @, — A>fyin L%, for any n € S we have'
(o * @.n) = {fo. @ = n)
= lim (¢,, ¢ *n)
n—+oo

= lim (A2q,.Z,(¢ * 1)).

n—+oo

The last equality follows using the Parseval identity, since ¢ € Sy, hence ¢ x n € S,
as well, so that Z (¢ * 1) € L?. Moreover, if ¥ € S is such that ¢ * n = Y™, we have
T * n) = I,_,(R“PM=9), where R denotes the Riesz transform, and # = |s]. Then,

IZ(@ * mll 2 = IR Z_ ¥ N2 < CIEY 2|y, < 00

where we have used Theorem 2.1 (i) with % =1_ (s — £). Notice that p could be either

greater or smaller than 1. If p > 1, then [[PM=2||,, ~ [P, < oo since ¥ € S, if
p < 1, the fact that || P¥=9)||,, is finite if M is sufficiently large is a well-known fact, see
e.g. [25]. Therefore,

(o * @.m) = nggnw(A%(pn,Is((p * 1))

= (A3, I,(¢ * 1))
= (A2 fy * T,o,n)

for any # € S. In particular f, % ¢ = A3f, * Z,@ in L? and if ® € S is such that @™ = ¢,

I olle = o * @lle = 1A% fy % ROZ_, @Ml < IWfllpys 1T, R QM7
< C|V||PW;||¢(M_f)”Hp <oo,
an
for M sufficiently large, where we have used Theorem 2.1 (i) with 1 = % —(s—=7). This
shows that (1), € L?, and therefore, f, € PW,. Thus, supp(m) = supp(ﬁ) - @) C [—a,al.
Since for every &, # 0, &, € R, there exists ¢ € S), such that $(&,) # 0, we conclude that
suppf, € [—a, a] as we wished to show.
Let now s > %,s—%éN, and let m = [s—%J. Fix y € C®, ¥ 20, y =1on[—a,al.
For € > 0, we adopt here and throughout the paper the notation

W= pen), 1.0 = 1xx/e).

! We warn the reader that, we shall denote with the same symbol (-, -) different bilinear pairings of duality,
such as (S, S), (Dé, C®), (U”,LI’), etc. The actual pairing of duality should be clear from the context and
there should not be any confusion.
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Given Q = 27;0 qjxj € P,,, we have

000 = o0 = (o 2.+ ( X101
=0
= < /;ﬁo quij’ )?5)

= <gq,-D"fo»fﬂ?e> + <fo,§6(—1)"qu<(1 - ;(‘);?6))
=I +1I,.

This equality holds for all 0 < € < 1 and we observe that, since f;, is of moderate growth,
both I, and I, are given by absolutely convergent integrals. Let M > 0 be such that
o)l < €A + |x])M, for some C > 0. We have

a I A X
I|<c 1 M—DI(7)(=)d
| < ;Alzg + 1) LD de
<cY [ as D
i |X|Zf

m

=CeZ/ (1 + |t | DI 35| dt
=0 J 125

S CNgNs

for any N > 0. On the other hand, using Lebesgue’s dominated convergence theorem it is
easy to see that, as € — 0,

I = / QDYfy(en x (€207 (1) dt = QD) (0) / ¥0dt=0,
since Py ..o = 0 and Q € P,,. Hence, ]A“O(Q) = 0 and we are done. O
We now prove our first main theorem.

Proof of Theorem 1 We start proving the second part of the statement. Let g € Lﬁ(lélzs) and
define fas in (4). Then, since 0 < 5 < % forz = x + iy,

Q) = |\/% [ e
.

1
a 2
—25 -2y :
$C||g||Lg(|§|2\)</ €] e y‘f) SCeal"nglnguﬂzx).
—a

Therefore, f is well-defined, is clearly entire and belongs to £,. We wish to show that
fo € E*2. Observing that

@ Springer



Fractional Paley-Wiener and Bernstein spaces

g(&)e™ dé = T, F ' (g|€])(x).,

=

and since Z : L* — L*, we see that f, € L*". Moreover, since fi=g€ L2(]€]>), it fol-
lows that A f, € L*. Hence f, € E*2, f € PW? and

Jox) =

W llpws = gl z2qepes)-

Now, let f € PW.. Lemma 3.1 guarantees that ﬁ) € L2(|§|2‘) and in particular is compactly
supported in [—a, a]. From the first part of the theorem, we know that the function

~ 1 @ .
Fo) = —— / T de
\V2r J-a 0

is a well-defined function in PW? and ﬁ) = f,. Hence, f and ? coincide everywhere as we
wished to show. O

Corollary 3.2 The spaces PW:, 0 <s < %, are reproducing kernel Hilbert spaces with
reproducing kernel

| R
Kw,z) = ﬂ/ el(w Z)flfl stg'

Proof From (3) we deduce that point-evaluations are bounded on PW?. In fact,

If@) = |— / fo(©e de
rJ—a

a L
< Witz (| 0 a2) < CoMMe,
—a

This easily implies that PW? is complete, hence a reproducing kernel Hilbert space. For
z € C, the kernel function K, satisfies”

— / Fo@ede =) = (F1K.) e = Fo 1 KDY e
— /. : :

= / IO de.
Therefore, (K Yo(&) = \/—>e"z‘5 |E17% ¥1_q..1 () and the conclusion follows. O
Next, we consider the case s > %

Lemma3.3 Lets > %, s — % & Nandletm = |s — %J Given g € L*(|€]*) define Tg € S' as

2 We denote by (- | ), the Hermitian inner product on a given Hilbert space H.
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(Tg,w) := g(é) w() - l,/m;o(f)) dé (12)

=

forany w € S. Then, Tg is well-defined and T : L*(|€|*) — S is a continuous operator.

Proof By Holder’s inequality we have

(Tg. w)| < IIgIILz(|§|zJ)</R Il//(é)—Pl,,;,,,;o(é)lzlffl2S>2

= ”g||L2<|5|25><( 4 Y /|: . )Iu/(é) = Py 0O 1€ d5>2

Notice that, since m = |s — %J and s — % & N, we have —% <m-s< —%. Hence,
[ W= Pyl e
[&]>1

< /I @R az + / 1P oo ©P1E1 2 de
I4p<

[€]>1
1
< / lw (@& 1&]* déj+0rnax |1,/(7')(())|</ |§|2(m—s))2
el = lel>1
<C,.

where C,, denotes a finite positive constant bounded by some Schwartz seminorm of .
Moreover,

/ W (&) = P 0@ 1EI7 dé < sup [y "D (&) |29 dE < +o0.
|£1<1 [&1<1 |€1<1

From these estimates it is clear that T : L*(|¢]*) = & is a continuous operator as we
wished to show. a

Lemma 3.4 Let s> -, s — 5 &Nand m=|s— —J Given f € PW there exists a unique
g€ L2(|§|2‘) such that fo =Tgin S, that is,

(oo w) = (Ta,w) = 8O (W(E) = Py dé

=

forally € S.

Proof By the results in [18], since f, € E*2, there exists a sequence {@,} C S such that
{Aupn} is a Cauchy sequence in I?, and @, — f, in S'/P,,, where m = |s — EJ’ that is,
(@) = (fow) = (fo, ), asn — oo, for all y € S,,,. Therefore,

(@) = (oom)

as n — oo, for all n € 3’,\" =Sn{nes: P} =0. Moreover, there exists a unique
g € L*(|€]*) such that §, — g in L*(|€|*). Since T : L*(|€|*) — S is continuous, we also
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have that 7@, — Tg in §’. We now prove that it holds also 7%, — % in (8,)’ In fact, given
€ S,,, we have

U%w=A@@W@—&M®M¢%ﬁ£W®ﬁ=A%®M&ﬁ
*/ﬁ@ﬂ@%=%w)
R

Therefore, , = Tgin (S,)', that is, if Q(D)(6) = ¥, ¢;6%,

o = Te + QD))

in &'. In particular, this implies that suppTg C [—a, a], hence, Tg € D:. and suppg C [—a, al.
We now prove that Q(D)(6) = 0. Let P € P, and let n € C° such that # = 1 on [—a, a]
so that yP € S. Since f; is supported in [—a, a] from Lemma 3.1 we get

(fosnP) = (fo. P) = 0

and, since 7g is supported in [—a, a] as well,

(Ig.nP) = / 8 ((MPYE) = Pyp (&) d& =0

since Pyp o =nP on [—a, a]. Therefore, we obtain that (Q(D)(5), nP) = 0 as well and by
the arbitrariness of 7P, we conclude that Q(D)(6) = 0 as we wished to show. Thus, fo =Tz
inS. O

Before proving the next lemma, we need the following definition. Given s > 0 and
v E S notice that |]*y € S Then, given U in &', for any we define |£|*U by setting
(IEFU, y) = (U, [EI'w).

We now prove the following simple, but not obvious, lemma.

Lemma3.5 Lets >3 % & Nand let f € PW!. Then, f(AéfO) = |§|5}%, with equality in
L2

Proof Since f € PW?, we already know that F(A2 fO) € L?. We now con51der|§|sf0 S (S )
and we show that it actually belongs to L2 Then, we show it coincides with F(A2 fo) Let
W E S Then, from Lemma 3.4 there ex1sts g€ L2(|§|2‘) such that

(€T w) = (os 1E1°w) = (Ta, |E1w) = g (IEPW(E) = Py (&) dE

=

1 /" s
= — gBIEI'w (&) dé,
V2r J-a

since Pgjey.mo = 0. Hence,

IKIER o, vl < Cllgl 2 Wl 2
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By the density of S_, in L2, we conclude that |£|°F, € (L2Y', that is, 1%, € L? as we wished
to show. Now, since f € E*2, there exists {@,} C S such that @, — f; in S'/P,, and
{A2 : @, } is a Cauchy sequence in 2. Then, for y € S, which is dense in L2, we have

(Aifoy) = lim (Aig,.y) = lim (|G, §) = lim (D,.|¢'P)

= lim (o, 7' (1€ u/)> = (fy. 7 (161%)) = (. 161'9)
= (11T w)-
The conclusion follows from the density of S, C L. O

Proof of Theorem 2 We ﬁrst prove the second part of the theorem. Recall that m = |s — —J
is the integer part of s — = leen fdefined as in (7), we see that for every € > 0

1 /a iz& ;
— | 8&(e* —P,z8))d¢
L [ e )

1 /a 2s 2 ’ ¢ =251 iz& . 2 %
<[ -2 [ e ( / (£ — P (iz8)| d:)
(w ” ) -

1
a 2
< C€a|Z||Z|m+1||g||L§(|§|2»v)</ |§|2(m_“+1)d§>
—a

<C e(a+€)|Z|
= ¢

since 2(m — s + 1) > —1 and where we have used the inequality ZJJ;"S PlG+m+ 1) <e,
for r > 0. Hence, f is well-defined, clearly entire and it belongs to £,. Since it is clear that
Pj,.0 = 0, it remains to show that f, € E*2. We have

R =00 = —= [ g@)&)" (€ — &) de

=l

g(EEY e (" — 1) d¢,

so that,

G+ ) f<'">(x>|<— / 121 1@l — 11161 de

1
a 2
2 ih 2 £120m—s
scnguLz(,g,zS)( / e — 172 wé)
“ —a
1
i i _ 2
< Clh|*2 m”g”iz(ml‘)(/ et — 1]2¢]20m ‘)dt)
R

< CIIP 12

Hence,
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I+ h) — £ @)

2
sup 1 < CllglZ. e
heR h£0 |h|*m2 @

and we conclude that f, € /\5_% as we wished to show (see [15, Proposition 1.4.5]). Next,
we need to show that A2f, € L? and ||A§f0||Lz = llglzqepe
To this end, let {y, } C S be such that y, — gin Li(l’g’|2“) and define @, as in (7), that is,

@,(x) = w,(&)(e™ — P, (ix¢)) d&

=

where, we recall, m = |s — %J. Observe that, by (12), @,(x) = (Ty,, ™). Given n € S,
using Lemma 3.3, we have that all integrals in the equalities that follow converge abso-
lutely and we have that

. . 1 “
lim(@,,n) = lim — / v, (&) () = P, 50(8)) dédx
n—-oo n—oo /27[ g ( ;0 )

= Jim (Ty,,.A) = (T¢.7) = (fo- ).

Therefore, @, — f; in S’ Moreover, we have that D"™lgp = ((uf)’"Jrl ,) and setting
si=s—-(m+1)e (—— —) we have that, on Schwartz functions, A3 = Rm“Az Dl
Therefore,

”Aé(ﬂn”[} = ”A?Dm—l@n”[} = ||f(Dm+l(Pn)||L2(|g|2»") = ||Wn||L2(\§|2.«)-

It follows that {A% @, }is a Cauchy sequence in L? and that
lAazfoll. = lim ||Wn||L2(|§|2:) = ||g||L§(|,§|2x)-

Let us consider now f € PW,. From Lemmas 3.1 and 3.4 we know that suppfo —a,al,
and that there exists a unique g € L2(|€|*) such that %, = Tgin S'. Hence, the functlon

@ = g(:) e — P, (iz8)) dé

is a well-defined function in PW? by the first part of the proof. Moreover,
~ 1 @ .
DM fo0) = — / (i&)"' g(&)e™ dé,
) V2 J-a
so that F(D"*1f;) = (i€)"+'g. On the other hand, we also have that

Ffy"0) = @@y = (i)™ T

Now, fory € S,
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(&' Tg, y) = (Tg @i&" 1y

- / 8O (GE™ W () = Pliayror oo (©)) dE

=L

= (A" ), w),

hence ]—‘(fémﬂ)) = FD"'fy), ie., fémﬂ) =]~‘ém+l). Therefore, f and F coincide up to a poly-
nomial of degree at most m. Since Py,,.; = Pﬁmo =0, we get f = f; in particular,

gOE)™ (&) dé

f@)= g(&) (e — P, (iz&)) dé

=

and || A2fy]l,2 = 18l 2 ¢j2+)> @s we wished to show. O
As in the case s < %, we have the following

Corollary 3.6 Fors > %, s — % & N, the spaces PW, are reproducing kernel Hilbert spaces
with reproducing kernel

K2 = o [ (e = v (¢ - Py -iz0) 1

a

Notice that, since K, = K(-,z) € PW}, Pg .., =0, that is, K, vanishes of order m at

the origin, where m = |s — %J.

Proof From the previous theorem we know that the Fourier transform is a surjective
isometry from PW? onto T(L2(|€]*)), the closed subspace of S endowed with norm
I Tg|l := ||g||L5(|§|z;). Therefore, PW. are Hilbert spaces.

Similarly to the proof of Corollary 3.2 we deduce from the representation formula (6)
that the spaces PW? are reproducing kernel Hilbert spaces. Then,

L / Fo@(e% = P,(iz0) d& = f2) = (f | K.) . = / BRAGCANGLS
7 J-a ¢ —a

and therefore,

pr e 1 _iz — —2s
(K)p(&) = —= (7™ = P, (=iz8) ) |& 7.
\V2x
From this identity and (6), the conclusion follows. O

The following lemma is obvious and we leave the details to the reader (or see the
proof of Lemma 4.1).

Lemma 3.7 The space {f € PW, . f, € S} is dense in PW,.
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We now show that the fractional Laplacian A? induces a surjective isometry from
PW? onto PW,,.

Theorem 3.8 Let s > 0 and assume s — % & Ng. Then, the operator Al PW, - PW, isa

surjective isometry, whose inverse is I if0 < s < %, whereas if s > % the inverse is given by
sy -1 1 AN —s( jizé .
(A2) " h() = 7 ho@)1€17* (e = P, (iz8)) d& , (13)
v 4 —a

with h € PW,,

Proof We only need to prove the theorem in the case s > 5 s — 5 & N. We recall that from
Lemma 3.5, if f € PWS, .7-'(A2f0 |.§|5f0 € L2 Hence, the map f — AZfO is clearly an

isometry, and supp(}'(A 2 f0 ) C [~a,a]. By the classical Paley-Wiener theorem, A: fo
extends to a function in PW,, that we denote by A’ f

Let us focus on the surjectivity. Let h € PW,, then, by the previous lemma, there exists
asequence {@, } C {h € PW, : hy € S } such that ||z — (pnllPW” — 0asn — oo. Set

®,() = Pu©IEI (€% = P, (iz8)) d&. (14)

=

We observe that, since ¢, € S, we can write

,(2) = Gu(O)IE| e dg ~ L/ @,(OIEIT P, (iz8) dE

since both the integrals converge absolutely. We are going to show that ®, € PW}, {®,}
is a Cauchy sequence in PW?, and that A: @, — gin L2, From these facts the surjectwlty
follows at once. As in the proofs of Theorems 1 and 2, we see that ®, € PW:. Moreover,
using [18, Corollary 3.4] and the fact that ¢, € S, we see that

A D, = A3 (FI@,1E7) =

Hence, A2<I) — gin L?, and the surjectivity follows.
In order to show that the inverse of Az has the expression (13), we observe that
ho(é‘)lé‘l‘j €L2(|§|2‘ ), so that arguing as in the proof of Theorem 2, we see that
(Az) h € PW:. Now, if {g,} € C®({5, < || <a—4,}) are such that 5, — 0 and
g, = hy(®)|€]* in L2(|§|25) using [18, Corollary 3.4] again we have

F(ATF)() = lim F( gn(ff) (¢ = P (ix0)) & ) 1)

n—oo (
s o1 ;

= lim }'< : / g, ()¢ dé)(t)
1/ —a

n—oo 27[

= lim 1], (6) = Ty(0).

Thus, A F = hand the surjectivity follows. O
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4 Fractional Bernstein spaces

In this section we study the fractional Bernstein spaces and we first show that the spaces
B> are isometric to the classical Bernstein spaces 7. The proof is similar to the Hilbert
case, but we have to overcome the fact that Plancherel and Parseval’s formulas are no
longer available.

We need the following density lemma.

Lemma4.1 Letl < p < co. Then, the space T={f €, : fy € S} is dense in B,

The proof of such lemma is somewhat elementary but not immediate and it is post-
poned to Sect. 7.

Theorem 4.2 Let s > 0 such that s — i & N. Then, the operator Alisa surjective isometry
A B S B
and the inverse is as in (13) (with h € B‘Z).
Proof We first notice that A2 is injective on B’” since these spaces are defined using the
realizations E*” of the homogeneous Sobolev spaces W*?.
We now prove that Az f € B, whenever f € B)”. Due to the characterization of

the Bernstein spaces, A2 f is in Bp if and only if A f(, € [P and suppAz o € [—a,a]. Let
@ € C* NSy, with M to be chosen later. Given f € Bap we set

fo@ 1= /f(z—t)(p(t)dt
R

and we claim that f, € £, and (f,); € L(R). In fact, f,, is clearly entire and, for every
>0,

I, < / 1z — Do) di < €@ / M| (1)] df < oo,
R R

where the last integral converges since ¢ is continuous and compactly supported. Hence,
f, is of exponential type a. Now, let (f,,)y = f, * @ be the restriction of f, to the real
Ime Since f, € E*7 there exists a sequence {¢,} € S such that ¢, — f; in S' /P,., where

m?

m=|s—1/p| and {Az @,} is a Cauchy sequence in L. We now argue as in (11). Since
@ € Sy, let ® € S be such that ¢ = ®M), 5o that T, = R‘T,_,®M~9), where R denotes
the Riesz transform. Then we have
/ (@, * @) dx = / |A2 @, * Tp(x)|” dx
R

<182 @, I IR Z,_ @M1

< CIAz @, I 1O 4,

S C¢||A§¢n”[j7
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where 1 = ‘l] — (s — £), choosing £ = |s|in such a way that g < 1. In particular, we get that
{@, * @} is a Cauchy sequence in L”. Since @, * @ — f, * ¢ in §' /P, and S,, is dense in
IV, we see that @y k@ = fox @ =(f,)in L’

Therefore, f,, is an exponential functlon of type a whose restriction to the real line is L7

-integrable. Hence, f, €. B and supp(f(p)o = supp(fo(p) C [—a, a]. From the arbitrariness of
@ we conclude that suppf0 —a,al. —
We now argue as in the proof of Lemma 3.5, to show that also suppA: f0 —a,al.

Let @, € C2({5, < |¢| < a}), D, -, in &, and setting 7, = F(®,) we have nn €S,
Now, fory € S, asn — oo we have

<'1ny W) = <®n’ ll/>> - 0(‘09 {I}> = U‘Oa W) 5
where the pairings are in & Thus, 7, — f, in &, which implies that A2y, — A2f,in &' /P,
so that

suppA%fO - U suppA%nn U {0} C[-a,da],
n

as we wished to show.
Since A2 fo € L” by hypothesis, we conclude that A2  1s the restriction to the real line
of a function in /3, function that we denote by A2 f Moreover, we trivially have the equal-

ity Wfllge = 187 f 1l
It remains to prove that A2 is surjective. Let & € 3. Then, by Lemma 4.1, there exists a

sequence { &, }C’T (heB :hyeS, }suchthath — hin B,
Let0<s<—andset

1 [ -
F,(2) = —/ (h,)o(©)|&] "™ dé.
V2 J-a ’

Then, F, €&, Aé(Fn)O = (h,), and {F,} is a Cauchy sequence in B’ since
I, |lg» = |lh,|lp>- In particular, this means that {(F,),} is a Cauchy sequence in E*P.
Hence, there exists a limit function F € E*?. We need to prove that F is the restriction to
the real line of a function in B}*.

Since s < - by Parseval’s 1dent1ty, we have

F,(2) = / B, OF " (1€17°™ Ji_gq) @) dx,
R

so that
IF, @1 < ol IF (1E17° € i) 1
where p, p’ are conjugate indices. Observing that
FHIET e Haa) = Z(F € dmaa)
from Theorem 2.1 we obtain

17 (1617 €™ Hicaa) I < CIF (€ Hcaa) Il 2

nte

,
since #Sp, > 1. However, for z fixed,
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7 (eizfxl_wl)(t) = %sinc(a(z +1))

belongs to BY for any g € (1, 00). Therefore, by the classical Plancherel-Pélya Inequality,
we obtain

IF (117 21—yl < Ce™ [Isinc(@d)ll .

L 1+sp
where y = Imz. In conclusion,
IF, @] < Ce™ |G, ol -

Since [|(7,)ollz» = A, |l 5, we just proved that the B’-convergence of {4, } implies the uni-
form convergence on compact subsets of C of {F),} to a function F of exponential type a.
Necessarily, F|g = F as we wished to show. Notice that we also have that

A%Fo - nl—i>£—noo A%(Fn)o - nl—%Eloo(h")o - ho ’

that is, the inverse is given by equation (13).
Suppose now that s > i,s - i & Ny. Again, leth € Bﬁ {h,} €T, h, — hin B, and set

1 ¢ :
F,(2)=—— / (B )o(©IE1™ (7 = P,,(i28)) dé ,
7= [, e )

where m = [s—1/p]|. Then, F, € £, and A%(Fn)0 = (h,) by [18, Corollary 3.4]. Thus,
{F,}is a Cauchy sequence in B‘;’p , that is, {(F,)o } is a Cauchy sequence in E*, hence there
exists a limit function F € E*P. We need to prove that F is the restriction of some entire
function of exponential type a.

Differentiating m + 1 times, since s’ :=m+1—s € (=1/p,1/p’) the integrals below
converge absolutely so that

WMW@=—i—/mﬁﬁﬁmrm@W%ﬁﬁ

15)
=/mmFW@WMWﬁmmmm.
R
Then, if _117 < s’ <0, the term on the right hand side in (15) equals
/ h, (DR T, sinc(z — t) dt
R
and by Theorem 2.1 we obtain
[FS*D@)] < Cll ol lisinez = i 6
< CeM ol
where i = z% —§', by the classical Plancherel-Pélya inequality. If 0 < 5" < 5, we repeat

the same argument with s’ — 1in place of s’, observing that the the term on the right hand
side in (15) equals
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/ h,(OR"Z,_, (Dsinc(z — -)) (1) dt,
R

and using the classical Bernstein inequality as well.

Therefore, the convergence of {4, } in 3/ implies the uniform convergence on compact
subsets of C of {F"*} and, in particular, the limit function G,,,, is of exponential type a.
Then, F is the anti-derivative of G, such that Pr, , = 0 and F|p = F, as we wished to
show. This shows that the inverse is as in (13) and concludes the proof of the theorem.

O

Corollary 4.3 Lets > 0,1 <p < coand s — 117 & Ny. Then, norm convergence in B implies

uniform convergence on compact subsets of C.
Proof Let f € BP. From the identity, (13) with 2 € 3, arguing as in (16), we obtain that
D@1 < AR llg = e fll -

Since Py, = 0, it follows that for any compact K C C,

sup | (2)] < Cllf -
€K

We are now ready to prove Theorems 3 and 4.

Proof of Theorem 3 We observe that the completeness follows from the above corollary, or
from the surjective isometry between B:” and B. For the second part of the theorem we
argue as follows. Let 4 € 7, and as in the proof of Theorem 4.2 define

s 1 RN .
fw) = (A2) " h(w) = —/ ho(&)IE75 (™ — P, (iwE)) dE,
Varda ' ( )
and therefore
1 PN Zs{ —yEp o . .
Priiymo(W) = NGz / @I (7P i) = Pyl + )0) de.
Hence,

Fw)=fw+iy) — Pf(,+iy);m;0(w)

Ro(&)e|E|7 (™ = P (i(w + iy)E)) dé

1 / “
V2 J-a
1 PN . —s( iwé . EANG | .
= \/? ho(- + i) )& (™ = P, (iw)) d& = (A2 (h(- + iy)) (W)
wJ—a
Hence, from (13), we conclude that F € BZ”’ since, by the classical Plancherel-Pdlya ine-
quality ( [26]), A(- + iy) € B and by Theorem 4.2 we obtain
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IFllge = IAC + Dl < IRl = e [fll g
as we wished to show. The conclusion now follows from Lemma 4.1. O

Proof of Theorem 4 1If f € B'?, then f, € E*” and supp]A’0 C [—a, a], hence (i) implies (ii).
If (ii)) holds, then Alhe L’ and suppA%h Cc suppiz\ C [—a,a]. Hence, it fol-
lows that AZh = fo, for some f € B’. Setting F = (A%)‘lf we have F € B)”. Hence,

A%F0 =fy= A2h. Since Fy,h € ES and Azis injective on E*P, it follows that F;y = h, that
is, (ii) implies (i).

By applying the classical characterization of Bernstein spaces to A1 and Theorem 4.2
we easily see that (ii) and (iii) are equivalent. O

5 Reconstruction formulas and sampling in PW?
In this small section we make some comments and observations on reconstruction formu-
las and sampling for the fractional Paley-Wiener spaces PW. In particular we conclude

that the fractional Paley—Wiener spaces are not de Branges spaces.

Proposition 5.1 Let 0 < s < % Then, the set{y (- — nz/a)},cz

(e —nnja) = —! / e £
2+/anx J-a

is an orthonormal basis for PW?.

1 1
IfS > E’s— 5 ¢ N, the Set{l[/(‘ _n”/a)}nEZ’

1

2+/ar

w(z—nnja) = / i (e — P, (i28)) 161 de

is an orthonormal basis for PW?.

Proof 1t is a well known fact that the family of functions {¢, } ez,

,(2) = 1 / MO gp = Va/zsinc(a(z — nr/a))

2+/ar

is an orthonormal basis for PW,. The conclusion follows from Theorem 3.8.
We have the following consequences.

Corollary 5.2 For every f € PW? we have the orthogonal expansion

f@ =), Aifnr/ayy(z - nx/a), (17)

nez

where the series converges in norm and uniformly on compact subsets of C. Moreover,
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“fll]z)Wl; = % Z |A§f(nﬂ-/a)|2' (18)

nez

Proof By the classical theory of Hilbert spaces and Plancherel’s formula, we get

f= Y 1w = nx/a)py. w(- = nx/a)

nez

— a 1 /a s inZe

= —\—F= [EI°f(E)e" <= dE Yy (- — nx/a)
nEZZ”(\/Zﬂ' —a 0 )

=Y Aif(nz/a)y( - nx/a),
nez

where the series convergences in PW’-norm, hence uniformly convergence on the compact
subsets of C. Finally, formula (18) follows from Theorem 3.8 and the classical Shannon—
Kotelnikov formula. a

A few comments are in order. Both the reconstruction formula (17) and the norm
identity (18) resemble some known results for the Paley—Wiener space PW,. In particu-
lar, equation (18) can be thought as a substitute of the Shannon—Kotelnikov sampling
theorem in the setting of fractional Paley—Wiener spaces. However, these results are
somehow unsatisfactory: we recover the function f and its norm from point evaluations
of the fractional Laplacian A3 f and not of the function itself. Hence, it is a very natural
question if we can do something better. Indeed, this is the case for the reconstruction
formula (17), but we cannot really improve (18). For simplicity, we now restrict our-
selves to the case 0 < s < %

Proposition 5.3 Let f € PW?,0<s < % Then, for z € C,
f@) =) four/aysinc(az - nz/a)),
nez
where the series converges absolutely and uniformly on compact subsets of C.

Proof Let f € PW? and let {f;} C PW, be a sequence such that f; — f in PW?. Then, by
the Shannon—Kotelnikov theorem, we have that

fi(x) = ka(nn/a)sinc(a(x — nﬂ/a)),
nez

where the series converges absolutely and in PW_ -norm. However, norm convergence in
PW,_, implies uniform convergence on compact subsets of C. Thus, we obtain

flx) = kEwak(x) = kEToo ka(nzz/a)sinc(a(x —nr/a))

nez

= Zf(mr/a)sinc(a(x - mr/a)).

nez

|

We now point out that, in general, we cannot improve (17) with point evaluations of f
instead of its fractional Laplacian. More generally, we would like to know if it is possible
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to have a real sampling sequence in PW;. We will see that, at least in the case 0 <5 < %,
this is not the case.

Definition 5.4 Let A = {4,},c, C R. The sequence A is a sampling sequence for PW? if
there exists two positive constants A, B such that

Al < X FGIP = X 1(F 1K, ) gy, 1P < BUFIGy,

A,EA €A

where K, is the reproducing kernel of PW, as in Corollary 3.2.
Since for 0 < s < . the space PW? can be identified with Lﬁ(|f;‘|2“) via the Fourier trans-
form, the sequence A = {4,},¢ is a sampling sequence for PW; if and only if the family

of functions {K A } PN is a frame for L2(|§|23) that is, if and only if there exist two positive
constants A, B such that

A|lf0||L2(|§|2v) = Z |<ﬁ) | (K/l )0>L2(|§|2‘)|2 BlVb”LZ(\ﬂ“)

From Corollary 3.2, when 0 < s < 1 we obtain that @(5) = ﬁe*i%ﬂgrh Hicaa©

and the following result is easily proved.

Proposition 5.5 The family {emiME|E| 72 }1,en is a frame for L2(|§|2‘) if and only if the fam-
ily {e‘”l ‘5|éj|‘“}i enls aframeforL

Proof Assume that {e=¢|&|=25} s,en is a frame for L2(|€]*) and let f be a function in PW,,.
Then,

N A a ~ . 2
Woll7: = & Tl gy = Z | / 1@ ™ g7 || de

> | [ i

A EA

hence, {e—iin5|§|—8}%€/\ is a frame for L2(|&|*). The reverse implication is similarly
proved. a

Therefore, the sampling problem for PW?, 0 < s < % is equivalent to study windowed
frames for Li. The following result, due to [16] (see also [14]) implies that we cannot have
real sampling sequences for PW’. Hence, we cannot obtain an analogue of (18) with point
evaluations of the function instead of point evaluations of its fractional Laplacian.

Theorem [14, 16] The family {g(é)e”ni } is a frame for Lg for some sequence of points
YR

A ={4,},ez € Rifand only if there exist positive constants m, M such that m < g(§) <M

We conclude the section with one last comment about fractional Paley—Wiener spaces
and de Brange spaces. These latter spaces were introduced by de Branges [13] and have
been extensively studied in the last years. Among others, we recall the papers [1, 5-8,
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19]. The space PW, is the model example of a de Branges space. A classical result, see
[13], states that de Brange spaces always admit a real sampling sequence, or, equivalently,
always admit a Fourier frame of reproducing kernels. The above discussion proves that this
is not the case for the spaces PW:,0<s< % Therefore, the following result holds.

Theorem 5.6 The fractional Paley-Wiener spaces PW:, 0 <s < %, are not de Branges
spaces.

6 Boundedness of the orthogonal projection

In the previous sections we proved that the spaces PW can be equivalently described as
PW! = {f € E*? ; supp}A‘ C [~a, a]},

thus, it is clear that the spaces PW? are closed subspaces of the Hilbert spaces E*2. There-
fore, we can consider the Hilbert space projection operator P, : E%? — PW.

Inthecase 0 < s < - > L we get from Theorem 1 that the projection operator P, is explicitly
given by the formula

P = —= [ O e de
\/ﬂ [-a.a] (19)
Similarly, we explicitly deduce P, in the case s > % from Theorem 2,
Pf(x) = Zi /f(i)xl_a,a](é)(ei"f = P, (ix§)) dé. (20)
T JRr

A very natural question is to investigate whether the operator P, densely defined on
ESP n ES? extends to a bounded operator P, : B — B P assuming that
s— % & Nj,s — - §£ Ny and s — —J =|s— —J This is the content of Theorem 5 which we

nOw prove.

Proof of Theorem 5 We first assume 0 < s < +. Let f be a function in E>” n E*2. By defini-
tion of E” n E*2, we can assume f to be in the Schwartz space S. Then, the projection Pf
is given by (19). The function Pf clearly extends to an entire function of exponential type
a, which we still denote by P f. Moreover, we assumed f € S, so that, for instance, P,f is a
well-defined L2 function with a well-defined Fourier transform. Thus,

APS@) = F (1 1 seaaf ) = F ' (Hcaab2):
Hence
IPFllse = AP Fllg < CIA fllpg = Cllfllg-

where the inequality holds since yi_,, is an L/-Fourier multiplier for any 1 <p<+oo.
Therefore, P, extends to a bounded operator P : E*” — B when 0 < s < 5

Assume now s >3 L Then, given f € E*P N Es2 NS, the projection P f is given by (20),
that is,
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Pf(x) = % / FO X 0@ = P, (ixE) dé
R

1 > ix 1 > .
=2 /R FO X _qa(©)e™ dé ~ . /R F O X100 (P, (1xE) dE
=: (PN @) + (P’ ).

As before, (ng)1 is a well-defined L? function with a well-defined Fourier transform,
whereas (Pf)? is a polynomial of degree m = |s — 1/2] < s, thus its fractional Laplacian
A% s zero. Therefore,

AP = —— / 1P O™ dE = F (0 Do) 0.
Vor Jr

Once again we have
||PJ”BL=I’ = ”AEPJ”U(R) < C||A§f||u,(R) = C”f”gun

since y|_,, s a LP-Fourier multiplier for any 1 < p < oco. O

7 Proof of Lemma 4.1

Proof of Lemma 4.1 We recall that, given a function @ on R, for 7 > 0 we set ¢, = %(p(~ /0.
We also set @' = ¢(t-) and observe that F(@,) = (Fp)'. Moreover, it is easy to see that for
allpe[l, ), @, ¢" = @inL’,asr - 1.

We first claim that the subspace | 4, {f € 82_5 : fo € S}is dense in B, 1 < p < co.
Let fe€ B be given. Then suppf(\) Cl-a,a] and if O<r<1, ffeB so that
suppf] C [—ar,ar]. Let § = (1 — na/2 and let ¢ € C2[-1,1], ¢ = 1 on [—i, 2 fo=1
Then fo * @5 € C® and suppf % @5 C [—a+ 6,a — §]. Therefore, .7-'“1(/(\; * @) €S
extends to a function f; € BZ _sand fi5 — f in B as § — 0. This proves the claim.

Next, let f € BZ—& be Euch fo€S, for 6>0. Let 54 € C[-6,6], n=1 on

[=6/2,6/2]. Then (1 —n;))fy € C and has support in {& : §/2 < |£| < a}. Therefore,

((1 - ;7(5))]”0) € S, and extends to a function in BY. Thus, it suffices to show that
| F! (n(ﬁ)fo) ll;, = 0asé — 0. This fact follows by observmg that we may choose

N = (X * (0)1/6

where @ € C°°[—§ 5 with / @ = 1. Then, it is clear that 4 € C°[-6,6], and n =1 on
[—6/2,6/2]. Finally, for g € (1, ), it is easy to see that

17 )l = 8401 20110 > 0
as o — 0. |

Corollary 7.1 Let s >0, p€ (1,), s— :—7 & Ny, and set m= |s— iJ. For s > i, set
7, = {f €&, fo € Ser Promo = 0}. Then, if 0 < s < 117 the subspace T is dense in B.”,

whereas if s > [lj the subspace T, is dense in B if s > 117, s— }) & N,.
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Proof We only prove the case s > ll), s — i & N, the other case being easier. By Lemma

4.1 and Theorem 4.2 we have that (Ai)‘l (T) is dense in BZ’” . Thus, it suffices to show that
this latter space is contained in 7,,. Let h € 7 and let f = A3l be given by (13). It is clear

that Py, = 0. Moreover, f(’"“) FH(aeyme |‘SIZ)) € S_, and extends to a function in
B, by Theorem 4. This easﬂy implies that f; € S_, and the conclusion follows. a

8 Final remarks and open questions

We believe that the fractional spaces we introduced are worth investigating and, as we
mentioned, they arise naturally in a several variable setting [17]. We mention a number of
questions that remain open.

First of all, it is certainly of interest to consider the cases s — 117 € N,. As we pointed out

already, these cases correspond to the critical cases in the Sobolev embedding theorem.
From [18, Theorem 3 (iii)] we also have a description of the realization spaces E*P of W*?,
as follows.

Lets — i € N,. Fix the bounded interval Q = [0, 2x]. If s = %, let

B = {f €BMO : f, =0, [fllgs := IA3fll, < +oo},
while, if m = s — % is a positive integer, let
BV ={f eS8 e Pryuig=0.£" €BMO, £ =0, Ifllg := 1A%l < +oo .

By [18, Theorem 3 (iii)] the space E*? is a realization space for W*?_ Then, for s — ﬁ eN,
we may still define the spaces B‘;”’ as in (1.1), that is,

B ={f €&, f €E"” with norm W llgr 2= Wfoll g } -

However, all proofs break down in the cases s — i € N, due to the presence of the BMO

condition. Since for f € £,, f; is a smooth function, a more natural definition of BZ’” seems
to be

Bl ={feé& : lfyl, € W’ andifm > Il, Promo =0}

where [f],, denotes the equivalence class of f; in S'/P,,, and endow it with the norm
Ifllg = Ilfollywse- Such definition would require to prove a different description of a reali-
zation space for W*” when s — i € N.
To further elaborate on this point, we point out that, as shown by Bourdaud, when
s — ]17 & N, the realization spaces E*7 of W*P are the unique realization spaces whose
norms are homogeneous with respect the natural dilations. On the other hand, when
s — ;lv € N, there exists no realization space of W*” whose norm is homogeneous. Finally, a
“good” definition of B}” in these critical cases should coincide with the interpolating space
between two spaces Wlth s— - E Ny. In any event, these spaces remain to be investigated.
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Naturally, another question that remains open is the boundedness of the orthogonal pro-
jection P : E7 — B'7 in the cases s — /% € Ny. Such boundedness would allow one to

explicitly describe the dual space of B}”, for the whole scale s > 0 and p € (1, o).

The Paley—Wiener space is a very special instance of a de Branges spaces. These
spaces where introduced by de Branges also in connection with the analysis of the canoni-
cal systems, see e.g. [13, 23]. It would be interesting to determine whether the fractional
Paley—Wiener spaces PW? also arise to the solution of a canonical system defined in terms
of the fractional derivative.

In [7] it is shown that the Paley—Wiener space, and, more generally, any de Branges
space, coincides as set with a Fock-type space with non-radial weight. The Paley—Wiener
(or de Branges) norm given by an integral on the real line is replaced by an equivalent
weighted integral on the complex plane. We wonder if an analogous result holds true for
the fractional Paley—Wiener spaces.

Another important fact about the classical Paley—Wiener space is that, up to a mul-
tiplication by an inner function, it admits a representation as a model space of H*(C,),
the Hardy space of the upper half-plane. We recall that a model subspace of H?(C,) is
defined as Ky = H*(C,) © ®H*(C,) where @ is an inner function in C,. By means of
the Weyl-Titchmarsh transform, it is possible to interpret the completeness problem for
eigenfunctions of the Schrodinger equations as the completeness problem for a system of
reproducing kernel {k,}, in some model space Kg. Thus, there exists a close link between
model spaces, in particular the Paley—Wiener spaces. It would be interesting to understand
if an analogous link exists between the fractional canonical systems and the fractional
Paley—Wiener spaces.
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