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Abstract

We consider a mean-variance hedging (MVH) problem for an arbitrage-free large
financial market, i.e. a financial market with countably many risky assets modelled by
a sequence of continuous semimartingales. By using the stochastic integration theory
for a sequence of semimartingales developed in De Donno and Pratelli [6], we extend
the results about change of numéraire and MVH of Gourieroux, Laurent and Pham [12]
to this setting. We also consider, for all n > 1, the market formed by the first n risky
assets and study the solutions to the corresponding n-dimensional MVH problem and
their behaviour when n tends to infinity.
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1 Introduction

In this paper we study a quadratic hedging problem for a future stochastic cash flow F,
delivered at time 7', in a non necessarily complete large financial market.

Let us consider first a market consisting of n + 1 primitive assets X = {S° S}: one
bond with price process S = exp( fg rsds) and n risky assets whose price process is a
continuous n-dimensional semimartingale S = (S, ,S"). A criterion for determining a
“good” hedging strategy is to solve the mean-variance hedging (MVH) problem introduced
by Follmer and Sondermann [11]:

minE [F - V“} : (1)
B T

where -
Vi = 59 (3: + / Vyd (S/So)t> 2)
0
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is the terminal value of a self-financed portfolio in the primitive assets, with initial invest-
ment x and quantities 1 invested in the risky assets.

This problem has been solved by Follmer and Sondermann [11] and Bouleau and Lam-
berton [3] in the martingale case and, with different methods, by Gourieroux, Laurent and
Pham [12] (abbr. GLP) and Rheinlénder and Schweizer [21] in the semimartingale case
under more or less restrictive conditions.

Here we focus on the GLP approach, which consists in adding a suitably chosen numéraire
as an asset to trade in and changing the probability measure. The numéraire is chosen in
such a way that the set of attainable contingent claims in the extended market remains un-
changed. This procedure leads to considering a simpler quadratic hedging problem where
the new prices process is a martingale so giving an explicit description of the optimal trading
strategy for the original MVH-problem.

In this paper we seek to extend GLP’s approach to a large financial market, i.e. a
market with one bond and countably many risky assets. We recall that no-arbitrage in
large financial markets has been studied for the first time in a rigorous way by Kabanov
and Kramkov [14, 15] in the complete case and by Klein and Schachermayer [16] in the
incomplete case. More recently, Bjork and Néslund [2] and De Donno [4] have investigated
the completeness of some special models, where the assets prices dynamics are driven by
one Brownian motion (common to all assets) and countably many independent Poisson
processes (one for each asset).

In order to extend the GLP artificial extension method to an infinite-dimensional set-
ting, one has to use a stochastic integration (SI) theory with respect to a sequence of
semimartingales, i.e. with respect to a semimartingale taking values in the space RY of all
real sequences, which is much more delicate to use than the vectorial one. Mikulevicius and
Rozovskii [19] developed a SI theory for martingales taking values in a topological vector
space (see also De Donno [4] and De Donno et al. [5] for financial applications). More
recently, De Donno and Pratelli [6] have proposed a stochastic integral for a sequence of
semimartingales, generalizing the SI theory by Mikulevicius and Rozovskii in this particular
case. We will use their construction for making our MVH problem meaningful.

This paper is organized as follows. In Section 2, we recall some basic facts on stochastic
integration with respect to a sequence of semimartingales and obtain an infinite-dimensional
version of the Galtchouk-Kunita-Watanabe (abbr. GKW) decomposition theorem. In Sec-
tion 3, we define the good set of trading strategies and we show that the set of all attainable
contingent claims is closed in L? (P). In Section 4 we show the invariance property for the
set of all attainable claims. In Section 5, we show how to extend the artificial extension
method to our setting and in Section 6 we consider the finite-dimensional MVH problems,
corresponding to consider only the market formed by the bond and the first n risky assets,
and we show that the sequence of solutions of these finite-dimensional problems converges
to the solution of the original one (1).



2 Some preliminaries on stochastic integration with respect
to a sequence of semimartingales

In this section we will follow very closely the treatment of the stochastic integration for
countably many semimartingales, that the reader can find in De Donno and Pratelli [6].

Let (2, F, P) be a probability space with a filtration F ={F;,t € [0,T]} satisfying the
usual conditions of right-continuity and P-completeness, where 7" > 0 is a fixed finite
horizon. Letting p > 1, we will denote by HP(P) the set of all real-valued martingales M
on the given filtered probability space, such that M* = sup,c(o 1) |M:| € LP(P) (see Jacod’s
book [13] for more details). Moreover, we denote by S(P) the space of real semimartingales,
equipped with Emery’s topology (see Emery [10]). S(P) is a complete metric space.

Let S = (S%);>1 be a sequence of semimartingales. We denote by E the set of all
real-valued sequences (i.e. ]RN), endowed with the topology of pointwise convergence and
by E’ its topological dual, namely the space of all signed measures on N which have a
finite support; each of them can be identified with a sequence with all but finitely many
components equal to 0. We will denote by e’ the element of both E' and E such that
eé» = d;,j (where §; ; is the Dirac delta); (-,-) g g will denote the duality between E' and E.

We denote by U the set of not necessarily bounded operators on E and, for all h € U, we
denote by D(h) the domain of h (D(h) C E). We say that a sequence (h™) C E’ converges
to h € U if lim,h"(z) = h(z), for every = € D(h).

We say that a process £ taking values in U is predictable if there exists a sequence (&™)
of E’-valued predictable processes, such that for all (w,t), and for all z € D(&;(w)), one has
&(w) = limp&fH(w).

Finally, a E’-valued predictable process £ is called a simple integrand if it has the
form & = Zign Elel = (€4,€2,...,£",0,---), where & are real-valued predictable bounded
processes. One can define the stochastic integral of a simple integrand £ with respect to S

in the following obvious way:
/gds = /Zgidsi.

<n

Let ¢ be a predictable U-valued process. Following De Donno and Pratelli [6], we will
say that ¢ is integrable with respect to S if there exists a sequence (£™) of simple integrands
such that:

1. £ converges to £ pointwise;
2. [&™dS converges to a semimartingale Y in S(P).

We call € a generalized integrand and define [£dS :=Y. Moreover, we denote by L(S,U)
the set of generalized integrands.

This notion of stochastic integral is well-defined and implies an infinite-dimensional
extension of Memin’s theorem (Théoréeme V.4 [18]), which states that the set of stochastic
integrals with respect to a semimartingale is closed in S(P):



Theorem 1 (De Donno and Pratelli [6], Theorem 5.2) Let S = (S%);>1 be given a sequence
of semimartingales and (§") a sequence of generalized integrands such that ([ £™dS) is a
Cauchy sequence in S(P). Then there exists a generalized integrand & such that [ £"dS —

[ €dsS in S(P).

In the sequel, we will need an infinite-dimensional version of the GKW-decomposition for
a sequence of continuous local martingales. For this reason, we briefly recall the Mikulevicius
and Rozovskii [19] theory of SI for a sequence of locally square integrable martingales and
show how to extend it to a sequence of continuous local martingales.

We assume that S° = M*® € H?(P) for all i > 1. It is easy to see that there exist:

1. an increasing predictable real-valued process (A;) with E[Ap] < oo,

2. a family C = (CY )i,j>1 of predictable real-valued process, such that C' is symmetric
and non-negative definite, in the sense that C% = C7% and ngl a:iC'ija:j > 0, for all
l €N, for all z € R!, dPdA a.s.,

such that
(M, M), / CH,dA( (3)

Consider C for fixed (w,t) and assume for simplicity that C' is positive definite. The
above Itd isometry makes it natural to define on E’ a norm by setting:

o
\xy'géw = (2, Crwt) g p = Y wiCilaj, (4)

ij=1

where the sum contains a finite number of terms. The norm is induced by an obvious scalar
product, which makes E’ a pre-Hilbert space. This norm depends on (w,t): for simplicity,
we omit w, but we keep ¢ in the notation and denote Ej the space E’ with the norm induced
by C;. Ej is not necessarily complete, but we can take its completion H; which is a Hilbert
space. Hj is generically not included in E, hence the canonical injection from E’ to E
cannot be extended to an injection from H, to E.

The following theorem is essentially due to Mikulevicius and Rozovskii [19] (see their
Proposition 11, p. 145). Nonetheless we prefer to follow the formulation of this result given
by De Donno and Pratelli [6], since it fits better into their more general theory of SI for a
sequence of semimartingales, as introduced before.

Theorem 2 (De Donno and Pratelli [6], Theorem 3.1) Let & be a U-valued process such
that:

D(Ewt) D Houy for all (w,t);
2‘ gw,t|Hw7t S H(i),t’

3. &(Cyey) is predictable for all n;



4. E[fOT|gt|§ﬂdAt] < 0.

Then, there exists a sequence " of simple integrands, such that £, converges to &+ in
H,,, for all (w,t) and [€"dM is a Cauchy sequence in H*(P). As a consequence, we can
define the stochastic integral [ €dM as the limit of the sequence [ "dM.

Remark 3 The set of all stochastic integrals [ &dM, with ¢ fulfilling the four conditions
of Theorem 2, is a closed set in H?(P) and coincides with the stable subspace generated by
M in H?(P). It is an immediate extension of the analogous result in the finite-dimensional
case.

When M = (M Z'),;1 is a sequence of continuous local martingales, it is quite easy to
extend the previous construction. Indeed, from Dellacherie [9] (Théoreme 2 and Théoreme
3, p. 743) we deduce that there exists a uniform localization for the sequence (M?), i.e. a
sequence (7,,) of stopping times such that 7,, — T and M-im—n is a bounded martingale for
alli>1.

This property allows us to define by localization, in the usual way, a stochastic integral
with respect to M and for all U/-valued processes £ such that:

1. D(&wy) D Hyy for all (w,t);

2' £W7t|Hw,t € H(:},t;

3. & (Cyey) is predictable for all n;
4. fy 1€l3,dA; < oo P-as..

Finally, again by using Dellacherie’s uniform localization, it is easy to prove a GKW-
decomposition in our setting:

Proposition 4 Let M = (M");>1 be a sequence of continuous local martingales and N be
a real-valued local martingale. Then, there exists an integrand & satisfying conditions 1.-4.
as in Theorem 2, and a real-valued local martingale L vanishing at zero and orthogonal to
each M?, such that

N:N0+/£dM+L. (5)

Proof. Apply the Dellacherie uniform localization and Remark 3 and proceed exactly as,
for instance, in Jacod [13], Théoreme (4.27) if N is locally square-integrable. Otherwise,
use the following argument by Ansel and Stricker [1] (D.K.W. cas 3): write N as the sum
N = N¢+ N? where N¢ and N? are its continuous and purely discontinuous parts. N is
orthogonal to all continuous local martingales and N¢ is locally bounded and then it can
be written as N¢ = [{dM + U with U orthogonal to M and ¢ satisfying conditions 1. to
4.. To conclude, it suffices to set L = U + N¢. O



3 The market model

Let (2, F, P) be a probability space with a filtration F ={F;,¢ € [0,T]} satisfying the usual
conditions of right-continuity and P-completeness, where T > 0 is a fixed finite horizon.
We also assume that Fy is trivial and Fr = F.

In this market model agents can trade in countably many primitive assets whose prices
are modelled by a sequence of real valued processes X = (Si),zo: a bond price process
S? = exp fg rsds, with r a progressively measurable process interpreted as the instantaneous
interest rate and such that | fOT rsds| < ¢ for some constant ¢ > 0, and countably many risky
assets, whose price processes S* are assumed to be continuous semimartingales.

We set

1 dQ

My = {Q <K P:5—5 € L% (P),every /5 is a Q-local martingale}
S0P

and
5={QeMz:Q~ P}.

Throughout the paper, we make the natural standing assumption:
MS # 0. (6)

This assumption is related to some kind of no-arbitrage condition (see, e.g., the seminal
paper by Kreps [17]).

We denote by © the space of all generalized integrands ¢ € L(S/S° U) such that
fOT 9:d(S/S°); € L?(P) and for all Q € M§ [9d(S/S°) is a Q-martingale.

Notice (see the discussion in De Donno [4], pp. 8-11) that in general one cannot define
the value process of a trading strategy ) in the usual way: the expression ¥; - (S/S°); is
not always well-defined. This is because 1}; takes values in the space U/ which is, in most
cases, strictly bigger than E’, and so we cannot use duality to define a product between the
strategy ¢ and the price process. For this reason we will use the following;:

Definition 5 For a trading strategy ¥ € © the wvalue process of the corresponding self-
financed portfolio with respect to the primitive asset family {S°, S} and with initial value
x € R is given by

V=V =50 (x + /Ot Vyd (S/SO)S> . telo,T]. (7)
Moreover we denote by
Gr(z,0) == {ij”? € @} C L2 (P)
the set of investment opportunities (or attainable claims) with initial value x € R.

The next proposition makes our MVH-problem meaningful, ensuring the existence of its
solution #* and uniqueness of the corresponding optimal value process V7",



Proposition 6 The set Gr(x,©) is closed in L*(P).

Proof. Let 9" be a sequence in © such that S%(z + fOT 97d(S/SY)s) converges in L?(P) to
a random variable V. Take some @ € M$ and set Y;" := fot 97d(S/SY)s, t € [0,T]. Observe
that the sequence of Q-martingales (Y;");c[o,7] converges in HY(Q) (see, e.g., Remark 2.2.
in Delbaen and Schachermayer [8]). Now, since convergence in H!(Q) implies that in S(Q)
(see Theorem 14 in Protter [20], p. 208) and Emery’s topology is invariant under a change
of an equivalent probability measure (see Théoréme I1.5 in Memin [18], p. 20), the sequence
(Y{")telo,7) converges also in S(P). Now, thanks to Theorem 1 we can exhibit a generalized
integrand ¥ € L(S/S°,U) such that

V=257 (:n + /OT Vsd (S/SO)S> :

The other two properties defining the set © are obviously satisfied also by the process 9.
O

4 Extending the GLP artificial extension method

According to GLP, we define a numéraire as a self-financed portfolio with respect to the
primitive assets family X = {SY S}, which is characterized by a trading strategy a € ©
and a strictly positive value process V(a) = V1% > 0 as in (7) with Vy(a) = 1.

Remark 7 To avoid misunderstandings when comparing our results to GLP’s, observe that
we have denoted by “a” the strategy used as a numéraire, instead of the integrand in its
exponential representation as in GLP.

To such a numéraire a we can associate a new family of countably many assets consisting
of this numéraire and the primitive assets. This assets family is called, as in GLP, a-extended
assets family, its price process is given by {V'(a), X'} while its price process renormalized in
the new numéraire is {1, X (a)} := {1, X/V(a)}.

Given a numéraire a € O, we define

1 dQ(a)
Vr(a) dP

Ms(a) = {Q (a) < P: € L2 (P),every X (a)" is a local Q (a) —martingale}

and
M5 (a) ={Q (a) € M2 (a): Q(a) ~ P}.

As in GLP Proposition 3.1, and with the same proof, we have the following characterization
of the set M§(a) of equivalent a-martingale measures in terms of the set M$ of equivalent
martingale measures:



Proposition 8 Let a € © be a numéraire and V (a) its value process. There is a one-to-one
correspondence between Ma(a) (resp. MS§(a)) and My (resp. MS): Q(a) € Ma(a) (resp.
Ms(a)) if and only if there exists QQ € Mgy (resp. M$) such that

dQ(a) _ Vr(a)dQ
dp—  S% dP’ (®)

We denote by ®(a) the space of trading strategies with respect to the a-extended assets
family {V'(a), X} ie. the set of all ¢(a) € L(X(a),U) such that Vr(a fo ¢r(a)dXy(a) €
L%(P) and V(a) [ ¢(a is a local Q(a)-martingale for all Q(a) € M§(a).

For a tradlng strategy (b( ) € ®(a) the value process of the corresponding self-financed
portfolio with respect to the a-extended assets family {V (a), X} and with initial value z € R
is given by

Vi = Vi = v, (a (:c+/<z>s dX()) te0,7] 9)

Furthermore,
Gr(z,®(a)) = {V;" : ¢(a) € ¥(a)}

denotes the set of terminal values of self-financed portfolios with respect to the a-extended
assets family {V(a), X} and with initial value x.

In the finite assets case (GLP, Proposition 3.2, p. 186-188) the artificial extension leaves
invariant the investment opportunity set, and gives explicit expressions for the correspon-
dences linking the investment opportunities sets. We briefly recall this result: let a™ be a
n-dimensional numéraire and V' (a™) = V1" its value process,

e to a self-financed portfolio (V",9") with respect to {S°, 5"}, corresponds the self-
financed portfolio (V", ¢"(a™)) = (V™, (n"(a™),9"(a™))) with respect to {V (a"), S?, S}
given by

n/.n Vit — ﬂngn n/.n n
yr (CL ):% and 79t (CL ):01‘,7 te [07T]7 (10)
t

e to a self-financed portfolio (V", ¢™(a™)) = (V™, (n™(a™), 9" (a "))) w.r.t. {V(a"),S°, S}
corresponds the self-financed portfolio (V™ 9") w.r.t. {S°, 5"} given by
— S (a") Xy

n ng.n nV
191‘/ :01‘/(& )+at : V;ﬁ(an) )

€ [0,T]. (11)

Note that the above expressions involve some scalar products between strategies and
price processes, which in our infinite-dimensional setting are not well-defined. This makes
very difficult to find the infinite-dimensional analogues of the GLP-correspondences above.
Nonetheless, the following proposition states their existence for our large financial market
and, as a straightforward consequence, the invariance of the investment opportunities set
under a change of numéraire.

Proposition 9 Let a € © be a numéraire and V (a) its value process.



1. Let 9 € © be a trading strategy with respect to the primitive assets family {S°, S}
and let V denote the value process of the corresponding self-financed portfolio. Then
there exists a trading strategy ¢(a) € ®(a) with respect to the a-extended assets family
{V(a), X} with the same value process V.

2. Let ¢(a) = (n(a),v(a)) € ®(a) be a trading strategy with respect to the a-extended
assets family {V(a), X} and let V' denote the value process of the corresponding self-
financed portfolio. Then there exists a trading strategy ¢ € © with respect to the
primitive assets family {S°, S} with the same value process V.

3. We have in particular that

Gr (2,0) = Gr (2, ® (a)). (12)

Proof. 1. Let ¥ € © be a trading strategy with respect to the primitive assets family
{S% S} with value process V = SOV, + [9d(S/S?)). By the definition of SI for a sequence
of semimartingales there exists a sequence 9" of simple integrands w.r.t. S/S° such that
[97d(S/S%) converges in S(P) to [9d(S/S°).

We associate to each approximating strategy 9" a self-financed portfolio with respect to
the primitive assets family, whose value process is given by

t
V=89 (Vo +/ I"d (S”/SO)S> , tel0,T).
0

By GLP, Proposition 3.2 (i), there exists a trading strategy ¢"(a) = (1" (a),9"(a)) given
by (10) with V"(a) instead of V™(a™) and with the same value process V", i.e.

S0 <v0 + /Ot o (5/50)8> ~ V() (vo + /Ot ¢g(a)dXS(a)> CteloT]

By the multidimensional version of Proposition 4 in Emery (1979), we have that

% <Vo + / 9"d (S/SO)> — VS(Z) <vo + / vd (S/SO)>

in S(P), as n — oo, and so the sequence [ ¢"(a)dX(a) is convergent in S(P). Now, by
the infinite-dimensional version of Memin’s theorem (Theorem 1) there exists a generalized
integrand ¢(a) € L(X (a),U) such that V + [ ¢"(a)dX (a) — Vo + [ ¢(a)dX (a) in S(P), as
n — oo, and obviously for all ¢t € [0, T]

st (vor [0 (sys”),) =vita (vo+ [ 6 @ax.@).

Finally, by Proposition 8 and since ¥ € O, the process [ ¢(a)dX (a) is a local Q(a)-
martingale for all Q(a) € M§(a), and also Vr(a) fOT bs(a)dXs(a) € LA(P), ie. ¢(a) € ®(a).




2. Let ¢(a) € ®(a) be a trading strategy with respect to the a-extended assets family
{V(a), X'} with value process of the corresponding self-financed portfolio given by V' (a)(Vy+

J #(a)dX (a)).
By definition of ®(a), there exists a sequence of simple integrands ¢"(a) = (n"(a), 9" (a)),
with 1" (a) real-valued, converging pointwise to ¢(a) and such that

[ ¢ @ix@ — [s@ixt)

in S(P) as n — oo.

Denote by V" the value process of the approximating self-financed portfolio correspond-
ing to ¢"(a), i.e. V" =V (a)(Vo + [ ¢*(a)dX(a)), and consider the following sequence of
strategies Y™ with respect to {S°, S} defined by the GLP correspondence (11):

O =97 (a) + ari’(a), te€[0,T,
where —n
W= V" —¢"(a)X
a Vi)
We remark that the process 9" takes values in . Now, if we proceed as in the second part

of the proof of Proposition 3.2 in GLP (observe that, by definition of generalized integrand,
¢"(a) is bounded, which implies ¢"(a) locally bounded), we obtain

d(V" /%) = ¢i'd(V(a)/S°)e + 07 (a)d(S/S°).

Being d(V (a)/S°); = a;d(S/S°); with a € L(S/S°,U), if we approximate a by a sequence
a® of simple integrands converging pointwise to a and such that [ a*d(S/S%) — [ ad(S/S°)
in S(P), also the sequence [ 1"(a)akd(S/S°) converges in S(P) with n fixed and k tending
to infinity and then, by Theorem 1, there exists a generalized integrand (" such that

i (5e) - (5)

converges pointwise to ¥ (a)a, (" = ¢"(a)a. Furthermore

and moreover, since ¥"(a)a®

st (vor [ oracs/sn).) =vitw) (o [ oranxa). te o

Finally, by letting n tend to infinity and by using the same argument (infinite-dimensional
version of Memin’s theorem) as in the previous part of the proof (after exchanging the roles
of 9" and ¢"(a)), one can easily show that there exists a strategy ¥ € ©, whose value
process equals V. The proof of item 2. is now complete.

3. This statement follows trivially from the first two items of this proposition. [J

We just mentioned that, since it is not possible in this setting to define a product
between strategies and price processes, we are not able to find an explicit expression for the

10



infinite-dimensional GLP correspondences. We only know that the two sets of strategies
are related by the equality of their value processes, i.e. given a strategy ¥ (resp. ¢(a)) its
corresponding strategy ¢(a) (resp. ) satisfies the following equation:

st (vor [ t o.ds/5").) = vit (Vo + | t b.(@0X@). 1€

The previous proposition ensures the existence of a solution to this equation when ¥ (resp.
¢(a)) is fixed.

Remark 10 In Section 6, we will see that there exists a sequence of predictable trading
strategies ¥™*, that both solve the MVH-problem arisen by considering only the first n
risky assets, and its value processes converge to the value process of 1*, solution to problem
(1), in L?(P) as n tends to infinity.

5 The MVH problem

We would like to apply the artificial extension method introduced by GLP to the following
“large” mean-variance hedging optimization problem:

T 2
J(z, F) = min E [F - 59 (3: + /0 Vyd (S/SO)N . (H (z))
where I/ € L?(P) and = € R are fixed. In financial terms, given an Fr-measurable con-
tingent claim F € L?(P), we are looking for a self-financed portfolio with respect to the
primitive assets family {SY S}, with initial investment z, that minimizes the expected
square of the hedging residual. By Proposition 6 there exists a solution ¥* = 9*(z, H) to
the problem (H (z)) called the optimal hedging strategy, leading to a unique optimal value
process

V=V (x,F) = S% <:c + /OT 95 (2, F)d (S/So)t> .

The couple (V*,9%) is called optimal hedging portfolio.
Let us consider the solution a € © to following optimization problem:

T 2

min B [S% (1 + /O Vyd (S/So)tﬂ (P)

which is a particular case of (H (z)) for a zero cash flow I = 0 and initial wealth z = 1. The

strategy a € © leads to a unique terminal wealth Vr(a) = V%’a = S0(1+ [, awd(S/S°)).
Now, let us consider the variance-optimal martingale measure (abbr. VOMM) ﬁ, defined

as the solution to the dual quadratic problem of (P):

]

S9.dpP

min E

QeMa (D)

11



It is well-known that under the assumption (6), such a measure P exists and belongs to
M.

By reproducing exactly the same arguments as in Section 4 of GLP, one can easily see
that V(a) > 0, so that we can use it as a numéraire called hedging numéraire, and that P
is related to a by

dP  Vr(a)SY

dP  E[Vr (@) SY] (13)

Following GLP, we will solve problem (H (x)) by transforming it into a simpler one
corresponding to the martingale case thanks to the artificial extension method. Let us
consider the hedging numéraire @ and the associated a-extended assets family {V/(a), S°, S}.
We can define the equivalent a-martingale measure P(a) given by the relation

dP (@)  Vr(a)®
P E[Vr @)

(14)

and we call it the variance-optimal a-martingale measure. Let us consider the quadratic
optimization problem

_ F T 2 _
JYx, F) = in Ex- |—= —2o— a)dX; (a H®
(@F) = minErg | o [ #@ax@)] ()
A straightforward extension of Proposition 5.1 in GLP gives that problems (H (z)) and
(H® (x)) are equivalent in the following sense: if 0 and ¢*(a) are the unique solutions of,
respectively, problem (H (z)) and problem (H® (x)), then they have the same value process,
ie.

st (v | t ats/s").) =vit@ (va+ | t S@@), eIl )

Moreover, the relation (5.2) in GLP, between their minimal quadratic risks, is still verified,
ie.

J (2, F) =E[Vr (@) J* (2, F). (16)
Now since P(d) € M5 (a), the continuous process X (a) is a locally square integrable mar-
tingale under P(a). Furthermore, being I' square integrable under P, the claim F'/Vr(a) is
square integrable under P(a). The infinite-dimensional GKW-projection theorem (Propo-
sition 4) implies that there exists a U-valued predictable process ¢f (@) satisfying

Ep [</¢F (@) dX (a)u <o

and a real-valued square integrable P(a@)-martingale R(a), orthogonal to X (@) under P(a),
such that

G R " oF @ dX @) + Br @
= [T+ o @X @+ @), a7)
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Clearly, the solution ¢*(a) to problem (H® (z)) is given by the integrand in the decomposi-
tion (17), i.e. ¢*(a) = ¢ (@), and the associated minimal quadratic risk of problem (H® (z))
is given by

2

2

T (2, F) = (Eﬁ@ [VTL@] - x> +Epg [RT (’d)} . (18)
We now summarize how to “theoretically” solve our initial infinite-dimensional MVH-
problem (H (z)): compute the hedging numéraire @ and consider the MVH-problem (H® (z))
corresponding to the price process X (a), the strategies set ®(a) and the probability 15(5),
which is a martingale measure for the new integrator; the GKW-projection theorem gives
its unique solution ¢*(a). Now, in order to find the optimal strategy ¥*, solve with respect

to ¥ the following stochastic equation:

t t
52 (vo+ [ 0aaisis').) = vi@ (vo+ [ s@ax@). ten. o)
0 0
Observe that Proposition 9 ensures the existence of a solution for this equation.

We conclude this section by considering the problem

min J (z, F), (H)
TzeR
which corresponds to the projection of F on the closed subspace {Gp(x,0) : x € R} of L2(P)
(to see this use the same argument as in GLP, p. 195). The solution z*(F') to problem (H)
is called the approzimation price for F' (see Schweizer [22]) and is a generalization of the
usual arbitrage-free price for F. From (16), (18) and Proposition 8 one can easily deduce
that

F

o (F)=Ep | g (20)
St

so that, even in this setting, the VOMM can be interpreted as a viable price system corre-

sponding to a mean-variance criterion.

6 Finite-dimensional MVH problems

Let n > 1 be given. We denote by F" = {F' : t € [0,T]} the (completed) filtration
generated by the n-dimensional primitive assets family {S°, Sn} where §" = (St,...,8m),
F" = F7F, by P" the restriction on F™ of the probability measure P and we set

M3y = {Q" probability measure on F" : Q" < P",
1
S9. dp

e L2(P),5" /8" is a local Q"—martingale}

and

My ={Q" e M} : Q" ~ P"}.

13



Assumption (6) ensures that, for all n > 1, the set M5“ is not empty.
Consider the following n-dimensional mean-variance hedging (n-MVH) problem for a
given contingent claim F' € L?(P) and an initial endowment z € R:

Jnin E [F S0 <x + /0 ! I (E"/so)tﬂ 2, (H, (z))

where ©" denotes the set of all R"-valued S" /S%-integrable F-predictable processes 9"
such that S9 fOT 9rd(S"/S%); € L*(F", P) and for all Q" € M3, the process [9"d(S"/S%)
is a @Q"-martingale. All the objects we have introduced in the previous two sections have
their n-dimensional counterparts, their notation and financial interpretations will be self-
evident.

The aim of this section is to study the asymptotical behavior, as n — oo, of the sequence
Yy Y
(9™*)p>1, where ¥™* is the unique solution to problem (H,, (z)).

Let us consider the following finite-dimensional dual problem associated to the assets
family {S°, 5"}, n > 1:
1 dQn?
in E|—— D
Qremg [Sg dP"] (Dn)
Under the standing assumption (6), problem (D,) admits a unique solution pPn e M3,
which we call n-dimensional variance-optimal martingale measure (abbr. n-VOMM).
Following Delbaen and Schachermayer [7], we denote K the subspace of L*(F",P)
spanned by the stochastic integrals of the form

fo =1, ((8"/5°),, = (57/5).,)

where 71 < 75 are F"-stopping times such that the stopped process (5" /S°)™ is bounded
and hy, is a bounded R"-valued F7:-measurable function.
We denote by I/(\" the closure of K in L?(P) and set Kn = span(K{]‘, 1). Furthermore,
K, denotes the closure of K := Up>1 K C L>®(F", P) in L2(P) and K = span(Ko, 1).
Assuming (6), we deduce from Lemma 2.1(c) in [7] the following characterizations of P

and P" (here we identify any measure () with the linear functional Eg[-] and linear func-
tionals on L2(P) with elements of L?(P)):

P (resp. P") is the unique element of K (resp. I/(\") vanishing on K (resp. I/(\g) and
equaling 1 on the constant function 1.

Given this characterization, an immediate application of the projection theorem for
Hilbert spaces leads to the following

Proposition 11 Assume (6). The sequence pn converges in L*(P), as n — oo, to the
VOMM P solution to problem (D).
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Now, we consider the following n-MVH problem:

T 2
ﬂggélnE [ST <1 —i—/o vyd (S /So)t>] (Pn)
and we set -
G (x,0") := {S% <a: +/ I"d (?"/50)8> S € @"}.
0

Under (6), each problem (P,) has a solution a™ € ©" , which leads to a unique optimal
terminal wealth V'(a") = V%’an = S2(1+ [, ard(S"/5%),). As in GLP and in the previous
section, one has V"(a") > 0 a.s., so that one can use it as a numéraire called n-dimensional
hedging numéraire. We define the n-dimensional variance-optimal a"-martingale measure
by the relation

dp" (@) Vp(a")?

dP"™ E, [VJT} (am)] 2

and consider the n-dimensional analogue of problem (H® (x)):

2
F an
min Es, ~n — / oy (@) dXy (am HE (x
¢n(’[‘in)€q>n(a’n) P (a ) |:V ( t t( ) ( ( ))
where X (@")" = X" /V"(a") and <I>"(~ ) is the set of all R _valued X (a") -integrable pre-
dictable processes such that VT fo o (@)dX,(@)" € L2(F", P) and for all Q"(a") €
MY (@), the process [ ¢™(a™)dX X (a)" is a local Q"(a")-martingale.

We recall that, for all n 2 1, the solution to problem (HZ" (1)) is given by the R"*1-
valued predictable integrand ¢™*(a™) satisfying the integrability condition

()] <

in the following GKW-decomposition

F
=Ez,
Vi@ {V"a

] / o @) dX @ + By @), (21)

where R™(a@") is a real-valued square integrable (F™, P"(a"))-martingale, orthogonal to
X(a")" under P™(a").

Proposition 12 Let 9™* and ¢™* be solutions to problems (respectively) (Hyn (x)) and
(HE" (z)) for all n > 1. Then we have the following assertions:

1. fOT 97*d(S" /S0 converges to fOT 95d(S/S%); in L*(P) as n — oo, where 9% is the
solution to problem (H (x));
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2. VR@) [ ¢ @) dx,@m)" converges to V(@) [, ¢7(@)dX(a) in L*(P) as n — oo,
where ¢* is the solution to problem (H® (x)).

Proof. 1. It suffices to note that for all n > 1, S% fOT 97 d(S"/S0); is the orthogonal
projection of S fOT ¥;d(S/S%); onto the subspace G (0,0") closed in L?(P).
2. By Proposition 3.2 of GLP and Proposition 9 we have, respectively, that for all n > 1

T T .
Sp <x+ / vy d (?"/S°)t> = V(@) <x+ / ¢y (@) dXy (am) >
0 0
and
T T
S0 (x +/ v;d (S/So)t> = Vr (a) <a: +/ oy (a)dXy ('d)) .
0 0
Then assertion 2. follows easily. [J

Remark 13 We point out that, with respect to the Emery topology, used to prove Proposi-
tion 9, the L?(P)-convergence works only for the finite-dimensional optimal hedging strate-
gies. Then, to establish the correspondence between the sets © and ®(a) of all strategies,
one has to deal with convergence in S(P).
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