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Theory of collective Raman scattering from a Bose-Einstein condensate
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Recent experiments have demonstrated superradiant Raman scattering from a Bose-Einstein condensate

driven by a single off-resonant laser beam. We present a quantum theory describing this phenomenon, showing
Raman amplification of matter wave due to collective atomic recoil from 3-level atoms\ke@nfiguration.
When atoms are initially in a single lower internal state, a closed two-level system is realized between atoms
with different internal states, and entangled atom-photon pairs can be generated. When atoms are initially
prepared in both the lower internal states, a fraction of atoms recoiling in the backward direction can be
generated.
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Important progress in the study of the coherent interactioratomic fields and the pump and probe fields. We assume the
petween atoms _and photons have been recentlly obtair!ed usendensate to be sufficiently diluted in order to neglect the
ing Bose-Einstein condensatéBEC) of low-density alkali- nonlinear atom-atom interaction. With this approximation,

metal atomg1]. In the case where the atoms interact onlythe condensate is described by a single-particle Hamiltonian
with far off-resonant optical fields, the dominant atom- of N atoms in a self-consistent 0ptica| potentia|_

photon interaction is two-photon Rayleigh scattering. In this  The free atomic Hamiltonian is given by
situation, collective atomic recoil lasingCARL) [2-5] .2
causes exponential enhancement of the number of scattered " _ 3t e oln o
photons ar?d atoms. Experimentally, CARL from a BEC has Haom= 2. d X‘/'“(X’t){_ %V }"[/“(X’t)’ @)
been observed so far in the superradiant regjB9], in
which photons are scattered into the end-fire modes along thehere i,(X,t) and fp’;(i,t) are the boson annihilation and
major axis of an elongated condensate. In these experimenisreation operators in the interaction picture for thi-state
the atoms after the collective scattering remaainﬁin the originahtoms at positiorx, respectively. They satisfy the standard
iﬁnternalestate, gaining a recoil momentuitk,—k;), where  poson commutation relation[z}a(i,t),;b;(i’,t)]:ﬁa[;&(i
k, andk; are the wave vectors of the pump and scattered-x) and[z};a(%,t),z};ﬁ(i’ ,t)]z[l},l(z,t),l},};(z' 1]=0.
photons, respectively. The scattered atoms may experience The atom-laser interaction Hamiltonian is
further collective scattering, leading to the observed superra-
diant cascad¢s6). ~ _ N I RN T S

In two recent experimentgl0,1] it has been observed Hatomfieid = =72 f dgx{Eﬂwg(x’t)%(x't)el(kzx =
superradiant Raman scattering, in which the atoms remain,
after the process, in a different hyperfine state not resonant + 18 (1) l:bT()z ) :,Ab (X t)ei<|21->z—A1t) +He|, 3)
with the pump laser beam. As a consequence, no further ermTe '
scattering of pump photons oceurs. In_th|s Bf'ef R_eport, Wewherewbc:(Ee—E,D o)/ h are the resonant frequencies for the
present a theory of the collective atomic recoil lasing from a, fomic _ transit Aoz oo Arz gy —
3-level atomic BEC which describes the observed phenom-'0 _&10Mic ansiions, 2,=wy;=wp, A1=w1= g, Gy
ena. In particular, the theory demonstrates that maximuri “ceE1/f and Q=puydEp/h With w,, denoting a transition
atom-photon entanglement can be generated in this systeng.'pme'mamx element between statgs) and |B), E,

We consider a cloud of BEC atoms which have three in-. Vfiwy/ 2V being the electric field per photon for the quan-

ternal states labeled byb), |c), and |&) with energies tized probe field of frequency, in a mode volumeV, and

E,<E,<E,, respectively. The two lower statés) and |c) E, being the amplitude of the eIeptric fiAeTId for trle classical

can be hyperfine states in each of which the atoms can livBUMP laser beam of frequenay. Finally, &(t) anday(t) are

for a long time. They are coupled to the upper stajevia,

respectively, a classical pump field and a quantized probe

field of frequenciesw, and w; in the A-configuration. The Q, 0

interaction scheme is shown in Fig. 1. —
The second quantized Hamiltonian to describe the system

at zero temperature is given by

H= Hatom+ Hatomfieldv (1)

a=h,c,e

le>
a, O
L———— |

c>

[b>

~ ) ) Lo FIG. 1. Three-levelA-shaped atoms coupled to a quantized
WhereHatomglves the free evolution of the atomic fields and probe laser,; and a classical coupling lasér with frequencye;

Haomfield describes the dipole interactions between theand w,, respectively.
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photon creation and annihilation operators for the probe da ~

field, satisfying the boson commutation relation a:|6a+92 PrCha1s (10)

[a,(t),&](1)]=1. "
We consider the case where the pump laser is detuned f3f,qre w.=ha?/2m is the recoil frequency andﬁ:ﬁ(lzz

enough away from the atomic resonance that the excited - ~

state population remains negligible, a condition which re-~Kv) iS the photon recoil momentum. In EqS), b, and¢,

quires thatA,> y,, where v, is the natural width of the are annlhllauon opergtors for the modbsn) and|c,n), cor-
atomic transition between the excited stigdeand the hyper-  responding to atoms in the internal stg and|c), respec-
fine ground statéb). In this regime the atomic polarization tVely, and with momentump=n#g. Notice that Egs.
adiabatically follows the ground state population, allowing(®—(10 conserve the total number of atonW, ie.,
the formal elimination of the excited state atomic field op-En{bﬁbﬁéﬁén}:N, and the total momentumQ=2a'a
erator. Writing the Heisenberg equation fc,:ug ex;{i(lzz-i +Enn{b§bn+é$6n}. Furthermore, the number of atoms in the

—At)] and dropping the kinetic term, we obtain subsystenC,={|b,n),|c,n+1)} is also conserved, i.eb'b,

i 11 . +€!.,8,+1=N, is a constant for eveny. This means that each
Pe(X,1) z__{_Q%()z,t) subsystemC,={|b,n),|c,n+1)} is closed. However, atoms
Ax1 2 belonging to different,, are correlated by the self-consistent
. N radiation fielda.
+ gy (1) (X, e "St}e'(kg-x—Azt), (4) The system of Eqg8)—(10) describes the two-photon Ra-
man scattering, in which an atom is transferred from the state
.. ] |b,n) to the statdc,n+1) when it scatters a photon from the
where 6=(kp—ky) -X and §=4,-A1=wp= w1~ A, With Ay yump to the probe, i.e., when it “emits” a probe photon,
=(Ec~Ep)/%. Substituting Eq(4) into Eq.(3) and neglecting  \yhereas the atom is transferred from the state) to the
the small light shifts proportional t0[? and gfala;, we  state|b,n—1) when it scatters a photon from the probe to the
arrive at the following effective Hamiltonian: pump, i.e., when it “absorbs” a probe photon. The main dif-
ference with respect to the usual “two-level” CARL is that
after emission of a probe photon the atom changes its inter-
nal state fronjb) to |c). In particular, if atoms are initially in
the internal statéb), they can only emit probe photons. As a
consequence, in the superradiant regime, in which emission
dominates over absorbtion, atoms are transferred from the
initial state|b,0) to the final statédc, 1), where they can not
anymore emit probe photons, experiencing subsequent super-

(5)
— A—is Qi : radiant scattering. Hence, when atoms are initially in the
where g=g,(2/24, and a=ia,e. Neglecting shape effects tate |b,0), the condensate behaves as a closed two-level

due to the finite size of the condensate, we can perform th@

) . System.
Xpansion on momentum eigen . .
expansion on momentum eigenstaiss In the linear regime wherd.; <N, whereN, andN, are

the number of atoms in the initial statb,0) and in the

2
H= > d3x£b£(x:t>[— f—mvz] Pa(%t)

a=h,c

+ihg f XA (X, (X, )€ - H.c] - hoa'a,

+oo +o0
h=C> b, y.=C, v, (6)  recoiling statec, 1), respectively, we may assuniig= N,
n=-c n=-c so that the Hamiltoniax7) reduces to
s o - - N = heo e + g NL(Te - A6 — A SaTA
where[€,, 1= Gy m [bn,b1]= 61 [bn, Eml=[by, E,1=0 and H=%ot, +ihgVN,(@'e; - a8y ~hoa'a.  (11)
C is a normalization constant. Substituting E¢®. into Eq.  This means that we are investigating a system which is
(5), the Hamiltonian becomes analogous to the nondegenerate optical parametric amplifier

(OPA) [12,13 and involves the generation of correlated

- B EAD L AA N L ATAE At atom-photon pairs. The evolved state at titrie a pure bi-
H= 2 {hon?(blb,+Ele,) +ifig(@'¢lby,1 - H.c)}-%83"a  partite state

m * a n/2
@) ) = L 2( <n“>> €nn), (12

V1 +(Ag o \ 1 +(R)

+oo

and the Heisenberg equations fiy; ¢, anda are where (A)=(a'3) and <ﬁc>:<e}_él>- Equation (12) shows

- maximal entanglement between atoms and photaosord-

ing to the excess von Neumann entropy criterjad]) and

has the same form of the twin-beam state of radiation gen-
erated from an OPA and used to realize continuous variable
. optical teleportation[15]. The idea of using Raman-
dc, = —jwn%e, + géTBn-l, (9) scattering _from an o_pt.icaIIy driven BEC as a source of atom-
dt photon pairs was originally proposed by Moore and Meystre

ki” = —iwn?h, - ga8,.1, (8)
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[16], however without exploiting the amplification CARL A= (gN,/)(S;+S,), which, when substituted in Eq$13)
process. In the ordinary quantum CARL a detailed theory forand (14), yields
the interaction of quantized atomic and optical fields in the

linear regime has been developed, with emphasis on the ma- a5 = — 1S+ (GI2W, (S, +S,), (16)
nipulation and control of their quantum statistics and the dt

generation of quantum correlations and entanglement be-

tween matter and light wavg$,4,17. From such model it dw, .

results that, in the linear regime, the quantum CARL Hamil- dt Cl2S*+ (S, + c.ol, 17)
tonian reduces to that for three coupled modes, the first two

modes corresponding to atoms having lost or gained a quan- ds,

tum recoil momentuntd in the two-photon Bragg scattering — == (y+ 2w,)S+ (GI2W,(S, + S)), (18)
between the pump and the probe, and the third mode corre- dt

sponding to the photons of the probe field. Starting from

vacuum, the state at a given time is a fully inseparable three M =-G[2S,? + (315*2 +c.0)], (19)

mode state[17]. For certain values of the parameters the dt
state has the same form of Hd2), but in general the pres- 2 . . .
ence of a third mode reduces the entanglement between ﬂ\{vhereG—Zg N/« is the superradiant gain. If the numbéy

other two modes. In the present work we have shown that thgigtt?]rgssgl]tljttliaol:]yc:?Eth§136t)aﬁ1cd 37')8 izeeI:jos' ttr?:r\}\v/\ézll?l%:vf/)n
collective atomic recoil lasing from a 3-level atomic BEC 4 y

can be a more useful source for the production of the atomhyperbOIIC tangent shape for the superradiant decay of the

photon entanglement and its applicatidrs]. fraction of atomsP,=|bo|>/N, in the initial statelb,0) [9]:
An other potentially interesting situation is when atoms

initially occupy both the two ground stateb, 0) and|c, 0),

so that the resulting dynamics is that of a pair of two-level

systems coupled by the radiation field. In fact, if some atomavhereI’=2y,/G andtp=[G(1-T')]"In[Ny(1-T)] is the de-

are initially also in|c,0), photons emitted spontaneously by lay time. Asymptotically,P, tends to the stationary value

the transition fromb, 0) to |c, 1) may drive the other transi- I'<1.

P,=1- %(1 -D){1 +tanhG(1 -I)(t-tp)/2]}, (20

tion between|c,0) and |b,-1), although detuned by

In the experiment of Ref(10], a cigar-shaped’Rb con-

from resonance. Then, if the number of emitted photons iglensate was illuminated with single laser beanpolarized

large enough, a fraction of atoms with momenturg-may

and detuned by,/(27)=-340 MHz from theD, line tran-

be produced. In the following we discuss in details this effectsition (A=780 nm), between|b)=|5%S,,,,F=1,mz=1) and

using parameters close to those of Ré&f).
Taking into account only the four

le)=|5%P5,, F=1,me=1). After emission of a photowr, po-

atomic states larized in the end-fire mode of the condensate, the atoms

{lb,0),|c,0),|b,1),|c,—1)} and treating the bosonic operator return to the ground state)=|5%S,,,,F=2,mg=2), recoiling

asc-numbers, we can derive from Eq8)—10), the follow-
ing system of equations:

d

%’2 =-i(0F 0)S1 2t 0AW ,= 71 S, (13)
\;th,z =" Zg(Aslg"' c.c), (14)
dA
dt =gN(§+S) — KA, (15)

where S;=(lboCy/Np)exp(—idt), S,=(b_1cy/Np)exp(—idt) W,
=(|bol?=[e1]) /N, Wo=(|b-y|*~|co?) /Ny, A=ae™* andN, is
the number of atoms initially in the stafie,0). To Eq.(13)
we have added a damping terny=S, , taking into account

at an angle of 45° with momentugr7d. The emitted pho-
ton is shifted by tA.,+w,), whereA ,=(27)6.8 GHz is the
shift between the hyperfine ground states ametﬁk%/m
=(2mw)7.5 kHz is the recoil frequency. Normal emission with
the atom back to the same ground stépeis avoided align-
ing the polarization of the laser beam parallel to the main
axis of the condensate. The condensate contahgeil0’
atoms and had Thomas-Fermi radii Rf=165um andR;
=13.3um, so thaty;=5% 10’/s andg=10°\1/s, wherel is
the laser intensity in mW/cfn Assuming x=c/2R,
~10%/s, the predicted superradiant gain 6/1=2

X 1P cm?/(mW's). The measured gain wasG/|~3

X 10* c?/(mW 9) and the loss rate wasy2=6.2X 10%/s.
For I=7.6 mW/cnt, I'~0.27, thus approximately 73% of
atoms were transferred from the initial stéte0) to the final
state|c, 1), with a momentunp=*#d.

for the coherence decay observed experimentally. Also, we Let now consider the effects of haviid,=aN, atoms in

have added to Eq15) a damping term A modeling, in a
“mean-field” theory[19], radiation loss, wher&=cT/2L if

the radiation is circulating in a ring cavitjwhere T is the
mirror transmittivity andL is the cavity length In the free-
space case, i.e., without optical cavifyz=1 andL is of the

the ground statéc, 0), with initial momentum equal to zero.
In Fig. 2@ we show the results of the numerical integration
of Egs.(16)—«19), with G=10w,, y;=1,=0.3w,, and differ-
ent values ofv=0.1,0.5,1. We observe that it is possible to
transfer almost 20% of atoms in the stdbe—1), moving

order of the condensate length. In the superradiant regiméackward with momentumpi=-%g. The fraction of backward
for k>gyN, andt> ™%, we can adiabatically eliminate the atoms is rather small due to the off-resonance by & the

radiation field. Assumingd=w, and x> w,, Eq. (15) gives

frequency w;=w,—(Agp+w,) of the superradiant field. In-
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FIG. 2. (a) Fraction of atoms inc,1) (upper curvesand in
|b,-1) (lower curves vs wt, for G=10w,, y;=7,=0.3w, and a
=N./Np=0.1 (continuous lines «=0.5 (dashed lines and a=1
(dotted lineg. (b) photon flux for atom, 2|al2/N,=G|S;+S,/?, for
a=0.1 (continuous ling, «=0.5 (dashed ling and a=1 (dotted
line).
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scribing the experimentally observed superradiant Raman
scattering from a diluted Bose-Einstein condensate driven by
a single off-resonant laser beam. The importance of using a
Bose-Einstein condensate in this kind of effects is not related
to its collective state itself, but because it allows for a larger
correlation time between the emitted photon and the scat-
tered atom. We have shown that collective atomic recoil las-
ing (CARL) from 3-level atoms in a\-configuration, real-
ized using two hyperfine levels of the ground state, produces
Raman amplification of matter waves. In particular, when
atoms are initially in one of the two lower states, a pure
two-level system is realized between atoms with different
internal states and different momentum, and entangled atom-
photon pairs are generated. In this case, the system behaves
as a nondegenerate optical parametric amplifier. When the
atoms are initially in both the hyperfine levels of the ground
state, photons emitted superradiantly by atoms in the first
two-level system can be absorbed by atoms in the second
two-level system, generating a condensate recoiling in the
backward direction. We observe that in this case it should be
possible to measure experimentally any eventual difference
between decoherence rates for atoms recoiling in opposite
directions. In fact, a recent experimg8i gave evidence of a
phase-diffusion contribution to atomic decoherence depend-

creasing the laser intensity it is possible to make the twong on the detuning from the two-photon Bragg resonance

populations of|b,0) and |b,-1) almost equal, if initially
Np=N.. Figure 2b) shows the photon flux per atom,
2k|al?/N,=G|S;+S,|?, for @=0.1, 0.5, 1. The radiation peak

condition. In the present case, superradiant photons reso-
nantly emitted in one transition do not satisfy the resonance
condition for the other transition. Hence, it should be pos-

reduces increasing because the absorbtion from the secondsible to evaluate the phase-diffusion contribution to decoher-

transition becomes more important.

ence measuring the final steady-state fraction of atoms in the

In conclusion, we have presented a quantum theory dewo recoiling condensates.
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