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ABSTRACT. We study radial sign-changing solutions of a class of fully nonlinear elliptic Dirich-
let problems in a ball, driven by the extremal Pucci’s operators and with a power nonlinear
term. We first determine a new critical exponent related to the existence or nonexistence
of such solutions. Then we analyze the asymptotic behavior of the radial nodal solutions as
the exponents approach the critical values, showing that new concentration phenomena occur.
Finally we define a suitable weighted energy for these solutions and compute its limit value.

1. INTRODUCTION
Let B be the unit ball of RY and let 0 < A < A. We consider the problem
—F(D*u) = |ulP~'u in B
u=0 on 0B (1.1)
u(0) >0

where p > 1, F is either one of the Pucci’s extremal operators ./\/lf A» defined respectively as

MA(X) = inf  w(AX)=X > m+A DY

M<A<AT
wi>0 i <0
M;A(X) = sup tr(AX)=A Z i + A Z i,
MSASAL ©i>0 s <0
W1, ..., Ny being the eigenvalues of any squared symmetric matrix X.

Obviously when A = A, (1.1) is the classical Lane-Emden problem, because Pucci’s operators
reduce to a multiple of the Laplacian.

Let us immediately observe that, since M} ,(=X) = —M; ,(X), solutions of (1.1) for
F = M;  are solutions of the analogous problem for the operator F = MY ,, but with u(0) < 0.
Thus, it is important to fix the sign at the center of the ball.

The study of (1.1), apart from being interesting in itself, is important to understand some
invariance of the Pucci’s operators which may be not so evident by their definition.

Indeed, though (1.1) does not have a variational structure when A < A (as it happens instead
for the classical Lane-Emden problem) some critical exponents appear in connection with the
existence of solutions. For positive solutions (which are radial by the symmetry result of [6])
they are related to the existence of radial fast decaying solutions of the analogous problem in RY
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(see [9]) and induce a concentration phenomenon for positive solutions of (1.1), as p approaches
the critical values (see [4]). Moreover a weighted related “energy” was defined in [4] which is
preserved in the limit, thought the positive solutions concentrate at the origin and converge to
zero everywhere else.

The aim of the present paper is to study the asymptotic behavior of radial sign-changing
solutions of (1.1) as the exponent p approaches some critical values for their existence. We will
show that new critical exponents and new concentration phenomena occur, quite different from
those related to the classical Lane-Emden problem but also different from those shown in [4] for
the positive solutions of (1.1).

First of all we prove that a new critical exponent p%* appears for the existence of radial nodal
solutions to (1.1) when F = ./\/l:\”' A»> Which is in between those for the existence of radial positive
solutions for the two Pucci’s operators (see (1.4)). This is somehow surprising because, since
the solutions of (1.1) are positive in the first nodal region, which is a ball, one would expect the
critical exponents to be the same as the one for positive solutions to (1.1). Indeed this is the
case for F' = My , and for the classical Laplacian, but not for F = M;A (see Theorem 1.1).

Then we perform an accurate asymptotic analysis of radial nodal solutions of (1.1) with any
number k£ of nodal domains and show that the behavior can be different in each nodal region
and may also depend on k being even or odd (see Theorem 1.2 and Theorem 1.4). Indeed while
in some nodal domain there is blow up and concentration in others the solutions are bounded
and converge to a finite limit. Moreover the asymptotic profile of the solutions u of (1.1), after
suitable rescalings, can be different and, in the case of F = Mj A the fast decaying radial
positive solution of (1.12) in the exterior of the ball appears as limit profile of the restriction of
u to some nodal regions (see Proposition 7.3).

This is a completely new phenomenon, to our knowledge, different from what happens for the
classical Lane-Emden problem (see [7] and the references therein) and even from what happens
in the case of the classical Brezis-Nirenberg problem in low-dimensions which also presents some
peculiar asymptotic behavior (see [1], [2], [12], [13], [14], [15]).

Finally, all this reflects into the computation of the limit of some weighted energies which can
be defined for solutions of (1.1), according to what done in [4], even if (1.1) does not have a
variational structure.

We will show that the weighted energy of the positive fast decaying solutions, both in RY and
in RV \ B will contribute to the limit of the total energy of u in some of the nodal regions where
blow up and concentration occur.

To state precisely our results let us start by recalling what is known for positive solutions to
(1.1).

In the paper [9] Felmer and Quaas proved that there exist two critical exponents p* , p% such
that positive radial classical solutions to (1.1) exist if and only if p < p* for F' = My , orp < pi

when F = M;\r A- We observe that the values of these critical exponents are not explicitly known
but they satisfy the following inequalities:

N_+2 N+2

_ < <
N_ —2 P—=N—T%

- - (1.2)
Ny N+2 .  Np+2
max 'y T = < p+ < —_—,
Ny -2 N-2 Ny —2
where the dimension-like parameters Ny are defined, respectively by N_ := %(N - 1)+ 1,

Ny :=2(N-1)+1
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We point out that in the special case A = A, when My , = MY, = MA, where A is the
standard Laplacian, all the above inequalities become equalities. In particular p*, p} reduce to
N+2

the usual Sobolev critical exponent N—fz

In this paper we will always assume that A < A and Ny > 2.

As far as the existence of radial sign-changing solutions is concerned, let us mention that in
[10] a sufficient condition on the exponent p is provided for general radially symmetric nonlinear

N_-2°

operators which, in the particular case of the Pucci’s operators, reads as p <

The first result of the present paper shows that such a bound on the exponent p is not optimal.
Indeed we get:

Theorem 1.1. We have:
i) if F = M A, then radial sign-changing solutions of (1.1) with any number of nodal
domains exist if and only if
p<pl; (1.3)
i) if F = M;A, then there exists a new critical exponent pi* satisfying
pL <pi <pl, (1.4)

>k k

such that no radial sign-changing solutions to (1.1) exist for p > p%*, while radial sign-
changing solutions to (1.1) with any number of nodal domains exist at least for a sequence

of exponents p, /' pi*.

The above result will be proved in Section 3. Let us observe that while it is easy to obtain i),
using Theorem 3.1 of [11], the proof of ii) is quite involved and requires several steps.

Once we have these critical exponents we proceed studying the asymptotic behavior of the
nodal solutions of (1.1) as p approaches them to determine also their limit profile. As announced
before, we will see that new concentration phenomena occur.

We first start by analyzing the case when F = My . Let p. := p* —¢, where € > 0 is a small
parameter and let us consider the problem
—M; y(D*u) = |ufP="'u in B
u=20 on 0B (1.5)
u(0) >0
Let u. be a radial sign-changing solution of (1.5) with & > 2 nodal regions. We denote by
r1 =711(e) < ... <rp_1 = rg_1(e) the nodal radii of u. and by s; = s;(¢) the unique maximum
points of |ug| in the (i + 1)-th nodal region, for i =0,...,k — 1. We have
O0=s50<r1 <81 <...<7Tp_1<8_1<1,
and we set M; := |u.(s;)|, for i =0,1,...,k— 1.
Theorem 1.2. Up to a subsequence, as € — 0%, we have that My — +o00, 11 — 0, s1 = 0,
M; — M; € (0,+00), fori=1,....k—1, and u. — @ in C} (B \ {0}), where u is a radial
sign-changing solution of
—M; \(D*u) = lulP~"'u in B
u=0 on 0B (1.6)
u(0) <0
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with (k — 1) nodal regions, if k > 3, while @ is the unique negative solution of (1.6) if k = 2.
Moreover if k > 3 we have r; — T, $; = 8;, fori =2,.... k—1, for some numbers 7;,§;, such
that 0 < 7o < 59 < ... < Tp_1 < Sp—1 < 1.

Note that (1.6) does not admit a positive solution, by (1.2), but it has a (unique) negative
solution as well as sign-changing solutions by (1.3), since u(0) < 0 so that the relevant exponents
for the existence of solutions to (1.6) are those for the corresponding equations involving the
operator ./\/lj\' A, but requiring the positivity at the origin.

Even if the problems that we are considering do not have a variational structure, we can
introduce, in the spirit of [4], a weighted energy E;{ (u) defined for radial sign-changing functions
u which change concavity only once in each nodal region, and where p > 1 is a fixed exponent
(we refer to Sect. 10 for the definition). In particular, if u. is as in the statement of Theorem
1.2 we are interested in determining the limit energy Egg (u:) as € — 0. To this end, denoting
by U_ the unique (up to scaling) positive radial fast decaying solution of

—M;ﬁA(DQu) = uP~ in RV,
and setting
¥ = FE"(U-), (1.7)
where E*(U_) is the (finite) energy of U_ in RY with p = p* (see (10.7)) we have the following.
Theorem 1.3. Let u. be as in Theorem 1.2. It holds
lim El (u.) =% + EL (u), (1.8)

e—0+ Pe
where ¥* is defined by (1.7) and E;; (@) is the total energy of the limit function @ (given by
Theorem 1.2), i.e.

k—1
Egi(ﬂ):ZEPi’Qj(ﬂJ)v jzl?"'akfla (19)
j=1
where @ is the restriction of @ to its j-th nodal region 7, j=1,...,k—1 and E, i (w?) is its

energy as defined in (10.4).

When F = M;A the picture is quite different. Setting p, := p7* — &, where ¢, > 0 is a
sequence converging to zero as n — +00, we consider a radial sign-changing solution u,, of the
problem

~ M3 \(D?u) = [ufP»~'u in B
u=0 on 0B (1.10)
u(0) >0
As before, for kK > 2 and i = 1,...,k — 1, we denote by r; = r;(n), the nodal radii of u,, by
s; = si(n) the unique maximum point in the (i + 1)-th nodal region and define M; = |u,(s;)|.

Theorem 1.4. Up to a subsequence, as n — +00, we have:
i) if k is even then My — 400, M; — +oo, 1; — 0, s; = 0 foralli=1,...,k— 1, and

u, — 0 in C}_(B\ {0}). Moreover for j = 0,..., ]‘52 there exist positive constants c;

such that
M2j — C
My '
if k > 4 we also have that
Mo
SRR N —+o00,
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forj:OV..,%, asn — +o0o;

il) if k is odd then My — 400, M; — +o0, 1, = 0, 8; = 0 foralli=1,...,k—2, ry_1 — 0,
Sk—1 — 0, My_1 — M, for some M > 0 and u, — v in CZ (B \ {0}), where v is the
unique positive solution of

n e
—MA’A(DQU) =uP+ in B (1.11)
u=20 on 0B.
Moreover for j =0,..., % there ewist positive constants c; such that, as n — +o0,
Mo Mo
2, Cj, 2t +o0.
Maj41 Msjto

To determine the limit energy of u,, we denote by W_ the only positive radial fast decaying
solution of

—M; A (D?u) =uP+  in RN\ B (1.12)
u=0 on 0B
which exists by the results of [11] because p* < pi*. Then, setting
V= BT (W), (1.13)
where E**(W_) is the (finite) energy in RY \ B of W_ (see (10.9)), we have the following.
Theorem 1.5. Let u,, be as in the statement of Theorem 1.4. We have
k ~ k Nk . .
SEp~ p(0) + 5% if k is even,
lim BT (u,) =4 > o (1.14)

e EAEy p(0) + 5257 if k is odd,
where X% is defined by (1.13), and Ep=- p(v) is the energy of the only radial positive solution v
to (1.11) (see (10.2)).

The proofs of the above results are quite involved and combine several methods: blow up
techniques and study of some limit problems, phase plane analysis for the corresponding ODE’s
and estimates on related pointwise energies.

The outline of the paper is the following. In Section 2 we recall some preliminary results on
positive solutions. In Section 3 we prove Theorem 1.1. In Section 4 and Section 5 we consider
the case of solutions to (1.1) for 7 = M) , with two or three nodal regions. This allows to
study the case of any number k of nodal domains by induction in Section 6, proving so Theorem
1.2. In Section 7 we study problem (1.1) for F = M:A and solutions with two nodal regions,
while in Section 8 we consider the case of three nodal domains. The proof of Theorem 1.4 is then
presented in Section 9, again by an induction argument.

Finally in Section 10 we study the total energy associated to the nodal solutions of (1.1) and
prove Theorem 1.3 and Theorem 1.5.

2. PRELIMINARY RESULTS ON POSITIVE RADIAL SOLUTIONS

We begin this section by recalling the known results about the asymptotic analysis of positive
radial solutions to

{}—(DZU) —u? inB 21)

u=0 ondB
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as p approaches the critical exponent for which such solutions exist (for the proofs we refer to
[4]). We first introduce some notation: let ¢ > 0 be a small parameter and set

- EF =M,
P —e i F =My,
We denote by v, + the unique positive solution of (2.1). Namely v,_ 4+ is the only positive
solution to (2.1) if F = Mj\:A, and vy, — is the only positive solution to (2.1) if 7 = My .
Accordingly, we denote by 79+ = ro+(¢) € (0,1) the only radius such that v, () < 0 for
r € [0,70,+) and v, 4 (r) > 0 for r € (ro+,1). Moreover, let U be the unique positive radial
solution of
—M; A (D?u) = wP* in RN (2.2)
such that Uy (0) = 1, and denote by Ry + the unique radius such that U (r) < 0 for r € [0, Ro +),
UY(r) > 0 for 7 € (R, +00). We refer to the solutions of (2.2), and in particular to UL, as the
fast decaying solutions, since for all p > p% and among all radial positive solutions of

~MF,(D*u) =uw? in RV,
one has 2
i p—1 = = p*
TEI—POOTP u(r)=0 <= p=pi.

Proposition 2.1. Let vy, + be the unique positive solution to (2.1). Then:

() lim oy, £l = lm v, +(0) = +oo;

(i) vp,+ — 0 in C2 . (B\{0}), ase — 0F;
2

lim
e—0t

(it)) lim [ro+(e)]7 [[op, 2]l = (Ro.2) ™2
N e (N O))

lim —Pe=2 = Us(Ro +);
(iv) im, lop. 2] +(Ro+);

2 2
() Jim (1o (€))7 Ty, & (r0.2(6)) = (Roa2) = Us(Ro.2);

pe(Ny—2)-N4

(vi) Tim flop 4l 2 (vp. 1) (1) = =C4, where Cy is a positive constant depending
e—0
only on N, A\, A.

Next we recall some useful results about the qualitative properties of the solutions of a suitable
class of initial value problems. To do this we need some preliminaries.
If u is a smooth radially symmetric function, we easily check that the Hessian of u is given by

D2u(33) — M]IN + (U”(|x|) B u’(|3€)) xz ® £7 (23)

|| [ ) |2 |l

where Iy is the identity matrix of order N and  ® x is the matrix defined by (z ® x);; = x;z;,
for any i,5 € {1,...,N}. In particular, since the eigenvalues of the matrix appearing in the

right-hand side of (2.3) are u”(]z|), which is simple, and w2 which has multiplicity (N —1),

E]
we infer that if u is a positive radial solution of —F(D?u) = u?, then setting r = || there are
only three possibilities:

Case 1: «/(r) > 0 and v”(r) <0, so that v = u(r) satisfies

—Au(r) = AN = 1) = wp(r) it F = Mj,

—~ 3

’

(1) = AN = 1) = up(r) if F = MY,

T
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Case 2: ¢/(r) <0 and u”(r) <0, so that u = u(r) satisfies

—A (u”(r) = ff ) (r) if F =M,
, (2.5)
(W) + (N = )MD) = ()i F = MY
Case 3: u/(r) <0 and u”(r) > 0, so that u = u(r) satisfies
X (r) = AN = )20 = up(r) it F = Mj,
" ’ (2.6)

-)=
—Au’(r) = A(N —1)= rT = uP(r) if]-':./\/l+
We stress that the case u/(r) > 0 and u”(r) >
uP.
Now, let a > 0, p > 1 and consider the following initial value problem

u'(r) = M_ (—WK_ (/' (r)) = u”(T)) for 7> 1
u(r) >0 forr>1 (2.7)
uw(l) =0, (1) =«

L Jex ifg=o0 Jre ifg>0
M-(&) = {g/A ife<o’ K-(6) = {5 if € < 0.

Problem (2.7) has a unique solution u, = u(«, p, ), defined and positive on a maximal interval
[1, pa), for some 1 < p, < +o0. In [10] it has been proved that there exists 7, € (1, pn) such
that ul, (r) > 0 for r € (1,74), ul(r) < 0 for r € (74, pa). Moreover, there exists oo € (7w, Pa)
such that v/, < 01in (1,0,) and ull > 0 in (0q, pa) (see [9, 11]).

Concerning the asymptotic properties with respect to the parameter «, we recall that p, — 1
as a — +o0, while p, — +00 as @ — 0 (see [10, Proposition 3.2 and Lemma 3.1]). In particular
pa < F00 for all sufficiently large o > 0 and thus we can define the critical slope

0 cannot occur because u > 0 satisfies —F(D?u) =

with

o =a’ (p):=inf{a>0; p, <+oo}. (2.8)
We point out that if p, < 400 then uqy(po) = 0 and u(z) := us(|z|) is a positive radial solution
of
—M;’A(Dgu) =uP in A,
u=20 on 0Ay ,,
where Ay ,, = {z € RY; 1 < |z| < po} is the annulus of radii 1, p,, centered at the origin. If
Pa = +00 then u(x) := uy(|z]) is a positive radial solution of

{M;A(D%) —uw? i RN\B

2.9
u=20 on 0B (2:9)

In [11] it has been proved that (2.9) has positive radial solutions if and only if p > p* (see
[11, Theorem 1.1]). More precisely, we have the following (see [11, Sect. 6 and Theorem 6.2]):

Theorem 2.2. Let u, denote the mazimal positive solution of (2.7). One has o (p) > 0 if and
only if p > p* and, for such p,
(i) for any a > a* (p) it holds that p, < +00;
(i1) por = +00 and ue+ s a fast decaying solution of (2.9);
(iii) f pr <p < N+2 , then for any a < a* (p), uy is either a pseudo-slow or a slow decaying
solution;
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(iv) if p> %, then for any o < a* (p), uq is a slow decaying solution.

Analogous results hold for F = M; A» Where one considers the initial value problem

w(r) = My (- 200K (@ () - w(r)) for > 1
u(r) >0 forr > 1 (2.10)
u(l)=0, v(1)=a

_ )&/ =0 _JRg ife=0
M () = {S/A ife<0’ K+(8) = {5 ife<0’

We refer to [11] for the precise statements.

where

We conclude this section by proving a crucial property of the map p — a* (p).
Proposition 2.3. The map p — a* (p) is continuous in (1, +00).

Proof. By Theorem 2.2, one has o* (p) =0 for p € (1,p*].
Let us first prove that a* (p) — 0 for p N\, p*. By contradiction, assume that there exist
ap > 0 and a sequence p, \, p* such that o* (p,) > «aq for all n € N. This means that, for all

n € N, the initial value problem
u’(r)=M_ (—WKL(U/(T)) — uPr (r)) for r >1 (2.11)
u(1) =0, u'(1) = ay '

has a solution w,, defined and positive in the whole interval (1,4+00). Let us denote by s, €

(1, 4+00) the unique maximum point of u, and set m,, = uy,(s,). By (2.4), the energy-like
functionals W2 (g (r)Pr ]
u,, (r Up (1))Pm
Hp p(r) = 21 + =
An(r) 2 Alpn +1)

are nonincreasing in [1, s,,]. Hence, we deduce

Then, (my,), is bounded and, from (2.11), we infer that u,, — @ in C?
where @ is a solution to
u’(r) = M_ (fiA(ﬁfl)K,(u/(T)) — uP~ (r)) forr > 1
u>0 forr>1
u(1) =0, u'(1) = ap.

p
mnn

([1,400)), as n — +o0,

Such function % cannot be identically zero in view of the initial condition @'(1) = ag > 0.
Hence, @ > 0 in (1,+00) and u(z) = @(|z|) is a positive radial solution of (2.9) with p = p*,
contradicting Theorem 2.2.

Next, let us show that o* is continuous in (p* ,+00). For any fixed pg > p*, let us consider
a > a* (pg). Then, denoting by v = uq,p, the unique maximal solution of the initial value
problem

{u”(r) - M._ (_MK_(u/(T)) - ‘u|p0_lu(T)) forr>1 (2.12)

u(l) =0, /(1) = a,

there exists a po > 1 such that uq p,(r) > 01in (1, pa), Ua,p,(pa) = 0 and uap, < 0 in a right
neighborhood of p,. By continuous dependence on the data, for p — py the corresponding



NEW CONCENTRATION PHENOMENA FOR RADIAL FULLY NONLINEAR EQUATIONS 9
maximal solution u,,, is converging to uq p, in C7.([1,+0c0)). Hence, uq,, has a first zero close
to pa for p close to py, meaning that a* (p) < a. By the arbitrary choice of @ > a* (pg), we
deduce that limsup,,_,, o (p) < a* (po).

Conversely, let us now consider 0 < a < a*(pg). Then, the maximal solution uq p, of
problem (2.12) is positive in (1,+00). Let us prove that, for p close to pp, one has a* (p) > a.
Arguing by contradiction, let us assume that, for a sequence p,, — pg, the corresponding maximal

solutions uq,p, satisfy uap,(r) > 0 in (1,p,) and uap,(pn) = 0 for some p, > 1. Again
by continuous dependence on the data, one has that ua.p, — Uap, in CP.([1,40)), so that

pn — +00. Moreover, for each n there exists ¢, € (1, p,) such that uj, , (r) <0 for r € [1,t,)
and uy, , (r) > 0 for r € (t,, pn], and the sequence (t,), is bounded from above and from below
away from 1, since otherwise the function u, ,, would be globally either concave or convex in
(1, 400). Thus, possibly considering a subsequence, there exists tg > 1 such that ¢, — tg, with
ul (r) < 0forre[l,ty) and u”  (r) > 0 for r > t5. Now, we claim that there exist positive

&, Po &, Po

constants C, K > 0 independent of n such that

Ug p,, (1) < ¢ — for r € [tn, pn) - (2.13)

(r2 =12 + K)

Indeed, we observe that in the interval [¢,, p,], by (2.6), the function v, = u,,p, satisfies

VvV iz
o N_ -1 o vp"
" r " A

Then, considering the energy-like functional H,, : [t,, pn] — R defined by

=0. (2.14)

g '(r)? N_ -2 N_ -2 j
H, N (v,(7)) - P+l — N_-1 ; ’
(r) 1= % |0 4 oSt S S, () (1),
and exploiting (2.14), we see that
W(N_ —2)— (N_+2) 5
Hy ) = e 2D V2 5y ) < 0,
2AN_
where we use the fact that p, — po and pg > p* > g’jz Hence, H,, is decreasing and, in

particular, we get that

(vn,(pn))?

H,(r) > H,(pn) = p,]y* >0, forany r € [t,, pn].

2
Now, let us consider the auxiliary functional J,, : [t,, pn] — R defined by
__N
In (1) == vp(r) N-72 L(T)
r

Then, exploiting again (2.14) and the definition of H,,, we easily check that

, 2N _2WN_ -1 (F_+1)
J(r)=——=———v,(r) -2 " W-TYH,(r) <O.
L) = () )
Therefore, J,, is monotone decreasing and thus J,(t,) > J,(r) for any r € [t,, pn]. With the
help of (2.14), this can be rewritten as
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Since vy (tn) = Ua,p, (tn) = Uape (fo) > 0, from the above inequality we deduce that there exists
Cy > 0 independent of n such that, for any r € [t,, pn],

N

vp(r) Y20l (r) < —Cir.

n

Integrating between t,, and r we obtain

71(7,2—2 _ 71\7,2—2 Ch 2 42
v (1) Un(tn) > I 2(r ts).

Taking into account that v, (t,) — Ua,p, (to) > 0 as before, we infer that

__2 C
U'rz(”‘) N-=2 > N 1_2

(TQ - ti) + K17

for some positive constant K; independent of n, and this is exactly (2.13).
Letting n — +o00 in (2.13), we then obtain
C

Ua,po (1) < o for r > tg.

(r—t2+K) 2

Since pg > p* > NN: 55 1t then follows that

2
lim rro-Ty r)=20
r—-+too CY,PO( ) )

meaning that wuq p, is a fast decaying solution of problem (2.9) with p = py. Since o < a* (po),
this is again a contradiction to Theorem 2.2. Hence, by the arbitrary choice of o < a* (pg), we
deduce that liminf,_,, a* (p) > a* (po), which finally proves the continuity of a* . O

3. CRITICAL EXPONENTS FOR THE EXISTENCE OF RADIAL SIGN-CHANGING SOLUTIONS IN THE
BALL

In this section we prove Theorem 1.1. Since the proof of ii) requires several steps we start by
considering the case F = MI A» 1.e. we consider the problem

~M3 \(D?*u) = [ulP~'u in B

u=0 on 0B (3.1)
u(0) >0
Let us define the following set
A:={pe(1,400) : there exists u, radial sign-changing solution to (3.1)}. (3.2)

Remark 3.1. The set A is nonempty in view of [10, Theorem 1.3]. Moreover, by a trivial scaling
argument, it is easy to check that A coincides with the set of p € (1,400) for which there exists
a nodal solution u, to (3.1) which changes sign exactly once.

As a first result we show a crucial upper bound for sup A.

Proposition 3.2. It holds that
sup A < pl.

Proof. We first observe that sup A < p7, because for p > p? there cannot exist positive radial
solutions to (3.1).
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Now, assume by contradiction that sup.A = p%. Then we can find a sequence (u, )p,ca Of
nodal radial solutions to (3.1), with p,,  p%. In view of Remark 3.1 we can assume without
loss of generality that u,, changes sign exactly once. Let us consider the rescaled function

2
pn—1

Up, () =r{" " up, (mx), € B, (3.3)
1

where r; = r1(n) is the node of u,,,.
By construction, for € B, (lp, )p,cA is a sequence of almost critical positive solutions of
(3.1). Then, in view of Proposition 2.217 we have 1w, (1) — 0 as p, — pi. In addition, by

pn—1

construction, the function 4, (r):=r u, (r1z), v € Ay 1 is a positive radial solution of
=

YTy

f./\/l;A(DQu) =uPr inA; 1
u=20 on 9A; 1.
71

In particular, @, = 4, (r) satisfies (2.7) with o = a(p,) = (4, ) (1) — 0, as p, — p%, and we
have 4, (1/r1) =0.

On the other hand, since p* > p* then in view of [11, Theorem 1.1] and Theorem 2.2 we
have a* (p%) > 0 and, from Proposition 2.3, we can find ap > 0 such that a* (p) > ag > 0 for
all p in a sufficiently small neighborhood of p* . In particular, for any o € (0, ) and for any p
sufficiently close to p% the unique solution to (2.7) is defined and positive in the whole (1, +00),
but this contradicts the properties of @, , namely that u, (1/r1) = 0. This gives a contradiction

and the proof is complete. O

Proposition 3.3. It holds that
sup A > p*.

Proof. In order to prove the result we construct a sign-changing solution w, to (3.1) for p in a
sufficiently small right neighborhood of p* .

To this end, let p € (p*,p%) and as in Sect. 2 we denote by v, . the unique positive radial
solution of

(3.4)

u=0 on 0B.
Since p* < p%, choosing 0 < § < (pt — p*) we have I; := (p*,p* +0) C (p*,p}) and
my, = max vy + = vp +(0) is uniformly bounded for p € Is. Moreover we can find v > 0 such
that for all p € Is it holds |v, . (1)] > v > 0. Hence, exploiting Proposition 2.3 and since
a* (p) = 0 as p — p* (see the proof of Proposition 2.3) we find a right neighborhood of p* , let
us say I. := (p*,p* +¢) with e < §, such that |v], , (1)| > a* (p), for all p € I.. This means that
for all p € I, if we take a = a(p) = —v;, (1) in (2.7) then we have p, = pa(p) < +0o and the
unique maximal positive solution uq(p)y = Ua(p)(r) vanishes at r = p, (). Hence for p € I. we
can glue the two solutions by defining 2, : [0, po ()] — R as

) i {vp,+(r) if 7 € [0, 1],
P —Uqpy(r) i 7€ (1, paip)]-

{—M;A( 2u) =P in B,

Then, setting u,(r) = [pa(p)}%zp(rpa(p)) we easily check that u,(z) = up(|z|) is a radial
sign-changing solution to (3.1). d

By the very definition of sup.A we have that for p > sup.A radial sign-changing solution to
(3.1) cannot exist. In the next proposition we show that the same happens for p = sup A.

Proposition 3.4. It holds that sup A ¢ A.



NEW CONCENTRATION PHENOMENA FOR RADIAL FULLY NONLINEAR EQUATIONS 12

Proof. Assume by contradiction that there exists a a radial sign-changing solution u, to (3.1)
for p = sup . A. In view of Remark 3.1 we can assume without loss of generality that u, changes
sign exactly once and we denote by 7, € (0,1) its nodal radius.

2

Let us consider the rescaled radial function i, (z) := 7™ u.(r.z), € By, and set a, :=
—@! (1) > 0. Then, by construction (@) (r) (the negative part of ., defined by taking the
maximum between —a, and zero) coincides for r € [1,1/r,] with the unique maximal positive
solution to (2.7) with o = ., p = sup A.

Therefore, since sup.A > p* and (@)~ (1/r«) = 0, from Theorem 2.2 we have

a, > a’ (sup A). (3.5)
Now we observe that, since sup.A < pi, up to a subsequence, as p, “\, sup.A the unique
positive solution vy, | to (3.4) converges in C*(B) to @.|5. In particular this implies that
—v, (1) = au, for some sequence p, “\, sup.A. Moreover, from Proposition 2.3 and (3.5) we
infer that —v;, | (1) > a* (py) for all p, sufficiently close to sup A.

Therefore, fixing p, > sup A sufficiently close to sup A, and taking o = a(p,) = —v,, (1) >0
the unique maximal positive solution uq(p,) to (2.7) vanishes at some radius ps(p,) such that
1 < pa(p,) < +oo. Then, gluing vy, + and uq(y,) as in the proof of Proposition 3.3 we obtain

a radial sign-changing solution to Problem (3.1). Hence p, € A which is a contradiction since
pn > sup A. The proof is complete. O

Proposition 3.5. For any integer k > 2 and any p € A there exists a radial sign-changing
solution u, to (3.1) with k nodal regions.

Proof. Let p € A. We argue by induction on k. The basic step k = 2 is obvious by the definition
of A (see also Remark 3.1).

Assume that there exists u, , radial sign-changing solution to (3.1) with k¥ nodal domains. We
need to distinguish between two cases.

If £ is even, then u, ; < 0 in the last nodal region and thus by Hopf’s Lemma we infer that
uy, (1) > 0. Then, since p < sup.A < pZ, from [11, Theorem 1.1] we have that for any o > 0
the unique maximal positive solution u, = u(a, p,r) of the initial value problem (2.10) vanishes
at some p, < +o0o. Hence, taking a = a(p) = u;,k(l) > 0, gluing wp k, Uq(p) as in the proof of
Proposition 3.3 and rescaling, we obtain a radial solution u, 41 of (3.1) with £+ 1 nodal regions
and such that up x+1(0) > 0. This complete the proof of the inductive step when k is even.

If k is odd the previous argument works only for p < p* (see [11, Theorem 1.2]). For this
reason we proceed in a different way. Let u, be a radial sign-changing solution to (3.1) with
k nodal regions. Since k is odd then wu,; > 0 in the last nodal region and thus —u;, , (1) > 0.
We claim that —u (1) > a’(p), where o’ is the critical slope defined in (2.8). We first
observe that if the claim is true then the maximal positive solution u, = u(a, p,r) of (2.7) with
a = a(p) = —u, (1) vanishes at some p,(p) < +00, and thus we can construct uy k41 satisfying
the desired properties by gluing uy,  and u4 () in the same way as before.

To prove the claim, let v, 4 be the only positive solution to (3.4) and consider its trajectory
v (t) = (z1(t), 2 (¢)), t € (—00,0] in the phase-plane, where z; is the Emden-Fowler transform
of v, 4+, obtained by setting r = ! and

z1(t) == e7 Ty 4 (e),

By construction ~; lies in the right-half plane and it is elementary to check that ;1 (¢) — (0,0)
as t — —oo, and 71(0) = (0,v, . (1)), with v, , (1) < 0. On the other hand, if we transform
the restriction of u, j to its last nodal component we obtain a trajectory v(t) = (z2(t), z5(¢)),
p+1

t € [log(ri—1),0] lying in the right-half plane and such that v2(log(rr—1)) = (O,TEu;k(rk,l))
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with uj, ; (rx—1) > 0, while 72(0) = (0,u,, (1)) and u;, ; (1) < 0. Moreover, since x1, z2 satisfy
the same autonomous ODE (see [11] for more details) then 1 and 7, cannot intersect and thus
it follows that 0 > v}, 4 (1) > uy, (1)

Now, let us prove that —v;, , (1) > a* (p). Indeed, since 1 < p < sup.Aand p € A we know that

there exists a radial sign-changing u,, » solution to (3.1) with two nodal regions. Then, denoting
2

by 1 € (0,1) the node of u,2 and considering the usual scaling @, 2(z) = r{ ' upa(riz),
x € By, we infer that the restriction ﬂpg‘ p coincides with vy, 4 (uniqueness of the positive

radial solution) and the restriction ffz{
P2lAs 1)y

with a = —wvj, , (1). Therefore, since dp’2‘141,1/r1 vanishes at 1/r; then by definition of a* and

coincides with the unique positive solution to (2.7)

by Theorem 2.2 we conclude that —v;, , (1) > o* (p).
Then we have proved that o* (p) < —vj, (1) < —uy, ;. (1). This concludes the proof. O

Proof of Theorem 1.1. To prove i) we observe that the existence of radial sign-changing solutions
to (1.1) for F = My , is a consequence of the existence of the positive solution of the same
problem, combined with the Liouville type results obtained in [11]. For this, let p < p* and let
vp be the positive solution of

—M;A(D?u) = [ulP~lu in B
u=0 on OB (3.6)
u(0) >0
By Hopf’s Lemma it holds that |v,(1)| > 0. Let w, be the positive maximal solution of (2.10)

with initial slope wy,(1) = |vy,(1)|. Since p < p* (which in particular implies that p < p% ) then
in view of [11, Theorem 3.1], the function w, must vanish at some p = p(p) > 1. Hence the

function
wy(r) — vp(T) %f r<l1
_wp(r) if r € (17p]
defines a radial sign-changing solution, with two nodal regions, of

f/\/l;A(DQU) = |ulPu in B,

and such that u,(0) > 0. By scaling, @,(r) = pp%lup(pr) is a sign-changing solution of (3.6).
This completes the proof of i) in the case of two nodal regions.

Let us point out that such gluing argument can be performed inductively, so providing the
existence of sign-changing solutions for any number of nodal regions. The key point in this
procedure is that p is subcritical both for M; A and M;\r A» Which implies that for any choice
of the initial slope o > 0 the unique positive solution of (2.7) or (2.10) vanishes at some finite
p € (1,+00) (see [11, Theorem 3.1]).

Let us prove ii). We define

Py =sup A, (3.7)
where A is given by (3.2). Then ii) is a consequence of Proposition 3.2, Proposition 3.3, Propo-
sition 3.4 and Proposition 3.5. O

4. ASYMPTOTIC ANALYSIS OF RADIAL SIGN-CHANGING SOLUTIONS TO (1.5) WITH TWO NODAL
REGIONS

In this section u. will denote a radial sign-changing solution of (1.5) with two nodal regions. We
set
MO = M()(E) = Hu+

EHOO_

ut (0), (4.1)
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where ul := max{0, u.} is the positive part of u., and we denote by 71 = r1(¢) € (0,1) the node
of ug, i.e. the unique point 71 € (0,1) such that u.(r;) = 0. As in the previous section, v,__
stands for the only positive solution of (1.5). We begin with a preliminary result.

Proposition 4.1. The following statements hold:
1) Mo > [lop, [l
DPe

—1
[}) _ 2
N
0
1

Pe —
iii) lim M, ®
e—0

petl

iv) i ul(r) = (vp,,-)'(1).

2
Proof. Consider the rescaled function @.(z) := r{* " u.(r1z), x € B. It is elementary to check
that @ is a positive radial solution to (1.5). Hence, by uniqueness, we infer that 4. = v, _, and

1 = +00;

the result easily follows from Proposition 2.1. O
Concerning the negative part of u., namely u_ := max{—u.,0}, we adopt the following
notations:

My = Mi(e) = [Juz |,
s1 = s1(e) € (r1,1) is the point where the maximum M; is attained, i.e. M; = u_ (s1), and
t1 € (s1,1) is the only radius such that
(uZ)'(ry <0 forre (ri,t1), (uZ)’(r)>0 forre (t1,1).
Remark 4.2. We point out that My is bounded away from zero, in fact it is bounded from
below by the principal eigenvalue \| = Af(—M}tA;B). Indeed u_ satisfies in the annulus
Ap1={z € RY; ry < |z| < 1} the following
M A (DPug) < MY hugin Ary
u; =0 on 0A;, 1.

Since the principal eigenvalue N} gives a threshold for the validity of the mazimum principle (see
[5]) and uZ >0 in A, 1, then necessarily

Mpt > A (=MT x5 Ar 1) > X (MY 5 B). (4.2)
Proposition 4.3. The following statements hold:
i) imr =0;
e—=0

pe—1
2

ii) sh—% i\aﬂ r=0;
iii) lim — =0
e—0 81
iv) lim |ul(r)] = 400
€

Proof. Let us consider the energy-like functional
PR UG TG [
2 Alp: +1)
By a straightforward computation it holds that H' < 0 in [r1, s1] (actually it could be proved
that H' < 0 in the whole interval [0, 1]). This in particular yields
M{’s+1
)‘(ps + 1)

, rel0,1]. (4.3)

(ué(rl))Q ) (44)

ZH(Sl)SH(Tl): 9
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Using Proposition 4.1-iv), Proposition 2.1-i,vi), (4.2) and (4.4) we then obtain

apefl (vl’)m_(l))? _ A(pe +1) (%57_(1))2

pe—1

A R Vs
4.5)
A 1 ! (1 2 (
< (pe +1) (©..- (1)) —5 — 0 ase—0.
2N (M, By
This proves i). Moreover, again by (4.4) and Proposition 4.1-iv)
pe—1 pe—1
pe1 A(pe + 1)\ 270 et Ape + 1)\ 270 pe—1
g < (ARt - (DT g,
which proves ii).
In order to prove iii) and iv) let us consider the energy-like functionals
~ u (r 2 o
Hy,(r) == <( 2) + |u€(r)p5+1) + N ="u (r)ul(r), (4.6)
2 pe+1

where 7,7 are real parameters to be chosen later. It is easy to check that for r € [rq, s1]

H, () = <n F1- NQ) P )

Choose

n (4.7). Since p, > g:t; for small € > 0, then H , > 0in [r1,s:1]. Hence H, ,(r1) < H, ;(s1)

which reads as

N N_—2 5
1 (U/s(rl))QS N 51 Mf 1 (4.8)

By the convexity of u. in [rq, s1] we also have
M} < (ul(r1))?si. (4.9)
Putting together (4.8)-(4.9) we get

N_ Y Y 2
No—2 i, N2

(”) L VT ey (81>
51 AN_ AN_ "

Hence, by ii), iii) follows.

Now set in (4.6)-(4.7)
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With such a choice we easily check that H! , < 0in [r1,s1]. Then H, ,(r1) > H., ,(s1) and using
(4.2) we infer that

(ul(r))? > % ()N M+

A 1
(p- + ) (4.10)
2 S1 N- M 5Et1
> e ln)  (TEMELB)™
= /\(p5+1) (7"1) ( A )
This implies iv) because of iii). O
In the following statements we will make use of the rescaled function defined by
o 1 T .
U, (l‘) = MUE (1)61) S AE7 (411)
1 Ml 2
where A, is the annulus A, := A el peci. The function 4 is a positive radial solution of
r1 M, M,
— M7 (D%*u) = uPe  in A,
xa(D7u) < (4.12)
u=0 on 0A..

For convenience of notations we set
Fo=i(e) =My T, 8 = 8(e) = s My, B =dy(e) = M, T (4.13)
The first result is about the asymptotic behavior of §;.
Proposition 4.4. ;1_{% 51 =0.
Proof. We first prove that §; is bounded from above. For this let us consider the energy function

(4.3), which is monotone decreasing in [ry, s1] (actually in [0, 1]). Hence for any r € [rq, s1] we
have H(r) > H(s1) and

Integrating in [rq, s1] we infer that

ue )'(r) dr > %(sl — ). (4.14)

o (
/n \/(M{’E“ s (T)p5+1) VAl +1

With the change of variable t =

! 1 ! 1
/ ) (7”) dr = - / — dt
71 \/(M1p5+1 o u; (T)ps+1) ]\4'1 2 (VY 1-— tPe

Then from (4.14) we deduce that

NP /)\(pg—i—l) ! dt
S1—7T1 S ﬁftszrl.

Sending € — 0 and using Proposition 4.3-ii)

. R p_ 7T
limsup §; <4/ / f\/
E~>Op ! \/17tp +1 2
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which proves the claim.
From (2.4) it is easy to check that

~ / 1 ~
(TN*_l(ue_)/) + XTN7_1“5_ (r)P= =0 in [ry,s1) (4.15)
Integrating from 71 to r € [r1, s1] we obtain

—rN="t ) (r) + rN’fl(u_)'(r ) = 1 /7" st_lu_(s)pE ds < My V-
£ 1 £ 1 )\ " € — /\N

and then

AN_
Integrating the above inequality in [r1, s1], we infer that

r
Since §; is bounded from above and hII(l) LEN 0, in view of Proposition 4.3-iii), then
E—> 81

7"1(’[1,5_)/(721) S CMl
for some positive constant C. Moreover r1(u_ ) (r1) > 0. Hence using (4.10)

s (n 000

2 s N--2
2 Mpe +1) (1> §%.
Alpe +1) \ry

The conclusion follows by Proposition 4.3-iii). O

From the previous result we immediately deduce that 71 — 0, as € — 0. Moreover we have

Corollary 4.5. lim s; = 0.
e—0
Proof. Use (4.2) and Proposition 4.4. O

Next we study the asymptotic behavior of #; and show that it cannot converge to zero. We
begin with a stronger result.

s . — pe—1 2A(N = 1)
Proposition 4.6. llIEIL}(glftl(u&. (t1)) = > 1

Proof. Let us consider the energy-like functional

_ [(uz ) (r)]? 1 NPt N N1 —yv
H(r) =V ( 5 + ot 1)(u8 (r))Pet ) + ETN uz (r)(u) (r), 7€ [s1,t1].

By (2.5), a direct computation shows that H'(r) > 0. Hence H(s1) < H(t1) and thus

SN f£+1 < tN [(U’E_)/(tl)]z + 1 (U_(t ))p5+1 + thlu—(t )(U_)I(t )
PApe+1) T 2 AMpe+1) < pe+1 1 e UEIE
Exploiting the equation
) (¢ 1
(v Ly,
1
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we have
MPett 1 1 1
N 1 < tN ~(t pe+1 t2 —(t pe—1 _ )
51 )\(p5+1)_)\(N—1) l(ua(l)) 2)\(N—1) l(ua(l)) p5+1
This implies that
_ _ 2A(N -1)
2 t))Pe—l > 22 7/
s (et > 0
and the conclusion follows passing to the limit as € — 0. (Il

As an immediate consequence of the previous proposition we get

. 2M(N -1
Corollary 4.7. liminft; > M
e—0 pr+1

pe—1

Proof. Tt suffices to observe that t; = ¢, M, > > t;(uZ (tl))ips{1 so that the assertion follows by
Proposition 4.6. U

Coming back to the study of u_, from the previous results we obtain

Proposition 4.8. limsup M; < 4o0.

e—0

Proof. Arguing by contradiction let us assume that along some subsequence, still denoted by &,
M; — oo. Consider the rescaled function 4_ defined in (4.11). By construction 4_ satisfies

A (31)=1, 0<a

The limit of the domains A. is RN\ {0} and, since (4 ). is uniformly bounded and solves
(4.12), by regularity estimates, we have that 4= — @ in C2_(R™\ {0}), for some radially sym-
metric function 4, 0 < 4 < 1, which solves

~M{\(D*u) =wP~  in RM\{0}. (4.17)

Now we want to show that @ can be extended to a C? solution of (4.17) in the whole R with
@(0) = 1 and @'(0) = 0. In the interval (§;,#;) we have that (47) < 0 and (42)” < 0. Therefore
the equation satisfied by 4_ is

Gy’ - Xy = B ey
that we can write as:
(VM azy) = -3V >~ (1.18)
Integrating between §; and r € (51,%;) we get
PN () = @) ) 2~ (Y - 8,
and, since (42 )'(41) = 0 and §; > 0, we obtain
(a2 ) (r) > —Lr for r € (1,11). (4.19)

- AN

Integrating again between §; and r € (51,11), taking into account that 42 (3;) = 1, we have

1 .
~— > _ 2 ~ . '
i (r)>1 2)\NT for r € (§1,t1) (4.20)
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Passing to the limit as ¢ — 0, taking into account Proposition 4.4 and Corollary 4.7, we infer

that
2A(N — 1))

1
a(r) >1-— 2)\er for r € (O, o 1

From this, since 4 < 1, we deduce that

lim a(r) = 1. (4.21)

r—0

Hence @ can be extended by continuity at the origin, by setting @(0) := 1. Next we show that
also @’ can be extended by continuity in 0. From (4.19) we have
(@) () < 5 for any € (51,41)

and passing to the limit as ¢ — 0, we get
2A(N —1
i (r)] < ﬁ for r € (0, p(_+1)> (4.22)

which gives lim,_,o @' (r) = 0. Hence @ is a positive radial solution of (4.17) that extends to a
C! function near the origin. This implies that 4 is a (positive) C? radial solution of

— M A (D*u) = uP~ in RN, (4.23)

Indeed, since @ verifies (rV=1d/(r))" = —%rN_l(a(r))pi for r € (07 2);,(5\:11))7 then, fixing

0 < 0 < r and integrating between § and r, we get that

*

PN () — N1y _ ! TstlﬂS P ds.
(r) — 6N (5) /5 (a(s))P- d

A
Passing to the limit as 6 — 0, by (4.22), we obtain
w'(r) 1 " N1 .
v ; sN7L(a(s))P- ds. (4.24)

By de L’Hépital’s rule, the right-hand side of (4.24) has a finite limit as » — 0 and thus the
same holds for the left-hand side, which readily implies that @ extends to a C? radial solution of
(4.23).

At the end, since p* < p* , then by [9, Theorem 1.1] we know that (4.23) has only the trivial
solution, which contradicts the positivity of . O

Summing up, we have all the ingredients to prove the following

Theorem 4.9. Let u. be a radial sign-changing solution to (1Bl with two nodal regions. Then,
up to a subsequence, as € — 0T we have that u. — @ in C} (B \ {0}), where u is the unique
negative solution of (1.6)

Proof. Let us consider the restriction of u_ to the annulus A,, ;. From Proposition 4.8 we have
that u;‘A ) is uniformly bounded and from Proposition 4.3, i) we have r;, — 0. Hence, by
1, o
standard regularity theory, up to a subsequence as ¢ — 0, we get that uz — @~ in C?,.(B\ {0}),
where @~ is a non-negative radial solution of
{—Mm 2u) = [u’” ~'uin B\ {0},

4.25
u=20 on 0B. ( )

We claim that 4~ can be extended to a smooth positive solution of (4.25) in the whole ball. For
this, taking into account that s; — 0 by Corollary 4.5, u_ (s1) = M; — M, € (0,+00) in view
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of Proposition 4.8 and (4.2), t; — t; € (0,1), as it follows by combining Proposition 4.8 and
Proposition 4.6 (the case {7 = 1 being excluded by Hopf lemma), then repeating the proofs of
(4.21), (4.22), with a_ replaced by u_, we get that

lim @ (r) = My, lim(a™)'(r) =0.

r—0 r—0

Hence @~ extends to a C! radial function near the origin and we easily conclude as in the proof
of Proposition 4.8. O

5. ASYMPTOTIC ANALYSIS OF RADIAL SIGN-CHANGING SOLUTIONS TO (1.5) WITH THREE
NODAL REGIONS

To prove Theorem 1.2 we could argue by induction starting from k& = 2, nevertheless, for the
reader’s convenience, we detail the case k = 3.

Let u. be a sign-changing solution of (1.5) with three nodal regions, let r; = r;(¢€), i = 1,2, be
the nodal radii, let s; = s;(¢), i = 1,2, be the maximum points of |u.| in the second and third
nodal region, and denote by M; = M;(¢e), i = 0,1,2 the maximum values of |u.| in each nodal
region.

The following lemma is a trivial consequence of the results obtained in the previous section.

Lemma 5.1. Ase — 0%, we have: 71 — 0, 51 — 0, 2 L — 0, Mo — +o0 and

0< hmlnfr”f T AL <hmsup7qu =T < +oo.

Proof. Let us consider the rescaled function

2

iico(x) = 15 Tuc(row), w€ B (5.1)
2

By construction the restriction of @. 2 to B is a sign-changing solution to (1.5) with exactly
two nodal regions, and thus we can apply the results of Sect. 4. In particular, denoting by
71 € (0,1) the nodal radius of @ 2, by 81 the maximum point of |a_,|, and setting My := i 2(0),
M := |t 2(51)], as € — 07 we have:

&
<

L,
2

1=
1= Sl HO)

=)

5

) T
)
c) My=r} _1M0—>+oo
d) 0

<11m1nf7'25 v M,y <hmsupr25 v My < +oo.
g

Next we study the asymptotic behavior of the function ﬂ572 defined in (5. 1) in its third nodal

region, which is the annulus A1 i To this end we set §5 := M2 = r“ 1]\/[27 which are,

respectively, the maximum point and the maximum value of . » achleved in A1 2.
Proposition 5.2. limsup M, < +oc0.
e—0
Proof. Let us consider the energy-like functionals H) : [s1,t1] — R, Hp : [t1, s2] — R defined by
() o (0 )P
Ap: +1)

2
(ul(r)® | |uc(r)P<t!
2 Alp:+1)°

Hp(r) :=
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where t; is the only point contained in the interval (rq,r2) such that u”(¢;) = 0. Exploiting the
ODE in (2.7), taking into account that «” > 0, u. > 0 in [s1,¢1] and w) < 0, ul > 0 in [t1, s2],
we easily check that Hy and Hy are decreasing. Hence, since A < A, we infer that

Hy(s1) > Hx(t1) > Ha(t1) > Hp(s2),

which gives

Mf5+1 M2Pg+1
> . (5.2)
Alpe +1) A(pe +1)
From this we get that
T ANPT S
7‘217 M1 Z K ’I“Qp M2
and using Lemma 5.1 we conclude. 0

Lemma 5.3. liminfry > 0.
e—0

Proof. Assume by contradiction that there exists a sequence € — 07 such that 7, — 0. Consider

the restriction to Ar 1 of the rescaled function @, o defined in (5.1). Since ro — 0 and thanks
(SRR

to Lemma 5.1 the limit domain of A~ 1 is R\ {0}. Thanks to Lemma 5.1, Proposition 5.2 and
T g

elliptic regularity theory we infer that, up to a further subsequence, . o — @ in CZ,, (R \ {0}),

for some radially symmetric function @ satisfying

~M; y(D*u) = |u’~"'u in RV,

Moreover, in view of Theorem 4.9, it holds that & < 0 in B. Hence, since @« = 0 on 0B, by
Hopf’s Lemma we get that @'(1) > 0. Therefore, for » > 1 the function % = 4(r) is a solution
(defined and positive in the whole (1,400)) to (2.7) with p = p*, & = @/ (1), but this contradicts
[11, Theorem 1.1]. O

Corollary 5.4. liminf M, > 0.
e—0

Proof. Arguing as in Remark 4.2 we have M~ > /\f(—./\/l;A;ALl/Tz) and the conclusion
follows from Lemma 5.3. (]

Finally, summing up, we can describe the asymptotic behavior of u..

Theorem 5.5. Let u. be a radial sign-changing solution to (1.5) with three nodal regions. Then,
up to a subsequence, as ¢ — 0 we have that u. — @ in C3 (B \ {0}), where @ is a radial
sign-changing solution of (1.6) having two nodal regions.

Proof. We first observe that, as a consequence of Lemma 5.1 and Lemma 5.3, we have that M;
is uniformly bounded, and bounded away from zero. The same holds for M in view of (5.2) and
Corollary 5.4. Moreover from Lemma 5.1 we know that r; — 0. Hence, the restriction of u. to
Ar, 1 is uniformly bounded and by standard regularity theory, up to a subsequence, u, — @ in
C?% (B )\ {0}), for some radially symmetric function @ satisfying (4.25).

We claim that @ is sign-changing with exactly two nodal regions. To prove this we first
notice that since Ms is uniformly bounded we have ry /4 1, otherwise )\1(—/\/1;7A;Ar271) —
400 and from the inequality MZP=~' > At(=Mj A3 Ary 1) (see Remark 4.2) we would obtain a
contradiction. Hence, from this and Lemma 5.3 we infer that ro — 75 € (0,1).

Now, since the restriction to the unit ball of %, o defined in (5.1) is a sign-changing solution of
(1.5) with two nodal regions, then from Theorem 4.9 we get that . o converges in C3 (B \ {0})
to the unique negative radial solution @ of (1.6). Moreover, since 15 — 72 € (0,1) we deduce
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2
that a(z) = 7 pi_lﬁ(fglx) for € By, \ {0}. Therefore, @ extends to a smooth function near
the origin which is a radial solution of (1.6) and such that @ < 0 in By, and @(72) = 0. Hence
@ (F2) > 0 and thus we easily deduce that @ > 0 in Az, ;. Moreover we have sy — 352, for some
39 such that 7o < 52 < 1. In fact, s — 7o cannot happen because @'(72) > 0, while so 4 1
because @ > 0 in Az, 1, (1) = 0 and thus @/(1) < 0.
]

6. ASYMPTOTIC ANALYSIS OF RADIAL SIGN-CHANGING SOLUTIONS TO (1.5) WITH k NODAL
REGIONS

In this section we prove Theorem 1.2.

Proof of Theorem 1.2. The case k = 2 has been proved in Theorem 4.9. For k > 3 we argue by
induction on k. The case k = 3 is given by Theorem 5.5. Then, assuming the assertion true for
a solution with k nodal domains, let u. be a radial sign-changing solution of (1.5) with (k + 1)
nodal regions. Consider the rescaled function

2

ek (z) = TFUE(TkI)v r€ B, (6.1)
Tk

Denoting with 7;, §;, M; the corresponding quantities for 4. 5, by construction, we have M; =
2

P M, 8 = sifori=0,...,kand 7; = =, fori=1,... k.
Now, since the restriction of i, j to the unit ball is a solution to (1.5) with k nodal regions then,

by the inductive hypothesis, up to a subsequence, as ¢ — 07 we get that My — +oo, 71 — 0,
$1 — 0and 7, — 74, §; — Sy, fOFiZQ,...,k—l, where 0 < 79 < §9 < ... < Tp_1 < Sp_1 <1

and M; — M;, for some positive numbers M;, for i = 1,...,k — 1. Moreover Ue g — U, in
C? (B \ {0}), where @, is a radial sign-changing solution to (1.6) with k& — 1 nodal regions.
As an immediate consequence we obtain that My — +o00, 71 — 0, s1 — 0, since My > My =

2
7’,‘55*1 Moand 0 <71y < 81 < §1 = f—; We divide the remaining part of the proof in three steps:

Step 1: M;, is bounded.

Let us consider the energy-like functionals

-~ (@ (1) e e (r) [P

H)\(T') = 9 )\(ps+1) )
. (@ () e ()Pt
Ha(r) = == Al +1)

If k£ + 1 is even, then ﬂ}\(r) is monotone decreasing in [§x_1, S;]. Then HA(Ek,l) > fb\(§k) from
which we deduce that
Mj_1 > M;,. (6.2)

If k4 1 is odd then H,(r) is monotone decreasing in [3z_1,%,_1], while H(r) is monotone
decreasing in [t;_1, 5;]. Hence, using that A < A, we have

Hy(81-1) > Hx(fr—1) > Ha(fx—1) > Ha(5).

From this we easily deduce that

~ pet+l
My > () M. (6.3)
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Exploiting the inductive hypothesis we deduce from (6.2)-(6.3) that M, is bounded.
Step 2: liminfry > 0.
e—=0

Assume by contradiction that rp — 0, for some subsequence € — 0. Then, the limit domain
of A;, 1 is RV \ {0} and, in view of Step 1 and the inductive hypothesis, we have that the
=

restriction ﬂ/s,k‘A s uniformly bounded. Hence . j — Gy in CfOC(RN \ {0}), where @y, is a
™ ,ﬁ
radial solution of

—M; A (D?u) = [ufP~ "' in RN\ {0}. (6.4)

Moreover, iy, is non-trivial and sign-changing because by construction we have @, = @y, in B\ {0},
where 1y, is the limit of ﬁ67k|B . In particular, (1) # 0, 4x(1) = 0 and thus it cannot happen
that @, = 0 in RYV \ B. Therefore, the restriction of @ to RY \ B is a constant-sign radial
solution of
{—MM(D%) = [ut“~lu in RN\ B, (65)
u=0 on 0B.

This contradicts [11, Theorem 1.1].

Step 3: conclusion.

- 2
In view of Step 1 and Step 2, since My, = rj=~" M, we infer that M, is bounded. Moreover it is
bounded away from zero. Indeed, arguing as in Remark 4.2 we get that M,ff_l > )\1+ (—M;\FVA; B)

if k+ 1 is odd, or M,fg_l > AT (—M;A’A;B) if K+ 1 is even.

Up to a subsequence we then have My — My, r, — 7, for some Mj, € (0,+00), 7 € (0,1].
Arguing as in the proof of Theorem 5.5, taking the restriction of u. to A,, 1, exploiting that My,
is bounded and that Af (—M3 y; Ay, 1) = 400 if 1 — 1, we infer that 74 # 1.

Now, using the definitions of M;, 7, § for i = 2,...,k — 1 and the results proved in the
2

I

first part of the proof, we conclude that M; — M; = Ty 71@ € (0,4+c0), r; — 7 = Tl

8; = & = §;7, fori =2,...,k—1, and it holds
0< Ty <8y <. .. <Tp_1 <38k_1.

Summing up, since the restriction of u. to A, ; is uniformly bounded and 7 # 1 we deduce
that, up to a subsequence, u. — @ in C? (B \ {0}), where @ is a non-trivial radial sign-changing
solution of

(6.6)

~M; A (D) = [ulP~"tu i B\ {0},
u=20 on 0B,

with & nodal regions. Since 7 € (0,1), 5,1 € (0,1) we infer that 5,_; < 7. Moreover,
denoting by 5 the limit point of s, from the regularity of % in compact subsets of B\ {0} and
since M, # 0, we deduce that it cannot happen that 5, = 7. Moreover, since u’(s;) = 0 and
|@’'(1)] > 0 in view of the Hopf’s Lemma, we infer that s — 1 cannot happen. Therefore the
nodes and the extrema of @ are ordered in the following way

0< T <8y <. .. <Tpo1 <8poq <Tp <8 <1,

as expected.
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__2

At the end, arguing as in the proof of Theorem 5.5 we see that u(z) = 7, p’_lfk(ka), for
x € By, \ {0}. Hence 4 extends to a C? radial function near the origin and it is a sign-changing
solution of (1.6) having k nodal regions. This completes the proof of the inductive step. O

7. ASYMPTOTIC ANALYSIS OF RADIAL SIGN-CHANGING SOLUTIONS TO (1.10) WITH TWO
NODAL REGIONS

Let u,, be a sequence of radial sign-changing solutions to (1.10) with two nodal domains, where
Pn = DY — €n, n N0 as n — 4o00. The first result is about the behavior of M, := |uy|lo as
n — +o0o. We set My = My(n) := |Ju}||oo = un(0) and My = Mi(n) := ||u,, ||co, and we denote
by r1 = r1(n) the nodal radius and by s; = s1(n) the minimum point.

Proposition 7.1. We have M, — 400, as n = +o0.
Proof. Arguing as in Remark 4.2 we infer that
M= > M (=M i Br) > M (=M B),

. B a (7.1)
MP > A (=M A A1) 2 A (M5 45 B),

which readily implies that My and M; are uniformly bounded from below away from zero. Since
M,, = max {My, M1} the same holds for M,.

Now, assume that M,, — M € (0, +oo) for some subsequence. Then, from elliptic regularity es-
timates we deduce that u, is uniformly bounded in C?(B). In addition, in view of (7.1) it cannot
happen that r; — 0 or r; — 1, otherwise )\f(—M;N B,,) = +oo or Af(—M;A; Ap 1) = 400
and by (7.1) this would imply that one between My and M; blows-up, contradicting the uniform
boundedness of u,,.

Therefore 71 4 0, r1 4 1 and by regularity estimates, up to a further subsequence, as
n — +00, we have u,, — @ in C?(B), where @ is a radial sign-changing solution of (1.11) and
@(0) > 0 (because of (7.1)), but this contradicts Proposition 3.4. O

Proposition 7.2. We have:
Pn— pn—1
i) 0 <liminfr; M, 2 <limsuprmM, > < +oo;
n—+00 n—s+0o

M, M,
ii) 0 < liminf =2 < limsup =0 < 400,

) n—+oo [y n—+oo M1
iii) My — +o0, M7 — +o0;
iV) ry — 0;
v) the rescaled function
2
Up () ==71{"""up (r17), © € By)py, (7.2)
converges, up to a subsequence, in Cfoc (RN) to a non-trivial radial sign-changing solution
of
M\ (D*u) = [uP¥ Ttuin RY. (7.3)
Vl) S1 — 0.

n—1
Proof. If along a subsequence it holds that ry MOP 2 — 400, then, defining the rescaled function

1 x
ﬂn(x) = Moun <pn—1> y T E BMipn{la
M, *? 0
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we have 4,,(0) = 1 and by the usual argument we infer that 4% — 4 in C? _(RY), where 4 is a
positive radial solution of
~ M (D*u) = uP* in RY. (7.4)
On the other hand, since p7* < p7 then by [9, Theorem 1.1] we get that (7.4) does not have
positive radial solutions, and this gives a contradiction.

If along a subsequence it holds that rq MOMTl — 0, arguing as in Remark 4.2 for 4,,, we would
have
IZAT(—Mj\'A,B pn—1) — 00
’ riM, 2
which is a contradiction. This completes the proof of i).

To prove ii) we show that %‘1’ — 0 and %[1’ — 400 cannot occur along any subsequence.
Let us consider the functionals

ul)?(r upntl ul)?(r Uy [PrHT
H)\(T) :=< )2( )—‘r)\(p +1), TE[O,to], HA(T) ::( )2( ) A(p—i—ly ’I“E[to,sl],

where ¢y € (0,71) is the only radius such that u!! < 0in (0,%p) and u, > 0 in (¢g,71). Exploiting
the ODE satisfied by u,, in [0, s1], we check that H) is decreasing in [0,to] and Hy is decreasing
in [tg, s1]. Moreover, since A < A and wu,(tg) > 0 we infer that Hy(t9) > Ha(tg). Summing up
we get that

H(0) > Hx(to) > Ha(to) > Ha(s1),

MPntl an+1
(

and since Hy(0) = o T Ha(s1) we deduce that

= Alpnt1)
1
My A Peft
— > . 7.5
= (3) (75)
From (7.5) it follows that
A\ FrFT
M, < (2 M,
<(5)7
and this implies
lim My = +o0. (7.6)
n—-+oo

Assume now that, for some subsequence, %‘; — 400 and consider again the rescaled function
Uy By construction 4, (0) = 1, ||, ||, <1 and as before, up to a subsequence as n — +o00, we
have 4,, — @ in C} _(R"), where 4 is a non-trivial radial solution to (7.3) satisfying @(0) = 1.

From i) there exists ¢; > 0 such that & > 0 in B,, and 4 = 0 on 9B,,. Moreover @/(c¢1) < 0.
On the other hand, taking into account that %‘1’ — +00, we deduce that 4 = 0 in RV\B,,, since
for any fixed x such that |z| > ¢; and for all sufficiently large n we have

1 T
——Un | ——1
My Mopnf’z 2

Passing to the limit as n — +0o we obtain 4(x) = 0, which contradicts the C* regularity of .
Statement iii) is an immediate consequence of (7.6) and ii), while iv) directly follows from i)
and iii).

| ()] =

Let us prove v) and vi). From i) and ii) the rescaled function @,, in (7.2) is uniformly bounded,
and by iii) the limit of By, is RY. Moreover, by construction ﬂn| 5 = Up,,+ is the only radial
positive solution of (1.10). Hence, up to a subsequence as n — 400, we have i, — @ in CZ (R"Y),
where @ is a non-trivial radial solution of (7.3), and this proves v). In particular @ > 0 in B,
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@ = 0 on OB and the function @~ = @~ (r) coincides, for r > 1, with the unique maximal solution
of (2.7) with p = p*, @ = —(a*)(1). Now arguing as in the proof of the first part of Proposition
4.4, we infer that % is bounded. Since 1 — 0 by iv), we conclude that s; — 0 as well.
O
In the next result we state and prove a uniform upper bound that will be crucial in the sequel
(see Sect. 10).

Proposition 7.3. Let @,, be the negative part of the rescaled function ., defined in (7.2). Then,
up to a subsequence asn — 400, 4, — W_ in C2 (RN \ B), where W_ is the only positive radial
fast decaying solution of (1.12). Moreover, there exist two positive constants C, K (independent
on n) such that for all sufficiently large n it holds

i (r) < c —  Jorre [t}, :1] : (7.7)

(7‘2 — (51)2 + K')T

where t, — t1 € (1,400) and t; is the only radius where W_ = W_(r) changes concavity.

Proof. In view of Proposition 7.2-v), up to a subsequence as n — +0o, we have in particular that
@, — 4~ in C2 (RN \ B), where @~ is a positive radial solution of (1.12). We claim that @~
is fast decaying. By (ii) of Theorem 2.2 this is equivalent to show that o* (p7*) = (a7)'(1). To
prove this, we observe that @, = @, (r) is a solution of (2.7) with p = p,, a = a(n) = (4@,)'(1) =
—v, (1) and such that @, (1/r1) = 0, and thus, by definition of a* , we have

a’ (pn) < (@, ) ().

Then, passing to the limit as n — 400, exploiting Proposition 2.3 and taking into account that
Un — @ in C2 (RN), we deduce that

loc
a(py) < (a7)'(1).
On the other hand, since 4~ = 4~ (r) is defined and positive in the whole (1, +00), then, by (i)
of Theorem 2.2, we infer that o* (p7*) > (47)'(1). Hence, 4~ = W_ is the only positive radial
fast decaying solution of (1.12).

For (7.7), we notice that it is exactly inequality (2.13) obtained in the proof of Proposition
2.3. Indeed, denoting by t; the only radius where @, = 4, (r) changes concavity and setting

vp(r) := 4, (r), we have that v, satisfies (2.14) in [fl, %], with p, = pi* — &,. In the present

case, p, — pi*, which still satisfies pt* > p* > %’ fz Then the proof follows verbatim, taking
into account that v, — W_ in C2 _([1,+00), and that t; — #1, v, (t1) — W_(#1), as n — +oo0,
where #; is the only radius where W_ = W_(r) changes concavity. O

We conclude this section by studying the limiting behavior of u,.
Proposition 7.4. Up to a subsequence, as n — 400, it holds that u, — 0 in C2 (B \ {0}).

Proof. The proof is carried out along the same line of [4, Theorem 1.1, ii)]. By elliptic estimates,
it is sufficient to show that for any fixed p € (0,1)

[tnlloo,a, =0 as n — +o0o,

where A, = {z € B: |z| > p} and || - | 0,4, denotes the L>-norm in A,.
Using (7.7) and the definition (7.2) of @, we have

—Z_ 1 t1 1
ity (rr) < C —— for r € L"i’ 7"1) .
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or equivalently

2 1

rimtug (r) < C 5 for r € [t1,1)
r2 2 K 2
A

for some positive constants C' and K independent on n.

Now, since % — 11 € (1,+00) by Proposition 7.3 and r; — 0 in view of Proposition 7.2-iv), we
2
P

infer that ¢; — 0. Hence for sufficiently large n we have t? < & and

C V__o__2
L T

#)

Then the conclusion follows since 71 — 0 and N_ — 2 — - 271 S N_—-2— ﬁ > 0.
n +

O

Remark 7.5. By Proposition 7.2 and Proposition 7.4 we have that the maximum and the mini-
mum of u,, namely My and —My, blow up at the same rate and the minimum point s1 converges
to the mazimum point which is zero. Thus we have concentration of the positive and negative
part at the same point.

This is a new phenomenon, as compared with the classical Lane-Emden problem in which case,
whenever the rate of blow-up of the positive and negative part is the same, the two nodal regions
separate and the concentration points of the negative and positive part are different (see [3]).

8. ASYMPTOTIC ANALYSIS OF RADIAL SIGN-CHANGING SOLUTIONS TO (1.10) WITH THREE
NODAL REGIONS

Having proved in the previous section Theorem 1.4 when k = 2 we could argue by induction
to get the general result. However, since passing from even to odd the statement changes, we
prefer to detail the proof for k = 3, for the reader convenience.

Let u,, be a sign-changing solution of (1.10) with three nodal regions, let r; = r;(n), i = 1,2,
be the nodal radii, let s; = s;(n), ¢ = 1,2, be the maximum points of |u,| in the second and
third nodal region, and denote by M; = M;(n), i = 0,1, 2 the maximum values of |u,| in each
nodal region.

Proposition 8.1. Up to a subsequence, as n — +00, we have: My — +o00, My — 400, r; — 0,
si — 0 fori=1,2, My — M, for some M > 0, and u, — v in C} (B \ {0}), where v is the
unique positive radial solution of (1.11).

Proof. Let us consider the rescaled function

2
U () == 713" up(r2x), x € Byjp,y. (8.1)

Then the restriction of @, to the unit ball B is the radial sign-changing solution of (1.10) with
two nodal regions so that the results of Sect. 7 apply. In particular, up to a subsequence, as
n — +00, we have:
2
L0, i Mo 400 fori=0,1 (8.2)
T2
and
%M
M T‘Pn
MO = 2270 — C, (83)
1 T2Pn*1 J\41
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for some positive constant ¢yg. From (8.2) we deduce that
M; — 4+oco fori=0,1

r1 — 0.
Moreover ~ ~
PN A0S NN
2 Alpn +1)
is monotone decreasing in [1, £2], hence
2 pntl
et M2> N
( ’ (i1, (1))
< . (8.4)
Apn +1) 2
Since ), (1) — 0, then
2
My 0 (8.5)

and, using the lower bound MZ"~" > )\{r(—M}\L’A;B) (see (7.1)), we also deduce that ro — 0
and, as a consequence, s; — 0. Putting together (8.2) for i = 1 and (8.5) we have
2
M pn—1 M
2 7"213"71 M2
Arguing as in Proposition 4.4 and Corollary 4.5 we also deduce that sg — 0. If M5 is bounded

from above, then un|A  —uin C%.(B\{0}) for some radial positive function @. Since sy — 0,
vy,

then as in the proof of Theorem 4.9 we obtain that % extends to the unique positive radial
solution of (1.11), as we aim to prove. Hence to complete the proof it remains to show that
limsup,, ,, ., M2 < +0o. On the contrary, let us assume that, along some sequence n — +oo0,
M5 — 400 and consider the rescaled function

1 T
Up(x)i= —tp | —— |, TEA i1 pu—
M Pa== 2 2
2 M2 2 ro M, ,M,

Since the limit domain of 4, is RV\ {0} by (8.5), we can argue exactly as in Proposition 4.8 to
deduce that 4,, — @ in C2 (RN \ {0}), where @ can be extended to a non-trivial radial positive
solution to (7.4). This is clearly a contradiction since pi* < p%. Hence the only possibility is
that My — M for some positive constant M as we wanted to show. (I

9. ASYMPTOTIC ANALYSIS OF RADIAL SIGN-CHANGING SOLUTIONS TO (1.10) WITH k NODAL
REGIONS

In this section we prove Theorem 1.4.

Proof of Theorem 1.4. We argue by induction on k. The steps k = 2, 3 have been proved respec-
tively in Sect. 7 and Sect. 8. So let us assume that the assertion holds true for solutions with &
nodal regions and let u, be a radial sign-changing solution to (1.10) with k& + 1 nodal regions.

Case 1: if £ + 1 is even, then the restriction to B of the rescaled function

_2
pn—1

fbn,k(l’) =T Un(T’kZL')7 T Bl/Tkv

is a solution to (1.10) having k& nodal regions, with k odd. Hence, exploiting the inductive
2
hypothesis and the definition of @, 1, we infer that, up to a subsequence as n — 400, Mor{" ™" —

_2

2 _ _
+00, ..., M_orf"~" — +o0, and My_qrf"~" — M, for some M > 0. This readily implies that
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My — +00, ..., Mi_o — +00. Moreover, by inductive hypothesis, we also have :—; — 0, f,—; —0
fori=1,...,k — 1, which easily implies that r; -+ 0, s; = 0, fori =1,... k—1.
pn—1
. e
Finally, exploiting again the inductive hypothesis we deduce that Mj\szj»l = Mt
Pn—1 MaiTi ’
. . 2
for j = 0,..., %553, with ¢; positive constants, and that %27“ = MQ]HT’;TL—l — +oo for j =
2j+2 M2j+2’rk 5
k—3
07 ) ?. ) )
Now, arguing as in the proof of (7.5) we have that
1
My, A Pt
Pl (2 . (9.1)
M, A
Let us show that
lim sup My < 400
n——+oo Mk
M1

Assume by contradiction that, for a subsequence, — +o00 and consider the restriction of

My,
2 _ _

TUp, to the annulus A,, | /p, 1/r,. Since My_1r"~" — M, for some M > 0 then from (9.1) we

deduce that @, j is uniformly bounded. We claim that r, % 1. Otherwise, since

Ay /)y,

ae’k|A1‘1/rk is uniformly bounded and rp — 1 we would have )\1(—/\4;/\;141,1/%) — +o00, and

from (4.2) we would have a contradiction. Hence r, — 7 € (0,1) or 7, — 0, and recalling that

by inductive hypothesis “2=* — 0, we infer that , g A ey — @ in Cf(II), where @ is
Th—1/Tk 1/ Tk

non-trivial (because by inductive hypothesis it coincides with @ in B) and the limit domain IT is
either RV \ {0} or E% \ {0}. Since we are assuming that MJ\ZI — +00, arguing as in the proof of
Proposition 7.2, ii), we deduce that % = 0 in ITN {z € RY; |z| > 1} contradicting the regularity

of 4. Hence the only possibility is

My
M, — C(k—1)/25 (9.2)
for some C(k—1)y2 > 0. Let us also show that ry — 0. Indeed, since ﬂn7k|A — U in

T—1/Tk:1/Tk
C? .(II), where 7 can be extended to a non-trivial sign-changing solution to — M7 ,u = ulP¥ ~tu
in By, with homogenous Dirichlet boundary condition if II = B \ {0}, or —M:\*')Au = |ulP¥ ~tu
in RY if IT = RV \ {0}. Now, in view of Proposition 3.4 the first case cannot occur and and thus
2

we infer that rp — 0. In particular, since Mk_lré’“’l — M, it follows that M;_, — 400 and
from (9.2) we infer that M} — +oo.

2
Moreover, since M, ks,@’"i’l is bounded from above (by arguing as in the first part of Proposition
4.4) and M} — 400, then s, — 0.
To conclude the proof it remains to show that u, — 0 in C2 (B \ {0}). The proof of this
fact is identical to that of Proposition 7.4 with minor modifications. In particular, taking into
account that rg, sy — 0 and w, is negative in the last nodal component, then, for any fixed

p € (0,1) and for all sufficiently large n we obtain

lnllo,a, = vl a, € —F=

p2 2
(%)
for some positive constant C' = C(N, A\, A) independent on n. This completes the proof when
k+ 1 is even.
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Case 2: if k£ + 1 is odd we consider the restriction to B of the rescaled function

U, () == 10" un(rez), = € By, (9.3)
which is a solution to (1.10) having k nodal regions, with k even. Hence, from the inductive hy-
_2 2

pothesis, up to a subsequence, as n — +o00, we get that Mor/"~" — 400,..., My_1rf"~" — 400
and thus we infer that My — +oo,..., My_1 — +o00. Exploiting again the inductive hypoth-
esis, we have =+ — 0, 2= — 0 for ¢ = 1,...,k — 1, which implies that r; — 0, s; — 0, for

k k =
i=1,...,k — 1. Moreover MJ\Z»Zjl _ szmp — — ¢; for j = O,...,% and ¢; positive con-

" Majqary, 2

p%—l
stants, %2“1 = MQ””’;TL,I — 400, for j =0,..., 52

2j+2
M2j+2’l”k 2

Repeating exactly the same arguments of Sect. 8, in the case of three nodal regions, we infer
that rg, s — 0, MA’}: — 400 and that M, — M, where M is a positive constant. From this

we also deduce that u, converges in C2 (B\ {0}) to the unique positive solution of (1.11). The
proof is complete. O

10. ENERGY OF SOLUTIONS

Let Q be a bounded radial domain in R, i.e.  is either a ball or an annulus centered at the
origin. Then the radial coordinate r will belong either to [0, R), R > 0, if 2 is the ball Bg, or to
the interval (a,b), 0 < a < b, if 2 is the annulus A, ;.

We consider the space of radial functions in 2 which have constant sign and change convexity
only once. More precisely we define

Xo = {ueC?4(Q); |ul >0and 3 o= o(u) € (a,b) [resp. o € (0, R) if Q is a ball]
such that u”(0) =0, v”(r) <0 for r € (a, 0) and u”(r) > 0 for r € (o,b),
or v’ (r) > 0 for r € (a, ) and u”(r) < 0 for r € (o, b),
[resp. r € (0,0) and 7 € (o, R) if Q is a ball]}.

Next, for an exponent p > 1 and for any function u € Xq we consider the radial weight:

_ Jle@]®if |z] = r < o(u),
Gup(@) = {le”“’) i€ o] > o(u), (10.1)

with v(p) :=2 (g—ﬂ) — N, and define the weighted energy

Epa(u) ::/Q|u(3:)|p+1gu7p(x) dx. (10.2)

It is elementary to check that E, o is invariant under the scaling u, () = au(a”z z) (see [4,
Proof of Thorem 1.2]), i.e.

Epa(u) = Epq, (ua) (10.3)
with Q, = a~ "5 Q.
We observe that if u is a solution of (1.1) with & nodal regions, then the restrictions u™ to

each nodal region 2™, for m = 1,...,k, belong to the space Xom. Therefore we can consider
the energy of each function 4™ in the corresponding nodal region Q™:

By qm (u™) = / @) g plw) da, form=1,....k, (10.4)
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and define the total energy of the solution u in the ball B as

k
El(u) =Y Epan(u™). (10.5)

A similar energy can be defined for any positive (fast decaying) radial solution Uy of the critical
equation in RV

~ M5\ (D*u) = uP: in RV, (10.6)
We denote it by E*(Uy), i.e.
B (Us) = [ 0P, @) do. (10.7)
RN
where
Tz =r <
g5 (z) = 4 LD il el =7 < o(Us), (10.8)
* || if |z| =7 > o(Uy),

. % . ph+1
with v* := 2 (pi—l) — N.
Note that, by the invariance of the energy with respect the usual scaling, 3% := E*(Uy) is a
constant depending only on A, A, N.

We now prove Theorem 1.3 (we refer to Theorem 1.2 for the notations).

Proof of Theorem 1.3. Let us first consider the restriction of the solution u. to the first nodal
region Q! = B,,. We denote it by ul. The function

2
al(z) :=rrTul(riz), x€ B,

is the unique positive solution of

—M; \(D*u) =uP* in B,
u=20 on 0B.

By the scaling invariance (10.3), we have
By, 01(u}) = By, 5 (@)

By [4, Theorem 1.2] we immediately deduce that, as ¢ — 0,

By or(ul) = | (U-)=Tlgy de =37
RN

This gives the first contribution to the limit of the total energy in (1.8).

On the other hand we recall that the nodal radii r1,73,...,7,_1 converge respectively to 0,
72,..., Tk—1, where 7o,.. ., Tx_1 are the nodal radii of the limit function @ given by Theorem 1.2.

Thus, by the convergence of u. — % in C2,.(B\ {0}) we have that the restriction u™ of u. to
its nodal region Q7*, m = 2,...,k, converges to the restriction of % to the corresponding nodal
region, i.e.:

ug — U, ..., ’UJ?L — Upy—1-

Then, using also that M; — M;, we have

By 02(u?) = /IUE\”E“gug dff—>/ a1 [P~ gy, da
Q2 Br,

E,. o (u™) / P g d / Pt de,
Qm A

"m—1"m
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where 7,,, = 1 if m = k. Thus the assertion (1.8) holds and the proof is complete. ]

We now study the limit energy of a family of sign-changing solution to (1.10) having k nodal
regions, as n — +oo and prove Theorem 1.5. We denote by E**(W_) the energy of the only
radial positive fast decaying solution to (1.12), namely

E (W) = / W_(2)[P¥ gtz (a) da, (10.9)
RN\B
where
W™ 1<zl =r < o(W_
o (o [0V LS el = < o0 010
|| it fzl=r> (W),
with 7** 1= 2 (i}i) — N. Since W_ is fast decaying easily we have:
Lemma 10.1. The energy E**(W_) is finite.
Proof. Since W_ is fast decaying we can find C' > 0 and 7 > 1 such that
W_(r) < — for r>T. (10.11)

SN
Up to choosing a larger 7 we can assume without loss of generality that 7 > o(WW_) and thus

vy = [ W@l @) de

-/ W

Py +1

Py +1 [Q(W,)f(ﬂ*_l ) *NTN—l dr

+o0 P
_|_/ |W_‘p1*+17,‘2<p1**1> NoN-1 g
o(W-)
= (I)+(II).
Clearly (1) is finite. For (IT), exploiting (10.11) we have
r o 2 ﬁ -N +9%0 (N —2)(p**41)42 p}:ﬁ—l 4
un = / (W_(r)[P+ *1r <p+ _1) rN=t dr+0/ r ( Y+ <*”+ ‘1> dr
o(W-) F

= (II)+(1IV).
Now, (III) is finite and so is (/V) by a straightforward computation because pi* > p* >

N_
A (]

We now prove Theorem 1.5 (for the notations we refer to Theorem 1.4 and the beginning of
this section).

Proof of Theorem 1.5. We argue by induction on k > 2. We begin with the basic step k = 2.

Assume that w, is a sign-changing solution to (1.10) having two nodal regions and let 7
be the node of u,. Then Q! = B, and Q2 = A, 1. We consider the rescaled function %,
defined in (7.2). By construction ﬁﬂB coincides with the unique positive solution of (1.10), i.e.
i\, = vp,.+ and it is uniformly bounded (see Proposition 7.2). Hence @f|, — v in C*(B),
where ¥ is the unique positive solution of (1.11). Hence, exploiting the scaling invariance of the
energy and passing to the limit as n — +o0o0 we get that

By, (uy) = Ep, 5(i;)) = /B A /B [0 gy dw = By p(0). (10.12)
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For u2 we have Q2 = A,, ; and exploiting the scaling invariance and the definition of the energy
we have

By, 02 (uh) = By, a, ., (@) = / iy, [P ] 7P der/ |t [P oY) d,
1,81 Afya/m
= (D+ ),
where #; = (%, ). From Proposition 7.3 we have ., ’Al P W_ in C2 (RN \ B), where W_
s1/7rq

is the unique radial positive fast decaying solution of (1.12). We claim that we can pass to limit
under the integral sign in (I) and (II). Indeed, for (I) it is obvious because , is uniformly
bounded and #; — #; € (0,+0c), where &, = o(W_), while for (II), taking into account (7.7)

and that p, > p* > %, we easily obtain

o Pntl _ N pntl 1 ~
iy, (r)[Prt 2 en=t ~NpN =1 < O0p = (N==D@atDF2505 -1 < 0 =120 for >

for some C' > 0, § > 0 independent on n. Hence, by Lebesgue’s dominated convergence theorem
we can pass to the limit under the integral sign in (II) and thus we conclude that

lim Epmﬂi(“?z) = / \W,(x)|p1*+1[{1]7(1’1*) dx+/ |[W_(z)
’ Al,tfl

pi*+1|m‘"/(p*ﬁ) dr
n—-+oo RN\Bg
1

B (W_) = 5%
(10.13)
Combining (10.12) and (10.13) we complete the proof of the basic step.

Now let us prove the inductive step. Let u,, be a radial solution to (1.10) with k& + 1 nodal
regions and consider the rescaled function g, defined by (9.3). Clearly, by invariance under
this scaling and by definition we easily have

EIT;,L (un) = E;Z:L (ak,n’B) + EPmALl/rk (ak,n’ALl/rk ) (10'14)

Since the restriction g, | p 18 a radial sign-changing solution of (1.10) with k nodal regions then
by the induction hypothesis we infer that

@ } ) {ngi*»B(@) + ng"‘ if k is even,
kn|g) =

lim E}
BB 5(0) + 55105 if kis odd.

n—-+o0o

(10.15)

For the second term of (10.14), if k is even then w, has an odd number of nodal components

and by Theorem 1.4 we have 7, — 0, uf+l = v, 4., is uniformly bounded and ubtl — o in
J— Tk

C? (B \ {0}). Therefore, by the usual invariance under scaling and exploiting these properties
we get that

. ~ . k _
S Epay (el )= i Epa,, (up™) = By 5 (0). (10.16)

If k is odd, then applying Theorem 1.4 to ﬂk7n|B we infer that ﬂk7n|B — v in C? (B \ {0}).

loc
— W_ in C3 (RN \ B) and
tr — tx € (1,400), tx = o(W_). Then, as in the proof of the basic step k¥ = 2 and exploiting
an analogous uniform upper bound (the proof is the same as that of Proposition 7.3 with minor
changes), we get that

Hence, arguing as in the proof of Proposition 7.3 we have ., |A1 y
1/ rg

lim F,

n—-+oo

At the end, combining (10.14)—(10.17) we obtain (1.14).

n, A1 1) (ak’”|A1’1/1,k) = Ei*~ (10.17)

O
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