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ABSTRACT. We study a class of close-packed dimer models on the square
lattice, in the presence of small but extensive perturbations that make
them non-determinantal. Examples include the 6-vertex model close to
the free-fermion point, and the dimer model with plaquette interaction
previously analyzed in [I], 2] 22] 23]. By tuning the edge weights, we
can impose a non-zero average tilt for the height function, so that the
considered models are in general not symmetric under discrete rotations
and reflections. In the determinantal case, height fluctuations in the
massless (or ‘liquid’) phase scale to a Gaussian log-correlated field and
their amplitude is a universal constant, independent of the tilt. When
the perturbation strength A is sufficiently small we prove, by fermionic
constructive Renormalization Group methods, that log-correlations sur-
vive, with amplitude A that, generically, depends non-trivially and non-
universally on A and on the tilt. On the other hand, A satisfies a uni-
versal scaling relation (‘Haldane’ or ‘Kadanoff’ relation), saying that it
equals the anomalous exponent of the dimer-dimer correlation.

1. INTRODUCTION

The question of universality, that is the independence of the critical prop-
erties of macroscopic systems from the microscopic details of the underlying
model Hamiltonian, is a central issue in statistical physics, whose mathe-
matical understanding is largely incomplete. A convenient framework where
it can be studied is that of planar dimer models, which exhibit a rich criti-
cal behavior: algebraic decay of correlations, conformal invariance, ... The
dimer model on a bipartite planar lattice is integrable and, more precisely,
determinantal (also said ‘free fermionic’): its correlation functions are given
by suitable minors of the so-called inverse Kasteleyn matrix [27]. The
model is parametrized by edge weights £ and has a non-trivial phase di-
agram. By varying ¢, one can impose an average non-zero tilt p for the
height field. A central object of the dimer model is the so-called charac-
teristic polynomial P(z,w), where z,w are complex variables. For instance,
the infinite-volume free energy is given by an integral of log |P(z,w)| over
the torus T = {|z| = |w| = 1}. Also, the large-distance decay of corre-
lations is dictated by the so-called spectral curve, i.e. the algebraic curve
C(P) = {(z,w) € C? : P(z,w) = 0}. When the edge weights are such
that the spectral curve intersects T transversally one is in the “liquid” or
“massless” phase, where the two-point dimer-dimer correlation of the model
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decays like the inverse distance squared. Correspondingly the height field
scales to a Gaussian Free Field (GFF) and the variance grows like the loga-
rithm of the distance times 1/72. Remarkably, this pre-factor is independent
of the weights ¢ and of the specific choice of the bipartite periodic planar
lattice. This is related [29] to the fact that C(P) is a so-called Harnack curve.
Summarizing, in the massless phase the scaling limit of height fluctuations
of the dimer model is universal, in a very strong sense: the limit is always
Gaussian, with logarithmic growth of the variance; moreover, the pre-factor
in front of the logarithm in the variance is independent of the details of the
underlying microscopic structure (edge weights and lattice).

The previous results heavily rely on the determinantal structure of the
model, but universality is believed to hold much more generally. Motivated
by this, we consider weak, translation-invariant, perturbations of the dimer
model (for simplicity, we restrict to the square lattice). Generically, as soon
as we switch on the perturbation, the determinantal structure provided by
Kasteleyn’s theory breaks down. Two particular examples of perturbed,
non-determinantal, models that we consider are: the 6-vertex model with
general weights a1, ..., ag, in the disordered phase, close to, but not exactly
at, the free-fermion point; and the dimer model with plaquette interaction,
originally introduced in [I, 2]. There is a basic difference between two such
cases: the 6-vertex model, even if non-determinantal, is still solvable via
Bethe Ansatz (BA), see [3] and reference therein (note that the BA solution
is not as explicit as the Kasteleyn solution of standard dimers: only a few
thermodynamic functions can be explicitly computed). On the other hand,
dimers with plaquette interaction are believed not to be solvable, i.e., not
even the basic thermodynamic functions admit an explicit representation.
From the exact solution, one finds that some of the critical exponents of the
6-vertex model depend continuously on the vertex Weightsﬂ they differ, in
general, from those of the standard dimer model. On the other hand, the
existence of non-trivial critical exponents in the dimer model with plaquette
interaction, as well as in other planar models in the same ‘universality class’
(such as coupled Ising models, Ashkin-Teller and 8-vertex models) can be
proved by constructive Renormalization Group (RG) methods [5, [7) 21, 30],
which allow one to express them as convergent power series in the interaction
strength.

In this setting, it is natural to ask whether the height fluctuations are still
described by a GFF at large scales and, in case, whether the pre-factor in
front of the logarithm still displays some universal features. The very fact
that the critical exponents depend non-trivially on the interaction strength
suggest that universality cannot then be true in the naive, strong, sense
that ‘large-scale properties are independent of the microscopic details of the
model’: in fact, in this context, a weaker form of universality is expected, in
the form of a number of scaling relations, originally proposed by Kadanoff
[26], which allow one to determine all the critical exponents of the critical

More precisely, the limit of the critical exponents of the 8-vertex model as the addi-
tional vertex weights a7 = as tend to zero have a non-trivial continuous dependence on
the remaining vertex weights ax, ..., as, see [3, Eqs.10.12.23 and 10.12.27].
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theory in terms of just one of them; this form of universality is often re-
ferred to as ‘weak universality’, see e.g. [3, Section 10.12]. Support for the
Kadanoff scaling relations comes from the so-called bosonization picture, see
e.g. [23] for a basic introduction. Only some of these universality relation
have been rigorously proven [5] [7]; an example is the identity X.X. = 1 [26],
Eq.(13b)], relating the “crossover exponent” X, and “energy exponent” X,
see [B, Eq.(1.10)]. The proof in [5] covers both solvable and non-solvable
models, but only works for scaling relations involving the critical exponents
of the “local observables”, i.e., those that admit a representation in terms
of a local fermionic operator. Other scaling relations, involving the criti-
cal exponents of non-local observables (e.g. monomer-monomer correlations
in dimer models, or spin-spin correlations in the Ashkin-Teller model) re-
mained elusive for many years. In particular, the relation X, = X./4 [26]
Eq.(13a)], relating the energy exponent X, to the “polarization exponent”
X, in the AT model, remained unproven at a rigorous level.

In this paper, we prove the stability of the Gaussian nature of the height
fluctuations for non-integrable perturbations of the dimer model, with loga-
rithmic growth of the variance in the whole liquid region. The pre-factor A
in front of the logarithm depends, in general, non-trivially on the strength
of the perturbation (see Remark [4| below) and on the dimer weights, so it is
not universal in a naive, strong, sense. The non-trivial dependence of A on
the interface tilt has been also verified numerically for the 6-vertex model
[24]. Nevertheless, A satisfies a scaling relation, that connects it with the
critical exponent of the dimer-dimer correlations.

Main Theorem. In a weakly perturbed dimer model with perturbation of
strength X, the variance of the height difference between two faraway points
grows like the logarithm of the distance, with a pre-factor A/w?, where A =
14+ O(A) is an analytic function of X\ and of the dimer weights. Moreover,
the pre-factor satisfies the scaling relation

A=v, (1.1)

where 2v is the anomalous decay exponent of the dimer-dimer correlation.
Higher cumulants of the height difference between two points are bounded
uniformly in their distance, that is, the fluctuations of the height difference
are asymptotically Gaussian.

For a more precise statement, see Theorem 2] and the remarks and com-
ments that follow it. Note that in the un-perturbed case, A = 0, the dimer-
dimer correlation decays at large distances like (dist.)~2 in the whole liquid
phase, i.e., its decay exponent is equal to 2 (so that v = 1), irrespective of
the specific choice of the dimer weights. In this case, of course, our result
reduces to the one of [29], A = 1. Note also that our result covers both
integrable models, such as 6-vertex, and non-integrable ones, in the spirit of
the universality picture.

Scaling relations involving exponents and amplitudes were conjectured
by Haldane [25] and proved by Benfatto and Mastropietro [I0, [I1] in the
context of quantum one-dimensional models. Even if formulated in differ-
ent notations, the scaling relation is strictly related to one of those
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proposed by Kadanoff, in particular to the above-mentioned, elusive, iden-
tity X, = X¢/4 [26, Eq.(13a)]. In fact, there is a duality (called ‘discrete
bosonization’ in [16]) between the 6-vertex model, which is part of the class
of perturbed dimer models considered in this paper, and the AT model; the
duality implies non-trivial identities between the correlations of 6-vertex
model and those of AT, see [16, Section 2.6]. In particular, the two-point
correlation of the polarization operator in AT equals the ‘electric correla-
tor’ (emha=hu)) . of the 6-vertex model, see [I6, Section 2.6] while the
energy critical exponent of AT equals the anomalous decay exponent of the
arrow-arrow correlations of 6—Vertexﬂ Given these identities, implies
that X, = Xg/4 [26, Eq.(13a)], provided that

<€i7r(hw—hy)> ~ e—é((hw—hy)%v ~ ¢~ log|z—y| (1.2)

6V

at large distances, as suggested by the asymptotic Gaussian behavior of the
height differencd’]

To prove our results, we start by periodizing the non-integrable dimer
model on the toroidal graph of size L. Then we map it into a system of inter-
acting two-dimensional lattice fermions, by rewriting its moment generating
function as an integral over Grassmann variables, with non-quadratic ac-
tion. At this point, we apply tools from the so-called constructive fermionic
RG to control the L — oo limit of the correlation functions. In particular,
we need a very sharp asymptotic description of the large-distance behavior
of the dimer-dimer correlation function (cf. Theorem [1)). The large-scale
logarithmic behavior of height correlations, as well as the validity of the
‘Haldane’ scaling relation , rely on non-trivial identities (cf. )
between the coefficients appearing in the large-distance asymptotics of the
dimer-dimer correlation function. In turn, is the result of so-called
Ward identities, i.e. exact relations between the correlation functions of the
interacting lattice fermionic model, which the dimer model maps into.

The analogs of Theorems [I] and [2| have been proven in our previous works
[22, 23] for the specific case of plaquette interaction and uniform edge weights
t = 1. In this case, the average tilt of the height field is just p = 0 and the
model has all the discrete symmetries of the lattice Z2. The extension to
the general case, achieved here, is non-trivial: the loss of discrete rotation
and reflection symmetries results, in the RG language, in the emergence of
four new running coupling constants (two “Fermi velocities” and two “Fermi
points”), whose flow, along the multi-scale integration procedure, has to be
controlled via the choice of suitable counter-terms. Another consequence of
the loss of rotation and reflection symmetry is that the cancellation at the
basis of the logarithmic growth of the variance does not follow simply from

2Here h, is the height function of the 6-vertex model at face z and ()gy is the
corresponding statistical average; the factor 7 at the exponent depends on our definition
of height function, which differs by a multiplicative factor 27 from that of [16].

3In the dimer formulation of 6-vertex, the arrow-arrow correlations translate into the
dimer-dimer correlations.

4As discussed in 22l Remark 2], our method allows us to compute the average of
exp{im(hy — hy)} only after coarse-graining the height difference at exponent against a
smooth test function.
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the basic symmetries of the model, as it was the case in [22, 23]: the proof of
the key identity, , now requires the use of a lattice Ward Identity for the
dimer model, in combination with an emergent Ward Identity for an effective
continuum model, which plays the role of ‘infrared fixed point’ of the RG
flow. Quite surprisingly, the loss of rotation and reflection symmetry plays a
role also in the technical control of the thermodynamic limit of correlations:
in [22, 23], in order to simplify the analysis of the finite-size corrections to
the critical correlation functions, we first studied a modified, slightly massive
model of mass m > 0 (the modification consisted in adding a modulation of
size m on the horizontal dimer weights; in the tilt-less case, this was enough
to guarantee that the modified correlations decayed exponentially with rate
m), and then we took the massless limit m — 0 after the thermodynamic
limit. However, this strategy fails for general dimer weights: in this case,
neither a modulation of the dimer weights nor other simple modifications
of the model produce a mass; therefore, in the present paper, we directly
derive quantitative estimates on the corrections to the thermodynamic limit
of the massless correlations, by a careful control of the finite-size effects in
the multi-scale procedure.

1.1. Related works. Let us conclude this introduction by mentioning some
recent related works. While most literature on dimer models focuses on the
determinantal case, there have been recently various attempts to go be-
yond the exactly solvable situation [32]. As far as “limit shape phenomena”
(i.e. laws of large numbers for the height profile) for non-solvable random
interface models are concerned, let us mention for instance [15, 31, [13].
Closer in spirit to our results is [14], that provides a central limit theorem
for height fluctuations of V¢-interface models with continuous heights and
strictly convex potential. This work uses the Helffer-Sjostrand formula, that
is not available for discrete-height model like the dimer model. Finally, a
very interesting recent development is [I2]: while in this work the conver-
gence to the GFF is proven only for the non-interacting dimer model, the
method of proof, that goes through Temperley’s bijection and Wilson’s al-
gorithm rather than via Kasteleyn’s theory, might prove robust enough to
allow for extensions to some non-determinantal situations.

1.2. Organization of the article. The rest of this work is organized as
follows. The dimer model is defined in Section There, we recall the
large-scale behavior of the integrable model and we state our results for
the non-integrable one. In Section [3| we give the Grassmann representation
of the interacting dimer model and its lattice Ward identities. In Section
we recall the continuum reference model that plays the role of infrared
fixed point of interacting dimers. Theorems are proven in Section
conditionally on technical results, based on the multi-scale expansion, whose
proofs are postponed to Section [6]

2. MODEL AND MAIN RESULTS

2.1. Dimers and height function. A dimer covering, or perfect matching,
of a graph I' is a subset of edges that covers every vertex exactly once.
The set of dimer coverings of I' is denoted Q2r. We color the vertices of
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FicUre 1. The graph Ty, for L = 6.

the bipartite graph Z? black and white so that neighboring vertices have
different colors. A white vertex is assigned the same coordinates © = (x1, x2)
as the black vertex just at its left. The choice of coordinates is such that
the vector &) is the one of length /2 and angle —7/4 w.r.t the horizontal
axis, while & is the one of length v/2 and angle +7/4. The finite graph
Ty, denotes Z? periodized (with period L) in both directions &7, €. See Fig.
For simplicity we assume that L is even. Black/white sites are therefore
indexed by coordinates z € A = {(z1,22),1 < z; < L}. An edge e = (b, w)
of Ty, is said to be of type r € {1,2,3,4} if its white endpoint w is to the
right, above, to the left or below the black endpoint b. If e = (b, w) is an
edge of type r and z(b) is the coordinate of b then x(w) = = + v,., with

V1 = (0,0) Vo = (—1,0) V3 = (—1,—1) Vg4 = (0, —1). (2.1)

If T is planar and bipartite, the height function allows us to interpret a dimer
covering as a two-dimensional discrete surface. Let us recall the standard
definition of height function for the infinite lattice Z2. Given M € 2, the
height function h(-) := hj(-) is defined on the dual lattice (Z*)?, i.e. on the
faces n of Z2. We set h(1ng) := 0 at a given reference face 19, and we let its
gradients be given by

h(ﬁl) —h(n) = Z oe(le —1/4) (2.2)

660,7_”7/

where 7,1 are any two faces, 1. denotes the dimer occupancy, i.e., the
indicator function that e is occupied by a dimer in M, while C,_,,/ is any
nearest-neighbor path on the dual lattice (Z*)? from 7 to 7’ (the right side
of is independent of the choice of C;,_,,/). The sum runs over the edges
crossed by the path and o, = +1/ — 1 depending on whether the oriented
path C,_,,/ crosses e with the white site on the right /left.
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2.2. Definition of the model. We define here both the non-interacting
dimer model [27] and the interacting one. Both are probability measures
on Q := Qr,, denoted Pr; and Py, ), respectively, where A € R is the
interaction strength and t are the edge weights. For lightness of notation,
the index t will be dropped.

2.2.1. The non-interacting dimer model. We assign a positive weight to each
edge. More precisely, an edge of type r € {1,2, 3,4} is given a weight ¢, > 0.
Then, the weight of a configuration M € Qp is

B (M) = : , 2.3
L
N1(M") , No(M") , N3(M")  Na(M'
79 = Z t11( )t22( )t33( )t44( ) (2.4)
M'eQy,

with N;(M) the number of dimers on edges of type i in configuration M.
Since the total number of dimers is constant, we can rescale all weights by
a common factor and we will set t4 = 1 from now on. It is known that the
free energy per site has a limit as L — oo (the infinite volume free energy):

1 1
F(t) = lim —logZ?) = —— dk 1 k 2.
(7) ngo 1.2 og 4y, (27_[_)2 /[71—,71-]2 Og:u( )7 ( 5)
(k) = t1 + itge™t — tzetFrtikz _ jeithz (2.6)
Note that
u(k) = p*((m,m) — k). (2.7)

The “characteristic polynomial” mentioned in the introduction is P(z,w) :=
u(—ilog z, —ilogw).

Also, the measure Py, itself has a limit P as L. — oo, in the sense that
the probability of any local event converges. The non-interacting model is
integrable, and both the measure Py, and its limit P admit a determinantal
representation, recalled in Section (3.1

In the special case where t; = t3 =: t and to = 1, i.e. assigning weight ¢
to horizontal edges and 1 to vertical ones, one recovers the model originally
solved by Kasteleyn [27]. For general weights t1,t2, 3, the model is equiva-
lent to Kasteleyn’s model with different weights for horizontal and vertical
edges, and a non-zero average slope p = p(ty,t2,t3) € R? for the height
function, i.e.,

E(h(n+¢€) —h(n) =pi,  i=12, (2.8)

where E denotes the average with respect to P. In fact, the weights ¢; are
chemical potentials by which one can fix the densities of the four types of
edges. Then, the slope p is obtained as a function of the four densities using
the definition of height function.

Another special case is obtained letting e.g. t3 — 0: then, the model re-
duces to the closed-packed dimer model on the hexagonal graph with weights
1,t1,to for the three types of edges.

Note that the condition u(k) = 0 gives

ik _ 11 + itge'™

1+ tgeikl (2'9)
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that determines the intersections of two circles in the complex plane. We
will make the following important assumption:

Assumption 1. The parameters t are such that pu(-) has two distinct simple
zeros, that we call p* and p~, on [—m,7]? (i.e. the two circles intersect
transversally). In view of (2.7), one has p* +p~ = (7, 7).

Remark 1. Note that, under Assumption[l], none of the weights t1,ta,t3,1
exceeds the sum of the other three, otherwise (k) would vanish nowhere on
[—m,7]2. Note also that p*,w = + cannot coincide with any of the four
values k = (e17/2,eam/2), 61 = £1,e9 = +1, otherwise one would have
pT =p~ (modulo (27,27)).

Under Assumption it is known [29] that the infinite-volume measure has
power-law decaying correlations (in the language of [29], the dimer model is
said to be in a “liquid phase”). With the nomenclature of condensed matter
theory, the zeros p* are called “Fermi points”.

2.3. The interacting dimer model, and relation to the 6-vertex
model. In order to study the effect of the breaking of integrability we in-
troduce interacting dimer measures of the following form:

M
Pra(M) = pL’;( ) (2.10)
L
where
pL,/\(M) — tivl(M)téVZ(M)tévd(M) e)\WL(M),
Zu="3" pa(M) (211
MEQL
and the interaction potential W, is given as
WL(M) =" f(r.M), (2.12)

TEA
where f is some fixed local function of the dimer configuration and 7, M
denotes the configuration M translated by x1€1 4+ x2€2. We do not require
f(-) to be symmetric under reflections or rotation by m/4.

Let us mention two interesting particular examples of interaction W, (M).
The first one is the plaquette interaction that was considered in our works
[22] 23] and previously in the theoretical physics literature [I] in the context
of quantum dimer models. Namely,

WL(M) =" 1,(M) (2.13)
neTy,

where the sum runs over all faces of Ty, and 1, (M) is the indicator function
that two of the four edges surrounding n are occupied by dimers. In this

case the function f in (2.12) is
fe(M) =1,1,, + 1,1, + 1,1, + 1 1, (2.14)

with eq,...,e7 as in Fig.
Another important example is

foo(M) := 1, 1o, + 1,1, (2.15)
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€7 €4

O

FIGURE 2. The edges appearing in (2.14). b is any fixed
black vertex, say the one of coordinates (0,0).

| ! ! | | +
+ f f + f +

a [¢2) as a4 as ag

FiGUrE 3. The six possible vertex configurations of the 6-
vertex model and the associated weights.

In this case, the interaction W (M) in is modified in that the sum
runs only over one of the two sub-lattices of T} (the subset of faces with
black top-right vertex). Then, it is known that this interacting dimer model
is equivalent to the 6-vertex model [4l, 17, [I§]. Recall that configurations of
the 6-vertex model are assignments of orientations (arrows) to the edges of
7?2 such that at each vertex there are two incoming and two outgoing arrows.
There are 6 possible arrow configurations at any vertex, each being assigned
a positive weight a1, ..., as (see Fig. |3) and the weight of a configuration is
the product of the weights over all vertices. By multiplying all weights by
a common factor, one can reduce e.g. to ag = 1. Moreover, on the torus,
the number of vertices of type 5 equals the number of vertices of type 6, so
one can set without loss of generality as = 1. One is left with four positive
weights a1, as, a4, ag and the model can be mapped to the interacting dimer
model with weights ¢1, t2, t3, interaction and interaction parameter A
such that

t1 = ay, ty = a4, t3 = ag, (t1ts + t2)€>\ = qg. (2.16)

More precisely, as in Fig. [4] the dimer model lives on a square grid rotated
by 45 degrees w.r.t. the lattice of the 6-vertex model. The mapping is
obtained by associating to the arrow configuration at a vertex x of Gg, a
dimer configuration at the even face of G4 containing x, as in Fig. The
map is one-to-many because arrow configurations of type 6 are mapped to
two possible dimer configurations. However, it is easily checked that the
partition functions of the two models are equal provided the parameters are
identified as in . Moreover, the height function of the dimer model,
restricted to odd faces of Gg4, equals (up to a global prefactor) the canonical
height function of the 6-vertex model [34]. The 6-vertex model is known to
be free-fermionic (i.e. determinantal) if and only if

A= 1021 0504 7 0506 _ ) (2.17)

2 /a1a2a304
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FIGURE 4. The 6-vertex model lives on the square grid Gg,
with dotted edges, while the dimer model lives on the square
grid G4 with full edges. Faces of G; containing a vertex of
Gey are called “even faces” and the others “odd faces”.

.~ ‘ - / .

N

O

F1GURE 5. The local arrow-to-dimer mapping

It is immediately checked that this condition is equivalent to A = 0 for the
interacting dimer model.

2.4. Non-interacting model: dimer-dimer correlations and loga-
rithmic height fluctuations. It is known [29] that, under the infinite-
volume measure P of the non-interacting model, dimer-dimer correlations
decay like the inverse distance squared and the height field behaves on large
scales like a massless Gaussian field. We briefly recall the basic facts here,
since they serve to motivate our main result for the interacting dimer model.
For w =+, we let

Oy = O u(p?) = —toe™l — itz PTTPE) — ity — oP% (2.18)
B = Oy u(p®) = —itze’PTHPE) 4 P8 — ity 4 tyePY (2.19)

where pT are the two zeros of u(-), as in Assumption (The complex
numbers o, B, are called “Fermi velocities” in the jargon of condensed
matter.) Define also

bz € RE = ¢ (2) := w(Bory — o) € C. (2.20)
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Remark 2. Under Assumption[]] on the weights t, the complex numbers a,
and B, are not colinear, as elements of the complex plane [29], i.e. oy, /puw
is not real. Therefore, ¢, is a bijection from R? to the complex plane. More
precisely, one has that

Im(B4/ay) > 0. (2.21)
In fact, parametrize the weights t1,t2,t3 as

ty=te B, ty=e BB y3=te B2 B ByeR.

For By, By = 0 it is immediately checked that p* = (0,0),p~ = (7, 7) and
that holds. On the other hand, once t is fized, it is known [29] that
the set By of values of B = (B1, Bs) for which Assumption (1| holds is a
connected subset of R? on which Im(B4 /ay) vanishes nowhere, and it is
therefore everywhere positive.

Because of the symmetry (2.7), one has a,, = —a*, B, = —5*, and
b)) = d—w().

The relation between the massless Gaussian field and the height function
is given by the following results. Let n be an integer and 7;, 7 < 2n be faces

of Z?. With some abuse of notation, we identify a face n with its mid-point.
Then,

E[(h(m) = h(n2)); (h(n3) — h(ma))] (2.22)
_ iéRlog <(¢+(774) — ¢+ (m))(9+(n3) — ¢+(772))>
(0+(m) — &4+ (12))(P+(n3) — d+(m1))
1

272

05 )
ming4j<q [0 — 15| +1
where ¢ (1;) — ¢+(n;) should be read as 1 in case 7; = n;. Also,

E [(h(m) = h(n2)); - - -5 (h(n2n—1) — h(n2n))]

1
=0 < : > (2.23)
min;zj<on [0 — 15| + 1

where E(X7;...; Xk) denotes the joint cumulant of the random variables
X1,...,Xg. In particular, as |n; — n2| — oo,

Vars(h(m) — hm)) = 5 R1og(é (m) — 64 (m)) +0(1)  (2:24)

while the cumulants of order n > 3 of (h(m) — h(n2)) are bounded from

above, uniformly in 71,72. It is well known that (2.22) and (2.23]) imply
that the height field tends, in the scaling limit, to a GFF with covariance

1
— 5 0t10g(¢+(m) — &+ (12)). (2.25)
For (2.22)) see [29] and for (2.23) see e.g. [22, Th. 5] (in [22] the weights t;
are all 1 and 91 =n3 =...1m2p—1,12 = N4 = - -+ = Nap; the proof of (2.23) in

the general case works the same way).

Remark 3. Note that the prefactor 1/n? is independent of the weights t.
In [29], such universality is related to the fact that the spectral curve, i.e.
the algebraic curve defined by the zeros on C? of the polynomial P(z,w) =
wu(—ilog z, —ilogw), is a so-called Harnack curve.
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It is useful to recall the key points of the proof of (2.22)) in order to
understand the main new features posed by the presence of the interaction.
From the definition of height function,

E [(h(m) — h(n2)); (h(n3) — h(n4))]

= Z Z 0e0uB(le; 1) (2.26)

e€Cn —ng ' €Cng—ny
where E(1,; 1) is the dimer-dimer correlation function
E(le; 1) :=E(lely) — E(1e)E(1y).

This correlation function has an exact expression involving the inverse Kaste-
leyn matrix of the infinite lattice; at large distances, it can be expressed as

E(1; 1, )=A /(x,2") + By (2,2') + Ry (2, 2"),  (2:27)

KUJ 'I“K(AJT
Ao (, 2') 47r2 Z (Gu(z — 2))2

(Pw(z — ')
—w,r i et —p) (z—a')
By (@,2") 47r2z|¢ (z —2a) |2

where:
e the edge e (resp. €') is of type r = r(e) (resp. ' = r(€’)) and the
coordinate of its black endpoint is z = z(e) (resp. 2’ = z(¢'));
o K,, = K.e 7" (see (2.1) for the definition of v;) with

K1 = tl, K2 = itg, Kg == *753, K4 == *7;; (228)

note that K_o,, = Kj ..

e R, ,./(x,2') is a remainder, decaying like |z — 2/|~3

at large distance.
Note that, since p* are distinct by assumption, the complex exponential
in the definition of B,,s is genuinely oscillating. For simplicity, assume
that the paths C;, _,,, Cy;—sy, are a concatenation of elementary steps in
direction €7 and £é5, connecting faces of the same parity: e.g., assume
that an elementary step s(z,1) in direction +€; ‘centered at x’ consists in
crossing the two bonds (e,0) = (z,z + v3) and (e,0) = (z,x + v4) with
the white vertex on the right, while an elementary step s(z,2) in direction
+¢& centered at x consists in crossing the two bonds (e,0) = (z,x) and
(e,0) = (x — vg, x) with the white vertex on the right. A simple but crucial
observation is that

> 0Ky o) = Kze P 4 Kye P = —if, = —iwAi¢y, (2.29)
e€s(z,1)

Z 0Ky r(e) = K1 P 4 K e™ P70 — o, = —iwAgp,  (2.30)
e€s(x,2)

where Aj¢,, denotes the discrete gradient in direction €} of the affine function

¢, defined in (2.20). By inserting (2.27)) in (2.26) one can see that the

contribution from R, ,s is subdominant, and the same for B, , due to the
oscillating complex exponential. As for the dominant contribution to ([2.26)),
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coming from the term A,,/, one sees using ([2.29) that it approximately
equals the integral in the complex plane

1 R b+ (12) p /¢+(774) 5 1 (2.31)
- — z S —TY 2.31
2 2
200 Josm)  Jortw) (24
whose explicit evaluation gives the main term in the r.h.s. of (2.22).
2.5. The interacting case: main results. In the presence of the interac-
tion, A # 0, Kasteleyn theory is not valid anymore, so that one cannot rely
on an explicit computation of the dimer correlations to check the validity of
the asymptotic Gaussian behavior of the height function. However, dimer

correlations can be written as a renormalized expansion based on multiscale
analysis. From now on, we will assume that the interaction is small:

A <e (2.32)

and all claims above hold if € is small enough (uniformly in L).
Our first result is:

Theorem 1. Given a local function g of the dimer configuration, the limit
Ex(g) := lim Ep »(g) (2.33)
L—oo
exists. The infinite-volume dimer-dimer correlations are given by

E)\(]le; ]le’) = Arm/(.%', :Ij'/) + Bnr/(.%', l’l) + RTJ«/ (.T}, H?/) (234)

- 1 Ky r Ky

Arr’ ) ") = E Tt 2.35
) ('x z ) A2 = ¢w($ _ l‘/)2 ( )

— ]_ __ .H ! e m—Ww /

B N — — N _Tmwrer ipY—p)-(z—a) 2.
(@) = g5 ) e (2:36)

where:
o r = r(e) is the type of the edge e, x = x(e) is the coordinate of the
black site of e, and similarly for ', x';
hd wa(.%') = w(ﬁwxl - O_le?);'

e one has

v=1+0(\) €R, (2.37)

Ky,=K,,+0X\eC, H,,=K,,+0\ecC

Ay =a,+0N) eC, B,=p8,+0)eC, (2.38)

P =p* + 0 € [, 7% (2.39)

these are all analytic functions of A and satisfy the symmetries

&= G By = —Bow (2.40)
Ko, =K r, H,,=H_, (2.41)
P+ = (7, 7). (2.42)

Finally, R, ,(x,2") = O(|x — 2'|7%/) (the exponent 5/2 could be replaced by
any 6 < 3 provided X is small enough,).
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[A warning on notation: given a quantity (such as a,, ¢,,) referring to
the non-interacting model, the corresponding A-dependent quantity for the
interacting model will be distinguished by a bar, such as a,,, etc. On the
other hand, we denote by z* the complex conjugate of a number z.]

Note that the interaction modifies the decay rate of the correlation, pro-
ducing a non-trivial (‘anomalous’) critical exponent v. The analytic func-
tions appearing in are expressed as convergent power series but, due
to the complexity of the expansion, the coefficients can be explicitly eval-
uated only at the lowest orders. This makes impossible to verify directly
the validity of relations like , which were essential for the proof of
large-scale Gaussian behavior of the height field in the non-interacting case.
However, we can prove non-perturbatively that the parameters appearing
in are not independent, but related by exact relations, which are the
central result of the present work:

Theorem 2. One has
D 0Ky o) = —iwUAdy, (2.43)
e€s(z,j)

where v = v(A) is the same as the critical exponent in Theorem . Here,
s(x, j) is the elementary step in direction +€; centered at x, thought of as a
collection of two bonds, as defined before (2.29). As a consequence,

Ex[(h(m) — h(n2)); (h(n3) — h(n4))]
~ 7’ Rlog ((¢_5+(774) — ¢+ (m)) (9 (n3) — ¢3+(772))>
272 (D+(n1) — P+ (m2)) (94 (m3) — d+(m))
1
o <mini7éj§4 i — n;| /% + 1)

(the exponent 1/2 could be replaced by any § < 1 provided X is small enough;
as in (2.22), when n; =n;, ¢4 (n;) — ¢+(n;) has to be read as 1).

Note that the result contains two non-trivial pieces of information: first,
the sum of 0. K, (¢) along a step in direction €; is proportional to the discrete

(2.44)

gradient of ¢,, in the same direction; second, the coefficient of proportionality
is related in an elementary way to the critical exponent v that appears in
(2.36). The latter relation immediately implies the identity (cf. )
between height fluctuation amplitude and critical exponent v and is a form
of universality.

Remark 4. Recall that for the non-interacting model v = 1, in particular it
1s independent of the weights t;. This is not true anymore for the interacting
model. Indeed, an explicit calculation of v at first order in A for the model
with plaquette interaction shows a non-trivial dependence both on A and on
the weights.

Theorem [2] follows from a combination of exact relations among corre-
lation functions of the interacting dimer model (“lattice Ward identities”)
together with chiral gauge symmetry emerging in the continuum scaling
limit; it is remarkable that such a symmetry, valid only in the continuum
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limit, implies nevertheless exact relations for the coefficients of the lattice
theory.

Remark 5. The analog of Theorem |1| has been proven in [22], [23] in the
special case t1 = ty = t3 = 1 and with plaquette interaction as in (2.14)),
which has the same discrete symmetries as the lattice. In that case, for sym-

w,T

metry reasons one obtains automatically that the ratios % are independent

of r,w and that g—: = g—:, the ratios being again w-independent. Then, the
analog of Theorem[3 is trivial in that case.

Let us add also that, in the works [22], 23], the existence of the L — oo
limit of the measure P, \ itself was not proven: instead, we modified the
measure Pr, x by an infra-red cut-off m > 0 (mass) and then we took the
limit where first L — oo and then m — 0. We explain in Section 6] how the
need of the cut-off m can be bypassed.

To upgrade Theorem [2]into a statement of convergence of the height field
to a Gaussian Free Field with covariance

—2—;2?}%10g($+(m) - 91(v)),

one needs to complement (2.44)) with the statement that higher cumulants
are negligible, i.e. that, for n > 2 and some 6 > 0,

Ex [(h(m) — h(n2)); - - (A(n2n—1) — h(n2n))] = O((Iggl i — ;| +1)7°).

In turn, this requires an analog of for multi-dimer correlation func-
tions. This can be done following the ideas of Sections 5] and [6] below but, in
order to keep this work within reasonable length, we decided not to develop
this point. The interested reader may look at [22] Theorem 3 and Sec. 7],
where the precise statements on multi-dimer correlations and on the conver-
gence to the GFF are given in detail for the model with edge weights t = 1

and interaction ([2.13)).

3. GRASSMANN INTEGRAL REPRESENTATION

3.1. Kasteleyn theory. For the statements of this section and more details
on Kasteleyn theory, we refer the reader for instance to [28, 29].

The partition function and the correlations of the non-interacting model
(2.3) can be explicitly computed in determinantal form, via the so-called
Kasteleyn matrix K. This is a square matrix of size L2 x L? with rows/columns
indexed by black/white vertices b/w of Ty, as follows. If b, w are not neigh-
bors, then K (b,w) = 0. Otherwise, if (b,w) is an edge of type r one sets
K(b,w) = K,, cf. (2.28). We actually need four Kasteleyn matrices Kp,
0 = (01,62) € {0,1}%, where the two indices label periodic/anti-periodic
boundary conditions (depending on whether the index is 0/1) in the direc-
tions €;. To obtain Kg from K, one multiplies by (—1)% (resp. by (—1)%)
the matrix elements corresponding to edges (b,w) where w has first co-
ordinate equal L and b has first coordinate equal 1 (resp. w has second
coordinate equal L and b has second coordinate equal 1). See Fig. Of



16 ALESSANDRO GIULIANI, VIERI MASTROPIETRO, AND FABIO LUCIO TONINELLI

course, Koo = K. We have then [27, 28] that

22:% Z co det(Ky) (3.1)

6c{0,1}2

where cg € {—1,+1} and, moreover, three of the cg have the same sign and
the fourth one has the opposite sign. More precisely, for the square grid,
with our choice of Kasteleyn matrix, one finds

+1 it 6=(0,1)or 6= (1,0)
co = (—1)te=0moas if @ = (0,0) (3.2)
(_1)1L:O mod 2 lf 0 = (1’ 1)

(recall that we are assuming that L is even). The matrices Ky are diago-
nalized in the Fourier basis and

det(Kg) = H w(k (3.3)
kEP(0)

where p(+) is as in (2.5 and
2
P(O) = {k = (k1 ko), ks = % (ni+6;/2),n;=0,...,.L—1}.  (3.4)

The matrices Ky are not necessarily invertible (e.g., if ¢; = 1 then Ky is
not because p(0) = 0) and this question will play a role in Section [6] How-
ever, if the four matrices Ky are invertible, then the correlation functions of
the non-interacting measure can be written as

1
]P’L(el,...,ekEM):ﬁ
L

k
x Y codet(Kg) | [ ] Kolbj,w;) | det{Ky" (wn,bm) <nm<r (3.5)
0c{0,1}2 j=1

where the edge e; has black/white vertex b;/w;. The inverse of the matrix
Ky can be computed explicitly as

—zk(:p y)

KO_I(wim 2 Z = gg(xv y): (36)
keP(0

where w, (resp. by) is the white (resp. black) site with coordinate z (resp.
y). Provided that

k—pT|>L72  VkeP), (3.7)
it is easy to see that K, ' (wg,by) = g(z,y) + o(1) as L — oo, where
dk e~ *a=y)
glx,y) = / — 3.8
O e rP B )

Condition (3.7) can fail for some values of L and of 6. For this reason, in
Section |§| the values két € P(0) that are closest to the zeros of p will be
treated separately, see in particular Sections and
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Due to the two zeros of p, the matrix element g(x,y) decays only as the
inverse distance between w, and b,. More precisely

—ap¥ —
e~ (z—y)

9(z,y) = ;TU;QW—?J)+T(%?J) (3.9)

where 7(z,y) = O(1/|z — y|?) and ¢,, was defined in (2.20).

3.2. Grassmann representation of the generating functions. We re-
fer for instance to [19] for an introduction to Grassmann variables and Grass-
mann integration; here we just recall a few basic facts. It is well known that
determinants can be represented as Gaussian Grassmann integrals. For our
purposes, we associate a Grassmann variable ¢} (resp. 1, ) with the black
(resp. white) site indexed z. We denote by [ Dt f (1) the Grassmann inte-
gral of a function f and since the variables 1) anti-commute among them-
selves and there is a finite number of them, we need to define the integral
only for polynomials f. The Grassmann integration is a linear operation
that is fully defined by the following conventions:

/ py [[vsvt =1, (3.10)

FASIAN

the sign of the integral changes whenever the positions of two variables are
interchanged (in particular, the integral of a monomial where a variable
appears twice is zero) and the integral is zero if any of the 2|A| variables
is missing. We also consider Grassmann intergrals of functions of the type
f(@) = exp(Q(v)), with @ a sum of monomials of even degree. By this,
we simply mean that one replaces the exponential by its finite Taylor series
containing only the terms where no Grassmann variable is repeated.

It is well known that the definition of Grassmann integration allows one
to write the determinant of a matrix as the integral of the exponential of
the associated Grassmann quadratic form (such integral will be called a
“Gaussian Grassmann integral”, for the obvious formal analog with usual
Gaussian integrals). In particular,

det(Ko) = [ Dy e, (3.11)
(6)
where
S() == > Koo(be, wy)tf (3.12)
RTISHN

+ ._
L+1,x9)
(=1)%4pE | and similarly o= = (=1)%yt M ( 4&1 i

(1,22) y (z1,L41) = (@1,1)° ore compactly we
write

and the index (€) below the integral means that one has to identify 1

S@) = - Z E.
€
where the sum runs over edges of T, and, if e is an edge (b, w),

E. = KOO(ba w)%b;—(b)?#;(w) (313)
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Our goal here is to express, via a Grassmann integral, the partition func-
tion of the interacting dimer model, and more generally the generating func-
tion W) (A) defined by

A = N pp (M) [ et (3.14)

MEQL

where the product runs over the edges of Ty, and A, € R. Note that eWr(0)
is the partition function and that any multi-dimer truncated correlation
function of the type Er y(L¢;...;1e,) can be obtained by differentiating
Wi (A) with respect to A, ..., A, and setting A = 0.

Recall that the perturbed probability weight p;, » depends on the local
‘energy function’ f via ([2.11)-(2.12). Without loss of generality, we can
assume that (2.12)) holds with

FM) = clp, (M) (3.15)
s=1

where ¢4 are real constants, n is an integer, P are finite collections of edges
such that no space translation of Ps coincides with a Py, s # s’ and 1p, =
[l p, Le is the indicator that all edges in Ps belong to M. Again without
loss of generality we assume that each Ps contains at least 2 edges (if Ps
consists in just one edge, its effect is just to modify the weights ¢). Under
these assumptions, the following representation holds.

Proposition 1. Let A be small enough. Then, one has

i) _ 1 S o / Dip SV (@A) (3.16)
2 ®)
6c{0,1}2

where

V(h, A) == (e’ = 1)Ec+ Y c(y) [] Eve™. (3.17)

e YCA bey

The first sum runs over all edges of Tr, and E. is as in (3.13)). In the second
sum, «y are finite subsets of disjoint edges of Ty, such that |y| > 2, and c(v)

is a real constant satisfying translation invariance (c(vy) = ¢(17y)) and the
bound

()] < (afAlym o3, (3.18)

for some constants a,b > 0, independent of L, and 6(vy) the tree distance
of 7y, that is, the length of the shortest tree graph on A containing v (the
precise definition of c() is given below).

Remark 6. Both S(v) and V (¢, A) are invariant under the following sym-
metry transformation of the Grassmann fields:

v = (C1)"WE, e (3.19)
)

where ¢ — ¢* indicates that all the constants appearing in S(v) and V (1, A
are mapped to their complex conjugates. Also, we used the notation (—1)* :

(—=1)*1+%2 [t 4s straightforward to check that, under this transformation,
E. — E., for all the edges e, which clearly shows that the considered trans-
formation is in fact a symmetry of the Grassmann action. This symmetry



UNIVERSALITY FOR NON-INTEGRABLE DIMERS 19

will play a role in Section[f, in reducing the number of independent running
coupling constants arising in the multiscale computation of the Grassmann
generating function.

Proof of Proposition [l The proposition has been proven in [22] in the case
of constant weights ¢; = 1 and plaquette interaction as in ; the exten-
sion to the present situation is rather straightforward, so we will be concise.
Let
S={mPs,s=1,...,n,x € A}
and remark that by assumption all elements of .S are distinct and contain
at least two edges. If B € S is a space translation of Ps, set

u(B) = exp(Acs) — 1. (3.20)
We start by writing

MW = N W ] ﬁ(l + (e = D1, p,(M))

MeQy, €A s=1
A) Z E(LA) <H u(B)]lB(M)> (3.21)
oCS Beo
with
w(A)(M) — tiVI(M)té\&(M)téVS(M)GZbEAM Ab, Zg,(A) _ Z ’U)(A)(M)

MeQy,

and IP’(LA) the probability measure with density w(4) (M) /Z%(A). By manip-
ulating the sum in the r.h.s. of (3.21)), one can rewrite it as

Y 2R (H &)Ly, <M>> (3.22)

n>071,--n i=1

where the term n = 0 has to be interpreted as equal to 1 and the sum " is
over non-empty, mutually disjoint subsets ~; of edges of Tr. The constant
¢(vy) is given as follows. Let ¥, be the set of all collections of the type
Y = {By,..., By} where: B; € S, B; # B; for i # j, U;B; = v and such
that Y cannot be divided into two non-empty sub-collections {B;,, ..., B;,}
and {B; } with (Uj<pBi;) N (UjskBi;) = 0. Then

iisns - Biy,
= > [] u®). (3.23)
Yex, BeY

Now we rewrite as
* n
S5 T | TT 04| 20 (3.24)

n>07Y1,7n j=1 bevy;
(4)

The partition function Z; Corresponds to a non—interacting dimer model,
with edge-dependent Weights teete. Then, as in and - we have

0 (4 — Z Cco Dy es(w)_Ze(eAe_l)Ee. (3.25)
oe{o ez 70
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Using expression ([3.25)) in (3.24]) one readily concludes, as in [22], that (3.17)
holds with

() = (1)), (3.26)
If X is small enough, it is easy to see that the bound (3.18)) holds. n

For the 6-vertex model with interaction , the potential V' is exactly
quartic in the fields v: indeed, c¢(y) # 0 only if « is the pair of edges
v = {e1,ex} or v = {es,eq} as in Fig. 2| or a translation thereof. For the
plaquette model with interaction , instead, ¢() is non-zero only if
v is a collection of |y| > 2 adjacent parallel edges, in which case c(y) =
(—1)Ml(er — 1)1,

In the following (in the comparison between the discrete lattice model and
the continuum reference model) we will also need the generating function
for mixed dimer and fermionic correlations. Namely, let {¢;), ¢, }zea be
Grassmann variables that anti-commute among themselves and with the
)% variables. Then, we let

MO (4,6) . D SOV @A) +w,9) (3.27)
(9)
and
e . 1 3 oVt (A90). (3.28)
6c{0,1}2

Here, V (1, A) is as in Proposition (1, while
(,0) =Y (Wi ey +vy).
TEA

We define gr(e1,...,ex;T1,...,ZTn;Y1,--.,Yn) as the truncated correla-
tions associated with the generating functiorﬂ WL(A, ¢):

IL(€1, €k Ty oo s T YLy - - -5 Un)

= 8A‘fl o 8‘4‘% 8 8‘ﬁyn 8¢z1 8(15;{71 WL (A7 (b) )AEO,QﬁEO ’ <329)

Two cases that will play a central role in the following are k = 0, n = 1 (the
interacting propagator), and k = n = 1 (the interacting vertex function),
which deserve a distinguished notation.

Interacting propagator'

gr(0; 23 y) =37, Zce/ Dy 2IHV0)y,— Y= (x y);  (3.30)

that is, G(L)(a:,y) = (Yy ), where (f), indicate the Grassmann “aver-
age” i Ze Co f(g) Dy 68(¢)+V(¢’0)f(¢)‘

Interacting vertex functz'on:
ifZ, =04, V(¢ A | 4—o 1s the Grassmann counterpart of the dimer observ-
able at e, and e is an edge of type r with black site labelled z, then

grlezsy) = T, — (T Wiy, = G5 (z,2,y); (3.31)

5See e.g. |23, Remark 5] for the conventions in the definition of derivatives with respect
to Grassmann variables
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that is, G?Ll)(z,x,y) = (Ze; o ¥)F) ;» where the semicolon indicates trun-
cated expectation.

In the following we will also need a distinguished notation for the two-
point dimer-dimer correlation: if ey, es are two edges of type 7,7/, and black
sites labelled z, y, respectively, we let

0,2
gr(er,e2;0;0) =: GE,,;/7)L(33, y). (3.32)
Note that all the correlations gr (€1, ..., €21y, Tn;Y1,---,Yn) are well

defined for any finite L, despite the fact that the Kasteleyn matrix Kg may
not be invertible for some choices of @, L. The multipoint correlations,

gL(617-~-7ek§x1;---7xn;y17-~-7yn)7

admit a thermodynamic limit as L — oo, as shown in Section [6} the limit
can be expressed as a convergent multiscale fermionic expansion and will be
denoted

gler, . .o ek T, T Yty Yn)-

In particular, the thermodynamic limit of the two-point dimer-dimer correla-
tion will be denoted by %2

+o (2,7), while the L — oo limit of the interacting
propagator and vertex function will be denoted G(?) (z,y) and G(2’1)(z, x,y).

3.3. Lattice Ward Identity. The generating function W (A, ¢) has a
gauge symmetry property that implies certain identities (lattice Ward iden-
tities) involving its derivatives. These identities were derived in [23] for the
model with ¢; = 1 and they hold (with the same proof) also for the general
model studied here. We recall here, without giving the proof, the Ward
Identity for the ‘vertex function’, but similar relations can be easily derived
for higher point correlations: for any finite L,

4
> GE @,y 2) = 6,6 (y, @), (3.33)
r=1

4
S GE @ = vn,y,2) = =0,,G (@, 2), (3.34)

r=1

with d,, the Krokecker delta, see [23, Eq.(4.9)-(4.10)]. By taking the dif-
ference between these two equations, we get (see [23, Eq.(4.17)])

4
0eyGY) (@,2) = 0.6 (y,2) = =Y Vo, G (@.y.2),  (3.35)
r=2

where (V,f)(z,y,2) = f(z +n,y,2) — f(z,y,2) is the (un-normalized)
discrete derivative acting on the x variable. By taking the limit L — oo, we

get the infinite volume version of ((3.33)—(3.35]).
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In Fourier space, we define

Dp) = GD(z,0)e™” (3.36)
GPY(k,p) =" :—W—ikzc,@vl)(a:, 0,2) (3.37)
&P p) = Z e G0 (,0). (3.38)
Then, the infinite-volume limit of f can be rewritten as

id?’”(k,p) = -G (k+p), (3.39)

B 4
GOk +p)— G (k)= (e —1)GPV(k,p).  (3.40)

r=2

In the following the asymptotic behavior at large distances of the interacting
propagator and vertex function will be computed in terms of a reference
continuum model, see next section, which plays the role of the ‘infrared
fixed point’ of our lattice dimer model in its Grassmann formulation.

4. THE INFRARED FIXED POINT THEORY

In order to introduce the “infra-red fixed point” of our theory (referred
to in the following as “the continuum model” or “the reference model”), we
need a couple of preliminary definitions. First, we let M be the 2 x 2 matrix
with unit determinant

1 Bl A2
where &/, 37 € R, j = 1,2 and A = &' % — a%3! > 0 (for the moment, these
are free parameters; eventually, they will be the real and imaginary parts
of the functions a,,, 3, that appear in Theorem 1] ' Also, given L > 0 (the
system size), an integer N (ultra-violet cut-off) and Z > 0, we introduce
a Grassmann Gaussian integrationﬁ PEN] (di)) on the family of Grassmann
variables

{3, w=+1, ke K}, IC:{.M~p lpe (22) (Z+1/2)2},

defined by the propagator

a_ L2 k
[ PE @ = i )

Z Do, (k)

(4.3)

6 We recall (cf. e.g. [19, Sec. 4]) that, given a family {1, %7 }oer of Grassmann
variables and a |Z| x |Z| matrix g, the “Grassmann Gaussian integration with propagator
g”, denoted sometimes [ Py(di)... in the following, is the linear map acting on poly-
nomials of the Grassmann variables, such that [ Py(dy)yz, ¥y ... v, ¥ = det Gu(z,y)
with Gy (z,y) the n X n matrix with entries [Gy(z,y)]ij = g(x,y;). If the matrix g is
non-singular, one can write more explicitly -

/ Py(d) £ () = [det(g / Dy f(y). (4.2)
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where:
o xn(k) = x(27N|M~1k]), with x : RT — [0,1] a O cut-off function
that is equal to 1 if its argument is smaller than 1 and equal to 0 if

its argument is larger than 2;
° Dw(k) = ayk1 + Buko, with

Ay = wa' +ia?, B, =wp' +iB% (4.4)
Observe that, since we are assuming A > 0, we have that

— ¢R. 4.5

Bw (4.5)

While I is an infinite set, we effectively have only a finite number of non-
zero Grassmann variables w,fw, because yn (k) is non-zero only for a finite

number of values of &k in K.
Note that, setting ¢ = M ™'k, the r.h.s. of ([#.3)) equals

s s L x M)
W 7 A —ign + wga

In the language of Quantum Field Theory, in the limit limz_, o0 N—500, (4.6))
is just the propagator of chiral massless relativistic fermions.
It is convenient to define, for z € R?, the Grassmann variables

:vw = 2 Z izk$¢kw (47)

kek

(4.6)

Note that ¢i has anti-periodic boundary conditions on

A= (MDY, T =R?/(LZ?)

and that
[<N]
IRw (z—y) pl=N —ik( xn (k)
— d = E ik(z—y) . (4.8
7 / ( w)l/}m ww L2 = (k) ( )

The generating functional Wy, y(J, ¢) of the continuum model is

VLN (6) / PEN (@) VYISO 042 00) - (4)

where J = {Jx]w }fdzlﬁ sca are external “sources” (real-valued test functions)

and ¢ = {¢F ,}oon * are “external Grassmann sources”, i.e. b7, 1s a Grass-
mann variable. Also, we used the notation

( Z/dxjmwpxw’
w==%

with
p:L‘lc)u = %- wwx w pgfzu = wzw r_,—w (410)

)

and

— + g +
wo)=3 /A 0 (o bm + BT



24 ALESSANDRO GIULIANI, VIERI MASTROPIETRO, AND FABIO LUCIO TONINELLI

Finally, the interaction V in (4.9) is

_Ax bt bt b
V=5 X [ [ avote - putvnan i, G

where Ao € R, v(z) = vo(M”x) and vg(+) is a smooth rotationally invariant
potential, exponentially decaying to zero at large distances, normalized as

/RQ d vy () = /R dv(z) = 1. (4.12)

We emphasize that, while this expression seems to depend on an uncountable
set of Grassmann variables {@bit,wv(?it,w}xe A, writing everything in Fourier
space there is only a finite number of non-zero Grassmann variables.

In the special case &, = (—i — w), By = (—i 4+ w), that is relevant for the
interacting dimer model with ¢ = 1, the continuum model reduces to that
studied in [23, Sec. 5], if the constants Z()) and Z(?) that appear there are
fixed to 1. Setting instead &, = —i, y = w in (so that A = 1) one
obtains, apart from minor differences, the model studied in [5, Sec. 3] and
[10, Sec. 3].

Remark 7. In order to recognize the equivalence of the model (4.9) with
a, = —i, B, = w and the one in, e.g., [I0, Section 3] (or, analogously, the
one in [B, Section 3]), one needs to set to zero some of the external fields,
rotate the coordinate system and rescale some constants. More precisely,

if WLN(J(D,qb) denotes the generating functional used in [10] with JQE}U), =
ZO Iy +wZB) J,, see [10, Eq. (28)], then, setting Jé” =0 (4.9),

WL N ((J1,0), 93 Aoo) = const. + W v (TWD, 0 — A7) (4.13)

where the constant is independent of JU) ¢ (so that it does not influence
the correlation functions; it depends upon A and is due to the rescaling of
the Grassmann fields), while

TV (z) = AV2IO(MT) ), o (@) = AV (MT) ), (4.14)

and we denoted explicitly the dependence of the generating function on As.
This immediately implies obvious relations between the correlation functions

el (z,y,2), GgL(:c,y) and SYU) (z,y), defined below, and the analo-

Rw'w Rw,w’

gous ones of [10].

The peculiarity of the continuum model is that its correlations can be
computed exactly. This is because, as compared to its lattice counterpart,
the continuum model is “chiral gauge invariant”, which means that the
correlation functions satisfy two hierarchies of Ward Identities, distinguished
by the choice of the ‘chirality index’ w, see below. These additional
symmetries, together with other identities among correlation functions (the
so-called Schwinger-Dyson equations), allow one to get closed equations for
correlations functions. In this sense, the infrared fixed point theory can be
regarded as “integrable”.
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We shall use the following definitions: if x, ¥, z are distinct points of A,

A 93
Gty 2) =
Rw' w 8,];13}, 8¢z_7wa¢gj—,w
2

WrN(J, &) s=¢=0

G(Z;L’N)(:E,y) = —————WLN(J,®)|1=¢=0 (4.15)
R L ’
SYTLN (2,4 W)
w.w 5 =~ YVL,N\J, J=¢=0-
e 079077, ’

From the construction of the correlation functions of the model, see e.g. [5],
Section 3 and 4], one obtains in particular the existence of the following
limits where cut-offs are removed:

R’w/’w(wvyaZ) = Lh_{]go ]\}gl’loo GR,w’,w (m,y,z) s

GgL(Ly) = LILH;O ]\}H)noo Gﬁf’m (x,y), (4.16)
SYD L (2,y) = lim lim SYIEN (2, y).

L—oo N—oo

Away from z = 0, the so-called “density-density” correlation SV is given
by [23, Eq. (5.12)]

(1,1) _ 1 1
Shww(®,0) = W20 Gum)E Ry(z), (4.17)

where ¢, (1) := w(Bor1 — GuTa),

Ao
AAT

T =

and |Ri(z)] < C|z|=2. On the other hand, the “mass-mass correlation”
S22 satisfies (see [23, Eq.(6.14)])
B 1
5(272) 0 — _
Rio—(00) = o [

+ Ra (), (4.18)

where B is an analytic function of As, Z, G, B., which is equal to 1 at
Ao =0,
1—7

V= ,
1+7

(4.19)

see [23, Eq.(6.15)] and [23, Appendix C], and R is a correction term such
that |Ry(z)| < C|z|~27?, for some 6 > 0 that, e.g., can be chosen 6 = 1/2.

We will not need the explicit form of Gg)w(:c, 0) and Ggi?w(x, 0,z2); let
us just mention that they diverge as x, z tend to zero but they are locally
integrable functions (see, e.g., the expression of the interacting propagator

in [5, eq.(4.18)]) and therefore admit Fourier transforms in the sense of
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distributionsﬂ,
G2Y (kp) = / & / dy "t GD | (2,y,0)
Gl = [ dre G w0, (4.20)

For later use, let us mention that the small-momenta behavior of G’g’i)w

and Gg)w are (see, e.g., [8, Theorem 2])

G, (p)| ~ const x ¢1FO0%) (4.21)
(G0 (k. p)| ~ const x ¢TO0%) (4.22)

if p, k are both of order ¢ — 0.

A very useful consequence of the exact solution of the continuum model is
that the “propagator” and the “vertex function” satisfy the following Ward
Identity (see [23, Eq.(5.9)]):

= (2,1 1 A (2 2

232 DGR kp) = TSGR0 = GRLK+p)] . (423)
w'=%

Note that this identity resembles formally the lattice Ward identity (3.40)

of the dimer model, with the crucial difference that (4.23)) are actually two

identities (one for each choice of w).

5. COMPARISON BETWEEN LATTICE AND CONTINUUM MODEL, AND
PROOF OF THEOREMS [1H2]

The reason why the continuum model plays the role of the “infrared fixed
point theory” for our interacting dimer model is that the large distance
behavior of the dimer correlation functions can be expressed in terms of
linear combinations of the correlations of the continuum model, for a suitable
choice of the parameters Z, Ao, G, B Let us spell out the explicit relation
between correlation functions of the two models, in the special cases of
the dimer interacting propagator, the vertex function and the dimer-dimer
correlation. The result is a consequence of the multi-scale analysis described
in Section [6] (see in particular Section and can be stated as follows.

For A small enough, there exist two real analytic functions A — p*, with
w = &, called the interacting Fermi points, satisfying and ,
which are the only singularity points of the Fourier transform of the in-
teracting dimer propagator (3’(2)(-) of . In addition, there exist two
(4,9)
Bt
more care. Regarding Sg”;’)w, (z,y), from its expression one sees that it is not locally inte-

grable; still, it defines a tempered distribution if the singularity at the origin is interpreted
(1,1)

R,w,w’

7On the other hand, the notion of Fourier transform for S (z,y) requires a little

in the sense of the principal part: therefore, its Fourier transform S (p) exists in the

sense of distributions. This is not the case for S}(i’j’)w,(w, y) when v > 1 (in particular,
[# is not locally integrable on R?. In this respect,
23], eq.(6.2)] does not make sense as is: however, that equation is correct if gﬁ’j?_w(p) is
replaced by ng?_w(p), that is the Fourier transform of Sl(i’j’)_w (z,0) multiplied by a C*°

function that vanishes for |z| < 1/2 and equals 1 for |z| > 1.

when A = 0, where v = 1) since 1/|x
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complex analytic functions A\ — @, A — B,, and two real analytic functions
A= Z, )\ — Ao, satistying (2.38]), (2.40) and
Z=1+00), A =cor+0N),

with ¢ a real constant, such that if ¢ < |k| < 2¢, then
A _oy 20 A(2
GOk + ) 2 G+ 0(), (5.1)

for some 6 > 0 (e.g., we can choose § = 1/2; from now on, this is the choice
that the reader should keep in mind, unless otherwise stated).

A similar statement is valid for the vertex function: there exist complex
analytic functions \ — Kw r, such that K+T = K* Kw,r = K, +O0(N),
and, if 0 < ¢ < |p|, ||, |k + p| < 2¢, then,

GOk +7,p) 2 = N K, G0 (k)14 O(L)] . (5.2)
w'==%

—,r

Finally, the dimer-dimer correlation can be represented in the following form:

GO (2,y) = 3 KupKouwSE2) (2,y) (5.3)
w==%
+ 3T A 0 STY (2,y) + Re(,y)

where: in the first line Kw . 1s the same as in 7 in the second line, Hw T
is a complex analytic function of A, such that H+r = H* » and var =
K., + O(N); the correction term R,/ (x,y) is translational invariant and
satisfies |R,.,/(z,0)| < C|z|~>/2.
Using and , we immediately obtain the main statement of
Theorem |1} namely Eq. , with

_ . 1 _ . VB
K,r=Kyr—F———, H,,=H,,—.
w,r w,r Zm w,r w,r 7
5.1. Proof of Theorem The key ingredient in the proof of Theorem
is the analogue of (12.29)-(2.30) for the interacting case, namely formula
(2.43). We start by discussing the proof of this formula that, as we shall

see, is a direct consequence of the identities (5.1)—(5.2), and of the lattice
Ward Identity m In fact, combining these three identities, we obtain:

2 P Gt (h,p) = [GRL(0) =GRk +p)| L+ O], (5.5)

(5.4)

where (W1th vy as in (2.1))
4
p) = _iZKw’,rp *Ur
r=2

and, as before, 0 < ¢ < |p|, |k|, |/~c —|—p| < 2. By comparing this equation
with (| -, and recalling that ©(0) =1 (see ) we get

Z(1 - 1) ZD Gl (kp) =3 Dl @;;) (k, p)[L + O()] .
o (5.6)
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This implies that
4 4 _
—iY Kor(0)1 =2(1—7)aw, =iy Kup(vr)2=Z(1—1)Bs. (5.7)
r=2 r=2
In order to deduce (5.7) from (5.6)), one can proceed as follows: by [23, Eq.
C.24], we have that
2,1 o Du(p) A
Gl haalhop) = 700) 5 S G (K ) (5.5)

By plugging this identity into (5.6)) we get (keeping the terms of dominant
order as p — 0 only):

Z(1 = 7®)Dyy(p)D—ss(p) = Dou(p) D—vo(p) + 7Dy (p) D—o(p). (5.9)

Computing this formula at po = 0,p; # 0 first, both for w = + and w = —
and then repeating the computation for p; = 0, p2 # 0, one gets a system of
linear equations for the coefficients —i Zﬁ:z me(vr)j’ with j = 1,2, w = +,
whose solution is .

. By replacing (5.4) into (5.7) and recalling that v = LL;:, cf. (4.19), we
nd

I_(W,z + I_(w”g = —i\/vay,, I_(%g + [_(%4 = _Z‘ﬁﬁw, (5.10)

We claim that Z;‘le K, = 0 (we shall prove this fact in a moment): there-
fore, the first equation can be rewritten as K, 1 + K, 4 = i\/vd,. In terms
of the ‘elementary steps’ s(z,j) in direction €} centered at z, introduced

before (2.29)), the two equations in (5.10)) become

Z O'eKw,r(e) = *i\/;Bw = *iw\/;Alggw (5.11)
e€s(x,1)

Z UeKw,r(e) =iVva, = _iw\/;A2$W7 (5.12)
e€s(x,2)

which are the desired identities.

In order to complete the proof of (5.11)-(5.12)), we need to prove that
Zle I_(w,r = 0, as claimed above. For this purpose, we consider (3.39), and

combine it with (5.1])-(5.2)), thus getting, if 0 < ¢ < |p|, |k|, |k + p| < 2¢
4
SN KGR )1+ O] 2GRk + )1+ O0(?)]. (5.13)
r=1w'=+
By using (5.8) and the fact that ©(0) = 1, this becomes
4

Gl (k)Y (Kw,r +TK o

r=1

Dy (p) _
Dw(m) [1+0(f) = (5.14)

= GD (k+p)[1+0(?).

,w

Now, using (4.21)), (4.22)) and taking the limit ¢ — 0, one obtains that

- Du(p))
Z (Kw,r +7K_,, lim _wipj) =0, (5.15)
— pi—0 D_,(p;)
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for any sequence p; along which the ratio D, (p;)/D—w(pj) admits a limit.
Note that, in general, the limit depends upon the chosen subsequence. For
instance, if p; = (s;,0) with s; — 0 then the limit is —a?/|a,|* while if
pj = (0,t;) with t; — 0 the limit is —32/|8,]?. On the other hand, these
two values cannot be equal since we know that the ratio oy, /S, is not real
(cf. (4.5)). In conclusion, we find that Zﬁ:l K., = 0 that, in light of (-4),
is equivalent to Zle K, =0, as desired.

With the identities — at hand, we can easily prove , by
repeating the analogue of the discussion leading, in the non-interacting case,
to . We will be very sketchy since the analogous argument has been
given in detail in [22] in the case of the model with weights t = 1. We start
from the very definition of the covariance of the height difference:

Ex [(h(m) — h(m))i (h(ns) — b)) = S-S ceowBa(LeiLe),
e€Cn —ny €' €Cng—ny

(5.16)
where C;;, ., and C)),_,,, are two lattice paths connecting 7 with 72, and
n3 with 7y, respectively. For simplicity, we assume that 7, and 72 have the
same parity, and similarly for 13 and n4: in this way, it is possible to choose
the two paths Cj;, ), and Cj, .y, to be concatenations of ‘elementary steps’
s(x,j) in directions +€, see the discussion after above. For simplicity,
let us also assume that the mutual distances between the faces n;,...n4 are
all comparable, i.e.

ming; [1; — 0y

O<e< .
max;j [n; — njl

(5.17)

In this case, we choose the two paths ), _,, and C},_,, to be of length at
most C'max;; |1; — n;] and to be at mutual distance C~! max;«; |n; — 15,
for some constant C' = C(c).

We now insert (2.34]) into (5.16)) and, by repeating the discussion of [22),
Section 3.2], we find that the dominant contribution comes from A, (the
contribution from BW/ is sub-dominant due to the oscillating pre-factors):

Ex [(R(m) — h(n2)); (R(n3) — h(ma))] = (5.18)
= Z Z Uea—e/ﬁr(e),r(e’)(l’(e)? x(e')) (519)
e€Cny—ny €' €Cng—ny

1
+o( .
min;zj<4 [

where r(e) is the type of the edge e, x(e) is the coordinate of the black site of
e. By using the explicit expression of flmr, , and by decomposing the
two paths Cy, —,,, Cyy—y,, into a sequence of elementary steps, we obtain
(denoting the generic elementary step in Cp, p,, resp. Cp,sn,, by s(z,j),

5.20
) 620
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resp. s(«',5))

1 7w r(e Rw r(e’
6B = 5> > > W (5:21)
w== s(:E,j)ECnl—mg eEs(a:,j) “
s(2,j')€Cng—ny €' €s(x',5")

+0< ! )
min;zj<q [0, — 0|2 +1) "

We now use (5.11)-(5.12), the symmetry ¢, = ¢*_, and realize that the
dominant term in ([5.21)) is the Riemann sum approximation to the following

integral:
U b+ (12) b+ (1) 1
— s dz/ dZ ——= (5.22)
2 é+(m) o+ (n3) (2 —2")
whose explicit evaluation gives the main term in the r.h.s. of (2.44)). Putting
together the error terms, we obtain the statement of Theorem |2 as desired.
In the case where fails (e.g. when 1y = 73, 72 = 14 and @D is just
the variance of the height gradient), one chooses the paths Cy, .y, Cpy—na
to be “as well separated as possible” (cf. [22, Sec. 3.2]) and the rest of the
argument works the same.

6. RENORMALIZATION GROUP ANALYSIS

In this section we discuss the multiscale analysis of the dimer model and
the comparison with the continuum model, which leads us to the results
spelled out in the last two sections.

The goal is to obtain sharp estimates on Wg)) (A, @), see , as L — oo,
for all & € {0,1}?. These will then be combined as in (3.28), to finally
obtain the control of the large-scale behavior of the correlation functions of
the interacting dimer model. From now on, C,C’,..., and ¢,c, ..., denote
universal constants, whose specific values might change from line to line.

6.1. Preliminaries. As a preliminary step, we rewrite the quadratic part
S of the action in as a “dressed” term Sy plus a ”counter-term”
N =5 — 5y, whose role is to fix the location of the interacting Fermi points
and Fermi velocities. Namely, letting as usual

A ) 1 A
Ui =) tret™ kePO),  Yr=45 ) e (61)

zeA keP(0)

we write:

S() =—L72 > u(k)pfd, = So(@) + N@), (6.2)

keP(0)
where So(p) = —L~2 > keP(6) uo(k‘)qﬂ:d}k_, with

po(k) = u(k)+ Y Xo(k=p) [=p(p”) + aw(ki = §F) + b (k2 — 5)] . (6.3)
w==%

In this equation:
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(1) p¥ = p*(N), with w = =+, are points in [—7, 7|2, such that p* +p~ =
(m,7), and they will be fixed via the multiscale construction. A
posteriori they can be interpreted as “dressed Fermi points”; they
are the same functions appearing in Theorem

(2) ay = aw(A) € C and b, = b,(A) € C are such that a, = —a*, and
b, = —b*; they will also be fixed via the multiscale construction.
A posteriori, their choice fixes the “dressed Fermi velocities” via the
following relations:

Oy 10(5°) = Dy () + s = i .
6p2ﬂ0(ﬁw) = apgﬂ(ﬁw) + by =: Bu, (6'5)
where @, B, are the same functions appearing in Theorem

(3) the function yj is defined as: Yo(k') = x(|M 1K), where: (1) M is
the same matrix as , with &' and @2 (resp. 3! and 3?) the real
and imaginary parts of ay (resp. 31); (2) x : RT — [0,1] is a O
cut-off function in the Gevrey class of order 2 (see [22, Appendix C])
that is equal to 1, if its argument is smaller than ¢y/2, and equal
to 0, if its argument is larger than cg; here ¢y is a small enough
constant, such that in particular the support of xo(- —p™") is disjoint
from the support of xo(- —p~). For later reference, we also let for h
a negative integer

Xn(k') = Xo(27"K). (6.6)
From the properties just stated of 5, ay, b, and x(:), we see that
po((m, ) — k) = (k). (6.7)

In the integration over ¥ in , the Fourier modes k that are the
closest to the zeros of pg(-) play a somewhat special role, so they have to
be treated separately, at the very last step of the multi-scale procedure (cf.
Section . Namely, given 6 € {0,1}2, let kj be the values of k € P(0)
that are closest to p* and note that kj = (m,m) — k, [If there is more than
one momentum at minimal distance from p* (there are at most four), any
arbitrary choice will work]. Next, we decompose the quadratic action Sy(1))
as a sum of a term depending only on kzg)IE plus a term depending only on the
modes in

P'(0) :=P(0) \ {kg kg }.
and we rewrite (3.27) as
A0 _ / Dye " B rolk g (6.8)

% o LT Thepr(oy oK) v +N(W)+V (0, A)+(.0)

We multiply and divide by
2 12(0)
e | RG] (6.9)
keP’(0)

(the product is non-zero since we singled out the possibly zero modes két)
and, letting

V5 = i, (6.10)
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we rewrite the generating function as

NV (A0) _ /D\ileL_QZw—i o (kg U5 05+ W (4,6,9) (6.11)
Here
1 A R R
Ut = 73 > eFRTE, /an IT eoot =1, (6.12)
w==+ w==%

(the L* factor comes from the fact that (3.10) translates in Fourier space
into [ DY [Tepo)[ L1 ] =1) and

W (A00) . JLPEO /Pgo (dp)eN FFOHV U+, AV +H(T46,6) (6.13)

with Py, the Grassmann Gaussian integration (cf. footnote @ with propa-
gator
eiik(mfy)

1o (k)

From this point, we proceed as follows. First, we perform in a multi-scale
way the integration over the Grassmann variables v, i.e. over the Fourier
modes except kfgt: the inductive integration procedure, including the defini-
tion of the running coupling constants (RCC), is described in Section
the outcome of the construction can be conveniently expressed in terms of
a Gallavotti-Nicolo tree expansion, similar to the one described in [22], Sec-
tion 6.2]. The main definitions (and the main differences compared to the
case treated in [22]) are summarized in Section in the same section, we
also state the bounds satisfied by the kernels of the effective potential, see
Proposition [2, under the assumption that the RCC are uniformly bounded
in the infrared, see condition . The proof that the RCC remain in fact
bounded under the iterations of the renormalization group map is given in
Section the flow of the RCC can be controlled only if their initial data
are properly fixed: as shown there, the choice of the initial data fixes the
dressed Fermi points p* and the dressed Fermi velocities @, 3., as antici-
pated after . In Section we describe the integration of the last two
modes and prove the existence of the thermodynamic limit for the correla-
tion functions, with explicit bounds on the speed of convergence as L — oc.
Finally, in Section we compute the fine asymptotics of the correlations
functions, via a comparison of the tree expansion of the dimer model with
that of the continuum model of Section 4} in particular, we show how to

obtain (5.1)), (5.2)), (5.3)), relating the dimer correlations with those of the
reference model, thus concluding the proofs of Theorems

gO(xv y) = L_2 Z

kP! (0)

(6.14)

6.2. Multi-scale analysis. In this section we describe the multi-scale com-

putation of W(Lo)(A, o, V), see . We consider explicitly only the case
¢ = 0; the general case can be treated analogously but we will not belabor
the details in this paper.

The procedure is based on a systematic use of the ‘addition principle’
for Gaussian Grassmann integrals, namely the following property [19, Sec.
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4]: if Py(dy) is the Grassmann Gaussian integration with propagator g and
g = g1 + g2 then

[ Putan)F) = [ Py Pufdin) P+ 0. (615)

We apply this formula to P, in connection with the following decomposition
of the propagator go(z,y):

go(z,y) = g0z, y) + Y e PTG () (6.16)
w==£
where
kEP (0 Ho(k)
and, if P/ (0) = {K : ¥ +p* € P'(0)},
— _ —Z ! T— % k/
g&g 1)(x,y)=L 2 Z e~k ( y)>E()) (6.18)
K EPL(0) Ho(k
By using the decomposition (6.16) and (6.15]), we rewrite (6.13)) as
S L (P (6.19)

(0) (=-1) (0) (<-=1)
/P(O)(d@b )e N +y +0)+V (0 4y 0,4

where (@ + (<=1 4 ¥ is a shorthand notation for
E4D e PIGE Yaen,  wr, = @l VE 4 LR
(6.20)

P is the Grassmann Gaussian measure with propagator g9 (z,y), while
P<_y) is the Grassmann Gaussian measure with propagator

g V) = [ Preoy(@)ols oS

Since the cutoff function y_; in is a Gevrey function of order 2,
the propagator ¢(® has stretched—exponential decay at large distances:

19 (2, y)| < Ce ™ VIevl, (6.21)

for suitable L-independent constants C,x > 0, if |z — y| is the distance on
the torus A. This is seen by writing ¢(?) via the Poisson summation formula
as a sum of Fourier integrals, as in [22, App. A]; each integral decays in the
desired way because it is the Fourier transform of a Gevrey function [33].

Next, we denote by V(©)(-, J) the combination N(-)4V (-, A), re-expressed
in terms of the variables J = {Jyr }zen, 1<r<4, instead of A: here, if b is the
bond of type r and black site x, we let J, , := e — 1. The result of the
integration over w is rewritten in exponential form:

JLPEO) /P(O)(dw(o))ewo)(w(ou@,n — LPECDHSED (VD (p) (6.22)
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where [19, Sec. 4]

LQ(E(*l) _ E(U)) + S(*U(J) + V(fl)((p’ J) _ (6.23)
1
=> ggoT(V(O) WO+, 0);-- VOO o)),
nzl . n t‘i;nes

with &! the truncated expectationﬁ w.r.t. the Grassmann Gaussian integra-
tion P(O)(cw(o)), and EC-D_ S (.) are fixed by the condition S(=1(0) = 0,
V=10, J) = 0. The series in the r.h.s. is absolutely summable, for A suffi-
ciently small (independently of L), see [19, Sec. 4.2]. The reason is that the
propagator ¢® has a fast decay in space, uniformly in L, as in .

The effective potential on scale —1 can be represented as in the following
formula (which is a definition of the kernels T(L;,};)%Z):

Vil )= > Y Wik (@)
n,m>0: 2,Y,w,1r
n even, n>2

+ - + -
X Pz, Prows " Prpn_1,wn1Pn.wn ‘]ylﬂ“l e Jymﬂ"mv (624)

where: 2 = (z1,...,2,) € A",y € A" w e {-1,+1}",r € {1,...,4}"; the
Grassmann variables goajiw were defined in (6.20)). Moreover, the kernels can

be written as
n

Wi, (@ y) = WD (2, y) exp{i Y (—1)7 1%},
j=1

with W,sfn%)ﬁ (z,y) a function that is independent of w, translationally invari-
ant, periodic of period L in y;, and @-periodic of period L in x; (here we
say that, e.g., a function is (0, 1)-periodic if it is periodic in the first coor-
dinate and anti-periodic in the second, and similarly for the other cases).
Due to the anti-commutation of Grassmann variables and to the fact that
Jy,r are ordinary commuting variables, one can assume without loss of gen-

erality that the kernels WT(L_Trpgz (x,y) are symmetric under permutations of
the indices (y1,71), -y (Ym,Tm)s and anti-symmetric under permutations of
the indices {($2i,WQi)}1§i§n/2 and of the indices {(x2;_1, w2i_1)}1§i§n/2. An
analogous representation is valid for SV (.), and we denote its kernels by

Wéiml;)%ﬁ (y)-

There is an equivalent expression for V(=1 in Fourier space. We use the
following convention for the Fourier transforms of the fields v, J:

+ -2 +ikx At -2 sy
Prw = L Z e’ m(pkM? Jz,?“ =L Z ‘]pﬂ“e e
keP,,(0) peP(0)

where Py,(0) := {k : k +p* € P(0)}. The reason why k € P,(0) (and not
in P(0) as in (6.1))) is that the combination e*7**¢* ~is @-periodic, and

T,w
not goiw itself. This sum includes also the momenta k = kg — p~, w = =+.

8in other words, SE(V(O); cee V(O)) is the n—th cumulant of V(®) w.r.t. the Grassmann
—_————

n times

Gaussian integration P(gy. See [19, Sec. 4 and App. A.3]
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Of course, recalling that the only non-zero modes of wiw (resp. ‘I’}tw) are
in P/,(0) (resp. {k§ — p*}w=1), we have that

ot &kiw, if k€ P(6),
B WE, i k¢ PL(O).

Then, 6.24 becomes
vt = > L7 N WD (ke kD1, D) X

n,m20: k,p,w,r
n even, n>2 -
X B Proisn s ns P Ior I (o), (6.25)
where k = (k1,...,ky), with k; € P,,,(8), p= (p1,...pm) € [P(0)]™ and

subp) = 12xd 1 Zyzl(—l)ﬂ—l(kj +pM) = Y7L, pj mod (2m, 27)
- 0 else

6.26
is the periodized Kronecker delta enforcing momentum conservation. (Also),
W,g;,%;)%i(kg, ooy knyp1,. .., pm) is just the Fourier transform of W,E‘,,})D com-
puted at momenta kg + p*2,..., ky, + p“*,p1,...,pm (it depends only on
n +m — 1 momenta, due to translation invariance of Wy(f,ﬁ)ﬁ in real space).

Using the Battle-Brydges-Federbush-Kennedy (BBFK) determinant for-
mula and the Gram-Hadamard bound [19, Sec. 4.2] for the truncated ex-
pectation in (6.23), we find that E(-Y, and W,ani;)%z@, y) are absolutely

convergent series and real analytic functions of

(V0.ws @005 bow, o), (6.27)

for max{|vo .|, |aowl, [bowl|, |[No|} < e with e sufficiently small, where we
denoted (for uniformity of notation with the running coupling constants
Vh s Oh s Ohws An, to be introduced below):

Ww = —p(DY), @ow:=0aw, bow:=by, Xo:=A. (6.28)

Moreover, E(_l)\ < (e and, using also the exponential decay of the bare
potential, :3.18;, we find that

WD o1 < Crtmemax{lent (6.29)
for suitable constants &, C, ¢ > 0 independent of the system size. Here
W ot = L2 sup W () eV AEL 0 (6.30)
wr
and d(x1,...,x;) is the length of the shortest tree on the torus A connecting

the [ points in (1, ...,x;). The choice of the stretched-exponential weight
in is related to the stretched-exponential decay of the propagator,
see . For technical details about the proof , or, better, of its
analogue in a similar context, the reader can consult, e.g., [20, Section ITI.A
and Eq. (3.19)].

Remark 8. The fact that the kernels Wé_n%)gz are absolutely convergent
series of (Y0.w, @0ws bow, Ao), that each term in the expansion admits a limit
as L — oo (as one can check by inspection) and that they satisfy uniform
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bounds as L — oo, see (6.29), implies that their infinite volume limits exist
and satisfy the same bounds. For later reference, the infinite volume limit of

Wé‘ﬁ)ﬂ will be denoted by W,E;,Pﬁ, and similarly for its Fourier transform.

After this first integration step, we still need to integrate (=1 out,
see . Let us first informally explain how this is done, before giving
the precise inductive procedure in Sections [6.2.1H6.2.3l The idea is to re-
peat the same procedure as above: we rewrite (via the addition principle)
1/15571) = 1/}5171) + 1#5;72), where wo(fl) (resp. 1/15?72)) is a Grassmann field
with propagator supported, in momentum space, on momenta k' € P/ (0)
with [k/| ~ 271 (resp. |k/| < 272); we integrate LZ)C(U_I) out; we exponentiate
the result of the integration, thus defining the effective potential on scale —2,
in analogy with —; and so on. One after the other, we integrate
the fields (=2, ... 9+ out, define the effective potential V") on scale
h (which involves fields (=) with momenta k' € P’ (8) that belong to the
support of xp(+) (cf. (6.6)), and continue until we reach the ‘last scale’, hy,
fixed by the finite volume L, which induces a natural infrared cut-off. More
precisely, hy is fixed as the smallest (in absolute value) negative integer h
such that the support of xj(+) has empty intersection with P/ (0). Note that,
since all momenta in P/,(0) are at distance at least w/L from p*, we have
hy ~ —logy L for L large. The result of the integration of the Grassmann

fields ¢(=hL) gives the generating function W(LB)(A, 0, V), as desired.

In order for the bounds on the generating function to be uniform in L,
we need to improve the procedure roughly described here: at each step,
before integrating the field on the next scale, we actually need to isolate
and re-sum a certain selection of potentially dangerous contributions to the
effective potential, the so-called marginal and relevant terms. We refer, e.g.,
to [22, Sec. 5], see in particular [22] Section 5.2.2] for a dimensional clas-
sification of the divergent terms arising in a ‘naive’ multiscale scheme. As
discussed there, see [22) Eq. (5.8)] and following lines, the scaling dimen-
sion of the kernels with n external fields of type ¥ and m external fields of
type J is 2 —n/2 —m; in the renormalization group jargon, positive scaling
dimension (that is, 2 —n/2 —m > 0 < (n,m) = (2,0)) corresponds to rele-
vant contributions, vanishing scaling dimension (that is, 2—n/2—m =0 <
(n,m) = (4,0),(2,1)) corresponds to marginal contributions, and negative
scaling dimension corresponds to irrelevant ones. In order to cure the poten-
tial divergences associated with the terms with (n,m) = (2,0), (4,0),(2,1),
at each step of the multiscale construction we properly ‘localize’ and re-sum
these terms, via an iterative procedure that we now describe.

6.2.1. The inductive statement. Let us inductively assume that the fields
1/1(0), 1/)(_1), . ,w(h+1), h > hp, have been integrated out, and that after their
integration the generating function has the following structure, analogous
to the one at scales 0, —1:

o~ L2, no(kg) B U5+ WD (4,0,9) _ L2EM 480 ()) (6.31)

Xe—L‘QZhZwuh,w(/’fz’—ﬁ“’)\i’;t\i's/p(gh)(Cw)eV(h)(\/ZTL(er\I’),J)7
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for suitable real constants E("), Z;,, and suitable ‘effective potentials’ S(%) (J),
V) (p,J), to be defined inductively below, and fixed in such a way that
vV (0,J) = SM(0) = 0. In the second line,

Phw(k) == Dy (k) + 10 (k)/ Zp,
where
D, (k) = awki + Buks
and
rw(k) = p(k + %) — w(p*) — O, (D) k1 — O, () K2 (6.32)
is a remainder of order O(k?) for k small. Finally, Pi<py(dip) is the Grass-
mann Gaussian integration with propagator (diagonal in the index w)

1 11 Cirto X (k)
(<h) = Y e y) Xhl%)
95z, y) = 5 e . (6.33)

Zh keP!(0) Mh,w(k)
We will also prove inductively that:

(1) V) (¢, J) has the same structure as (6.25), with the upper index
(—1) in the kernels replaced by (h);
(2) the kernels of V(") (¢, J) satisfy the following symmetry:

W orp) = Wi (ke )] (6.34)

n,m;—Ww,r n,m;w,r

Remark 9. It is important to emphasize right away that we will view the
kernels Wr(fy)n;%b h < =2, as functions of:

(i) a sequence of running coupling constants
{Ah’a Vn! wy QW w5 bh’,wa Yh’,r,(w,w’)}h<h’§—1-

(ii) a sequence of single-scale propagators {g&h/)/Zh/_l}h<h/§_1, of the

form
1 1 k(e fn(k)
(R) . ik(z—y)
gw (.f, y) T € ~ = ) (635)
Zp-1 L? kePZ’w(G) Zn—1(k)Dy (k) + ry (k)

where fn(k) = Xn(k) — Xn-1(k) and
Zn1(k) = Zn_1xn(k) + Zn(1 = xn(k));
(iil) the irrelevant part of V(=1 denoted by RV (1),

The running coupling constants, as well as the irrelevant part of the effective
potentials, will be defined along the iterative procedure.

6.2.2. The inductive statement for h = —1. The representation with
— is valid at the initial step, h = —1, with Z_; = 1. To see this,
one needs to use that, if k£ belongs to the support of x_1, then ug(k+p*) =
w(k + %) — p(p*) + awks + buks, see (6.3). Moreover, by using (6.4)-(6.5)),
we can also rewrite pu(k+p*) — u(p®) + awks + byks = Dy, (k) + 14, (k), which
implies that at h = —1 is the same as .

To see that holds for h = —1, note that it is equivalent to requiring
that V(=1 is invariant under the transformation @fvx — gojfww together
with complex conjugation of the kernels. On the other hand, by Remark [6]
we know that the potential V(%)(¢),.J) is invariant under conjugation of the
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kernels together with the transformation ¢F = (i o= 4 S, el ) —
(—1)%F, ie., wf(go)i — (=1)* w(o)i,gofx — gp_wx The statement (6.34)
for h = —1 easily follows from the relation ) between V(© and V(-1
together with the fact that the propagator g(o) in 6.17)) satisfies

9Oz, )] = (—1)"Tg O (2, y),

because pT + p~ = (m, ).

6.2.3. The inductive step. We assume that holds with V(") satisfying
the properties specified in the inductive statement, and we discuss here how
to get the same representation at the next scale h — 1. First, we split v (h)
into its local and drrelevant parts: VW = £V 4+ RV where, denoting

by Wé T)n .w,r the infinite volume limit of WT(L%;%D

LV (g, J) = (6.36)
_ (h),00 o
=LY Y ¢ i (0) + k- WG (0)] 6,
w keP,(0)
(h),00
+Z Z SOCEwl(PIWQQOIW3SOIW4W4,0;(wl7._.7w4)(07070)
TEA Wi,...,w.
Wl _ sw h ,00 —w —w
DY er%wl%wz e G (0.5 = D).
TEA wi,w2,T

Remark 10. A few remarks about this definition are in order:

(1) The existence of the limit of W,S%;%ﬁ as L — oo is a corollary of the
inductive bounds on the kernels of V" | which are uniform in L, as
it was the case for h = —1, ¢f. with Remark|8 More details on the
inductive bounds on the kernels of V") are discussed below.

(2) The reason why, in the second line of , we only include terms
where the Grassmann fields have the same index w, is that the terms
with opposite w indices give zero contribution to the generating func-
tion, due to the support properties of the Grassmann fields. In

fact, in (6.31]) we need to compute V(" ot Grassmann fields zﬁ,(fwh)i

that, in momentum space, have the same support as gf?h)(k:), i.e.,

IM™k| < g2 (note that the support properties of Q&Sh) are the

same as those of Xn (cf- ), and these were discussed in the third

item after (6 ) If h < —1 and cq is sufficiently small, quadratic

terms of the form w(<h wl&i}; e~ would involve two fields that
cannot both satisfy this support property.

(3) Due to the Grassmann anti-commmutation rules and the anti-symmetry

of the kernels, the quartic term in (6.36) can be rewritten as

_ _ (b)),
4Y 0k PPt r Wiy, (0,0,0).
TEA

Along the induction step, we will need a function Wz(lg) (f ) (x1,x2) (the

upper index 'R’ stands for “relativistic”) which should be thought of as the
kernel for n = 2,m = 0 of a relativistic model. More precisely, at step h =
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—1, one simply lets W( () )(xl,mg) =0. For h < —1, W2( 0)(w o) 15 defined
);00

as a suitable modiﬁcation of W(h 0:(c0,) (that, by the induction hypothesis,

(h),R
WZ,O;(w,w

the following replacements in WQ(%),’(SJOM) (which should be thought of as a

has already been defined); more precisely, ) is obtained by making

function of the running coupling constants, of the single scale propagators
and of the irrelevant part of V(=1 as explained in Remark

(i) the running coupling constants {vp/, aps w,br w>n are set zero,
(note that the running coupling constants A\p/ are not set equal to
Z€ero);

(ii) the single-scale propagators g&h,) /Zp—1 are replaced by the ‘rela-
tivistic’ single-scale propagators g%zuz /Zp_q, for all h < B/ < —1,

where
(n') dk  _ik(a—y) Sre (k)
e = [ e By (637)

(iit) RV (Y is set to zero.
The function W(h) R will be shown to satisfy both the identity (6.34))

0;(w,w)
and the extra symmetries (in Fourier space)

2-(h), 2-(h), *
Wl oy (k) = =W ()T,

2,05(~w,~w 2,0;(w,w
W;@ij (AT o1 Ak) = iw[Wéﬁ)’(R,w)(k)}*, (6.38)
WZ(}Z])(w (AT o3 Ak) = [WQ(%)(W oy (R
where A = g; 32 while o1, 03 are the first and third Pauli matrices. Let

us assume that W( )( )’ B’ > h has been already shown to satisfy (6.38 -

and below we explam how to prove the same at scale h — 1.
In order to define the running coupling constants on scale h, we decompose

the term containing akW(h)’ in - by rewriting
h), h

(’s’ stands for subdommant’). From the symmetries l) a straightfor-
ward computation (see Appendix shows that

k- O 2(0)(R w(0) = —zn(awk: + Buka) = —zn Dy (k), (6.40)

for some real constant z;,. We now combine this term with the Grassmann
Gaussian integration Pi<yy(di), and define:
_ = [ - -
P(Sh) (dw)efthhL 2 Zw Zke'pi}(e) Dw(k)d’k,wwkw = eLchP(Sh) (dd})u (641)
where P(Sh) (dv) is the Grassmann Gaussian integration with propagator
~(<h)

G~ ( efzkm Xh(k)
Zh—1 ke; ; Zn—1(k)Dy (k) + 1 (k) (6.42)
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with
Zn-1(k) == Zn(1 + znxa(k)), Zh—l = Zn-1(0) = Zn(1+ 2n), (6.43)

and L’ is a constant that normalizes P (<hy(d¥) to 1:

2nXn(k) Do (k)
Zzw:ke; )log (1+ ROERN )/Zh) (6.44)

By using (|6 , we rewrite the Grassmann integral in the right side of

B30 as

/P(<h (dv))e VW (VZ (p+),J) _ LPth—2nZ L2 %, Doy (kg —p*) 005 «

/ Prap (dip)eV " VAna bt (6 45)

where
VW (p,0) = L72Y° N ¢f 2" e + anwks + bruke] ép,

w kEP,(0)

S D I S (6.46)

TEA

Y () AW

o Y el g g o,

w1,w2,T h-1 TeEA

+ RVW(\/Z,)Zn1 ¢, ),

and the running coupling constants at scale h are defined as

2ty ., = Zf:wgg{gw) 0), (6.47)
o = 5 WL (O b= O 0),

A = 4(Zf"1)2vi/f3’(°j +(0,0,0),

Y (w1 ,w2) = Wg(}?(wlm)r(@,ﬁ” —p*?).

Thanks to the symmetry (6.34)) of the kernels (that by inductive hypoth-
esis holds at step h) the running coupling constants satisfy the following;:

Vhw = V;;,fwv apw = _a';:’fwa bh,w = —b;‘kw Yh,r,g = Y};rﬁg' (6'48)
Moreover \;, € R: for this, one uses both (6.34]) and the fact that

RG)

< (h
1.0i(+,+,-,—)(0,0,0) = Wi

470;(777 +7+) (0’ 0’ 0).

For later reference, we rewrite the local part of V(h)(gp, J) as

‘C‘/}(h) ((Pa J) = Z [2h’/h,wFu;w(90) + ah,wFa;w(Qp) + bh,wa;w(@)

w

TN Z thyW (0, ), (6.49)
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(for the definitions of F..,(¢), Fa.w, Fpyw, etc., compare (6.49)) with the first

two lines of (6.46])).

We now decompose the propagator ((6.42) as
35 (@, y) = g5 (,y) + 95"V (@, y),

with g&gh_l) as in (6.33) and g&h) asin (6.35]). To see that this decomposition
holds, note that Zj,_1(k) = Z,—1 on the support of xp,_1(+).

Then, rewrite (6.45]) as
/p(<h)(d1/,)6V<h)(\/Z(w+\If),J) — Pt Zn L2 S, Du(ky —p)¥EVS o

< / Prenry(dv) / o (d)e’ VB HD) (g o)

which implies the validity of the representation (6.31)) at scale h — 1, with
E0=1 " gh=1)(.y and V=1 (.) defined by

€L2E<h*1>+s<h*1>(J)+v<h*1>(\/ﬂ(w+\1/),zf) — (6.51)
_ eLz(E(h)+th)+S(h)(J)/ h)(diﬁ) M (\Zh—1 (¢ +T), J)

that is,
LQ(E(h_l) EM )+ (S(h_l)(J) — M) + VD (e, J)(6.52)

—Z =EFVM o+ Zn ot T)s s VI o+ /21w, T

n>1 ! ~
n times

with 5,? the truncated expectation w.r.t. the Grassmann Gaussian inte-
gration P(dy), and E(=1_ 5(h=1)() fixed as usual by the conditions
S=1(0) = 0 and V=10, .J) = 0.

To conclude the proof of the induction step, it remains to prove that the
kernels of V=1 gatisfy and that (6.38) holds, at scale h — 1. The
proof of the former statement is very similar (but not identical) to the ar-
gument used in Section to prove at scale h = —1 starting from
the symmetries of V(9. Namely, thanks to at scale h, the potential
V(") is invariant under gpjiw — gpi,w together with complex conjugation
of the kernels. Then, the claim follows from the representation (6.52)), to-
gether with the fact that the propagator g(® (defined in ) satisfies the
Symmetry

90 (2, )] = g% (2,1). (6.53)

As for (6.38)) at scale h — 1, the proof uses the symmetries of the relativistic
propagator (6.37]), together with the fact that Ay is real. See Appendix

Remark 11. Note that, if the function zp in (6.43)) is sufficiently small for
all the scales h < h' < —1, say |zp| < € uniformly in L, 1, then e—celhl <
Zy < el As a consequence, g&h) satisfies a bound analogous to (6.21)),
namely

190 (2, y)| < Co2he=rV2 =yl (6.54)
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In fact, note that on the support of fn(-) (which is concentrated on k : |k| ~
oh), Z_1(k)/Zn_1 = 1+ O(e) and recall that r,(-) is quadratic for small
values of its argument, so that r,(k)/Zn_1 is negligible w.r.t. Dy(k). The
propagator gE_—ZZJ satisfies the same estimate as , while the difference

g(h) g%) satisfies an estimate that is better by a factor 2".

6.2.4. The Beta function. The iterative integration scheme described above
allows us to express the kernels of V(" and, in particular, the running cou-
pling constants (RCC) at scale h, as functions of the sequence of RCC on
higher scales, {An/, Vn/ ws @bt On/ o, Yo/ rw b hah’<—1, Of the single-scale prop-

agators {g&hl)/Zh/_l}h<h/§_1, and of RV(=Y. We shall write:
Vh—1w = 2Vh,w + BZM Gh—1w = Qhyw + B}Oi,wv bh—l,w = bh,w + B}bl’wa
M=+ By Yiirw=Yirw+ Bl (6.55)

where B# , h < —1, is the so-called Beta function. One has to think of B#

as a function of the RCC on scales b/ with h < h’ < 0. Note that the ﬁrst
four equations makes sense also with h = 0, in which case they express the

relation between (v_1 ., a—14,b—14,A-1) and (v w, @0 w, bo.w, Ao), see .
Note also that by construction the beta function B;ﬁ. depends on Zj: only
via the combinations Zp/Zp 1 = (1 + z,)~%, with h < b/ < 0. For later
reference, we rewrite the definition of z, , in a form analogous to

).

w1 =Bi, h<0, (6.56)
where the right side is thought of as a function of (A, zx/)n<n/<0, With the
convention that zp = z_; = 0 (the latter is because W2(01()w W) = =0).

Remark 12. The components of the beta function for vy ., ap o, bhw, An are
independent of Yy y ., h' > h. Therefore, we can first solve the flow equation
Jor vp o, ap w, by, A and then inject the solution into the flow equation for
Yhzr7£'

Before we proceed in describing the dimensional bounds satisfied by the
kernels of the effective potential, let us comment on their structure. We have
proven inductively that V(" has, in momentum space, the same structure
as . If one writes V(™ in real space, due to iterative action of the
R operator in the inductive procedure explained above, the structure that
emerges naturally is that of a polynomial with spatial derivatives acting on
some of the Grassmann fields goiw. For an explanation of why this is the
case see [22, Section 6.1.4] and Appendix [B| below, where finite-size effects
associated with the action of R are also discussed. Correspondingly, 1740
can be represented as

vIe, = > Soow @y x (6.57)

n,m>0:  z,y,w,T,%,9
n even, n>2 -

~ 8(]1 (Lh)+ | G(Ingp(<h)— J

410.7,‘1,(1.)1 Tn,wn YY1,T1 e YmT'm*

The main difference between this formula and (6.24]), besides the scale label
h replacing —1, is the presence of the indices i = (i1,...,i,) € {1,2}" and
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qg=(q1,---,qn) € {0,1,2}" and the operators éf acting on the Grassmann
fields: this is a differential operator, dimensionally equivalent to a derivative
of order ¢ in direction i. Let us stress that the representation in is
not unique: the claim is that there exists such a representation, with the
kernels satisfying natural dimensional estimates, discussed below.

In order for the iterative construction to allow us to compute the ther-
modynamic and correlation functions, we need to prove that: (i) the RCC
Uh s Oh s Ohws Ans 2n, are small, uniformly in the scale (say, smaller than a
sufficiently small constant ¢), provided the functions p“, ay, b, (see )
have been properly fixed; (ii) the kernels of the effective potential are all
well defined (i.e. the sums are convergent uniformly in L), quasi-
local (i.e., fast decaying, with a stretched-exponential behavior) and satisfy
natural scaling properties, i.e.,

n+m _max{1l,en}oh(2—n/2—m—|q|) |Yh' | m
H n m,z,qH < C € 2 = (%’1%;1( ‘Zh/’ s (658)
with |Q‘ = Z?:l 4i, ‘Yh’ | = MaXr |Yh’ rw‘v and
E hd
” n m,’L,q Hli h = L Sup ‘ n m,’L,q w ’r‘ y)‘ 2 (Q,y)’ (659)
wr oy

for suitable constants C, ¢, k, independent of L, h.

The boundedness of the flow of the RCC and the validity of the dimen-
sional bounds for the kernels of the effective potential will, in fact, be the
final outcome of our analysis. The logic of proof goes as follows: one first
proves the validity of the dimensional bounds on the kernels, under the as-
sumption that the RCC remain small. These bounds will, in particular,
imply that the components of the beta function are well defined and sat-
isfy bounds that are uniform in L and h. This part of the proof is pretty
standard: it follows from a representation of the effective potential in terms
of Gallavotti-Nicold (GN) trees, see Section below, and an iterative ap-
plication of the Battle-Brydges-Federbush-Kennedy (BBFK) determinant
formula, see, e.g., [22, Lemma 3].

Next, we prove that the RCC remain bounded, by studying the flow
generated by the beta function. The key point is that, as long as the RCC
on scales larger than h are small, then the beta function on scale h is well
defined, and can be used to control the evolution of the RCC for another step.
This opens the way to an inductive proof of the smallness of the RCC. Of
course, the fact that RCC remain small at all scale requires a specific (model-
dependent) structure of the beta function. In our case, we are lucky enough
that the beta function has structure which maintains the RCC small at all
scale, provided the initial data are small, and that p*,a, b, are properly
fixed, see Section below. It is not just a matter of luck, of course: a
key point in the analysis is played by the comparison of the A-component of
the beta function of our dimer model, with the corresponding quantity for
the reference continuum model (the two functions are the same at dominant
order). The exact solvability of the reference model implies the validity of
a remarkable cancellation in the A-component of the beta function for the
reference model and, therefore, a posteriori, for our dimer model, as well.
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6.3. Tree expansion for the effective potential. As anticipated above,
the detailed structure of the kernels of V(") arising from the iterative con-
struction described in the previous section, can be conveniently represented
in terms of GN trees. The definition of GN trees, of their values, and the
procedure leading to their introduction have been discussed at length in
several previous papers and will not be repeated here, see e.g. [19]; in par-
ticular, we refer to [22, Section 5.2.1 and 6.2] for a description of the GN
tree expansion in a context very similar to the present one, i.e., in the case of
isotropic, ‘tilt-less’, interacting dimer models with weights ¢ = 1 and plaque-
tte interaction. The present case differs from the one treated in [22] for the
fact that here the model is anisotropic (and, correspondingly, the height has
an average slope that is different from zero). Technically, this means that
in the present case the expansion involves more running coupling constants
than those considered in [22]: the RCC vy, apw, bh, are identically zero
in the tilt-less case. In particular, the trees involved in our construction are
characterized by the following features, slightly different from those listed
in [22 Section 6.2]:

(1) A GN tree 7 contributing to V", SM(J) .= st () — §t+1( ),
or to EMW = ph) — ph+1) _ th+1 has root on scale h and can have
endpoints (either ‘normal’ or ‘special’, which are those represented
as black dots or white squares, respectively, in [22], see, e.g., [22]
Fig.13]) on all possible scales between h + 2 and 0. The endpoints v
on scales h,, < 0 are preceded by a node v’ of 7, on scale h, = h,—1,
that is necessarily a branching point. The family of GN trees with
root on scale h, IV, normal endpoints and N, special endpoints is
denoted by T]\(,i) N,

(2) A normal endpoint v on scale h, < 0 can be of five different types,
A\ v,a,b, or RVED . If v is of type A, v, a or b, then it is associated
with Ap_, F( Zhv,_lgo(ghv’)), or Y, Vhy whuw(y /Zhv,_lcp(ghv’)), or
S o Fao(/ Zig 10 =)), 08 S by P/ Ziy 10 H0),
depending on its type (recall that the monomials F), F,.,, etc., were
defined in ); in this case, the node v' immediately preceding
v on T, of scale h,y = h, — 1, is necessarily a branching point. If
v is of type RV, then h, = 0, and v is associated with (one of
the monomials contributing to) RV (=1 (=1 0); in this case, the
node immediately preceding v on 7, of scale h,, — 1, is not necessarily
a branching point.

(3) A special endpoint v on scale h,, < 0 can be either local, or non-local.
If v is local, then it is associated with

Yh 75T
Sy () 2195, ), (6.60)
h,r—1

for some r € {1,2,3,4}, w = (wy,ws) € {£}?%; if w1 = wo, we shall
say that v is a ‘density endpoint’, while, if w; # ws, that v is a
‘mass endpoint’. Note that the factors Zp, , 1 in simplify: the
summand equals Yy, , » o Fy 0w (@(Ehe) g ); in , these factors are
kept just for uniformity of notation with the cases in the previous
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item. In the case that v is local, the node v" immediately preceding
v on T, of scale h,, = h, — 1, is necessarily a branching point. If
v is non-local, then h, = 0, and v is associated with (one of the
monomials contributing to) V=D (o= 1) — VED ((E=D 0); in
this case, the node immediately preceding v on 7, of scale h, — 1, is
not necessarily a branching point.

In addition to the items above, let us recall that each vertex of the tree
that is not an endpoint and that is not the special vertex vy (the leftmost
vertex of the tree, immediately following the root on 7) is associated with
the action of an R operator.

In terms of the tree expansion, we can express the effective potential and
the single-scale contributions to the free energy and generating function as

PEW + SN+ vz ) = Y > VP Ze, ),

Np ,Ns>0: (k)
NobN>1 7€ N N

(6.61)
where
VW (1, Zng, J) = (6.62)
1Py |
= V2 D DD Weprig(xe)Die(PL) J(P])

PeP- TeT iq Xvg

Eq.(6.62) is the analogue of [22, (6.64)], and we refer the reader to that
paper for the notation and a sketch of the proof (in this formula, the indices
i,q replace the multi-indices 8 € By 22, (6.64)]). We recall that P and
Pq;]o are two sets of indices that label the Grassmann external fields and the
external fields of type J, respectively; moreover, J(P{,{)) = erpz;zo Jy(h)r(h)

a(f
= 11 7 e - (6.63)
fePy

Clearly, the kernels in (6.57) are obtained by summing W, p 1 q(Xv,) over
TE Tjgfz) n,» under the constraint that the number of external fields of type
1 and J is equal to n and m, respectively, that the elements of i are the
same as i, etc. The bound (/6.58)) is a corollary of the following fundamental
bound on the weighted L; norm of W, p 1 4, which is the analogue of [22]
Proposition 8] and of [9, (3.110)]; for the proof, we refer the reader to [9, 22].
See also Appendix [B] below for some technical details.

and

Proposition 2. There exists L-independent constants €,C,c,k > 0 such
that, if
masc{ Vil [ e ol e ol ol } < 2, (6.64)

and T € T](VIZNS, then

IWep ziallan < N (Ceymaxtinel ol gh=51% =175 =la) (6.65)
V| Py | —| Py
H sup‘Yh —Hw) [ H u 951PY 92— Py |- P |—2(Py)
Zh,—1 Sp!
v s.e.p. v not

e.p.
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where: |I%| = > ep. |PY| is the total number of Grassmann fields associ-
ated with the endpoints of the tree; the first product in the second line runs
over the special endpoints, while the second over all the vertices of the tree
that are not endpoints. Moreover |q| = zfePé”O q(f) and

Lt (1PLIP)) = (4,0),(2,1),
d(P)=q2 if (P IR = (2,0), (6.66)
0 otherwise.
The dimensional gain 27*("*) associated with the marginal and relevant
vertices, i.e., those with (|[PY|,|PJ|) = (4,0),(2,1),(2,0), comes from the
action of R, as explained in [22], Section 6.1.4] and in Appendix [B| below.
Since the exponents 2 + %|P$p| - %]Pﬂ —|PJ| — z(P,) in (6.65) are all
strictly negative, one can sum (|6.65)) over 7 € TJ\(,}:) n,» over T € T, and over

P € P,, under the constraint that |Pl| = n and |P)| = m, we get the
bound ; see also the discussion after [22, Proposition 8]. Similarly, if
we sum over T € T]\(ZI:L)Ny TeT, P e P, with ]Pf,{;| =n, \P;{)] =m,
under the additional constraint that T has at least one node on scale k > h,
then we get a bound that is the same as times an additional gain
factor 29/(}““, where 6’ is a positive constant, smaller than 1 (estimates are
not uniform as 6’ — 17; from here on, we will choose #’ = 3/4). This is the
so-called short memory property, see Remark 16 after [22 Proposition 8|.

6.4. The flow of the running coupling constants. As explained above,
as long as the RCC vy o, aps w5 byt o, Ay, 21 stay small, for all A’ > h, in the
sense of , the beta function controlling the flow of the same constants
on all scales larger or equal to h, see —, can be represented in
terms of a convergent GN expansion, induced by the one of the kernels of
the effective potential discussed above. The goal is then to fix the initial data
V0,u5 @0 w, b0, i such a way that the resulting flow of vy, ., ap s bhws An, 24
driven by the beta function stays uniformly small in the scale index. For
this purpose, not only we have to make a careful choice of the ‘counter-
terms’ v, 0w, bow, but we also need to exploit a number of remarkable
cancellations, some of which follow from the exact solution of the reference
model of Section Let us emphasize that we have the right to fix the
counter-terms, that up to now were chosen arbitrarily in (recall ),
but we cannot change \g = A, that enters the definition of the model.

We look for a solution of the flow equation for u,; such that, as h — —oo:
(1) Vhw,@hw,bhw tend exponentially to zero; more precisely, recalling
that |vp, 4| = |vp,—|, and similarly for |ap |, |bhw|, we require that

(D)l = sup(2 ], 2 Man ] 2 bl S5 (667
<0
for e small enough and 0 = 1/2;

(2) An tends exponentially to a finite limiting value A_,; more pre-
cisely, given a positive constant ¢’ smaller than the constant € in the



UNIVERSALITY FOR NON-INTEGRABLE DIMERS 47

previous item, we require that |[A\g| < &’ and

IAllg == sup{2~ "Xy — An[} <&, (6.68)
h<0

where 0 is the same as in the previous item; note that, from the
condition on Ay and (/6.68]), it follows that

e ,

nl < 5 +é, (6.69)

— 90

uniformly in h.

6.4.1. Fizing (zp)n<—1. Given a sequence A := (A\)p<—1 satisfying (6.68]),
we construct the solution of the beta function equation

zn-1 = Bj(}, 2) (6.70)

iteratively in h, starting from h = 0 [where z := (z3)n<—1 and, of course,
the right side only depends on the components of A, z of scale index larger
or equal to h; note that by definition Bj does not depend on Xg]. We denote
this solution by z*(A). By using the tree expansion of the beta function,
we now show that z*(\) is a Cauchy sequence, differentiable in A; more
precisely, we prove that, for ¢ fixed, such that |\g| < &/, and \ satisfying

559,

0z (A
) )l < o, |2 < g (o)
k
for all h < k < —1. Once this is done, we plug z*(A) in the flow equations for
Uh s Oh s Ohws Ans 1.€., the first four equations of ([6.55)), so that a posteriori
their beta functions are re-expressed purely in terms of \g and u, where

u = (v,a,b,N), (6.72)
with v = (uh,w)ﬁééi}, a:= (ah,w);i;{)i} and b := (bh,w);é({)i}'

Let us prove the first inequality in , inductively in h. Note that
at the first step, h = 0, the inequality is trivially true, simply because
25(A) = 251(A) = 0. We assume that |z, ,(A) — 25, (A)| < Co(£")?20%, for
all scales h < b/ < 0, and we want to prove that the same bound holds for
h' = h. Note that, for ¢’ sufficiently small, the first inequality in (6.71]) also
implies that |2},(A)| <€ <&, Vh <K < —1, uniformly in A. Recall that the

definition of B} is induced by (/6.40)). The kernel Wz(h)’R

03(ww) CAL be written as
a sum over GN trees, analogous to , and the contribution associated
with each tree can be bounded as in Proposition [2 Therefore, B} itself can
be written as a sum over trees that, by definition, have only endpoints of
type A (and, more precisely, at least two such endpoints):

BiAz) =Y > Y > Bi(Az47,P.T), (6.73)

N>2 TGTz(vhS PeP, TeT

where z* = 2*(A) (recall that Bj depends only on the components of z*
with scale index > h, which have already been inductively defined), and
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Bj (A, z*;7,P,T) can be bounded in a way analogous to (6.65)):
O3l [Po; || Py

’
2%\Ps”|22f%|Pv\fz<Pv>} .
Sy!

B2 1) < ([ ]
v not
e.p.

(6.74)
Here we used the fact that the endpoints are all of type A, and that their
values are bounded as in (6.69). We now split B7 (), 2*) as follows:

Bji(A,2) = [Bi(A 2") — B, 2") |+ Bi(A 2") (6.75)

‘/\_1:0 ‘)\_1:0’
By definition, the difference in square brackets is expressed in terms of a sum
over trees that have at least one endpoint on scale 0, while B7 (), g*)‘ A0
is a sum over trees that have no endpoints on scale 0. By using the short
memory property (see comments after the statement of Proposition , we
find

‘Bi(A,z ) = Bi(A )|, - ’ < C()?2%. (6.76)

An important remark is that by rescaling h — h + 1, we can re-express

BZ A, 2" ‘A 1n terms of Bh+1

B (A 2" = Bj 1(SA,S%"), (6.77)

i

where S is the shift operator, namely, (SA)p := Ap—1, and similarly for Sz*.
In conclusion,

(A =z (A) = [Bi(Az2") = Bi(A 2|, ] (6.78)
+ [B;’;_H(SA, 52") — Bh+1(A,§ )]
We want to bound the difference in the second line as
|Bi (A, S2%) — By, (A 29| < O(e)22. (6.79)

The beta function B? is O((¢/)?) because N > 2 in (6.73)), so we have just
to get the extra factor 2°". The left-hand side can be rewritten as

1
z * z * d z *
Bj, 1(SA, 82%) — Bj 11(A, 27) _/0 dt %Bthl(A(t)a& (1)), (6.80)

with A(t) := A+ ¢(SA — A), and similarly for 2*(¢). Bj_, can be written in
terms of its tree expansion, see , so that, when the derivative w.r.t.
t acts on it, it can act on the factors A\ (t) associated with the endpoints
v of the tree, or on the factors z;,(t) associated with the propagators and
with the branches of the tree. If it acts on an endpoint of type A, whose
value is Ap/(t), its effect is to replace it by A\ — Ap/_1, which is bounded
by &27 | see ; if it acts on a factor z;,(t), its effect is to multiply the
tree value by 25, (\) — z5,_,()\), which is bounded by Cp(¢')?2%%", thanks to
the inductive hypothesis. Using these facts and the short memory property,
follows. Putting this together with , we get the desired bound
on 21, (3) — (V).

The proof of the second inequality is completely analogous: it can
be proved inductively in h (at the first step is trivially valid, again because
z*1(A) = 0), by using the tree representation of the beta function, ,
and the short memory property. The details are left to the reader.
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Remark 13. The limiting value of z;(A) as h — —oo, which certainly exists,
due to the first of (6.71), only depends on A_oo(A) := Ao + >_p<o(An—1 —
An). This fact follows from the recursive equation for z*, 7 from the
tree representation of the beta function, , and from the short memory

property.

6.4.2. The solution of the flow equation as a fized point. Given |A\g| < &’ and
A satisfying , we fix z = z*()) as described in the previous subsection,
and plug it into the flow equations for vy ., ap ), b, An: these are coupled
equations, whose beta functions are thought of as functions of A\g and u, with
u as in . In order to find the desired solution to these flow equations,
we first note that the equations for vy, ., ap w, by in imply that, for
k<h<0,

Vo =28y, — 0 2IBY (Mo, ), (6.81)
k<j<h
apw = Qkw — Z B >\O’ > bh,w = bk,w - Z B )‘07
k<j<h k<j<h

[Clearly, B; (Ao, u) actually depends only on the the components of u on
scales larger than j.] If we send & — —oco in and impose the de-
sired condition on the exponential decay of vy, o, ap ), by o, se€ , we get
Vhw = — Z<h2 —he 1B;/w’ahw:_2]<hB]w’andbhw: Z<thw

Regardlng An, we study its flow equation by extracting the first order
contribution in (Ag,u) from the beta function. By inspection, one verifies
that the first order contribution does not depend on wu: therefore, we can
write

Bjy (Mo, u) = cpho + Bp (Mo, ), (6.82)
where B,i‘ is at least of second order in (\g,u) and cﬁ can be computed
in terms of first order perturbation theory. Note that the GN trees that

contribute to it have only a normal endpoint at scale 0, of type RV (1.
Then, due to the short memory property,

jen| < G2, (6.83)
for some C' > 0. By iterating the beta function equation for A, we get:
0
M1 =Chro+ Y B} (Xo,w), (6.84)
j=h
where C,i‘—l—i—zj nC j

In conclusion, given a sufficiently small Ao, we look for initial data v ., ag w,
bo ., depending on \g, such that the corresponding flow satisfies, for all scales
h <0,

Vhw = = D i<h 2j7h713’-’ (Ao, ),

ahvw = Z]<hB (>\07 )7 (685)
bhvw = - Z]<hB ()\ —)

>\h—1 = CA)‘O + Z]:h B] ()‘Oaﬂ)a
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with u satisfying (6.67)), (6.68). The system ([6.85) will be viewed as a fixed

point equation u = T'(u) for a map T on the space of sequences
Xe:={u:||(v,a,b)lle <e, ||Mo <€}, (6.86)

see - - In this equation, and from now on, we let € be sufficiently
small, and we fix § = 1/2 and

g (6.87)

where C1,C] are the constants in and below, whose explicit

values can be computed in terms of the first order contributions in A to
BY B¢ B
h,w? hw*

h,w?
We now want to prove that T is a contraction on X, with respect to the
metric d(u,u’) := ||Ju — /||, where

[u]| := max{[|(z, a, b)lo, K]hbs<111f>1 [ Anl}- (6.88)

C 2C
¢ =¢/K, K:max{l,l ! L }

More precisely, we intend to prove that the image of X. under the action
of T is contained in X, and that ||T(u) — T'(v)]] < (1/2) ||lu — «/|| for all
u,u’ € X.. If this is the case, then T admits a unique fixed point in X_,
which corresponds to the desired initial data v, aow,bow, generating a
flow satisfying conditions (1)-(2) discussed at the beginning of this section.

6.4.3. Invariance of X. under the action of T'. In this subsection we show
that T'(X.) C X, i.e. ||[T(u)] < e under the condition that

No| < % min{1, 0}, (6.89)

where C'is the same as in (6.83)). Note that, in order to prove that T'(X.) C
X¢, it is enough to show that

B} (Mo, w)l. | Bf (Mo, w)|, | B (Mo, )| < CLE1e2™, (6.90)

By (Ao, u)| < Coe2", (6.91
for some K-independent constants C, Cy (in order to see that (6.90))-(6.91])
imply HT( )|| < e, it is enough to plug them in the right side of (6.85) and
use (637) and ©39)).

1. The bound on By (Mo,u). We start by proving the bound on By (Ao, u)
in . Recall that the definition of By, , is induced by the first of -,
combined with the first of (6.55| - As for the case of Bj, discussed in Section
B} can be written as a sum over trees:

By ,(ow) =Y > Y > By ,(ho,uT,P,T), (6.92)

N>1_ TJSrhS PeP, TeT

~—

and By (Ao, u; 7, P, T) can be bounded in a way analogous to (6.65):

By oOour, PT) < OV [T IR] x (6.93)
ve.p.
O Pyl -IP
STt 9s5IR \227—\Pv|fz(Pv>} '
X |: H sv! 2 2

v not
e.p.
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Here, |Fy| equals vy, v, lan,, +1; bh, 4| or [An,, |, if v is of type v,a,b, or A,
see item (2) in the list of properties of trees in Section if v is of type
RV(_U, then F, is a kernel of RVED (the one associated with the given
choice of P,), and |F,| is its norm (more precisely, it is its un-weighted
counter-part, i.e., the case k = 0), which is bounded as in .

We now split B,’;w in a dominant plus a subdominant contribution, in the

same spirit as the decomposition : B;;w = BZ:f + BZ:Z, where: BZ:S
includes the sum over the trees whose endpoints are all of type A and all
the single-scale propagators gSJk) /Zi._1 have been replaced by ggz /Zk—1, see
(6-37); B,':i} is the remainder, which includes the sum over trees that have

at least one endpoint of type a,b, v or RV (~1) (the scale k of the endpoints
of type A, a, b, v satisfies h < k < 0, while the scale of the endpoints of type
RV (1 is necessarily k = 0), or at least one ‘remainder propagator’ on some
scale k between h and 0, (g&k) — ggizu)/Zk_l.

The key observation is that BZZf = 0: in fact the definition of Bl’:ﬁ is
induced by the first of , with W2(,}(L)),7((Zj,w (0) replaced by WQ(T[L));’(iw)(O)
which is zero, as follows immediately from .

The subdominant contribution, BZ:Z, is not zero, but it is easy to bound.
We further distinguish various contributions to it. (1) Let us start with
the contributions from trees with at least two endpoints, one of which is
of type v,a,b, RV and is on scale k € [h + 1,0]: these are bounded
proportionally to £290' (h=k)90k ' where ¢/ = 3/4 > 0; the factor 20" (h—k) ig
due to the short memory property (see the comment after ), while
the factor £2°% comes from the norm |F,| associated with the endpoint of
type v, a, b, RV (=1 on scale k, and the other & from the second endpoint.
Summing the bound over k in [h + 1,0], we get const x 22" with the
constant being independent of K. (2) Next, we consider the contributions
from trees with exactly one endpoint, of type RV (1 (and, therefore, on
scale 0). Recalling that the norm of the value of the endpoint, |F,|, is
proportional to |A\g| < ¢/(2K), we find that the total contribution from
these trees is O(e K~12%%), the factor 2% coming from the short memory
property, the proportionality factor being independent of K. (3) Finally, we
are left with the contributions from trees whose endpoints are all of type A
and at least one remainder propagator on some scale k between h and 0,

(go(Jk) - g%ﬁ?‘)) /Zk—1. Recalling from Remark [11| that the dimensional bound

29k

of the remainder propagator is better by a factor , as compared to the

bound of ggl /Z_1, we find that the these contributions are bounded by

const x (e/K) S 0_, 20/ (h=k)20k < const x (e/K)2%" (once again, the factor
20'(h=k) is due to the short memory property, and the constant is independent

of K). Putting things together, we obtain the desired estimate on By -

2. The bound on B} , Bz .- By definition, see (6.47) and the definition of

WQ(TLL));ki,w) after (6.39)), the trees contributing to Bg7w,Bz7w either have an
endpoint of type v, a, b, RV or their values contain a ‘remainder propa-

gator’ (ga(uk) - gg?u) /Z1—1 on some scale k between h and 0. By proceeding



52 ALESSANDRO GIULIANI, VIERI MASTROPIETRO, AND FABIO LUCIO TONINELLI

as in the previous item, in particular in the discussion of the bound on BZ’Z,
we find that By | < const x (¢/K) Zgzh 20" (h=k)90% hich is the desired
estimate, and similarly for |BZ,w|'

3. The bound on Bj. The fact that |B))| = O(£?) is obvious, because Bj
is a sum of trees with two or more endpoints, given that we have extracted
the first-order contribution Cﬁ>\0~ The non-trivial issue is to show that the
bound is proportional to 207, For this purpose, we split B,’) into a dominant
and a subdominant part, following once again the same logic: we write
Bfl‘ = B,)L"R + B,i"s, where: B,)l"R the sum over the trees whose endpoints

are all of type A and all the single-scale propagators gSJk) /Zk—1 have been
replaced by gg()u /Zk—1, see (6.37)); BZ"S is the remainder, which includes the

sum over trees that have at least one endpoint of type a,b,v or RV (Y,

or at least one ‘remainder propagator’ on some scale k between h and 0,
(k) _ (k)

(9w gR,w)/Zk—l-

The key observation is that the dominant term, B;L"R = B;"R(A) is the
same as the one of the reference model discussed in Section [4t by this, we
mean that B?L’R(A) is the same that we would get in the reference model,
by applying the same multi-scale integration procedure. On the other hand,
for the continuum model it is known that, if we denote by A*1 the constant
sequence (A*1), = \*, then

|BYM(A*1)] < (comst.)|A*[22", (6.94)

for A\* sufficiently small, see [6, Theorem 3.1]. Moreover, once the bound
is known for the beta function computed on the constant sequence
A*1, by using the short memory property, we find that the same bound
holds for more general sequences: more precisely, we find that B,?’R(A) <
(const.)e?2" for any Cauchy sequence ) satisfying ||Allg < €, as desired.
We are left with the subdominant term, B;L"S(A), that, non surprisingly,
can be bounded in a way similar to the subdominant contribution BZZ, the
result is, once again, yB,}S(A)| < (const.)e22% (details left to the reader).
This concludes the proof of (6.90)-(6.91]) and, therefore, that T(X.) C X..

6.4.4. T is a contraction on X.. We now show that ||T(u) — T(v)| <
(1/2)]|u — u'||, for all pairs of sequences u,u’ € X, (here || - || is the norm in
(6.88)). We consider the component at scale h of T'(u) — T'(u'),

= 25<n 27N (BY (Mo, w) = By, (Ao, )
— > e (B2 (A — B% (Ao,
[T(u) - T(u)], = R {)’“( o) ”b’“( O’Q,)) (6.95)
- Zj§h~(Bj7w()\Oa Q)N_ Bj,w(A(%Q ))
ngh (B?(Ao,y) - BJ{\(onﬂl))-
In order to prove that T is a contraction, it is enough to show that, if

u, v € X, and )¢ satisfies (6.89), then the analogues of (6.90)-(6.91) hold,

namely:
B, (Mo, u) — Bff (Mo, )| < CLK Hluw — o/[|2°", for # =v,a,b,
B (Mo, w) — Bj (Mo, )| < Chellu — /|29, (6.96)



UNIVERSALITY FOR NON-INTEGRABLE DIMERS 53

for some K-independent constants C7, C%.

The proof of is very similar to the one of —: in order
to illustrate the main ideas, let us focus on By (u) — By ,(«'), the other
components being treatable in a similar manner. By using (6.92)), we rewrite
the difference under consideration as a sum over trees:

By (Ao u) = By (Mo, u) = (6.97)

=3 Y Y BewrP,T) - B, (A,u;m,P,T)).

No21 et PEP, TET

We further rewrite the difference in parentheses in the right side in a way
similar to (6.80)):
By (Ao, u; 7, P, T) = By (Ao, u; 7, P, T) = (6.98)

1
:/ dt iB,’:w()\g,g(t);T,P,T),
o dt ™
with u(t) := v’ +t(u — u’). When the derivative w.r.t. t acts on By  (u(t);
t,P,T), it can act on the modified running coupling constants v (),
ap w(t), by w(t), Ap(t) associated with the endpoints v of the tree, or on
the modified constants z;,(A(t)) associated with the propagators and with
the branches of the tree. If, e.g., it acts on an endpoint v of type v, which
is associated with vy, (t), its effect is to replace it by vy, — v}, ; when
bounding the norm of the tree value, the endpoint v comes with a factor
[Vh' w =V} |, Which leads to a factor ||u —u/|; this has to be compared with
the ‘standard’ factor |v | appearing in the bound of the un-modified tree
value, which led to a factor ||u|| < e in (one of the contributions to) the first
of (6.90): therefore, the bound on %B,’:’w(g(t);T,P,T) is qualitatively the
same as the one on By (u;7,P,T), up to an additional factor [lu — u'|/e.
The terms in which the derivative w.r.t. ¢ acts on other RCCs, or on z},((t))
are treated similarly. In light of these considerations, recalling the bound
1By ()] < C1 K~ 1£2% on the un-modified v-component of the beta func-
tion, we obtain the bound in the first line of with # = v. The other
components are treated similarly, but we do not belabor further details here.

This concludes the proof that the map T defined by is a contraction
on X.: therefore, it admits a unique fixed point 1 on X, whose components
at h = 0 correspond to the initial data generating a flow that satisfies the
conditions (1) and (2) spelled at the beginning of Section

6.4.5. Analyticity of the fixed point sequence and inversion of the countert-
erms. Thanks to the convergence of the tree expansion for the components
of the beta function, the components of u, and, in particular, those at A = 0,
are all real analytic functions of A\g = A, in the ball . We write:

Ww = fz/;w(A)y agw = fa;w()\)a bO,w = fb;w()\)- (699)

From now on, with some abuse of notation, we denote by vp, ., = v u(A),
ah,w = ah’w()\), bh,w = bh,w<)\)a )\h = )\h()\); Zn = zh()\) = Z;;(A()\)) the
components of the fixed point sequence, thought of as functions of Ay =
A. Recalling that vg,(A) = —p(p¥), from the first equation in (6.99)) we
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calculate p¥ = p¥(A) (via the implicit function theorem; recall that o, =
Op pb(p¥) # 0,80 = Opop(p”) # 0 and that o, /B, ¢ R), and find that
7 (A\) = p“+0()). Finally, recalling that &y, 3, are related to a,, = ag(\),
by = bow(N) via (6.4)-(6.5), we find that @, = @w(A) = a, + O(\) and

/Bw = Bw(A) = /Bw + O()\), as desired.

6.4.6. The flow of Zy and its critical exponent . Once the initial data are
fixed as in and the corresponding flow of RCC is bounded and expo-
nentially convergent, we immediately find that

0

Zn= ] +zm) = (1+200(X) "4, (6.100)
k=h+1

where A, = 14+ O()\2) and Ay = A_ (1 + O(N\?29%)), as easily follows from
. Note that, while z_, depends only on A_.,, A_ depends on the
whole sequence. For future reference, we let n = n(\) = logy (14 z2_o(A)) be
the so-called critical exponent of the wave function renormalization. Then,

Zp =2""MA, = A_ 27" (1 4+ O(N\% 29M)). (6.101)

Remark 14. The critical exponent n(\) only depends on the asymptotic
value of z, as h — —oo that, in turn, only depends on A_ (), see Remark
[I3 Recall that, by its very definition, the flow equation of zj, involves a beta

function expressed in terms of WQ(}S)(I:LM) and, therefore, it is the same as
we would get in a multiscale expansion of the reference model of Section [J):
as a consequence, the critical exponent n(\) is the same as the one of the
reference model, Nr(Aso), provided that the bare coupling Ao of the reference
model is fixed in such a way that the infrared limit A\_oo R = A—oo,R(Ao) Of

its coupling equals that of the dimer model,
Ao, R(Aso) = Asa(A). (6.102)

This equation is analytically invertible w.r.t. A, as one can show by re-
peating the study of the flow of A\, for the reference model: in that case,
An,r satisfies the analogue of the fourth equation in , which reads
AR = Ao + Z?:h B,;\R()\OO,QR), where BQR is given by a convergent tree
expansion, and satisfies |Bj p(Aoo,up)| < (const.)|Aao|?29".  With respect
to the dimer model (cf. ), note that there is no linear term in the
beta function of A: this is because the interaction potential of the continuum
model is exactly quartic in the Grassmann fields. From this, one finds that
Moo = Aso + A R(Ao), where fx g is analytic in Ao and of second order
in Aoo; in particular, A_oo rR(Aeo) is analytically invertible with respect to
Aoo. In conclusion, can be inverted into Moo = )\:io,R()\,oo()\)); this
choice guarantees that the asymptotic couplings as h — —oo of the dimer
and reference models are the same. Finally, by inspection of second order
perturbation theory, it turns out [8, Th. 2] that nr(Aso) = a2, + O(N3,),
for a suitable a > 0. Therefore, by fixing Ao as in and recalling that
A ao.t(hoo) = Ao + OOZ,), we find n(A) = alA_ao(NJ + O(N).
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6.4.7. The flow of Y} .. On scale —1, one sees by direct inspection of the
non-interacting dimer model that Y_j ;. (o, w,) = —K,e7 P2 £ O(\). Once
the fixed point sequence u has been determined, we can plug it into the beta
function equation for Y3, ;. ,

Vitrw = Yirw + Bhpo@Y,),  h<-—1, (6.103)

where Y. = (Yh rw)h<—1,wef+}2- Note that, by definition, B};T’w is linear in
Y,. This equation can be solved iteratively in h, via a procedure analogous
to the one used to compute z given A, see Subsection In particular,
BY  admits a tree expansion, by using which can be rewritten as

h,r,w

Yhfl,r,w thw—i_ZZBkhww Ykrw/+ZZBkhrww YkT‘UJ?

k=h W’ k=h w'
(6.104)
where: Bh ’k . is the relativistic contribution, i.e., it is expressed as a sum

over trees Whose endpoints are all of type A and all the propagators have
been replaced by relativistic ones (1t is easy to check, by inspection, that
h, k: ! is the remainder. Thanks to
the short memory property, and the known bounds on the components of
the fixed point sequence u, we find that

‘Bk’hww ( )| < C|A|29l(hik)? ‘Bkhrww ( )‘ < C‘)\’zalh_ (6105)

By, 5 . is independent of r), and BY

We now let yp, rw = Yn—1,rw/Ynrw — 1, and iteratively compute yp, ., for
h < —1 from , starting from h = —1. Proceeding by induction, as
in subsection we find that yy, ,, is a Cauchy sequence, whose limiting
value as h — —00, Y_oow(A), only depends on A_5 (), see Remark This
limiting value defines new critical exponents, nw()\) logs (1 + Y—oow(N)).
By using the same considerations in Remark [14] we conclude that 7,()) are
the same as the corresponding exponents in the continuum model, provided
that the bare coupling A is fixed in such a way that A_so r(Aso) = A_oc(A).
Thanks to the symmetries of the reference model, it is known that 7, 4.,)(A)
are real and only depend on the product wiwy; we denote by 71 (), resp.
12(A), the critical exponent with w; = —ws, resp. w1 = we. Remarkably, it
is known also that na(\) = n(A), see [8, Theorem 3]. On the other hand,
an explicit computation shows that 71(A\) = bA_oo(A) + O([A_0o(N)]?), for
a suitable b # 0, so that in particular n;(A) # n(A) (recall that n(\) =
a[A—oo(N)]2 + O(N?), as discussed in Remark [14). In terms of these critical
exponents, we can rewrite Y}, , ., in a way analogous to

Yirww) = 2 " Bhrw=2"B oru(l+0A2),  (6.106)
Yh,r,(w,fw) = 27thh,r,w = 2imhc—oo,r,w(1 + O()\ 29h))7
for suitable complex constants By, ., Ch r, such that By, _, = B;; rw and
Ch7T7_w = C;;,’I",UJ'

The critical exponent v of Theorems|[I]and[2)is given in terms of (\), 71 (A)
by the simple relation

v(X) = 1+ n(\) = m). (6.107)
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6.5. Thermodynamic limit for the correlation functions. In the pre-
vious sections, we have obtained a convergent expansion for the effective
potentials, valid for |A| small enough and a suitable choice of p¥ = p¥(\),
A = Gu(N), B = Bu(N). In particular, after the integration of all the scales

h > hy we obtamﬂ from (6.31) with h = hy,
W(4,0,0) = L2 [uo(k§) — Zn, no] U505

+ L2EM) 4 st gy 4 v (\/Z, W, ), (6.108)
where we defined
Hew = NhL,w(kg _ﬁu) = Dw(kg _pw) + Tw(k(é) _ﬂu)/ZhL

and E") §(h)(J) and V(P£) (W, .]) are given by the convergent tree expan-
sion discussed above. In order to obtain the Grassmann generating function

with 0 boundary conditions, Wée)(A,O), we need to integrate out U, see
' ; finally, the dimer generating function is obtained by taking a linear

combination of Wi (4, 0), see ([3.28)). Using (6.108) we write:

GW(LG)(A’O) . 6L2E(hL)+S(hL)(J)X (6.109)

/ Dire—L 2 %n, S 0,0 VEVGAV L) (7 w,0)

In order to study the thermodynamic limit for correlations, it is important
to characterize how E("2) S(he)( ) and V(") (W, .J) depend on the system
size L and on the boundary conditions 8. For illustrative purposes, we start
by considering the case A = J = 0, in which case the generating function
reduces to the partition function. As shown in Appendix|Cl Zg := ewf”(o,o)
can be rewritten as

H uo } el 2N (1 4 s9(N)) x (6.110)
keP’ (6
. ZL2 D‘ije_LizzhLEwue#’\i]i\i":—’—v(hl’)( ZhL\Il70)7
hr

where: A is analytic in A, independent of L and of the boundary conditions;
sg(A) depends on L, 0 and is of order O()\), uniformly in L, 6;

V) (@, 0) 3Zu9w YOO, + L0\ WO 00, (6.111)
with ug (), ve(A) of order O(X), uniformly in L,0. From now on, for

lightness of notation, we drop the argument A in ug (), ve(A), s9(A). The
integration of W is elementary, and gives (recall (6.12]))

11 Mo (1)) 201+ s59) | [T (1o + =5) + 75 ], (6:112)

keP’(0 w=%£

9Recall that hr is the first scale at which the support of x, has empty intersection
with P/, so that (cf. (6.33))) at scale hr one can remove in (6.31) the integration w.r.t.
P(<p, ) and just replace 9 with 0.
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or, equivalently,

Zo = " AN (1 4+ 59) (29 + Z3 L %0) (6.113)
where we defined
Zg= 11 wok),  Z§= ey e Zg, (6.114)
kEP!(6)
09 =—L Y g g, + e, + Vp. (6.115)
o=t

We now let 8° be the boundary conditions for which kg is at the largest
distance from p“; if L is large enough,

g0 | > (1/2) |pgwl, VO € {0,1}? (6.116)

and
'L < |pgo | < e /L, (6.117)
for a suitable L-independent constant c_. Moreover,
' <129/ 7| < ey, (6.118)

for a suitable L-independent constant c., for all choices of 6, 0’ (see Appen-
dix . We now multiply and divide the term Zg L 20g in (6.113) by Zgo

and rewrite it as

. Z L)
ZgL %09 = Zgo =2 —5———
] ZgO L2'u907+ /.1/007_

By using (6.116)—(6.118), we immediately conclude that gy go = O(A), uni-

formly in L, 8. If we now take the appropriate linear combination of Zg, we
obtain the partition function of the interacting dimer model that, in light of
the previous considerations, can be written as

1
Zp = 229209% =

=: Zpo0g go- (6.119)

eLPAM)
2

31+ se(N) [0923 + Zgoc.gae’go]. (6.120)
0

We now let QY = % Yo ceZg; we recall that the constants cg are either 1 or
—1, depending on @ and on the parity of L/2, see the definition after (3.1)).
A simple computation shows that

coZy = |Zgy| for all @, (6.121)
see Appendix Therefore, Q9 = % > 6123, so that
%mgx\Zg] < Q) < 2max |73 (6.122)
If we use these inequalities in (6.120]), we get
Zr, = e 2NQ0 (1 4+ r(N), (6.123)

where the error term r,()) is of order O(X), uniformly in L.
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. . . (6) .
Let us now adapt the previous discussion to e”Vr (49 in the presence

of the external field A. In this case, the analog of (6.112]) (the proof being

based on a similar reasoning, see also Appendices [Bf and |C]) is
VL (A0) _ Z0LAALSLINTS0(I) (1 4 s9)

1 . _ sys
><Z2/D\I/6_L 22y, X 1o, W WG +V L Zn, V) (6.124)

In the first line, Z3 was deﬁned in (6.114), A = A(X), sg = sg(A) are the
same as in m Sr( o(J) have the following properties: Sp(J) is
independent of 8 and can be ertten as

= > > > Ty X (6.125)

m2>1re{l,...,4}™ gEAm

h’7
X Z Z W()(JT)L;C;O(ylv Y2 + n2L7 cey Ym + nmL)v

h<O0na,...,nm€Z?

with Wo(l;)lzo (y) a translationally invariant, L-independent function, satisfy-
ing

W o < Cm2h@=m)gCRIm, (6.126)

for some C, k > 0 [here HWSQZOH,M is defined in analogy with (/6.30]), namely

h), h) h e Ym)T.
IWellp i=sup > (W0, 40, ., ) [V 2 OB )],
E Y250 Ym EZ2

Sp(J) can be written as

Z Z Z Jy1,T1 o ym,rm mr(y) (6.127)

with wf,{;]z(g) a translationally invariant function, satisfying
[wh oo < CTLmI=CRD, (6.128)

for some C' > 0. Moreover, in the second line of (6.124), V2)(¥, J) admits
the following explicit expression:

VO, ) = L7 ug(NWEUS + L0 (W UL U w0

4
+ L_4Z Z yem(whwz)( )Jk“’l ko2 r \I/ ‘Il_
r=1 wi,w2==%
SR D FICRRA Aok (6.129)

In this equation, ug,,ve are the same as in (6.110)), while yg . (s, w,)(A) =
LOW and zg(A\) = O(\) x LW uniformly in 6. If we now compute the
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integral over DV in (6.124 , we get
ve)(A,O) _ €L2A+SL(J)+89(J)(1 + 39){ Zg + Zg L 204 (6.130)

+ Zg L_2 Z jO,T [ Z y@,r,(w,w)(_;ue,—w + L_1u9,—w) + L_IZG,T]
r w

+ ZgL* Z y@,r,(—i—,—i—)yﬂm,(—,—)jO,rjO,r’

rr!

4 A N
B Zyer -)Y0,r,(— +)J/€;—k5,r‘];—k3',r’}’

or, equivalently, using that me = Zye Ay, 7ﬂeipy,

ve)(A,o) — LPA+SL( )+89(‘])(1+89 { Z Z H y“” Lﬂ(Q)}’

m=0ry i=1

for suitable translationally invariant functions w?n%«( ) (the summand with
= 0 should be interpreted as being equal to og), such that
@8k < CmL=m=CRD -y, =12,

w® (4,0)

Finally, we take the appropriate linear combination of "V in order to

obtain the generating function of the interacting dimer model:

VLA _ % " cpe!E A0 = 7, (SLOMSL), (6.131)
0

where (recall (6.123)))

~ ZG Ceese(J)(l + 89){20 + m=0 Zr Y [Hzﬂil Jyz,ﬂ]mg’ié(g)}

Sp(J) =1lo
£() 5 2@%(1 +rr)
(6.132)
By using the properties described above for Sg(J) and ﬁ)g{é(y), it is easy

to see that Sz(J) admits a representation analogous to (6.127), with wfn’;Lﬁ
replaced by a modified kernel wm ., satisfying the same estimate as .
Thanks to these estimates, and to the explicit form of S7.(.J), we conclude, as
desired, that the thermodynamic limit of the correlations of the interacting
dimer model exist and are given by (we let e; be the edge of type r; with
black vertex z;, and we assume the m edges eq, . .. e;, to be all different from
each other):

h7
Ex(Ley;--- 1o, ) = m! ZW T}l oy (@1 ). (6.133)
h<0

A similar discussion can be repeated for mixed dimer/Grassmann field cor-
relations, but we will not belabor further details here.

6.6. Asymptotic behavior of the dimer correlation functions. In or-
der to complete the proof of our main theorems, we are left with proving
that the large distance behaviour of the (thermodynamic limit of the) in-
teracting propagator, vertex function and dimer-dimer correlation can be
expressed in term of linear combinations of the appropriate correlations of
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the reference model, as stated in Section [5| We limit ourselves to the discus-
sion of the asymptotic behaviour of the two-point dimer-dimer correlation,

Ex(Le,; 1e,) = Gﬁ?%g (z1,22), i-e., to the proof of (5.3)), and we leave the anal-
ogous dlscussmn for the propagator and vertex function (leading to ,
(5.2) to the reader.

We use a strategy analogous to the one of [22] Section 7.1 and 7.2] and
we refer the reader to those sections for further details. The starting point

is (6.133)) with m = 2, which we write as

GO (w1, w2) =2 Wi (1, m2). (6.134)
h<0

This is the analogue of [22] Eq. (7.4)] with ¢ = m = 2. The multiscale

(h)

construction implies, of course, that W %(r1, r2)(w1, x9) can be written as a

sum over trees with root at scale h and two external J fields, that is

Gﬁ? 5 (x1,22) Z Z Z Z Z ST,P’(TLQ)(xl’IZ); (6.135)

h<ON>0n=1__,(h)  PeP,:
TN Py |=| P =2
this is the analogue of [22, Eq. (7.5)]. We now decompose ([6.135)) as in [22],
Eq. (7.7)], namely,

GS‘?:?“; (‘Tl? x2) = 8511,)7"2 (:Clv 1‘2) + Sﬁl)rg (xl’ $2) + S’rgl )'rg (3317 .’15'2), (6136)

where: 85117)7«2 (resp. S,gi)rz,) is the sum (|6.135)) restricted to trees whose
normal endpoints are all of type A, whose special endpoints are both density
endpoints (resp. mass endpoints), see the definition after , and whose

value is computed by replacing all the propagators by relativistic ones; 5;?%2
is the remainder, which is given by a sum over trees, which either have at

least one endpoint of type v, a, b, RV(=D or have at least one ‘remainder

5 h
propagator g(g) gg%zu

Not surprisingly, the easiest term to bound in (|6.136)) is the third one: by
a proof analogous to the one leading to , we find that Sﬁi)m can be
bounded as
Cl
|1 — 2o 2HO-CIN"
(6.137)
Note that, for A small enough, at large distances the r.h.s. of (6.137)) is

negligible w.r.t. both Sg’i)w( y) and g2 (z,y) (recall the estimates

Rw,—w
(4.17) and (4.18)) and therefore ST(L)T2 (z1,x2) can be absorbed in the error
term Ry, 5 (z,y) in (5.3). A couple of comments about how the bound
(6.137)) is obtained will be useful (see [22, Sec. 7.1] for more details on

similar estimates). The factor 2#2-2C\)e=rv 2"z1-22| jg the ‘dimensional
bound’ on trees with root on scale h and external fields J;, ., Jzy,m. The
factor 29" is the ‘dimensional gain’ arising from the fact that all the trees
contributing to Sﬁf?m have at least one endpoint of type v, a, b, RV or
one remainder propagator. In fact, recall that the value of an endpoint of

h(2—2C|\|)90h — 2h
‘ 5 T2($1’x2 | < CZQ [AD)gbh ,—k |1 —wa| <
h<0
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type v,a,b, RV(=1 | if located at scale h < k < 0, is of the order O(2¢)\);
by the short memory property, we get a factor 2¢"=%) 9 < ¢ < 1 and a
sum over k > h finally produces the factor 2% in the right side of .
The contributions with one remainder propagator on scale k > h are treated
analogously.

Let us now consider Sﬁll,),ﬂz (1, x2) and S,gi)rz (x1,x2). First of all, note that
they can be naturally rewritten as

87(11 T2 :1:1’1:2 Z 7‘177‘27ww :L‘la:L‘Z), (6138)
2
SE), (w1, @) = Z SP) oo, ), (6.139)
w==%

where 57(11 ?m;w,w is the sum over the trees whose special endpoints have labels

(w,w); similarly, Sr(f?rz;%_w is the sum over the trees whose special endpoint

with coordinate label 1 (resp. x2) has label (w,—w) (resp. (—w,w)). In
the tree expansion for ngi)mwl,m, we further decompose the tree values in
a dominant plus a subdominant part, the dominant part being obtained via
the following replacements: replace all the values \j, of the endpoints of type
A by Ao = A_o(A); replace all the values zp, of the rescaling factors by
Z—00 = Z—co(A); Teplace all the values Yy, . 4.0y /Zh—1 (1€8p. Vi r (o, —w)/Zh-1)
of the density (resp. mass) endpoints, by

27"B_soriw/ Ao (6.140)
and
2=k o= A (6.141)

respectively, that is their asymptotic value as h — —oo (recall Egs. (6.101])
and (6.106))). The decomposition of the tree values into dominant and sub-

dominant parts induces a similar decomposition of Sﬁf?m;wlmz

SY) (z1,22) = SV (z1,22) + S (x1,22), j=1,2,

T1,72;W1,W2 T1,72;W1,WwW2 T1,72;W1,W2
with obvious notation. By using the fact that Ap,zp, Ap, Bhrw, Chorw all
converge exponentially fast to their limiting values as h — —oo, we find
that Sr(f)r‘; w1 ws (21, T2) can be bounded in the same way as ((6.137) and can
be absorbed in the error term Ry, ,,(z,y) in (5.3).

We are left with the dominant parts, S,SI?TQ,UJIM, j = 1,2, and to prove
we need to connect them to the correlation functions of the continuum
model of Section 4] Let us fix the coupling constant Ao of the continuum
model in such a way that A_o.r(Asc) = A—o(A), so that the critical ex-
ponents 1(A),n1(\) are the same as for the dimer model and one has, in
analogy with , denoting by Zj.r the wave function renormalization
of the reference model,

Zpr = A_oc27M(1+ 0(A22), (6.142)

with A_,, an analytic function of Ay (and therefore of \) that equals 1
for A = 0. The form of the special endpoints is different for the dimer and
the continuum model, simply because the external fields J of the continuum
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model have the structure J;/, (] ) instead of J,,. In fact, when the multi-
scale construction is applied to the continuum model, the value of a special
endpoint of type j = 1 (density) or j = 2 (mass) is of the form (to be
compared with ([6.60))

v9) B
Zh-1;R ng \/m¢ =), FS}/%?jv“J(w) = /AdeJi&pgfw
with p:(tjw as in - As h — —oo one has, in analogy with m,

YA = B2+ 0(A2), (6.143)
Vi = Coo2 (14 0(2),

for suitable analytic functions B_.,, C—oo of A, that equal 1 for A = 0.

Now call SER,;?;R the analog of Sﬁ{?,:‘j;wm for the continuum model. The
two functions differ only because the values associated with the special
endpoints diﬂer' in the dimer model, these are given as in (if
j=1) or 1) (if 7 = 2); in the reference model, one needs to replace

A_o — A_Oo, B_OO rw =+ Booo, Cooorw — C_wo. In conclusion,

S (@1, 32) = Koy gy Koy SO 58 (21, 22), (6.144)

ﬁi)vi;i;w,fw(wl, T2) = PP (@imz2) fr w,r Hw 7"255; M “w (:El’l?)’
with ~
v A Boore g M
w,r — N_OOA_OO ) w,r C_ A_

The oscillating prefactor P =P ) (@1-22) appears because it is included in
the definition of Fy..,. Finally, SL{Z;fi;R(.Tl,lUQ) equals S}(%”Qw, (x1,z2) (cf.
, ), up to subdominant corrections that can be absorbed in the
error term Ry, , (21, 2) and we obtain (5.3)), as wished. A similar discussion
leads to , , and we leave the details to the reader. This concludes
the proofs of Theorems [T and 2]

APPENDIX A. SYMMETRIES

The propagator ggli(x, y) in (6.37)) satisfies three symmetries, which are

the real-space counterparts of the following:

D_.,(k) = —D;,(k),

Dy, (A7 o1 Ak) = iwD} (k), (A.1)

Dy (A o3 Ak) = D; (k).

This means that the quadratic action associated to the Grassmann inte-
gration with propagator ggl) is invariant under three transformations: for
instance, the one associated to the first of (A.1)) is gbfw — i@ffw and at the
same time any constant appearing in the action is replaced by its complex
conjugate. Then, one sees inductively that the effective potentials one ob-
tains by setting {Vn v, @h/ w, bn/ w fh<n<—1 to zero (as is done in the definition
of relativistic kernels) satisfy the same three symmetries. As a consequence,

Wé%)(iw)(k:) inherits the symmetries analogous to (A.l)), that are (6.38]).
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Note that biliner terms such as vy o, Fr.(9), @ wFaw(®), bh wFpw(p) in
would break the above-mentioned symmetries, unless the coefficients
Vp' w, €tc. are zero. On the other hand, terms such as Ay F)\ () are invariant
because we know by induction that A}, h' > h is real.

Next, let us show that implies . Write for lightness of notation
Cw = Dy (k),(t = —¢_. Since k - 81?1/1/2(:2:1) (0) is linear in k, we can write
it as f(¢4,¢-) = ¢4 + ¢ for some complex constants ¢,¢’. Note that
the transformation k +— A~lo3 Ak (resp. k +— A~1o1 Ak) implies (¢, ()
(—i¢—,iC4+) (resp. (¢4+,¢—) = (—¢—,—C4+)). By linearizing the second and
third equation in we get:

f(_iC—v ZC+) = Z[f((—{-a C—)]*a f(—C—7 _C+) = [f((—i—a C—)]*a (AQ)
which readily imply that ¢ = 0,¢ € R. This is the desired formula for
w = +. By using the first of , we get the desired formula for w = —.

APPENDIX B. FINITE SIZE CORRECTIONS AND BOUNDS ON RV (%)

The bounds on the kernels of the effective potential arising in the multi-
scale procedure, such as Proposition as well as the reason why the action
of R, responsible for the factors 272() in , makes the renormalized
perturbation theory convergent, have been discussed several times in the
literature in similar models, see e.g. [22, Section 6.1.4]. In particular, finite-
size details have been discussed in [9], but the definition of the £, R operators
given there is different from the one proposed in this paper: in [9] the action
of £ on the kernels of V(") explicitly depends on the size L of the box,
see [0, eq.(2.74)], while in the present case it only depends on the L — oo
limit of the kernels, see . This new definition simplifies some technical
aspects of the multi-scale construction: for instance, the flow of the running
coupling constants is independent of L in the present work. The goal of this
appendix is to discuss the modifications induced by the new definition of
L, R on the proof of the bounds on the kernels of RV (). Familiarity with
[22] Sec. 6] is assumed.

For illustrative purposes, we restrict our attention to the part of RV ™,
denoted RV4(h), that is quartic in the Grassmann fields, has no derivative
terms E}go, and is independent of J. A similar discussion applies to the terms
quadratic in the Grassmann fields (either independent of or linear in J), but
we shall not belabor the details here. For the quartic term (using the same

notation for the kernel as in (6.57))), we have from (6.36)):
h — — h
R‘/;l( )(()0) = Z ()02‘_1 ,wW1 (PI27UJ2 ()02‘_370.13 (IDI47UJ4 |:WZ£70)7Q7£(‘II;17 $27 x37 x4>

T1,..., L4 EA
W1,eees4
(h),00 A,
—loi—zo=z3=a4 E : W4,0,Q;g(1‘17x27x37x4) : (B‘l)

AW 2
To,T5,Ty €L

The kernel Wll(,lé)),();w is given by a tree expansion:

Wi%{g;ﬂ(m,mg,x&x@ = Z Z Z Z WT,P,T(XUO), (BQ)

N>1 (h) PeP, TeT
= TGTN’O X’UOT
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where the * indicates the constraint that the field and coordinate labels
associated with the external fields must match with the prescribed values of
Wi, ... ,W4, T1,-..,24. Among the various contributions to the right side of
(B.2)), there are those from trees such that |P,| > 4, for which the action of
R on all its vertices v > vy (i.e. for all vertices of v that are descendants

of vy along the tree), is trivial; we let 7_']\(,h8 be the family of these trees,
and Wi,’(l)),g;g be the analogue of (B.2), with the sum over 7 in the right side

restricted to 7:1\(,%; in terms of these kernels, we let

—(h — — 77 (h
R‘/zl( ) (()0) = Z [Spj:_l,wl Pro wo Spig,w,g Pry,wa W4(,0),Q;g(l‘17 I2,T3, 334)

Z1,...,L4€EA
W1 yeenyWd

1-(h),00
—021,25 021 ,05021,24 Z WZ,E,O),Q;g(xh y, 3, xil)] . (B.3)

! ! /
xh w2l €72

In this appendix, we limit our discussion to R174(h) (v), the ‘complementary
term’, R(V4(h) () — 1_/4(h) (1)), being treatable similarl A convenient fact
is that, if 7 € 7_'15,?3, then W, p 7(xy,) has the following explicit expression:

WeprG) = | TT (0 +2) P12 T K89 6x0)] %

v not e.p. v €.p.
X{ H Sll/dPTv (tv) det(Mhu,Tv(tv))[ H géhv)}} , (B.4)
v not e.p. v ey

where the notations are analogous to [22 eq.(6.63)], to which we refer for
details (in particular, M"Tv(t,) is a matrix whose elements are propagators
on scale h,, like the one defined in [22) Lemma 3]). The infinite volume

limit of WZL(IE))va denoted by Wi%)bo.z, admits the same explicit expression

as W&),Q;g , modulo the following changes: the sum over the coordinates in

Xy, in (the analogue of) (B.2) runs over Z2, rather than over A; all the
propagators appearing in (B.4) (both those in the elements of M"Tv and
those in the last product) should be replaced by their infinite volume limits.

We recall that, if 7 € Tji,hg and the RCC satisfy (6.64]), by using (B.4)),

the Gram-Hadamard bound on det(M" v (t,)) (see [22, Eq.(6.60)]) and the
dimensional bound (6.54)) on the propagators, we find

v C2i21 [Po; =Py —
Wy rllen < (Ce)maxtNellul} H —'22_176|P,,\ . (B.5)
vnot Sv:
e.p.

10The minor technical complication arising in the ‘complementary’ case is that, if we
restrict our attention to one of the trees contributing to R(V4<h) () — ‘_/4<h) (v)), the action
of R on a vertex v, if non trivial, can interfere with the one on a vertex v < v1 preceding
it. Such interference does not cause any conceptual extra difficulty, but it complicates
the explicit form of the corresponding tree values must be expressed in an inductive form,
rather than by a formula as explicit as , For a discussion of these issues, see e.g. [0
Sections 3.3 and 3.4].
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which is the analogue of (6.65) (the factors z(P,) are absent because R
acts on none of the the vertices v > vg; this bound on “non-renormalized
trees” has been discussed in several previous papers, see e.g. [19] Section 6]).

K,h < 057

uniformly in L: in particular, the bound applies to the kernel of R‘Zl(h),

simply because it applies separately to Wi%{QM and to WZEIB)QOZ

On the other hand, by suitably taking into account cancellations between
the two terms in the right side of (B.3|), one can find an improved bound on

RVF), which we now discuss.

1. Let us first consider the terms in the right side of (B.3)) such that either

the argument of Wi%)o.w, (1, x9,x3,x4), or the argument of W(}B)’(f.z, (21, 2%,

xh, x)), have tree-distance (i.e. length of the shortest tree on A including
the four points) larger than L/4 (this is the first ‘finite size correction’ that
we intend to discuss in this appendix). Recall that each of the trees con-
tributing to these kernels comes with a a product of propagators ‘along
the spanning tree’, see the factor [, ., ep. [leer, géh“) in the right side of
. Therefore, by using the stretched exponential decay of the propa-
gators in ((6.54), we find that each of these contributions can be bounded
by the right side of times an additional, exponentially small, factor
67(5/4)\/% — ef(const.)Z(h*hL)/2

After summation over 7, P, T, this leads to the bound HWAE,}IL)),Q;J

, which is the desired dimensional gain.

2. After having estimated the terms in the previous item, we are left with
the terms with tree distance smaller than L/4, which can be rewritten as

2 : E : + — + -
|:s0$1,w1 Qowg,wg Qowg,wg ¢w4,w4 W4,O,Q;g(‘r17 €T2,23, 334)
T1EA X2,T3,T4:
Wiyeeywa d(T1,..,x4)<L/4
+ - + - oo
TPy wi Py ,we Py ,ws Py ,wa W4707Q;g(x17 T2,T3, $4> . (B6)

In the first line we rewrite

- (h _(h =-(h),
W4(,0)79;g(x1’ 2,13, L4) = wl(l,OQ;g(xl? T2, 23, T4) + W4(7o),90;(951, T2, T3,74),
(B.7)
so that
_ + - + - o)
- Z Z |:SD$1,OJ1 Spmg,wg SD$3,UJ3 SD$4,UJ4 w4,0;g(1"17 L2, T3, 1174)
z1EA 2,T3,T4:
W1yeeswa d(T1,.,xa)<L/4
4 4 )
. ) T-(h),00
+(1T 5w =[] 95 o) Witou (@1, 22, w3, 24) . (B.8)
=1 =1

In the two products in the second line, &; := (—1)"~!; notice that the Grass-
mann variables in the first product are computed at x;, while in the second
product they are computed at x.

The term in the second line is the ‘usual’, infinite volume, renormalized
term, which can be treated as discussed in, e.g., [22] Section 6.1.4]; we refer
to that section for a discussion of why these terms have the ‘usual’ dimen-
sional gains leading to the factors 27%() in . The term in the first
line is, instead, the second ‘finite size correction’ that we intend to discuss in
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. . . . = (h .
this appendix. By using the representation of Wi’o{g;g in terms of a tree ex-

pansion, we find that wff&g;g itself can be written as a sum over trees. Each

tree comes with a difference between a sum over x,, (within A) of the tree
value in and a sum over X,, (extended to the whole Z?) of the infinite
volume limit of . We further split this difference in two parts: the first
corresponds to the case where both the sums over x,,, involve at least one
coordinate at a distance larger than L/3 from (x1,x9, x3,x4); by proceeding
as in item 1, we find that this first part has a bound that is better than
by a factor e*(c""“')m, as desired. The second part corresponds to
the case where we sum the difference between the tree value in and its
infinite volume counterpart over coordinates x,, that are all closer than L/3
to (z1, 22, x3,z4). In the finite volume expression of the tree value, , we

replace every finite volume propagator g&h) (z,y) appearing either in the ma-

trices M"To(t,) or in the products over spanning trees [eer, géh”) by the
following infinite linear combination of infinite volume propagators, namely
(“Poisson summation formula”, see e.g. [22, Eq. (A.8)]):

g (,y) = > (1) (x + nL,y) = g (2, y) + 59 (,)
nez?

where go(Jh) is as in (6.35)), while go(Jh)’Oo is the same expression where 1/L?
times the sum over k € P (0) is replaced by (2m)~2 f[imﬂ]g dk. By using
this decomposition, the difference between the tree value in (B.4) and its
infinite volume counterpart can be re-expressed as a sum of terms, each of

which involves at least one ‘remainder propagator’ 5g£,h)(:v,y). Note that,
by construction, any pair of sites x,y involved in the expression under con-
sideration is closer than L/3: therefore, using ([6.54)),

169 (2, )| < C2he V2L, (B.9)

Putting things together, we find that also this second part has a bound that
is better than (B.) by a factor e~ (cnst)V2"L 4q desired.

APPENDIX C. FINITE SIZE CORRECTIONS TO THE PARTITION FUNCTION
In this section, we prove (6.110)), which is equivalent to the fact that

Eh) — BO) = A(\) + L™21og(1 + sg(\)) — 2L 2log Z, , (C.1)

with A(\) independent of L,0 and such that |[A(N)| < C|A|, [se(N)] <
C|A| uniformly in L, 6 and Zj, as in , and that (6.111]) holds, with
|ug w(N)], [va(A)| < C|A|, uniformly in L, 6. The analogous estimates on the
generating function, stated after , can be derived in a similar way,
and are left to the reader.

We start by proving . One starts from the general representation
of the effective potential, i.e. with the index (—1) replaced by hz, and
J =0, so that m = 0. On the other hand, the field ¥ contains only the
four modes \i/f, so that the sum is limited to n = 2,4. Moreover, due to the
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Krokecker delta d,,(k,0), V{#2) reduces to the simple form
V) (@, 0) QZuQ\Iﬁ\IJ + L0, 0o oo (C.2)

for some constants wus, us4 depending on A, L, 8. Using the dimensional esti-
mates (see (6.58)), it is easy to deduce that

lup| < O™ A2 (27n/2) (C.3)

uniformly in @, which implies the desired estimates on ug,,,ve, because
hr ~ —log, L.

Let us now prove . From the multiscale computation of the effective
potential, it follows that

) _ p0) — Z (th + Ep), (C.4)
hp<h<0

where t;, was defined in (6.44), and Ej, is the sum of the vacuum diagrams
with smallest scale label equal to h, namely

Eh =172 Z 5h \/ Zp— 1¢ ‘7(}1)(\/ Zh—l@b,a 0), (0'5)

n>1

n times

which can be represented as a sum over trees, see ‘Let us start

by discussing the contribution from ¢5; using the definition (6.44)), we rewrite

B znXn (k) D (k)
th 2;%; )log(l—l—D k) + 1ok )/Zh> (C.6)

znXn(kg — P*)Du(kg — P*)
2210%(14- kw—p )+7'w(k$9—p“)/Zh>‘

Using Poisson summation formula (see e.g. [22, Eq. (A.8)]), the first sum
in the right side can be rewritten as

m dk Z 5( (k)Dw(k) A p¥)-m
SN / 2 8 <1+Dw?k;+rw(k)/zh>eL(k+ Jmo(C.7)

w meZ?

The term with m = 0, which we denote by tg, is L, 0 independent and
satisfies

[to,n] < CIA12". (C.8)
To see this, observe that the area of the support of x3 is O(22") and recall
that 7, (k) = O(k?), that |z;,| < C|\| uniformly in h and that Z;, = O(27"")
(see (6.101))), with n(\) that tends to zero for A — 0. The sum of the terms
with m # 0, which we denote by %1 5, is bounded from above as

lt1.n| < C|A[22he eV E2", (C.9)

the stretched-exponential decay coming from the fact that the integrand is
a function in the Gevrey class of order 2, by assumption on Yp. Finally,
recalling that X, (kg —p*) =1 for all h > hy, and that 14z, = Z,_1/Z,, we
find that, if A > hr, the sum in the second line of can be rewritten as

—2L72108(Zn_1/Z1) + top, |ton] < CL™2A[2ML=MD, (C.10)



68 ALESSANDRO GIULIANI, VIERI MASTROPIETRO, AND FABIO LUCIO TONINELLI

Putting things together we write:

Y th=-20""logZy, + Y ton+ [ > (tinttan) = Y tO,h}-

hp<h<0 h<0 hy<h<0 h<hp,
(C.11)
The second term in the right side contributes to A(\): it is L, @ independent
and, thanks to (C.8), it is bounded by C|A|. The term in brackets contributes
to L=21og(1+sg()\)): thanks to and (C.10), it is bounded by CL™2|A|,

as we wanted.

We are left with the sum over scales of Ej,, see (C.4)-(C.5). As mentioned
after (C.5)), Ej, can be written as a sum over trees,

Ey=Y_ Y E(), (C.12)

S -

where E(r), T € Tp, is bounded as in (6:65), with [Pl| = |Py| = |a| =0,

namely
O3 | Py | =1 P

9CIAIPY |92— 3P || P |==(Py)
Sy!

[B(7)| < (C)mexttenron T

v not
e.p.

(C.13)
We now rewrite Ej, as a sum of two terms: the first, which we denote by
E07h, is the sum over trees of the thermodynamic limit of the tree values
(where sums over lattice points in A are replaced by sums on Z? and single-
scale propagators g(gh/) are replaced by their infinite-volume counterparts
g(h/)’oo). The second is the finite-size remainder, which we denote by El,h-
By construction, Eo,h is L, 0 independent, and it is bounded by the sum
over trees of the right side of , which gives

|Eon| < C|A[220 (C.14)
The finite size remainder admits an improved dimensional bound of the form
By p] < C|A|22he oV E2" (C.15)

which can be proved via discussion analogous to the one after (B.§]) on
the bound on the finite size contribution to the local quartic kernel wglo);g =

4(,%),0@ — Wi%{bfz; details are left to the reader. By using the decomposition

Ey, = Eyp + Eqp, we rewrite

Z Ej, = ZEO,h + [ Z Eyp— Z EO,h}- (C.16)

hr,<h<0 h<0 hr,<h<0 h<hp,

The first term in the right side contributes to A(A): it is L, 0 independent
and, thanks to (C.14), it is bounded by C|A|. The term in brackets con-
tributes to L2 log(1 + sg(A)): thanks to (C.15)), it is bounded by CL~2|)|,
as desired. This concludes the proof of (C.1)), with the desired bounds on
A(N), sg(A).
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APPENDIX D. TWO TECHNICAL RESULTS ON THE NON-INTERACTING
MODEL

D.1. Proof of (6.118). It is sufficient to prove the claim when 8 — 6’ equals
either (1,0) or (0,1) and, for definiteness, assume we are in the former case.
Also, without loss of generality, assume that ]k;t —pt < |k;t, — pt|. From
the definition (3.4) of P(8) we see that

\f 27

2L < kb —pt| < Y5 (D.1)

while |ké,t — p*| can be much smaller, possibly zero. Write

= +
ig — M eZrer(o)(losno(k) =g log (k™) =g log (k™)) (y g)
Z9, polky)o(ky)

with k= = k+(n/L,0) € P(0') and k = k— (7 /L,0) € P(0'). Decompose
P(0) as the disjoint union A U B, with A containing the values of k at
distance at most, say, 10/L from either p* or p—, and B all the others. The
cardinality of A is uniformly bounded as a function of L.

Note that for all k& € A, |uo(k*)| and |uo(k™)| are upper and lower
bounded by positive constants times 1/L, because g vanishes linearly at
p* and the values of k™, k" are at distance of order 1/L from p* (cf. (D-1))).
The same holds for |uo(k)|, k € A, except possibly for k = k: . One has then

+ —_
Mezk@x(logﬂo(k)*%10%#0(”_)*%loguo(ké)) < ¢ (D.3)
po(kg )io(kg )

It remains to prove that the sum in (D.2), with k restricted to B, is upper
and lower bounded (in absolute value) by L-independent positive constants.
Write

C1 >

1 1
log pio (k) — 5 log po(k) — 5 5 log po(k™) (D.4)
2

= L20 log o (k) — 6L38 log po (k) |k=k’ (D.5)

where £’ is a point in the segment joining k£ and k. Since po(+) vanishes
linearly at p+,

105, log po(K)| = O((min(|k — 9, [k — p~)77).

Here it is important that & € B, since this means that 6,:;’1 log 1o (k'), com-
puted in the unknown point %/, can be safely replaced by the derivative
computed at k. Therefore,

1
= 37 AR log oK) = O(1). (D.6)
keB

The sum of the term involving 8,31 log o (k) requires more care since at first
sight it diverges like log L. However, write

2 1 3
L28 log p1o( )—4/Q 07, log pio(q)dg + O(L~°|0}, log po(k)]),  (D.7)
k
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with @ the square of side 27 /L centered at k. Therefore, the sum in (D.2]),
with k restricted to B, plus the integral

1

4 /[7r,7r]2\(N+UN_)
with N* the neighborhood of radius 10/L around o, is upper and lower
bounded in absolute value by positive constants.

The integral has a finite limit as L — co. Indeed, since (cf. (6.4)-
(6.5)) po(p* +k') = ak] + Bokh +O(|k'|?), the possibly singular part of the
integral is proportional to

dk
/ (k1 + /Bwkz)Q Lrao/n)<iki<1y- (D.9)

We make the change of variables q; = w(a'ky + 8 ks), 2 = (ak1 + 3%ks),
where a7, 37 were defined in . The Jacobian matrix A, has non-zero
determinant (this is because, as observed in Remark [2] the ratio o, /[, is
not real so that the same holds for &,,/f3, if A is small enough). Then, the
integral becomes

dk 3, log po (k). (D.8)

dq
o) | v i D.10
o )/ (q1 + iqp)?  {B0/D=lAwdl<1y ( )
dq
= det(Ay) / ml{(lo/mg\qgl} +0(1) = O(1). (D.11)

In the first equality we used the fact that the symmetric difference between
the balls of radius 10/L for q and for A,q has area of order L~2, while the
integrand is O(L?) there; in the second step, we noted that the integral is
zero, using the symmetry (q1, ¢2) <> (g2, —q1).

D.2. Proof of . Recall that the values of cg are given in . Fur-
ther, note that if k € P(0), then also (7, 7)—k € P(0); if these two momenta
are distinct, then they contribute puo(k)uo((m,m) — k) = |po(k)|?> > 0 to the
product Zg. Here, we used the symmetry . Also, unless

k= (e1m/2,eam/2), € = *1,e9 = =1, (D.12)

one has that (7,7) —k # k mod (2m,27). To determine the sign of Z, it
is therefore sufficient to determine whether the momenta belong to
P(6). The four momenta belong to P((0,0)) if L =0 mod 4 and to
P((1,1)) if L =2 mod 4. Also, note that

H H po(erm/2, eam/2) = H H p(erm/2, eam/2)
e1=*1exa==%1 e1=*1ex==%1
= (tl — 1o+ 1t3 —I-l)(tl —to — 13 — 1)(t1 +to —t3 + 1)(t1 +to +t3 — 1).
(D.13)

To get the first equality, observe first that p* cannot equal any of the four
momenta , otherwise one would have p* = p~ mod (27, 27), which
is excluded by Assumption [I] on the edge weights. The same is true for p¥
provided A sufficiently small, as p* = p* + O(X). Then, the first equality in
D.13)) follows by assuming that the support of the cut-off function x(-) in
%Izs sufficiently small (this can be guaranteed by choosing the constant
cp, that enters the definition of x(-), to be small enough). Finally, the last
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product in (D.13)) is strictly negative, as follows from Remark [I} Wrapping
up, one has that

+1 if @=(0,1)or @ =(1,0)
sign(Zg) = { (—1)tr=0moas if @ =(0,0) . (D.14)
(_1)1L:Omod2 if 0=(1,1)

In other words, sign(Z3) = cg and the claim follows.
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