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Abstract

We study a mean field approximation for the 2D Euler vorticity equation driven by a transport
noise. We prove that the Euler equations can be approximated by interacting point vortices driven by a
regularized Biot-Savart kernel and the same common noise. The approximation happens by sending the
number of particles N to infinity and the regularization e in the Biot-Savart kernel to 0, as a suitable
function of N.

1 Introduction

In this paper we consider the stochastic Euler equations on the two-dimensional torus T2, in vorticity form,
driven by transport noise, namely

OE+u-VE+ Y 0)-VEoWr =0,  u=Kx*¢, (1)
k

where £ = £(t, z,w) is the unknown vorticity, K is the Biot-Savart kernel, o, are given, divergence-free vector
fields, satisfying certain assumptions, W* are independent real Brownian motions and o denotes Stratonovich
integration. We prove convergence, with quantitative bounds, of a system of point vortices, with regularized
kernel K€, to the bounded solution £ to .

The deterministic Euler equations describe the motion of an incompressible, non-viscous fluid; in two
dimensions one can use the equivalent vorticity formulation, that is , where u = u(t,x) represents the
velocity of the fluid at time ¢ and space x and £(t, ) = curlu(¢, x) is its vorticity. In 2D, well-posedness holds
among bounded solution, as proved in [33], see also [30, Section 2.3] for an alternative proof. Concerning the
stochastic Euler equations, there are various results depending on the type on noise; the transport noise in
the vorticity, which we consider here in , is motivated by the transport nature of the vorticity equation.
For equation in 2D, existence and uniqueness of (probabilistically) strong, bounded solutions is proved in
[9], see also [12] and [25] for resp. a 3D analogue and a rough path analogue of (). Transport noise has also
been used to show regularization by noise phenomena, mostly for the linear case ([16] 2] and several other
works), though isolated nonlinear examples also exist (see e.g. [I3], [I7, 22, 18] and the recent review [7]).

The vortex approximation is an approximation of the solution to the Euler equations in vorticity form via
the weighted empirical measure of a system of interacting diffusions. The idea is formally as follows: Take a
weighted empirical measure % Zf\il ENg XiN which approximates the initial condition £y and consider the
following system of interacting diffusions:

. 1 _ . . ,

N , N N N -

dx} :NZgNK(X; — X{Mydt + " op(XPN)0dWf, i=1,...N. (2)
i k

Then, formally and ignoring self interaction (that is, assuming formally K(0) = 0), the empirical measure

LSV &g i 18 a solution to in the distributional sense. Hence we might expect, by a continuity

argument with respect to the initial condition, that % Ef\il ENg i~ approximates the solution &. The
t
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system describes the motion of interacting vortices and is similar to the system of interacting diffusions
approximating a McKean-Vlasov SDE, see e.g. [32], with one important difference: the vortices in are
driven by the space correlated noise Y., o (x) o dWF, while in the McKean-Vlasov SDE approximation,
the particles are driven by independent Brownian motions. In the case of independent Brownian motions
as driving signals, the limit of the empirical measures is expected to solve the deterministic Navier-Stokes
equations (in vorticity form) rather than the stochastic Euler equations, as noted by Chorin [I0]. The vortex
system can be also viewed as a discrete approximation of the Euler equations; other discrete models in
stochastic fluid dynamics are the shell models and the dyadic models (see e.g. [5l [6] [T, [§]).

When coming to a rigorous proof of the above convergence argument, two difficulties arise: 1) the interac-
tion kernel K is irregular, precisely we expect K (z) ~ x*/|z|? close to 0; 2) the noise term prevents us from
exploiting classical continuity arguments used in the deterministic context. In the deterministic context, for
regular interaction kernel, convergence of the particle system is proved in [I4]. The case of 2D Euler equations
is considered in [2§]: the authors consider a system of interacting vortices under a regularized kernel K€ and
prove the convergence of this system to the Euler equations, assuming the convergence of the initial positions
at rate (y and tuning the regularization parameter ¢ = ¢(N) as a suitable, double logarithmic function of
¢~ [28, Theorem 4.1]; see also [30, Section 5.3]. The convergence of the original vortex system (without
noise), with no regularization, is proved in [23] and also in [3I], in the latter paper also for unbounded
solutions to (without noise), via a suitable randomization of the initial conditions of the vortex system.
The paper [I5] shows the approximation result for distributional solutions under the white noise invariant
measure 4 on T2: precisely, if the initial conditions Xé’N are taken independent and identically distributed
with uniform law and the intensities £V are taken i.i.d. A'(0, N), then the vortex system converges a.s. to
a random, stationary solution to the Euler equations with one-time marginals distributed as p; the result
is generalized also to solutions whose one-time marginals are absolutely continuous with respect to u. For
other convergence results in the deterministic case the reader can refer to [21] [19, 24].

In the stochastic case, [I1] proves the convergence of the particle system for a regular kernel K and
a non-negative initial distribution &y. To our knowledge, the only paper dealing with approximation of
stochastic Euler equations via vortices is [I8], where the analogue result of [15] for the stochastic case is
proved (the authors prove also an improved, compared to the deterministic case, regularity of the density
with respect to p). The paper [I7] shows that, for any fixed N, the vortex system is well-posed for every
initial condition, at least for suitably non-degenerate o, while the corresponding deterministic system can
collapse for special (zero Lebesgue measure) initial conditions.

Note that, in the case of independent noises dWW?, that is, the case of deterministic Navier-Stokes as ex-
pected limiting equation, better results of convergences (in terms of rates and larger class of initial conditions)
can be proved, see [20] and [26] as two remarkable examples. Note also that, in the 3D case, an analogue
approximation has been proposed, for the deterministic Euler equations, in [3| 4], replacing vortex points by
vortex filaments.

In this paper we show the vortex approximation for bounded solutions to the stochastic 2D Euler equation
(1), using a vortex system with regularized kernel K€, namely

. 1 , ) . )
dxiN = v SENE(XPY = XPN)dt + > on(XPN) o dWf, i=1,...N, (3)

J# k
for a regularization parameter € = ¢(N). Our main result is

Theorem (see Theorem. Assume that oy, are sufficiently regular, and let £y be a bounded initial vorticity.
Assume that % fvzl €4V g, converges to & with rate (i, as N — oco. Let ¢(N) ~ (—log (x)~° for a suitable
5 € Ry and let X" be the solution to the regularized vortex system with initial condition (x!,...,zN).
Then the path of empirical measures (+&"V vazl dx;)t converges in Whoe(T2)* as N — oo, to the (unique)
bounded solution to the stochastic 2D Euler equations .

We use the strategy of [28] applied to the stochastic case. Note that, by a technical trick in the fixed
point argument in Section [3| (see Remark , we can deal with e(N) as logarithmic function of (y, rather
than double logarithmic as in [28], though we expect the result to be non-optimal, as for the deterministic
case. We leave the investigation of the convergence of the true vortex system for future research.

The paper is organized as follows. In Section |3 we deal with the convergence of to the regularized
version of the Euler equation (replacing the Biot-Savart kernel K with K€, for fixed €). We use the



techniques in [I1], showing in addition the convergence in L? in the w variable for every p > 1 and accounting
for non positive measures as well. Then, in Section 4] we deal with the convergence of the solution of
the regularized Euler equation as the regularization parameter e tends to 0; we use the techniques in [9],
showing in addition convergence in LP(Q; C([0,T]; L*(T?))) for p > 1 (in [9], convergence is shown only in
C([0,T); L*(Q x T?))). This is shown in Theorem Finally, in Theorem |18 we prove that the empirical
measure of the system converges to the solution of the Euler equation (|1)).
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2 Preliminaries

2.1 Spaces of measures

We start with some notations used throughout the paper. Given a compact metric space (F,d) (in practice,
E = T? with the Euclidean distance), we call M(E) the space of finite, signed Borel measures on E. Given
a measurable function ¢ : E — R and a measure p € M(E), we write

p(p) = /E p(x)p(dz).

We call Cy,(E) the space of continuous bounded functions on E, endowed with the supremum norm ||¢||e =
sup,cp |¢(2)|. The space M(E), being the dual of Cy(E), is naturally endowed with the dual norm

lull:=sup |p(p)].
llelloo <1
Given a finite signed Borel measure u, we denote by |u| its variation measure (it holds ||u|| = |u|(X)).

The space of bounded Lipschitz continuous functions on E will be called BL(F), while the unit ball in
this space is
BLi(E) :={¢p € Lip(E) | [l +Lip(p) <1},

where Lip(p) := sup, ,cp %_

Now we endow M(FE) with the Kantorovich-Rubinstein (or 1-Wasserstein) metric

Wi(p,v) = sup |u(p) —v(p)].
©EBL, (E)
The space M(FE) is not complete with respect to this metric. However, for every M > 0, the closed ball in
the total variation norm M/ (F) := {pu € M | ||u|| < M} is complete with respect to Wi.
We call P(FE) the space of probability measures on E.

Remark 1. The fact that M (E) is closed under W1 is classical, we give here a short proof. Let (u")nen €
M (E) be a sequence converging to u in W, For every ¢ € BL(E), we have lim, . u"(¢) — u(p) <
limy, o0 |0l BL W1 (1™, 1) = 0. Hence, since the Lipschitz functions are dense in the continuous functions, we
have

PECH(E),[l¢lloo<1 PEBL(E),|l¢lloo<1 PEBL(E),|lpllc<1 n

sup lu(p)| < sup lu(p)| < sup sup |[u" ()| < M.

Let (Q,F, (Fi)t>0,P) be a filtered probability space, satisfying the standard assumption (that is, com-
pleteness and right-continuity). Fix a time horizon T' > 0 and a real number p € [1,00), we define the space
VET .= LP(Q; C([0, T), Mar(T?))) of (F;)e>o-progressively measurable stochastic processes endowed with
the distance

dp(p,v) :=E
e[0T

sup Wl(uhut)p] .



Remark 2. The space VJ@’T with the distance d,, is complete, we give a short proof for completeness. Indeed,

given a Cauchy sequence (fi,)nen C V]&T there is a subsequence (g, )keny Which is almost surely a Cauchy
sequence in C([0,T], M (T?)). Since C([0,T], Mp(T?)) is complete, there exists a null set N C Q, such
that, for all w € N°, there exists pu(w) € C([0,T], Mar(T?)) such that sup;e(o 7 Wi (pn, (W), p(w)) = 0 as
k — oo. Adaptedness of y follows from adaptedness of p,,. Since the distance is bounded, dominated
convergence concludes the argument.

For later convenience, given a positive constant ¢ > 0, we define the distance

P

dy(p,v) =E | sup (e_Cth(ut,yt)p) . (4)
t€[0,T]

Note that, for every p € [1,00) and ¢ > 0, the two distances d, and d;, are equivalent. We will sometimes use
the short notation L? to mean LP(T?).

Remark 3. The distance W has the following property: for any p in My (E), for every two Borel maps
f,9: E — E, it holds
Wi far gum) < [pllllf = gl

Indeed, for every ¢ in BL(E), we have

= [l (f) = ()| < [lulllf = glloo-

For the distance d;, a similar property holds: for any u in M 1 (T?), for every two measurable maps f,g :
[0,T] x T2 x Q — T2, it holds

|fer(p) — gn(p)

sup (e”|fi(x) — gt(m)l)p] -

dy (fat, ggt) < ||l sup E
t€[0,T]

z€T?

Indeed, recalling that ()| < ||ul|P~* [ |9|Pd|p| for every 1,

dy(fa1, gpp)? = E

<lut [ B
T2

<l [ E
T2

< [|pl|” sup E [ sup (e~ |fe(x) _gt(l'))p‘| :

sup  sup (e_Ctlu(w(ft)—w(gt)ﬂ)p]

te[0,T] e BL,(T?)

sup  sup (e‘“lw(ft)—w(gt)l)p} d|p(dax)
te[0,T] o€ BL,(T?)

te[0,T)

sup (e[ f — gtl)pl d| | (dz)

z€eT? t€[0,T

2.2 The noise

Here we give the assumptions on the noise. In the following, oy : T2 — R? is a vector field, for every k € N
and @ : T? x T2 — R?*? is the space covariance (matrix-valued) function defined by

o0
Q7 (x,y) ==Y o () o] (y).
=1
Assumptions 4. i) o4 : T? — R? are C? functions satisfying Y ;- [|ok|/c2 < oc.
i) oy are divergence free vector fields, i.e. divoy =0, Vk > 1.

iii) The covariance function : T? — R?*? satisfies



(a) Q(z,y) = Q(z — y) (space homogeneity of the random field Y77, oy () BY);
(b) @ (0) = al for some a > 0 (where I is the 2 x 2 identity matrix).
One can find examples of this model (or its analougue in the full space) in several references, e.g. [13],
[27] and [11].
Ezample 5. We present here a family of o, which satisfies Assumptions
For every k = (k1,ks) € Z%\ {0} we define

kJ_
o(x) = (cos(k - x) + sin(k - x)) IZER

Now we verify the Assumptions [ for 8 > 4.
We have ||og||cn < C|k|7P+1h hence assumption 1) is satisfied for 3 > 4. The Jacobian matrix is

ks —K2 )

L(COS(]{Z . x) — Sil’l(k ' if)) ( k% k1ko

Dak(x) = |k“5

The trace of this matrix is equal to 0 and so assumption 47) is also satisfied.
The covariance matrix @ is equal to

_ L cos(k - (x — sin(k - (z k% ok

Now we group together the terms with k& and —k: sin(k - (x + y)) disappears and we get (calling Zi =
Zy x ZU{0} X Z4)

Qz,y) =2 L (k- (z—y)) B hh
z,Yy)= |k|25 e} Tr—y koky k% .
kez?

Thus @ depends only on the difference  — y and assumption #ii) — a) is satisfied. To verify assumption
iii) — b) we look at Q(0): here the terms with k& and k% sum up to a diagonal matrix, precisely (calling
Zi+:{k€Z|k1207k2>0})

B 1 K2 —koky \ 1 (10
Q(O)_2Z:2|k|2ﬁ<—kzk1 k2 _ZX;W 0 1)
keZs keZ? |

This shows that Q(0) = al for some a, that is assumption #ii) — b).

2.3 The Biot-Savart kernel

We recall here the needed properties of the 2-dimensional Biot-Savart kernel. The following results are
standard for the Green function and can be found, among others, in [29] and [9].
For an r > 0, we define

r+1/e ifr>1/e.
For this function v and the Biot-Savart kernel K, the following properties hold:

() = { r(l —log(r)) if0<r<1/e (5)

(i) for every 0 <e <1,
v(r) < —log(e)r +e.

(ii) K is a divergence free vector field and
[ K@=~ K@ - pldy Sa(le-a)), Vo' e T
TZ

(iii) for every & € L,

(K« &)(x) — (K * &) (@) S ll&ler(a —2'l), Va2’ e T2



3 Vortex approximation for regularized Euler equations

In this section, we work with a regularized kernel and we show the convergence of the particle system to
the regularized Euler equation (Corollary . The idea is the following. First, we show the existence and
uniqueness for the regularized Euler equation by expressing any solution as fixed point of a certain operator
¥ on the space VAl/[’T and proving the contraction property for this operator. Then we note that both the
weighted empirical measure StN *“ and the desired limit & are solutions to the regularized Euler equation,
with different initial data and, with the previous representation in mind, we prove the convergence theorem
as a continuity theorem with respect to the initial data.

For € > 0 we take the mollifier p¢(z) = e 2p(e~1z), for x € R%, where p € C§°(R?), p > 0, p(—z) = p(z)
and ||p[|r = 1. We define

K(z) = . K(z—y)p“(y)dy, xeT

This function has the following properties.
Lemma 6. Let € > 0, the following holds:
(i) ||K¢ — K||p1(r2y — 0, as e = 0.
(ii) K€€ Cp°(T?%R?).
(iii) For any 6 >0 and k € N there exists C = C(p,k,0) > 0 such that

IDE|lce < CIK || porasn e B0,
Proof. and are standard properties of the mollification, we only show Using Holder inequality,
with ¢ = 2/(1 — §), and the change of variables y' = "'y, we get

q

DK@ <R g0 | Dl = 1K zrss ([l D ot )y
R

<K || p2rave e~ GFRIaD/a (/ |Dk(y)quy>
RZ

This concludes the proof. O

Having the regularized kernel, for every u € M(T?) we define (omitting the e dependence in the notation)
b(x,u) = . K¢(z — y)p(dy), r € T2
T
Remark 7. The function b is locally uniformly Lipschitz continuous in both arguments, precisely:
e For every z,2' € T? and p € M(T?), |b(x, p) — b(a’, u)| < Lip(K°)| |||z — 2'].
o For everyx € T? and p, p' € M(T?), [b(z, p) — bz, p')| < Lip(K)Wi (g, 1t').
We introduce the regularized Euler equation in vorticity form, which takes the form
O + div(b(p)p) + Z div(opp) o dWF = 0. (6)
k=1

For the rigorous definition, we consider the It6 formulation of the above equation. Note that, for the assump-
tions on the noise (see e.g. [II], Section 2.2]), the It formulation reads formally:

. . 1
Opr + div(b(p)p) + Z div(opp)dWF = §A'u'
k=1

We study distributional solutions of this equation in the following sense.



Definition 8. Let pg € M, (T?). We say that u € VAZ’T is a solution to equation (6] if, for every ¢ € C*(T?),

) = o) + [ (b)) + 5n(80) s+ 3 [LieToant.  Poas e (O

(the P-exceptional set being independent of ¢).
Remark 9. The stochastic integral in is well-defined, because P—a.s.

> (okVe)? < Mgz sup > |ow(x)| < oo, V€ [0,T].
E>1 zeT? )57

To handle the nonlinearity in equation @, we fix a positive constant M > 0 and define the following
auxiliary stochastic differential equation, where the random measure p € V]\I;[’T is fixed:

dXt = b(Xt7Mt)dt+Zk21 Uk(Xt)thk, (8)
Xog=x € T2,

Remark 10. Since the coefficients are Lipschitz continuous and bounded, equation admits a unique strong
solution for ¢ € [0,7]. Moreover, there exists a version of the solution map ®(¢,x,w) which is Lipschitz
continuous in the initial datum z, uniformly in ¢, and Hélder continuous in ¢, uniformly in = (see [27]
Theorem 4.6.5]).

We call ®#(t, z) the flow associated with equation , to stress the dependence on p of the drift. For
every measure pg € M(T?), with ||| < M, we define the operator

o vET o vET
1% = @ .

Note that the map t — (®}')xpuo is a.s. continuous, indeed, by Remarks [3| and for every s < t,
Wi((®F) b0, (F)p110) < M2 — BL|oe < Cu M|t — s

Moreover the total variation norm satisfies ||¥#0|| < ||uo]|, P-a.s., for every ¢t € [0,T]. Hence the operator
PHo ig well-defined.
Now we show that the operator is a contraction in the norm dj, for a suitable c.

Lemma 11. Let T > 0 and p > 2 be fized. Assume ||uol| < M. There exists a constant ¢ > 0, depending on
€ (and on a,T,p, M) such that

/ 1
dy (P o, Pl o) < S5 (ps 1),
for every u, ' in V]\Z’T. Moreover,

c=c(o,p, M,e) ~ ||DK€H1§0/(2(’7_2))7 as € — 0. 9)

Remark 12. Here we see the main reason to introduce the distance d; in with the e~¢ factor: by a

suitable choice of ¢, the map W0 is a contraction on VJ\Z‘T with the distance dj,, without any need to take

T small. Beside being technically convenient, this choice allows also to avoid the double exponential rate in
[28, Theorem 4.1].

Proof of Lemma|[I1. We estimate the difference of the two images in terms of the differences of the two flows,

namely

dp (P 10, P 110)” <|lpao|” sup E | sup e PP} (z) — B (2)[7| . (10)
z€T? t€[0,T]



q
2

For two p, i/ € V" and & € T2, we apply It6 formula to f,(z) = (|z|* + n)
n=0if¢g>2,n7>0if 1 < ¢ < 2. For this choice of 5 and ¢, it holds

IV fo(@)| < glz|"" |D? fo(2)] < g(g — 1)l (11)
Notice that we endow the space of matrices with Hilbert-Schmidt norm.

Let ¢ = &. Using It6 Formula and Assumption {4/ we obtain that for each z € T2, it holds P-a.s.: for
every t,

. Here ¢ = & and we choose

¢ Lo (@ () — B (1)) <(Clg,0)? — ©) / e Bl () — B ()] 0dls

g / €% B () — B ()1 [ba (@ (), 1) — ba(®E (), )]s (12)

+13 / €OV £ (@ () — B (1)) (0k(® (2)) — on (@ (2))dWE|,  (13)

k>1

where C(q,0) is a positive constant (depending on ¢ and (oj)r and possibly changing from one line to
another).

To estimate term (|12)), we use a triangular inequality and the Lipschitz property of b(z, ), both in = and
u (remember |u¢]] < M). Hence, term is bounded by the following

t t
qLip? (K°) {M/ e™ |4 (x) —<I>§'(ff)\qd8+/ ™| Bk (z) — @1 ()| TW (g, ) ds | -
0 0

We apply Young inequality with q%l and ¢ to the second term to obtain, for every s € [0,7] and ¢ > 0 (to
be determined later),

L 0/ — — — L 0! d
|} () — @f ()| Wi (ps, 1}y) < 671D (2) — @) (x)\q+§W1(us,u;)q~

Substituting into we obtain

t t
e £,(@ () — B (2)) <L / N0 () — B (2)|ds + SLip?(K°) / W (g, 1)0ds + (), (14)
0 0

where L = C(q,0) 4 qLip?(K)(M + 6—'/(@=1)) — & We can choose ¢ as a function of §, M, Lip(K¢) and ¢
such that
L= C(q,0) + qLip? (K*) (M +5~1/=) —z =,
so that we can remove the corresponding term from the estimates. We estimate now the expectation of the
square of . First we use the Burkholder-Davis-Gundy inequality, then the Lipschitz assumption on o and
to obtain
2

T e E(x) — M (2))(on (P (x)) — o (P ( k
]Eszl[g,)ﬂ ];/O e IV (@7 (z) — B (2))(0k(Pf (2)) — o (P} (2)))dWy

<CEY [ e [94,(@1(0) = 0 @) Plon(®(2) - ou (@ (o) P

E>1
t

<C@oE [ swp e B () - B (o) 1. (15)
0 re€fo,s]

Now we estimate the expectation of the square of : using ((15)) and Jensen inequality we have (remember
that f,(z) > |z|? and L = 0)

t
B sup e 0 () — B2 (0 < THLIp(K) [ e i) s
s€10,t] 0

t
+C(g, U)E/ sup e Dl (z) — &Y («)[*ds.
0 r€(0,s]



Applying Gronwall’s Lemma, we obtain (remember that 2¢ = p and 2¢ = pc)

t
B sup ¢ 70 (a) — 0 (o) < TELip" (K970 [ B
s€0,t] 0

sup e””Wl(ur,ui)p] ds.
rel0,s]

We can choose now § = e~ 2C@9)T (2P \fPT Lip? (K<)~ 2. With this choice, we get
¢ = clo,p,M,¢) ~ | DE|P2 | DE|22 > P = [ DKL/ ase— o0,

With the constants chosen in this way we obtain

E| sup e (@l (x) — O ()| < B | sup e Wy (g, )P (16)
t€[0,7) 2PMP 0,1y
Estimates and allow to conclude the proof of the lemma. O

Theorem 13. Let T,M > 0 and p > 2. Let uo € Mp;(E) Then @ has a solution in the space VJ\Z’T starting
from pg. Precisely, the unique fized point for the operator U#° is a solution to @

Proof. From Lemma follows that there exists ¢ > 0 such that the operator U#° is a contraction (VA’}’T, dy).
Hence it has a unique fixed point. As a straight forward application of Itd6 formula one can show that every
fixed point satisfies @ The proof is complete. O

Now we investigate the continuity of the fixed point of ¥#° with respect to the initial condition pg. We
need a preliminary estimate on the derivative of the flow ® associated to .

Lemma 14. Let ®; be the stochastic flow of equation , we denote by D®.(x) its derivative in space. For
every every p > 3, we have

E l sup sup |D®;(z)P| < A(p),

te[0,T] z€T?

where A(p) = C (1+ M?|| DK%, ) exp (C(1 + M*[ DK*(2%)) and € = C(p, T, | ).
Proof. Let ny(x) = D®;(x) be the space derivative of the flow. By formal computation 7 satisfies the following
stochastic differential equation, for every = € T2,

—[+/ Db(®y ()1 (x du+/ ZDak N (x)dWE, vVt e [0,T], P-—a.s.

where [ is the 2 x 2 identity matrix.
We estimate the L7 (£2) norm of 7, for fixed v > 2 and fixed z € T2, t € [0, T]. By a standard computation,
which we do not repeat here, we obtain, for every ¢ € [0,T],

E ([ ()] < ey exp (C(1+ MY DE*|| %)) (17)

where ¢, C are positive constants depending respectively on v and on v, T, || Do||co. In view of Kolmogorov
criterion, we would like to control, for fixed 2,y € T2, ¢t > s € [0,7] and v > 2,

E [ne(2) = ns()" <Ens(z) = ns@)|" + Elne(2) = ns(2)[” . (18)
For the first addend in the right hand side of , we have

~

Ens(z) = ns(y)|" <c,E ‘/0 (Db(®y(2))nu(x) = Db(Pu(y))nu(y)) du (19)

Y

+&,E / S (Doy(@u))u() — Dor(®, (1) a(y) OWE| (20)
k




We first estimate term . Using Cauchy-Schwarz inequality, we obtain for any 0 < o < 1,

.
c,E

/0 (Db () () — Db ()1 ()

< e, TR [ / T (1Db(@u(2)) — DH@u ()] (@) + Db () (@) — 1aw)]) du}

< o, T DK M ( / E|<1>u<x>—<1>u<y>|2°”du) ( / Em(m)z”du) (21)
0

0

+07T7_1||DK€Hz‘OM’y/ E [nu(x) = nu(y)]” du.
0

In a similar way, we can apply the Burkholder-Davis-Gundy inequality to 7 then apply the same reasoning
as before to obtain

.
c,E

/0 s Y (Dow(@u(@))nu(z) — Dow(®s(y))nu(y)) AW,
k

< e, TH Y| Do, / E () — (3| du
0

+ e Dol ([ Bl - 0,0 du>é ([ ) (22)
In a standard way we estimate the difference (using a?*7 <1+ aZamVvi,
E [, (x) — ®u(y)*" < /01(1 +E nu(§o + (1= &y)|*V)deJz — y P>
< (1Bl ) o =y, (23)

We put together now estimates , , and to get (using a” < 1+ a7 and a2Vl <1 4 q27
for every a > 0,0 < a < 1)

E[1.(x) — nu() [ <C(1+ MOIDK ) exp (€1 + M2 DE%)) fo — ™
O+ MIDK ) [ Elnu(e) — )l (24)
Here and in the rest of the proof C' = C(~,T,||Dol|c, ||[Dcl|co) . By Gronwall’s Lemma we obtain
E [Jns(«) ~ ns(u)"] < C(L+ MYIDE ) exp (C(L+ M2 [DEE) ) [z — y|™. (25)

For the second term in (|18)), we have

¥ ol

@)~ nu(o)” <c.E| [ D@ (o)m(adu] + ;B (26)

|3 pon(@te)m(o)aw
Sk

The two terms in can be estimated using the boundedness of the coefficients, Burkholder-Davis-Gundy
inequality for the second one, Holder inequality and to obtain

E () = ns(2)]” < C (1 4+ MY||[DK|[%0) [t — 5|2 Sl[épT]]E\??u(ﬂf)W
ue |0,
< C (14 M| DKL) exp (C(1+ MY |[DEK|| %)) [t — 5|2 (27)

Finally, we use and and the inequality | DK¢|ce < ||[DK€||c1 to obtain

E (In(2) = m )" < A (e =l + 16— 5]F), (28)
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where A(y) = C (1+ M7||DK¢||},) exp (C’(l + M27\|DKE||QC%)> In order to conclude, we recall the follow-
ing inequality, a consequence of the Sobolev Embedding Theorem, valid for o/ > 0, 8:=a' —3/p > 0:

Do E|D® — Dy
sup  sup [D®y(z) - 5 // |D®:(2) WP o—dtdsdzdy.
t,s€[0,T] z,y€T2 (\t—s|2+|x—y| )2 [0,T] T2 |t—s|2+|x—y|2)5+

E

o

Now we use with v = p to obtain

D®,(z) — DO (y)[P t—s|% —y|oP
E| sup sup [D®:(z) oy )Lp < A(p) // [t = sl + o y|3 —— dtdsdzdy. (29)
t,s€[0,T] z,yeT? (|t — s|2 + |z —y|?) 2 0.T1XT? (|t — 5|2 4+ |z —y[2)2 T 2

The condition p > 3 guarantees that we can find o and o’ in (0,1) with o/ —3/p > 0 and ap —a/p—3 > -3
so that the integral in the right hand side of is finite. The proof is complete. O

Lemma 15. Let T > 0 and p > 2, let ¢ be given as in Lemma . Given o, vg € Mypr(T?) there erists a
positive constant I' =T'(p, T, 0, M, €) := A(p)% V A(4)%, such that

dy(pv) < 2FWi(po, o),
where p,v € V are the fized points of operators WHo WY respectively.
Proof. We use a triangular inequality to get
d;(ﬂ“a V) = d;(q)gﬁﬂov V#VO) < d, ((I)M Ko, CD#VO) +d, ((I)#Vo, CI)#VO) (30)
It follows from Lemma|11{that the second term in the right hand side is less than or equal to %d;(,u, v). We

look at the first term, which is, by definition,

p

dy(® #u07<1> )P =E sup e ¢
te[0,T]

s ([oo#@) (o - dn)(2))

p€Lip1(T?)

It follows from Remark [10| that the flow ®* is a Lipschitz function on T2. Hence, for any Lipschitz function
, also the function ¢ o ®* is Lipschitz. Hence we have

dp (P o, Plyro) < E S[up]e_ct|Lip(@“)\p]%W1(uoa Vo).
te[0,T

We recall that
e “|Lip(®4)| < sup [D® (x)],
reT?

—ct

where we used that e < 1. To estimate this last term we use Lemma for any p > 3 we have

E l sup sup |D®:(z)P| < A(p).

te[0,T] z€T?

If 2 < p <3, we have

P\'ﬁ

E

sup sup |D®t($)|p] A(4)1.
te[0,T] zeT?

Using this, we find that

p

di (@l o, @) <E | sup e “Lip(®#)P | Wi(uo, vo) < TWi(po, o).

te[0,T]

Putting together the estimates on the two terms of we conclude the proof. O
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Lemma [15] states the continuity of the fixed point of W#°0 with respect to the initial condition po. We use
this to study the mean-field convergence of the particle system . We recall that the particle system reads,
for NeNand1<i<N,

N 00
N 1 ; e/ visN PN iIN , iN i
axiN = 5 VKN = XN+ Y ouXN) o dwt,  XiNio =N (8D)

j=1 k=1
Here (z9V)1<;<n € T? and (£%V)1<;<n C R are given.
Corollary 16. Let T, M > 0 and p > 2. Let pu be a solution to equation (6) and she — + Zf\il NG i
the empirical measure associated to the system of particles with, ||pol| V [|Sg"¢|| < M. Then,

dP(SNMU’) S €CTd;C)(SN7:u’) S 2F€CTW1(SéV’M0)7

where ¢ is given in @ and I" is defined in Lemma ,

Proof. We show now that for every N € N the empirical measure S associated to the system of interacting
N
particles (31]) driven by K€ is indeed a fixed point for the operator ¥ . We must prove

SeN = (@5 )8, telo,T).

We evaluate the right hand side in a test function ¢ € C(T?;R?),
Sy oN SeN N
(@ S )(p) =D (@5 (a"N)). (32)

Since, by definition, ®57 " is the flow associated with the equation with drift depending on the empirical
measure, it is immediate to see that ®5¢" (zN) = XN, Thus, the right hand side of is exactly S ().

Now, since both p and the empirical measure SV are solutions in VI\T;I’T to the limit equation @, given
as a fixed point of the map ¥, we conclude using Lemma O

4 Convergence of regularized Euler equations

In this section we show the convergence of the regularized Euler equation to the (true) Euler equation.
For a given initial condition & € L®( T?), we consider the flow associated with the approximated kernel
K¢, namely

d®*(x) = - K (®(x) = 2°(y))éo(y) dydt + Y a3, ((w))dW™.
k=1

The existence and uniqueness of ®€ follows from the previous section. We also consider the flow ® associated
with the true Euler equation, namely

d®(x) = . K(®(x) — (y))éo(y) dydt + Y _ ox(®(x))dW*.
k=1
In [9] the authors show existence and uniqueness for ® and proves that the measure & := (®¢)3o is a

solution to the stochastic Euler vorticity equation . The following result shows the convergence of ®¢ to
®. The result is adapted from [9]; the main improvement here is to bring the supremum over time inside the
expectation and take the LP norm in w.

Theorem 17. For every p > 1 finite, the family (®€). converges to ® in LP(Cy(LL)) (as € — 0). Moreover
it holds, for some positive constants C' (depending on p, T, ||§o||Lec and ), ||U;€||?/V1,oc) and ¢ (depending on

pand T)

p
E(Sﬂp / |<I>§<x>—<1>t<x>ldx> e
tefo,7]J T2 z
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Proof. In the proof, unless otherwise stated, C,C’, ¢, ... denote constants that can depend on p and T'. Call
Zf(x) = 5 (x) — Dy(x). We expect, from the deterministic theory (see e.g. [29]) and the stochastic counterpart
(see [9]), that Esup,c(o 4 [|Z5]7,: satisfies a differential inequality involving a log-Lipschitz drift, and therefore

— At

we expect to get an estimate of the form Esup e[| Z5ll, < [[Ke — K|[P* ~ . The problem, with respect

to [9], comes from the supremum over time inside the expectation, which does not allow easily a comparison
principle. For this reason, we choose not to control directly the L?(C;(LL)) norm of Z, but rather

E sup || Z5|57,
s€0,t] ®

where p(t) = pe* for some A > 0 to be determined later and for p > 2. A bound on this quantity will imply
the final estimate.
As first step we compute the SDE for || Zf||z1. We would like to apply It6 formula to f(z) = |2/, since this

function is not C? we use the approximate function f5(z) = (|z|> + 6)'/2, § > 0; we recall that |V fs(z)] < 1
and |D?f5(z)| < |2|~!. Applying It6 formula to f5(Z€) we get

dfs(Z¢) =V f5(Z°) (u(P°) — u(P))dt + Z Vf5(Z)(0p(9€) — op (D)) dW*
k
45 S (0r(8) — 01(®)) - D25(2°) (00(8) — (@)t
k

In the following, we use the notation H; = [, |Z{|dz and H(8); = [ 1. f5(Zf)dx. In order to estimate
H(6), we integrate in space and exchange integrals in space and in time using Fubini theorem and stochastic
Fubini theorem: it holds

dH(6) = | Vf(Z)(u (D) — dmdt—i—Z/ V£5(Z) (0 (D) — o4 (®)) dz dW*

T2

+1 Z/ (D) — o (B)) - D2 f5(Z°)(0(®°) — o (®)) dar dI.

To control HZ€HL1 , we apply again It6 formula to H(6)P®/? = exp[p(t)log H(5)/2] (the p(t)/2-power can
be regarded as regular since H() > 61/2|T?| > 0): we get

H() W — H(o)” = / t 2y gypter /o / V2 (@) — u(®)) de dr

oy 20 gy gyptrr/a [, VI2)0(@) = (@) do

k
1 L o(r) p(r)/2—1 . , . )
+5 ] /O = H(9) (r)/ /jrz(Uk(‘l))_Uk((I)))-D #5(Z9) (01(®) — 03 (®)) dz dr
1 Fp)(P(r) = 2) 22 Vo (B — o N
+ 2;/0 I H(9) ( . Vf5(Z) (o (DF) — 0(®)) d ) d
P'(r)

t
+ / 5 log(H (6))H (6)P")/2 dr
0
= Au + Astoch + Asecondforderfl + Asecondfo'rde'r72 + Alog~

We aim at controlling the (square of) the L2(C;) norm in the equation above, but before doing this, we
want to get rid of the log-Lipschitz dependency coming from u¢(®€) — u(®), which would otherwise cause

13



problems: for this we will use the term A;,,, which comes from p’. We start splitting A,, as follows:

(T) p(r)/271 u zdr
Aus/O—z @@t [ @) —u@)] dad
(r T 6 6 6
< [Pyt [ [ @) - o) - K@) - o)) aydr
(T p(r)/2—1 €(FHE P _ €(x) — d° T r
< Yol / B ay s | / K@ () — () — K(9(2) — & (y)| dw dyd

el [ P50 [ K@) - 04(0) - K@) - 07 dedydr

! p(T’) p(r)/2—-1 €
el [ ERHere [ K@) - 80) - K@) - $w)ldedydr
= Aul + Au2 + Au3~

Leaving the term A, for later, we estimate A, and A,3. For the term A,5, we make the change of variable
y' = ®°(y) and we use the measure preserving property of ®¢, the log-Lipschitz property associated with K
and Jensen inequality for the concave function ~ defined in . We get:

M=ol [ P aepor [ K@ @) - o) - K@) - o)l draydr
0 2 2
"p(r)
<l [ Blaepor [ s(z@)drar
0 T2
"p(r)
<C'léllis [ PP HEO (1) dr
0
For the term A,3 we proceed similarly with the change of variable '’ = ®(z), getting

A = Cléalluz [ PEHHOPO 1 (10)

Hence we can bound A, + A3 + Ajpg with

1‘/0 QC/H&J”Lg"p(r)H((s)P(T)/Q—l,y(H(6)) +p/(7“) log(H(é))H((S)P(T)N] dr.

Au2 + AuS + Alog S D)

Now we choose A = 2C"(|&|| o, which gives (recall the definition of ~ in ()
p'(r)log(H (0))H () + 2C"||€ol| e p(r)y(H(6)) = p(r)(log(H (6)) H(6) + y(H(5))).
We use the following inequality for v, valid for r in a bounded interval [0, R]:
~v(r) + rlogr < Cr,
for some C depending only on R. Hence we get
Az + Auz + Aoy < C|l&ol|Lee /(:P(T)H(5)p(r)/2 dr,
and so

t
H(J)f(t)/2 - H(5)€/2 < Aul + Astoch + Asecond—order—l + Asecond—order—Q + C||§OHL§° / p(T)H(5)p(T)/2 dr.
0

At this point we control the square of the L2 (C;) norm of each addend of the right hand side. For the term
Ay1, we make the change of variable 2/ = ®¢(x), y' = ®(y) and use the measure preserving property of ®¢,
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getting, via Young inequality (with exponents p(r)/2 and its conjugate),

su 2 2 tﬂ p(r)—2 §(Pe(r) — P€ _ €(r) — O° T 2,,,
B s A% <Bl6ols [ Xmepe2 ([ ] 1@ - o) - K@) - e )laray) o

s€[0,t

t
<CE|&l7 /0 p(r)? (|| K€ — KH’L’(;) + HEPD)dr

§C||€OHL;Q(€CH€OI|L30 i 1)||K6 7K||1£1 JrC“fO”%;oeCH&oHLgO/ E Sl[lp]H((;) p(s) qp.
* 0 scfo,r

For the term Agiocpn, using Burkholder-Davis-Gundy inequality and the Lipschitz property of o) we get

s€[0,t]

t
E sup Astoch <CE/ ( H((s)P(T)—Q/ Z|0k(‘b6(x)) —Uk(‘b(x))|2 da dr
T2 P
t
<O ol [ prEHER dr
k ©Jo

SC’eCH&OHL?ZHU;ﬁH?/‘,Lm/ E sup H(5)"® dr.
k

s€[0,r]

For the term Agccond—order—1, Using again the Lipschitz property of o we get

s€[0,t]

¢ 2
B 50D A arier1 CE [ (02 H(P02 </ Y@ (@) —ak<¢><m>>|2D2f5<Z€>|dx> dr
k

2

t
(X ol [ porre ([ (2122 ar) ar
k

t
<Ol (Y foulfys B [ sup H@)) dr
& v 0

s€[0,r]

Similarly for the term Agccond—order—2 We get
t o 2
E sup Asecond order—2 <CE/ p(’l”)Q(p(’l") - 2)2H(5 p(r)—4 ( (/ |0k l‘ - O'k:(q)(x))ldx> > dr
s€[0,t] 0
t 4
<O ol B [ plr)?(0(r) ~ 22H PO ( [ za0) ar
& * 0 T2

t
<CeCllSollzge (ZHUICH?;le)QE/ sup H(8)P) dr.
& * 0 s€0,r]

Putting all together, we obtain, for some C'= C(}_, ||UkH€V1,oo) (possibly depending also on p and T),

E[ s H(8)2®) <E[H(8)5) + Clléol pe= (7M1 Nez — 1) K< - K17,
s€|0,t

t
Cl1+ 6ol )0 [ 8 sup HEO ar,
* 0 s€(0,r]

Applying first Young inequality and then letting § — 0 (fs converges to f uniformly), we obtain

2
E[ sup Hf(s)] < C”goHL;Oec\léollL?+C\|€o||Lgo+exp[CH€oHLg°]HKe . K”Z[),l
s€0,t] v
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Since H is uniformly bounded (as ® and ®¢ take values on T?) and p(t) is increasing in ¢, then H?(*) > ¢HP(®)
for any s < ¢, for some ¢ = ¢(||€]|=) > 0 (depending also on T" and p). Therefore we conclude

E[ sup H?] <E[ sup H?DP/?®) < CE[ sup HIOPPO < Ok~ K|/" = ¢ K~ K|35
s€[0,t] s€[0,¢] s€[0,t] v

5 Vortex approximation for Euler equations

Theorem 18. Let M € Ry and & € L*®°( T?) such that ||&lle < M. Let (2%N)1<;<n C T? and
(€"Y)1<i<n C R such that S§ = + Zf\il EWN SN ds in M. Assume that

Wi (SY, &) =1 ¢y — 0, as N — oo. (33)

Call S’tN’6 the empirical measure associated to the system with initial condition (xi’N)1<i<N and & the so-
lution to the Euler equation (1)) starting form &y. Then, taking the approximation e(N) = o (( log ()~ 42+~ ),

the following convergence holds true, on every time interval [0,T],
dy (SN €Y 50, as N — oo.
Proof. Let &€ be a solution to equation @ We split
di (5™, €) < di (5™, E) + di (€5, €). (34)

We will obtain the estimate of the two terms on the right-hand side as a consequence of Corollary and
Theorem [17] respectively.
For the second term in the right-hand side of (34)), using the definition of d;, we have

di(€°,¢

sup [ [85(2) - @4(a) to(e) o

te[0,T]
Recall that the initial condition & is deterministic and in L>°( T?). Hence from Theorem [17| we obtain

di(§5,€) < C(M)||[K* = K|, (35)

which goes to 0 by Lemma@ For the first term in the right-hand side of (34]), we have the following estimate
from Corollary
di (SN, €9) < da (SN, €9) < 2eTTWL(SY, &o).

From the definition of ¢ and I" and Lemma we have that for any § > 0,

2
CIDKENIP.. CIDKE|P /2P _ —4(2+98) —4(2+49)
T~ O|| D2 K| oeCPE g0 CIPK o ~ Cem(BH0) e ~ efc , as € —= 0,

with C' = C(T, a, o) (note that p = 4 minimizes p?/(2p—4)). We conclude by taking e(N) = (( log(Cn))~(42+N~ 1),

so that
(N)~72+9)

e(N)—=0 and e° Wi(SY, &) — 0, as N — oo.

O

We show now that starting from a bounded initial vorticity it is always possible to construct a sequence
of empirical measures that satisfies .

Lemma 19. Let & € L*>(T?) with ||&]lz~ < M < oo. There exist families (%)ien C [—M, M] and
(x");en C T? such that
1
Wi <N Z;gzézi,g(J —0, N —o0.
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Proof. There exist two non negative functions £1, & € L>(T?) such that & = ¢ — &, Lebesgue-almost
surely. We define

1 1
po(dm, dzx) = M{SM(dm)fgr(x)d:E + MéfM(dm)Eof(x)dx € P([-M, M] x T?).
On an abstract probability space (2, F,P), we consider an independent and identically distributed sequence

of random variables (M?, X*);cn with law po.
Let ¢ € BLy(T2), then (m,z) — 2% ¢ BL,([—~M, M) x T2). Hence, we have P-a.s.,

M+1
1 & 1 &
W =Y M%xi,& | = sup / me(x) | = Oixiy — po | (dm, dx).
(N; * @EBLy J [~ M,M]xT? N ; (.
By the law of large numbers, the right-hand side goes to zero almost surely. Thus, for any w in a set of full
measure we have that the lemma is satisfied for the families (¢%, 2%);en := (M (w), X*(w))ien- O
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