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Abstract

We prove a general version of the super-replication theorem, which applies to Ka-
banov’s model of foreign exchange markets under proportional transaction costs. The
market is described by a matrix-valued cadlag bid-ask process (Il;)e[o,r] evolving in
continuous time.

We propose a new definition of admissible portfolio processes as predictable (not
necessarily right or left continuous) processes of finite variation related to the bid-ask
process by economically meaningful relations. Under the assumption of existence of
a Strictly Consistent Price System (SCPS), we prove a closure property for the set
of attainable vector-valued contingent claims. We then obtain the super-replication
theorem as a consequence of that property, thus generalizing to possibly discontinuous
bid-ask processes analogous results obtained by Kabanov [11], Kabanov and Last [12]
and Kabanov and Stricker [15]. Rédsonyi’s counter-example [16] served as an important
motivation for our approach.
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1 Introduction

The term “super-replication theorem” or “hedging theorem” denotes a class of results de-
scribing the set of initial endowments allowing an investor to hedge (or super-replicate) a
given contingent claim by pursuing some self-financing trading strategy.
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In a frictionless financial market, this set coincides - under suitable regularity assump-
tions - with the set of all initial investments greater than every expectation of the contingent
claim calculated with respect to all equivalent (local) martingale measures (see e.g. [9], [1]
and [6]).

The absence of friction assumption is clearly a strong idealization of the real world and
much effort has been devoted to the super-hedging problem in the presence of transaction
costs.

In a financial market with proportional transaction costs as modelled by Kabanov [11],
establishing a super-replication theorem is a somewhat delicate task. In this setting, a
contingent claim is modelled by an R?valued random variable representing e.g. positions
in several currencies, so that the initial endowments are vector-valued, too.

In a discrete time setting, a complete characterization of the set of initial investments
necessary to super-hedge a given contingent claim has been given in [5], [13], [14] and [17].

In a continuous time framework, the problem is more delicate. A subtle point is the
definition of a “good” notion of admissible trading strategy. A first solution has been given
by Kabanov [11], by assuming constant transaction costs and continuous price processes
with respect to a given numéraire. His results rely heavily on the underlying L? structure.
An improvement has been made by Kabanov and Last [12], by dropping the integrability
condition that characterizes admissible strategies in [11] and replacing it with the more
natural boundedness from below property, that had turned out to be useful in the frictionless
case (see e.g. [6]). Also in [12], the authors assume that the transaction costs are constant
over time and that the numéraire has continuous price dynamics.

A further step forward is the paper [15] by Kabanov and Stricker, where the solvency
cones Ki(w) induced by the financial market are now modelled as time-dependent and
random. In [15], they are assumed to be generated by a countable family of continuous
processes.

In all those papers, the authors work under the efficient friction assumption, which
roughly means that the transaction costs are strictly positive, thus excluding the frictionless
case from their setting. Moreover, an admissible self-financing trading strategy is defined
as an adapted, vector-valued, cadlag process of finite variation whose increments lie in the
solvency cones and its terminal value is bounded from below by a constant with respect to
the order induced by the cone I?T.

In the present paper we extend these results to bid-ask processes which are not neces-
sarily continuous and prove a general super-replication theorem in this framework. There is
an enlightening counter-example, due to M. Résonyi [16], which - at first glance - seems to
make such an effort bound to fail: roughly speaking, in this example, which uses a bid-ask
process with jumps, there is a sequence of cadlag portfolio processes (‘A/t”)te[o’ﬂ, where V"
is defined via a trade at time t,, = 1 — n~!. If one tries to pass to a limit of this sequence
- which is always the crucial step in the proof of a super-replication theorem - one faces a
difficulty: the limiting process V0 would naturally be defined by a trading which is done
at time ¢t = 1—, i.e., “immediately before time 1”7, which should be distinguishable from
trading at time t = 1. But such a distinction is not possible in the framework of cadlag
portfolio processes (‘Z)te[o,T] as used in the previous literature. We also note that such a



distinction is not necessary in the case of continuous bid-ask processes, but if one allows for
jumps of these processes, this issue becomes unavoidable, as convincingly pointed out by
Résonyi’s example.

Our idea to remedy this problem is very snnple we model the portfolio processes
(Vt)te[o 1], where the R?-valued random variable V;, describes the portfolio of d assets held

at time t, as predictable processes. Recall that, for a predictable process (Vt)te[o 7) and a
predictable stopping time 7 (e g., a deterministic time such as 7 = 1) it is perfectly possible
that the values VT, = limyy, V} and VT+ = limy V} both are different from VT, so that they
allow for modelling a jump AV V Vi “immediately before time 7”7 as well as a jump
A+VT = VT+ — VT ‘at time 7”7

In fact, we believe that it is very natural to model portfolio processes in a predictable
way (at least in the present context of bid-ask processes with jumps). Recall that in the
classical frictionless setting, where the financial market is modelled by an R%valued semi-
martingale (S;)icpo,7) (see, e.g., [6]), the trading strategies (Hy)cjo,r), where the R-valued
random variable H; describes the portfolio of d assets held at time ¢, are also modelled
as predictable processes so that the stochastic integral (H - S)r = fOT H;dS; makes sense.
Turning again to the case of financial markets with transaction costs, we also observe that
- in nuce - already in discrete time the necessity occurs of modelling the possibility of a
trade “before the change of prices” as well as “after the change of prices”. Indeed, think
of a one-period bid-ask process (Il;){_, as in [17]: there is one change of prices but two
possibilities of trade, namely at time ¢ = 0, i.e. before the change of prices, and t =1, i.e.,
after the change of prices.

In Section 2 below we develop the notion of admissible predictable portfolio processes.
We introduce the notion of “Strictly Consistent Price System” (SCPS), which is the con-
tinuous time version of a well-established concept known to be useful in the present context
(compare with [15], Section 3.1). We also compare our notion of admissibility with that
which appeared in the paper [12] in the case of constant transaction costs.

In Section 3 we prove the main result of this paper: if there exists an SCPS, the set
of attainable contingent claims is Fatou-closed with respect to the order induced by Kr.
Roughly speaking, this means that our framework is designed in such a way, that it is
indeed possible to pass from a sequence (YA/t")te[O’T] of portfolio processes (that are uniformly
bounded from below in a sense to be made precise below) to a limiting portfolio process
(‘Z)te[O,T}- A central tool, which may also be of some independent interest, is Proposition13:
it is a parametrized version of (a strengthening of) Helly’s theorem on pointwise convergence
of sequences (f,)52; of functions on [0,T] of uniformly bounded variation.

Finally, in Section 4 we apply this result to deduce the super-replication theorem. This
final step is rather standard.

2 The Model: Terminology and Definitions

We follow the terminology established in [17]. Due to the fact that we are working in
continuous time, some additional concepts will be necessary.



Let (€2, (Ft)iejo,r), P) be a filtered probability space satisfying the usual conditions (i.e.
it is right-continuous and P-saturated). We assume without loss of generality that Fy is
trivial, i.e., consists only of the null sets and their complements. We recall the definition of
a bid-ask matriz and a bid-ask process:

Definition 1 A d x d matriz IT = (7" )1<”<d is called a bid-ask matrix if:
1. 7 >0 for every 1 <i,j < d;
2. =1 for every 1 <i<d;
3. 7 < 7k pki | for every 1 < i,j,k < d.

An adapted, cadlag process (Iy),ejo,) taking values in the set of bid-ask matrices will be
called a bid-ask process.

Given a bid-ask matrix II, we can define the following objects, that will play a major
role in the definition of portfolio processes.

e the solvency cone K (IT), which is the convex cone in R? spanned by the unit vectors
e',1 <1 < d, and the vectors m7e* —e?,1 < 4,5 < d;

e the cone of portfolios available at price zero —K(I1) = {z € R?: —z € K(II)};

e the polar of the cone —IA((H), denoted by IA(*(H) and given by
K1) = {w e Re: (v, w) <0,Yv € —f{(n)}

= {w € RY: (v, w) > 0,Yv GI?(H)}

We call the elements w € K* (IT) (resp. in the relative interior of K* (IT)) price systems
consistent (resp. strictly consistent) with the bid-ask matriz I1.

For the financial interpretation and some comments about the previous definitions, we
refer to [17].

From now on, the bid-ask process (Ht)te[o 7] will be fixed once and for all, so that we

can drop it from the notation, by writing e.g. K and K,_ instead of, respectively, K (I1;)
and K (11, ) for a stopping time 7. Observe that, since (Il;)¢c[o 7] is right-continuous, we

have that KT+ = K a.s. for every stopping time 7.
The cones (Kt>te[0 7], induce a natural order among RY-valued random variables. Let
T be a stopping time and let U,V be two Fr-measurable random variables. We will write
U=, V,ifU-V € LO(I/(\'T, F;), the cone of all I?T—Valued F.--measurable random variables.
In order to avoid the necessity of developing special notation for possible trading at
the final date T, we will work, without loss of generality, under the following technical
assumption concerning the filtration (F).c(o,r) and the bid-ask process (I1t);c(o,7):

Assumption 2 Fr_ = Fr and IlIp_ =1t a.s.



We will explain in the last section, Remark 16, why this assumption does not restrict
the generality of the model. We now give the definitions of consistent and strictly consistent
Price Processes.

Definition 3 An adapted R%\{0}-valued process Z = (Zy)iejo,1) is called a consistent price
process for the bid-ask process (Il¢)ejo,1) if:

e 7 is a cadlag P-martingale;
o for every t € [0,T), Z; € K} a.s..
Moreover, if a consistent price process Z satisfies the following additional condition:

o for every [0,T] U {oo}-valued stopping time T, Z; € int[?i a.s._on {1 < oo}, and for
every predictable [0, T|U{oco}-valued stopping time o, Z,— € intK:_ a.s. on {o < 0o},

then Z will be called a strictly consistent price process. The set of all (strictly) consistent
price processes will be denoted by Z (Z%).

Remark 4 For a consistent price process Z and for a random time 7, Z, € I?;" a.s. Indeed,
for each random time 7, there exists a sequence 7, of random times taking finitely many
values and such that 7, | 7 a.s.. Then, since Z is assumed right-continuous, by letting n
tend to infinity, we have Z; € K* a.s.. Similarly, if ¢ is a predictable [0, 7] U {oo}-valued
stopping time, then Z,_ € I?;’;_ a.s. on {o < oo}.

We now introduce the standing assumption of the paper, stating that there exists a
strictly consistent price process Z° for the financial market described by the bid-ask process

(It)efo,7)-
Assumption 5 Existence of a Strictly Consistent Price System (SCPS): Z% # ().

Remark 6 Observe that SCPS implies a property that in the transaction costs literature
(e.g., see [15]) is usually called Efficient Friction (EF):

intK; #0 as., for every t € [0, 7). (1)

We will say that a process X is of finite variation if almost each of its paths has finite
variation. We do not assume that X is necessarily right or left-continuous as in most
textbooks on stochastic calculus (e.g. [8], [10]). We will denote by Var,(X) the total
variation of X on [0,], i.e.

n—1
Vart(X) = sup Z ”Xti+1 - Xti||d7 te [O,T].
0<tp<...<tn <t i=0
Here || - ||¢ denotes the Euclidean norm on RY,



For a given process of finite variation X, we set

Xf=X— > AyX,— > AX,,

s<t s<t

where AL X} := X3y — Xy and AX, .= Xy, — Xy, t € [0,T]. By convention, AXo = Ay Xp =
0. If moreover X has continuous paths, then we denote by (Xt);c[o,7] its Radon-Nikodym
derivative with respect to the scalar increasing function (Var:(X)),c(o,r). Note that Xi(w)

is well-defined and takes its values in the unit sphere of R? a.e. with respect to the product
measure dP ® dVar;(X) defined on Q x [0, 7.

We now introduce the central concept of this paper.

Definition 7 Suppose that (I1;),c(o.1) s a bid-ask process such that SCPS holds true. An

Re-valued process V= (Vi)iepo,1)> s called a self-financing portfolio process for the bid-ask
process (Ht)te[O,T] if it satisfies the following properties:

(i) it is predictable and a.e. path has finite variation;

(ii) for every pair of stopping times 0 < o <71 < T, we have

V.-V, e —Kor as. (2)
where
I/C\(,,T(w) := conv U Ku(w),0], (3)
o(w)<u<t(w)

the bar denoting closure in R?.

Furthermore, a self-financing portfolio process V will be called admissible if it satisfies the
following additional property:

(iii) there is a threshold, i.e., a constant a > 0 such that Vi =1 —al and Zﬁ‘AfT > —aZil
a.s. for all [0, T]-valued stopping times T and for every strictly consistent price process
VANSIAS

We denote by ]A/adm the set of all such portfolio processes and set

Y {‘A/ € ﬁldm : ‘A/o =z},

adm

for some initial endowment x € RY.

Some remarks seem in order to motivate this definition. The assumption of predictability
was discussed in the introduction and this seems to us the most basic feature of the above
concept. The condition of a.s. finite variation is related to the efficient friction (EF)
property: the economic rationale behind it is that a portfolio process having trajectories



with infinite variation would be a very stupid investment strategy, as the transaction costs
would add up to infinity for the trajectories with infinite variation. Therefore we may
restrict to portfolio processes with a.e. trajectory of finite variation. We give a precise
version of this economic intuition in Lemma 11 below.

Let us now discuss condition (ii): fixing stopping times o < 7, the change Vi(w) = Vo (w)
of the portfolio should be a.s. in the closure of the sum of the cones (—Ku(w))ue[o(w),r(w)) Of
contingent claims available (at time u) at price zero, which makes sense economically. An-
other way of making sense of the economic idea that the portfolio process V' can only evolve
according to the terms of trade modelled via the cones (I?t)te[O,T] is to argue infinitesimally

and to require that d‘//\} should lie in —I?t a.s., for all 0 <t < T, as well as d‘//\} in —I?t,
This approach was used in [3], [4], [11], [12] and [19] among others, and works well in the
context of the continuous modelization of (Kt)te[o 7] and cadlag processes (Vt)te[o - In
our present modelling we have preferred not to use infinitesimals and to formulate things
in finite terms as in (2) above. We shall show in Lemma 8, how to relate this definition to
the infinitesimal intuition.

Finally, let us discuss the notion of admissibility: condition Vi =7 —al in (#41) is in the
usual spirit of uniform boundedness from below; however, in contrast to the frictionless case
(e.g. [18] or [20]), we only impose such a condition at the terminal date T'. In order to rule
out doubling strategies and similar schemes we use the family of strictly consistent pricing
systems (which is non-empty by Assumption 5). Writing condition (iii) as Z:V, > Z2(—al)
we may interpret this inequality in the following way: given any stopping time 7 and any

strictly consistent system Z2 of prices at time 7, the value Z:V, = Zd: (Z2)iVi of the
portfolio under the price system Z£ is greater than or equal to the value Z3(—al) of the
portfolio —al which consists of a short position in each asset ¢ = 1,...,d. We refer to
Proposition 9 below for more on this topic, and in particular for a comparison between our
notion of admissibility and the one used by Kabanov and his co-authors in [12] and [15].

In the following lemma, we link our definition of portfolio processes to that given by
Kabanov and Stricker [15]. In particular, we prove that if V' is admissible in the sense of
Definition 7 then every product ZV (with Z € Z) is a true super-martingale.

Lemma 8 Let (Il;).c(o,1) be a bid-ask process such that SCPS holds true and let V be a pre-
dictable process of finite variation (not necessarily right or left-continuous). The following
two assertions are equivalent:

1. (i) for a.e. w € Q and for dVar,(V°)(w)-a.e. t € [0,T], ‘A/.tc(w) € —Ki(w);
(ii) for every stopping time T, A.JA/ € —K; as.,
(iii) for every predictable stopping time o, AV, € —K,_ a.s.;

~

2. for every pair of stopping times o < T, V; — VJ € —IC(,J a.s..

Moreover, if the conditions are verified we have that ZV is a local super-martingale for every
Z € Z. IfV is also admissible, then Z°V is a true super-martingale for every Z° € Z°.



Proof. 1. = 2. Let 0 < 7 be two stopping times. Observe that

LT =TT Y ATt Y AT

o<u<lrt o<u<lT

Since, AJJA/T € —I?T, for all stopping times 7, and AVU € —[?U, for all predictable stopping
times o, we have Za§u<‘r ALV, € —Kyr and > AV, € =K, . Moreover, property
1. clearly yields that

o<u<T

~ ~ ~

Vi=-Vy :/ ‘Zdearu(Vc) € Ko7, as.

2. = 1. To show that, for every stopping time 7, the jump from the right A‘ZJF belongs
to —I?T a.s., it suffices to approximate 7 by a sequence 7, of stopping times such that
7, | T, as n — o0, and use again the right-continuity of the bid-ask process (Il;);c(o,r). For
the jump from the left at any predictable stopping time o, let us consider an announcing
sequence o, for o. By 2.

~ ~ ~

Vo = Vo, € =Ko, 0

for every n > 1. By letting n tend to infinity, we obtain the cone constraint for AVU.
By the Lebesgue density theorem, for a.e. w and dVar,(V°)(w)-a.e. t € [0,T], we have

XA/.c(w) = lim Ve s(w) = Vi)
t 410 Vart+5(‘7c)(w) - Vart(f}c)(aJ)
€ ﬂ —’Et,t+6(w)-

>0

Since (Il¢)eo,7) is a cadlag process, we have that Nsso — I/ét’tJr(S = —I?t a.s., so that
@C(w) € —K(w), for a.e. w and for dVary(V¢)(w)-a.e. t € [0,T], which proves 1.

To finish the proof of this lemma, let V be a self-financing portfolio process with 170 =
0 and let Z € Z. We now follow the arguments from [15], Lemma 3.1. Applying the
integration by parts formula to the product ZV¢, we have

ZVy = ZVE+ Z(O) AV Y AL

u<t u<t
t t .
= / ViedZ, + / ZVgdVary (Vo) + Ze(> AV + > ALV
0 0 u<t u<t

t t .
— / VudZ, + / ZVgdVary(VO) + ) Zu AV + > ZuAL V.

0 0 u<t u<t

The first integral is clearly a local martingale as V is locally bounded, which is a straight-
forward consequence of [8] (VIIL.11, p. 337). The second one is a decreasing process, the



product Zt‘A/tC being negative for a.e. w and dVar,(V¢)(w)-a.e. ¢t € [0,T]. Moreover, the
first and the second sum are both decreasing processes, since, for every predictable stopping
time o, ZU_AXA/(, < 0 a.s., and, for every stopping time 7, ZTA+‘77— < 0 a.s.. Hence, ZV is
a local super-martingale for every Z € Z.

Assume now that V is admissible with threshold a > 0 and let Z° € Z°. In particular,
we have that Zf‘z > —alZ? a.s. for every stopping time 0 < 7 < T'. Finally, since Z5V
is a local super-martingale bounded from below by the martingale —alZ2%, Fatou’s lemma
gives that Z sV is in fact a true super-martingale. The proof is now complete. [

We conclude this section by comparing our definition of admissibility with that given
in the paper [12] by Kabanov and Last, where the transaction costs are assumed to be
constant. In fact, we will show in this case that the two definitions coincide. In order to do
so, we briefly recall Kabanov’s original framework, the definition of the transaction costs
matrix A and the related notion of admissibility.

In [12] (compare also to [11] and [15]) the bid-ask process (II;) was introduced in the
following way. These authors start with a d-dimensional price process (St)te[O,T] modelling
the prices of d assets without transaction costs in terms of some numéraire. One then defines
a non-negative d X d-matrix A = (Ai7)1§i7j§d of transaction cost coefficients, i.e., \¥ > 0
models the proportional factor one has to pay in transaction costs, when exchanging the
7’th for the j’th asset. Again it is natural to impose the condition that, for 1 <i,j,k < d,
we have

(14 A9) < (14 AF)(1 4+ AM).

The transaction costs matrix A may be constant (as in [12]), or may depend on ¢ and w in
an adapted way (as in [15]). In any case, letting

/()
Si(w)

n

(W) = (1+ M (W) 1<i,j<d,
one obtains a bid-ask process (II;). We refer to [17] for more detailed comments on how
these two ways of modelling transaction costs are related.

For the rest of this section the transaction costs matrix A is assumed to be constant (in
t and w).

We recall the definitions of the solvency region (in terms of the numéraire in which the
price process S is denoted) K and its dual K* as given, e.g., in [12]: let M denote the set of
all € R? for which there exists a “transfer” matrix (a*);<; j<4 With non-negative entries
such that

d d
pl==)d'+) 1+ M), 1<i<d
j=1 j=1
Then, K := M + R% and

K*={weRL :w — (1+A\)w' <0,1<i,j<d}.



Observe that R
Ki(w) ={weR?: (w'S}(w),...,wls(w)) € K}

and
Kf(w) = {weR®: (w'SHw), ..., wls(w)) € K*}.

Let now V be a self-financing portfolio process as in Definition 7. We will say that 1%
is admissible in Kabanov’s sense if there exists a threshold a > 0 such that V. =, —al a.s.
for all stopping times 0 < 7 < 7T

We notice that in this context, i.e. A constant, the efficient friction condition EF
(Remark 6) translates into the property intK* # (. In [12], instead of assuming SCPS,
the authors assume EF and that there exists an equivalent martingale measure Q for the
price process S, which is a stronger assumption than just SCPS. Furthermore, in [12] the
price process S is assumed to have continuous paths. In the next proposition, we drop
the continuity assumption on S and we show that, when the transaction costs matrix is
constant, Kabanov’s notion of admissibility and ours are equivalent.

Proposition 9 Assume that there exists a probability measure Q ~ P such that S is a
Q-martingale. Let A = (\)1<; j<q be a constant transaction costs matriz such that the
efficient friction condition intK* # 0 is satisfied and let V be a self-financing portfolio
process as in Definition 7. Then the assumption SCPS holds true and the following are
equivalent:

(i) V is admissible in the sense of Definition 7 above, i.e., there exists an a > 0 such that
Vi =1 —al and Z3V, > —aZ?1 a.s. for all stopping times 0 < 7 < T and for every
VARSI AN

(i1) V is admissible in Kabanov’s sense, i.e. there exists an a > 0 such that Vr = —al
for all stopping times 0 < 7 <T.

In fact, if one of the conditions is satisfied for some fized a > 0 the other one also holds
true for the same threshold a.

Proof. We first show that, when A is constant, EF plus the existence of an equivalent
(true) martingale measure Q for S imply SCPS. Indeed, fix an arbitrary w € intK™* and
consider the process Z% whose 7’th component is defined by

Z" = w'SiD, 1<i<d, (4)

where Dy := E[‘é—&ft]. It is easily verified that Z" is a strictly consistent price process
(compare [17]). Now we prove the equivalence between (i) and (7).

(i) = (i) Let V and Z° be, respectively, a self-financing portfolio process and a strictly
consistent price process. By (i), one has that YA/T = —al for all stopping times 0 < 7 < T,
so that, using Remark 4, we have ZﬁVA/T > —aZ?1 for each stopping times 0 <7 < T

10



(i) = (ii) Let V be an admissible portfolio process as in Definition 7 with threshold
a > 0. This implies that Z(V; + al) > 0 for all stopping times 0 < 7 < T and every
Zs € Z°. Let Z" be a strictly consistent price process as in (4). Thus

d

ZwZ(S;‘A/TZ +aS.) >0 a.s., for all stopping times 0 < 7 < T (5)

i=1
Consider now a sequence wy, € int K* dense in K*. From (5) we deduce that

P " wi(SiVi+aSi) >0,Vn > 1] =1.
i=1

We can conclude that ST(X/}T +al) € K a.s. or, equivalently, ‘77- +al € I?T a.s. for all
stopping times 0 <7 < 7. O

3 The Closedness Property of the Cone of Attainable Claims

Let us consider the set ﬁ% of all contingent claims attainable with initial endowment = € R,
which is defined as R R

A ={Vp:V eVi, }. (6)
Let us denote by 170’“, for a > 0, the subset of all processes Ve ljgdm such that I7T >7 —al.

In this section, we will show that the set .,Zl\% is Fatou-closed with respect to the order
=7 on LO(R? Fr). By this we mean, in the present context, the following property: let ‘7:}"‘
be a sequence in /T% converging a.s. to a r.v. X € LY(RY, Fr) and such that Vn e Yoa
for all » > 1 and for a given a > 0. Then there exists a portfolio process Vo e Affdm with
terminal value X.

Once this property is proved, it will be fairly standard to establish a super-replication
theorem with proportional transaction costs, by using essentially the same arguments as in
[15].

At this point, we need some preparatory results. The idea underlying the next two
lemmas goes back to [15], Lemma 3.3, where Kabanov and Stricker proved a similar bound,
but using a different notion of portfolio process.

The following definition will be useful in the next lemma: given a convex cone C' C R¢
and a real number ¢ > 0, we define the e-interior of C' as the set of all x € C such that
B(z,€||z]lq) C C, where B(z,€||z|/q) is the open ball centered at z and with radius €||z||4.
Clearly this defines a convex cone which will be denoted by e-intC. Let C* denote the polar
of C. The following elementary fact will be helpful in the sequel:

r € e-intC if and only if xy > €||z||4 for every y € C* with ||y[lq = 1. (7)

Furthermore, let Z° be a strictly consistent price process. We denote by e the biggest
random variable (in the essential supremum sense) belonging to L°(R, Fr) such that Z; €
e-int K/ for all t € [0,T] a.s., i.e.

e :=esssup{n € L°(Ry, Fr) : Z¢ € n-intK;,Vt € [0,T] a.s.}. (8)
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Lemma 10 Let Z° be a strictly consistent price process for the bid-ask process (Ht)te[(LT]-
Then,
Ple > 0] =1, (9)

where € is defined as in (8). As a consequence, P[Z§ € e-intK},Vt € [0,T]] = 1.

Proof. Consider the following increasing sequence of [0, 7] U {oo}-valued stopping times
1 ~
Ty, := inf {t 1 Zy ¢ —intK:‘} , n>1,
n

with the usual convention inf ) = co, and set 7 := sup,,~; 7,. As Z° is a strictly consistent
price process, 7 is a predictable [0, 7] U {oo}-valued stopping time. Indeed, the sequence 7,
announces 7 on the set {7 < oo}.

To prove the statement it suffices to show that P[r < oo] = 0. To do so, notice that
on {7 < oo} we have 7, < co and so Z; ¢ %—intl?;‘n for all n > 1. Being Z° cadlag, Z7
tends a.s. to Z7_ on {7 < oo}. Since also (f(f)te[o,T] is a cadlag process, Z7_ must lie at
the boundary OK*_ of IA(;L a.s. on {7 < co}. Furthermore, Z2_ is a.s. different from zero
on {r < co}. This follows from the fact that, since Z* is an R% \ {0}-valued martingale,
one has infyco 77|27 [l¢ > 0 a.s.. Hence we have that Z7_ € 8[?;_ \ {0} a.s. on {7 < o0},
which of course contradicts the fact that Z?_, being a strictly consistent price process, must
belong to intK*_ a.s. on {7 < co}. Hence P[r < oo = 0.

In particular, we have Z; € »s-intl?gk a.s. for allt € [0,T]. Since both processes (Z;)ic[o0,7]

~

and (K{)e[o,) are cadlag, we can conclude. [J

The following lemma provides a uniform bound for the total variation of any family of
admissible portfolio processes with the same threshold a > 0. We recall that V%@ denotes the
subset of all admissible portfolio processes (starting from 0) V' € ngm such that Vp =7 —al.

Lemma 11 Suppose that (I1;),c(0.1) s such that SCPS holds. Then, there exists a proba-
bility Q ~ P and a constant C' > 0 such that, for a > 0 and Ve 90"‘,

Eq [VarT(XA/)] <C-a. (10)

Proof. Let Z° be a strictly consistent price process. For each admissible portfolio process
V with admissibility threshold a, the super-martingale property of the process Z°V stated
in Lemma 8 together with a standard application of Fatou’s lemma ensures that

T .
E[- / ZiVedVar, (V) = Y Z5AV, = > ZiALV,] < —E[Z3Vr)
0 u<T u<T
< aE[Z71] < oc0.  (11)

Notice that, since Z* is an R \ {0}-valued martingale, we have inf,cio 71 [|Zf]la > 0 a.s..
Set o := einf,c(o 7 [|Zf |4 where ¢ is defined as in (8). Lemma 10 together with (7) implies
that R

PZ:V,>a >0Vt e [0,T]] =1

12



Then the left-hand side of inequality (11) is bigger than

Ela(Varr (V) + > [AVulla + Y 1AL Vala)],
u<T u<T

which yields that

sup Ela(Varp(V) + Y [AVulla+ Y A Villa)] < aB[Z31].
Vel u<T u<T

Since
Varp(V) = Varp (V) + > [AVulla+ D 1A Valla,
u<T u<T

setting g := E[Z51]'a, C := E[g] and % := & concludes the proof. [

In order to show that the set A\% is Fatou-closed we will use the following Proposition 13,
which is a compactness result for predictable finite variation processes. To prove this result
we will repeatedly use an easy consequence of a “Komlés-like” result proved by Delbaen and
Schachermayer [6] (Proposition Al.1, p. 515), that we recall for the reader’s convenience.

Proposition 12 Given a sequence of real-valued functions f, bounded in L*(Q), there are
convexr combinations

gn € conv(fun, fnt1,---)

such that g, converges a.s. to some go € L'(Q).

We now state the parametrized version of Helly’s theorem which will be the central tool
for proving Theorem 14 below.

Proposition 13 Let V™ be a sequence of finite variation, predictable processes such that
the corresponding sequence Varr (V") is bounded in L*(Q) = L' (Fr, Q) for some probability
Q ~ P. Then, there exists a sequence W™ € conv{V,, V,11,...} such that W™ converges
for a.e. w for every t € [0,T)] to a finite variation, predictable process W0, i.e.

PW — WP vt€[0,T]] = 1.

Proof. Let V" be a sequence as in the statement and set D := ([0,7]1 N Q) U {T'}. By
assumption, the sequence Varp(V™) is bounded in L'(Q), for some probability Q ~ P,
so that we can use Proposition 12 together with a diagonalization procedure to obtain
sequences of convex weights o, such that for

Wi = ZaZLVart(V"H) € conv(Vary(V™), Var, (V™™ ..), te D, (12)
Jj=1

and
Wl = Zoz%Vt"ﬂ € conv(V", VPt L), te D,
i>1
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there exist F;-measurable random variables W? and W which are, respectively, real-valued
and R%valued, such that .
wWr — W% teD, (13)

and
Wi — WP, teD, (14)
almost surely. We denote by Qo the event where both (13) and (14) hold true so that
P[Qo] = 1.
Observe now that ¢ — W2 (w) is increasing over D for all w € £y, so that we can set

W= lim W9 tel0,T)
qllt,qeQ

and WOT = W% on ﬁo.

Claim: let (w,t) € QOX]O,T[ be such that ¢ is a continuity point of the function
s+ WYw). Then W}*(w) converges in R%.

Indeed, for € > 0 let gy < t < g2 be rational numbers such that W, (w) — W) (w) < e.
Choose rationals r1, 79 such that ¢ < r1 <t < r9 < to. Then there is N € N such that, for
n > N, we have W (w) — W} (w) < 2¢. Using the inequality

Wi (w) = Wi (W) < Wi, (w) = W (w) < 2¢

we conclude that the convergence of Wj'(w) on the rationals Q N [0, 7] implies the conver-
gence of W/*(w) on all points of continuity of s — WY(w). We denote by W?(w) the limit
of the sequence W}*(w) on these points of continuity (w,t).

To conclude the proof we still have to assure the convergence of W}*(w) at the points
of discontinuity of s — WY(w), for a set Qg of full P-measure. We may proceed as fol-
lows: being W° an increasing, right-continuous adapted process over [0,7], we can apply
Théoréme 117 [7], ensuring that there exists a sequence 7 of [0, 7] U {oc}-valued stopping
times exhausting the jump instants of the process W0, i.e. {AW? =£ 0} C Ug>1[7]. We set
J = Ug>1[m]. By taking once more convex combinations, we can assume w.l.o.g. that,

W2 — W2 as. on {m, < T}, (15)

for every k. We set Qo := {w € € : (15) holds true} so that we still have P[] = 1.
As a consequence, for w € Qy, Wj*(w) — WP (w) for every t € [0,T]. Clearly, the limit
WO is a finite variation, predictable process. This concludes the proof. O

Now, we state and prove the main result of this paper.

Theorem 14 Let (Il;)icpo,1) be a bid-ask process such that SCPS holds true. Then, the set
ﬁ% is Fatou-closed.
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Proof. Let V™ be a sequence in V0a for some a > 0, and such that VT” tends a.s.
to some X € LY(Fr, Rd). By Lemma 11 and Proposition 13, there exists a sequence of
convex combinations of V”, still denoted by V" which converges to some finite variation,
predictable process V0 in the following sense:

PV — Vvt e [0,T)) =

It is now clear that the limiting process Vo belongs to ]A}fjdm and %Q = X a.s.. Indeed,
it trivially satisfies the cone constraints (2) so that it is a self-financing portfolio process.
Furthermore, since each V" is an admissible portfolio process with threshold a, passing to
the limit gives ZﬁIA/TO > —aZ?1 a.s. for all stopping times 0 < 7 < T and every Z° € Z°.
Hence V0 is an admissible portfolio process (with threshold a). O

4 The Super-Replication Theorem

Let X € L°(R?, Fr) be a vector-valued contingent claim such that X >7 —al for some
constant a > 0. Let us consider the following sets:

e I'(X):={recR?: X ¢ A2 Th

e D(X):={zeR?: Zyx > E[ZrX],VZ € Z},

e D¥(X):={z cRe: Zyx > E[ZrX|,VZ € 2°}.

In the sequel, x4 will denote the indicator function of the set A.

Theorem 15 Let X € LO(Rd,FT) be such that X =1 —al for some a > 0. Under As-
sumption 5 (SCPS), we have

[(X) = D(X) = D*(X). (16)

Proof. We proceed as in Kabanov and Stricker [15], Lemmas 3.6 and 3.7 with some minor
modifications.

1. I'(X) € D(X): this is an immediate consequence of the super-martingale property of
portfolio processes stated in Lemma 8.

2. D(X) C D*(X): this is trivially satisfied.

3. D*(X) C I'(X). In order to apply Theorem 3.9 in [15], let us first show that the set
fo N L=(R?, Fr) is Fatou-dense in .A that is, for every Vr € Aw there exists a sequence
VT € Ax N LOO(Rd Fr) such that VT — VT a.s. and VT =1 —al, where a > 0 is the

threshold given by Definition 7. Fix Vr and let us define the sequence 17%1 as follows:

VI = VEX (19 <ny ~ OX{| P}
Clearly YA/{f € ,Zl\ai N L™ (R?, Fr). Furthermore, we also have that

Vi — L™(Kp, Fr) € A% 0 L®(RY, Fr)
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for all Vi € A% N L®(RY, Fr).
Theorem 3.9 in [15] now applies, yielding

={Y € YR, Fr) : E[pY] < sup E[pVzl, ¥y € L'(K7, Fr)}, (17)
Vre AL,

where L)(R?, Fr) is the set of all R%-valued and Fr-measurable random variables Y such
that Y >¢ —al, for some a > 0. For « ¢ I'(X) we have X ¢ A%. Hence (17) implies that
there exists n € L'(K%, Fr) such that

E[nX]> sup E[nVr]. (18)
VTE.A%
Let us define the process Z; := E[n|F], t € [0,T]. By definition, E[ZrX]| > Zyx. Moreover
Z is a consistent price process. Indeed, let us consider the following process:

/Wu =T — ﬂCX]t,T] (u)a u € [07T]7

for some ¢ € [0,T] and arbitrary random variables ¥ € L>(Ry, F;) and ¢ € L®(Ky, Fy).
Being a.s. bounded, W belongs to ye m»> and

E[nWr| = E[ZrWr] = E[Z: Wiy ] = B[ZW,4] = —E[0Z(],

where the third equality comes from the fact that Wt.}r is Fi-measurable. Hence, (18) implies
that E[0Z;(] > —E[nX]| and, ¥ being arbitrary, we can easily deduce that Z,( > 0 for all
¢ e LOO(I?t,ft), yielding Z; € I?f a.s..

To finish the proof, it remains to modify Z in order to have a strictly consistent price
process Z° such that E[Z7X] > Zjx. Proceeding as in [17], let Z° be a strictly consistent
price process (whose existence is granted by definition). For 0 < # < 1 sufficiently small, the
process Zf = [BZ;+Z; is a strictly consistent price process and we still have E[ZgX ] > Zg x.
The proof is now complete. [

Remark 16 Observe that Assumption 2 does not restrict the generality of our setting. All
our arguments apply to the general case, where possibly Fr_ ; Fr and lp_ # Ilp. In fact,
in order to do so, it suffices to enlarge the time interval [0, 7] to [0, 4 1] and assume that,
between T" and T+ 1, the underlying filtration as well as the bid-ask process do not change,
ie., for every t € [T,T + 1], x = Fr and II; = Ily. Between 7" and T' + 1, an agent is
allowed to make a final self-financing change VT+1 — VT € KT in her portfolio (W)te[o T+1)>
according to the terms fixed by the market at time T'. With these modifications, it is rather
obvious that our version of the super-replication theorem applies also to contingent claims
which are Fp-measurable and not necessarily Fp_-measurable.

In the same spirit we remark that in Definition 7 the final condition could be equivalently
reformulated in a somewhat more elegant way: we may modify the property

(i) there is a constant a > 0 such that Vy =7 —al and ZSV > —aZ:1 as. for all
stopping times 0 < 7 < T and for every Z° € Z%,
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by simply dropping the first requirement, i.e.

T — T — —

Indeed, consider the model with the new terminal date T + 1 as described above and set
Ky = {Y € L%Fr,RY) : Z3 Y >0 asVZ° € Z°},

where we put 27, = Z7, Z2° € Z°. Now, define the order >r41 in terms of the closed
convex cone ]IA{TH in the usual way. It is clear that for this time-extended market conditions
(i) and (ii) are equivalent and that the whole theory can be carried over with no changes.
Although formulation (ii) seems slightly more elegant to us we have chosen the version (i)
in Definition 7 above, mainly in order to continue in the spirit of the previous literature

(e.g., [12], [15]).

Remark 17 An inspection of the above arguments reveals also that all our results can be
extended to the case where (I?t)te[O,T] is just a cadlag process with values in the closed
polyhedral proper cones of R% containing R% , where “proper” means that the cone does not
contain a non-trivial subspace of R% and the notion of convergence is defined in a rather
obvious way.
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