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Abstract. In this paper, we prove that the Brezis-Nirenberg problem

−∆u = |u|p−1u+ εu in Ω, u = 0 on ∂Ω,

where Ω is a symmetric bounded smooth domain in RN , N ≥ 7 and p = N+2
N−2

, has a solution

with the shape of a tower of two bubbles with alternate signs, centered at the center of
symmetry of the domain, for all ε > 0 sufficiently small.

1. Introduction and statement of the main result

In this paper we are interested in the construction of solutions to the following problem{
−∆u = |u|p−1u+ εu in Ω
u = 0, on ∂Ω

(1.1)

where Ω is a bounded smooth domain of RN with N ≥ 7, ε is supposed to be small and posi-
tive while p+1 = 2N

N−2 is the critical Sobolev exponent for the embedding of H1
0 (Ω) into Lp+1(Ω).

The pioneering paper on equation (1.1) was written by Brezis and Nirenberg [9] in 1983 where
the authors showed that for N ≥ 4 and ε ∈ (0, λ1), the problem (1.1) has at least one positive
solution where λ1 denotes the first eigenvalue of −∆ on Ω.
In the case N = 3, a similar result was proved in [9] but only for ε ∈ (λ∗, λ1) with λ∗ = λ∗(Ω) > 0.
Moreover by using a version of the Pohozaev Identity the authors showed that λ∗(Ω) = 1

4λ1 if Ω

is a ball and that no positive solutions exist for ε ∈ (0, 1
4λ1).

Note that, by using again Pohozaev Identity, it is easy to check that problem (1.1) has no non-
trivial solutions when ε ≤ 0 and Ω is star-shaped.
Since then, there has been a considerable number of papers on problem (1.1).
We briefly recall some of the main ones.
Han, in [22], proved that the solution found by Brezis and Nirenberg blows-up at a critical point
of the Robin’s function as ε goes to zero. Conversely, Rey in [30] and in [31] proved that any
C1− stable critical point of the Robin’s function generates a family of positive solutions which
blows-up at this point as ε goes to zero.
After the work of Brezis and Nirenberg, Capozzi, Fortunato and Palmieri [12] showed that for
N = 4, ε > 0 and ε 6∈ σ(−∆) (the spectrum of −∆) problem (1.1) has a nontrivial solution. The
same holds if N ≥ 5 for all ε > 0 (see also [21]).

The first multiplicity result was obtained by Cerami, Fortunato and Struwe in [14], in which
they proved that the number of nontrivial solutions of (1.1), for N ≥ 3, is bounded below by the
number of eigenvalues of (−∆,Ω) belonging to (ε, ε + S|Ω|−2/N ), where S is the best constant
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for the Sobolev embedding D1,2(RN ) into Lp+1(RN ) and |Ω| is the Lebesgue measure of Ω.
Moreover, if N ≥ 4, then for any ε > 0 and for a suitable class of symmetric domain Ω, problem
(1.1) has infinitely many solutions of arbitrarily large energy (see Fortunato and Jannelli [20]).
If N ≥ 7 and Ω is a ball, then for each ε > 0, problem (1.1) has infinitely many sign-changing
radial solutions (see Solimini [33]).
In the papers [20, 33], the radial symmetry of the domain plays an essential role, therefore their
methods do not work for general domains.
Concerning sign-changing solutions, Cerami, Solimini and Struwe showed in [15] that if N ≥ 6
and ε ∈ (0, λ1), problem (1.1) has a pair of least energy sign-changing solution. In the same
paper the authors studied the multiplicity of nodal solutions proving the existence of infinitely
many radial solutions when Ω is a ball centered at the origin.
On the other side, for 3 ≤ N ≤ 6 and when Ω is a ball, it can be proved that there is a λ∗ > 0
such that (1.1) has no sign-changing radial solutions for ε ∈ (0, λ∗) (see Atkinson, Brezis and
Peletier [2]).
Moreover, Devillanova and Solimini in [18] showed that, if N ≥ 7 and Ω is an open regular subset
of RN , problem (1.1) has infinitely many solutions for each ε > 0.
For low dimensions, namely N = 4, 5, 6 and in an open regular subset of RN , in [19], Devillanova
and Solimini proved the existence of at least N + 1 pairs of solutions provided ε is small enough.
In [16], Clapp and Weth extended this last result to all ε > 0.
Neither in [18, 19] nor in [16] there is information on the kind of sign-changing solutions obtained.
Recently, in [32], Schechter and Wenming Zou showed that in any bounded and smooth domain,
for N ≥ 7 and for each fixed ε > 0, problem (1.1) has infinitely many sign changing solutions.

Concerning the profile of sign-changing solutions some results have been obtained in [5], [6]

for low energy solutions, namely solutions uε such that

∫
Ω

|∇uε|2 dx→ 2S
N
2 , as ε→ 0, S being

the Sobolev constant for the embedding of H1
0 (Ω) into Lp+1(Ω). More precisely in [5] it is proved

that for N = 3 these solutions concentrate and blow-up in two different points of Ω, as ε → 0,
and have the asymptotic profile of two separate bubbles. A similar result is proved in [6] for
N ≥ 4 but assuming that the blow-up rate of the positive and negative part of uε is the same.
Existence of nodal solutions with two nodal regions concentrating in two different points of the
domain Ω as ε → 0 has been obtained in [13], [24] and [4]. So none of these solutions look like
tower of bubbles, i.e. superposition of two bubbles with opposite sign concentrating at the same
point, as ε → 0. Such a type of solutions is shown to exist for other semilinear problems like
the almost critical Lane-Emden problem (see [7], [28], [27]) but not, to our knowledge, for the
Brezis-Nirenberg problem with the exception of the case of the ball. If Ω is a ball, and N ≥ 7, in
a recent paper [23] the asymptotic behaviour as ε → 0 of the least energy nodal radial solution
vε is analysed and among other things, it is shown that the positive and negative part of vε
concentrate at the origin. Moreover they have the asymptotic profile of a positive and negative
solution of the critical problem in RN and the concentration speeds are different.
Hence [23] provides the first example of bubble of towers for the Brezis-Nirenberg problem.
Then the natural question is whether these kind of solutions exist in bounded domains other
than the ball.
In the present paper we answer positively this question constructing a sign-changing solution of
(1.1) in any bounded domain symmetric with respect to N orthogonal axis.

We next state our result.
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Theorem 1.1. Let N ≥ 7 and let Ω be a smooth bounded domain in RN such that Ω is symmetric
with respect to x1, . . . , xN and 0 ∈ Ω. There exists ε0 > 0 such that for any ε ∈ (0, ε0) there exist
positive numbers djε, j = 1, 2 and a solution uε of problem (1.1) of the form

uε(x) = αN

( d1εε
1

N−4

d2
1εε

2
N−4 + |x|2

)N−2
2

−

(
d2εε

3N−10
(N−4)(N−6)

d2
2εε

2 3N−10
(N−4)(N−6) + |x|2

)N−2
2

+ Φε, (1.2)

where αN := [N(N − 2)]
N−2

4 , djε → d̄j > 0, as ε→ 0, Φε → 0 in H1(Ω), as ε→ 0. Moreover uε
is even with respect to the variables x1, . . . , xN .

We remark that the assumption N ≥ 7 in our proof is crucial. We believe that it is possible
to extend our result to a general domain Ω with some suitable modifications.

In the case the remainder term converges to zero also in L∞loc(Ω), then, the asymptotic ex-
pansion and some energy estimates derived in the course of the proof allow to draw interesting
consequences concerning the number and shape of the nodal domains of the solution uε.

Theorem 1.2. Let N ≥ 7 and assume that the remainder term Φε, appearing in Theorem 1.1,
is such that Φε → 0 uniformly in compact subsets of Ω. Then, there exists ε0 > 0 such that
for any ε ∈ (0, ε0), the solution uε constructed in Theorem 1.1 has precisely two nodal domains

Ω1
ε , Ω2

ε such that Ω1
ε contains the sphere S1

ε :=
{
x ∈ RN : |x| = ε

1
N−4

}
, Ω2

ε contains the sphere

S2
ε :=

{
x ∈ RN |x| = ε

3N−10
(N−4)(N−6)

}
and uε > 0 on Ω1

ε and uε < 0 on Ω2
ε .

Consequently, 0 ∈ Ω2
ε and Ω1

ε is the only nodal domain of uε which touches ∂Ω.

Remark 1.3. Under the assumptions of Theorem 1.2 it follows that the sign-changing tower of
bubble uε constructed in Theorem 1.1 has two nodal domains and its nodal set does not touch
∂Ω. By this we mean that, denoting by

Zε := {x ∈ Ω : uε(x) = 0}

the nodal set of uε then Zε ∩ ∂Ω = ∅.

The proof of Theorem 1.1 is based on the Lyapunov-Schmidt reduction.
To describe the procedure and explain the difficulties which arise when looking for bubble towers
of the Brezis-Nirenberg problem, we introduce the functions

Uδ(x) = αN
δ
N−2

2

(δ2 + |x|2)
N−2

2

, δ > 0 (1.3)

with αN := [N(N − 2)]
N−2

4 . Is is well known (see [3], [11], [34]) that (1.3) are the only radial
solutions of the equation

−∆u = up in RN . (1.4)

We define ϕδ to be the unique solution to the problem{
∆ϕδ = 0 in Ω
ϕδ = Uδ on ∂Ω,

(1.5)

and let

PUδ := Uδ − ϕδ (1.6)

be the projection of Uδ onto H1
0 (Ω), i.e.{

−∆PUδ = Upδ in Ω
PUδ = 0 on ∂Ω.

(1.7)
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Finally, let G(x, y) be the Green’s function associated to −∆ with Dirichlet boundary conditions
and H(x, y) be its regular part, namely

H(x, y) =
1

|x− y|N−2
− 1

γN
G(x, y), ∀ x, y ∈ Ω, with γN =

1

N(N − 2)ωN
,

where ωN is the volume of the unit ball in RN .
The function τ(x) := H(x, x), x ∈ Ω is called Robin’s function.

It is well-known that the following expansions holds (see [30])

ϕδ(x) = αNδ
N−2

2 H(0, x) +O(δ
N+2

2 ) as δ → 0. (1.8)

Moreover, from elliptic estimates it follows that

0 < ϕδ(x) < cδ
N−2

2 , in Ω, (1.9)

|ϕδ|q,Ω ≤ Cδ
N−2

2 , q ∈
(
p+ 1

2
, p+ 1

]
(1.10)

and

|∇ϕδ|2,Ω ≤ C1δ
N−2

2 (1.11)

see for instance [30], [35] and references therein.

We look for an approximate solution to problem (1.1) which is a superposition of two stan-
dard bubbles with two different scaling parameters, namely we take δ1 > δ2 and we look for a
solution to (1.1) of the form

uε(x) = PUδ1 − PUδ2 + Φε(x) (1.12)

where the remainder term Φε is a small function which is even with respect to the variables
x1, . . . , xN .

The Lyapunov-Schmidt reduction allows us to reduce the problem of finding blowing-up so-
lutions to (1.1) to the problem of finding critical points of a functional (the reduced energy)
which depends only on the concentration parameters.
As announced before in our case some difficulties arise which need some modification of the
standard procedure to be overcome.
Indeed, first we remark that the solutions of problem (1.1) are the critical points of the functional
Jε : H1

0 (Ω)→ R defined as

Jε(u) =
1

2

∫
Ω

|∇u|2 dx− 1

p+ 1

∫
Ω

|u|p+1 dx− ε

2

∫
Ω

u2 dx, u ∈ H1
0 (Ω). (1.13)

If we apply directly the reduction method looking for a solution of the form (1.12) we get that
the remainder term is such that

‖Φε‖ = O
(
ε
N−2
N−4 +σ

)
σ > 0

where ‖ · ‖ denotes the H1
0 (Ω)-norm, and that the reduced energy

Reduced Energy ∼ Jε(PUδ1 − PUδ2) = C + C1τ(0)δN−2
1 − C2εδ

2
1 + C3

(
δ2
δ1

)N−2
2

+H.O.T.
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where C,Ci are some known positive constants.
Since δ1, δ2 are proper power of ε of the form δj = εγjdj , dj > 0 , after some easy computations,
in order to find a critical point of the reduced energy, we get that

Reduced Energy ∼ C + ε
N−2
N−4

[
C1τ(0)dN−2

1 − C2d
2
1 + C3

(
d2

d1

)N−2
2

]
+ o(ε

N−2
N−4 )

with

γ1 :=
1

N − 4
; γ2 :=

3

N − 4
.

However the function

Ψ(d1, d2) = C1τ(0)dN−2
1 − C2d

2
1 + C3

(
d2

d1

)N−2
2

has a critical point in d1 but not in d2 and hence in this way we cannot find a solution of our
problem.

Hence we use a new idea. We split the remainder term Φε in two parts:

Φε(x) = φ1,ε(x) + φ2,ε(x)

such that

‖φ2,ε‖ = o(‖φ1,ε‖), as ε→ 0.

Usually, the remainder term Φε, solution of the auxiliary equation, is found with a fixed point
argument. Here we have to use the Contraction Mapping Theorem twice, since we split the
auxiliary equation in a system of two equations. The first one depends only on φ1 while the
second one depends on both φ1, φ2. So we solve the first equation in φ1 and then the second
one finding φ2. Then we obtain the remainder term Φε which consists of two terms of different
orders. Then we study the finite-dimensional problem, namely the reduced energy that consists
of two functions of different orders. The lower term depends only on d1 while the term of higher
order depends on d1, d2. At the end we look for a critical point of this new type of reduced
energy. We believe that our strategy can be used also in other contexts.

The outline of the paper is the following: in Section 2 we explain the setting of the problem.
In Section 3 we look for the remainder term Φε in a suitable space. In Section 4 we study the
reduced energy and finally Theorem 1.1 and Theorem 1.2 are proved in Section 5.

Acknowledgments: The authors wish to thank F. Pacella for proposing the problem and
for useful suggestions.

2. Setting of the problem

In what follows we let

(u, v) :=

∫
Ω

∇u · ∇v dx, ‖u‖ :=

(∫
Ω

|∇u|2 dx
) 1

2

as the inner product in H1
0 (Ω) and its corresponding norm while we denote by (·, ·)H1(RN ) and

by ‖ · ‖H1(RN ) the scalar product and the standard norm in H1(RN ). Moreover we denote by

|u|r :=

(∫
Ω

|u|r dx
) 1
r
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the Lr(Ω)-standard norm for any r ∈ [1,+∞). When A 6= Ω is any Lebesgue measurable subset
of RN , or, when A = Ω and we need to specify the domain of integration, we will use the alter-
native notations ‖u‖A, |u|r,A.

From now on we assume that Ω is a bounded open set with smooth boundary of RN , sym-
metric with respect to x1, . . . , xN and which contains the origin. Moreover we assume that N ≥ 7.

We define then

Hsim :=
{
u ∈ H1

0 (Ω) : u is symmetric with respect to each variable xk, k = 1, . . . , N
}
,

and for q ∈ [1,+∞)

Lqsim := {u ∈ Lq(Ω) : u is symmetric with respect to each variable xk, k = 1, . . . , N} .

Let i∗ : L
2N
N+2

sim → Hsim be the adjoint operator of the embedding i : Hsim(Ω)→ L
2N
N−2

sim , namely if

v ∈ L
2N
N+2

sim then u = i∗(v) in Hsim is the unique solution of the equation

−∆u = v in Ω u = 0 on ∂Ω.

By the continuity of i it follows that

‖i∗(v)‖ ≤ C|v| 2N
N+2

∀v ∈ L
2N
N+2

sim (2.1)

for some positive constant C which depends only on N .
Hence we can rewrite problem (1.1) in the following way{

u = i∗ [f(u) + εu]
u ∈ Hsim

(2.2)

where f(s) = |s|p−1s, p = N+2
N−2 .

We next describe the shape of the solution we are looking for.

Let δj = δj(ε), for j = 1, 2 be positive parameters defined as proper powers of ε, multiplied
by a suitable positive constant to be determined later, namely

δj = εαjdj with dj > 0 (2.3)

and α1 := 1
N−4 ; α2 := 3N−10

(N−4)(N−6) .

Fixed a small η > 0 we impose that the parameters dj will satisfy

η < dj <
1

η
for j = 1, 2. (2.4)

Hence, it is immediate to see that

δ2
δ1

= ε
2(N−2)

(N−4)(N−6)
d2

d1
→ 0 as ε→ 0.

We construct solutions to problem (1.1), as predicted by Theorem 1.1, which are superposi-
tions of copies of the standard bubble defined in (1.3) with alternating signs, properly modified
(namely we consider the projection of the original bubble into H1

0 (Ω)), centered at the origin
which is the center of symmetry of Ω with parameters of concentrations δj . Such an object has
the shape of a tower of two bubbles.
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Hence the solution to problem (1.1) will be of the form

uε(x) = Vε(x) + Φε(x) (2.5)

where
Vε(x) := PUδ1(x)− PUδ2(x). (2.6)

The term Φε has to be thought as a remainder term of lower order, which has to be described
accurately.
Let Zj the following functions

Zj(x) := ∂δjUδj (x) = αN
N − 2

2
δ
N−4

2
j

|x|2 − δ2
j(

δ2
j + |x|2

)N
2

, j = 1, 2. (2.7)

We remark that the functions Zj solve the problem (see [8])

−∆z = p|Uδ|p−1z, in RN . (2.8)

Let PZj the projection of Zj onto H1
0 (Ω). Elliptic estimates give

PZj(x) = Zj(x)− αN
N − 2

2
δ
N−4

2
j H(0, x) +O(δ

N
2
j ), j = 1, 2, (2.9)

uniformly in Ω.

Let us consider

K1 := span {PZ1} ⊂ Hsim; K := span {PZj : j = 1, 2} ⊂ Hsim

and

K⊥1 := {φ ∈ Hsim : 〈φ,PZ1〉 = 0} ; K⊥ := {φ ∈ Hsim : 〈φ,PZj〉 = 0, j = 1, 2} .
Let Π1 : Hsim → K1, Π : Hsim → K and Π⊥1 : Hsim → K⊥1 , Π⊥ : Hsim → K⊥ be the projections
onto K1, K and K⊥1 , K⊥, respectively.
In order to solve problem (1.1) we will solve the couple of equations

Π⊥ {Vε + Φε − i∗ [f(Vε + Φε) + ε(Vε + Φε)]} = 0 (2.10)

Π {Vε + Φε − i∗ [f(Vε + Φε) + ε(Vε + Φε)]} = 0. (2.11)

For any (d1, d2) satisfying condition (2.4), we solve first the equation (2.10) in Φε ∈ K⊥ which is
the lower order term in the description of the ansatz.

We start with solving the auxiliary equation (2.10). As anticipated in the introduction, we
split the remainder term as

Φε = φ1,ε + φ2,ε

with
‖φ2,ε‖ = o(‖φ1,ε‖), as ε→ 0.

In order to find φ1,ε and φ2,ε we solve the following system of equations R1 + L1(φ1) +N1(φ1) = 0,

R2 + L2(φ2) +N2(φ1, φ2) = 0,
(2.12)

where

R1 := Π⊥1 {PUδ1 − i∗ [f(PUδ1) + εPUδ1 ]} , (2.13)

R2 := Π⊥ {−PUδ2 − i∗ [f(Vε)− f(PUδ1)− εPUδ2 ]} , (2.14)
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L1(φ1) := Π⊥1 {φ1 − i∗ [f ′(PU1)φ1 + εφ1]} , (2.15)

L2(φ2) := Π⊥ {φ2 − i∗ [f ′(Vε)φ2 + εφ2]} , (2.16)

N1(φ1) := Π⊥1 {−i∗[f(PUδ1 + φ1)− f(PUδ1)− f ′(PUδ1)φ1]}, (2.17)

and

N2(φ1, φ2) := Π⊥{−i∗[f(Vε + φ1 + φ2)− f(Vε)− f ′(Vε)φ2 − f(PUδ1 + φ1) + f(PUδ1)]}. (2.18)

We remark that it is not restrictive to consider R1,L(φ1),N1(φ1) ∈ K⊥1 since only δ1 appears
and it is clear that a solution of (2.12) gives a solution of (2.10).

Therefore we solve the first equation in (2.12) finding a solution φ̄1 = φ̄1(ε, d1) and after that
we solve the second equation in (2.12) (with φ1 = φ̄1) finding also φ̄2 = φ̄2(ε, d1, d2).

Finally let us recall some useful inequality that we will use in the sequel. Since these are known
results, we omit the proof.

Lemma 2.1. Let α be a positive real number. If α ≤ 1 there holds

(x+ y)α ≤ xα + yα,

for all x, y > 0. If α ≥ 1 we have

(x+ y)α ≤ 2α−1(xα + yα),

for all x, y > 0.

Lemma 2.2. Let q be a positive real number. There exists a positive constant c, depending only
on q, such that for any a, b ∈ R

||a+ b|q − |a|q| ≤

{
c(q) min{|b|q, |a|q−1|b|} if 0 < q < 1,

c(q)(|a|q−1|b|+ |b|q) if q ≥ 1.
(2.19)

Moreover if q > 2 then∣∣|a+ b|q − |a|q − q|a|q−2ab
∣∣ ≤ C (|a|q−2|b|2 + |b|q

)
. (2.20)

Lemma 2.3. Let N ≥ 7. There exists a positive constant c, depending only on p, such that for
any a, b ∈ R

|f(a+ b)− f(a)− f ′(a)b| ≤ c|b|p. (2.21)

Lemma 2.4. There exists a positive constant c, depending only on p, such that for any a, b ∈ R

|f(a− b)− f(a) + f(b)| ≤ c(p)(|a|p−1|b|+ |b|p), (2.22)

or

|f(a− b)− f(a) + f(b)| ≤ c(p)(|b|p−1|a|+ |a|p). (2.23)

Lemma 2.5. Let N ≥ 7. There exists a positive constant c depending only on p such that for
any a, b1, b2 ∈ R we get

|f(a+ b1)− f(a+ b2)− f ′(a)(b1 − b2)| ≤ C
(
|b1|p−1 + |b2|p−1

)
|b1 − b2|. (2.24)
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3. The auxiliary equation: solution of the system (2.12)

We first define

θ1 :=
N − 2

N − 4
; θ2 :=

(N − 2)2

(N − 4)(N − 6)
. (3.1)

We observe that θ2 is well defined since N ≥ 7. We also remark that having defined δj as in
(2.3), j = 1, 2, the functions Uδj depend on the parameters dj , j = 1, 2.

In this section we solve system (2.12). More precisely, the aim is to prove the following result.

Proposition 3.1. Let N ≥ 7. For any η > 0, there exist ε0 > 0 and c > 0 such that for all
ε ∈ (0, ε0), for all (d1, d2) ∈ R2

+ satisfying (2.4), there exists a unique φ̄1 = φ̄1(ε, d1) ∈ K⊥1
solution of the first equation of (2.12) such that

‖φ̄1‖ ≤ cε
θ1
2 +σ

and there exists a unique solution φ̄2 = φ̄2(ε, d1, d2) ∈ K⊥ of the second equation of (2.12) (with
φ1 = φ̄1) such that

‖φ̄2‖ ≤ c ε
θ2
2 +σ,

for some positive real number σ whose choice depends only on N . Furthermore, φ̄1 does not de-
pend on d2 and it is continuously differentiable with respect to d1, φ̄2 is continuously differentiable
with respect to (d1, d2).

In order to prove Proposition 3.1 let us first consider the linear operator

L1 : K⊥1 → K⊥1
defined as in (2.15).
The next result provides an a-priori estimate for solutions φ ∈ K⊥1 of L1(φ) = h, for some
right-hand side h with bounded ‖ · ‖− norm.

Lemma 3.2. Let N ≥ 7. For any η > 0, there exists ε0 > 0 and c > 0 such that for all d1 ∈ R+

satisfying (2.4) for j = 1, for all φ ∈ K⊥1 and for all ε ∈ (0, ε0) it holds

‖L1(φ)‖ ≥ c‖φ‖.

Proof. For the proof it suffices to repeat with small changes the proof of Lemma 3.1 of [27]. �

Next result states the invertibility of the operator L1 and provides a uniform estimate on the
inverse of the operator L1.

Proposition 3.3. Let N ≥ 7. For any η > 0, there exists ε0 > 0 and c > 0 such that the linear
operator L1 is invertible and ‖L−1

1 ‖ ≤ c for all ε ∈ (0, ε0), for all d1 ∈ R+ satisfying (2.4) for
j = 1.

Proof. For the proof it suffices to repeat with small changes the proof of Proposition 3.2 of
[27]. �

For the linear operator L2 we state analogous results.

Lemma 3.4. Let N ≥ 7. For any η > 0, there exists ε0 > 0 and c > 0 such that for all
(d1, d2) ∈ R2

+ satisfying (2.4), for all φ ∈ K⊥ and for all ε ∈ (0, ε0) it holds

‖L2(φ)‖ ≥ c‖φ‖.

Proof. For the proof see Lemma 3.1 of [27]. �

Proposition 3.5. Let N ≥ 7. For any η > 0, there exists ε0 > 0 and c > 0 such that the linear
operator L2 is invertible and ‖L−1

2 ‖ ≤ c for all ε ∈ (0, ε0), for all (d1, d2) ∈ R2
+ satisfying (2.4).
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Proof. For the proof see Proposition 3.2 of [27]. �

The strategy is to solve the first equation of (2.12) by a fixed point argument, finding a unique
φ̄1 and then, substituting φ̄1 in the second equation of (2.12), we obtain an equation depending
only on the variable φ2. Hence, using again a fixed point argument, we solve the second equation
of (2.12) uniquely.

3.1. The solution of the first equation of (2.12). The aim is to prove the following propo-
sition.

Proposition 3.6. Let N ≥ 7. For any η > 0, there exists ε0 > 0 and c > 0 such that for all
ε ∈ (0, ε0), for all d1 ∈ R+ satisfying condition (2.4) for j = 1, there exists a unique solution
φ̄1 = φ̄1(ε, d1), φ̄1 ∈ K⊥1 of the first equation in (2.12) which is continuously differentiable with
respect to d1 and such that

‖φ̄1‖ ≤ cε
θ1
2 +σ, (3.2)

where θ1 is defined in (3.1) and σ is some positive real number whose choice depends only on N .

In order to prove Proposition 3.6 we have to estimate the error term R1 defined in (2.13). It
holds the following result.

Proposition 3.7. Let N ≥ 7. For any η > 0, there exists ε0 > 0 and c > 0 such that for all
ε ∈ (0, ε0), for all d1 ∈ R+ satisfying condition (2.4) for j = 1, we have

‖R1‖ ≤ c ε
θ1
2 +σ,

for some positive real number σ whose choice depends only on N .

Proof. By continuity of Π⊥1 , by using (2.1) and since PUδ1 weakly solves −∆PUδ1 = Upδ1 in Ω, it
follows that

‖R1‖ = ‖Π⊥1 {PUδ1 − i∗ [f(PUδ1) + εPUδ1 ]} ‖ ≤ C1‖PUδ1 − i∗ [f(PUδ1) + εPUδ1 ] ‖
≤ C2 |f(Uδ1)− f(PUδ1)− εPUδ1 | 2N

N+2
≤ C |f(Uδ1)− f(PUδ1)| 2N

N+2︸ ︷︷ ︸
(I)

+ ε |PUδ1 | 2N
N+2︸ ︷︷ ︸

(II)

.

Let us fix η > 0. We estimate the terms (I), (II).

Claim 1:

(I) = O(ε
N+2

2(N−4) ). (3.3)

By using (1.9), (1.10) and by elementary inequalities we get∫
Ω

|(PUδ1)p − Upδ1 |
2N
N+2 dx ≤ c1

∫
Ω

|Up−1
δ1

ϕδ1 |
2N
N+2 dx+ c2

∫
Ω

|ϕδ1 |p+1 dx

≤ c3δ
N−2

2
2N
N+2

1

∫
Ω

(
δ2
1

(δ2
1 + |x|2)2

) 2N
N+2

dx+ c2|ϕδ1 |
p+1
p+1,Ω

= c3δ
N(N−2)
N+2

1

∫
Ω

(
δ2
1

(δ2
1 + |x|2)2

) 2N
N+2

dx+ c4δ
N
1 .

Now for N ≥ 7 we have ∫
Ω

(
δ2
1

(δ2
1 + |x|2)2

) 2N
N+2

dx = O

(
δ

4N
N+2

1

)
.
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Indeed: ∫
Ω

(
δ2
1

(δ2
1 + |x|2)2

) 2N
N+2

dx = δ
4N
N+2

1

∫
Ω

1

(δ2
1 + |x|2)

4N
N+2

dx ≤ δ
4N
N+2

1

∫
Ω

1

|x|
8N
N+2

dx,

and the last integral is finite since N > 6, which implies 8N
N+2 < N . Finally, since 4N2(N−2)

(N+2)2 > N ,

for any N > 4, we deduce that∫
Ω

|(PUδ1)p − Upδ1 |
2N
N+2 dx = O

(
δN1
)
,

and hence

|(PUδ1)p − Upδ1 | 2N
N+2

= O
(
δ
N+2

2
1

)
. (3.4)

Since δ1 = d1ε
1

N−4 and d1 satisfies (2.4), we get that |(PUδ1)p − Upδ1 | 2N
N+2

= O
(
ε

N+2
2(N−4)

)
and

Claim 1 is proved.

Claim 2:

(II) = O(ε
N−2
N−4 ). (3.5)

∫
Ω

PU
2N
N+2

δ1
dx ≤

∫
Ω

U
2N
N+2

δ1
dx = α

2N
N+2

N

∫
Ω

δ
−N(N−2)

N+2

1

(1 + | xδ1 |
2)

N(N−2)
N+2

dx

= α
2N
N+2

N δ
4N
N+2

1

∫
RN

1

(1 + |y|2)
N(N−2)
N+2

dy + o(δ
4N
N+2

1 ). (3.6)

Thus, since δ1 = d1ε
1

N−4 and d1 satisfies (2.4), we get that∫
Ω

PU
2N
N+2

δ1
dx = O

(
ε

4N
(N+2)(N−4)

)
,

and hence

ε

(∫
Ω

PU
2N
N+2

δ1
dx

)N+2
2N

= εO
(
ε

2
N−4

)
= O

(
ε
N−2
N−4

)
.

The proof of Claim 2 is complete.

Hence, by (3.3) and (3.5), we deduce that there exist a constant c = c(η) > 0 and ε0 = ε0(η) > 0
sufficiently small such that, for all ε ∈ (0, ε0) and d1 ∈ R+ satisfying (2.4) (with j = 1)

‖R1‖ ≤ c (ε
N+2

2(N−4) + ε
N−2
N−4 ) ≤ cε

θ1
2 +σ,

with σ such that 0 < σ < 2
N−4 . �

We are ready to prove Proposition 3.6.

Proof of Proposition 3.6. Let us fix η > 0 and define T1 : K⊥1 → K⊥1 as

T1(φ1) := −L−1
1 [N1(φ1) +R1].

Clearly solving the first equation of (2.12) is equivalent to solving the fixed point equation
T1(φ1) = φ1.
Let us define the ball

B1,ε := {φ1 ∈ K⊥1 ; ‖φ1‖ ≤ r ε
θ1
2 +σ} ⊂ K⊥1
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with r > 0 sufficiently large and σ > 0.
We want to prove that, for ε small, T1 is a contraction in the proper ball B1,ε, namely we want
to prove that, for ε sufficiently small

(1) T1(B1,ε) ⊂ B1,ε;
(2) ‖T1‖ < 1.

By Lemma 3.2 we get:

‖T1(φ1)‖ ≤ c(‖N1(φ1)‖+ ‖R1‖) (3.7)

and

‖T1(φ1)− T1(ψ1)‖ ≤ c(‖N1(φ1)−N1(ψ1)‖), (3.8)

for all φ1, ψ1 ∈ K⊥1 . Thanks to (2.1) and the definition of N1 we deduce that

‖N1(φ1)‖ ≤ c|f(PUδ1 + φ1)− f(PUδ1)− f ′(PUδ1)φ1| 2N
N+2

, (3.9)

and

‖N1(φ1)−N1(ψ1)‖ ≤ c|f(PUδ1 + φ1)− f(PUδ1 + ψ1)− f ′(PUδ1)(φ1 − ψ1)| 2N
N+2

. (3.10)

Now we estimate the right-hand term in (3.7). Thanks to Lemma 2.3 we have the following
inequality:

|f(PUδ1 + φ1)− f(PUδ1)− f ′(PUδ1)φ1| ≤ c|φ1|p. (3.11)

Since p 2N
N+2 = 2N

N−2 and |φp1| 2N
N+2

= |φ1|p2N
N−2

, from (3.11) and the Sobolev inequality we deduce

the following:

|f(PUδ1 + φ1)− f(PUδ1)− f ′(PUδ1)φ1| 2N
N+2
≤ c1|φ1|p2N

N−2

≤ c2‖φ1‖p. (3.12)

Thanks to (3.7), Proposition 3.7, (3.9), (3.12) and since p > 1, then, there exist c = c(η) > 0
and ε0 = ε0(η) > 0 such that

‖φ1‖ ≤ cε
θ1
2 +σ ⇒ ‖T1(φ1)‖ ≤ cε

θ1
2 +σ,

for all ε ∈ (0, ε0), for all d1 ∈ R+ satisfying (2.4) (with j = 1), for some positive real number
σ, whose choice depends only on N . In other words T1 maps the ball B1,ε into itself and (1) is
proved.

We want to show that T1 is a contraction. By using Lemma 2.5 we get that for any φ1, ψ1 ∈ B1,ε

|f(PUδ1 + φ1)− f(PUδ1 + ψ1)− f ′(PUδ1)(φ1 − ψ1)| ≤ C
(
|φ1|p−1 + |ψ1|p−1

)
|φ1 − ψ1|.

By direct computation (p−1) 2N
N+2 = 8N

(N−2)(N+2) , so, since |φ1|(p−1) 2N
N+2 , |ψ1|(p−1) 2N

N+2 ∈ LN+2
4 ,

|φ1 − ψ1|
2N
N+2 ∈ Lp and 1 = 4

N+2 + N−2
N+2 by Hölder inequality we get that

∣∣(|φ1|p−1 + |ψ1|p−1
)

(φ1 − ψ1)
∣∣

2N
N+2

≤

[(
|φ1|

4
N−2
2N
N−2

+ |ψ1|
4

N−2
2N
N−2

) 2N
N+2

(
|φ1 − ψ1|

2N
N−2
2N
N−2

)N−2
N+2

]N+2
2N

=

(
|φ1|

4
N−2
2N
N−2

+ |ψ1|
4

N−2
2N
N−2

)
|φ1 − ψ1| 2N

N−2
. (3.13)

Hence by (3.8), (3.10), (3.13) and Sobolev inequality we get that there exists L ∈ (0, 1) such
that

‖φ1‖ ≤ cε
θ1
2 +σ, ‖ψ1‖ ≤ cε

θ1
2 +σ ⇒ ‖T1(φ1)− T1(ψ1)‖ ≤ L‖φ1 − ψ1‖.

Hence by the Contraction Mapping Theorem we can uniquely solve T1(φ1) = φ1 in B1,ε. We
denote by φ̄1 ∈ B1,ε this solution. A standard argument shows that d1 → φ̄1(d1) is a C1-map
(see also [27]). The proof is then concluded. �
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3.2. The proof of Proposition 3.1. Before proving Proposition 3.1 we need some preliminary
results, in particular we need to improve the estimate on the solution φ̄1 of the first equation of
(2.12) found in Proposition 3.6.

The first preliminary result is an estimate on the error term R2 defined in (2.14).

Proposition 3.8. For any η > 0, there exists ε0 > 0 and c > 0 such that for all ε ∈ (0, ε0), for
all (d1, d2) ∈ R2

+ satisfying (2.4), we have

‖R2‖ ≤ c ε
θ2
2 +σ,

for some positive real number σ, whose choice depends only on N .

Proof. By continuity of Π⊥ and by using (2.1) we deduce that

‖R2‖ ≤ c|f(Uδ2) + f(PUδ1 − PUδ2)− f(PUδ1)− εPUδ2 | 2N
N+2

≤ c|f(PUδ1 − PUδ2)− f(PUδ1) + f(PUδ2)| 2N
N+2︸ ︷︷ ︸

(I)

+ c|f(PUδ2)− f(Uδ2)| 2N
N+2︸ ︷︷ ︸

(II)

+ cε|PUδ2 | 2N
N+2︸ ︷︷ ︸

(III)

. (3.14)

Let us fix η > 0. We begin estimating (I). Let ρ > 0 so that B(0, ρ) ⊂ Ω. We decompose
the domain Ω as Ω = A0 t A1 t A2, where A0 := Ω \ B(0, ρ), A1 := B(0, ρ) \ B(0,

√
δ1δ2) and

A2 := B(0,
√
δ1δ2). We evaluate (I) in every set of this decomposition.

Thanks to Lemma 2.4 there exists a positive constant c (depending only on p) such that

|f(PUδ1 − PUδ2)− f(PUδ1) + f(PUδ2)| ≤ c(PUp−1
δ1
PUδ2 + PUpδ2). (3.15)

Integrating on A0 and using the usual elementary inequalities (see Lemma 2.1) we get that∫
A0

|f(PUδ1 − PUδ2)− f(PUδ1) + f(PUδ2)|
2N
N+2 dx

≤ C1

∫
A0

(PU (p−1)( 2N
N+2 )

δ1
PU

2N
N+2

δ2
+ PUp+1

δ2
) dx

≤ C2

∫
A0

δ
4N
N+2

1

(δ2
1 + |x|2)

4N
N+2

δ
N(N−2)
N+2

2

(δ2
2 + |x|2)

N(N−2)
N+2

dx+ C3

∫
A0

δN2
(δ2

2 + |x|2)N
dx

≤ C4
δ

4N
N+2

1

ρ
8N
N+2

δ
N(N−2)
N+2

2

ρ2
N(N−2)
N+2

+ C5
δN2
ρ2N

(3.16)

and hence we deduce that (recall the choice of δ1, δ2 (see (2.3)))

|f(PUδ1 − PUδ2)− f(PUδ1) + f(PUδ2)| 2N
N+2 ,A0

≤ cε
3N2−12N−4
2(N−4)(N−6) ≤ cε

θ2
2 +σ (3.17)

where c depends on η (and also on Ω, ρ, N), σ is some positive real number (to be precise we

can choose 0 < σ ≤ N2−4N−4
(N−4)(N−6) ).

We evaluate now (I) in A1. By (3.15) and the usual elementary inequalities we deduce the
following:∫
A1

|f(PUδ1 − PUδ2)− f(PUδ1) + f(PUδ2)|
2N
N+2 dx ≤ c

∫
A1

(PU (p−1)( 2N
N+2 )

δ1
PU

2N
N+2

δ2
+ PUp+1

δ2
) dx.

(3.18)
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Let us estimate every term:

∫
A1

PU (p−1)( 2N
N+2 )

δ1
PU

2N
N+2

δ2
dx ≤

∫
A1

U (p−1)( 2N
N+2 )

δ1
U

2N
N+2

δ2
dx = αp+1

N

∫
A1

δ
4N
N+2

1

(δ2
1 + |x|2)

4N
N+2

δ
N(N−2)
N+2

2

(δ2
2 + |x|2)

N(N−2)
N+2

dx

= c1

∫ ρ

√
δ1δ2

δ
4N
N+2

1

(δ2
1 + r2)

4N
N+2

δ
N(N−2)
N+2

2

(δ2
2 + r2)

N(N−2)
N+2

rN−1dr = c1

∫ ρ
δ2√
δ1
δ2

δ
4N
N+2

1

(δ2
1 + δ2

2s
2)

4N
N+2

δ
−N(N−2)

N+2

2

(1 + s2)
N(N−2)
N+2

δN2 s
N−1ds

= c1

∫ ρ
δ2√
δ1
δ2

δ
− 4N
N+2

1[
1 +

(
δ2
δ1

)2

s2

] 4N
N+2

δ
4N
N+2

2

(1 + s2)
N(N−2)
N+2

sN−1ds ≤ c1
(
δ2
δ1

) 4N
N+2

∫ ρ
δ2√
δ1
δ2

1

(1 + s2)
N(N−2)
N+2

sN−1ds

≤ c1

(
δ2
δ1

) 4N
N+2

∫ ρ
δ2√
δ1
δ2

1

s
N2−5N+2

N+2

ds = c2

(
δ2
δ1

) 4N
N+2

(δ2
δ1

)N2−6N
2(N+2)

−
(
δ2
ρ

)N2−6N
(N+2)


≤ c3

(
δ2
δ1

)N
2

.

(3.19)

Moreover

∫
A1

PUp+1
δ2

dx ≤
∫
A1

Up+1
δ2

dx ≤ C1

∫ ρ
δ2√
δ1
δ2

rN−1

(1 + r2)
N
dr ≤ C2

(
δ2
δ1

)N
2

. (3.20)

Thanks to the choice of δ1, δ2 we have

(
δ2
δ1

)N
2

= O(ε
N(N−2)

(N−4)(N−6) ). (3.21)

Hence, from (3.18), (3.19), (3.20) and (3.21) we deduce that

|f(PUδ1 − PUδ2)− f(PUδ1) + f(PUδ2)| 2N
N+2 ,A1

≤ cε
(N−2)(N+2)
2(N−4)(N−6) ≤ cε

θ2
2 +σ, (3.22)

where c depends on η, σ is some positive real number (to be precise we can choose 0 < σ ≤
2(N−2)

(N−4)(N−6) ).

Now we evaluate (I) in A2. To do this we apply (2.23) of Lemma 2.4, so there exists a constant
c > 0 such that

|f(PUδ1 − PUδ2)− f(PUδ1) + f(PUδ2)| ≤ c(PUp−1
δ2
PUδ1 + PUpδ1). (3.23)

Thanks to (3.23) and the usual elementary inequalities we deduce the following:

∫
A2

|f(PUδ1 − PUδ2)− f(PUδ1) + f(PUδ2)|
2N
N+2 dx ≤ c

∫
A2

(PU (p−1)( 2N
N+2 )

δ2
PU

2N
N+2

δ1
+ PUp+1

δ1
) dx.

(3.24)
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We estimate the first term∫
A2

PU (p−1)( 2N
N+2 )

δ2
PU

2N
N+2

δ1
dx ≤

∫
A2

U (p−1)( 2N
N+2 )

δ2
U

2N
N+2

δ1
dx = αp+1

N

∫
A2

δ
4N
N+2

2

(δ2
2 + |x|2)

4N
N+2

δ
N(N−2)
N+2

1

(δ2
1 + |x|2)

N(N−2)
N+2

dx

= c1

∫ √
δ2
δ1

0

δ
4N
N+2

2

(δ2
2 + δ2

1s
2)

4N
N+2

δ
−N(N−2)

N+2

1

(1 + s2)
N(N−2)
N+2

δN1 s
N−1ds = c1

∫ √
δ2
δ1

0

δ
4N
N+2

2[(
δ2
δ1

)2

+ s2

] 4N
N+2

δ
− 4N
N+2

1

(1 + s2)
N(N−2)
N+2

sN−1ds

≤ c1

(
δ2
δ1

) 4N
N+2

∫ √
δ2
δ1

0

1

s
8N
N+2 (1 + s2)

N(N−2)
N+2

sN−1ds ≤ c1
(
δ2
δ1

) 4N
N+2

∫ √
δ2
δ1

0

s
N2−7N−2

N+2

(1 + s2)
N(N−2)
N+2

ds

≤ c1

(
δ2
δ1

) 4N
N+2

∫ √
δ2
δ1

0

s
N2−7N−2

N+2 ds = c2

(
δ2
δ1

) 4N
N+2

(
δ2
δ1

)N2−6N
2(N+2)

= c2

(
δ2
δ1

)N
2

.

(3.25)
By making similar computations as before we get that∫

A2

PUp+1
δ1

dx ≤ c3
(
δ2
δ1

)N
2

. (3.26)

So from (3.24) and (3.25) we deduce that

|f(PUδ1 − PUδ2)− f(PUδ1) + f(PUδ2)| 2N
N+2 ,A2

≤ cε
(N+2)(N−2)
2(N−4)(N−6) ≤ cε

θ2
2 +σ, (3.27)

where c depends on η, σ is some positive real number (to be precise we can choose 0 < σ ≤
2(N−2)

(N−4)(N−6) ). Hence from (3.17), (3.22) and (3.27) we deduce that

(I) ≤ cε
θ2
2 +σ, (3.28)

for some positive constant c, for some positive real number σ depending only on N .
Now by making similar computations as for (I) of Proposition 3.7 (see (3.4)) we get that

(II) = O
(
δ
N+2

2
2

)
,

and hence we deduce that

(II) ≤ cε
(3N−10)(N+2)
2(N−4)(N−6) ≤ cε

θ2
2 +σ,

where c, 0 < σ ≤ N2−12
(N−4)(N−6) .

It remains to estimate (III).

From (3.6), exchanging δ1 with δ2 we get:∫
Ω

PU
2N
N+2

δ2
dx ≤ α

2N
N+2

N δ
4N
N+2

2

∫
RN

1

(1 + |y|2)
N(N−2)
N+2

dy.

Hence we deduce that (III) ≤ c εδ2
2 , and thanks to the choice δ2, by an elementary computation,

we get that:

(III) ≤ c ε
(N−2)2

(N−4)(N−6) ≤ cε
θ2
2 +σ,
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where c, 0 < σ ≤ (N−2)2

2(N−4)(N−6) . Finally, putting together all these estimates we deduce that there

exist a positive constant c = c(η) > 0 and ε0 = ε0(η) > 0 such that for all ε ∈ (0, ε0), for all
(d1, d2) ∈ R2

+ satisfying (2.4)

‖R2‖ ≤ cε
θ2
2 +σ,

for some positive real number σ (whose choice depends only on N). The proof is complete. �

Now we prove a technical result on the behavior of the L∞-norm of φ̄1, which will be useful
in the sequel.

Lemma 3.9. Let η be a small positive real number and let φ̄1 ∈ K⊥1 be the solution of the first
equation in (2.12), found in Proposition 3.6. Then, as ε→ 0+, we have

|φ̄1|∞ = o(ε−
N−2

2(N−4) ),

uniformly with respect to d1 satisfying (2.4) for j = 1.

Proof. Let us fix a small η > 0 and remember that δ1 = ε
1

N−4 d1 (see (2.3)), with d1 satisfying
(2.4) for j = 1. We observe that by definition, since φ̄1 ∈ K⊥1 solves the first equation of (2.12),
then, for all ε > 0 sufficiently small, there exists a constant cε (which depends also on d1) such
that φ̄1 weakly solves

−∆φ̄1 = εφ̄1 + εPUδ1 + f(PUδ1 + φ̄1)− f(Uδ1)− cε∆PZ1. (3.29)

Testing (3.29) with PZ1, taking into account that φ̄1 ∈ K⊥1 and the definition of PZ1, we have
that

cε

∫
Ω

pUp−1
δ1
PZ1Z1 dx = −ε

∫
Ω

φ̄1PZ1 dx− ε
∫

Ω

PUδ1PZ1 dx−
∫

Ω

[f(PUδ1)− f(Uδ1)]PZ1 dx

−
∫

Ω

[
f(PUδ1 + φ̄1)− f(PUδ1)

]
PZ1 dx.

(3.30)
By definition, if we set ψ := Z1 − PZ1, then ψ is an harmonic function and ψ = Z1 on ∂Ω,

therefore, by elementary elliptic estimates, for all sufficiently small ε > 0, for any d1 ∈]η, 1
η [ we

have that |ψ|∞,Ω ≤ Cδ
N−4

2
1 , for some positive constant C = C(N,Ω) depending only on N and

Ω, and hence ∫
Ω

pUp−1
δ1
PZ1Z1 dx =

∫
Ω

pUp−1
δ1

Z2
1 dx−

∫
Ω

pUp−1
δ1

ψZ1 dx.

Now ∫
Ω

pUp−1
δ1

Z2
1 dx = cNδ

N−4
1 δ2

1

∫
Ω

1

(δ2
1 + |x|2)2

(|x|2 − δ2
1)2

(δ2
1 + |x|2)N

dx

= cNδ
−2
1

∫
RN

(|y|2 − 1)2

(1 + |y|2)N+2
dy +O(δN−2

1 )

= ANδ
−2
1 + o(1), as ε→ 0.

By using the property |ψ|∞,Ω ≤ Cδ
N−4

2
1 , by the same computations, we see that∫

Ω

pUp−1
δ1

ψZ1 dx = O(δN−4
1 ), as ε→ 0.

Therefore, we get that ∫
Ω

pUp−1
δ1
PZ1Z1 dx = ANδ

−2
1 + o(1), as ε→ 0. (3.31)
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Moreover, reasoning as before, we have∫
Ω

Z2
1 dx = cNδ

N−4
1

∫
Ω

(|x|2 − δ2
1)2

(δ2
1 + |x|2)N

dx

= cN

∫
RN

(|y|2 − 1)2

(1 + |y|2)N
dy +O(δN−2

1 )

= BN + o(1), as ε→ 0,

and, by an analogous computation

|Z1| 2N
N−2
≤ cN

[∫
Ω

δ
N(N−4)
N−2

1

||x|2 − δ2
1 |

2N
N−2

(δ2
1 + |x|2)

N2

N−2

dx

]N−2
2N

≤ CNδ−1
1 ,

and hence, since PZ1 = Z1−ψ, by elementary estimates, we get that for all sufficiently small
ε > 0

|PZ1|22 ≤ 2BN , |PZ1| 2N
N−2
≤ 2CNδ

−1
1 . (3.32)

Thanks to (3.32), applying Hölder inequality, Poincarè inequality, taking into account of (3.4),
the asymptotic expansion of |PUδ1 |2 (see Lemma 4.6 and its proof), the choice of δ1 (see (2.3))
and since φ̄1 ∈ B1,ε, we have the following inequalities

ε

∫
Ω

|φ̄1||PZ1| dx ≤ ε|φ̄1|2|PZ1|2 ≤ c1ε‖φ̄1‖|PZ1|2 ≤ c2ε
θ1
2 +1+σ

ε

∫
Ω

PUδ1 |PZ1| dx ≤ ε|PUδ1 |2|PZ1|2 ≤ cεδ1,∫
Ω

|f(PUδ1)− f(Uδ1)||PZ1| dx ≤ |f(PUδ1)− f(Uδ1)| 2N
N+2
|PZ1| 2N

N−2
≤ cδ

N+2
2

1 δ−1
1 = cδ

N
2

1 .

Moreover, taking into account of Lemma 2.3 and Sobolev inequality, we get that∫
Ω

|f(PUδ1 + φ̄1)− f(PUδ1)||PZ1| dx

≤ |f(PUδ1 + φ̄1)− f(PUδ1)| 2N
N+2
|PZ1| 2N

N−2

≤ |f(PUδ1 + φ̄1)− f(PUδ1)− f ′(PUδ1)φ̄1| 2N
N+2
|PZ1| 2N

N−2
+ |f ′(PUδ1)φ̄1| 2N

N+2
|PZ1| 2N

N−2

≤ c
∣∣|φ̄1|p

∣∣
2N
N+2

|PZ1| 2N
N−2

+ |f ′(PUδ1)φ̄1| 2N
N+2
|PZ1| 2N

N−2

≤ c1

(
|φ̄1|

N+2
N−2
2N
N−2

|PZ1| 2N
N−2

+ |PUδ1 |
4

N−2
2N
N−2

|φ̄1| 2N
N−2
|PZ1| 2N

N−2

)
≤ c2

(
‖φ̄1‖

N+2
N−2 |PZ1| 2N

N−2
+ |PUδ1 |

4
N−2
2N
N−2

‖φ̄1‖|PZ1| 2N
N−2

)
≤ c3ε

θ1
2 +σδ−1

1 = c4ε
N−2

2(N−4)
+σ− 1

N−4 ≤ c4ε
1
2 .

Thus, from (3.30), (3.31) and the previous estimates, we get that for all sufficiently small ε > 0

|cε| ≤
1

Aδ−2
1 + o(1)

[∣∣∣∣ε ∫
Ω

φ̄1PZ1 dx

∣∣∣∣+

∣∣∣∣ε ∫
Ω

PUδ1PZ1 dx

∣∣∣∣
+

∣∣∣∣∫
Ω

[f(PUδ1)− f(Uδ1)]PZ1 dx

∣∣∣∣+

∣∣∣∣∫
Ω

[
f(PUδ1 + φ̄1)− f(PUδ1)

]
dx

∣∣∣∣]
≤ cε

2
N−4 + 1

2 ,

(3.33)

uniformly with respect to d1 satisfying η < d1 <
1
η .
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We observe that φ̄1 is a classical solution of (3.29). This comes from the fact that φ̄1 ∈ H1
0 (Ω)

weakly solves (3.29), taking into account the smoothness of PUδ1 , Uδ1 , PZ1, from standard el-
liptic regularity theory and the application of a well-known lemma by Brezis and Kato.

We consider the quantity supd1∈]η, 1η [

(
|φ̄1|∞
|Uδ1 |∞

)
, which is defined for all ε ∈ (0, ε0), where ε0 > 0

is given by Proposition 3.6. We want to prove that

lim
ε→0+

sup
d1∈]η, 1η [

(
|φ̄1|∞
|Uδ1 |∞

)
= 0. (3.34)

It is clear that (3.34) implies the thesis. In fact, we recall that, thanks to the definition (1.3)
and the choice of δ1 (see (2.3)), for any d1 ∈]η, 1

η [ we have

αNη
N−2

2 ε−
N−2

2(N−4) < |Uδ1 |∞ < αNη
−N−2

2 ε−
N−2

2(N−4) .

Hence, by this estimate and (3.34), we get that

0 ≤ sup
d1∈]η, 1η [

|φ̄1|∞
ε−

N−2
2(N−4)

= sup
d1∈]η, 1η [

(
|φ̄1|∞
|Uδ1 |∞

· |Uδ1 |∞
ε−

N−2
2(N−4)

)
≤ sup
d1∈]η, 1η [

(
|φ̄1|∞
|Uδ1 |∞

)
αNη

−N−2
2 → 0,

as ε→ 0+, and we are done.

In order to prove (3.34) we argue by contradiction. Assume that (3.34) is false. Then, there
exists a positive number τ ∈ R+, a sequence (εk)k ⊂ R+, εk → 0 as k → +∞, such that

sup
d1∈]η, 1η [

(
|φ̄1,k|∞
|Uδ1,k |∞

)
> τ, (3.35)

for any k ∈ N, where, φ̄1,k := φ̄1(εk, d1) ∈ B1,εk and δ1,k := ε
1

N−4

k d1. We observe that (3.35)

contemplates the possibility that supd1∈]η, 1η [

(
|φ̄1,k|∞
|Uδ1,k |∞

)
= +∞. From (3.35), for any k ∈ N,

thanks to the definition of sup, we get that there exists d1,k ∈]η, 1
η [ such that(

|φ̄1,k|∞
|Uδ1,k |∞

)
(d1,k) >

τ

2
.

Hence, if we consider the sequence
(
|φ̄1,k|∞
|Uδ1,k |∞

(d1,k)
)
k
, then, up to a subsequence, as k → +∞,

there are only two possibilities:

(a):
|φ̄1,k|∞
|Uδ1,k |∞

(d1,k)→ +∞;

(b):
|φ̄1,k|∞
|Uδ1,k |∞

(d1,k)→ l, for some l ≥ τ
2 > 0.

We will show that (a) and (b) cannot happen.

Assume (a). We point out that, since η > 0 is fixed, then, d1,k ∈]η, 1
η [ for all k, in particu-

lar this sequence stays definitely away from 0 and from +∞. Hence, in order to simplify the

notation of this proof, we omit the dependence from d1,k in φ̄1,k(d1,k) and in δ1,k(d1,k) = ε
1

N−4

k d1,k

and thus we simply write φ̄1,k, δ1,k. In particular, we observe that, for any fixed k, φ̄1,k is a
function depending only on the space variable x ∈ Ω.

Then, for any k ∈ N, let ak ∈ Ω such that |φ̄1,k(ak)| = |φ̄1,k|∞ and set Mk := |φ̄1,k|∞. Thanks

to the assumption (a), since |Uδ1,k |∞ = αNδ
−N−2

2

1,k = αN ε
− N−2

2(N−4)

k d
−N−2

2

1,k , we get that Mk → +∞,
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as k → +∞. We consider the rescaled function

φ̃1,k(y) :=
1

Mk
φ̄1,k

(
ak +

y

Mβ
k

)
, β =

2

N − 2

defined for y ∈ Ω̃k := M
2

N−2

k (Ω− ak). Moreover let us set

P̃U1,k(y) :=
1

Mk
PUδ1,k

(
ak +

y

Mβ
k

)
; Ũ1,k(y) :=

1

Mk
Uδ1,k

(
ak +

y

Mβ
k

)
;

P̂Z1,k(y) :=
1

M2β+1
k

PZ1,k

(
ak +

y

Mβ
k

)
.

Since we are assuming (a) it is clear that |P̃U1,k|∞,Ω̃k , |Ũ1,k|∞,Ω̃k → 0, as k → +∞. Moreover,

thanks to the definition of Z1, and since PZ1 = Z1 − ψ, with |ψ|∞,Ω ≤ Cδ
N−4

2
1 , we have that

|PZ1,k|∞ ' |Z1,k|∞ ' δ
−N2
1,k , and hence, thanks to (a), we have 1

M2β+1
k

= o(δ
N+2

2

1,k ), which implies

that |P̂Z1,k|∞,Ω̃k → 0, as k → +∞. In particular, thanks to (3.33), the same conclusion holds

for cεk(d1,k)P̂Z1,k. Taking into account that 2β + 1 = p, by elementary computations, we see

that φ̃1,k solves
−∆φ̃1,k = εk

M2β
k

φ̃1,k + εk
P̃Uδ1,k
M2β
k

+ f(P̃Uδ1,k + φ̃1,k)− f(Ũδ1,k) + cεk(d1,k)P̂Z1,k in Ω̃k,

φ̃1,k = 0 on ∂Ω̃k.
(3.36)

Let us denote by Π the limit domain of Ω̃k. Since Mk → +∞, as k → +∞, we have that

Π is the whole RN or an half-space. Moreover, since the family (φ̃1,k)k is uniformly bounded
and solves (3.36), then, by the same proof of Lemma 2.2 of [6], we get that 0 ∈ Π (in particular
0 /∈ ∂Π), and, by standard elliptic theory, it follows that, up to a subsequence, as k → +∞, we

have that φ̃1,k converges in C2
loc(Π) to a function w which satisfies

−∆w = f(w) in Π, w(0) = 1 (or w(0) = −1), |w| ≤ 1 in Π, w = 0 on ∂Π. (3.37)

We observe that, thanks to the definition of the chosen rescaling, by elementary computations

(see Lemma 2 of [23]), it holds ‖φ̃1,k‖2Ω̃ε = ‖φ̄1,k‖2Ω. Now, since ‖φ̄1,k‖ ≤ cε
θ1
2 +σ

k , where c depends

only on η and σ is some positive number (see Proposition 3.6), we have ‖φ̃1,k‖2Ω̃k = ‖φ̄1,k‖2Ω → 0,

as k → +∞. Hence, since φ̃1,k → w in C2
loc(Π), by Fatou’s lemma, it follows that

‖w‖2Π ≤ lim inf
k→+∞

‖φ̃1,k‖2Ω̃k = 0. (3.38)

Therefore, since ‖w‖2Π = 0 and w is smooth, it follows that w is constant, and from w(0) = 1
(or w(0) = −1) we get that w ≡ 1 (or w ≡ −1) in Π. But, since w is constant and solves
−∆w = f(w) in Π, then necessarily f(w) ≡ 0 in Π, and hence w must be the null function, but
this contradicts w ≡ 1 (or w ≡ −1).

Alternatively, if Π is an half-space, by using the boundary condition w = 0 on ∂Π, we con-
tradicts w ≡ 1 (or w ≡ −1). Hence, the only possibility is Π = RN . In this case, since w solves
(3.37) and ‖w‖2Π ≤ 2SN/2, it is well known that w cannot be sign-changing and hence, assuming
without loss of generality that w(0) = 1, w must be a positive function of the form UδN (see
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(1.3)), for some δN such that UδN (0) = 1, and this contradicts w ≡ 1.
Hence (a) cannot happen.

Assume (b). Using the same convention on the notation as in previous case, we deduce that
there exist two positive uniform constants c1, c2 such that

c1δ
−N−2

2

1,k ≤ |φ̄1,k|∞ ≤ c2δ
−N−2

2

1,k , (3.39)

for all sufficiently large k. In particular, it still holds that Mk → +∞, as k → +∞. We consider

the same rescaled functions φ̃1,k as in (a) and, as before, we denote by Π the limit domain of Ω̃k.

Now, up to a subsequence, since P̃U1,k and Ũ1,k are uniformly bounded we see that they converge

in C2
loc(Π) to a bounded function which we denote, respectively, by PU and U (one of them

or both could be eventually the null function). In fact Ũ1,k is uniformly bounded and solves

−∆Ũ1,k = Ũp1,k on Ω̃k, and so by standard elliptic theory we get that Ũ1,k converges in C2
loc(Π)

to some non-negative bounded function U which solves −∆U = Up in Π. Now, taking into

account that Ũ1,k → U in C2
loc(Π), the same argument applies to P̃U1,k, which solves{

−∆P̃U1,k = Ũp1,k in Ω̃k,

P̃U1,k = 0 on ∂Ω̃k,

and hence P̃U1,k converges in C2
loc(Π) to some non-negative bounded function PU satisfying

−∆PU = Up in Π, PU = 0 on ∂Π.

We point out that as in (a), but using (3.39), we still have cεk(d1,k)|P̂Z1,k|∞,Ω̃k → 0, as

k → +∞. Moreover, by the proof of Lemma 2.2 of [6], it also holds that 0 ∈ Π.

Hence, by standard elliptic theory, we have that φ̃1,k converges in C2
loc(Π) to a function w

which solves 
−∆w = f(PU + w)− f(U) in Π,

w = 0 on ∂Π,

w(0) = 1 (or w(0) = −1).

(3.40)

As in (3.38) we have ‖w‖2Π = 0 and hence, since w is smooth, the only possibility is w ≡ 1 (or
w ≡ −1) because of the condition w(0) = 1 (or w(0) = −1). Moreover, thanks to the definition

of the chosen rescaling, it also holds |φ̃1,k| 2N
N−2 ,Ω̃k

= |φ̄1,k| 2N
N−2 ,Ω

(for the proof see Lemma 2 of

[23]). Therefore, since |φ̄1,k| 2N
N−2 ,Ω

→ 0 (because ‖φ̄1,k‖ ≤ cε
θ1
2 +σ

k , where c > 0 depends only on

η) and φ̃1,k → w in C2
loc(Π), as k → +∞, then, by Fatou’s Lemma, it follows that |w| 2N

N−2 ,Π
= 0,

and thus it cannot happen that w ≡ 1 (or w ≡ −1).
Hence (a) and (b) cannot happen, and the proof is then concluded. �

We are now in position to prove Proposition 3.1.

Proof of Proposition 3.1. Let us fix η > 0 and let φ̄1 ∈ K⊥1 ∩ B1,ε be the unique solution of the
first equation of (2.12) found in Proposition 3.6. We define the operator T2 : K⊥ → K⊥ as

T2(φ2) := −L−1
2 [N2(φ̄1, φ2) +R2].

In order to find a solution of the second equation of (2.12) we solve the fixed point problem
T2(φ2) = φ2. Let us define the proper ball
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B2,ε := {φ2 ∈ K⊥; ‖φ2‖ ≤ r ε
θ2
2 +σ}

for r > 0 sufficiently large and σ > 0 to be chosen later.
From Lemma 3.4, there exists ε0 = ε0(η) > 0 and c = c(η) > 0 such that:

‖T2(φ2)‖ ≤ c(‖N2(φ̄1, φ2)‖+ ‖R2‖), (3.41)

and

‖T2(φ2)− T2(ψ2)‖ ≤ c(‖N2(φ̄1, φ2)−N2(φ̄1, ψ2)‖), (3.42)

for all φ2, ψ2 ∈ K⊥, for all (d1, d2) ∈ R2
+ satisfying (2.4) and for all ε ∈ (0, ε0).

We begin with estimating the right hand side of (3.41).
Thanks to Proposition 3.8 we have that

‖R2‖ ≤ cε
θ2
2 +σ,

for all ε ∈ (0, ε0), for all (d1, d2) ∈ R2
+ satisfying (2.4). Thus it remains only to estimate

‖N2(φ̄1, φ2)‖. Thanks to (2.1) and the definition of N2 we deduce:

‖N2(φ̄1, φ2)‖ ≤ c|f(Vε + φ̄1 + φ2)− f(Vε)− f ′(Vε)φ2 − f(PUδ1 + φ̄1) + f(PUδ1)| 2N
N+2

. (3.43)

We estimate the right-hand side of (3.43):

|f(Vε + φ̄1 + φ2)− f(Vε)− f ′(Vε)φ2 − f(PUδ1 + φ̄1) + f(PUδ1)| 2N
N+2

≤ |f(Vε + φ̄1 + φ2)− f(Vε + φ̄1)− f ′(Vε + φ̄1)φ2| 2N
N+2

+ |(f ′(Vε + φ̄1)− f ′(Vε))φ2| 2N
N+2

+|f(Vε + φ̄1)− f(Vε)− f(PUδ1 + φ̄1) + f(PUδ1)| 2N
N+2

In order to estimate the last three terms, by Lemma 2.2 and Lemma 2.3 we deduce that:

|f(Vε + φ̄1 + φ2)− f(Vε + φ̄1)− f ′(Vε + φ̄1)φ2| ≤ c|φ2|p (3.44)

and

|(f ′(Vε + φ̄1)− f ′(Vε))φ2| ≤ c|φ̄1|p−1|φ2|. (3.45)

Since 2N
N+2 · p = p+ 1 we get that∫

Ω

|f(Vε + φ̄1 + φ2)− f(Vε + φ̄1)− f ′(Vε + φ̄1)φ2|
2N
N+2 dx ≤ c

∫
Ω

|φ2|p+1 dx,

and applying Sobolev inequality we deduce that

|f(Vε + φ̄1 + φ2)− f(Vε + φ̄1)− f ′(Vε + φ̄1)φ2| 2N
N+2
≤ c‖φ2‖p. (3.46)

By (3.45) we get that∫
Ω

|(f ′(Vε + φ̄1)− f ′(Vε))φ2|
2N
N+2 dx ≤ c

∫
Ω

|φ̄1|(p−1) 2N
N+2 |φ2|

2N
N+2 dx.

We observe that φ
(p−1) 2N

N+2

1 ∈ LN+2
4 , φ

2N
N+2

2 ∈ Lp and p, N+2
4 are conjugate exponents in Hölder

inequality. Moreover (p− 1) 2N
N+2

N+2
4 = p+ 1 so

|(f ′(Vε + φ̄1)− f ′(Vε))φ2|
2N
N+2
2N
N+2

≤ c|φ̄1|
8N

(N+2)(N−2)

p+1 |φ2|
2N
N+2

p+1 ,

and hence by Sobolev inequality we deduce that

|(f ′(Vε + φ̄1)− f ′(Vε))φ2| 2N
N+2
≤ c‖φ̄1‖

4
N−2 ‖φ2‖. (3.47)
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It remains to estimate the last term. As in the proof of Proposition 3.8 we make the decomposition
of the domain Ω as Ω = A0 tA1 tA2. Hence we get that:

|f(Vε + φ̄1)− f(Vε)− f(PUδ1 + φ̄1) + f(PUδ1)| 2N
N+2 ,A0

≤ |f(Vε + φ̄1)− f(PUδ1 + φ̄1)| 2N
N+2 ,A0

+|f(Vε)− f(PUδ1)| 2N
N+2 ,A0

Then, by using the definition of δ1, δ2, the usual elementary inequalities, the computations
made in (3.16) and Sobolev inequality, we get that

|f(Vε + φ̄1)− f(PUδ1 + φ̄1)| 2N
N+2 ,A0

≤ c1

(
|PUδ2 |

p
p+1,A0

+ |PUp−1
δ1
PUδ2 | 2N

N+2 ,A0
+
∣∣∣|φ̄1|p−1PUδ2

∣∣∣
2N
N+2 ,A0

)
≤ c2

(
δ
N+2

2
2 + δ2

1δ
N−2

2
2 + ‖φ̄1‖p−1δ

N−2
2

2

)
≤ c3ε

θ2
2 +σ,

for some σ > 0.

Moreover, as in the previous estimate, we get that

|f(Vε)− f(PUδ1)| 2N
N+2 ,A0

≤ c1

(
|PUp−1

δ1
PUδ2 | 2N

N+2 ,A0
+ |PUδ2 |

p
2N
N+2 ,A0

)
≤ c2ε

θ2
2 +σ.

In A1 we argue as in the previous case. The various terms now can be estimated as done in
(3.19) and (3.20) and hence the same conclusion holds.

For A2, by using the usual elementary inequalities, Lemma 3.9 and remembering the choice
of δ1, δ2, we have:

|f(Vε + φ̄1)− f(Vε)− f(PUδ1 + φ̄1) + f(PUδ1)| 2N
N+2 ,A2

≤ |f(Vε + φ̄1)− f(Vε)− f ′(Vε)φ̄1| 2N
N+2 ,A2

+ |f(PUδ1 + φ̄1)− f(PUδ1)− f ′(PUδ1)φ̄1| 2N
N+2 ,A2

+|[f ′(Vε)− f ′(PUδ1)]φ̄1| 2N
N+2 ,A2

≤ c
∣∣∣|φ̄1|p

∣∣∣
2N
N+2 ,A2

+ c|PUp−1
δ2

φ̄1| 2N
N+2 ,A2

≤ c|φ̄1|p∞
(∫

A2

1 dx

)N+2
2N

+ c|φ̄1|∞
(∫

A2

U
8N

N2−4

δ2
dx

)N+2
2N

≤ c1δ
−N−2

2 p
1

(∫ √δ1δ2
0

rN−1 dr

)N+2
2N

+ c2|φ̄1|∞

∫
A2

δ
4N
N+2

2

(δ2
2 + |x|2)

4N
N+2

dx


N+2
2N

≤ c3δ
−N+2

2
1 (δ1δ2)

N+2
4 + c2|φ̄1|∞δ2

2

(∫
A2

1

|x|
8N
N+2

dx

)N+2
2N

≤ c3

(
δ2
δ1

)N+2
4

+ c4δ
−N−2

2
1 δ2

2

(∫ √δ1δ2
0

r
N2−7N−2

N+2 dr

)N+2
2N

≤ c3

(
δ2
δ1

)N+2
4

+ c5δ
−N−2

2
1 δ2

2 (δ1δ2)
N−6

4 = c6

(
δ2
δ1

)N+2
4

≤ c7ε
θ2
2 +σ.
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Hence, from these estimates, we have

|f(Vε + φ̄1)− f(Vε)− f(PUδ1 + φ̄1) + f(PUδ1)| 2N
N+2
≤ cε

θ2
2 +σ. (3.48)

Since φ2 ∈ B2,ε and thanks to (3.43), (3.46), (3.47) and (3.48) we get that

‖T2(φ2)‖ ≤ cε
θ2
2 +σ, σ > 0

and hence T2 maps B2,ε into itself .
It remains to prove that T2 : B2,ε → B2,ε is a contraction. Thanks to (3.42) it suffices to

estimate ‖N2(φ̄1, φ2) − N2(φ̄1, ψ2)‖ for any ψ2, φ2 ∈ B2,ε. To this end, thanks to (2.1), the
definition of N2 and reasoning as in the proof of Proposition 3.6 we have:

‖N2(φ̄1, φ2)−N2(φ̄1, ψ2)‖ ≤ εα‖φ2 − ψ2‖,
for some α > 0.

At the end we get that there exists L ∈ (0, 1) such that

‖T2(φ2)− T2(ψ2)‖ ≤ L‖φ2 − ψ2‖.
Finally, taking into account that d1 → φ̄1(d1) is a C1-map, a standard argument shows that also
(d1, d2)→ φ̄2(d1, d2) is a C1-map. The proof is complete. �

4. The reduced functional

We are left now to solve (2.11). Let (φ̄1, φ̄2) ∈ K⊥1 ×K⊥ be the solution found in Proposition
3.1. Hence Vε + φ̄1 + φ̄2 is a solution of our original problem (1.1) if we can find d̄ε = (d̄1ε, d̄2ε)
which satisfies condition (2.4) and solves equation (2.11).

To this end we consider the reduced functional J̃ε : R2
+ → R defined by:

J̃ε(d1, d2) := Jε(Vε + φ̄1 + φ̄2),

where Jε is the functional defined in (1.13).
Our main goal is to show first that solving equation (2.11) is equivalent to finding critical points

(d̄1,ε, d̄2,ε) of the reduced functional J̃ε(d1, d2) and then that the reduced functional has a critical
point. These facts are stated in the following proposition:

Proposition 4.1. The following facts hold:
(i): If (d̄1,ε, d̄2,ε) is a critical point of J̃ε, then the function Vε + φ̄1 + φ̄2 is a solution of

(1.1).
(ii): For any η > 0, there exists ε0 > 0 such that for all ε ∈ (0, ε0) it holds:

J̃ε(d1, d2) =
2

N
SN/2 + εθ1

[
a1τ(0)dN−2

1 − a2d
2
1

]
+O(εθ1+σ), (4.1)

with

O(εθ1+σ) = εθ1+σg(d1) + εθ2

[
a3τ(0)

(
d2

d1

)N−2
2

− a2d
2
2

]
+ o

(
εθ2
)
, (4.2)

for some function g depending only on d1 (and uniformly bounded with respect to ε),
where θ1, θ2 are defined in (3.1), σ is some positive real number (depending only on N),
τ is the Robin’s function of the domain Ω at the origin and

a1 :=
1

2
αp+1
N

∫
RN

1

(1 + |y|2)
N+2

2

dy; a2 :=
1

2
α2
N

∫
RN

1

(1 + |y|2)N−2
dy;

a3 := αp+1
N

∫
RN

1

|y|N−2(1 + |y|2)
N+2

2

dy.
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The expansions (4.1), (4.2) are C0-uniform with respect to (d1, d2) satisfying condition
(2.4).

Remark 4.2. We point out that the term g appearing in (4.2) does not depend on d2 and this
will be used in the sequel, in particular in (5.5).

The aim of this section is to prove Proposition 4.1. First we prove two lemmas about the
C0-expansion of the reduced functional J̃ε(d1, d2) := Jε(Vε + φ̄1 + φ̄2), where φ̄1 ∈ K⊥1 ∩B1,ε and
φ̄2 ∈ K⊥ ∩B2,ε are the functions given by Proposition 3.1.

Lemma 4.3. For any η > 0 there exists ε0 > 0 such that for any ε ∈ (0, ε0) it holds:

Jε(Vε + φ̄1) = Jε(Vε) +O(εθ1+σ),

with

O(εθ1+σ) = εθ1+σg1(d1) +O
(
εθ2+σ

)
, (4.3)

for some function g1 depending only on d1 (and uniformly bounded with respect to ε), where θ1, θ2

are defined in (3.1), σ is some positive real number (depending only on N). These expansion are
C0-uniform with respect to (d1, d2) satisfying condition (2.4).

Proof. Let us fix η > 0. By direct computation we immediately see that

Jε(Vε + φ̄1)− Jε(Vε) = 1
2

∫
Ω
|∇φ̄1|2 dx+

∫
Ω
∇Vε · ∇φ̄1 dx− ε

2

∫
Ω
|φ̄1|2 dx− ε

∫
Ω
Vεφ̄1 dx

− 1
p+1

∫
Ω

(|Vε + φ̄1|p+1 − |Vε|p+1) dx.

(4.4)
By definition we have∫

Ω

∇Vε ·∇φ̄1 dx =

∫
Ω

∇(PUδ1−PUδ2)·∇φ̄1 dx =

∫
Ω

(Upδ1−U
p
δ2

)φ̄1 dx =

∫
Ω

[f(Uδ1)−f(Uδ2)]φ̄1 dx,

moreover, since F (s) = 1
p+1 |s|

p+1 is a primitive of f , we can write (4.4) as

Jε(Vε + φ̄1)− Jε(Vε) = 1
2‖φ̄1‖2 − ε

2 |φ̄1|22 − ε
∫

Ω
Vεφ̄1 dx+

∫
Ω

[f(Uδ1)− f(Uδ2)]φ̄1 dx

−
∫

Ω
[F (Vε + φ̄1)− F (Vε)] dx

= 1
2‖φ̄1‖2 − ε

2 |φ̄1|22 − ε
∫

Ω
Vεφ̄1 dx+

∫
Ω

[f(Uδ1)− f(Uδ2)− f(Vε)]φ̄1 dx

−
∫

Ω
[F (Vε + φ̄1)− F (Vε)− f(Vε)φ̄1] dx

A+B + C +D + E.
(4.5)

A,B: Thanks to Proposition 3.1, for all sufficiently small ε, we have ‖φ̄1‖ ≤ cε
θ1
2 +σ, for some

c > 0 and for some σ > 0 depending only on N . Hence we deduce that A = O(εθ1+2σ),
B = O(εθ1+2σ+1). We point out that, since only φ̄1 is involved in A and B, these terms depend
only on d1.

C: By definition we have

ε

∫
Ω

Vεφ̄1 dx = ε

∫
Ω

PUδ1 φ̄1 dx− ε
∫

Ω

PUδ2 φ̄1 dx = I1 + I2.

We observe that in the estimate I1 only δ1 and φ̄1 are involved. Hence I1 depends only on d1.
Thanks to Hölder inequality, we have the following:

|I1| ≤ ε|Uδ1 | 2N
N+2
|φ̄1| 2N

N−2
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Since N ≥ 7 we have |Uδi | 2N
N+2

= O(δ2
i ), for i = 1, 2, so from our choice of δi (see (2.3)) and since

‖φ̄1‖ ≤ cε
θ1
2 +σ we deduce that

|I1| ≤ cε(ε
2

N−4 ε
N−2

2(N−4)
+σ) ≤ cεθ1+σ, (4.6)

for all sufficiently small ε. For I2, with similar computations, we get that

|I2| ≤ ε|Uδ2 | 2N
N+2
|φ̄1| 2N

N−2
≤ cε1+

2(3N−10)
(N−4)(N−6) ε

N−2
2(N−4)

+σ.

Since N ≥ 7 it is elementary to see that 1 + 2(3N−10)
(N−4)(N−6) + N−2

2(N−4) > θ2. From this we deduce

that

|I2| ≤ cεθ2+σ,

for all sufficiently small ε.
D: we have∫

Ω

[f(Uδ1)− f(Uδ2)− f(Vε)]φ̄1 dx =

∫
Ω

[f(PUδ1)− f(PUδ2)− f(Vε)]φ̄1 dx︸ ︷︷ ︸
I1

+

+

∫
Ω

[f(Uδ1)− f(PUδ1)]φ̄1 dx︸ ︷︷ ︸
I2

+

∫
Ω

[f(PUδ2)− f(Uδ2)]φ̄1 dx︸ ︷︷ ︸
I3

(4.7)

We evaluate separately the three terms.
We divide Ω into the three regions A0, A1, A2 (see the proof of Proposition 3.8 for their definition).
Then ∫

Ω

[f(PUδ1)− f(PUδ2)− f(Vε)]φ̄1 dx =

1∑
j=0

∫
Aj

[f(PUδ1)− f(Vε)]φ̄1 dx︸ ︷︷ ︸
I′1

−
1∑
j=0

∫
Aj

f(PUδ2)φ̄1, dx︸ ︷︷ ︸
I′′1

+

∫
A2

[f(PUδ1)− f(PUδ2)− f(Vε)]φ̄1 dx︸ ︷︷ ︸
I′′′1

Now, writing f(PUδ1)− f(Vε) = f(PUδ1)− f(Vε) + f ′(PUδ1)PUδ2 − f ′(PUδ1)PUδ2 , applying the
usual elementary inequalities, Hölder inequality and taking into account the computations made
in (3.16) , (3.19), (3.20), we get that

|I ′1| ≤ c|PUpδ2 | 2N
N+2 ,A0

|φ̄1| 2N
N−2 ,A0

+ c|PUpδ2 | 2N
N+2 ,A1

|φ̄1| 2N
N−2 ,A1

+c|PUδ1 |
p−1
2N
N−2 ,A0

|PUδ2 | 2N
N+2 ,A0

|φ̄1| 2N
N−2 ,A0

+ c|PUp−1
δ1
PUδ2 | 2N

N+2 ,A1
|φ̄1| 2N

N−2 ,A1

≤ c1

δN+2
2

2 ε
θ1
2 +σ +

(
δ2
δ1

)N+2
4

ε
θ1
2 +σ + δ2

1δ
N−2

2
2 ε

θ1
2 +σ +

(
δ2
δ1

)2
(∫ ρ

δ2√
δ1
δ2

r
−N2+5N−2

N+2 dr

)N+2
2N

ε
θ1
2 +σ


≤ c2

(
δ
N+2

2
2 ε

θ1
2 +σ +

(
δ2
δ1

)N+2
4

ε
θ1
2 +σ + δ2

1δ
N−2

2
2 ε

θ1
2 +σ +

(
δ2
δ1

)2(
δ2
δ1

)N−6
4

ε
θ1
2 +σ

)

≤ c3

(
δ2
δ1

)N+2
4

ε
θ1
2 +σ ≤ c4εθ2+σ.
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As before we have

|I ′′1 | ≤
1∑
j=0

|f(PUδ2)| 2N
N+2 ,Aj

|φ̄1| 2N
N−2 ,Aj

≤ cεθ2+σ.

Now, by Hölder inequality and reasoning as in (3.24), (3.25), (3.26), we get that

|I ′′′1 | ≤ |f(PUδ1)− f(PUδ2)− f(Vε)| 2N
N+2 ,A2

|φ̄1| 2N
N−2 ,A2

≤ c1

(
|PUpδ1 | 2N

N+2 ,A2
+ |PUp−1

δ2
PUδ1 | 2N

N+2 ,A2

)
|φ̄1| 2N

N−2 ,A2

≤ c2

(
δ2
δ1

)N+2
4

ε
θ1
2 +σ ≤ c3εθ2+σ.

At the end we conclude that

|I1| ≤ cεθ2+σ.

For the remaining two terms of (4.7), reasoning as in the proof of Proposition 3.7, we get that

|f(PUδi)− f(Uδi)| 2N
N+2
≤ cδ

N+2
2

i .

Hence

|I2| ≤ |f(Uδ1)− f(PUδ1)| 2N
N+2
|φ̄1| 2N

N−2
≤ cε

N+2
2(N−4) ε

θ1
2 +σ ≤ cεθ1+σ,

for all sufficiently small ε. We remark that I2 depends only on d1 and hence it is sufficient that
it is of order θ1 + σ.
At the end

|I3| ≤ |f(Uδ2)− f(PUδ2)| 2N
N+2
|φ̄1| 2N

N−2
≤ cεθ2+σ,

for all sufficiently small ε.
E: We decompose Ω in the three regions Aj , j = 0, 1, 2 used before.

For j = 0, 1 we have∫
Aj

[
|Vε + φ̄1|p+1 − |Vε|p+1 − (p+ 1)|Vε|p−1Vεφ̄1

]
dx

=

∫
Aj

[
|PUδ1 − PUδ2 + φ̄1|p+1 − |PUδ1 + φ̄1|p+1 + (p+ 1)|PUδ1 + φ̄1|p−1(PUδ1 + φ̄1)PUδ2

]
dx︸ ︷︷ ︸

I1

−
∫
Aj

[
|PUδ1 − PUδ2 |p+1 − PUp+1

δ1
+ (p+ 1)PUpδ1PUδ2

]
dx︸ ︷︷ ︸

I2

+

∫
Aj

[
|PUδ1 + φ̄1|p+1 − PUp+1

δ1
− (p+ 1)PUpδ1 φ̄1

]
dx︸ ︷︷ ︸

I3

−(p+ 1)

∫
Aj

[
|PUδ1 − PUδ2 |p−1(PUδ1 − PUδ2)− PUpδ1

]
φ̄1 dx︸ ︷︷ ︸

I4

−(p+ 1)

∫
Aj

[
|PUδ1 + φ̄1|p−1(PUδ1 + φ̄1)− PUpδ1

]
PUδ2 dx︸ ︷︷ ︸

I5

.

(4.8)
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In order to estimate I1, I2, I4 and I5, applying the usual elementary inequalities, we see that

|I1| ≤ c

(∫
Aj

PUp+1
δ2

dx+

∫
Aj

PUp−1
δ1
PU2

δ2 dx+

∫
Aj

|φ̄1|p−1PU2
δ2 dx

)

|I2| ≤ c

(∫
Aj

PUp+1
δ2

dx+

∫
Aj

PUp−1
δ1
PU2

δ2 dx

)

|I4| ≤ c

(∫
Aj

PUpδ2 |φ̄1| dx+

∫
Aj

PUp−1
δ1
PUδ2 |φ̄1| dx

)

|I5| ≤ c

(∫
Aj

|φ̄1|pPUδ2 dx+

∫
Aj

PUp−1
δ1
PUδ2 |φ̄1| dx

)
.

Now, as seen in the proof of (3.16) and thanks to (3.20), we have∫
Aj

PUp+1
δ2

dx ≤ c

 δN2 if j = 0(
δ2
δ1

)N
2

if j = 1,∫
A0

PU2
δ2PU

p−1
δ1

dx ≤ c|PUδ1 |
p−1
p+1,A0

|PUδ2 |2p+1,A0
≤ cδ2

1δ
N−2
2 .

Moreover, by analogous computations, we get that∫
A1

PU2
δ2PU

p−1
δ1

dx ≤ c1
(
δ2
δ1

)2 ∫ ρ
δ2√
δ1
δ2

1

rN−3
dr ≤ c2

(
δ2
δ1

)N
2

,

∫
Aj

PU2
δ2 |φ̄1|p−1 dx ≤ c|PUδ2 |2p+1,Aj‖φ̄1‖p−1 ≤ c

 δN−2
2 ε(p−1)(

θ1
2 +σ) if j = 0(

δ2
δ1

)N−2
2

ε(p−1)(
θ1
2 +σ) if j = 1,

∫
Aj

PUpδ2 |φ̄1| dx ≤ c|PUδ2 |
p
p+1,Aj

‖φ̄1‖ ≤ c

 δ
N+2

2
2 ε

θ1
2 +σ if j = 0(

δ2
δ1

)N+2
4

ε
θ1
2 +σ if j = 1,∫

A0

PUδ2PU
p−1
δ1
|φ̄1| dx ≤ c|PUδ2 |p+1,A0

|PUδ1 |
p−1
p+1,A0

‖φ̄1‖ ≤ cδ2
1δ

N−2
2

2 ε
θ1
2 +σ,

and, thanks to (3.19), we have∫
A1

PUδ2PU
p−1
δ1
|φ̄1| dx ≤ |PUδ2PU

p−1
δ1
| 2N
N+2 ,A1

|φ̄1| 2N
N−2 ,A1

≤ c1

∫
A1

(
δ
N−2

2
2 δ2

1

(δ2
2 + |x|2)

N−2
2 (δ2

1 + |x|2)2

) 2N
N+2

dx


N+2
2N

ε
θ1
2 +σ

≤ c2

(
δ2
δ1

)2(
δ2
δ1

)N−6
4

ε
θ1
2 +σ = c2

(
δ2
δ1

)N+2
4

ε
θ1
2 +σ

At the end ∫
A0

PUδ2 |φ̄1|p dx ≤ c1|PUδ2 |p+1,A0
‖φ̄1‖p ≤ c2δ

N−2
2

2 εp(
θ1
2 +σ)
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and, by using Lemma 3.9, we get that∫
A1

PUδ2 |φ̄1|p dx ≤ c1|φ̄1|p−1
∞

[∫
A1

PU
2N
N+2

δ2
dx

]N+2
2N

|φ̄1|p+1,A1

≤ c2ε
− 2
N−4 δ2

2

[∫ ρ
δ2√
δ1
δ2

r
−N2+5N−2

N+2 dr

]N+2
2N

ε
θ1
2 +σ

= c3ε
− 2
N−4 δ2

2

[(
δ2
δ1

)N−6
4

− δ
N−6

2
2

]
ε
θ1
2 +σ

≤ c4

(
δ2
δ1

)N+2
4

ε
θ1
2 +σ.

In order to estimate I3 we observe that∣∣∣∣∫
A0

[
|PUδ1 + φ̄1|p+1 − PUp+1

δ1
− (p+ 1)PUpδ1 φ̄1

]
dx

∣∣∣∣ ≤ c1 (‖φ̄1‖2|PUδ1 |
p−1
p+1 + ‖φ̄1‖p+1

)
≤ c2εθ1+σ,

(4.9)
which is sufficient since this term does not depend on d2.
Moreover∫

A1

[
|PUδ1 + φ̄1|p+1 − PUp+1

δ1
− (p+ 1)PUpδ1 φ̄1

]
dx =

∫
B(0,ρ)

[
|PUδ1 + φ̄1|p+1 − PUp+1

δ1
− (p+ 1)PUpδ1 φ̄1

]
dx

−
∫
A2

[
|PUδ1 + φ̄1|p+1 − PUp+1

δ1
− (p+ 1)PUpδ1 φ̄1

]
dx.

We observe that the first integral in the right-hand side of the previous equation depends only
on d1. Hence, as in (4.9), we have∣∣∣∣∣

∫
B(0,ρ)

[
|PUδ1 + φ̄1|p+1 − PUp+1

δ1
− (p+ 1)PUpδ1 φ̄1

]
dx

∣∣∣∣∣ ≤ cεθ1+σ.

Furthermore, by using Lemma 3.9, we get that

∣∣∣∣∫
A2

[
|PUδ1 + φ̄1|p+1 − PUp+1

δ1
− (p+ 1)PUpδ1 φ̄1

]
dx

∣∣∣∣ ≤ c1 (|PUδ1 |p−1
p+1,A2

|φ̄1|2p+1,A2
+ |φ̄1|p+1

p+1,A2

)
≤ c2

[∫
B(0,

√
δ2
δ1

)

1

(1 + |y|2)N
dy

] 2
N

|φ̄1|2∞
[∫

A2

1 dx

] 2
p+1

+ |φ̄1|p+1
∞

∫
A2

1 dx



≤ c3


∫ √

δ2
δ1

0

rN−1 dr

 2
N

ε−
N−2
N−4

[∫ √δ1δ2
0

rN−1 dr

] 2
p+1

+ ε−
N
N−4

∫ √δ1δ2
0

rN−1 dr


≤ c4

(
δ2
δ1
ε−

N−2
N−4 (δ1δ2)

N−2
2 + ε−

N
N−4 (δ1δ2)

N
2

)
≤ c5εθ2+σ.

(4.10)
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Now, it remains only to estimate the left-hand side of (4.8) for j = 2. Hence, thanks to the
usual elementary inequalities, we get that∣∣∣∣∫

A2

[
|Vε + φ̄1|p+1 − |Vε|p+1 − (p+ 1)|Vε|p−1Vεφ̄1

]
dx

∣∣∣∣
≤ c

(∫
A2

|Vε|p−1φ̄2
1 dx+

∫
A2

|φ̄1|p+1 dx

)
≤ c

(∫
A2

PUp−1
δ1

φ̄2
1 dx+

∫
A2

PUp−1
δ2

φ̄2
1 dx+

∫
A2

|φ̄1|p+1 dx

)
For the first and third integrals in the last right-hand side we can reason as in (4.10). For the
second integral, using Lemma 3.9, we have∫

A2

PUp−1
δ2

φ̄2
1 dx ≤ c1|φ̄1|2∞

∫
A2

δ2
2

(δ2
2 + |x|2)2

dx

≤ c2δ
−(N−2)
1 δ2

2

∫
A2

1

|x|4
dx

≤ c3δ
−N+2
1 δ2

2

∫ √δ1δ2
0

rN−5 dr

≤ c4

(
δ2
δ1

)N
2

Finally, summing up all the estimates, we conclude that |E| = εθ1+σg(d1) +O(εθ2+σ).

�

Lemma 4.4. For any η > 0 there exists ε0 > 0 such that for any ε ∈ (0, ε0) it holds:

Jε(Vε + φ̄1 + φ̄2) = Jε(Vε + φ̄1) +O(εθ2+σ),

C0-uniformly with respect to (d1, d2) satisfying condition (2.4), for some positive real number σ
depending only on N .

Proof. As we have seen in the proof of Lemma 4.3, by direct computation we get that

Jε(Vε + φ̄1 + φ̄2)− Jε(Vε + φ̄1) = 1
2

∫
Ω
|∇φ̄2|2 dx+

∫
Ω
∇(Vε + φ̄1) · ∇φ̄2 dx

− ε
2

∫
Ω
|φ̄2|2 dx− ε

∫
Ω

(Vε + φ̄1)φ̄2 dx− 1
p+1

∫
Ω

(|Vε + φ̄1 + φ̄2|p+1 − |Vε + φ̄1|p+1) dx

= − 1
2‖φ̄2‖2 + ε

2 |φ̄2|22 +
∫

Ω
∇(Vε + φ̄1 + φ̄2) · ∇φ̄2 dx

−ε
∫

Ω
(Vε + φ̄1 + φ̄2)φ̄2 dx−

∫
Ω
f(Vε + φ̄1)φ̄2 dx

−
∫

Ω
[F (Vε + φ̄1 + φ̄2)− F (Vε + φ1)− f(Vε + φ̄1)φ̄2] dx

(4.11)
Since φ̄1 + φ̄2 is a solution of (2.10) we have

Π⊥{Vε + φ̄1 + φ̄2 − i∗[ε(Vε + φ̄1 + φ̄2) + f(Vε + φ̄1 + φ̄2)]} = 0,

hence, for some ψ ∈ K, we get that Vε + φ̄1 + φ̄2 weakly solves

−∆(Vε + φ̄1 + φ̄2) + ∆ψ̄ − [ε(Vε + φ̄1 + φ̄2) + f(Vε + φ̄1 + φ̄2)] = 0. (4.12)
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Choosing φ̄2 as test function, since φ̄2 ∈ K⊥, ψ ∈ K we deduce that∫
Ω

∇(Vε + φ̄1 + φ̄2) · ∇φ̄2 dx− ε
∫

Ω

(Vε + φ̄1 + φ̄2)φ̄2 dx =

∫
Ω

f(Vε + φ̄1 + φ̄2)φ̄2 dx (4.13)

Thanks to (4.13) we rewrite (4.11) as

Jε(Vε + φ̄1 + φ̄2)− Jε(Vε + φ̄1) = −1

2
‖φ̄2‖2 +

ε

2
|φ̄2|22 +

∫
Ω

[f(Vε + φ̄1 + φ̄2)− f(Vε + φ̄1)]φ̄2 dx

−
∫

Ω

[F (Vε + φ̄1 + φ̄2)− F (Vε + φ1)− f(Vε + φ̄1)φ̄2] dx

= A+B + C +D. (4.14)

A, B: Thanks to Proposition 3.1, for all sufficiently small ε, we have ‖φ̄2‖ ≤ cε
θ2
2 +σ, for

some c > 0 and for some σ > 0 depending only on N . Hence we deduce that A = O(εθ2+2σ),
B = O(εθ2+2σ+1).

C: By Lemma 2.2 we get∣∣∣∣∫
Ω

[f(Vε + φ̄1 + φ̄2)− f(Vε + φ̄1)]φ̄2 dx

∣∣∣∣ ≤ ∫
Ω

|φ̄2|p+1 dx+

∫
Ω

|Vε + φ̄1|p−1φ̄2
2 dx

≤ c‖φ̄2‖p+1 + c|Vε|p−1
p+1|φ̄2|2p+1 + c|φ̄1|p−1

p+1|φ̄2|2p+1

≤ cεθ2+σ

for all sufficiently small ε.
D: Applying Lemma 2.2 and Hölder inequality we get that∣∣∣∣∫

Ω

[F (Vε + φ̄1 + φ̄2)− F (Vε + φ̄1)− f(Vε + φ̄1)φ̄2] dx

∣∣∣∣ ≤ c|Vε|p−1
p+1|φ̄2|2p+1+c|φ̄1|p−1

p+1|φ̄2|2p+1+c|φ̄2|p+1
p+1.

Since all the terms from A to D are high order terms with respect to εθ2 the proof is complete.
�

In order to prove Proposition 4.1 some further preliminary lemmas are needed.

Lemma 4.5. Let δj as in (2.3) for j = 1, 2 and N ≥ 7. For any η > 0 there exists ε0 > 0 such
that for any ε ∈ (0, ε0), it holds

1

2

∫
Ω

|∇PUδj |2 dx−
1

p+ 1

∫
Ω

PUp+1
δj

dx =
1

N
SN/2 + a1τ(0)δN−2

j +O(δN−1
j ),

C0-uniformly with respect to (d1, d2) satisfying condition (2.4), where a1 := 1
2α

p+1
N

∫
RN

1

(1+|y|2)
N+2

2

dy

and τ(0) is the Robin’s function of the domain Ω at the origin.

Proof. By using (1.6), (1.7) and (1.8) we have that

1

2

∫
Ω

|∇PUδj |2 dx−
1

p+ 1

∫
Ω

PUp+1
δj

dx =
1

2

∫
Ω

UpδjPUδj dx−
1

p+ 1

∫
Ω

PUp+1
δj

dx

=
1

2

∫
Ω

Upδj (Uδj − ϕδj ) dx−
1

p+ 1

∫
Ω

(Uδj − ϕδj )p+1 dx

=
1

2

∫
Ω

Up+1
δj

dx− 1

2

∫
Ω

Upδjϕδj dx−
1

p+ 1

∫
Ω

Up+1
δj

dx+

∫
Ω

Upδjϕδj dx+O

(∫
Ω

Up−1
δj

ϕ2
δj dx

)
=

(
1

2
− 1

p+ 1

)∫
Ω

Up+1
δj

dx+
1

2

∫
Ω

Upδjϕδj dx+O

(∫
Ω

Up−1
δj

ϕ2
δj dx

)
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Now it is easy to see that

∫
Ω

Up+1
δj

dx =

∫
RN

αp+1
N

(1 + |y|2)N
dy +O(δNj ), (4.15)

while ∫
Ω

Upδjϕδj dx =

∫
Ω

Upδj
(
αNδ

N−2
2

j H(0, x) +O(δ
N+2

2
j )

)
dx

= αNδ
N−2

2
j

∫
Ω

UpδjH(0, x) dx+O

(
δ
N+2

2
j

∫
Ω

Upδj dx
)

= αp+1
N τ(0)δN−2

j

∫
RN

1

(1 + |y|2)
N+2

2

dy +O(δN−1
j ). (4.16)

Moreover

O

(∫
Ω

Up−1
δj

ϕ2
δj dx

)
= O(δN−1

j ). (4.17)

Indeed, we get∫
Ω

Up−1
δj

ϕ2
δj dx =

∫
B√δj (0)

Up−1
δj

ϕ2
δj dx+

∫
Ω\B√δj (0)

Up−1
δj

ϕ2
δj dx

≤ c1δ
N−2
j

∫
B√δj (0)

Up−1
δj

dx+ |ϕδj |2p+1

(∫
Ω\B√δj (0)

Up+1
δj

dx

) p−1
p+1

≤ c2δ
2N−4
j

∫ 1√
δj

0

rN−1

(1 + r2)2
dr + c3δ

N−2
j

∫ +∞

1√
δj

rN−1

(1 + r2)N
dr


p−1
p+1

≤ c4δ
3N−4

2
j + c5δ

N−1
j ≤ c6δN−1

j .

Hence, from (4.15), (4.16), (4.17) we get the thesis. �

Lemma 4.6. Let δj as in (2.3) for j = 1, 2 and N ≥ 7. For any η > 0 there exists ε0 > 0 such
that for any ε ∈ (0, ε0), it holds

ε

2

∫
Ω

PU2
δj dx = a2εδ

2
j +O(εδ

N
2
j ),

C0-uniformly with respect to (d1, d2) satisfying condition (2.4), where a2 := 1
2α

2
N

∫
RN

1
(1+|y|2)N−2 dy.

Proof. From (1.6) we get that

ε

2

∫
Ω

(PUδj )2 dx =
ε

2

∫
Ω

(Uδj − ϕδj )2 dx =
ε

2

∫
Ω

U2
δj dx− ε

∫
Ω

Uδjϕδj dx+
ε

2

∫
Ω

ϕ2
δj dx. (4.18)
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The principal term is the first one, in fact we have:

ε

2

∫
Ω

U2
δj dx =

ε

2
α2
N

∫
Ω

δN−2
j

(δ2
1 + |x|2)N−2

dx =
ε

2
α2
N

∫
Ω

δ
−(N−2)
j

(1 + |x/δ1|2)N−2
dx

=
ε

2
α2
N

∫
Ω/δj

δ
−(N−2)
j

(1 + |y|2)N−2
δNj dy =

ε

2
α2
Nδ

2
j

∫
RN

1

(1 + |y|2)N−2
dy+

+O

(
εδ2
j

∫ +∞

1/δj

rN−1

(1 + r2)N−2
dr

)
=

ε

2
α2
Nδ

2
j

∫
RN

1

(1 + |y|2)N−2
dy +O

(
εδN−2
j

)
.

(4.19)

For the remaining terms, by using also (1.10), we deduce that

ε

∫
Ω

Uδjϕδj dx ≤ ε|Uδj |2|ϕδj |2 ≤ cεδjδ
N−2

2
j ≤ cεδ

N
2
j . (4.20)

Moreover by using again (1.10)

ε

2

∫
Ω

ϕ2
δj dx =

ε

2
|ϕδj |22 ≤ CεδN−2

j

and the lemma is proved. �

Lemma 4.7. Let δj as in (2.3) for j = 1, 2 and N ≥ 7. For any η > 0 there exists ε0 > 0 such
that for any ε ∈ (0, ε0) it holds

ε

∫
Ω

PUδ1PUδ2 dx = O

(
ε

(
δ2
δ1

)N−2
2

δ2
1

)
,

C0-uniformly with respect to (d1, d2) satisfying condition (2.4).

Proof. From (1.6) we get that

ε

∫
Ω

PUδ1 PUδ2 dx = ε

∫
Ω

(Uδ1 − ϕδ1)(Uδ2 − ϕδ2) dx

= ε

∫
Ω

Uδ1Uδ2 dx− ε
∫

Ω

Uδ1ϕδ2 dx− ε
∫

Ω

Uδ2ϕδ1 dx+ ε

∫
Ω

ϕδ1ϕδ2 dx.
(4.21)
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We analyze every term.

ε

∫
Ω

Uδ1Uδ2 dx = ε α2
N

∫
Ω

δ
−N−2

2
1

(1 + |x/δ1|2)
N−2

2

δ
N−2

2
2

(δ2
2 + |x|2)

N−2
2

dx

= ε α2
N

∫
Ω/δ1

δ
N+2

2
1

(1 + |y|2)
N−2

2

δ
N−2

2
2

(δ2
2 + δ2

1 |y|2)
N−2

2

dy

= ε α2
N

∫
Ω/δ1

δ
−N−6

2
1

(1 + |y|2)
N−2

2

δ
N−2

2
2((

δ2
δ1

)2

+ |y|2
)N−2

2

dy

≤ ε α2
N

(
δ2
δ1

)N−2
2

δ2
1

∫
Ω/δ1

1

(1 + |y|2)
N−2

2 |y|N−2
dy

= ε α2
N

(
δ2
δ1

)N−2
2

δ2
1

∫
RN

1

(1 + |y|2)
N−2

2 |y|N−2
dy

+ O

(
ε

(
δ2
δ1

)N−2
2

δ2
1

∫ +∞

1/δ1

rN−1

(1 + r2)
N−2

2 rN−2
dr

)

= ε α2
N

(
δ2
δ1

)N−2
2

δ2
1

∫
RN

1

(1 + |y|2)
N−2

2 |y|N−2
dy +O

(
ε

(
δ2
δ1

)N−2
2

δN−2
1

)
.

(4.22)

Hence ε
∫

Ω
Uδ1Uδ2 dx = O

(
ε
(
δ2
δ1

)N−2
2

δ2
1

)
. Thanks to (4.20) we deduce that ε

∫
Ω
Uδ1ϕδ2 dx =

O
(
ε δ

N−2
2

1 δ
N−2

2
2

)
, ε
∫

Ω
Uδ2ϕδ1 dx = O

(
ε δ

N−2
2

1 δ
N−2

2
2

)
. Moreover it is clear that ε

∫
Ω
ϕδ1ϕδ2 dx =

O
(
ε δ

N−2
2

1 δ
N−2

2
2

)
. Since these last three terms are high order terms compared to ε

(
δ2
δ1

)N−2
2

δ2
1 ,

we deduce the thesis, and the proof is complete. �

We are ready to prove Proposition 4.1.

Proof of Proposition 4.1. (i): One can reason as Part 1 of Proposition 2.2 of [27].

(ii): Let us fix η > 0. From Lemma 4.3 and Lemma 4.4, for all sufficiently small ε, we get
that

Jε(Vε + φ̄1 + φ̄2) = Jε(Vε) + εθ1+σg(d1) +O(εθ2+σ),

for some σ > 0. We evaluate Jε(Vε) = Jε(PUδ1 − PUδ2).

Jε(PUδ1 − PUδ2) =
1

2

∫
Ω

|∇(PUδ1 − PUδ2)|2 dx− 1

p+ 1

∫
Ω

|PUδ1 − PUδ2 |p+1 dx

− ε

2

∫
Ω

(PUδ1 − PUδ2)2dx

=
1

2

∫
Ω

|∇PUδ1 |2 dx+
1

2

∫
Ω

|∇PUδ2 |2 dx−
∫

Ω

∇PUδ1 · ∇PUδ2 dx

− 1

p+ 1

∫
Ω

|PUδ1 − PUδ2 |p+1 dx− ε

2

∫
Ω

(PUδ1)2 dx− ε

2

∫
Ω

(PUδ2)2 dx
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+ ε

∫
Ω

PUδ1 PUδ2 dx

=

2∑
j=1

(
1

2

∫
Ω

|∇PUδj |2 dx−
1

p+ 1

∫
Ω

PUp+1
δj

dx

)
︸ ︷︷ ︸

(I)

−
2∑
j=1

ε

2

∫
Ω

PU2
δj dx︸ ︷︷ ︸

(II)

+ ε

∫
Ω

PUδ1PUδ2 dx︸ ︷︷ ︸
(III)

−
∫

Ω

∇PUδ1∇PUδ2 dx︸ ︷︷ ︸
(IV )

− 1

p+ 1

∫
Ω

[
|PUδ1 − PUδ2 |p+1 − PUp+1

δ1
− PUp+1

δ2

]
dx︸ ︷︷ ︸

(IV )

.

By Lemma 4.5, Lemma 4.6 and Lemma 4.7 we get

(I) =
2

N
SN/2 + a1τ(0)δN−2

1 + a1τ(0)δN−2
2 +O(δN−1

1 ) +O(δN−1
2 ),

(II) = a2εδ
2
1 + a2εδ

2
2 +O(εδ

N
2

1 ) +O(εδ
N
2

2 ),

(III) = O

(
ε

(
δ2
δ1

)N−2
2

δ2
1

)
.

Now since −∆PUδ2 = Upδ2 then
∫

Ω
∇PUδ1∇PUδ2 dx =

∫
Ω
Upδ2PUδ1 dx and hence

(IV ) = − 1

p+ 1

∫
Ω

[
|PUδ1 − PUδ2 |p+1 − PUp+1

δ1
− PUp+1

δ2
+ (p+ 1)PUpδ2PUδ1

]
dx︸ ︷︷ ︸

I1

+

∫
Ω

[
PUpδ2 − U

p
δ2

]
PUδ1 dx︸ ︷︷ ︸

I2

.

By (1.6) and Lemma 2.2 we deduce that

|I2| ≤ C
∫

Ω

Up−1
δ2

ϕδ2PUδ1 dx+ C

∫
Ω

ϕpδ2PUδ1 dx.

Now let ρ > 0 such that B(0, ρ) ⊂ Ω.∫
Ω

ϕpδ2PUδ1 dx ≤
∫

Ω

ϕpδ2Uδ1 dx =

∫
Ω\B(0,ρ)

ϕpδ2Uδ1 dx+

∫
B(0,ρ)

ϕpδ2Uδ1 dx

≤ |ϕδ2 |
p
p+1

(∫
Ω\B(0,ρ)

Up+1
δ1

dx

) 1
p+1

+ Cδ
N+2

2
2

∫
B(0,ρ)

1(
1 +

∣∣∣ xδ1 ∣∣∣2)
N−2

2

dx

≤ C1δ
N+2

2
2 δ

N−2
2

1 + C2δ
N+2

2
2 δN1

∫ ρ
δ1

0

rN−1

(1 + r2)
N−2

2

dr

≤ C3

[
δ
N+2

2
2 δ

N−2
2

1 + δ
N+2

2
2 δN−2

1

]
≤ C3

(
δ2
δ1

)N+2
2

δ
N
2

1 .
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Moreover, since
∫

Ω
Upδj dx = O(δ

N−2
2

j ), we get∫
Ω

Up−1
δ2

ϕδ2PUδ1 dx ≤ ‖ϕδ2‖∞
∫

Ω

Up−1
δ2
Uδ1 dx ≤ Cδ

N−2
2

2

∫
Ω

Up−1
δ2
Uδ1 dx

≤ Cδ
N−2

2
2

(∫
Ω

Upδ2 dx
) p−1

p
(∫

Ω

Upδ1 dx
) 1
p

≤ C1δ
N2+4N−12

2(N+2)

2 δ
(N−2)2

2(N+2)

1 = C1

(
δ2
δ1

)N−2
2
(
δ2
δ1

) 2(N−2)
N+2

δN−2
1

≤ C1

(
δ2
δ1

)N
2

δN−2
1 .

Now let ρ > 0 and we decompose the domain Ω as Ω = A0 ∪ A1 ∪ A2 where A0 =
Ω \B(0, ρ), A1 = B(0, ρ) \B(0,

√
δ1δ2), A2 = B(0,

√
δ1δ2). Then we define

Lj := − 1

p+ 1

∫
Aj

[
|PUδ1 − PUδ2 |p+1 − PUp+1

δ1
− PUp+1

δ2
+ (p+ 1)PUpδ2PUδ1

]
dx

for j = 0, 1, 2.
Now, by using Lemma 2.2 and Hölder inequality, we see that

|L0| ≤
1

p+ 1

[∫
A0

(
|PUδ1 − PUδ2 |p+1 − PUp+1

δ1

)
dx+

∫
A0

PUp+1
δ2

dx+

∫
A0

PUpδ2PUδ1 dx
]

≤ C

(∫
A0

PUpδ1PUδ2 dx+

∫
A0

PUp+1
δ2

dx+

∫
A0

PUpδ2PUδ1 dx
)

≤ C

(∫
A0

Upδ1Uδ2 dx+

∫
A0

Up+1
δ2

dx+

∫
A0

Upδ2Uδ1 dx
)

≤ C

(∫
A0

Up+1
δ1

dx

) p
p+1
(∫

A0

Up+1
δ2

dx

) 1
p+1

+ C1

∫ +∞

ρ
δ2

rN−1

(1 + r2)N
dr

+C

(∫
A0

Up+1
δ2

dx

) p
p+1
(∫

A0

Up+1
δ1

dx

) 1
p+1

≤ C2

(∫ +∞

ρ
δ1

rN−1

(1 + r2)N
dr

) p
p+1
(∫ +∞

ρ
δ2

rN−1

(1 + r2)N
dr

) 1
p+1

+ C3δ
N
2

+C2

(∫ +∞

ρ
δ2

rN−1

(1 + r2)N
dr

) p
p+1
(∫ +∞

ρ
δ1

rN−1

(1 + r2)N
dr

) 1
p+1

≤ C4

(
δ
N+2

2
1 δ

N−2
2

2 + δN2 + δ
N+2

2
2 δ

N−2
2

1

)
≤ C5

(
δ2
δ1

)N−2
2

δN1 .

Now

L1 = − 1

p+ 1

∫
A1

[
|PUδ1 − PUδ2 |p+1 − PUp+1

δ1
+ (p+ 1)PUpδ1PUδ2

]
dx

+

∫
A1

PUpδ1PUδ2 dx−
∫
A1

PUpδ2PUδ1 dx−
1

p+ 1

∫
A1

PUp+1
δ2

dx.
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Applying Lemma 2.2 we get∣∣∣∣∫
A1

[
|PUδ1 − PUδ2 |p+1 − PUp+1

δ1
+ (p+ 1)PUpδ1PUδ2

]
dx

∣∣∣∣ ≤ C (∫
A1

PUp−1
δ1
PU2

δ2 dx+

∫
A1

PUp+1
δ2

dx

)
≤ C1

((
δ2
δ1

)2 ∫ ρ
δ2√
δ1
δ2

1

rN−3
dr +

∫ ρ
δ2√
δ2
δ1

rN−1

(1 + r2)N
dr

)
≤ C2

(
δ2
δ1

)N
2

.

Thanks to (1.6) and Lemma 2.2 we have∫
A1

PUpδ1PUδ2 dx =

∫
A1

Upδ1PUδ2 dx+O

(∫
A1

Up−1
δ1

ϕδ1PUδ2 dx
)

+O

(∫
A1

ϕpδ1PUδ2 dx
)

=

∫
A1

Upδ1Uδ2 dx+O

(∫
Ω

Upδ1ϕδ2 dx
)

+O

(∫
Ω

Up−1
δ1

ϕδ1PUδ2 dx
)

+

+O

(∫
Ω

ϕpδ1PUδ2 dx
)

By definition we have:

∫
A1

Upδ1Uδ2 dx = αp+1
N

∫
A1

δ
−N+2

2
1(

1 +
∣∣∣ xδ1 ∣∣∣2)

N+2
2

δ
−N−2

2
2(

1 +
∣∣∣ xδ2 ∣∣∣2)

N−2
2

dx

= αp+1
N δ

−N+2
2 +N

1 δ
−N−2

2
2

(
δ2
δ1

)N−2 ∫
√
δ2
δ1
≤|x|≤ ρ

δ1

1

(1 + |y|2)
N+2

2

1

|y|N−2
dy + o

((
δ2
δ1

)N−2
2

)

= a3

(
δ2
δ1

)N−2
2

+ o

((
δ2
δ1

)N−2
2

)
Moreover by using (1.9) we get∫

Ω

Upδ1ϕδ2 dx ≤ Cδ
N−2

2
2

∫
Ω

Upδ1 dx ≤ C1δ
N−2

2
1 δ

N−2
2

2

and by using again (1.9) we have∫
Ω

Up−1
δ1

ϕδ1PUδ2 dx ≤
∫

Ω

Up−1
δ1

ϕδ1Uδ2 dx

≤ Cδ
N−2

2
1

(∫
Ω

Up+1
δ1

dx

) p−1
p+1
(∫

Ω

U
p+1
2

δ2
dx

) 2
p+1

≤ C1δ
N−2

2
1 δ

N−2
2

2 .

Finally∫
Ω

ϕpδ1PUδ2 dx ≤
∫

Ω

ϕpδ1Uδ2 dx =

∫
B(0,ρ)

ϕpδ1Uδ2 dx+

∫
Ω\B(0,ρ)

ϕpδ1Uδ2 dx

≤ Cδ
N+2

2
1 δ

−N−2
2 +N

2

∫ ρ
δ2

0

rN−1

(1 + r2)
N−2

2

dr + |ϕδ1 |
p
p+1

(∫
Ω\B(0,ρ)

Up+1
δ2

dx

) 1
p+1

≤ Cδ
N+2

2
1 δ

N+2
2

2 + C1δ
N+2

2
1

(∫ +∞

ρ
δ2

rN−1

(1 + r2)N
dr

)N−2
2N

≤ C2δ
N+2

2
1 δ

N−2
2

2 .
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At the end∫
A1

PUpδ2PUδ1 dx ≤ αp+1
N δ

−N+2
2 +N

2 δ
−N−2

2
1

∫
√
δ1
δ2
≤|y|≤ ρ

δ2

1(
1 +

∣∣∣ δ2δ1 y∣∣∣2)
N−2

2

1

(1 + |y|2)
N+2

2

dy

≤ C1

(
δ2
δ1

)N−2
2
∫ ρ

δ2√
δ1
δ2

rN−1

(1 + r2)
N+2

2

dr ≤ C2

(
δ2
δ1

)N
2

.

Finally, thanks to Lemma 2.2 we get that

|L2| ≤
1

p+ 1

{∣∣∣∣∫
A2

[
|PUδ1 − PUδ2 |p+1 − PUp+1

δ2
+ (p+ 1)PUpδ2PUδ1

]
dx

∣∣∣∣+

∫
A2

PUp+1
δ1

dx

}
≤ C

(∫
A2

PUp−1
δ2
PU2

δ1 dx+

∫
A2

PUp+1
δ1

dx

)
≤ C

(∫
A2

Up−1
δ2
U2
δ1 dx+

∫
A2

Up+1
δ1

dx

)

≤ C1

(δ2
δ1

)2 ∫ √
δ2
δ1

0

rN−5

(1 + r2)N−2
dr +

∫ √
δ2
δ1

0

rN−1

(1 + r2)N
dr


≤ C2

(δ2
δ1

)2 ∫ √
δ2
δ1

0

rN−5 dr +

∫ √
δ2
δ1

0

rN−1 dr

 ≤ C2

(
δ2
δ1

)N
2

.

From Lemma 4.5 to Lemma 4.7 summing up all the terms we get that

Jε(PUδ1 − PUδ2) =
2

N
SN/2 + a1τ(0)δN−2

1 + a1τ(0)δN−2
2 +O(δN−1

1 ) +O(δN−1
2 )

+ O

((
δ2
δ1

)N−2
2

δ2
1

)
+O

((
δ2
δ1

)N
2

)
+ a3

(
δ2
δ1

)N−2
2

− a2εδ
2
1 +O

(
εδN−2

1

)
− a2εδ

2
2 +O

(
εδN−2

2

)
,

(4.23)

where a1 = 1
2α

p+1
N

∫
RN

1

(1+|y|2)
N+2

2

dy, a2 = 1
2α

2
N

∫
RN

1
(1+|y|2)N−2 dy, a3 = αp+1

N

∫
RN

1

(1+|y|2)
N+2

2

dy.

Recalling the choice of δj , j = 1, 2 we get

Jε(PUδ1 − PUδ2) =
2

N
SN/2 + a1τ(0)dN−2

1 ε
N−2
N−4 + a1τ(0)dN−2

2 ε
(3N−10)(N−2)
(N−4)(N−6)

+ O
(
ε
N−1
N−4

)
+O

(
ε

(3N−10)(N−1)
(N−4)(N−6)

)
+O

(
ε
N+2
N−6

)
+O

(
ε

(N−2)N
(N−4)(N−6)

)
+ a3

(
d2
d1

)N−2
2

ε
(N−2)2

(N−4)(N−6) − a2d
2
1ε

N−2
N−4 +O

(
ε

2(N−3)
N−4

)
− a2d

2
2ε

(N−2)2

(N−4)(N−6)

+ O

(
ε

2(2N2−13N+22)
(N−4)(N−6))

)
=

2

N
SN/2 + [a1τ(0)dN−2

1 − a2d
2
1]ε

N−2
N−4 +O

(
ε
N−1
N−4

)
+

[
a3

(
d2

d1

)N−2
2

− a2d
2
2

]
ε

(N−2)2

(N−4)(N−6) +O
(
ε
N+2
N−6

)
.

(4.24)

We point out that the term O(ε
N−1
N−4 ) depends only on d1.

�
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5. proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Let us set G1(d1) := a1τ(0)dN−2
1 − a2d

2
1, where a1, a2 are the positive

constants appearing in Proposition 4.1 and τ(0) is the Robin’s function of the domain Ω at the
origin, so by definition it follows that τ(0) is positive. It’s elementary to see that the function

G1 : R+ → R has a strictly local minimum point at d̄1 =
(

2a2
(N−2)a1τ(0)

) 1
N−4

.

Since d̄1 is a strictly local minimum for G1, then, for any sufficiently small γ > 0 there exists an
open interval I1,σ1

such that I1,σ1
⊂ R+, I1,σ1

has diameter σ1, d̄1 ∈ I1,σ1
and for all d1 ∈ ∂I1,σ1

G1(d1) ≥ G1(d̄1) + γ. (5.1)

Clearly as γ → 0 we can choose σ1 so that σ1 → 0.

We set G2(d1, d2) := a3τ(0)
(
d2
d1

)N−2
2 − a2d

2
2, G2 : R2

+ → R, where a3 > 0 is the same

constant appearing in Proposition 4.1. If we fix d1 = d̄1 then Ĝ2(d2) := G(d̄1, d2) has a strictly

local minimum point at d̄2 :=

(
2a2d̄

N−2
2

1

a3τ(0)N−2
2

) 2
N−6

. As in the previous case there exists an open

interval I2,σ2
such that I2,σ2

⊂ R+, I2,σ2
has diameter σ2, d̄2 ∈ I1,σ1

and for all d2 ∈ ∂I2,σ2

Ĝ2(d2) ≥ Ĝ2(d̄2) + γ. (5.2)

As γ → 0 we can choose σ2 so that σ2 → 0.
Let us set K := I1,σ1 × I2,σ2 and let η > 0 be small enough so that K ⊂]η, 1

η [×]η, 1
η [. Thanks

to Proposition 3.1, for all sufficiently small ε, J̃ε : R2
+ → R is defined and it is of class C1. By

Weierstrass theorem we know there exists a global minimum point for J̃ε in K. Let (d1,ε, d2,ε)
be that point, we want to show that there exists ε1 such that, for all ε < ε1, (d1,ε, d2,ε) lies in the
interior of K.

Assume by contradiction there exists a sequence εn → 0 such that for all n ∈ N

(d1,εn , d2,εn) ∈ ∂K.

There are only two possibilities:

(a): d1,εn ∈ ∂I1,σ1
, d2,εn ∈ I2,σ2

,

(b): d1,εn ∈ I1,σ1
, d2,εn ∈ ∂I2,σ2

.

Thanks to (ii) of Proposition 4.1 we have the uniform expansion

J̃ε(d1, d2)− J̃ε(d̄1, d2) = εθ1
[
G1(d1)−G1(d̄1)

]
+ o

(
εθ1
)
. (5.3)

for all ε < ε0, (d1, d2) ∈ K. We point out that we have incorporated the other high order terms
in o

(
εθ1
)
. Thanks to (5.1) and (5.3), for all sufficiently small ε we have

J̃ε(d1, d2)− J̃ε(d̄1, d2) > 0, (5.4)

for all d1 ∈ ∂I1,σ1
, for all d2 ∈ I2,σ2

. So for n sufficiently large if (a) holds, since by definition

J̃εn(d1,εn , d2,εn) = minK J̃εn , then

J̃εn(d1,εn , d2,εn) ≤ J̃εn(d̄1, d2,εn),

which contradicts (5.4). Assume (b). Thanks to (ii) of Proposition 4.1 (see also Remark 4.2) we
have the uniform expansion

J̃ε(d1, d2)− J̃ε(d1, d̄2) = εθ2
[
G2(d1, d2)−G2(d1, d̄2)

]
+ o

(
εθ2
)
, (5.5)

for all ε ∈ (0, ε0), for all (d1, d2) ∈ K.
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For n sufficiently large so that εn < ε0 we have

J̃εn(d1,εn , d2,εn)− J̃εn(d1,εn , d̄2) = εθ2
[
G2(d1,εn , d2,εn)−G2(d1,εn , d̄2)

]
+ o

(
εθ2
)

= εθ2
[
G2(d1,εn , d2,εn)−G2(d̄1, d2,εn) +G2(d̄1, d2,εn)−G2(d̄1, d̄2)

G2(d̄1, d̄2)−G2(d1,εn , d̄2)
]

+ o
(
εθ2
)

= εθ2

a3τ(0)d
N−2

2
2,εn

 1

d
N−2

2
1,εn

− 1

d̄
N−2

2
1

+G2(d̄1, d2,εn)−G2(d̄1, d̄2)

+ a3τ(0)d̄
N−2

2
2

 1

d̄
N−2

2
1

− 1

d
N−2

2
1,εn

+ o
(
εθ2n
)

(5.6)
We observe now that, up to a subsequence, d1,εn → d̄1 as n→ +∞. This is a consequence of

the uniform expansion given by (ii) of Proposition 4.1, in fact

J̃εn(d1,εn , d2,εn)− J̃εn(d̄1, d̄2) = εθ1n
[
G1(d1,εn)−G1(d̄1)

]
+ o

(
εθ1n
)
. (5.7)

Since (d1,εn , d2,εn) is the minimum point we have J̃ε(d1,εn , d2,εn)− J̃ε(d̄1, d̄2) ≤ 0, hence, dividing

(5.7) by εθ1n , for all sufficiently large n we get that G1(d1,εn)−G1(d̄1) ≤ − o(ε
θ1
n )

ε
θ1
n

. On the other

side, since d̄1 is the minimum of G1, we get that G1(d1,εn)−G1(d̄1) ≥ 0. So we have proved that

0 ≤ G1(d1,εn)−G1(d̄1) ≤ −
o
(
εθ1n
)

εθ1n
,

and passing to the limit we deduce that limn→+∞G1(d1,εn) = G1(d̄1). Hence, up to a subse-
quence, since d̄1 is a strict local minimum, the only possibility is d1,εn → d̄1.

Since we are assuming (b), from (5.2) we get that

G2(d̄1, d2,εn)−G2(d̄1, d̄2) ≥ γ.

From this last inequality, (5.6) and since (d2,εn)n is bounded, then, choosing n̄ sufficiently large

so that a3τ(0)d
N−2

2
2,εn

∣∣∣∣∣ 1

d̄
N−2

2
1

− 1

d
N−2

2
1,εn

∣∣∣∣∣ and a3τ(0)d̄
N−2

2
2

∣∣∣∣∣ 1

d̄
N−2

2
1

− 1

d
N−2

2
1,εn

∣∣∣∣∣ are small enough, we deduce

that

J̃εn(d1,εn , d2,εn)− J̃εn(d1,εn , d̄2) > 0,

for all n > n̄. Since (d1,εn , d2,εn) is the minimum point it also holds

J̃εn(d1,εn , d2,εn)− J̃εn(d1,εn , d̄2) ≤ 0,

and we get a contradiction.
To complete the proof we point out that, as observed before, up to a subsequence d1,ε → d̄1

as ε→ 0. With a similar argument we prove that d2,ε → d̄2. In fact, from the same argument of
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(5.6), since d1,ε → d̄1 and (d2,ε)ε is bounded, we have

0 ≥ J̃ε(d1,ε, d2,ε)− J̃ε(d1,ε, d̄2)

εθ2
= G2(d1,ε, d2,ε)−G2(d1,ε, d̄2) +

o
(
εθ2
)

εθ2

= a3τ(0)d
N−2

2
2,ε

 1

d
N−2

2
1,ε

− 1

d̄
N−2

2
1

+G2(d̄1, d2,ε)−G2(d̄1, d̄2)

+ a3τ(0)d̄
N−2

2
2

 1

d̄
N−2

2
1

− 1

d
N−2

2
1,ε

+
o
(
εθ2
)

εθ2

= o(1) +G2(d̄1, d2,ε)−G2(d̄1, d̄2).
(5.8)

Since d̄2 is a local maximum point for d2 → Ĝ2(d2) we have G2(d̄1, d2,ε)−G2(d̄1, d̄2) ≥ 0 and so
from (5.8) we get that

0 ≤ G2(d̄1, d2,ε)−G2(d̄1, d̄2) ≤ −o(1).

Passing to the limit as ε → 0 we deduce that Ĝ2(d2,ε) → Ĝ2(d̄2). Hence, up to a subsequence,
since d̄2 is a strict local minimum, the only possibility is d2,ε → d̄2.
Hence by (i) of Proposition 4.1 we have that Vε+ φ̄1 + φ̄2 is a solution of (1.1). Moreover, taking
into account of (1.6), (1.10) and (1.11), we get that the solution obtained is of the form (1.2)
and the proof is complete. �

We are ready also to prove Theorem 1.2. We reason as in [28].

Proof of Theorem 1.2. Let uε be a solution of (1.1) as in Theorem 1.1 and assume that Φε → 0
uniformly in compact subsets of Ω. We set

ũε(x) :=

(
d1εε

1
N−4

d2
1εε

2
N−4 + |x|2

)N−2
2

−

(
d1εε

3N−10
(N−4)(N−6)

d2
1εε

2 3N−10
(N−4)(N−6) + |x|2

)N−2
2

=

(
1

d1εε
1

N−4 + d−1
1ε ε
− 1
N−4 |x|2

)N−2
2

−

(
1

d2εε
3N−10

(N−4)(N−6) + d−1
2ε ε
− 3N−10

(N−4)(N−6) |x|2

)N−2
2

Then, by Theorem 1.1 and by using the assumption on the remainder term Φε we get

uε(x) = αN ũε(x)(1 + o(1)), x ∈ Ω, (5.9)

where o(1)→ 0 uniformly on compact subsets of Ω.
We consider the spheres

S1
ε := {x ∈ RN : |x| = ε

1
N−4 }

and

S2
ε := {x ∈ RN : |x| = ε

3N−10
(N−4)(N−6) }.
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We may fix a compact subset K ⊂ Ω such that Sjε ⊂ K, j = 1, 2 and ε > 0 sufficiently small.
For x ∈ S1

ε we get

ũε(x) =

(
1

d1εε
1

N−4 + d−1
1ε ε

1
N−4

)N−2
2

−

(
1

d2εε
3N−10

(N−4)(N−6) + d−1
2ε ε
− N+2

(N−4)(N−6)

)N−2
2

= ε−
N−2

2(N−4)

( 1

d1ε + d−1
1ε

)N−2
2

−

(
1

d2εε
2(N−2)

(N−4)(N−6) + d−1
2ε ε
− 8

(N−4)(N−6)

)N−2
2


= ε−

N−2
2(N−4)

[(
1

d1ε + d−1
1ε

)N−2
2

+ o(1)

]
as ε→ 0. Hence ũε > 0 on S1

ε for ε small.
Analogously if x ∈ S2

ε then

ũε(x) = −ε−
(3N−10)(N−2)
2(N−4)(N−6)

[(
1

d2ε + d−1
2ε

)N−2
2

+ o(1)

]
as ε→ 0 and hence ũε < 0 on S2

ε for ε small.
Since (5.9) holds, this implies that uε > 0 on S1

ε and uε < 0 on S2
ε for ε small.

Then uε has at least two nodal domains Ω1,Ω2 such that Ωj contains the sphere Sjε , j = 1, 2.
Next we show that uε has not more than two nodal domains for ε small.
We remark that by (ii) of Proposition 4.1 and by Lemmas 4.3, 4.4 it follows that

Jε(uε)→
2

N
S
N
2 , as ε→ 0 (5.10)

where Jε is defined in (1.13) and S is the best Sobolev constant for the embedding of H1
0 (Ω) into

Lp+1(Ω), namely

S := inf
u∈H1

0 (Ω)\{0}

∫
Ω
|∇u|2 dx(∫

Ω
|u|p+1 dx

) 2
p+1

.

We set cε := infNε Jε, where Nε is the Nehari manifold, which is defined by

Nε :=

{
u ∈ H1

0 (Ω) :

∫
Ω

|∇u|2 dx =

∫
Ω

|u|p+1 dx+ ε

∫
Ω

u2 dx

}
.

It is easy to see that cε → c0 = 1
N S

N
2 as ε→ 0 and therefore, by (5.10), we get that

Jε(uε) < 3cε (5.11)

for ε small enough.
We now suppose by contradiction that uε has at least 3 pairwise different nodal domains
Ω1,Ω2,Ω3.
Let χi be the characteristic function corresponding to the sets Ωi.
Then uεχi ∈ H1

0 (Ω) (see [25]). Moreover∫
Ω

|∇(uεχi)|2 dx =

∫
Ω

∇uε∇(uεχi) = −
∫

Ω

∆uε(uεχi) dx

=

∫
Ω

|uε|p(uεχi) dx+ ε

∫
Ω

uε · uεχi dx

=

∫
Ω

|uεχi|p+1 dx+ ε

∫
Ω

(uεχi)
2 dx
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so that uεχi ∈ Nε. Since also uε ∈ Nε we obtain

Jε(uε) =

(
1

2
− 1

p+ 1

)∫
Ω

|uε|p+1 dx

≥
(

1

2
− 1

p+ 1

) 3∑
i=1

∫
Ω

|uεχi|p+1 dx

=

3∑
i=1

Jε(χiuε) ≥ 3cε

contrary to (5.11). The contradiction shows that uε has at most two nodal domains for ε small.
This completes the proof. �
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