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Abstract

We show that several integrable (i.e., exactly solvable) scalar cosmologies considered by Fré, Sagnotti
and Sorin (Nuclear Physics B 877(3) (2013), 1028-1106) can be generalized to include cases where the
spatial curvature is not zero and, besides a scalar field, matter or radiation are present with an equation of
state p™ = w p™; depending on the specific form of the self-interaction potential for the field, the constant
w can be arbitrary or must be fixed suitably.
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1. Introduction

Scalar fields in cosmology. The consideration of scalar fields in cosmological models has
a long history, and arises from different motivations. On one hand the inflaton, i.e., the entity
driving inflation, is often modeled as a scalar field. This approach originates from the work of
some scholars at the beginning of the 1980’s: let us mention, in particular, Linde [22], Madsen
and Coles [24]. On the other hand, a scalar field can be used as a model for dark energy. This
idea seems to have appeared in a 1988 paper by Ratra and Peebles [32]; Caldwell, Dave and
Steinhardt [6] are credited for introducing, ten years later, the term “quintessence” to indicate a
scalar model of dark energy.
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It is hardly the case to recall that the notion of dark energy was experimentally consolidated
during the same years, following the publication (between 1998 and 1999) of the observational
results by the High-Z Supernova Search Team [33] and the Supernova Cosmology Project [28].
To our knowledge, Saini, Raychaudhury, Sahni and Starobinsky [36] were the first to set up a
strictly quantitative connection between a scalar field model of dark energy and the observational
data of [28,33]. More precisely, the paper [36] determines the most probable shape of the self-
interaction potential for the dark energy scalar field, fitting the data of [28,33] on luminosity
distance and redshift for the epoch ranging from present time to the time when the scale factor
was half of its present value.

Most of the papers cited before and in the sequel, as well as the present work, rely on a paradigm
in which the universe is homogeneous and isotropic at each time, and the scalar field (modeling
the inflaton or dark energy) is treated classically (*). Due to the assumptions of homogeneity and
isotropy, the spacetime metric has the form of Friedmann-Lemaitre-Robertson-Walker (FLRW),
possibly with non zero spatial curvature. For the same reasons, it is assumed that the scalar field
only depends on time. These cosmological models might involve, besides the scalar field, some
other form of matter described as a perfect fluid. Here and in the sequel the term “matter” is
used in a broad sense, and includes the case of a radiation gas. The presence of matter fluids is
typical of models where the scalar field represents dark energy; these often encompass the whole
history of the universe, except for the very early stages, and include epochs in which the matter
contribution is dominant with respect to that of dark energy. On the contrary, models for the
very early, inflationary stage of the universe typically ignore the role of matter and just focus the
attention on the inflaton scalar field.

All the above models give rise to systems of ODEs, describing the time evolution of the main
actors, which include, especially, the scale factor in the FLRW metric and the scalar field.

Let us point out some additional features of these cosmological models. It is commonly assumed
that the scalar field is minimally coupled to gravity, and that it does not interact directly with
matter, if the latter is present; correspondingly, the stress energy tensors of the scalar field and of
the matter fluid are separately conserved. In absence of different indications, all papers cited in
the sequel fit into the scheme just outlined (spatial homogeneity and isotropy, minimal coupling
of the scalar field with gravity, no direct interaction between the field and matter).

Integrable scalar cosmologies. Since the late 1980’s, the rising physical interest for cosmologies
with scalar fields stimulated the search for integrable models, in which the evolution equations
can be solved explicitly. It turned out that this is possible for models with certain features, like a
special functional form for the self-interaction potential of the scalar field. Of course, the avail-
ability of exact solutions is a significant advantage with respect to numerical integration, since it
allows to identify details and conceptual aspects that could be missed otherwise.

Since the very beginning of these investigations, it was understood that exact solutions can be
obtained assuming an exponential form for the self-interaction potential of the scalar field. Let
us describe these results with the normalizations of the present work, which we borrow from

2 An alternative approach treats the scalar field as a quantum object, and replaces the deterministic values of the related
classical observables with the expectation values arising from the underlying quantum theory. It is a well known fact
that the computation of these expectation values is typically plagued by the occurrence of divergences, which must be
treated with some kind of renormalization procedure. In this connection, let us mention that zeta-function regularization
provides a very elegant approach, allowing to cure the said divergences by pure analytic continuation (see, e.g., [5,14,15]
and the references cited therein). We will not discuss these issues any further in this work.
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[16] where a suitable dimensionless version ¢ of the scalar field is introduced (for the precise
definition see subsection 2.2, especially Eq. (2.2.9)).

In 1987 Barrow [1] assumed a potential of the form V(¢) = const. e~*¢ (with A another arbitrary
constant), and a vanishing spatial curvature; he presented a particular exact solution of the evolu-
tion equations (but not the general solution) for the case of a scalar field alone. In the previously
mentioned paper [32] of 1988, Ratra and Peebles considered the same exponential potential as in
[1] (with A > 0) and zero spatial curvature; they presented some particular exact solutions of the
evolution equations, both for the case of a scalar field alone and for a model with a scalar field
and pressure-less matter (dust) (°). In the same year, Burd and Barrow [4] considered again the
potential V(¢) = const. e ~*¢ (with A > 0), with possibly non-zero spatial curvature in arbitrary
spacetime dimension n + 1; they proposed a detailed stability analysis of the model and presented
some new exact solutions exhibiting the transition to power-law inflation at late times.

In 1990 de Ritis, Marmo, Platania, Rubano, Scudellaro and Stornaiolo [8] investigated a cosmol-
ogy with a scalar field (and no matter) in the case of zero spatial curvature, suggesting its use as
an inflationary model. To analyze the evolution equations, these authors proposed a systematic
use of the Lagrangian viewpoint. In this way they proved that the only potentials giving rise to
a Noether symmetry for the system have the form (with the normalizations of the present work)
V(¢) = const. e + const. e~¥ + const.. Moreover, they constructed the general solution of the
evolution equations for this class of potentials. The same authors extended these results to the
case of a field with non-minimal coupling to gravity in [9].

In 1996 Zhuk et al. [20,40] (see also [21]) examined cosmological models where the spacetime
was the product of a time line with an arbitrary number of Einstein spaces of arbitrary dimen-
sions, and the content of the universe was described by a family of scalar fields. The scalar fields
were assumed to be minimally-coupled to gravity, self-interacting with a potential to be specified
(yet, with no mutual interactions), and to fulfill each one a prescribed equation of state. Under
additional constraints, some classical (and quantum) integrable cases were obtained, deducing
a posteriori the corresponding self-interaction potentials for the fields. The resulting solutions
described inflationary cosmologies in some cases, and wormholes in other cases.

In 1998 Chimento [7] analyzed some cosmological models driven by two scalar fields, one of
them self-interacting with an exponential potential of the form V(¢) = const. e (asin [1,3,
32]) and the other one free and with non-zero mass. Exact general solutions were obtained and
examined in detail; remarkably, these solutions show a transition from expansion dominated by
the free scalar field to that dominated by the self-interacting field, yielding a power-law inflation.
The potential V(¢) = const. e? + const. e~% + const. was reconsidered in 2002 by Rubano and
Scudellaro [34], and in 2012 by Piedipalumbo, Scudellaro, Esposito and Rubano [30], again
for zero spatial curvature. These authors showed that the solvability of the evolution equations
is preserved by the addition of dust; they proposed this model for describing dark energy and
matter up to the present time.

With the notable exceptions of [4,20,40] (and [21]), all papers [1,7-9,30,32,34] mentioned above
deal with spacetimes of dimension 3 + 1.

The integrable cosmologies of Fre, Sagnotti and Sorin [16]. The cited paper (published in
2013) considers the FLRW cosmologies with a self-interacting scalar field, no matter and zero
spatial curvature, in arbitrary spacetime dimension n + 1. The analysis of these models is based

3 In this connection, let us recall that the solution derived in presence of matter was regarded by the authors as too
peculiar to be physically relevant.
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on the Lagrangian formalism, and on the possibility of using gauge transformations for the time
coordinate. More precisely, the approach of [16] describes a cosmology of the above type as a La-
grangian system with two degrees of freedom plus the constraint of zero energy; the Lagrangian
coordinates are, basically, the instantaneous values of the scale factor and of the scalar field. The
Lagrangian depends on the scalar field self-potential and on a gauge function (describing the
choice of the time coordinate), to be specified according to convenience in the investigation of
integrable cases.

For nine classes of self-potentials individuated in [16] (see, in particular, Table 1 on page 1048
of this work) the Lagrange equations are solvable by quadratures, for arbitrary initial data. The
reason of solvability is that, after a convenient choice of the gauge function and a suitable change
of the Lagrangian coordinates, one of the following features (i-iv) occurs:

1) the Lagrangian is quadratic, so it gives rise to linear evolution equations;

ii) the Lagrange equations have a triangular structure, which essentially means that one of the
equations involves only one of the (new) Lagrangian coordinates;

iii) the Lagrangian is separable, i.e., it is the sum of a Lagrangian depending only on the first
coordinate and a Lagrangian depending only on the second one. In this case there are two inde-
pendent subsystems, each one with just one degree of freedom and a conserved energy, which
can be used to reduce to quadratures the corresponding evolution equation.

iv) the Lagrangian is a function of a complex coordinate (equivalent to a pair of real coordinates),
with a suitable “holomorphic structure”; this fact ensures the conservation of a complex valued
“energy” function, which allows to solve by quadratures the evolution equations.

With the notations of [16] and of the present work, the first one of the nine potential classes is
formed by functions of the form V(¢) = const.e? + const.e™¥ + const.; this case is solvable
by the linearity of the Lagrange equations (see (i)), and this result extends to any spacetime
dimension the previous results of [30,34] on these potentials in dimension 3 + 1.

The second potential class of [16] is formed by potentials of the form V(¢) = const. e?? ¢ +
const. e1T7)? with y another arbitrary constant; this case is solvable due to the triangular struc-
ture of the Lagrange equations (see the previous item (ii)).

It is not the case to illustrate now the remaining seven classes of potentials described by [16]; we
will meet each one of them in the sequel of this paper. Here we only highlight that such potentials
are built using the exponential and some functions closely related to it (namely, hyperbolic or
trigonometric functions), together with their inverses.

Paper [16] subsequently passes from the Lagrangian to the Hamiltonian formalism and investi-
gates the Liouville integrable cases, i.e., the cases in which there is a second constant of motion
besides the Hamiltonian; this second constant of motion (when its exists) is automatically in
involution with the Hamiltonian and, since the system under analysis has two degrees of free-
dom, the standard theories of Liouville and Hamilton-Jacobi allow to solve Hamilton’s equations
by quadratures. In this investigation, the authors of [16] benefit from the existing literature on
Hamiltonian systems with two degrees of freedom which possess a second constant of motion.
They extract from the previous literature 26 “sporadic” classes of Hamiltonian systems with such
features; these correspond to cosmological models with 26 classes of self-interaction potentials
V(¢), which are referred to as the “sporadic potentials”.

Remarkably, the last two sporadic potentials considered in [16] have elementary trigonometric
forms, and the associated cosmological models are related via suitable transformations to two
Toda-type lattices. At least one of these two trigonometric potentials has a close relation with the
integrable models of class 9 mentioned before, a fact already noticed in [16]. It was later demon-
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strated by Sokolov and Sorin [37] that all the “sporadic potentials” can actually be regarded as
particular or limit cases of the nine non-sporadic integrable classes.

The present paper: adding matter or curvature to the Fre-Sagnotti-Sorin integrable cos-
mologies. Gravity and the self-interacting scalar field are the only actors in the cosmologies of
[16]. It is natural to wonder if the integrable models of [16] can be generalized adding a (ho-
mogeneous) matter fluid and/or removing the assumptions of zero spatial curvature. This is the
subject addressed in the present work; here we extend a more limited analysis of the same issue
performed in the PhD thesis of one of us (M.G.) [18], that was supervised by the other authors
of the present work (D.F. and L.P.).

As for the matter fluid, we admit a standard equation of state of the form p™ = w p™, where
p™ is the pressure, p™ is the density and w is a constant; moreover, we consider an unspecified
value k for the spatial curvature.

We assume no direct interaction between the matter fluid and the scalar field so that, as already
observed, there are separate conservation laws for the corresponding stress-energy tensors. The
conservation equation for the matter fluid can be directly integrated, yielding the explicit depen-
dence of the density p®™ on the scale factor. This information, as well as the presence of spatial
curvature, can be implemented in the Lagrangian formalism; in the end, any cosmology of the
type outlined above is described as a Lagrangian system with two degrees of freedom, in which
the basic coordinates are (again) the instantaneous values of the scale factor and of the scalar
field.

The Lagrangian derived in this way contains, as in [16], an unspecified “gauge function” related
to the choice of the time coordinate; in comparison with the cited work, our Lagrangian has two
additional terms depending on the scale factor and on the gauge function, corresponding to the
matter fluid and to the spatial curvature. *

The next step in this construction is the reconsideration of the nine potential classes of [16],
with the related choices of the gauge function and of new Lagrangian coordinates. It is natural to
wonder if such choices, allowing to solve the evolution equations in the purely scalar models of
[16], do in fact ensure solvability also in presence of matter and/or spatial curvature, for one of
the reasons (i-iv) listed in the previous paragraph.

This problem is addressed in the PhD thesis [18] for the first two potential classes of [16]. Con-
cerning the class 1 potentials V(¢) = const.e? + const.e™% + const,, it is found that the model
is still solvable with zero spatial curvature and the addition of matter with w = 0 (dust), due to
the linearity of the evolution equation; indeed, the linearizability of this cosmological model in
spacetime dimension 3 + 1 had already been established in [30], so we are just extending the
result of the cited papers to an arbitrary dimension n + 1.

Concerning the class 2 potentials V(¢) = const. e?? + const.e!!77)¢  the thesis [18] finds that
the system maintains its integrability features (of the type indicated in (ii)) for suitable values of
the parameter y in presence of zero spatial curvature and matter with arbitrary w, or in presence
of arbitrary spatial curvature and matter with w = 1/n or w =2/n — 1 (n 4+ 1 is again the
spacetime dimension). It should be noted that the case w = 1/n, in which the stress-energy
tensor of matter has zero trace, can be interpreted as a radiation gas. In all these cases, the value
of y must be appropriately fixed (for example, y = w in the case with w arbitrary).

The present work reports the above results from the thesis [18], completes the analysis of class
2 potentials finding further integrable cases and then discusses the remaining seven classes of

4 The matter term also depends on an unspecified constant, related to the matter density at some reference time.
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potentials listed by [16] showing that, for each one of these classes, there are several integrable
extensions of the model with spatial curvature and/or matter.

Detailed discussion of the solutions. Of course, after discovering the mechanism ensuring the
integrability of a cosmological model it is essential to write explicitly its solution and to analyze
it from a qualitative and quantitative viewpoint, so as to answer questions like the following:
Does the model exhibit a Big Bang? Is there a Big Crunch, or does the universe exist forever
(in terms of the cosmic time)? What about the asymptotic behavior of the scale factor and of the
energy densities of matter and of the scalar field near the Big Bang, near the Big Crunch, or in
the infinitely far future? Which type of energy is dominating in these limits? Is there a particle
horizon associated to the Big Bang? Is the model realistic for the whole history of universe, for
most of it or al least for some stage? If so, can one fix the free parameters and/or the constants of
integration in the solution of the model so as to fit the available observational data?

The integrable cases found in this paper adding matter or spatial curvature to models from [16]
are a lot, so it is not possible to treat explicitly the above issues for all of them. Therefore, we
perform the above mentioned discussion just for some case studies.

Firstly, we consider the case of self-interaction potential V(¢) belonging to class 1, with dust
and no spatial curvature. If one identifies dust with ordinary matter and the scalar field with dark
energy, this model describes with a good approximation the content of the universe for most of its
history, from the end of the radiation dominated era to the very far future. The analysis presented
here follows the thesis [ 18], and somehow refines the investigation of the authors who discovered
this integrable case [30,34]. The behavior of the solution of this model depends on the parameters
in the potential V(¢) and on the integration constants; we show how to choose them so that the
early universe is dominated by matter, the late universe by dark energy and the (dimensionless)
energy densities of these two entities at present time have the values suggested by observational
evidence (of course, in this computation we assume that the spacetime dimension is 3 + 1).
Next, we consider a scalar field with a class 2 potential and the addition of matter and curvature.
Among the many integrable cases of this model, listed elsewhere in the paper, we choose the one
with zero spatial curvature and matter with arbitrary equation of state parameter w (and with the
parameter y in V(¢) fixed by the previously mentioned prescription y = w, which ensures the
triangular structure of the Lagrange equations). Again, there are many subcases of this model:
we choose one with 0 < w < 1 and suitable signs of the coefficients in the potential V(¢), which
exhibits a Big Bang and no Big Crunch. The asymptotic behavior of the relevant observables
near the Big Bang and in the very far future is determined for arbitrary w € (0, 1). Sticking to
this subcase, we subsequently fix the spacetime dimension to be 3+ 1 and set w = 1/3 (radiation
gas). With these choices, we individuate a solution of the Lagrange equations that, although being
entirely built with elementary functions, has a rather complicated structure implying a stage in
which the scale factor grows exponentially with the cosmic time, preceded and followed by
epochs in which the scale factor behaves like a power of the cosmic time. We show that the free
parameters of the model and the constants of integration appearing in this solution can be adjusted
so that the exponential growth occurs in the very early universe and the scale factor is increased,
say, by a factor 3 x 10?? in a time interval between 0.5 x 1073* seconds and 1.5 x 10734 seconds
after the Big Bang. This is the behavior postulated by inflationary theories: we think it can be of
some interest to obtain such a behavior from an exact solution of the Einstein equations with the
simultaneous presence of radiation and of a scalar field; clearly, the latter ought to be interpreted
as the inflaton in this model.

The last case study considered in this paper is associated to class 7 potentials; the spatial cur-
vature is zero and a type of matter is present with w = ({ — 1)/(£ 4+ 1), where £ > 2 is an
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integer. This case is discussed since it provides a rather interesting example of separable system
(see item (iii) in the second last paragraph). Indeed, upon introducing a suitable pair (x, y) of
Lagrangian coordinates, the Lagrangian is found to be the sum of two Lagrangians depending
separately on x, y (and their time derivatives). The first Lagrangian describes a non-linear repul-
sor with potential energy proportional to —x2¢; the second one describes a non-linear oscillator
with potential energy proportional to y2¢. Using the conservation of energy for these separate
subsystems, we derive quadrature formulas for their motions and then return to the original vari-
ables of the model, i.e., the scale factor and the scalar field, ultimately performing a qualitative
and quantitative analysis of their behavior. In this way we find, for example, that the system ex-
hibits a Big Bang and an exponential growth of the scale factor (as a function of cosmic time) in
the very far future; at intermediate times, there is a competition between the behaviors associated
to the previously mentioned repulsor and oscillator, whose effects depend on the parameters in
the potential V(¢) and on the values assumed for the constants of integration.

Organization of the paper. Section 2 and the related Appendix A present some general facts
on cosmologies with a scalar field minimally coupled to gravity and with a matter fluid (not
interacting directly with the scalar field, with a given equation of state p™ = p™ (p™)). After
some generalities about the action functional and the stress-energy tensors of the field and of
the matter fluid, we focus the attention on the homogeneous and isotropic case, in which the
spacetime metric has the FLRW form, and the equation of state for matter is assumed to have the
form p™ = w p™; this yields the Lagrangian setting with two degrees of freedom mentioned in
the previous paragraphs.

Section 3 considers the nine potential classes of Fre, Sagnotti and Sorin, and lists the integrable
cases that we have obtained adding matter or curvature. Section 4 and the related Appendices B,
C, D present the explicit solutions for some integrable cases of Section 3, accompanied by a
qualitative and quantitative analysis. Here we present the results mentioned in the previous para-
graph, i.e.: a review of the Rubano-Scudellaro-Piedipalumbo-Esposito model with dust [30,34]
(subsection 4.1), with a somehow refined qualitative and quantitative analysis; a general discus-
sion of class 2 potentials with the addition of matter (subsection 4.2), that includes the previously
mentioned model for inflation (paragraph 4.2.3); an analysis of an integrable case with a class 7
potential and matter, yielding the previously mentioned model with a nonlinear repulsor and a
nonlinear oscillator (subsection 4.3).

Final remarks. (a) One could wonder if the present integrability results (or those of [16]) could
be extended to the case of non minimal coupling between gravity and the scalar field; we refer
mainly to the case of a standard curvature coupling, in which the action functional for the system
contains a term proportional to R 2 (R is the scalar curvature). This problem certainly deserves
further investigation. There is some hope to obtain such extensions for the purely scalar models of
[16], using some formal transformations proposed in the literature [17,25] to connect minimally
coupled theories to systems with curvature coupling. However, the cited transformations refer to
systems with no type of matter fluid, so they cannot be used for the cosmologies with matter of
this work.

(b) We already pointed out that no direct interaction between the matter fluid and the scalar field is
ever considered in this paper. However, let us mention that some integrable FLRW cosmological
models with such an interaction have previously appeared in the literature; we refer in particular,
to the very recent work of Piedipalumbo, De Laurentis and Capozziello [29], where the scalar
field represents dark energy and a possible interaction with (dark) matter is considered (see also
the references cited therein).
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(c) In most of the integrable cases presented in this work, a particle horizon appears; this fact
can be checked by hand noting that the reciprocal of the scale factor, viewed as a function of
cosmic time, diverges in a non-integrable way at the Big Bang. In the case of non-positive spatial
curvature, the deep reason for this fact is explained in [13]; therein it is shown that a particle
horizon occurs in all homogeneous and isotropic cosmologies with non positive spatial curva-
ture, a self-interacting scalar field minimally coupled to gravity and a matter fluid with equation
of state p™ = w p™, fulfilling the strong energy condition. As shown in [13], the particle hori-
zon is absent if, instead of a canonical scalar field, one considers a phantom field whose action
functional contains an anomalous term corresponding to a negative kinetic energy. It would be of
some interest to search for FLRW integrable cosmologies with a phantom scalar field and matter;
this subject is left to future investigations.

(d) In the present work, in [16] and in most of the other previously cited papers, the attention
is focused on a “direct problem”: find for arbitrary initial data the solution of a cosmological
model with a pre-assigned potential for the scalar field and, possibly, with matter having a suit-
able equation of state. On the other hand, there is also an “inverse problem”: find the scalar field
self-potential producing a time evolution with a prescribed feature in a FLRW cosmology with
a purely scalar content, or including a matter fluid. To our knowledge, the first examples of this
inverse approach date back to 1980’s and 1990’s: we will mention, in particular, the papers by
Lucchin and Matarrese [23], Barrow [2], Ellis and Madsen [12], Eashter [11]. More recently,
nice “inverse” results have been obtained by Dimakis, Karagiorgos, Zampeli, Paliathanasis,
Christodoulakis and Terzis [10], and by Barrow and Paliathanasis [3]; the same approach is also
partly employed in [13], for the case of a phantom field. The feature specified in the cited papers
to determine the scalar field potential is, for example, the dependence on cosmic time of one of
the following observables: the scale factor, the Hubble parameter, the ratio between the pressure
and the density produced by the scalar field alone, or jointly by scalar field and matter. The dis-
tinction between the “direct” and “inverse” problems outlined above is essential to understand
the difference between the present work and the ones we have just mentioned.

2. The reference framework
2.1. A general cosmological model with matter and a scalar field

Throughout this paper we employ units in which the speed of light and the reduced Planck’s
constant are ¢ = 1 and i = 1. As a consequence, indicating with I, T and M the spaces of
lengths, times and masses we have L =T =M.

Let us introduce a cosmological model living in a spacetime of dimension

d=n+1, withn=234,.. @2.1.1)

(of course, n stands for the spatial dimension). Spacetime coordinates are typically indicated
with (x*), and the line element reads ds? = guvdxtdx". The metric (g,,) has signature
(—,+, ..., +) and the corresponding covariant derivative, Ricci tensor and scalar curvature are
respectively denoted with V,;, R, and R.

We assume that the content of the universe consists of:

(i) a scalar field ¢ (of dimension L.~~1D/2) minimally coupled to gravity and self-interacting
with potential V (¢) (of dimension L=¢*+D);



10 D. Fermi et al. / Nuclear Physics B 957 (2020) 115095

(ii) some kind of matter which can be described as a perfect fluid with mass-energy p™ and
pressure p®™, fulfilling an assigned equation of state p™ = p™ (p™). Such matter does not
interact directly with the scalar field. Let us also remark that here and in the sequel the term
“matter” is used in a very generic sense (e.g., it possibly refers to a radiation gas).

The action functional S for the above model depends on the spacetime metric, on the scalar field
history and on the matter history (defined as in [19]) with the law

Si= f d"*1x /[g] [i L emap0.0 - vig) - pﬂ , 212)

2 2
where g :=det(g,.) and «;, (of dimension L®=D/2y s, up to a numerical factor, the square root
of the universal gravitational constant. Note that S is dimensionless in our units with = 1.
Demanding S to be stationary under variations of the metric (g,,,) entails the Einstein equations

1
Ruw = 5 guvR = K2 (T + T (2.1.3)
where the r.h.s. contains the stress-energy tensors of the scalar field and of the matter fluid:
1
T(¢);1,v = 8u¢ e — Eg;w ) aa(p_g;w V(o) (2.1.4)
T™ = (p(’”)—{—p(””)UMUU +p"gu . (2.1.5)

with U# indicating the (n 4 1)-velocity of the fluid.
The stationary condition for & with respect to variations of the field ¢ gives the Klein-Gordon-
type equation

O¢=V'9), (2.1.6)

where O¢ :=V, V!¢ = ﬁ 3, (/181 8" 9,6) (recall that g := det(gy)).
Finally, the stationarity of S under variations of the matter history gives the conservation law for
the stress-energy tensor of the matter fluid, namely

V. T™=0. 2.1.7)

Of course the Einstein equations (2.1.3), along with the Bianchi identity, imply the conservation
of the total stress-energy tensor T”,,,, + T,,,,. Combined with Eq. (2.1.7), this implies

Vv, TP =0. (2.1.8)

On the other hand, from the explicit expression (2.1.4) of T("’)W one gets

V. T =(0p—V'($) v . (2.1.9)

Thus, Egs. (2.1.3), (2.1.6) and (2.1.7) are not independent: in fact, one has the chain of implica-
tions ((2.1.3) and (2.1.7)) = (2.1.8) = (2.1.6) (at points where 9,¢ # 0). These considerations
on Egs. (2.1.3) (2.1.6) (2.1.7) have partial converses which are easily described for special ge-
ometries, such as a FLRW spacetime: in this case, to be addressed in the following, Egs. (2.1.6)
(2.1.7) imply that some of the Einstein equations (2.1.3) are actually constraints, holding at all
times if and only if they are fulfilled at a particular time.

From here to the end of the paper, we assume that the equation of state for the matter fluid reads

P =wp™ (2.1.10)
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for some suitable real constant w, in principle arbitrary. When w = 0, the fluid is a dust; if w =
1/n the trace T“’”ﬁ vanishes, as typical of a radiation gas; for w = 1 one speaks of stiff matter; if
w = —1 matter behaves like a cosmological constant (see the forthcoming Eqgs. (2.2.21)-(2.2.24)
and the related discussion). Besides, let us mention that the weak, dominant and strong energy
conditions for 7™, are respectively equivalent to (see, e.g., [19,26])

om=>0, w>=-1, (2.1.11)
o™>0, —-1<w<l, (2.1.12)
(m) %_
p"™=0, w> 1. (2.1.13)
n

Comparison with [16] As already stressed, [16] considers a scalar field as the only content of
the universe; thus, any statement of the present paper involving the matter fluid has no counterpart
in the cited work.

Here and in the sequel, we employ notations as close as possible to those of [16]; however
there are a few minor differences, to be pointed out step by step. For the moment, let us men-
tion that our convention (—, +, +, ..., +) for the metric signature is opposite to the convention
(+,—,—, ...) employed in [16]. Following [16], we indicate with d the spacetime dimension;
however, differently from [16] we often refer to the space dimension # and write d =n + 1. In
particular, our constant «;, coincides with the quantity k; of [16] (withd =n + 1).

In the sequel, as in [16] we restrict our attention to the case of a FLRW geometry that we describe
using similar notations, apart from the symbol 7 for cosmic time replacing the notation #. of [16].
In addition, let us stress that we admit arbitrary values for the constant, spatial sectional curvature,
while [16] discusses only the case of zero curvature.

2.2. The homogeneous and isotropic case

From here to the end of the paper, the general model of the previous subsection is specialized
to the case of a spatially homogeneous and isotropic universe.

Spacetime and its metric  'To implement the above assumptions we consider a FLRW spacetime,
given by the product of the time line and of a (simply connected) Riemannian manifold M}, of
constant sectional curvature k (of dimension IL~2). Using the cosmic time 7 and any system of
coordinates X = (x"),-zl,wd for My, we have

ds? = —dt* +a*(r)de* = —dv® + a®* () hij(X) dx'dx/ (2.2.1)

where d¢% = hij(X) dx'dx’ is the line element of My and a(t) > 0 is the dimensionless scale
factor; typically, the latter is fixed so that a(z,) = 1 at some reference time 7.

For our purposes it is convenient to use in place of t a dimensionless “time” coordinate ¢, im-
plicitly defined by

dr =6ePDar, (2.2.2)

where B(¢) is a dimensionless “gauge function”, to be fixed according to convenience, and 6
is a constant of dimension T = IL. This re-parametrization of time is suggested in [16] where,
however, the analogue of Eq. (2.2.2) contains no dimensional constant 6 and reads dt = B Vdt;
due to this, the coordinate ¢ of [16] has dimension T.
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Having 6 at our disposal, we re-express the scalar curvature k in terms of a dimensionless coef-
ficient k, setting

k
K— o : 2.2.3)
to compare with [16], let us recall that k = O therein.
Having introduced the time coordinate 7, we can regard the scale factor as a function of it, i.e.,

a = a(t); inspired again by [16], we write
a(t) = A0/ (2.2.4)

where A is a dimensionless function. Substituting Egs. (2.2.2) and (2.2.4) into Eq. (2.2.1), we
obtain for the spacetime metric the representation

ds? = —0%PBO % 4 2AO/M G2 = 92 BOgr2 4 FAOM i (x)dxidx), (2.2.5)

which coincides with the one given in [16] apart from the presence of the constant 6 and from
the extension to non-zero values for the curvature k of d¢.
In the sequel we always use the spacetime coordinate system

= =0t,x) (u=0,..n;i=1,...n), (2.2.6)

where, as above, X = (x') are coordinates on M ; Greek indexes always range from 0 to n, Latin
indexes from 1 to n. Moreover, we indicate derivatives with respect to ¢ with dots, namely,

. d
=
In Appendix A we report the explicit expressions of the Ricci tensor R, and of the scalar
curvature R for the metric (2.2.5).

Let us indicate with U* the (n+ 1)-velocity of the FLRW frame (i.e., the future-directed, timelike
vector field tangent to the lines with x = const., normalized so that U*U,, = —1); we have

(2.2.7)

Ut =p"teBO S Uy=—0505,. (2.2.8)

Scalar field and matter content Let us now introduce the dimensionless rescaled versions ¢, V
of the field and of the potential, defined so that

B n—1 ¢ _n—lV((p)
¢ =, el V(¢)_—n —K,%Qz' (2.2.9)

In the sequel, the terms “scalar field” and “potential” will be frequently employed to indicate
these rescaled quantities. Let us also remark that in [16] there are similar rescaled objects ¢y =
@ and V61 (¢pie7) = V(p) /6%
To comply with the hypothesis of spatial homogeneity, we assume that the field and the matter
density depend only on time:

p=9@), p"=p"). (2.2.10)

In addition, we assume the matter fluid to be at rest in the FLRW frame, which entails that
its (n + 1)-velocity U* is fixed as in Eq. (2.2.8). Let us also recall that we are considering an
equation of state of the form p™ = w p™ (see Eq. (2.1.10)).
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In Appendix A we compute the stress-energy tensors of the scalar field and matter fluid starting
from the general expressions (2.1.4) (2.1.5) and implementing the assumptions (2.1.10) (2.2.9)
(2.2.10). The conclusion is that T‘”,,, has the form of the stress-energy tensor for a perfect fluid
with the (n + 1)-velocity U* of the FLRW frame (see Eq. (2.2.8)), and with appropriate density
and pressure; more precisely,

T(d))lw — (p(¢) + p(d>)) U,LL U, + p(q)) Suv »

1 n—1/(_ @2 1 n—1/(_ @2
PP = —— —— <e 2B® Tt V(w)) o PViE s —— (e 2B® 5 V@ ).

k202 n k202 n
(2.2.11)
In the sequel, we often refer to the “equation of state coefficient”
)
w® =2 _ (2.2.12)
p@

depending on ¢ and defined whenever p@ () # 0.

Evolution equations We refer to Appendix A for all the statements reported in this paragraph.

Let us first notice that the conservation law (2.1.7) for the stress-energy tensor of the matter

fluid is fulfilled if and only if p™ (1) = p{™ e~ @WTDA® where p™ is an integration constant
m _

with the dimension of p, i.e., M/LL” = L=+ For future convenience we set p\" = n(n —
1) QY /(2k26?), with Q" a dimensionless constant, so that

m
P = n(n — 1) €, e~ wHDA

2.2.13
2k262 ( )

Note that sgn(p™) = sgn(£2y") at all times; unless otherwise stated, in the sequel we will typi-
cally assume Q" > 0.

Next, let us consider the Einstein equations (2.1.3), that we re-write using the above expression
for o™ and the related expression for p™ = w p™. There are just two independent equations,
respectively corresponding to the group of indexes (i, v)=(i, j)€{l, ...,n}? and (u, v)=(0, 0)
in Eq. (2.1.3):

A=0,
A=A+ A AB+ 9 e2BV(p) + n? Q" w 2B-wnA | =2k o5 oA,
2 2 2 2 ’
(2.2.14)
¢=0,
A2 ¢ Q" g n2k (2.2.15)
¢.= 2 _ P 2Byy = o 2B-w+DA | K 2824/
5 > ¢ (®) > ¢ + 5 ¢
Finally, note that the field equation (2.1.6) becomes (with V' :=d"V/d¢)
F=0, F=¢+A-Bo+BV (). (2.2.16)

Before proceeding, let us point out that a triple equivalent to the above set of equations (2.2.14)
(2.2.15) (2.2.16) is obviously given by % — € =0, 2¢ =0, § = 0; for Q" =0 and k = 0, the
latter triple coincides with that reported in Eq. (2.12) of [16].
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An anticipation For the moment, B is treated as an unspecified function of ¢ (the same view-
point is assumed in Appendix A). Starting from the forthcoming subsection 2.4 to the end of the
paper, following [16] we will assume 5(¢) = B(A(t), ¢(¢)) for some assigned function B, and
refer to this procedure as a gauge fixing. Thus, A and ¢ will be ultimately recognized as the true
degrees of freedom of the model.

Independence considerations Regardless of the previously mentioned gauge fixing,
Egs. (2.2.14) (2.2.15) (2.2.16) are not independent, as illustrated in the forthcoming items (i)(ii).

(i) We already pointed out that, in view of Eqgs. (2.1.8)(2.1.9), the field equation § = 0 (equiv-
alent to Eq. (2.1.6)) is in fact a consequence of the other evolution equations A =0, € =0
(equivalent to Eqgs. (2.1.3)(2.1.7)) in the spacetime region where the scalar field is non-
constant. As a matter of fact, in the present setting it can be checked by direct computations
that 9§ = AU — & — (A — 2B) €, yielding

A=0, €=0 = F=0 when ¢#0. (2.2.17)

(ii) As a partial converse, let us consider the relations 2l = 0, § = 0 supplemented with the initial
condition &(#y) = 0 (requiring & to vanish at some given time #y); we claim that

A=0, §=0, () =0 = E=0 atall times. (2.2.18)

To prove this, let us reconsider the identity in the text line before Eq. (2.2.17). If 20 = 0,
T =0 (at all times), this implies ¢ + (A — 2B) & = 0 whence (d/dt)(e*"2B¢) = 0; the
latter relation, supplemented with the initial condition &(#p) = 0, gives € = 0 at all times.

In the sequel we stick to the viewpoint expressed in item (ii): we regard 2l = 0 and § = 0 as the
authentic evolution equations for the model, and € = 0 as a constraint that is fulfilled at all times
as soon as it is fulfilled by the initial data at some fixed time #;.

Solutions with maximal domain;, Big Bang and Big Crunch Of course, each solution
(A(@), B(t), ¢(¢)) of the system A =0, § =0 (and & = 0) is well defined for ¢ in a suitable
interval I C R. From now on, when we speak of a solution we always assume [/ to be max-
imal (i.e., that the solution cannot be extended to a larger interval). Let I = (¢, t i), Where
—00 < tin < tfip < +00. Recall thata(t) = eAD/n ig the scale factor and that t, T are related by
Eq. (2.2.2), which is equivalent to

t
() =0 / dt’ B (2.2.19)

1

(here #, is chosen arbitrarily). If a(t) — 0 (i.e., A(t) > —oo) for t — t; and eB® ig integrable
in a right neighborhood of #;,, (initial singularity at a finite cosmic time), we say that the model
has a Big Bang at t = ti,. If a(t) = eAD/n yanishes and 5@ is integrable for t — tf_«in (final
singularity at a finite cosmic time), we say that the model has a Big Crunch att =ty;;.

Particle horizon Suppose the model has a Big Bang at 7;, = t(#;,,). The lapse of conformal
time that has passed from the Big Bang to any cosmic time 7 = 7(¢) is



D. Fermi et al. / Nuclear Physics B 957 (2020) 115095 15

T t
/
(1) = v _, / dt’ B—A/n (2.2.20)
a(@)
Tin tin
The above integral can be finite or infinite. The interpretation of ®(t) is well known, and can
be summarized as follows, writing pg, p, etc. for the points of M} and dist for the distance
on My related to the metric dr? (see Eq. (2.2.1)): for each p € My, the ball B(p, t) :={po €
« | dist(po, p) < ©(7)} is the subset of M} formed by the points pg which had the time to
interact causally with p from the Big Bang up to = (°). This subset is the whole M if and only
if ©(t) = 8k, where 8k := sup{dist(po, p) | po € M} is the diameter of M}, in fact independent
of p. One has 8k = +00 if k < 0 and & = 7 /vk = 0r//k if k> 0.
Of course the situation where ®(t) > Ji is of special interest, since it allows to explain the
homogeneity of the universe at time 7 by standard thermodynamical arguments. In the opposite
case O(1) < 8k, we say that there is a particle horizon at time 7; when k < 0 the condition for a
particle horizon reads ®(t) < 400, and this happens at some time 7 if and only if it happens at
all times t after the Big Bang.
Many FLRW cosmologies present particle horizons; it was shown in [13] that any FLRW cos-
mology with k < 0, a (minimally coupled) scalar field and a matter fluid with equation of state
p™ = wp™ has a particle horizon (®(t) < +oo for all T after the Big Bang) if the matter
fluid fulfills in the strict sense the strong energy condition (i.e., if the inequalities for p“, w in
Eq. (2.1.13) hold strictly, with > replaced by >).

Cosmological constant behavior for matter Let us specialize our considerations to the case
where the parameter in the equation of state (2.1.10) for matter is

w=—1. (2.2.21)

With this position, the equation of state itself and Eq. (2.2.13) reduce to

(n—1)Q
™ — const. = —p™ | ™ — const, = )% , 2222
p P P 2202 ( )
which entail for the matter stress-energy tensor the expression
. n(n —1) Q"
T,y =———— (2.2.23)

2292 Sm

Moving this term from the left-hand side to the right-hand side of the Einstein equations (2.1.3)
we get

nn—1)QY

Sgr S = KET (2.2.24)

1
R/,LU - E g;wR +

corresponding to a model with cosmological constant A =n(n — 1) Qum /2 62) (of dimension

L~2).

5 In fact, it can be shown that there exists a causal curve starting from pg at a time 7( € (7;,, 7) and ending at p at time
7 if and only if dist(pg, p) < O(7).
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Cosmological constant behavior for the field Let us now search for a solution with

@(t) = const. = ¢y . (2.2.25)
Eq. (2.2.16) entails that the above condition can be fulfilled if and only if

Vi(pg) =0. (2.2.26)
In this case, the field stress-energy tensor becomes (recall Eq. (2.2.11))

@ __n-1

T ny = — n[(nTez V(QD()) gl“} . (2227)

Bringing this term to the right-hand side of the Einstein equations (2.1.3) we obtain
1 nn—1)QW . 2
Ruv = 5 8 R+ —— 38w = b T QW= V() . (2.2.28)

corresponding to a model with a cosmological constant A = n(n — 1) Q™ /(26?) (note that Q®
is dimensionless while A has dimension I.~2, as expected).
Let us also mention that, according to Egs. (2.2.11) (2.2.12)

p=const. =gy & pP=-p9 & w?=-1, (2.2.29)

where the second equivalence holds under the complementary assumption p@ = 0, or V(gg) # 0.

Hubble parameter The time-dependent Hubble parameter is given by
1d B
H:=- da_¢ A .
adrt no
Here the first equality is the standard definition in terms of the scale factor a and cosmic time t,
while the second equality follows from Eqs. (2.2.2) (2.2.4).

(2.2.30)

The dimensionless density parameters These are the time-dependent quantities

2 m 2
qm.— 2 P W _Ha PY o gn k54
nn—1) H? nin—1) H? 02H?q?
From Egs. (2.2.4), (2.2.11), (2.2.13) and (2.2.30) we get
Qi — n2 kam) 6237(w+1)A o _ ¢2 + 2626 V() o — n2k 62872./4/)1
pE ’ JEa FE
(2.2.32)

By comparison with Eq. (2.2.15), we see that
¢=0 & Q"+QY+Q%=1. (2.2.33)

The parameters Q™ and Q® are standard objects in cosmology (see, e.g., [39]). Q¢ plays a
role similar to the dimensionless parameter Q* :=2 A /(n(n — 1) H?) usually considered when
a cosmological term A g, is present in the Einstein equations.

In agreement with the remark after Eq. (2.2.1), in the sequel we often set a(ty) = 1, i.e. A(ty) =
0, at some reference time t,. Moreover, fixing 6 := 1/|H(t,)|, from Eq. (2.2.30) we obtain
IA(t*)| =neB) By comparison with the first relation in Eq. (2.2.32), these facts entail the
identity

QM (1) = Q™ . (2.2.34)
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2.3. Lagrangian viewpoint

Let us return to the general expression (2.1.2) for the action functional, and evaluate it on a
history of the type considered in subsection 2.2. A computation sketched in Appendix A yields

S—_L d”xw/h(x)/dt [”T_l LA, ¢, B, A, ¢) + %(eABA)} , 23.1)

2
k50

where h(x) := det(h;;(x)) and

. 12 ) 2 95271)
‘C(-As @, Bs Aa (p) = eA78 <_ A? + %) - eA+B V(‘P) - n B e*lU.A‘FB

(2.3.2)

n*k 12 A+ B
+ 3 e .

In Eq. (2.3.1), the integral f d"x y/h(x) is an irrelevant multiplicative factor (although infinite if
k <0); the total z-derivative in the integral is also irrelevant. In conclusion, § is related to the
(dimensionless) Lagrangian function £ written in Eq. (2.3.2), which is degenerate since it does
not depend on B.

Independently of the previous considerations, it can be checked by direct computations that the
Lagrange equations induced by £ are equivalent to the evolution equations of the model under
analysis. In fact, the Lagrangian derivatives

5L d (3L oL

2= i =A, ¢ B 233

5q dt(8q'>+ og @=AeD 233
are such that

8L _ a8 8L A-B 8L _ a-B

0% _ A, Eo_ . = ¢, 234

A e 50 e T 3B e ( )

which ensures the equivalence between the Lagrange equations £/8¢ =0 (¢ = A, ¢, B) and
the evolution equations A =0, § =0, € =0 (see Egs. (2.2.14) (2.2.15) (2.2.16)). We already
noted that such evolution equations are not independent; from the present Lagrangian viewpoint,
this is a consequence of the degeneracy of L.

Finally, let us mention that for Q" =0and k =0 the Lagrangian (2.3.2) coincides with the one
appearing in Eq. (2.11) of [16].

2.4. Gauge fixing and the energy constraint

From here to the end of this work we assume that

B=B(A, ¢), 2.4.1)

where B is a suitable function, referred to as the gauge function in the sequel (the same attitude
is proposed in [16] for the special case Q" =k =0).

Of course, the evolution equations are still 2 =0, § = 0, & = 0. Besides, the results of the
previous paragraphs continue to hold, with B fixed according to Eq. (2.4.1) and

B=034B(A,¢) A+ 3,B(A ¢)¢ . (2.4.2)
Under the same gauge fixing, the Lagrangian £ of Eq. (2.3.2) becomes
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LA @, A, @)= (2.4.3)

2 -2 2 oim)
A-B(A9) (_A7 + %) —ATBAD P ;2* o WATB(AY)

2
4 k oI ATB(A)
3 .

Note that £ is a non-degenerate Lagrangian of mechanical type, whose kinetic part is induced by
a metric of signature (—, +) on the (A, ¢) configuration space. Let us introduce the Lagrangian
derivatives (cf. Eq. (2.3.3))

SC__d 0Ly 0L ad
s¢g dr \dg dq 1= o

and the energy function

0L
E:= 1 — -0 2.4.5
>l 249
g=A¢

A2 2 ) 2
— JA-B(Ap) (_ =+ % + ATBAD Yy 4 1 2* o WAFB(A )

2
n”k o ATB(A)
3 .

Of course, £ is a constant of motion for the Lagrange equations §£/8g =0 (¢ = A, ¢). More-
over, it can be easily checked that

8L/8A 1 0 4B\ /2

8L/8p |=eBl0 -1 8,3 || F]. (2.4.6)
£ 0 0 -1 ¢

A 1 0 4B\ [8L/5A

F =220 -1 —3,B || sc/50 |, (2.4.7)
¢ 0 0 -1 £

where 2, §, € are evaluated with B, B as in Egs. (2.4.1) (2.4.2).

Summing up: after gauge fixing, the evolution equations A =0, § =0, € = 0 are equivalent
to the Lagrange equations §L/5q =0 (g = A, ¢), supplemented with the condition £ = 0
(the latter condition is satisfied at all times if and only if it is fulfilled by the initial datum
(A(t0), A(to), ¢(10), $(10))).

From now on, to analyze the dynamics of our cosmological model we systematically refer to
the Lagrangian £ of Eq. (2.4.3) and to the energy constraint £ = 0. Whenever we speak of a
solution of (one or all) these equations, we always tacitly assume that the interval of definition
is maximal; this convention is consistent with the domain prescriptions of subsection 2.2, and
will be applied also to the solutions obtained using Lagrangian coordinates different from (A, ¢)
(say, the coordinates (x, y) of the next sections). The plan for the sequel is to consider specific
choices for 'V, allowing to solve explicitly the corresponding Lagrange equations.
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3. Adding matter and curvature to the integrable models of Fré, Sagnotti and Sorin

Let us repeat once more that [16] considers purely scalar, spatially flat cosmologies, i.e., mod-
els with no matter content and zero spatial curvature. Referring to this framework, Fré, Sagnotti
and Sorin identified nine classes of self-interaction potentials V(g) for the scalar field that, af-
ter an appropriate gauge fixing B = B(A, ¢) and a suitable coordinate transformation for the
Lagrangian £(A, ¢, A, @), produce solvable Lagrange equations. The gauge function B(A, ¢)
and the coordinate transformation just mentioned are given explicitly in [16] (together with the
energy constraint) for each one of the nine potential classes; these results are summarized in [16].
In this section we show that, for all classes of potentials in the cited paper [16], extended cosmo-
logical models including matter and possibly curvature can be introduced and solved explicitly
using the same coordinate transformations employed in [16] for the corresponding, purely scalar
cosmologies. In these extended cosmologies the matter fluid has an equation of state of the form
p™ =w p™ (see Eq. (2.1.10)), where the coefficient w either has a fixed specific value or re-
mains arbitrary. In the cases with arbitrary w (occurring for three of the nine potential classes),
some free parameter y labeling the potentials becomes a prescribed function of w.

To the best of our knowledge, the possibility to build integrable extensions with matter or curva-
ture was previously unknown for all the cosmologies in [16], with the notable exception of class
1 potentials which was analyzed in [30] a short time before the publication of [16] in the case of
matter with w = 0 (dust), zero curvature and space dimension n = 3.

The following subsections 3.1-3.9 present extended cosmologies for the nine potential classes in
[16], starting from the case of [30] (here generalized to an arbitrary space dimension). In each
subsection we indicate how the Lagrangian function can be reduced by a proper gauge fixing and
a suitable coordinates transformation to one of the canonical forms analyzed in the forthcoming
paragraph. Following the strategies outlined in the said paragraph, the Lagrange equations can be
systematically reduced to quadratures in all cases of interest; in particular, explicit expressions for
the corresponding solutions can always be derived. These expressions can be used to investigate
the chief qualitative features of each specific model: presence of a Big Bang and corresponding
asymptotic behavior; presence of a Big Crunch or, in absence of it, long time evolution of the
system; behavior of the density parameters. We will exemplify these issues for some subcases of
the nine classes in Section 4.

Solvable Lagrangian systems arising in the analysis of the nine potential classes In the subse-
quent subsections 3.1-3.9 we will replace the Lagrangian coordinates A, ¢ with either a new pair
of real coordinates or with a complex one, with the rationale of obtaining simple canonical forms
for the Lagrange equations. Under these coordinate transformations, the Lagrangian function £
assumes one of the forms described below (which are actually the same forms occurring in [16]
in the case of zero spatial curvature and no matter content).

Let us point out a fact that will never be mentioned again in the sequel: like the quantities
A, ¢, V(p), the new Lagrangian coordinates x, y, &, , etc. introduced in the sequel are all di-
mensionless.

a) Quadratic Lagrangian. Assume that there exist two real Lagrangian coordinates x, y such
that £(x, y, x, y) is the difference between two quadratic functions of the variables (x, y) and
(x, y). In this case the Lagrange equations are linear and can be decoupled via additional linear
coordinate transformations. It is unnecessary to give further details on this elementary case, that
will appear in subsection 3.1.
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b) Triangular Lagrangian. Assume that there exist two real Lagrangian coordinates x, y such
that

Lx,y, %, y)=—pxy+ux)y—h(x), (3.0.1)

for some p € R\{0} and some pair of smooth functions u, 4. The corresponding energy function
is

E(x,y, x, ) =—pxy—ulx)y+h(x), (3.0.2)
while the Lagrange equations §£ /5y = 0 and 6L /5x = 0 are, respectively,

wi+u(x)=0, (3.0.3)
wy+u'(x)y=n'(x) (3.0.4)

(u’, b’ are the derivatives of u, h). The system (3.0.3) (3.0.4) is clearly triangular, since Eq. (3.0.3)
involves only the unknown function x(¢); the system can be reduced to quadratures, following
the procedure described hereafter. Firstly, note that Eq. (3.0.3) describes a one-dimensional con-
servative system, admitting as a constant of motion the energy

1
F(x,x):= 5,“&2+U(x), with U s.t. U' =u . (3.0.5)

Any solution ¢ x () of Eq. (3.0.3) with energy F (x(t), x(¢)) = F fulfills Q/u)(F-U(x(t)) =
%2(t) > 0, and thus it takes values within a connected component of the region {x | (2/u)(F —
U (x)) > 0}. For any such solution, let #y < #; be fixed instants in its domain of definition and
assume that (©)

x(tp) = xo, sgnx(t) =const. = o € {£1} forall t € (rp,11) . (3.0.6)
Then,

_ 2
it)=0 \/— (F-u(x)) forall 1€ w.n), (3.0.7)
n

which entails
x(t)

ﬁ/ dx ___ _
2 ) JVF-Uk)
X0

Next, let # — y(¢) be a map forming, together with the previous function ¢ > x(¢), a solution of
the system (3.0.3) (3.0.4) and consider the total energy £(x(¢), y(t), x(t), y(t)) = £. Since x(¢)
does not vanish and has constant sign for ¢ € (¢, t1), there exists a smooth function

o (t—1tg) forall t ey, t1]. (3.0.8)

Y:J—>R, Ji={x@) |t e, m}. (3.0.9)
such that
y(1) =Y (x(1)) forall 1 € (tg, 11) . (3.0.10)

6 Throughout the paper, sgn indicates the sign function. This is such that: sgn(z)=—1 for z <0, sgn(z)=0 for z=0
and sgn(z)=+1 for z>0.
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Correspondingly we have y = Y’(x) X, whence % y = Y’ (x) x> = (2/u) (}'— U(x))Y’(x). Insert-
ing the latter expression for x y and the relation (3.0.10) for y into Eq. (3.0.2), for x = x(t) € J
we obtain

E=-2 (.7-" - U(x)) Y'(x) —u(x)Y(x)+hx); (3.0.11)
equivalently, recalling that u = U’, we have
PR CO RN el UCONS
Y'(x)= 2(}__ U(x)) Y(x) 2(]___ U(x)) for xeJ. (3.0.12)

Noting that the latter is a linear inhomogeneous ODE for Y, by elementary arguments we get

Yx)=yF-Ux) (PE Fix)+K) forxel;

KeR, PEF;) st axP(E,]:;x):_ix)w. (3.0.13)
2(F-U))

Egs. (3.0.7) (3.0.10) (3.0.13) give the desired reduction to quadratures of the system (3.0.3)
(3.0.4) (on any time interval where x has constant sign).
Of course, a Lagrangian of the form

L,y x, ) =—pxy+u(y)x —h(y) (3.0.14)
can be treated in a similar way, interchanging the roles of x and y.

c) Harmonic triangular Lagrangian. A very simple subcase of the previous framework occurs if
the Lagrangian has the triangular form (3.0.1) with u(x) = Ax — v for some A, v € R, so that

Lx,y,x,9)=—uxy+A*Xx—v)y—h(x), (3.0.15)
where 1 € R\ {0} and 4 is a smooth function. The Lagrange equations (3.0.3) (3.0.4) become

pi+rx=v, (3.0.16)
L +Ay=h(x). (3.0.17)

The above system is again triangular, but in this case both equations (3.0.16) (3.0.17) are elemen-
tary. Depending on the sign of A /u, Eq. (3.0.16) describes a harmonic oscillator, a “free particle”
or a harmonic repulsor, with a constant external force v. In the sequel, for the sake of brevity we
will use the term “harmonic system” to indicate a system of any one of the three kinds just men-
tioned. Regarding x = x(¢) as a known function, Eq. (3.0.17) describes another harmonic system
with a time-dependent external force A’(x(r)).

As an example, assume that 1/ > 0 and set

w:=+A/u; (3.0.18)

then, up to a time shift 7 — ¢ 4 const., the general solution of Eq. (3.0.16) is of the form
x(t) = A sin(wr) + % , (3.0.19)

where A € R is an arbitrary constant. Let #p € R and J C R be any open real interval such that
to € J and the integral appearing in the forthcoming Eq. (3.0.20) exists for all ¢ € J; then, the
general solution on J of the evolution equation obtained inserting the expression (3.0.19) for
x(t) into Eq. (3.0.17) is given by
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3(t) = B cos(r) + Csin(er) + —— / ds sin(w(t — s)) h’(A sin(ws) + K) . (3.0.20)
nw A
]

where B, C € R are arbitrary constants.
Of course, we obtain a system with similar solvability features interchanging the roles of x and
y in the Lagrangian (3.0.15).

d) Separable Lagrangian. Assume there exist two real Lagrangian coordinates x1, xo such that
Q!
. . . . .

L(x1,x2, %1, %) =L1(x1, X)) +L2(x2, %) —C, Li(x;, %) == 7 Mi X2 —Ui(x) (3.0.21)
where C €R, u; eR\{0} and U; is a smooth real function for i = 1, 2. The Lagrange equations
0=46L/6x; (i =1,2) describe two decoupled subsystems admitting as constants of motion the
energies

. |

Ei(xi, &) 1= 5 i & + Ui () (3.0.22)
Of course, the total energy corresponding to the Lagrangian (3.0.21) is given by

E(xr, x2, X1, X2) = E1(x1, X1) + E2(x2, %2) + C . (3.0.23)

Any pair of motions x;(¢) (i = 1, 2) of the separate subsystems with corresponding energies &;
are confined within connected regions where sgn(u;)(&; — U(x;)) = 0, and can be reduced to
quadratures via the relations

x; (1)
Bi f 4 g (3.0.24)
2 o VE—Ui) ’

x;i (fo

for any ¢ such that o; := sgn x; () = const. € {£1} on (fo, 7).

e) One-dimensional, holomorphic conservative system. From here to the end of the paper, Rz, Jz
and 7 indicate the real part, the imaginary part and the conjugate of any complex number z.
Assume that there exist an open subset D C C and a complex Lagrangian coordinate z €D such
that (%)

L(z,i)z—?s(%uiz—U(z)) —-C (zeD,ze(Q), (3.0.25)

where € C\{0}, CeR and U : D — C is an holomorphic function. Let us point out that
L(z,)=—2 (0 -U@)+ 5 (% Lz — U(z)) (where 7 := Z); so the Lagrange equations
8L/8z =0 and §L£ /57 = O respectively read

7 Additive constants appearing in a Lagrangian, like the term —C in Eq. (3.0.21), are usually regarded as irrelevant.
However, in the applications considered in this paper we will always be interested in solutions of the Lagrange equa-
tions fulfilling the energy constraint £ = 0 (see subsection 2.4); in this connection, additive constants appearing in
the definition of the Lagrangian L(x{, xp, X1, Xp) cannot be neglected, since they contribute to the energy function
E:= Ziz:l X;j(0L/ax;) — L (see, e.g., Eq. (3.0.23)).

8 Also in this case, the constant C in Eq. (3.0.25) is not irrelevant for our purposes: see footnote 7.
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pi=-U@), (3.0.26)
1z=-U(2) (3.0.27)

(U’ is the complex derivative of U) (°). It appears that Eq. (3.0.27) is the complex conjugate of
Eq. (3.0.26), therefore the cited equations are fully equivalent.

From now on we fix the attention on Eq. (3.0.26). This possesses as a constant of motion the
“complexified” energy

1
¢z =5 ni*4+U@) € C. (3.0.28)

Starting from here, we derive a quadrature formula by a natural adaptation to the complex frame-
work of the approach usually employed for real, one dimensional conservative systems. More
precisely, consider an open set P C C\{0} such that the map p — p? is biholomorphic between
P and P? := {p? | p € P}; denote with v/ : P> — P the inverse of this map. Let z be any so-
lution of Eq. (3.0.26) (hence, of Eq. (3.0.27)) with complex energy &(z(¢), z(t)) = &; moreover,
let O C C be an open, simply connected subset such that (2/u) (¢ — U)(0) C P2 and assume
that z(¢') € O, z(¢") € P for all ' € [y, t]. Then, we have

z(t)

\/E/ . (3.0.29)
2] Je-UQ

z(t0)

where f;(tf)) indicates the integration along any path in O with initial point z(¢p) and final point
z(t) (the integral is independent of the chosen path).

To proceed, let us remark that the usual energy function £ := 2 9.£ /9% +7z 9L /97 — £ associated
to the Lagrangian (3.0.25) is given by

1
E(Z,Z)=—%<EMZZ+U(Z)> +C=-3¢,2)+C. (3.0.30)

Of course, there are subcases in which Egs. (3.0.26) (3.0.27) can be integrated by elementary
means without even referring to Eq. (3.0.29). In particular, if

UQx) = % c?  (s€0), (3.0.31)
Eq. (3.0.26) has the elementary form

nwi+sz=0; (3.0.32)
we refer to this system as a “complex harmonic system”.

3.1. Class I potentials

The first class of potentials in [16] has the form
Vip) =Vie? + Ve ?+2V) (Vo, Vi, V2 €R) . (3.1.1)

For these potentials, the cited reference suggests to introduce the gauge function B and the coor-
dinates x, y, defined by

9 Note that 9;U(z) =0and 9; U(z) = U’ (2).
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B(A,9):=0; (3.1.2)
A=log(xy), ¢ =log(x/y) (x,y>0). (3.1.3)

In the case of no matter and zero curvature (SZ("” =0, k = 0), the above positions give rise to a
quadratic Lagrangian and, consequently, to linear evolution equations for x and y. Let us imple-
ment the same positions in our framework with matter and curvature, searching for additional
cases with a quadratic Lagrangian. Eqgs. (3.1.1), (3.1.2) and (3.1.3) yield the following expres-
sions for the Lagrangian (2.4.3) and the energy function (2.4.5):

.. . 5 9 z2Qim ., n’k 2

L, y,x,9)==2xy—-Vix*=Voy " =2Voxy— (xy) +7(xy) "
(3.1.4)

. . ) 5 n? Qwm s Nk w2

Ex,y, %, 9)==2xy+Vix"+Vy"+2Voxy + > (xy) " - T(Xy) "
(3.1.5)

The Lagrangian (3.1.4) is still quadratic, up to additive constants, in the following cases with
matter or curvature (i.e., with (Q4", k) not constrained to be (0, 0)):

i) k=0, w =0 (dust);

ii) k =0, w = —1 (cosmological constant);
iii) n =2, w = 0 (dust);
iv) n =2, w = —1 (cosmological constant);

V) Q" =0,n=2.

In each one of these cases, the Lagrange equations in the coordinates x, y form a linear system,
and can be decoupled via further linear coordinate changes. Let us stress that the admissible
solutions must fulfill the energy constraint £ = 0, as well as the conditions x(t), y(¢) > 0 (cf.
Eq. (3.1.3)).

As an example, let us consider case (i), providing (at least if n = 3) a rather realistic model
of the universe for most of its history; this is just the case considered (for n = 3) in [30]. The
Lagrangian (3.1.4) and the energy (3.1.5) reduce, respectively, to

nzﬂi’")
L(x,y,%,9)=—2%9—Vix? = V2y? —2Vpxy — > (3.1.6)

2 om)
E(x,y,%,9)==283+Vix>+Vay’ +2Voxy + - (3.1.7)

The Lagrange equations decouple under a further, linear change of coordinates (x, y) — (u, v).
For example, if V|V, > 0 we can put

_L YLy, LY (3.18)
x=3 v, u—v), y=7 v, u+v), 1.

which transforms the Lagrangian (3.1.6) and the energy (3.1.7) into

2
LG, v, i, 0) = L1, i) + Lo (v, D) — ’% Qm

1 VViVa 4+ V, 1 ViV =V
Ll(u,d):=—§u2—7122+ Ouz, Lz(v,i)):=§i;2—712 0v2;
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Ew,v,u,0)=E(u, )+ &E(®, v)+ Q(’”)

2
«/V + Vi «/V Vo — V
E(u, ) = 2 vyIIT2T 0 u?, E (v, D) = v 70 — 0 V2.
(3.1.10)

The separable Lagrangian (3.1.9) gives rise to the system of decoupled equations

i — (VViVa+Vo)u=0, i+ (VViva—Vo)v=0, (3.1.11)

whose solutions can be determined by elementary means. Let us point out that in the present case,
the admissible solutions are those fulfilling u(¢) > |v(¢)| (which is equivalent to x(¢), y(z) > 0).
More details about the qualitative behavior of such solutions will be given in subsection 4.1.

3.2. Class 2 potentials

The second class of potentials in [16] is formed by the functions

V(p) = Vi + V219 (V) VheR, y eR\{£1}) . (3.2.1)

Ref. [16] suggests to study these potentials fixing the gauge function B and introducing new
coordinates x, y as follows:

BA,9):=-y9p; (3.2.2)
Azlog(xﬁ yﬁ) , (p:log(xﬁ yiﬁ) (x,y>0). (3.2.3)

In the case of no matter and zero curvature, the Lagrangian obtained via these prescriptions has
the harmonic triangular form (3.0.15).

Let us now apply the same prescriptions (3.2.2) (3.2.3) in our framework with matter and cur-
vature, and search for additional triangular cases. The Lagrangian (2.4.3) and the energy (2.4.5)
become, respectively,

L(x,y,x,y)=

2%y 2 QY _wwy _woy Pk alop2 iy
_1—_ley_V2 T+y — > X 1+Vy l—V—i—Tx n(H—V)le(l—}/) s

- V

(3.2.4)

g(-xa yaxa )‘)) =

2XV 2 nz QE‘:") _wty  _w—y 2k n(l=y)=2  n(1+y)-2
— 5 +Vixy+ Vox™r + x Wy T _Tx n+y)y nd=y)— (3.2.5)

I—y
The Lagrangian (3.2.4) has a triangular structure in the cases with matter or curvature listed be-

low. In each one of these cases, the admissible solutions are those fulfilling the energy constraint
&€ =0 and the conditions x(z), y(z) > 0 (cf. Eq. (3.2.3)).

i)k=0,y =w#=£1 The Lagrangian (3.2.4) and the energy (3.2.5) become

.. 2. : n? QY
L(x,x,y,y)=— Xy =Vixy—VoxTw — x THw (3.2.6)
1—w 2
2 (m)
.. 2. 2 ntyT 2w
E(x,x,y,y)=—ﬁxy+V1xy+V2xl+w + > x Tw | (3.2.7)
—w
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The Lagrangian (3.2.6) has the harmonic triangular structure (3.0.15) and the related equations
6L /8y =0,8L/6x =0 read, respectively,

. (I—wHV
o Uzwoin

x=0,
2 (3.2.8)
L (A=wHv e w(l—w)n? QY 1w
y—#y:(l—w)vleﬁﬂ—fx T+w |

The equation in the first line of (3.2.8) describes a harmonic system ('”); when its general solution
is substituted into the equation in the second line of (3.2.8), the latter can be interpreted in terms
of a forced harmonic system. Notably, the system (3.2.8) can be treated by elementary means.

iy=w= % (radiation gas) The Lagrangian (3.2.4) and the energy (3.2.5) reduce to

.. 2n? . n’k n—3 2w n?QY 2
L(x’x,y,y)z— Xy—|Vix—— xnfl )y — | VoxntT + x )
n?— 2 2

(3.2.9)

. 2n? n’k n3 2 QY 2
Ex,x,y,y)=— xXy+ | Vix — —xntl Jy+ | Voxntl 4 Xt
n2— 2 2
(3.2.10)

The present Lagrangian has the triangular form (3.0.1), and can be treated with the methods

described below the cited equation; in particular, note that Egs. (3.0.1) (3.0.5) are fulfilled in the

. I | 2 2m=1)
present case with u(x) = —V; x + 5 kxn#1 and U (x) = —% x2 + %x nF

iig) n=3, y=w= % In this particular subcase of case (ii), the Lagrangian (3.2.4) and the

energy function (3.2.5) read

9 9k 9Qu"

L(x, %, y,9)=— ny' — (v1 x— 7) y—Vax3? - T* x 12 (3.2.11)
9 9k 9Qu"

Erdy. ) == 45+ (vl x— 7) y+ Vx4 T* x~ 12 (3.2.12)

The Lagrangian (3.2.11) is of the harmonic triangular form (3.0.15) and the related equations
8L/65y=0,8L/6x =0 read

¥———x=-2k, j———y="x/2QmxT32, 3.2.13

9 Yo Y= 3 x ( )
The first equation in (3.2.13) describes a harmonic system with a constant “curvature force”’; once
x(¢) has been determined, the second equation in (3.2.13) describes another forced harmonic
system. Also in this case, we have a pair of equations which can be solved by elementary means.

10 1n the generalized sense stipulated for this term in the discussion after Egs. (3.0.16) (3.0.17); the specific kind of this
harmonic system depends on the sign of (1 — w?) Vy. Similar explanations will never be repeated in the sequel.
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i)y =w= zZ_1 (') The Lagrangian (3.2.4) and the energy (3.2.5) take the form

n

2 2 (m)
QU k
L(x,;&,y,y‘):—z(:_l)xy'—ley—vzx"—%x"%, (3.2.14)
2 2 (m)
n n-(Q2" —k
S(x,fc,y,)')):—z(n_l))&)'/+V1xy+V2x"+¥x"_2. (3.2.15)

The Lagrangian (3.2.14) has the harmonic triangular form (3.0.15) and the related equations
8L/8y=0,8L/6x =0 give

. 2m—DW
X———— X

2 =0,

n
. 2m—-1V 2(m—1)W2
y - 3 y= X
n
Again, the equation for x(¢) describes a harmonic system and, once this function has been deter-
mined, the equation for y(¢) describes a forced harmonic system.

(3.2.16)

- - D (Q —k)x"

v)y= % —-Lw= % — 3 The Lagrangian (3.2.4) and the energy (3.2.5) are, respectively,
2 2 (m) 2
. . n .. n _ nk _
L(x,x,y,y)=—2(n_l) xy— (V1x+ 2* X" 3)y— (sz" — X 2”),
(3.2.17)
2 2 om) 2
. . n .. n- Q" 5,3 n“k _,
E(x,x,y,y)=— 1% s Vox" — —x77).
(x,%,9, %) 2(n_l)xy+(1x+ > X >y+<2x R
(3.2.18)

The Lagrangian (3.2.17) has the triangular structure (3.0.1), an can be treated with the cor-
responding methods; in particular, Eqs. (3.0.1) (3.0.5) are fulfilled in the present case with

(m) (m)
ux)=-Vix — 22" g* x23and U(x) = —%xz — Zing_*l) x2n=2,
ivg)n =2,y =0, w=—1 (cosmological constant) This is the subcase of case (iv) correspond-
ing to n = 2. The Lagrangian (3.2.4) and the energy function (3.2.5) reduce to
Llx, %, y,y)=—2xy — (V1 + 295:”)” — Vax?+2k, (3.2.19)
Ex,x,y,y)=—2%y+ (V1 + ZQikm))xy +Vax?—2k. (3.2.20)

The Lagrangian (3.2.19) has the harmonic triangular form (3.0.15). The related equations
8L/8y =0,8L/5x =0 read

V 1%
X — <71+Q§;”))x=0, y— (71+kam>>y= Vox (3.2.21)
they describe, respectively, a harmonic system and another harmonic system with an external
force proportional to x(¢). Up to a constant, the Lagrangian (3.2.19) also belongs to the class of
the quadratic Lagrangians.

1 The position w =2/n — 1 makes this case perhaps less interesting than the previous ones, since it gives w < 0 for
n > 3 (for n =2 one has w = 0, typical of a dust fluid). Nonetheless, if w =2/n — 1 and we assume kam) >0 in
Eq. (2.2.13) (non-negative matter density), the requirements (2.1.11) (2.1.12) corresponding to the weak and dominant
energy conditions are both fulfilled for any n > 2 (in fact, for n > 1).
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v) k=0, y= wT-H #+1 The Lagrangian (3.2.4) and the energy (3.2.5) become

L( . )_ 8 .. Vv +n2 ngm _13-:3111 v % (3222)
anaYay - (l—u))(3—|—w)xy 1-x 2 X y 2.x 5 L.
E(x, %, y,9) 8 iy+ [V +"295‘m) )y vxTe . (3.223)
X, X, Y, =—————_X X X 3tw X 3Hw 2.

Y =T A TG T y+ v

The Lagrangian (3.2.22) has the triangular form (3.0.1), an can be treated with the corresponding
methods; in particular, Egs. (3.0.1) (3.0.5) are fulfilled in the present case setting u(x) = —V; x —

260m 143w 26m  2(1-w)
%x 3w andU(x):—%xZ_%x 3w
vo) k=0, y = % w= —% This is a subcase of case (v), corresponding to w = —1/3. The
Lagrangian (3.2.4) and the energy (3.2.5) reduce to
. . 9.. n? Skm) 3/2
E(x,x,y,y)=—zxy— Vix + > y=Vax7, (3.2.24)
. . 9.. n? im) 3/2
E(x,x,y,y):—zxy+ Vix+ > y+ Vox7/e. (3.2.25)

The Lagrangian (3.2.24) has the harmonic triangular form (3.0.15). The equations 6£ /5y =0,
6L /6x =0read
. 4V 202 QY .4V 2Va i
X——x=—"—, y——y=—7"x
9 9 9 3
and describe two forced harmonic systems, the first one with a constant external force and the
second one with an external force depending on x ().

(3.2.26)

vi)y = %, w = % — 1 The Lagrangian (3.2.4) and the energy (3.2.5) read
. 2n* . n2(Q —k) a o
L(x,x,y,y):—nz_lxy— V1x+fxn+l y— Voxntt | (3.2.27)
. P QL — k) ns -
S(x,x,y,y)z—nz_lxy-i— V1x+fx"+l y+ Voxnst | (3.2.28)

The Lagrangian (3.2.27) has the triangular structure (3.0.1), and can be treated with the cor-

responding methods; in particular, Egs. (3.0.1) (3.0.5) are fulfilled in the present case with
2cam _ n-3 2.0m) _ 2(n—=1
ulx)=-Vix — Mxnﬂ and U (x) = —% x2 - Wx—nﬂ )

vig) n=3, y = % w= —% This is the subcase of case (vi) corresponding to n = 3. The La-

grangian (3.2.4) and the energy (3.2.5) reduce to

9(QM— k)
2

. 9..
L0 gy, ) == 74y - <V1x+ y—Vhx?, (3.2.29)

y+ V2. (3.2.30)

9 9 Q(m)—k
5(xﬁfc,y,y')=—zxy'+ <V1x+(*f)>
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The Lagrangian (3.2.29) has the harmonic triangular form (3.0.15) and the equations § £ /8y =0,
8L /8x =0 give

4V,

4V, 2V
L S B R LUV

9’773
Again, we have a harmonic system with a constant external force and another harmonic system
with an external force depending on x (7).

(3.2.31)

3.3. Class 3 potentials

Let us now consider potentials of the form
V)=Vie**+V,  (Vi,V2eR). (3.3.1)

Ref. [16] treats these potentials fixing the gauge function B and introducing a pair of Lagrangian
coordinates x, y, in the following way:

BA,¢):=—9, (3.3.2)
1 1
Azi(logx)—}-y; <p=5(logx)—y (x>0, yeR). (3.3.3)

In the case of no matter and zero curvature, the Lagrangian obtained with the above positions
has the harmonic triangular form (3.0.15). Let us make the same positions in our framework with
matter and curvature, and search for other triangular cases. Egs. (3.3.1)(3.3.2)(3.3.3) yield for
the Lagrangian (2.4.3) and for the energy (2.4.5) the following expressions:

2 m 2
Q w k 2(n—
L(x,%,,9)=—%)—Vix—Vae? — n 2* X 0y n_2 xThe Y
(3.3.4)
2 om 2
Q w | k 2(n—1)
EGe, k3, 7)==+ Vix+Vae? + 2 2* xR Wy %x_%e Y
(3.3.5)

It is evident that the Lagrangian (3.3.4) cannot have a triangular structure when k # 0; thus, we
set k = 0 and search for triangular cases with matter, i.e., with QY” = 0. Below we give a list
of such cases; in each one of these cases, the admissible solutions are those fulfilling the energy
constraint £ = 0 and the condition x(¢) > 0 (see Eq. (3.3.3)).

i) k=0, w=—1 (cosmological constant) The Lagrangian (3.3.4) and the energy (3.3.5) read

nz.ng”)

L,y &) ==23=Vix—|Vat— er, (3.3.6)
n? Qi 2y

g(x:y,)e,)"):_)'c)}-i-le-i- V2+ 2 e Y . (3.3.7)

The Lagrangian (3.3.6) has the harmonic triangular form (3.0.14). The related equations
8L/6x =0,8L/8y =0 read

ZQ(m) ,
J=V, 55:2(VZ+”2* e (3.3.8)




30 D. Fermi et al. / Nuclear Physics B 957 (2020) 115095

their general solution is

2

26m\ 28—% 2

e Q" \ eV [ /T (Vitt+a) Vit+a Wyt
x@)=|Vo+ Erﬁ( )—e Vi +yt+6,
© (2 2 ) Vi ( N NAD) Y

V
y(t)=71t2+ott—|—ﬂ,
(3.3.9)

where «, B, v, § are arbitrary integration constants and Erfi is the imaginary error function.

Eqgs. (3.3.7) and (3.3.9) imply £ = V| § — « y, so the energy constraint £ = 0 holds if and only
if V16 = ay. The issue of finding a maximal interval where x(#) > 0 is strictly related to the
choice of the integration constants in Eq. (3.3.9).

ii) k =0, w=—3 The Lagrangian (3.3.4) and the energy (3.3.5) become, respectively,

n2 Q"

Loy, x,9)=—xy—|Vi+ 5 ) x — Ve, (3.3.10)
n2 Qi 4 5

E(x,y,x,y)=—xy+ V1+Tey x+Voe? . (3.3.11)

The Lagrangian (3.3.10) has the triangular structure (3.0.14), an can be treated with the corre-
sponding methods; in particular, Eq. (3.0.14) and the analogue of Eq. (3.0.5) are fulfilled in the

. 2 g0m 20m
present case with u(y) = —V; — =~ e andU(y)=—Vy— —— e

iii) k =0, V, =0, w =1 (stiff matter) In this case the potential does also belong to the class 2
discussed in subsection 3.2 (since V(¢) is of the form (3.2.1) with V, =0 and y = 1).
The Lagrangian (3.3.4) and the energy (3.3.5) read, respectively,

.. .. nZQEkm) 1
L(xfyvxvy):_xy_le_ X s (3312)
nZQ(m)
Ex,y, x,y)=—%y+Vix+ 2* x L. (3.3.13)

We have a harmonic triangular Lagrangian, of the form (3.0.15) with A = o = 0. The correspond-
ing equations 8L /8y =0, §£/5x =0 are

ZQ(m)
1 . (3.3.14)

Again, the general solution can be expressed in terms of elementary functions and reads

=0, §=Vi—

x(D=at+B,  y@)= 2%2 (v1 (@t +B)>+n> Q" log(at+ﬂ))+yt+8 , (3.3.15)

where «, B, y, § are integration constants. Eqs. (3.3.13) (3.3.15) imply £ = —« y, showing that
the energy constraint £ = 0 holds only if & ¥ = 0. Finding a maximal interval where x () > 0 is
a trivial task, once the integration constants in Eq. (3.3.15) have been assigned.
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3.4. Class 4 potentials

Let us consider the potential
Vig)=Vee?® (VeR). (B.4.1)

Ref. [16] suggests to treat these potentials using the gauge function B and the coordinates x, y,
defined by

B(A, ¢) :=—(A+29), (3.42)
A:%(logx)—i—y, <p=%(logx)—y (x>0, yeR). (3.4.3)

In the case with no matter and zero curvature, these prescriptions yield again a harmonic trian-
gular Lagrangian of the form (3.0.15).

Also in this case, we extend the treatment of [16] to our framework with matter and curvature
and search for additional triangular cases. With the positions (3.4.1)(3.4.2)(3.4.3), the Lagrangian
(2.4.3) and the energy (2.4.5) become, respectively,

2 Q" s (—w) n2k a1 20eD)
X 4 e y+ T X n e n Y
2

(3.4.4)

. . 1., 1
L(x,x,y,y):—ixy—V<Zlogx—y>—

1 1 ZQ(’”) w 2k n 2(n—1
E(x,x,y,y)=— E)'cy' + V(Z logx — y)+ & 2* X Wy nT xSy
(3.4.5)

In presence of matter (Q"

structure is the following.

>0), the only case where the Lagrangian (3.4.4) has a triangular

i) k=0, w=1 (stiff matter) The Lagrangian (3.4.4) and the energy (3.4.5) reduce to

.. I v n? Q"
Lx,y,x,y)==—zxy+Vy—|—logx+ x ], (3.4.6)
2 4 2
1 |4 2Qy"
E(x,y,)'c,)'))z—i)%j)—Vy—i-(Zlogx—i-n 2* x ). (3.4.7)

The Lagrangian (3.4.6) has the harmonic triangular form (3.0.15). The related equations §£ /8y =
0, §£/5x =0 entail

Vv
X==2V, §= Ex—l —n?Qmx72, (3.4.8)
and their general solution is given by
x()==Viitar+p, (3.4.9)

1
YO =48+ log(— V2 +at+p)

@n2Q" — A) (@—2V1) o VA +o -2Vt
4N \Va—atovi)
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where «, 8, y, § are integration constants and A := o? +4V 8. From Egs. (3.4.5) (3.4.9) it follows
that £ =[4n2 Q" V — A(ay + 28 V)1/(2 A), which shows that the energy constraint £ = 0
holds if and only if ¢ y =2V (2 n2 QU — 8§ A)/A. Again, finding a (maximal) interval where
x(#) > 0 is an elementary task, once the integration constants in Eq. (3.4.9) have been assigned.

3.5. Class 5 potentials

This class is formed by potentials of the form

V(p) = Vi log(cothg) + V, Vi, V,eR) . 3.5.1)

It should be noted that V() is well defined only for ¢ € (0, co) (apart from the trivial case where
V1 =0, entailing V(¢) = constant = V). Ref. [16] suggests to analyze these potentials by means
of the gauge function B and of the new coordinates x, y defined by

B(A, ¢) :=—A, (3.5.2)

1 2 y? 1
.A=—10g(x J ), w:—log<x+y) (x>y>0). (3.5.3)
2 2 2 xX—y

In absence of matter and curvature, the Lagrangian £(x, y, X, y) obtained via these prescriptions
is separable. Following our general approach, let now us implement the prescriptions of [16] in
our framework with matter and curvature, and search for additional separable cases. Egs. (3.5.1)
(3.5.2) (3.5.3) yield for the Lagrangian (2.4.3) and for the energy (2.4.5) the expressions

Lx,x,y,y) =
1+w 1
%) %) 2 ~m) 2 2\ "2 2 2 2\ " n
y2—% n* Qy xX“—y n°k (x°—y
— 1 —1 — Vo= —_
1 Vi (logx —logy) — V2 > ( 7 > + > ( 5 ;
(3.54)
E(x,X,y,y) =
1+w 1
) 2 om 22\ 2 2 2 2\"n
v —x n- Q" [(x°—y n°k (x*—y "
Vid —1 V - — .
2 + Vi (logx —logy) + Vo + > ( > ) ) ( > )
3.5.5)

The Lagrangian (3.5.4) is given by the sum of two functions depending separately on (x, X) and
(¥, ¥), plus two additional terms proportional to Q¢ and k, respectively, both consisting of suit-
able powers of x> — y2. Besides the case with Q¢ =0 and k = 0, the only cases where the latter
additional terms are themselves separable or disappear, yielding again a separable Lagrangian of
the form (3.0.21), are those where k = 0 and the exponent —(1 4+ w)/2 equals 0 or 1. We discuss
these two cases in the sequel, keeping in mind that the corresponding Lagrange equations can be
reduced to quadratures as indicated in Eq. (3.0.24); let us also repeat that admissible solutions
must also fulfill the energy constraint £ = 0 and the conditions x (t) > y(z) >0 (cf. Eq. (3.5.3)).

i) k=0, w=—1 (cosmological constant) The Lagrangian (3.5.4) and the energy (3.5.5) be-
come, respectively,

L, y, %, 9) =L1(x, %) + Loy, §) — Va +2n> Q"

. 1. . 1. (3.5.6)
Ll(X»x)=—ZX2—V110gX, Lg(y,y)=Zy2+V110gy;
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E,y, %, ) =E(x, 1) + &y, ) + Vo =202 QM

. 1. . 1. 3.5.7)
Eix, i) ==&+ Vilogx,  &(y,9) =3 = Vilogy.
ii) k=0, w= -3 The Lagrangian (3.5.4) and the energy (3.5.5) become
Ly, x, ) =L1(x, %) + Loy, y) — V2, (3.5.8)

1 1
Li(x,x)=— Z)'cz —Vilogx +4n*Q™ X2,  Ly(y,y)= 3 724 Vilogy—4n> Q" y? ;
@, y, %, ) =&, )+ &0, )+ V2, (35.9)

1 1
E1(x, X)) =— Z)'cz + Vilogx —4n’Q™x?,  &(y,y) = 1 2= Vilogy+4n? QM y?.
3.6. Class 6 potentials

Let us consider potentials of the form
V(p) =V, arctane > + Vo (Vi, V»eR). (3.6.1)
In connection with this class, [16] suggests to consider the gauge function
BA,p)=—A (3.6.2)

and to replace the Lagrangian coordinates (A, ¢) with a conveniently defined, complex variable
z. Regarding this complex setting, it can be useful to specify the following conventions, somehow
implicit in the cited reference:

« Cy :=C\(—o00, 0] is the open region in the complex plane C obtained removing the negative
real semi-axis. Correspondingly, we consider the determination of the argument function
given by

arg: C\(—00,0] - (—m,w), z+>argz. (3.6.3)

This is such that arg z = 0 for z € (0, 00) and arg(z) = —argz for all z € Cx.
. The usual, natural logarithm log : (0, o0) — R possesses the extension

log:Cx > R+i(—m, ), z+>logz:=log|z|+iargz, 3.6.4)

with arg as in Eq. (3.6.3). Such an extension is a holomorphic function fulfilling ¢'°¢? = z
and logz =log|z| —iargz =logz for all z € Cy.

Keeping these premises in mind, the complex formalism of [16] can be described as follows: the
coordinates (A, ¢) € R? are replaced by a complex coordinate z € D with

D:={zeC|Nz,Jz>0} CCyx, (3.6.5)
related to (A, ) by

1 22—z 1 1 Z+z 1 Nz
A=-1 — ~log (29232) . — “log(i — “log( 22).
2°g< 2 ) Flog(2Me32), o 20g<lz—2> 2°g<?sz)
(3.6.6)
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The correspondence z +— (A, ¢) defined above is one-to-one between D and R2, with inverse

1

— Ato 4 5 A0

z_—(e Yie ) (3.6.7)
V2

Let us note that the second relation in Eq. (3.6.6) implies e ~2¢ = Jz/Mz, which allows to express

the potential (3.6.1) as

o~

V(g) = V; arctan :TZ FVa=Viargz+ Vo= Vi Jlogz + Vs . (3.6.8)
NZ

In absence of matter and curvature, [16] expresses the Lagrangian function associated to a po-
tential of the form (3.6.1) fixing the gauge and introducing a complex coordinate z as above;
the Lagrangian £(z, z) obtained in this way is of the holomorphic type (3.0.25). Following our
general mindset, hereafter we try to generalize the results of [16] to cases with matter or cur-
vature. To this purpose, let us first note that the prescriptions (3.6.2) (3.6.6) yield the following
expressions for the Lagrangian (2.4.3) and for the energy (2.4.5):

1 nz Qu _w o n2k _1

L(z.2) = —S(Eiz +Vi 10gz> -5 () T+ () -, (B.69)
1 2o T _1

E(z,2) = _s<522 -V 10gz) + 2* (32%)" 77 - ER (32) 7"+ Vs (3.6.10)

(here and in the sequel, 3z2 stands for J(z2)). Let us point out that Egs. (3.6.9) (3.6.10) have the
same structure as Eqs. (3.5.4)(3.5.5) in the previous section, with the replacement (x, y) — (z, 7).
We are interested in cases in which the Lagrangian (3.6.9) maintains the holomorphic structure
(3.0.25) even in presence of matter or curvature. Clearly, this occurs only if kK = 0 and the ex-
ponent —(1 + w)/2 equals 0 or 1, which yields the cases discussed below. Let us recall that
admissible solutions must fulfill the energy constraint £ = 0, besides the condition z(¢) € D.

i) k=0, w=—1 (cosmological constant) The Lagrangian (3.6.9) and the energy (3.6.10) be-
come, respectively,

n2Qy

1
L(Z,Z)=—3<§22+Vllogz)— — Vs, 3.6.11)

I n ol
5(z,z)=—s<522—vllogz>+ AL (3.6.12)

One can apply the methods described below Eq. (3.0.25) to solve the corresponding Lagrange
equations by quadratures; in the present case the holomorphic function U and the complexified
energy & of Egs. (3.0.25) (3.0.28) are U(z) = —V;logz, €(z,2) = %z’z — Vi logz.

ii) k=0, w=—3 The Lagrangian (3.6.9) and the energy (3.6.10) reduce to

) 2 o(m)
. ~[ 2 n * 2
L(Z,Z)Z—J(?‘I‘V] logz + > b4 ) -V, (3.6.13)

22 2 om)
n-Q
£(z,2) = —3(% ~Vilogz - —~ z2> V. (3.6.14)
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Again, one should refer to the methods reported below Eq. (3.0.25); in the present case the
holomorphic function U and the complexified energy function € of Egs. (3.0.25) (3.0.28) are

2 () ) i 2 o 0m
given by U(z) = —Vjlogz — %zz, &(z,2) = %zz —Vilogz — %zz.

3.7. Class 7 potentials

Let us consider a potential of the form

2
Y

V(p) = Vi (cosh(y ¢)) R (sinh(y (p))%_z (Vi.V2€R, yeR\{0});  (3.7.1)

here and in the sequel we assume

2
(—00, +00) if Z-2€{0,1,2,...} or V=0,
y

pelyv,, L= 5 (3.7.2)
sgn(y) (0, +00) if = —2¢{0,1,2,..} and V50,
Y

where sgn(y) (0, +00) := {sgn(y)tp | ¥ € (0, —I—oo)} (this set equals (0, +o0) if y >0, and
(—00,0) if y <0). In any case, I, v, is a maximal interval where the function V in Eq. (3.7.1) is
well defined and smooth. Let us also note that

2
Ch+2°

To treat a potential of the above form, [16] suggests to use the gauge function B and the real
coordinates x, y, determined as follows:

2
2 2=hef0,1,2,..} & y helf0,1,2,..). (3.7.3)
y

BA,9)=(1-2y)A; (3.7.4)

1 1 x +
A=—1log*~y?), g=—1log[Z2) ., .y eD,y,cR. (375
2y 2y x—y

The domain D, v, is not indicated explicitly in [16], but it is evident that

2
{(,y)eR? | x>0, —x <y <x} if =—2€{0,1,2,...} or V=0,
Y
D)/,Vz = 2
{(x,y)eR?* | x > y >0} if = —2¢{0,1,2,...} and V» #0.
Y

(3.7.6)

In fact, it can be readily checked that the map (x, y) +> (A, ¢) described in Eq. (3.7.5) is a
smooth diffeomorphism between the open sets Dy, y, and R x I, y,, with inverse function given
by

X = 1 (e)/(A-HP) + eV(A—<P)> y= l (eV(A-HP) _ eV(-A—tp)) (3.7.7)
7 , 3 . .
In the case of no matter and zero curvature, the Lagrangian £(x, y, x, y) obtained with the above
prescriptions is separable. As usual, let us try to use the same prescriptions adding matter and cur-
vature. Egs. (3.7.1)(3.7.4)(3.7.5) allow to express the Lagrangian (2.4.3) and the energy (2.4.5),
respectively, as
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L(x,x,y,y)=
c2 =2 2 ~m) 2
—X 2_ 2_ n Q 1-2y—w n k n(l—y)—1
L viar vy 2 2y T 1 PR
2y 2
(3.7.8)
E(x,X,y,y)=
y 2—x? ) n? Q(*m) 2 s izZy—w 2k o, m=y)=1
2 .2 +V1XV +V2y)/ + ) (x —y) 2y ——(x _y) ny
3.7.9

Similarly to the case of class 5 potentials dealt with in subsection 3.5, the Lagrangian (3.7.8) is
given by the sum of two functions depending separately on (x, x) and on (y, y), plus two extra
terms proportional to Q\" and k, respectively, which consist of powers of x> — y? with expo-
nents 1_227’_“} and "(1;7;)_1. Besides the case with Q¢” =0 and k = 0, the only situations in
which these extra terms are themselves separable or disappear, yielding a separable Lagrangian
of the form (3.0.21), are listed in the following. The resulting (decoupled) Lagrange equations
for x(¢), y(¢) can be reduced to quadratures as indicated in Eq. (3.0.24); the admissible solu-
tions must also fulfill the condition (x(¢), y(¢)) € D, v, (cf. Egs. (3.7.5)(3.7.6)) and the energy

constraint £ = 0.

i)k=0,y= % #0 The Lagrangian (3.7.8) and the energy (3.7.9) take the form

.. . .onrQy
Lx,y,x,9)=Li(x, %) + L2y, y) — 7
£10e ) 2 v 2(11+u.) £2(y. 5) 2 2y 2(11+w)
X, X)=— P —Vix e, V) =—-7=y — v
! (I—w)? ! 2=z T
(3.7.10)
2 om)
£y, %, 9) =610 + &0, ) + ——
. 2, 2(14w) ) 2 2(14w)
El(x,x)z—(l_w)zx +Vix e, &y, = )2)’ +Vay v
(3.7.11)
Let us mention that in the subcases w = —1 (cosmological constant), w = —1/3 and w =0

(dust), the exponent of x in £1(x, x) and of y in £,(y, ¥) becomes, respectively, 0, 1 and 2, so
that the Lagrange equations are elementary.

ii)k=0,y= I_T“’ #0 The Lagrangian (3.7.8) and the energy (3.7.9) become

L(x,y,%,9)=L1(x, %) + La2(y, y) , (3.7.12)
. 8 . w2 QY
L]()C,X)Z—mx —V1X I-w — 2 X,
8 2635w nr Q"
L s V) = —— — V- —w — :
2y, ¥) = )2y 2y ! > Y
E(x,y, %, ) =&1(x, %) + &, ), (3.7.13)
2(3+w) n2 ngm) 2

X2+ Vix T-w

zS'l(x,)'c)z—(l_w)2 > x“,




D. Fermi et al. / Nuclear Physics B 957 (2020) 115095 37

8 win n2 QY
(wyr? T2V AT

The subcases w = —3, —5/3, —1 are elementary, since x and y appear in £{(x, x) and £,(y, y)
with exponent 2, or with exponents 1 and 2.

&,y =

iii) Q" =0, y ==L The Lagrangian (3.7.8) and the energy (3.7.9) reduce to

n

2
.. . . n<k
Lx,y,x,9)=L10(x,x) + L2y, y) + -
2 . . 2, . (3.7.14)
L ’ X TG ) v — V n=T ’ L ’ y =T 5 y _V n=T ;
1(x, %) szt Ve 200, ¥) o) VY
. . . n’k
Ex,y, x,y)=Ex, %) +&E(y, y) — -
2 2 (3.7.15)
Sl %) = =~ 2 4 VyxiT E2(y, ) = ——— P+ Vayit
’ 2(n—1)2 ’ ’ (n—1)2 ‘

In the subcases n = 2 and n = 3 the exponent of x in £(x, x) and of y in £;(y, y) becomes,
respectively, 2 and 1, so the Lagrange equations are elementary.

) QM =0,y= % The Lagrangian (3.7.8) and the energy (3.7.9) read

L, y, %, 9)=L1(x, %) + L2y, ¥) , (3.7.16)
£1<x,x)=—2(j—i)2x2_le%+?xz,
Lz(y,y')=ﬁy'2—v2y2%"ﬁ”_%yz;

Ex,y, %, ) =E1(x, X))+ &, Y) . (3.7.17)
E1(x,X) = —2(n—_21)25c2+ le% _ % 2

&y, y) = 2(57i21)2 VA Vay it 4 ? y2.

v)y = —%, w= —”n;z The Lagrangian (3.7.8) and the energy (3.7.9) take the forms

2 (m)
.. ] L N7 (R —k)
L(x7y9x1y):Ll(-x9x)+'£‘2(y9y)_+’
2 X 2 . (3.7.18)
Li(x, X)) =— ———= %" — VyxnT, Lor(y,y) = e — Vo yn-T ;
1(x, X) IR 2y, 9) ) T2y
2 (m)
.. . . n° (2" —k)
EG,y, %, ) =E1(x, %)+ E(, 9) + + ,
5 5 (3.7.19)
8= 2 VX, &3 §) = ——— § 4 VyyiT
’ 2(n—1)2 ’ ’ (n—1)2 '

Let us note the close similarities with case (iii): £1 and £, coincide with the homonymous
functions in (3.7.14), and £ is like the homonymous Lagrangian in the same equation with k
replaced by k — QU . The subcases n = 2, 3 are elementary, for the same reasons indicated in
subcase (iii).
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vi)y = ”n;l w= —3”n—_4 The Lagrangian (3.7.8) and the energy (3.7.9) become
.. . . %k
L(x,y,%,9)=L1(x,x) + La(y, ) + - (3.7.20)
. n? 9 2 n2Q
L](X,X)Z—ix —len—] — x°,
2(n—1)2 2
2 ) n2 Q(m)
C ) = 2 Vo yisT * 2 :
2(y,9) o) TVt
.. . . n%k
E(x,y,%,9) =E(x, %) + &, ) — - (3.7.21)
2 2 (m)
n 2 n-Q
£ ’ "M .2 Vi x it % ,
1(x, x) 12t + VixnT + x
2 2 om
n 2 n-Q
&y, y) = 22 LV, pieT — 2
2y, ¥) oz’ TV 7Y

The subcases n=2, 3 are elementary, since x, y appear in £ (x, x), L2(y, y) with exponent 2, or
with exponents 1, 2.

n—1

vii) y = =%, w= % (radiation gas) The Lagrangian (3.7.8) and the energy (3.7.9) read

n2 Qi
L(xsy’xd’)ZLI(X,X)—FLZ()%)’)— 2 ) (3722)
, 2n® win 0,
Ll(x,x)z—mx — Vix 1 —i—?kx ,
2 2
n 24 nok
L ,':7'2_‘/ n—1 — — 27
2y, ) 312’ 2y 5V
2 oim)
E(x,y, x,y)=&(x,x) + &y, y) + 5 (3.7.23)
. 2n? .2 2wt n2k )
Sl(x,x)z_mx + Vix n-1 _Tx s
2n? 2+ nk
8 5 V)= ———— v2 V n—1 _ 2'
29, ) o) TRyt

Note the strong similarities with case (iv): £1 and £, are as in Eq. (3.7.16), while £ is like the
homonymous Lagrangian in the same equation with the additional constant —"72 Q.

viii) y = % w=— ”n;z The Lagrangian (3.7.8) and the energy (3.7.9) reduce to
L(x,y,%,9)=L1(x,x) +L2(y,9) » (3.7.24)
2 2 (m) _

L](x,)%)=—72n )_62_V1x2<:_+|1>_7n & k) %2,
2(n—1)2 2
2n? 2wt % (QYY —k)

Lo(y, ) = 2 Vyy ol 4 2.

2(y,¥) 12y VY + > y
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Ex,y, %, ) =&, %)+ &0, y) , (3.7.25)
. 2n? . i n2 QU —k) )
51(x,x)=—mx + Vix =1 +fx )
2n? win  n? (QY—k)
g ,.27.2 V ll—]—é 2;
2y, y) 312" +Vay > y

Note that £, £, and £ are like the homonymous Lagrangians in Eq. (3.7.16), with k replaced
by k — Q.

3.8. Class 8 potentials
Let us consider potentials of the form

14 . 1
V(p)=C h(2 v ——1 t
(@) (cosh2y @) sm|:<y )arc an(

(C €[0,400), 9 €[0,27), y € R\{0}) .

1
- D
sinh(2y<p)) + :| 3.8.1)

These make sense for ¢ € R\{0}. However it is natural to require that ¢ ranges within a connected
domain; so, we assume ¢ €sgn(y) (0, +00) (see the explanation after Eq. (3.7.2); this means
@€ (0,400) if y >0 and g € (—00, 0) if y <0). The alternative choice ¢ € sgn(y) (—o0, 0), of
obvious meaning, could be treated similarly.

Like the class 6 potentials addressed in subsection 3.6, the present class 8 can be treated using a
complex formalism. To this purpose, let Cx, arg and log be defined as in Eqgs. (3.6.3) (3.6.4) of
subsection 3.6 (see also the related comments); in addition, let us put

7* = eMlogz for zeCy, LR, (3.8.2)

For any z, A as above, the map z — z* is holomorphic on C, and we have z* = |z|* ¢/* 9787,
o — zh

7 =7"

Potentials of the form (3.8.1) were treated in [16] fixing the gauge function B and replacing the
Lagrangian coordinates (A, ¢) with a complex variable z, setting

BA, @) =(1-2y)A; (3.8.3)
1 2-72 1 1 z+72 1 Nz
A=—1 =—log (29Mz3z) , = logliZ" 2 )= ——1log[ ==
2y og< 2 ) 2 og( Z sz) Q@ 2y og<l Z_Z> 2y Og(&)
(3.8.4)

(here and in the sequel 0iz?, Jz2 stand for R(z%), J(z?)). In the above, z is assumed to belong to
a suitable domain D C C, which is not described explicitly in [16] and that we take as follows:

D:={zeC | Rz>Jz>0} = {zeCx | O<argz<m/4} ; (3.8.5)

the coordinate transformation (3.8.4) is one-to-one between the domain D and the set {(A, ¢) | A€
R, ¢ € sgn(y) (0, +00)}.

From here to the end of this subsection, we stick to the position (3.8.5). The inverse of the map
(A, ¢) > z € D described in Eq. (3.8.4) is given by

1
= (eW‘*@ +i eV(A*@) . (3.8.6)
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To proceed, we claim that Eqgs. (3.8.1) (3.8.4) entail the following identities (%)

2
;‘s(VzV—z)

1 .
A= @A ; Vig)= —~——2 with V:=Ce’. (3.8.7)
Q27!

The main result of [16] about potentials of the form (3.8.1) with no matter and zero curvature
is that the Lagrangian £(z, z) arising from the gauge choice (3.8.3) and the coordinate change
(3.8.4) is of the holomorphic type (3.0.25). As usual, we try to generalize this result using the
prescriptions of [16] in presence of matter and curvature. Using Eqs. (3.8.1)(3.8.3)(3.8.4) and
some related identities, especially Eq. (3.8.7)), the Lagrangian (2.4.3) and the corresponding
energy (2.4.5) become

. 1 2_, n* Q" Q(’") 5 12w ni=p)=
Liz,2)==3 53 24V - 3z ¥ (oz ) , (3.8.8)
2y
1 2_ n? Q"”) 12w nzk a(—p)-1
£(z.2)=-3 (2 S = V¥ 2) +— zH) 7 - — Q) . (389

Let us note the close analogies between the present Lagrangian (3.8.8) and the Lagrangian
(3.7.8); in fact, writing Jz% = (2> — z2)/(2i) and using similar relations (in particular for 3z%)
we see that the role played in Eq. (3.8.8) by the complex pair (z, z) is similar to the role played
in Eq. (3.7.8) by the real pair (x, y).

We now search for cases with matter or curvature, in which the Lagrangian (3.8.8) has the holo-
morphic structure (3.0.25). The problem is similar to that of finding the separable cases for the
Lagrangian (3.7.8); it can be treated fixing the attention on the terms in Eq. (3.8.8) containing
3z2, which have coefficients proportional to 4" or k and exponents l_zzﬂ and "(1;¢
It appears that the Lagrangian (3.8.8) has the holomorphic structure (3.0.25) if k =0 and
1‘22# €{0,1}, or QU =0 and % € {0, 1}, or 1‘22# € {0, 1} and “;7;)‘1 € {0, 1}.
This yields the following 8 cases, which can be all reduced to quadratures following the prescrip-
tions below Eq. (3.0.25).

12 The first identity in Eq. (3.8.7) follows trivially from the expression for A in Eq. (3.8.4) and from the basic equality
(z2 - 22)/(21') = 3z2. To obtain the second identity in Eq. (3.8.7), first notice that the expression for ¢ in Eq. (3.8.4)
entails ¢27% = (%z) /(Jz); writing cosh and sinh in terms of exponentials, from the latter identity we infer

M)+ @22 2 , (1) — (322 _ a2
sh2y gy = DD+ BID7 sinh(2y ¢) = 2 "= "5
cosh(2y ¢) e a2 Sinh@ye) 2923z 322

In view of the above relations, starting from Eq. (3.8.1) and setting C := V e~ we infer the following chain of identities:

i 22 i(L1_ 322
V(g) = (cosh2y ) 7" x(v o (1) aretan (s )) N AN (V e’(y l)armn(ﬂizz))

1_
@27 !

2 5 (22
2, S| VizlY 2el(" )ue: s(ver?
1217 *(Ve (1)‘"222> _ _

=3
14 1
Q)7 (227
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k=0,y= 1_2“’ # (0 The Lagrangian (3.8.8) and the energy (3.8.9) reduce to

2 m
2(1+w) n- Q

L£(z,2)=—3 Zpvete |- —2 3.8.10
(z,2) S<(1_ B +Vz ) 5 ( )

2 2(14w) n? QY
& , " — X "Z_V I—w * . 3.8.11
(z,2) J((l—w)ﬂ z )—l— > ( )
Let us mention that in the subcases w = —1 (cosmological constant), w = —1/3 and w =0

(dust), the exponent of z in £ becomes, respectively, 0, 1 and 2, so that the Lagrange equations
. . ~ . 2 m

are elementary. For example, if w = 0 we have £(z,2) = —3(2 24V zz) — "7 QY and the

Lagrange equations reduce to 7 = % Z, thus describing a complex harmonic system.

ii)k=0,y= I_Tw #0 The Lagrangian (3.8.8) and the energy (3.8.9) become

. 8 w0 n? QY
L(z,z)z—ts((l )2z Vs 2. (3.8.12)
8 26w n? QY
£ —Vz T — 2. 3.8.13
(z,2) = ( e #-Vz 5 ¢ ( )
The subcases w = —3, —5/3, —1 are elementary, since z appears in £(z,z) with exponents
0,1,2.

iii) QY =0, y = ”n;l The Lagrangian (3.8.8) and the energy (3.8.9) take the forms

L(z,%) = <L22+Vz%) Lk (3.8.14)
2—1)2 2

£(z,2) = < L Vz%> _nk (3.8.15)
2n—1)? 2

The subcases n=2 and n=3 are elementary, since z appears in £(z, z) with exponent 2 and 1,
respectively.

) QM =0,y= ;nl The Lagrangian (3.8.8) and the energy (3.8.9) reduce to

L(z.3) = < I 22) , (3.8.16)
1)2 2
£(.2)= <( 5t ! % z2> . (3.8.17)
v)y = —”n;l, w= —”;2 The Lagrangian (3.8.8) and the energy (3.8.9) become
L(z.2) = %(%z’%Vwﬂ—%, (3.8.18)
£(z.2) = =2 <2(”7_21)222 - Vz%> + w . (3.8.19)

The Lagrangian (3.8.18) is like the Lagrangian (3.8.14), with k replaced by k — QY”. Besides,
let us mention that the subcases n = 2, 3 are elementary, for the same reasons indicated in (iii).
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n—1 _3n—4
n

vi)y =", w= The Lagrangian (3.8.8) and the energy (3.8.9) take the forms

2 2 m 2
n 2 n-Q n<k
L(z,5)=—3| ———— 22 4 Vg1 * 2 —, 3.8.20
(z,2) S(2(}1—1)2Z tVeT+ ——— 4 ( )
2 2 om 2
n 2 n-Q n-k
£z =—3—— 22yt = 2 = 3.8.21
(z,2) J(z(n_1)2z z 5 ¢ 7 ( )

The subcases n = 2 and n = 3 are elementary, since z appears in £(z, z) with exponents 2 and 1.

n—1

vii)y = =52, w= % (radiation gas) The Lagrangian (3.8.8) and the energy (3.8.9) read

. 2n? 2w nk 2Qm
L@¢y=_3<m_nzf+vzm4_r3_£>—”2* : (3.8.22)
21?2 2wty nk nZ Qum
E(z,2)=-3 24V — —— 72 * 3.8.23
(z,2) S<(I’l—l)2Z+ z 2 z)+ 5 ( )

The Lagrangian (3.8.22) is like the Lagrangian (3.8.16) with the additional constant —% Q.

viii) y = % w= —"n;z The Lagrangian (3.8.8) and the energy (3.8.9) become
2n? 2w+ n2(QU —k)
L£(z.2)=—23 I Ve R ) I .8.24
(z,2) s((n_l)zz +Vz 5 Z (3.8.24)
2n? 2w+ n (QY—k)
£(2.2)=—5 ~ P2y e 2 2 3.8.25
(z,2) s((n_l)zz z + > b4 ( )

Note that the Lagrangian (3.8.24) is like the Lagrangian (3.8.16), with k replaced by k — Q.
3.9. Class 9 potentials

Let us finally consider potentials of the form

V@):thw+waﬁw (Vi,V2€R, ye(=1,D\{0}) . (3.9.1)

Ref. [16] treats this class of potentials fixing the gauge function B and introducing new La-
grangian coordinates (x, y) related to (A, ¢) by a “Lorentz transformation”, in the following
way:

BA,9)=A; (3.9.2)
X—=yy y—yx

A= ——, ==
J1—y2 J1—y2

In absence of matter and curvature, the Lagrangian £(x, y, X, y) obtained in this way in [16] is
separable. We now add matter and curvature, and use again the above prescriptions trying to find

new separable cases. Egs. (3.9.1)(3.9.2)(3.9.3) yield the following expressions for the Lagrangian
(2.4.3) and the energy (2.4.5):

(x,yeR). (3.9.3)
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L(x,x,y,5)=

NIy 2/1=y2 20m = (x—yy) 2 20D (x—y y)

Y 2x —Vlezmx—VQe 7oy NS ;2* eV —l—%e"“*yz ;
(3.9.4)

E(x,x,y,y) =

P 2152 20m AEL (x—yy) 2 202D (yy)

yzx v Ty /y+"522* o7 _%enﬁ ,
(3.9.5)

The only situation with matter or curvature where the Lagrangian (3.9.4) is separable, is the one
described hereafter.

i) k=0, w=1 (stiff matter) The Lagrangian (3.9.4) and the energy (3.9.5) reduce to

295:1)
ﬁ(xvy»xs)"):LI(X,J'C)-FLZ()’,).’)_ ) )
| | (3.9.6)
L1 d) == 22 =TV Ly )= 2 - VT
290
E(x,y, %, y)=&1(x, ) +&(y, y) + 5
| | (3.9.7)
E1(x, X) 1=—§5C2+V1€2 I=rix &y, y) 1=§5’2+V2e2 vty

4. Explicit form and detailed analysis of some spatially flat solutions

In the previous section, we provided lists of integrable cases with matter or space curvature
associated to the nine potential classes of Fre-Sagnotti-Sorin. Let us recall that each one of these
cases is solvable for one of the reasons (a—e) indicated at the beginning of section 3 (linearity
of the Lagrange equations, triangular or harmonic triangular Lagrangian, separable Lagrangian,
one-dimensional holomorphic and conservative system).

Of course, after indicating a reason for the solvability of the Lagrange equations one should de-
rive the explicit form of the (general) solution and analyze it both qualitatively and quantitatively.
In particular, one should investigate the occurrence of an initial Big Bang singularity and the re-
lated presence of a particle horizon (see Eqs. (2.2.19) (2.2.20) and the associated comments),
as well as the possible development of a Big Crunch or, in absence of it, the evolution of the
system for long times. In connection with these issues, it is essential to determine the asymptotic
behavior of the main elements of the model: the scale factor a, the scalar field ¢ and the related
equation of state parameter w® (see Egs. (2.2.11)(2.2.12)), together with the density parameters
QM Q@ Q® If the model turns out to be physically plausible, at least for some epoch in the
evolution of the universe, one should also make sensible choices for the parameters in the po-
tential V(¢) and for the constants of integration of the solution, so as to make contact with the
available observational data. In the forthcoming subsections 4.1-4.3 we discuss the above issues
(or some of them) for some specific cases, taken as examples.

All the cases to be analyzed in the sequel have vanishing scalar curvature, i.e.,

k=0, (4.0.1)

and possess a Big Bang (to which we devote most of our attention) at
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t=t,=0. (4.0.2)
Following Eq. (2.2.19), we define the cosmic time as

t
r@%:@/m%m”, (4.0.3)
0

keeping in mind that the integrability of eBina right neighborhood of # = 0 is required by the
very definition of Big Bang. Of course, 7(t) — 07 for t — 0" and we can speak of the inverse
function ¢t =¢(1).

In the sequel we always require for matter a positive density: Q2 > 0 at all times, which happens
if and only if

QM >0. (4.0.4)

Let us note that the assumption (4.0.1) and Eq. (2.2.32) give Q® = 0; from here and from (2.2.33)
we infer that, at all times,

QW4 QW 1. 4.0.5)

Making reference to the above relation, we will say that matter dominates at the Big Bang if
Q™ (t) — 1 (or equivalently, Q@ () — 0) for t — 0T; conversely, we will say that the scalar
field dominates at the Big Bang if Q@ () — 0 (or equivalently, Q™ (¢) — 1) in the same limit.
The cases where matter or the scalar field dominate at the Big Crunch, if this exists, can be
defined similarly.

In general, the discussion on the notion of particle horizon requires to consider, at any time
T = 1(t), the integral

T t
dt’ 1 B@)—AW)/n
O(t) := m =6 |dt'e ; 4.0.6)
0

see Eq. (2.2.20) and the related comments. The above integral converges at some time 7 > 0
if and only if it converges at all times, and in this case there is a particle horizon. According
to the result of [13] mentioned after Eq. (2.2.20), a particle horizon occurs if the strong energy
condition (2.1.13) is fulfilled strictly by the matter fluid; we have already assumed a positive
density for this fluid, so (2.1.13) holds strictly if and only if

2
w>=—1. 4.0.7)
n

4.1. Solutions for class 1 potentials with dust

Let us consider an (n + 1)-dimensional, spatially flat cosmology with matter content described
by a dust fluid; accordingly, besides Eq. (4.0.1) we posit

w=0. (4.1.1)
Moreover, we assume that the self-interaction potential for the field is given by

Vip)=Vie? +Vye %, with V|, Vo >0; 4.1.2)
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for notational convenience, in the sequel we shall put

Vi=yViVa>0. (4.1.3)

The model depicted above was previously studied by Rubano and Scudellaro [34], and by Piedi-
palumbo, Scudellaro, Esposito and Rubano [30], in the physically most relevant case with spatial
dimension n = 3. Hereafter, we review within our framework the results of [30,34], generalizing
them to the case of arbitrary n > 2; in addition, we discuss the asymptotic behavior of the density
parameters Q, Q@ near the Big Bang.

To begin with, let us notice that the potential (4.1.2) is clearly of the form (3.1.1) (with
Vo =0 and the conditions stated above on Vi, V»); to be more precise, as a consequence of
Egs. (4.0.1)(4.1.1), the cosmological model under analysis belongs to the integrable subcase
(i) of class 1, discussed previously in subsection 3.1. In this connection, let us recall that it is
convenient to fix the gauge function B(A, ¢) as in Eq. (3.1.2), which gives B = 0. In view of
Eq. (2.2.2), this implies that the cosmic time 7 and the coordinate time ¢ are linearly related:

t=1/6. (4.14)

According to subsection 3.1, the Lagrangian function for the model that we are considering is
separable and can be reduced to quadratures by introducing a new pair of coordinates u, v, related
to A, ¢ via (cf. Egs. (3.1.3) (3.1.8))

u?—? Vo u—v
=1 , =1 — . 4.1.5
A og< 4 ) ¢ =8 Viu+v ( )

The Lagrange equations have the form (3.1.11) that, with the previous assumptions, reduces to

i—Vu=0, §+Vu=0; (4.1.6)

the corresponding solutions are readily found to be

u(t) = A cosh (\/Vt) + B sinh (\/Vt) , v(t) = C cos (\/Vt) + D sin (\/Vt) ,
“.17)

where A, B, C, D € R are suitable integration constants.
From Egs. (3.1.10)(4.1.7), by elementary computations we infer the following expression for the
energy £ = E(u, v, i, v) of the system:

n? QY

1%
5:5(A2—32+C2+D2)+T. (4.1.8)

Taking the above relation into account, to fulfill the energy constraint £ = 0 we set
w_ V2 2 2 2
ka>:n—2(B —A"-C —D). 4.1.9)

Furthermore, for fixed values of the parameters we take as a domain for the solutions (4.1.7) the
maximal interval / C R such that (see the comment at the end of subsection 3.1)

tin=0€el and u(t) > |v(t)| foralltel. (4.1.10)

Finally let us mention that Eqs. (2.2.11) (2.2.12) (2.2.32) with B =0 and Egs. (4.1.2) (4.1.5)
give the following representations for the coefficient w® in the field equation of state and for the
matter density parameter Q:
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v —ud)? =Vt —v?
v —uv)+ V@ut—vt)’
I12 ngm) (l/l2 _ U2)

mu—vv)?

w®

4.1.11)

Qm = (4.1.12)

4.1.1. Big Bang analysis

Let us wonder under which conditions the solution (4.1.7) produces a Big Bang at some
instant, that we conventionally choose as the time origin ¢ = 0 (cf. Eq. (4.0.2)). It is required that
a(t) — 0 (ie., A(t) — —oo) for t — 0" and, even prior to this, that a(¢) (hence, A(z)) is well

defined in a right neighborhood of # = 0; in terms of the functions u(#), v(¢), this amounts to
demand

W) —v*@®) >0 and u@)>|v@)| fort— 0F (4.1.13)

(here and in the sequel, an expression of the form “f(¢) > 0 for t — 0™ means that there exists
some € > 0 such that f(¢) > 0 for all # € (0, €)).

On the other hand, from the explicit expressions written in Eq. (4.1.7), it follows straightfor-
wardly that

1 1
u(t) = A—i—B«/Vt—i—E VA4 01, v(it) = C—I—D\/Vt—i VC2+0@) fort — OF.
(4.1.14)

The above relations show that the first condition in Eq. (4.1.13) is fulfilled if and only if A2 —
C? =0, while it is necessary to assume that A > 0 in order to satisfy the second condition in the
same equation; thus, we require

A=|C|=20. (4.1.15)
In the sequel we will distinguish three subcases fulfilling the latter constraint.
i) A=C >0 In this case the second condition in Eq. (4.1.13) holds if and only if B> D.

It should be noticed that for B= D the energy constraint written in the form (4.1.9) entails
Q= — n% V A2 <0; since this contradicts our general assumption (4.0.4), from now we assume

B>D. (4.1.16)

To go on, we note that the previously mentioned expressions for A, ¢, w® and Q™ (see
Egs. (4.1.5) (4.1.9) (4.1.11) (4.1.12)) imply the following, for t — 0F:

A1) =10gt+log(M> +0@); (4.1.17)
(B—D)Vv,"*
¢(t) =logt +log| ———=— |+ 0(); (4.1.18)
24V,
8AVV
()] 1 _ 2y .
W) =1————1+00); (4.1.19)
2 N2 _ 2
Q“’”(t):z(B b7 - 24 )ﬁt+0(t2). (4.1.20)

A(B — D)
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Of course, similar expansions in terms of the cosmic time 7 can be obtained simply recalling that
t =1/0 (see Eq. (4.1.4)); in particular, from Eqs. (2.2.4)(4.1.17) we obtain

(A(B—D)W
a(ny= 222NV

1/n
: ) (r/e)l/"+0((r/e)<1/">+‘) forz/6 — 0. (4.1.21)

From Egs. (4.0.6)(4.1.21), noting that 1/n < 1 for n > 2 we infer the existence of a particle
horizon (). Eq. (4.1.20) shows that Q" (t) — 0, indicating that the scalar field dominates close
to the Big Bang.

ii) A=—C >0 This is qualitatively very similar to the previous case. The second condition in
Eq. (4.1.13) holds only if B> —D; yet, for B=— D the energy constraint (4.1.9) yields a negative
matter density Q¢ < 0, thus violating our hypothesis (4.0.4). So, we assume

B>-D. (4.1.22)

Then, for t — 0T we have

A(t) =logt + log(M) + 0(@) ; (4.1.23)
3/4
@(t) =— logr — log<%> +0@); (4.1.24)
24,
8AVV

(¢) 1 _ 25 .

w? () =1 Ty r+0@): (4.1.25)
2(B2—D?2-24%)JV )

(m) _

QM (1) = AGTD) r+0@%). (4.1.26)

Correspondingly, from Eqs. (2.2.4)(4.1.4)(4.1.23) we get

(A(B+D)«/V
a(n)y = 22TV

1/n
: ) (r/e)‘/"+0((r/9)<‘/”>+‘) forz/6 — 0T, (4.1.27)

which allows us to infer that there is a particle horizon. Moreover, Eq. (4.1.26) shows that the
scalar field dominates at the Big Bang.

iii)) A=C =0 In this setting the second condition in Eq. (4.1.13) holds if and only if

B>|D|>0, DeR. (4.1.28)

As a consequence, we have a strictly positive matter density QU = (B> — D?) V/n?>0 (see
Eq. (4.1.9)), in agreement with the general condition stated in Eq. (4.0.4).

Regarding the asymptotic behavior of the system near the Big Bang, note that for t — 0 we
have

13 Making reference to the comments related to Eq. (4.0.7), let us remark that in the present case the strong energy
condition is in fact fulfilled as an equality for » =2 and as a strict inequality for n > 3 (since w =0 > % - 1.
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2 N2

A1) =2 logt +log<w> + 0% ; (4.1.29)

(t) =1 B-D |V + 0% ; (4.1.30)

o) =log| o4 ; 1.
8BID2V

()] — 2 4y .

w? (1) = 1+79(B4_D4)t +0@1Y; (4.1.31)
2 2

QW (1) =1— (BB;F%)V 2400 . (4.132)

Furthermore, Eqs. (2.2.4)(4.1.4)(4.1.29) entail

2 2 1/n
a(t) = AT/ <w> (z/6)2/" + 0((r/9)<2/">+2) for 7/6 — 0% .

(4.1.33)

From Eqgs. (4.0.6)(4.1.33) we infer that a particle horizon is present if n > 3, and absent if n = 2
(in the latter case the integral in Eq. (4.0.6) diverges logarithmically) (. Eq. (4.1.31) indicates
a field equation of state close to that of a cosmological constant (recall Eq. (2.2.29)). On the other
hand, Eq. (4.1.32) shows that Q™ (t) — 1; thus, differently from the previous cases, here matter
dominates near the Big Bang.

4.1.2. Far future analysis

First of all, let us remark that the bare solutions written in Eq. (4.1.7) make sense for any
t € R. However, one should not forget that the second condition in Eq. (4.1.10) puts severe
restrictions on the maximal admissible domain / C R for such solutions. In presence of a Big
Bang at t+ = 0, the most enticing scenarios are those corresponding to an endless evolution of the
universe, namely,

I = (0, +00) . (4.1.34)

In the sequel we restrict the attention to cases where the integration constants A, B, C, D char-
acterizing the solutions (4.1.7) are such that the condition (4.1.34) is verified (1), and proceed
to investigate the asymptotic behavior of the corresponding cosmological model for t — +o0.
From the explicit expressions for u(¢), v(¢) written in Eq. (4.1.7) we easily infer the following:
u(t) = # YV O(e"/v’) for t — 400; v(t) is an oscillatory motion, with |v(¢)| < |C| +
|D| for all ¢t € (0, +00). Thus, we see a posteriori that the second condition in Eq. (4.1.10) is
fulfilled in a neighborhood of +oo0 if and only if

14 Since we are assuming w = 0, for n = 2 the strong energy condition is only fulfilled as an equality (see Eq. (4.0.7)).
Due to this, the hypothesis in [13, Eq. (34)] is not satisfied, which explains why the general conclusions of [13, Prop. 1]
do not hold in this case. This suggests that the hypotheses underlying [13, Prop. 1] are somehow optimal.

15" A a matter of fact, there do exist such admissible choices of A, B, C, D. For example, making reference to the cases
analyzed in the previous subsection 4.1.1, it can be checked by direct inspection that Eq. (4.1.34) certainly holds if

A=C>0,B>D>0 or A=—-C>0,B>-D>0 or A=C=0, B>|D|>0.

In all the cases mentioned above, noting that cosh(z) >|cos(z)| and sinh(z) > | sin(z)| for any z >0, it can be proved via
explicit computations that u(¢) > |v(¢)| for all ¢ € (0, 00).
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A+B>0, (4.1.35)

which we assume from now on. With this assumption the solutions (4.1.7) are admissible, at
least, in neighborhood of infinity and we have the following asymptotics for t — +oo (recall
Egs. (4.1.5) (4.1.9) (4.1.11) (4.1.12)):

A@t) =2V ¢ +210g<#> + O(e‘ZW’) ; (4.1.36)
V2 Vi
w(t)=log,/7+0(e ) (4.1.37)
1
w® () =—1+0(e V1), (4.1.38)
4(B*— A?-C?*-D?V
) £y — -2Vt —4J/V1
QM) = AT B)? e + O(e ) (4.1.39)

It is straightforward to derive similar expansions in terms of the cosmic time t, recalling that
Eq. (4.1.4) gives t = 7/6. From Eqgs. (2.2.4)(4.1.36) we deduce

2/n
a(t) = (—A 1— B) @MV @/0) | O(e_("_l)a/")ﬁ(f/e)) for 7/6 — +o00.

(4.1.40)

From the above relations we infer, especially, that for large times the scale factor diverges, the
scalar field behaves as a cosmological constant and becomes the dominant contribution (since
QP =1-Q™ — 1 fort — +o00; see Eq. (4.0.5)). All these features are attained with exponen-
tial speed.

4.1.3. Quantitative analysis of one of the previous cases

Hereafter we reconsider the general model described at the beginning of the present subsection
4.1 and show how to fix all the (so far unspecified) associated parameters 7, 6, Qf[”), Vi, Vb, A, B,
C, D so as to provide a physically plausible scenario.
To this purpose, we restrict the attention to the case of space dimension and spatial curvature
respectively given by (see Eq. (4.0.1))

n=3, k=0. (4.1.41)

Furthermore, we require that a Big Bang singularity occurs at r = 0; correspondingly, we assume
matter to be dominant near the Big Bang, i.e., Q" (¢) — 1 fort — 0. The analysis of subsection
4.1.1 (see, especially, case (iii) therein) indicates that the above conditions can be realized only
if

A=0 and C=0. (4.1.42)

To proceed let us remark that, on account of the gauge invariance ¢ — ¢ + const., without any
loss of generality we can assume that (see Eq. (4.1.3))

Vi=V,=V=>0. (4.1.43)
Then, the potential (4.1.2) reduces to

V(p) =2V coshg, (4.1.44)
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and the associated solution (4.1.7) reads (see also Eq. (4.1.28))

u(t) = B sinh (\/Vt) , v(t) = D sin (\/Vt) with B> |D|>0. (4.1.45)
Furthermore, note that the zero-energy constraint (4.1.9) becomes

o = g (B>~ D?)>0. (4.1.46)

Next, let us introduce a reference time ¢, > O that we identify with the present epoch; we pre-
scribe

a(t*) = 1 ’
() = @« (4.1.47)
H(t,) =1/6

where 6 is the usual time constant (see Eq. (4.1.4)) and ¢, € R is an arbitrary parameter; in the
sequel we shall discuss as examples a couple of sensible choices of ¢,. Expressing a = A3, @
and H = ./l/(3 0) (see Egs. (2.2.4)(2.2.30) and recall that here B = 0) in terms of the Lagrangian
variables u, v (see Eq. (4.1.5)), the above conditions (4.1.47) read

Mz(t*) - vz(t*) =4 5
u(ty) —v(ty) )
—_—— e

%

ulty) vty (4.1.48)
u(ty) u(ty) — v(ts) V(ts) _ %
wi(ts) —vi(t) 27

By simple algebraic manipulations (recalling the constraint u > |v| > 0), we infer

u(ty) =2 cosh(ps/2) ,
v(ty) = — 2 sinh(gy/2) , (4.1.49)
cosh (¢, /2) ii(ty) + sinh(p,/2) V(t,) =3 .

Taking into account the explicit expressions for u(z,) and v(z.) (see Eq. (4.1.45)), the first two
relations in Eq. (4.1.49) can be trivially solved in terms of the two unknown parameters B, D;
more precisely, introducing the short-hand notation

s = Vi, | (4.1.50)
we get
B = 2Soh(@/2) p—_ 25nh@/2). 4.1.51)
sinh(sy) sin(sy)

Substituting the above expressions for B, D in the zero-energy constraint (4.1.46) and solving
for V, we obtain
9 Q"™ sinh?(sy) sin®(sx)

V= . 4.1.52
4 (cosh?(g,/2) sin®(s,) — sinh?(p/2) sinh*(s,)) ( )

Finally, the above relations (4.1.51) (4.1.52) and the last identity in Eq. (4.1.49) give
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\/cosh2(¢*/2)sinz(s*)——sinhz(w*/2)sinhz(s*)
=,/ Q" [cosh2(<p* /2) cosh(sy) sin(sy) — sinh?(¢y/2) sinh(s) cos(s*)] (4.1.53)

For assigned values of ¢, and QL’”), one can look for a solution s, of the above equation by
numerical methods (assuming that the said solution exists). In the following we analyze in more
detail a couple of examples corresponding, respectively, to the choices ¢, = 0 and ¢, = 1/2.

The case ¢ =0 First of all let us remark that this particular choice of ¢, corresponds to the
(unique) minimum of the potential (4.1.44). Note that Eq. (4.1.53) reduces to

cosh(sy) = ; (4.1.54)

Assuming Q" <1, the above equation can be solved analytically, which yields

Sy = arccosh( (4.1.55)

1

Substituting this solution in the expressions (4.1.51)(4.1.52) for B, D and V we obtain

B=2 o D=0 V—2(1—9<m>)~ (4.1.56)
S TVi-e - T4 » )0 o

besides, from Eq. (4.1.50) we infer

2 1
ty = ——— arccosh| — | . (4.1.57)
RN <\/ szi,:’”)
On account of the relation D =0 in Eq. (4.1.56) and of Egs. (4.1.7)(4.1.42), we have
v(t) =0 forall f € (0, o0) . (4.1.58)

Recalling as well the expression for ¢ in terms of the Lagrangian coordinates u,v (see
Eq. (4.1.5)), this implies
@(t) =const. =0 = ¢, . (4.1.59)

Therefore, making reference to Eqs. (2.2.25)-(2.2.29) and to the related comments, we can say
that in the present setting the field ¢ plays the role of a cosmological constant. Correspondingly,
it can be checked by direct computations that (see Eqs. (4.1.11)(4.1.12); cf. also Eq. (2.2.29))

w@(t) = const. = —1 , (4.1.60)

99("1) _ 3 "
@) = 22— cosn 2<5,/1_Q;)t>. (4.1.61)

To say more, notice that the previous relations (4.1.55)-(4.1.57) allow to express each of the
parameters sy, B, D, V, t, in terms of QU this is the matter density at present time ¢ = ¢, (see
Eq. (2.2.34)), and choosing for the latter the accepted value (see, e.g., [38, p. 128], [31])

Q™ =0.308, (4.1.62)

the said relations give
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s« =1.194..., B=1334.., D=0, V =1.557, t,=0.957....
(4.1.63)
Notably, setting (see, e.g., [38, p. 128], [31])
km -18 —1
H(ty) = Hy, = 67.89 ~ 220017 x 10~ "°s (4.1.64)
s+ Mpc
one finds that the age of the universe in the cosmological model under analysis is
.
Ty =0t = H—* ~ 434975 x 105 ~ 13.793 x 10° years , (4.1.65)

*

in agreement with the accepted value for this quantity (cf., e.g., [38, p. 129]).

The case ¢, =1/2 In this case, once we have fixed QY = 0.308 as in Eq. (4.1.62), solving
Eq. (4.1.53) for s, yields

s, = 1.09829 ... . (4.1.66)

Substituting the above value in the explicit expressions (4.1.51)(4.1.52) we obtain

B =1.54775..., D =-0.56739..., V =1.33682..., (4.1.67)
and from Eq. (4.1.50) it follows that

1, =0.949905 ... . (4.1.68)

Fixing H, as in Eq. (4.1.64), the latter value for ¢, corresponds to an age of the universe of about

t
Ty =01, = H—* ~4.31743 x 10"7s ~ 13.6905 x 10° years . (4.1.69)

*

Further considerations on the previous cases with ¢, =0 and ¢, = 1/2 Figs. | and 2 give the
plot of a(t) as a function of the dimensionless ratio /6 on two different intervals (namely, for
/6 € (0, 1) and 7/6 € (0, 10)), in the two cases with ¢, = 0 and ¢, = 1/2 analyzed previously.
By close inspection of these figures it appears that after the Big Bang at t =0 (a(r) — 0"
for 7/8 — 07T) the universe experiences an initial phase of decelerated expansion (see Fig. 1),
followed by an endless accelerated expansion (see Fig. 2).

Fig. 3 gives plots of the (rescaled) scalar field ¢(7) for /6 € (0, 10) in the two cases with ¢, =0
and ¢, = 1/2. Let us recall that for ¢, = 0 we get ¢ = const. = 0 by purely analytic means (see
Eq. (4.1.59)). On the other hand when ¢, = 1/2 we have, in particular, ¢(r) — log (gjr—g)
0.76896 ... for /0 — 0" and ¢ — 0 for /0 — oo.

Fig. 4 gives plots of the equation of state coefficient w® () for the field (see, especially,
Eq. (4.1.11)) for t/6 € (0, 10) (with ¢, =0 and @, = 1/2). We already mentioned that w® =
const. = —1 when ¢, = 0 (see Eq. (4.1.60)). In the case with ¢, = 1/2, we have the following
features: w® — —1 for t/0 — 0F; W (r,) = —0.93632 ... at the present cosmic time T, given
in Eq. (4.1.69); w» — —1 for /0 — o0. So, in both the previous limits the scalar field behaves
like a cosmological constant (see the discussion after Eq. (2.2.12)).

Figs. 5 and 6 give plots of the matter density parameter Q™ (1) (see Eq. (4.1.12)), respectively
for /6 € (0, 1) and 7/6 € (0, 10) (with ¢, = 0 and ¢, = 1/2). From these figures we infer that
the universe is initially filled almost exclusively with matter (Q" (1) — 17, Q¥ (z) — 07 for
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a(7)
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0.2 0.4 0.6 0.8 1.0

Fig. 1. a(r) as a function of /60, with ¢4 = 0 (in red) and ¢4 = 1/2 (in blue). (For interpretation of the colors in the
figure(s), the reader is referred to the web version of this article.)

a(7)
2000

1500}
1000}

500

" 1 L L rla
2 4 6 8 10

Fig. 2. a(7) as a function of t/6, with ¢, =0 (in red) and ¢4 = 1/2 (in blue).
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: . . — 7/6
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=01

Fig. 3. ¢(7) as a function of 7/6, with ¢, =0 (in red) and ¢4« = 1/2 (in blue).

7/6 — 0T). Afterwards, matter continues to dominate over the scalar field (which is supposed to
model dark energy) until the cosmic time T implicitly defined by the equality

QM(T)=QV(7)=1/2; (4.1.70)
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Fig. 4. w® (1) as a function of 7/6, with ¢, =0 (in red) and ¢4 = 1/2 (in blue).
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Fig. 5. Q) (1) as a function of /0, with ¢, = 0 (in red) and @4 = 1/2 (in blue).
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Fig. 6. Q™ (1) as a function of 7/0, with g4 =0 (in red) and ¢, = 1/2 (in blue).

more precisely, from Eqs. (4.1.4)(4.1.47)(4.1.61) we deduce

2 arccosha/2

3H./1—Q

T= ~10.18 x 109years for . =0, 4.1.71)
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while by numerical methods from Eqs. (4.1.4)(4.1.47)(4.1.12) we get
7 29.90505 x 10° years for g, =1/2. (4.1.72)

Of course, since Q" = 0.308, at present time we have Q¥ (z,) =1 — Q" (r,) =1 — Q" =
0.692 (see Eq. (4.0.5)), so the scalar field (namely, dark energy) is the dominant contribution at
the present time. In the future, the field continues to be dominant and eventually fills the whole
universe (2" (t) — 07, Q¥ (1) — 1~ for /0 — c0).

4.2. Solutions for class 2 potentials with a matter fluid

In this subsection we analyze cosmological models corresponding to the integrable case (i) of
subsection 3.2 for potentials of class 2. So, spacetime is (n 4+ 1)-dimensional, it is spatially flat
(k = 0), the matter fluid has an arbitrary equation of state parameter w, and the scalar field has
self-interaction potential

V() = V12l + Vet (V) v, eR). 4.2.1)

The cited case (i) of subsection 3.2 prescribes w # %1; here we make the more restrictive as-
sumption

—l<w<l, “4.2.2)

which generates two benefits. First of all, this restriction ensures that all the hypergeometric
functions appearing in the sequel are non-singular ('°); secondly, it simplifies the qualitative
discussion of the solutions.

Making reference to the analysis of subsection 3.2, we fix the gauge function B(A, ¢) as in
Eq. (3.2.2) and introduce the pair of Lagrangian coordinates x, y related to A, ¢ via Eq. (3.2.3);
let us remark that these coordinates must fulfill the condition

x,y>0. (4.2.3)
With the above positions the Lagrangian function has the harmonic triangular structure (3.0.15),
and the related Lagrange equations (3.2.8) become
¥ —sgn (V) 0?x =0, (4.2.4)
w(l —w)n? QY 143w

§—sen(V) o?y=(1—w) Vax T — ——— T (4.2.5)

where for notational convenience we have put

)
W=/ % . (4.2.6)

The corresponding solutions can be determined explicitly, treating separately the cases V| >0,
Vi =0 and V] <0. Before providing a detailed analysis of these cases, let us point out that
Egs. (2.2.11) (2.2.12) (2.2.32) (3.2.2) (3.2.3) (4.2.1) yield the following expression for the coef-
ficient w® and for the matter density parameter Q™:

16 Recall that 2 F1(a,b,c; z) is singular if ¢ =0, —1, —2, .... The values of ¢ considered in this subsection depend on
w, and our assumption (4.2.2) ensures that ¢ #0, —1, =2, ....
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. . 2 3w
w® = ezw(p(pz_zv(‘p) _ ((1—w)xy—(1+w)x)’) —2(1—w2)2(V1 xzyz-l—szHwy)
T 2wy 2 - . . A
eV e+2V(g) ((l—w)xy—(1+w)xy)2+2(1—w2)2(V] x2y2+V2xliwy)
4.2.7)
2.0 ,—2we—(1+w)A 2\2 2 om v
qm S e .u;w A __A-wh)?n? oy ry (4.2.8)
A (I—w) iy + (1+w) x )

In the forthcoming paragraphs we present analytic expressions for the solutions x(¢), y(¢) of
the Lagrange equations (4.2.4)(4.2.5). Afterwards, in subsections 4.2.1, 4.2.2 we investigate the
presence of a Big Bang and the long time behavior in an example, to be specified below (see
Eq. (4.2.41)).

i) V1 >0 In this case Egs. (4.2.4)(4.2.5) read

’x=0, (4.2.9)

o w(l—w) Q" 1w
ji—a)zy:(l—w)szﬁ—%)f%. (4.2.10)

After possibly a time translation + — ¢ + const. and a time reflection + — —¢, any solution of
Egs. (4.2.9)(4.2.10) compatible with Eq. (4.2.3) can be written in one of the following forms (see
Appendix B for the derivation of the following expressions):

X—w

x(t) = Asinh(wt) (A>0), 4.2.11)
y(t) = C cosh(wt) + Dsinh(wt)

Vo iw v 2 13 543
+ 22 AT sinh T ()| 1 — cosh(@r) o Fy (=, 222 215W . Gi2(wr)
Vi 3t w 2 242w 2+ 2w

L PR (a)t)|:1
2V

+ 2w cosh(wt) gFl(l,l_—w, 3tw ;—sinh2(wt)>i|;
1—w 2 242w 242w

x(t) = Acosh(wt) (A>0), (4.2.12)
y(t) = C cosh(wt) + D sinh(wt)

Vo lw 2
AT cosh(wt)(l — coshTw (m))
1

2 1 l—w 3
inh®(wt) 2 F1 | =, — , = ; —sinh®(wt
+1+w sinh“(wt) » 1<2 2w 2 sinh“(w ))}
n2 QM 1w _ ow
+ AT THw cosh(wt)(l —cosh™ T+w (wt))
2V
1 143w 3
_ sinh2(@1) 2Fy (= 2% 2 _inh2(w0)) |:
I+w 2 242w 2
x(t) =Ae®! (A>0), (4.2.13)
y(t) = C cosh(wt) + D sinh(wt)
V —w 1 1 - —w
VT AT 2—i—ww |:cosh(a)t) + T Z sinh(wt) — eﬁ wt:|
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n? QY Sk 14w

T+w

143w
cosh(wt) —
4V 142w 14w

In the above Eqgs. (4.2.11)(4.2.12)(4.2.13), w is defined as in Eq. (4.2.6), A, C, D are real inte-
gration constants, » Fj is the ordinary, Gaussian hypergeometric function and it is assumed

+

. _ 143w oy
sinh(wt) — e THw .

tel, (4.2.14)
where [ is a maximal interval such that

I C (0,400) inthecase (4.2.11), I C R inthe cases (4.2.12)(4.2.13), 4.2.15)

and y(@) >0 forallrel.

(Note that the assumption A > 0 and the above conditions on / grant x(¢) > 0.)
Let us also remark that Eq. (4.2.13) must be intended in a limit sense for w =0 and w = —1/2;
more precisely, we understand that

1+w l—w
—_— h(wt
|:2w (cos (a))+l+w

li 1+w h t)+1—w
im | —— | cosh(w
2 14+w

w—0 w

1 143
Y (cosh(wr) — ——" Sinh(wr) — e~ Tor
142w I+w w__1/2

. 14+w 143w
lim cosh(wt) —
w—>—1/2 142w 1+w

1-w
sinh(w?) —emm>:| =

sinh(w?) — e 170 )} e®! —sinh(wt), (4.2.16)

sinh(w?) — e~ Tow “”)} =2 (wte®! —sinh(w1))
4.2.17)

To go on, let us recall the expression (3.2.7) for the energy &; from here and from Eqgs. (4.2.11)
(4.2.12) (4.2.13) we obtain, respectively, (\7)

E=—ViAD, (4.2.18)
ZQ(W!) 3w —w

5=A<" - AT VAT £V C) (4.2.19)
ZQ(m) w —w

E=A (" - AT £ Va AT 4V (C—D) | (4.2.20)

so, to fulfill the energy constraint £ = 0 we must put in Egs. (4.2.11) (4.2.12) (4.2.13), respec-
tively,

D=0, 4.2.21)
Va zn n? Q0 b (4.2.22)
= — — +w — +w 2.
Vi 2V ’
V2 1—w }’l2 ngm) 1+3w
C=D— 2 AT — —i (4.2.23)
1 2V

17 For this computation, it is convenient to keep in mind that £ is a constant of motion. Therefore, it suffices to compute
E=E(x(1),%(t), y(1), y(t)) for any given ¢ or in a suitable limit, e.g. for # — 07 The facts mentioned in the present
footnote apply to all the subsequent energy computations in this work, but they will never be repeated.
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ii) Vi=0 Egs. (4.2.4)(4.2.5) reduce to

¥=0, (4.2.24)
w(l —w)n? QY 11w

§=(1—w)Vyxtri — o (4.2.25)

After a time translation ¢ — ¢ 4 const. and possibly a time reflection 1 — —¢, any solution of
Eqgs. (4.2.24) (4.2.25) compatible with Eq. (4.2.3) can be written in one of the following forms
(see Appendix B for more details):

x(t)=At (A>0), (4.2.26)
Vod+w)l?(d—w) 1w 3w  (1+w)?n?QY" 15w 1w
)=C+ Dt ATFw f T+w — AT T tTHw
y(®) +Dt+ G 1w + 1
x(H)=A (A>0), (4.2.27)
12 —w 1— 2Qim
y(t)=C+Dt+E (Vz(l—w)AL—w - %A—ﬁ—’w

In both Egs. (4.2.26)(4.2.27), w is defined as in Eq. (4.2.6), A, C, D are real integration constants
and it is assumed

tel, (4.2.28)
where [ is a maximal interval such that
I C (0,+00) in the case (4.2.26), I C R in the case (4.2.27),

(4.2.29)
and y()>0 forallte[.

(Note that the assumption A > 0 and the above conditions on / grant x(¢) > 0.)
Recalling once more Eq. (3.2.7) for the energy &, from Eqgs. (4.2.26)(4.2.27) we obtain, respec-
tively,

2

£——
1 —w?

AD: (4.2.30)

» ZQ(W)
£=ATH <V2A2+n — 4.231)

Thus, to fulfill the zero-energy constraint £ = 0 we must require, respectively,

D=0; (4.2.32)

29(’")
Vi<0and A= |22 (4.2.33)
2| Vs

(Let us recall that throughout this subsection we are assuming Q" > 0.)

iii) Vi <0 In this case, Egs. (4.2.4) (4.2.5) become

¥ +w’x=0, (4.2.34)

. o o w(l—w)n? QY i
V+owy=(1—w)VyxTHw — fx Tw | (4.2.35)
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After a time translation t — ¢ + const., any solution of Egs. (4.2.34)(4.2.35) compatible with
Eq. (4.2.3) can be written as follows (see Appendix B):

x(t) = A sin(wt) (A>0), (4.2.36)
y(t) =Ccos(wt) + Dsin(wt)

Vo 1mw | 34w 2cos(wt) I 34w 5+3w _ ,
—— AT+w T+w 1 ———=HF| = 5 5 5 t
Ty ATen (‘")[ 3tw 2 ‘(2 22w 242w @D

n2QM 1w L 1w 2wcos(wt) I 1-w 34w .,
— AT T sinTvw (wt) [ 1 + —————— » Fi| = ;sin“(wt) ] |-
w

2V 1— 27 242w’ 242w

Also in this case, w is defined as in Eq. (4.2.6), A, C, D are real integration constants, 1 denotes
the Gaussian hypergeometric function and it is assumed

tel, (4.2.37)

where [ is a maximal interval such that

I C(0,7/w) and y() >0 forallrel. (4.2.38)

(Note that the assumption A > 0 and the first condition on / grant x(¢) > 0.)
To proceed, let us mention that Eqs. (3.2.7) (4.2.36) imply

E=VIAD; (4.2.39)
therefore, to fulfill the energy constraint £ = 0 we must require

D=0. (4.2.40)

4.2.1. Big Bang analysis

Recalling the general assumptions 2" > 0 and —1 < w < 1 (see Eqgs. (4.0.4)(4.2.2)), in the
present subsection we proceed to investigate the presence of an initial Big Bang singularity and
the asymptotic behavior close to it for one of the previous solutions, taken as an example. More
precisely, we assume

Vi>0, (4.2.41)

we restrict the attention to the corresponding solution described in Eqs. (4.2.11)(4.2.21) and
proceed to examine the circumstances in which a Big Bang occurs at t =0 (cf. Eq. (4.0.2)). To
this purpose, let us first remark that the expressions for x(¢) and y(¢) in Eq. (4.2.11) and the
constraint in Eq. (4.2.21) yield the following asymptotics, for t — 0 ('%):

x()=Awt + é At +0@), (4.2.42)

(1+w)n* Q"
20 -—w) W
While the hypothesis A > 0 in Eq. (4.2.11) grants that x(¢) >0 for all 7 € (0, 00), the above

expansion for y(#) makes evident that, under the assumptions (4.2.41), the analogous condition
y(t) >0 (cf. Eq. (4.2.3)) can be fulfilled in a right neighborhood of r = 0 if and only if

min{4‘ 34w

1 2 _ 143w 1-w }
yi)=C+ 3 C(wt)” + AT T (wt) e + O ¢t Hel) o (4.2.43)

18 Ty derive the expansions (4.2.42)(4.2.43) it is useful to recall that the Gauss series for 7 ] (see, e.g., [27, Eq. 15.2.1])
yields o Fy(a, b, c; z) =1+ O(z) for z—0 and any a, beR, ceR\{0, -1, =2, ...}.
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C=0. (4.2.44)

Hereafter we analyze separately the cases C > 0 and C =0.

i) C >0 From Egs. (3.2.3)(4.2.42)(4.2.43) we infer, for t — 07,

At = o logt + log((A )T Cﬁ) + O(tmi“{lﬁ ) (4.2.45)
w
1 : —w
o) = 1 log1 + log((A w)T e C*ﬁ) + o(t“““{z‘ﬁ}) : (4.2.46)
w
In view of Egs. (2.2.4)(3.2.2) and of the above expansions, we further obtain
1 1 1 min{ 2n(14+w)+1 n(1-—w)+1
a(t) — (A w)n(l+w) Cn(l—w) t n(+w) + 0 t n(l+w) ° n(l+w) (4247)
BO — (Aw) T CTE T 4 0(:“““{?13% = ) (4.2.48)

Recalling again that —1 <w < 1, Eq. (4.2.47) shows that a(t) — 0 for t — 0T, while Eq. (4.2.48)
proves that ¢B® is integrable in a right neighborhood of ¢ = 0. Therefore, making reference to
the arguments related to Eq. (2.2.19), we can properly speak of a Big Bang at + = 0. In this
connection, let us further remark that Eqs. (4.2.45) and (4.2.48) imply, for ¢ — 0%,

1 1—nw 1 ) nQ+w)—1 n(1—2w)—1
BO—AO/M _ (4 a))_n(ﬂﬁ) C =W Al 4 O(me{ nlHw) > adtw) }> . (4249

On account of Eq. (2.2.20) and of the fact that nl(ﬂ_% < 1 (inourcase withn >2and —1 < w <
1), the latter relation ensures the presence of a particle horizon.
Next, let us note that Eqgs. (4.2.7)(4.2.8) and the asymptotic expansions in Eqs. (4.2.42)(4.2.43)

(see also Eq. (4.2.6)) give

1 in{4, 3w
w? ) =1—8 (1+—w) (wt)* + 0<tmm[4’ T+w }) , (4.2.50)
—w
2.2 (m) —w 34w 2(0-w)
Q™ (1) = % e 0<tmm[ Thi T }> , 4.2.51)
C (Aw) T

Eq. (4.2.50) suggests that the scalar field behaves as stiff matter close to the Big Bang. On the
other hand, Eq. (4.2.51) indicates that Q(¢) — 0 for t — 07T; together with Eq. (4.0.5), this
implies Q¢ (¢t) — 1 for t — 0T, thus showing that the scalar field is dominant at the Big Bang.
Regarding the cosmic time t = 7(t), let us notice that Egs. (2.2.19)(4.2.48) imply

(1)) =———F— 1T + O Trw * TFw
(A w)T+w

which can be locally inverted to give

dtw ™ o (rmn G forr — 0%, (4.2.52)

(Aw)®

w(l+w)

(14+w)lHtw Cc1=w

t(r) =

(r/0)1+v 4 0((r/9)mi“{2v3“+w>}) for 7/6 — O™

(4.2.53)

Using Eq. (4.2.53) for t = ¢ (1), the expansions (4.2.47)-(4.2.51) can be reformulated in terms of
the cosmic time t; for example, Eq. (4.2.47) yields
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CAw\/" [ 2004w+ n(—w)+1
a(t) = (—“’) (r/)Y" + 0<(r/9)”"“{ T }> for /60 — 0%.
I+w
(4.2.54)
ii) C =0 First notice that Egs. (3.2.3)(4.2.42)(4.2.43) imply, for t — 07,
2 1 14+w)?n? Q"
A = log? + Jog [ LW " 2 v o), (4.2.55)
14w 1 —w 4(A a))H—_ww
1 (14+w)2n? QL 5
t)=— 1 o). 4.2.56
P =~ og( rrrvorl RAd) (4.2.56)
On account of Egs. (2.2.4)(3.2.2), the above expansions allow us to infer that
1
2 om 2\ n(i—w) :
Q.7 (1 __ 4w g 242n(14w)
a(t) = (%) (Aw) n-w?) palw) 4 0(; n(I-+w) )’ 4.2.57)
2 2 om\Tw
B(t) _ w 0 (t? 4.2.58
e ( T (Aw) +0@). (4.2.58)

Similarly to the case with C > 0 discussed in the previous paragraph, the above relations show
that a(t) — 0 for r — 0% and even imply the integrability of ¢B®) in a right neighborhood of
t =0 (for —1 < w < 1); so, we have a Big Bang at r = 0. To say more, Eqgs. (4.2.55)(4.2.58)
give, fort — 0T,

nw—1

l w 2]’12 Q(’”) n(l1-w) 2w2—n(1+w)) 2 2n(14+w)—2
eB(I)_-A(t)/n=<(—|—)—* (A(,()) n(lfwz) tin(H»w) + 0 t nn(l+uw) ,

4
(4.2.59)

which, together with Eq. (2.2.20), indicates that a particle horizon occurs whenever nlsz) < 1.
In our case with n > 2 and —1 < w < 1, this is equivalent to w > (2/n) — 1 (cf. Eq. (4.0.7) and
the related comments); especially, let us point out that the latter condition is fulfilled in the case
of radiation where w = 1/n.

Concerning the coefficient in the field equation of state and the matter density parameter, from

Eqgs. (4.2.7)(4.2.8)(4.2.42)(4.2.43) we obtain

2
2 <1+_w)2<2_w + 2V2A2)
3+w 1-w n2 Qim)
w? () =—1+ (w1)? 4+ 0%, (4.2.60)
(1+_w 42 A )
1—w n2 Qi’")

1 2V, A?
QM OH=1- ﬂ 2 (w[)z + 0([4) . (4261)

l—w  p2Q

The above relations indicate, respectively, that close to the Big Bang the scalar field ¢ behaves
as a cosmological constant whereas the dominant contribution comes from the matter fluid.
To conclude, from Egs. (2.2.19) and (4.2.58) we readily infer

(14+w)*n? Q"

T AoP ) t+ 0@*  fort—0F, (4.2.62)
w

T(t)/0 =<
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which entails, by inversion,

2.2 oim
t(r):<(1+w) n? QU

T T-w
4(Aw) ) (t/6) + O((x/0)*)  fort/0 — 0F. (4.2.63)

Of course, the previous expansions (4.2.57)-(4.2.61) can be rephrased in terms of the cosmic
time t, using Eq. (4.2.63); for example, we have

(14w)2n?2 Q"
a(t)= [ ———*

1
n(l+w) 2 2+n(1+w)
2 (z/0)"0+w) + 0<(r/9) n(l+w) ) for r/6 — 0%,

(4.2.64)

4.2.2. Far future analysis

The qualitative behavior on large time scales of the model under analysis depends sensibly on
the choice of the parameters which characterize the solutions x (¢), y(¢) of the Lagrange equations
(4.2.4)(4.2.5). In the sequel we account (at least partially) for this rather predictable fact, referring
once more to the exemplary case whose Big Bang phenomenology was examined in the previous
paragraph.
Correspondingly, we assume again that QU > 0, —1 <w <1 and V| > 0 (see
Eqgs. (4.0.4)(4.2.2)(4.2.41)), and consider the solution given in Eqgs. (4.2.11)(4.2.21) with the
condition C > 0 (see Eq. (4.2.44)), which grants the occurrence of a Big Bang r = 0.

A discussion of the maximal domain Let us recall that the domain of definition for the said
solutions x(¢), y(¢) is a maximal interval I C (0, 400) such that y(z) > O for all t € I (see
Eq. (4.2.15)). In general, the maximal interval where the expression for y(¢) in Eq. (4.2.11) gives
y(¢) > 0 cannot be determined by purely analytical means and one must perform a numerical
investigation. On the other hand, let us notice that for r — 400 we have ('”)

S(6) = (4.2.65)
1—w
C AT (142 1— 1— 2Qy
=+ F<+w)r< w) =V il B
2 4ym \ 14w 2(1+w)/\ w A forO<w<1,
+O(eﬁwt>
1—w?) AV,
(1—-w?) Ztewt+0(ewt) forw =0,
2w? )
_ 2 ATFw L —w
_ d—w)(+w)” AT V) eiTw“”-}-O(e(iTw_l)w’) for —1<w<0.
4w w?

19 To derive the expansions in Eq. (4.2.65) one should recall that for z — —oo (see, e.g., [27, Egs. (15.2.2)(15.8.2)])

SFi(a,bciz)= rere—a)r'(1 — (b —a)) (—)= — Fe)re—a)r'(l — (b —a))

ro)yric—a)'la—b+1) Fra)'(c—b)I'(b—a+1)
+ 0<(_Z)7min{a+l,b+l}> i

(-2~
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Keeping in mind the previous assumptions on the parameters, the above asymptotics show that
the inequality y(#) > 0 holds only if (*°)

y w |: 27 C N n? Qe

2= 71 142 - Tw 2
I—w | M55 (7)) AT A

Vo>0 for—1 <w <0.

:| forO<w<1, (4.2.66)

Recalling that C > 0, we see that the above condition on V, for 0 <w <1 is certainly fulfilled if

Vo >0. (4.2.67)

Whenever the conditions in Eq. (4.2.66) are violated, y(¢) eventually becomes negative; since
y(2) is positive close to the Big Bang (for ¢ — 0V), it follows that y(#) must vanish at some finite
time, namely,

¢, €(0,+00) suchthat y(t)=0. (4.2.68)

In this case the maximal admissible interval I is a subset of (0, z,.). Besides, given that x(¢) =
A sinh(w1?) is strictly positive and finite for all ¢ € (0, t,), from Eqgs. (2.2.4)(3.2.3) we see that

1 1
a(t) = x(t) "0 y(f) = — () fort —t . (4.2.69)

The above relation suggests that a Big Crunch could occur at ¢ = #,; in this regard, it should
be recalled that the very definition of Big Crunch also requires ) to be integrable in a left
neighborhood of 7. Since Eqs. (3.2.2)(3.2.3) give

BO — gm0 — y ()T (1) T (4.2.70)

it follows that €5 is certainly integrable for t — ¢~ if 0w < 1, while a finer analysis is needed
to ascertain the integrability of eB® when —1 <w <0.

On the other side, let us stress that the fulfillment of the conditions in Eq. (4.2.66) is certainly
not sufficient to ensure y(¢) > 0 for all # € (0, +00). Notwithstanding, in the upcoming subsec-
tion 4.2.3 we are going to show that this condition is actually attained at least for a specific choice
of the parameters; for such a choice, the maximal admissible domain is in fact

I =(0,+00) . 4.2.71)

By continuity arguments, the same happens when the parameters are close to the above men-
tioned choice.

Asymptotic expansions Assuming Eq. (4.2.71) and restricting the attention to the case

O<w<l, (4.2.72)
of interest for the subsequent applications, for t — +00 we obtain
2
Alt) = —— ot (4.2.73)
1—w

L AT C+A5l—$r 12w\ | 1-w 1—wv+n2sz§;">
(0]
[ e 2v7 \Ultw ) Qa+w/)\ 7w 7?7 a2

20 Tp this connection, note that F(l]':—zu'f) F(z%ﬁ%) >0forall0<w < 1.
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2w
- wt
+ 0(g T+w ) s

2w
o) = — 1= w2 wt 4.2.74)

1—w 1—w
1 A TR AT (142w 1—-w l—w n? Q"
- 1 C r r V-
—w Og[ S ( MW (l—i—w) (2<1+w>)( w 2T TR

+oe o).

W) = — 142w + O(e—li“:,, wr) (4.2.75)

Q" (1) = (4.2.76)
2322 e Y Y

2(1-w??n? QL (A/)1F R )]

1—w
) ATTw (142 1- 1- 2"
(Aw) <C+ Nz F<1+$>F(2(1+lﬁ))>< e Vet ))

In particular, note that the field ¢ is the dominant contribution for t — +o00 (¥ =1-Q™ — 1
for t — o0; see Eq. (4.0.5)).

Also in this case, the previous asymptotic expansions can be rephrased using of the cosmic time
7; to this purpose, one should first notice that Eqs. (2.2.2)(3.2.2)(4.2.74) entail, for t — +o0,

h
7(1)/0 = (4.2.77)

2 w _ _ 20m\\T=v ,,2
21 w C+A1+ r 142w r 1—w 1—w V2+n Q. e12—w2 ot
Ltw 27 1+w 2(1+w) w A2

tws w
21-w2 2A T+u @

o (el )

As an example, let us mention that by inverting the above relation, from Eqs. (2.2.4)(4.2.73) we
get the following, for t/6 — +o00:

21 Let us give some hints about the derivation of the asymptotic expansion (4.2.77), understanding that the maximal
domain of definition of the solution is / = (0, +00) as in Eq. (4.2.71). Firstly notice that Eqs. (2.2.2)(3.2.2) imply, for
any fixed t, >0 and for all # >0,

1
T(1)/0 =1(1x)/0 +/d,/ e wel

Ix

Then, Eq. (4.2.77) can be derived substituting the expansion (4.2.74) for ¢(¢) in the above identity and integrat-
2wRw—

1) t,
ing each term separately; in this connection, it is worth noting that 7(t4)/6 = O(1) and flt* dt’ O(e -z ) =
2ww—1) 0 2ww—1)
o(e -2 “")+0(1)zo((ew’)m”{ ? ]) for 1 — +00.
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a(r) = 4.2.78)
B
2 l/w nw
A(R) .,
1—w
ATFw (142 1— 1— 2 Qm
C+om F<1+$>F(2(1+lfu)) <Tw V245 )

+0 ((T/e)maxglnz,;Z,W}>

4.2.3. Qualitative analysis of one of the previous cases. A model for inflation

We now proceed to examine in more detail a particular case of the cosmological model an-
alyzed before in the present subsection 4.2, selecting specific values for the associated free
parameters. Let us anticipate that the rationale behind the said choice of parameters is to re-
alize an inflationary scenario, in a very early stage of the universe. This scenario would allow,
among else, to resolve the flatness, horizon and monopole problems. The above considerations
and the arguments to be presented in the sequel are largely inspired by the model portrayed in
[35, Sec. 11.4], where inflation is triggered by a true cosmological constant; on the contrary,
here we plan to mimic this cosmological constant contribution using the scalar field ¢ with a
self-interaction potential of the form (4.2.1).
To begin with, let us fix the space dimension and the spatial curvature as (see Eq. (4.0.1))

n=3, k=0. (4.2.79)

We further suppose that the ordinary matter content of the universe can be described by means
of a perfect fluid of radiation type, i.e., we posit

w=1/3. (4.2.80)

To proceed, let us refer to the considerations related to Egs. (2.2.25)-(2.2.29); these indicate
that the field ¢ can effectively reproduce a cosmological constant contribution whenever the
self-interaction potential V(@) possesses a stationary point (see Eq. (2.2.26)), which can be as-
sumed to be zero after a translation ¢ > ¢ + const.. More precisely, we require the potential in
Eq. (4.2.1) to attain a maximum at ¢ = 0, which happens if

Vi=2V, Vo=-V forsome V > 0. (4.2.81)

With the above choices, the potential (4.2.1) reduces to
2 4
V(p) =V (Ze?‘p _ef g0) (4.2.82)

(see Fig. 7 for the plot of the map ¢ € R~ V(p)/ V).

Since the condition V| > 0 is certainly fulfilled in the case under analysis, we can refer to
the Lagrange equations (4.2.9)(4.2.10) and to the corresponding solutions x (), y(¢) written in
Eq. (4.2.11); taking also into account the associated zero-energy constraint (4.2.21) and using
some known relations for the hypergeometric functions » F| appearing in Eq. (4.2.11) (°%), we
obtain

21 particular, the derivation of the expression for y(¢) in Eq. (4.2.83) relies on the identity

1 59 5 1 15
2F1(*,*,*;Z> [zFl(f -, = z>fx/lfz] forzeR.

=§ 2,4,42
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U(qf)N

-4+

Fig. 7. Plot of the map ¢ — V(¢)/V, for V(¢) as in Eq. (4.2.82).

x(t) = Asinh(wt) ,

(m)
y(t) = C cosh(wt) + Q (1 + Al ) V/sinh(wt)

2 2 A2

A 9Qu" 115
- £ <1 - 2A2*V> V/sinh(w?) cosh(wt) 2 F; (E L —sinhz(wt)) ,

2
(4.2.83)
where, according to Eq. (4.2.6),
242V
w= 3 . (4.2.84)

Choice of a special solution Quite understandably, the analysis of the model at issue becomes
significantly simpler if the parameter A (left unspecified until now) is fixed so as to get rid of the
hypergeometric function , F appearing in the expression for y(¢) in Eq. (4.2.83); to this purpose,
we set

9QMm  2/Qm
Q" >0, A= * * (4.2.85)
2V w

Next, let us require a Big Bang to occur at + = 0 and recall that this can happen only if C > 0
(see Eq. (4.2.44)); accordingly, for later convenience we put

s\
C:\/A§E< ;‘) ¢ for ¢>0. (4.2.86)
w

With the above choices (4.2.85)(4.2.86), Eq. (4.2.83) reduces to

This identity can be derived with some elementary computations starting from the Gauss series representation of o F|
(see, e.g., [27, Eq. 15.2.1]) and using some known relations for the Euler gamma functions I" appearing therein. The
same identity could also be derived (with some more effort) from the relations for contiguous hypergeometric functions
(see, e.g., [27, § 15.5(iD)]).
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- (m) 1/4
w0 =22 Sinn (o) y(f>=<42§) m[lﬂ%}‘

(4.2.87)

It is evident that the above expressions fulfill x(¢) >0 and y(¢#) >0 for all # >0 (cf. Eq. (4.2.3));
so, we can understand the solution (4.2.87) to be defined on the maximal admissible domain

I =(0,400). (4.2.88)

To go on, let us note that Egs. (2.2.2)(3.2.2)(3.2.3) and Eq. (4.2.87) give the following expression
for the cosmic time:

! t
_ F =14 N G120 — , cosh(wt’)
T(1)/0 /dt xR v /dl \/1 +¢ N Torah (4.2.89)
0 0 '

Concerning the scale factor and the field, from Eq. (2.2.4), Eq. (3.2.3) (with y = w =1/3) and
Eqgs. (4.2.84) (4.2.87) we infer

(m)
a(t)=x1/4(t)y1/2(t)=< Q ) [sinh(@1) |1+ ¢ ;% (4.2.90)
_ 3 cosh(wt)
_ 3/4 3/2(5)) — _ >
o) =log(x* () y /(1)) = 5 log[l +¢ m] (4.2.91)

Finally, the equation of state coefficient for the scalar field and the density parameter of radiation
can be determined using Eqs. (4.2.7)(4.2.8) and (4.2.87), which gives

222(1—sinh®(w 1))’

4 sinh*(w 1) + 12¢ cosh(w?) sinh®?(w ) + ¢2(14-3sinh* (o t))2
(4.2.92)

w () = -1+

Q" (1) = sinh(wt) + ¢ cosh(wt) 4/sinh(wt) . 4.2.93)

(cosh(w)/sh(@1) + § (1+3sinh? (1))’

In the sequel we first discuss the exceptional case ¢ = 0, and then proceed to analyze the more
generic configuration with ¢ > 0.

The case { =0 This case deserves a special mention because it corresponds to a scenario where
the field ¢ behaves exactly as a cosmological constant. Eqs. (4.2.89)-(4.2.93) with ¢ = 0 give the
following results, for ¢ € (0, +00):

®)/0=t, (4.2.94)

and a(t) = 4QY /)4 /sinh(w1), ¢(t) = const. = 0, w? () = const. = —1, QU (1) =
1 /coshz(wt). Equivalently, viewing these observables as functions of the cosmic time 7 €
(0, +00):

1/4
49(771)
a(t) = (—;) Vsinh(wt/0) , @(r) =const. =0,
w

1
cosh?(wt/6)

(4.2.95)

w?(r) =const. = —1, QM (1) =
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In particular, from the above explicit expression for a(t) we infer *

m)1/4 1/2 5/2 T
ae z{(m* ) (/) + 0(r?) for 7/6 — 0T, (42.96)

Q0 J?) /4 % D 1 0 (e /%) for /0 — +o0.

The case ¢ >0 Let us return to Egs. (4.2.89)-(4.2.93), that we now use with ¢ > 0. We first
derive the asymptotic expansions of T(7)/0, a(t), w? (t), Q" (¢) in the limit of small and large ¢.
The behavior of (¢)/6 in these limits can be derived from the general asymptotic expansions
(4.2.52) (4.2.77), which in the present setting reduce to (**)

{2V o) oo
w

27/4 172

T(t)/0 = 4.2.97)
e%“”+0(1) fort — +o00.

The behavior of a(t), w? (¢), Q™ (¢) for small and large ¢ is obtained by direct inspection of
Egs. (4.2.90) (4.2.92)(4.2.93) which give, respectively:

1/4
4"
\/E —*) t1/4+0(t3/4) fort — 01,
1)

a(t) = N7 (4.2.98)
* a)t wt .
\/E(2w2> es —}—O( 4 ) fort — 400 ;
1—160%>+ 0% fort— 0t
w9 (t) = 7 (4.2.99)
—§+O(e_%“”) fort — +00:
4
f 2+ 0@) fort — 0T,
QM (1) = (4.2.100)
ie_%“”—i—O(e_3"”) fort — 400.
IV2¢

For our purposes it is also important to consider the behavior of the above observables when ¢
ranges in a compact interval, and ¢ is small. Indeed, let us fix any two times 0 < #; < to; then,
from Eqs. (4.2.89)(4.2.90)(4.2.92)(4.2.93) it readily follows that

m \ /4
()0 =t+0(@), a(t)= (49 ) Vsinh(wt) + 0(2) ,

w?()=-1+0(?, Q"(r) =

(4.2.101)

— 4+ 0(),
coshz(a)t)+ ©

for ¢ — 0T, uniformly in ¢ € [, f2].

23 One cannot naively refer to the asymptotic expansions in Eqs. (4.2.73)-(4.2.78) for ¢ = 0, since in this case the
dominant contribution written in Eq. (4.2.65) for 0<w <1 vanishes identically.

24 More precisely, the asymptotics in Eq. (4.2.97) follow from the cited Eqs. (4.2.52) and (4.2.77) fixingn =3, w = 1/3,
Vi =2V and V= —V (with V>0), A = (920"/2v)"/? and € = (900" /2v)"/*
with Egs. (4.2.79)(4.2.80)(4.2.81)(4.2.85)(4.2.86).

¢ (with Q(m) >0), in agreement
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Let us rephrase the previous results viewing the above observables as functions of cosmic time.
From Egs. (4.2.97) and (4.2.98)-(4.2.100) we deduce

3¢\ 1/4
<—J2—> (@) (x/6)'3 + 0(x/0) fort/0 — O,
w

a(t) = (4.2.102)
1 m\1/4 3 2 .
{,/2048 (QUN)7 (1/0)° + 0((r/0)7)  fort/0 — +00 ;
W2 \3
1—(Z=—) @/} +0((x/0)'°3) fort/6 — 0t
w? (1) = ; ( 2¢ ) ( ) (4.2.103)
-5 + 0((1/9)—2) for t/0 — +o0;
(6—‘”)2/3 (/) + 0((x/)*?)  fort/6 — OF
- ’
Q" (1) = 3 (4.2.104)
4¢ —10 -1
(/)T (/0)" "+ 0((x/9)~"'") for /0 > +00.
Eq. (4.2.101) implies the following, for any pair 0 < 7] < 7 of cosmic time instants:
(4 Q“’”)
a(t) = Vsinh(wt/60) 4+ O(¢),
w?()=-1+0@¢%, Q"(r)= +0(), (4.2.105)

cosh?(w7/6)
for ¢ — 07T, uniformly in T € [71, 2].

Let us briefly comment the above results. According to Eq. (4.2.105), on each compact interval
[t1, T2], with 71 > 0 so as to ensure a strict separation from the Big Bang, for ¢ sufficiently
small the scale factor a(r) grows exponentially and w® (7) is close to —1, indicating that the
field plays the role a cosmological constant. As a consequence, the behavior of the system for
T € [11, 72] and small ¢ is similar to that described in the previous paragraph for ¢ = 0 and all
7 € (0, +00). The situation is completely different if we approach the Big Bang, or if we consider
the very far future; for example, Eq. (4.2.102) shows that a(t) has a power law dependence on
7/6 with exponents 1/3 and 3, respectively, for /0 — 0" and 7/0 — +o0.

The presence of an epoch of exponential growth for a(7), preceded and followed by periods with
slower expansion rates, is typical of inflationary models. In the sequel we will show that one can
adjust the parameters of the system so as to obtain a rather realistic model for inflation, even
from a quantitative point of view.

An interlude on the quantitative determination of cosmic time Let us recall that 7(r)/6 is
expressed via Eq. (4.2.89) as a nontrivial integral over the interval (0, #]. The numerical com-
putation of this integral (for specified values of all parameters) is problematic, especially in the
situation of greatest interest for us. In fact, for ¢ — 07 the integrand function in Eq. (4.2.89)
behaves like +/Z (wt’)~1/4, the product of the divergent factor (wt’)~'/4 by the parameter /.
To make things worse, in the sequel we are mostly interested in a case where ¢ is very small.

Fortunately, the problem that we have just outlined can be overcome. In fact, starting from the
integral representation (4.2.89) it is possible to determine analytically two elementary functions
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Tzi such that T{_ ) <t/ < T;'(t) for arbitrary ¢,t > 0; we refer to Appendix C for a
detailed description of such functions. The same Appendix shows that, in the application with
small ¢ considered in next paragraph, T;’ (t) and T, (1) are very close for all the considered

values of ¢, so that the mean (1/ 2)(T§_ + T;)(t) is a very accurate approximant for t(¢)/6. In
the calculations mentioned in the next paragraph, t(¢)/6 has always been approximated with the
previous mean.

A plausible scenario with inflation Let us now present a reasonable choice of the parameters
not yet specified for the model under analysis, which can in fact lead to a physically plausible
inflationary scenario. The key idea that we are going to pursue is that the scale factor grows
exponentially in a compact interval of cosmic time, at least for very small values of ¢ (a fact
made evident by the asymptotic expansion written in Eq. (4.2.90)).

Inspired by standard arguments (see, e.g., [35, Sec. 11.4]), we set the time parameter 6 equal to
the alleged time of Grand Unified Theory (GUT), namely,

6 =10"0sec, (4.2.106)

and presume that the universe undergoes an inflationary expansion at least during the interval
of cosmic time approximately comprised between T ~ 6 and 7 >~ N 0, for some given N large
enough. In the sequel we will refer to the case where

N=100; (4.2.107)

analogous results could be derived for other values of N, with the same order of magnitude.
Correspondingly, let us assume that the dimensionless parameter ¢ introduced in Eq. (4.2.86) is
exponentially small with respect to N; more precisely, we put

¢ =e N ~3.72008... x 1074, (4.2.108)

On the contrary, let Q¢ and V be independent of N and comparable to unity, so that the same
holds true for w (due to Eq. (4.2.84)); as an example, let us fix

22V
QU =0.308, V=1, = 3

~0.9428.... (4.2.109)

Having fixed all the involved parameters, for any given ¢ we can calculate the numerical values
of the quantities 7(7)/0, a(t), w® (¢), Q"™ (¢). For 7(¢)/0 we use, in place of the integral repre-
sentation (4.2.89), the very accurate approximation method mentioned in the previous paragraph
and described in Appendix C; for a(r), w® (¢) and Q™ (r) we use Egs. (4.2.90)(4.2.92)(4.2.93).
Figs. 8—11 give a(r) as a function of the dimensionless quantity /6, for different ranges of
the latter; these figures have been obtained drawing the curve ¢+ (r(t) /9, a(r(t))) for ¢ within
different intervals (namely, for ¢ € (0, 1099, 7 € (0, 200), ¢ € (0, 240) and ¢ € (0, 400)). Log-
arithmic scales are used for both 7/0 and a(t) in Fig. 11; this makes evident that there is a
comparatively short interval of cosmic time where the scale factor increases abruptly. Just to
give an idea of the orders of magnitude involved in these arguments, let us mention that
71=500, 7 =1500 = ™) _ 5 97056 x 102 (4.2.110)
a(ry)
Fig. 12 and Fig. 13 refer to the equation of state parameter for the field; more precisely they
give w® (1) as a function of 7/0, for the latter variable ranging in two different intervals. Again,
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Fig. 8. a(r) as a function of /6.
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Fig. 9. a(r) as a function of 7/6.

a(r)
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Fig. 10. a(t) as a function of 7/6.

these graphs have been obtained as parametric plots (the curve ¢ — (r(t) /0, w(‘”)(t(t))) has
been plotted for 7 € (0,1072) and ¢ € (0, 230), respectively). In particular, Fig. 12 suggests
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Fig. 11. a(t) as a function of /6. Logarithmic scales are used on both axes.
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Fig. 12. w® (z) as a function of /6.
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Fig. 13. w® (1) as a function of /6.

w®(7) — 1~ for /0 — 0T, in agreement with Eq. (4.2.103). On the other hand, Fig. 13 exhibits
a sharp transition from w® = —1 to w = —7/9 >~ —0.777...; this behavior corresponds to the
general features previously pointed out in Egs. (4.2.101)(4.2.103).

Finally, let us consider the density parameter 2 for the radiation content of the universe. Fig. 14
and Fig. 15 represent Q™ (1) as a function of 7/6 (and have been obtained plotting the curve
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Fig. 14. Q™ (1) as a function of 7/6.
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Fig. 15. Q™ (1) as a function of 7/6.

t > (t(t)/0, Q™ (x (1)) for t € (0,107%) and ¢ € (0, 7), respectively). Fig. 14 makes evident
that Q™ (t) — 07 for /0 — 07 (see Eq. (4.2.104) for the leading order in the corresponding
asymptotic expansion). Fig. 15 shows instead that () ~ 1 for small (though, not too small)
values of 7/6 and Q" (t) rapidly vanishes for larger values of the cosmic time, in accordance
with the general features mentioned in Egs. (4.2.101)(4.2.103).

4.3. Solutions for class 7 potentials with a matter fluid. The nonlinear repulsor/oscillator model

In this section, we refer to the integrable subcase (i) in the analysis of class 7 potentials (see
page 36), with an additional prescription: the exponent 2/y — 2 in the potential V of Eq. (3.7.1) is
required to be an even integer 2¢ > 4. Here are some motivations for this additional requirement:
i) The map & +— £2/Y=2 appearing in Eqs. (3.7.1)(3.7.8)(3.7.9), is well defined, smooth and
bounded from below for & ranging throughout the whole real axis if and only if 2/y —2=2¢ €
{0,2,4,...}.

ii) For 2/y —2 =0 (i.e.,, y=1), the potential V of Eq. (3.7.1) is constant. For 2/y —2 =2 (i.e.
y=1/2), Eq. (3.7.1) gives V(p) = (1/2)(V] — V1) + (1/2)(V| + V») cosh ¢; thus, V becomes a
class 1 potential (cf. Eq. (3.1.1)), to be treated with the simpler methods already described for that
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class. Summing up, the cases 2/y —2 =0, 2 can be regarded as trivial; excluding them from the
considerations in the previous item (i), we are left with the condition2/y —2 =2¢ € {4, 6,8, ...}.
To proceed, let us recall that the subcase (i) of page 36 requires k =0, y = (1 — w)/2; on top of
that, we assume V| and V; to be positive. Thus, the complete list of our choices is the following:

1 -1
— . W=
£+1 41
In particular, note that 1/3 < w < 1 forall £ € {2,3,4,...} and w = 1/3 if and only if £ = 2.
With the above choices (4.3.1), Egs. (3.7.1)(3.7.4) and (3.7.6) for the potential V(¢), the gauge
function B = B and the coordinate change (x, y) — (A, ¢) respectively reduce to:

20 20
Vip) = V|:<cosh(e:;l)> + <sinh<gi;l)) ] , pel,y,=(—00,400);

Vi>0, V>0, k=0, y= 0e{2,3,4,..}. 43.1)

4.3.2)
-1 2 9
B= log (x*—y%) ; (4.3.3)
+1 +1
A= + log (xz—yz), o= £+l 10g<x+y> ; (4.3.4)
2 2 xX—y
(x,y) € Dyy,=D:= {(x,y) eR? | x>0, —x<y <x} . 4.3.5)

Note that, for A as above one has A— —oo when x> — y? — 0%. Correspondingly, noting that
the scale factor for the cosmology under analysis is given by (see Eq. (2.2.4))
0+1

a=(x*—y)", (4.3.6)
we have a — 07 for x> — y2— 07 this fact is especially relevant for the presence of a Big Bang.
To say more, assuming that a Big Bang does actually occur at # = 0 in agreement with Eq. (4.0.2)
() and adding the conventional prescription () — 07 for  — 0T, from Egs. (4.0.3)(4.3.3) we
derive the following expression for the cosmic time coordinate:

t
T(1)/0 = / dt’ (x*(t") — y* (1))
0

Next let us recall that, in the subcase (i) for the potentials of class 7, the Lagrangian (3.7.8) and
the corresponding energy (3.7.9) take the separable forms (3.7.10)(3.7.11). With the prescriptions
stated in Eq. (4.3.1), the cited Egs. (3.7.10)(3.7.11) give:

1

—
7, 4.3.7)

2 om)
Lx,y,x,9)=L1(x, %) +L2(y,y) — 7
. ) (4.3.8)
) €+ 1, . (£+1D~ .,
L1, 8) == — 2=, Ly, = 5 ¥ = Vay®t
. . . 2
Ex,y,x,y) =&, x)+ &0, y) + >
) ) (4.3.9)
. €+ 1), ) €+ 1)~ .
El(x,x>=—Tx2+v1x”, £z<y,y>:Ty2+vzy”.

25 We will show in the sequel that this condition can in fact be attained.
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In the sequel we discuss the solutions of the Lagrange equations corresponding to the above
Lagrangians £, L2, providing explicit quadrature formulas for them and discussing their asymp-
totic behaviors in different regimes of interest for the applications to be discussed in the sequel.
Before proceeding with this analysis, let us express in terms of the coordinates x, y two other
relevant observables: namely, the coefficient w® in the equation of state for the field and the di-
mensionless density parameter for matter 2. The general relations (2.2.12)(2.2.31), combined
with Egs. (4.3.1)(4.3.3)(4.3.4) for the case under analysis, yield the following results:

po — LFD?y —89)? =202 —y?) (Vi 4 V2 y?)
L+ D2y —xy)2+202 = y)(Vix2 + V320
w_ AP —y?)
D2 (xx—yy)?

(4.3.10)

(4.3.11)

4.3.1. Constants of motion and quadrature formulas

From here to the end of the present subsection 4.3, we stick to the configuration described by
Eq. (4.3.1) and refer to Egs. (4.3.8)(4.3.9) for the Lagrangian £ and the corresponding energy £.
The Lagrangian system described by £ can be analyzed in terms of the separate 1-dimensional
subsystems with Lagrangians £1, £,, whose energies &1, & are constants of motion. Of course,
the Lagrangians £, £; (as well as the energies &1, &) are well defined and smooth for any real x
and y. Keeping this in mind, in the sequel we shall first study separately the subsystems with La-
grangians £1, £, assuming x, y € (—00, +00), and reserve to a second step the implementation
of the condition (x, y) €D, v, (see Eq. (4.3.5)).
From the expression (4.3.9) for the total energy £, we see that the constraint £ = 0 is fulfilled if
and only if £ and & are expressed as follows:

n2 Qm
2

The expression for & in Eq. (4.3.9) makes evident that F > 0, and that F = 0 only along motions
with y(t) = 0 and y(¢) = 0 for all #; in the sequel we exclude such motions, fixing

Fe(0,+00) . (4.3.13)

Since we are assuming Q" > 0 (see Eq. (4.0.4)), the above condition also grants that & €
(0, +00).

Let us now consider two motions 7 — x(¢) and 7 — y(¢) fulfilling the Lagrange equations, with
energies fixed according to the above prescriptions (and ¢ ranging within suitable intervals).
Then, from Egs. (4.3.9)(4.3.12) we infer

04 1)? 04 1)2
( J;) %j}Z—FszZZ:?. (4.3.14)

The above equations can be interpreted as the conservation laws for the energies of two fictitious

2, 2, . .
@xz, @ y2 and potential energies —V; x¢,

& =-¢&, EH=F, E=F+

(4.3.12)

P-vixt=¢,

mechanical systems with kinetic energies
Vs y2[ , that we can denominate, respectively, a nonlinear repulsor and a nonlinear oscillator.
From the second equality in Eq. (4.3.14) we see that t — y(¢) is an oscillatory motion such that

0 €[=(3/v) "0 (/) V] forails (4.3.15)

(the above interval is the set {y R | V5 y2¢ <F} and the times ¢ such that y(r) = :I:(S"/ Vz)l/(w
are inversion times for the motion). Since V;x2¢ >0 and & > 0, from the first equality in
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Eq. (4.3.14) we infer %(t) >0, i.e. x(t) # O for all 7. Thus x(¢) has a constant sign, and the
function ¢ > x(¢) is strictly monotonic.
From Eq. (4.3.14) we also infer quadrature formulas containing the hypergeometric-type function

1 1 1
F, = 1, . 43.1
1(2) =2 1(2 2% 2£+ Z) (4.3.16)

More precisely, we have the following implications (*°):

x(t) is well defined for ¢ € [t1, t2] and sgnx(¢t) =& € {£1} forall ¢ € (1, 12) 4.3.17)
= &) = T [ B (0178 2 0) — v e~ /6) % @) ]

V2¢E
y(t) is well defined for ¢ € [#1, 2] and sgny(t) =0 € {1} forall ¢ € (¢, 1) (4.3.18)

= 0 (=11 = L[y B2/ v 1) — 0 Fo(a/5) v ) .

V2 F
For future use, let us mention the asymptotic expansion (*’)
Fg=-—ct L 0<L> for z — o0 , (4.3.19)
Z1/(2[) - 1)\/2 Z3/2

oo L (LY (2T
SRV ) 20 )’

here the dominant term is Cy/z'/9, since 0<1/(2¢) <1/4. Again for future use, let us also
mention the special value (*%)

20+1
VT ( 20 )
r(5r)
4.3.2. Choosing the initial data
We now fix the attention on the solutions ¢ — x(¢) and ¢ — y(¢) of the Lagrange equations

for £1, £, with energies as in Eqs. (4.3.12)(4.3.13) and with the following initial data, specified
at time ¢t = 0 by convention:

Fo(l) = (4.3.20)

x(0)=y0)=Y € (0, (F/ V2)1/<2‘f>) , $0)=u>0, y0)=v>0. (4.3.21)

The upper bound (F/ V5)!/ 29 prescribed here for Y is motivated by Eq. (4.3.15). The equality
x(0) = y(0) will be employed in the sequel to infer that the scale factor a(¢) vanishes for t — 0"

26 Let us give a few details on the derivation of Eq. (4.3.17). To express the integral in Eq. (4.3.17) in terms
of Fy write ;((;2)) dx/E+Vx2t = L( (;C(tz) X(tl))d JV14+(V1/€)x2t and then use for i = 1,2 the fol-
lowing relatlons based on the change of variable x = x(t; )s1/@0 with s €0, 11: fx(t’ dx//14+ (Vi /&) x2t =

A(t’)f ds s2 1/\/1+(V1/8)x22(t,)3 =x(t) F[( - (Vl/S)xzz(t, ) One proceeds similarly to express in terms of
Fy the 1ntegra1 in Eq. (4.3.18).

27 This expansion follows from the definition (4.3.16) of Fy and from some known identities about hypergeometric
functions, namely: a Kummer transformation (see, e.g., [27, Eq. 15.8.2]) and the elementary relations » Fy (a,0,¢,¢) =1
forall¢,2F1 (a,b,c,)=1+ 0() for ¢ — 0.

28 Eq. (4.3.20) follows from the definition (4.3.16) of Fy and from a general result about , F (a, b, c, 1) (see, e.g., [27,
Eq. 15.4.20]).
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(see the considerations after Eqs. (4.3.3)-(4.3.5)), a fact related to the occurrence of a Big Bang.
Let us also point out that Eq. (4.3.14) for the energies (here employed at time ¢ = 0) and the
assumptions in Eq. (4.3.21) give

R N ARG AT @322
Each one of the solutions ¢ + x(¢) and ¢ — y(¢) is intended to be defined on the maximal
admissible domain, that is on the largest interval containing # = 0 on which the solution is well
defined.

The discussion of subsection 4.3.1, combined with the present assumptions, ensures that 7
x(t) is a strictly increasing function, while 7 — y(¢) oscillates.
The map ¢ — x(¢) has a bounded domain of the form

(tmins tmax) with — 00 < tyin <0 < tyax < +00. (4.3.23)
The finite times i, tmqx are characterized by the fact that

l‘+

x(t) > —oo for t —>1. x(t) = +oo for t >t

max *

(4.3.24)

To determine f,,,, it suffices to employ the quadrature formula (4.3.17) with £ = +1, t; =0,
1) = tmayx and x(t1), x (f2) replaced by Y, 400, respectively; in this way we obtain

+00
t+1 d e+1
tnax = :/‘_E m = \/%2-_8 |: lirf X Fg(—(V1/8)x2£)_ YFE(—(Vl/E) Yze):|
X x— 400
Y
£+1 C
NG [(Vl/e)zl/(z‘) B YFZ(_(VI/& Y%)} (4.3.25)

(the limit x — 400 indicated above is computed using the asymptotic expansion written in
Eq. (4.3.19); the cited equation also defines the constant Cy). The time t,,,;,, could be determined
by similar computations, but is irrelevant for the subsequent applications.

Let us now pass to the function ¢ — y(¢), which oscillates in the range indicated by Eq. (4.3.15).
This function is well defined for all # € (—o0, +00) and periodic:

ye+T)=y@). (4.3.26)

The period T is twice the time needed for y(¢) to pass from the minimum to the maximum of
the interval in Eq. (4.3.15), and this time can be computed using the quadrature formula (4.3.18);
this gives

(F/Vy)l/eo
F_p bl dy C2V2(0+ D) Fe(D) 4327
V2 VI 2t JF(n/Hren o
—(F/ V)10

with Fy(1) given by Eq. (4.3.20).

From here to the end of the present Section 4.3, x(¢) and y(¢) are the functions discussed above,
i.e., the solutions of maximal domain of the Lagrange equations with initial data (4.3.21) and
energies (4.3.12)(4.3.13).
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Behavior of x(t) for positive times. The limits t — 07 and t — tmax Fort€(0, t,,4,) the func-
tion x(¢) increases, starting from the initial value x(0) =Y > 0 and ultimately diverging. The
small ¢ behavior of x(¢), x(¢) is determined by the smoothness of these functions and by the

initial data (4.3.21), which of course imply

x(=Y+ut+ 0%, x@)=u+ 0@) fort— 0. (4.3.28)
On the other hand, the quadrature formula (4.3.17) with £ =41, ¢, =0, =t € (0, t,4x) and
x(t1) =Y gives

x(t)
et dx

+1
2 g VE+Vx2¢ NG [

x(0) Fe(~(1/0x ) = ¥ (-7 v*)].

(4.3.29)

From here and from Eq. (4.3.25) for t,,4x, we obtain

L+1 Cy 2
tmax =1 = [(Vl/a)l/% —x0 F(~vi/&) 5 0) | forallt € O, ta).
(4.3.30)
We know that x(t) — +oo for t — ¢, ; this fact, together with the asymptotics (4.3.19), entails
£+1 1 1

tnax—1 = 0 , 4.3.31

max (z — 1) ,—2V1 xe—l(t) + (x”‘l(t)) ( )
whence (%%)

(1) ( et )“ ! +O<(l t)%> fort —t
x() = max — 1) T ort — .
C=DVV) (=)™ -

(4.3.32)

The above result also allows to determine the behavior of x(¢) as ¢ approaches t,,,, . In fact, from
Eq. (4.3.14) and from the positivity of x(¢) we infer x(¢) = %\/ &+ V1x24(t), which together
with Eq. (4.3.32) gives

1
. £4+1 =T 1 e
1) = + O (tgx — 1) &1 fort — 1t .

(4.3.33)

Behavior of y(t) for positive times. The limit t — 0% Since y(0) > 0 (see Eq. (4.3.21)), y(¢)
will be positive from ¢ = 0 up to the first positive inversion time

t, :=min {t€(0, 400) | y(1) =0} (4.3.34)

29 To invert the asymptotic relation between #,4x — ¢ and x(¢) one should note that, since tyqx —t = %(1 +

0(x72(3([))) for some nonzero constant, it follows x () = % (1+ O((tmax— t)%/“*l))).
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at which y attains its maximum value y(t,) = (F/ V2)1/2O  The small ¢ behavior of y(t), y(t) is
determined by the same smoothness considerations that, combined with the initial data (4.3.21),
give

YO =Y +vt+0@d, yt)=v+0@) fort— 0F. (4.3.35)

On the other hand, using the quadrature formula (4.3.18) witho = +1,# =0, =t € (0, t,)
and y(f1) =Y, we get

y(@)

= Ej; J \/#zy% = 3:_; [y F (Vo515 @) = ¥ R (V2P v ]
(4.3.36)
Taking the limit  — ¢, in the last equation we get
(F/vy)!/C0
(4.3.37)

After the inversion time #,, y(f) decreases until it reaches the subsequent inversion time, and
so on. Note that, depending on the choices of the parameters, it can be t, < fy,4x, OF fygx > ty,
or even f, = ty4y; in the sequel we will give explicit examples of the first two alternatives (see
Eqgs. (4.3.63)(4.3.64) and the related comments). When #, < f,,,4, y(¢) has enough time to invert
its motion (at least once) before the explosion of x(z).

In any case, the smoothness of y(¢) for all r € (—oo, +00) ensures the finiteness of y(#4x),
V(tmax) and yields the obvious relations

y(t)ZY(tmax)+0(t_tmax) s y(t) z)')(tmax)'i‘o(t_tmax) fort — tmax - (4338)
The condition (x(t), y(t)) € D We now claim that the functions ¢ — x(¢), y(¢) fulfill

x()>0 and —x(t) <y(t) <x() forall te (0, ) . (4.3.39)

This means that, (x(t), y(t)) €D (see Eq. (4.3.5)) for all ¢ € (0, t,,4x), a mandatory require-
ment for associating to the motion ¢ — (x(¢), y(¢)) a cosmological model via the transformation
(4.3.3)-(4.3.4). For the proof of Eq. (4.3.39), we refer to Appendix D.

4.3.3. Big Bang analysis

From now on we consider the cosmology corresponding to the motion ¢ € (0, tjqx) —
(x(1), y(t)) € D described in the preceding subsection.
The asymptotic behavior of x(¢#) and y(t) for t — 0" is obviously determined by
Egs. (4.3.28)(4.3.35), which involve the parameters Y, u, v introduced in Eqgs. (4.3.21)(4.3.22);
in the sequel we will frequently use the related quantity

Z:=wu—v)Y>0. (4.3.40)
From Egs. (4.3.6)(4.3.10)(4.3.11) we deduce the following, for t — 07
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alty=Q2)" t + O(t"+5+l) ; (4.3.41)
8(Vi+Vp) Y% )
Dy=1———=—— 4+ 0@ 4342
w® (1) iz Tow (4.3.42)
2n 2 (m) 5
QM =—"—"—"""_1r4+0@ 4.3.43
()= T’z +0@). ( )

It is convenient to describe the limit + — 0% in terms of the cosmic time 7. This can be done
starting from Eq. (4.3.7), that gives an integral representation for 7 (¢); from here we obtain
t
22) Sl

f(t)/e):/ e = +o(a)F)] = mﬁw(ﬁ) for t — 07,
0

(4.3.44)

The above relation shows, in particular, that T(t) — 0% for t — 0%. Considering the inverse
function ¢ — #(t), one readily checks that Eq. (4.3.44) implies

£4+1 L 4
t(r) = L (r/6)™1 ((r/@)“‘) fort — 0T . (4.3.45)
AR £+1
To go on, let us view the observables of the model as functions of the cosmic time t; inserting

the asymptotic relation (4.3.45) into Eqgs. (4.3.41)-(4.3.43), we find the following for T — 07:

a(r) = ((€+ D Z)" (t/0)7 + 0<(r/9) MV) ; (43.46)

w® (1) =1+ 0((r/9)ﬁ) : (4.3.47)
2 oim) 4

QU (1) = Lﬂ (t/6)@T + 0 ((r/e)m) . (4.3.48)

(t+1zZ)wT

From the above expansions it appears that, for T — 07: the scale factor a(r) vanishes, which
indicates the occurrence of a Big Bang; the reciprocal 1/a(t) diverges in a non-integrable way if
n = 2, indicating the absence of a particle horizon in the case of a (24 1)-dimensional spacetime,
while it diverges in an integrable way if n > 2, showing that a particle horizon occurs when the
space dimension is equal to or greater than 3; Q™ (7) — 0, which on account of Eq. (4.0.5)
proves that the field energy density dominates on matter density close to the Big Bang.

4.3.4. Far future analysis
From Egs. (4.3.6)(4.3.10)(4.3.11) and (4.3.32)(4.3.38) we infer that the scale factor, the equa-
tion of state coefficient for the field and the matter density parameter behave, respectively, as

follows fort — ¢,

(1) ( el )nf;_',) ( )" AT 40 (( )Z"M(ZB”) (4.3.49)
H=| —— fmax — 1)~ = fmax — 1) "= : 3.

a (E _ 1)m max max

w®(1) = =1+ 0 ((tnax = 07T (4.3.50)

2

M) (Y — 2 Om A (T N
QM) =n Q* 2Wv) 11 (tmax—1) + O (tmax

2(6+1)
= ) (4.3.51)



D. Fermi et al. / Nuclear Physics B 957 (2020) 115095 81

It is convenient to describe the limit # — ¢, in terms of the cosmic time. To this purpose, we
must first determine the asymptotics of 7 (¢) in this limit starting from the integral representation
(4.3.7); since it is not so obvious how to proceed, we have given some detail on this computation

in Appendix D. Here we only report the final result, which reads

L+1 tmax 2
1)/0 = 1 P+ O (tyax— 1)1 fort -1t _,
T 0g<tmax—t)+ #O((mar=07T) - ort = s
(4.3.52)
tmax
el t+1

P:= | di'| (x*() —y*()) T — 1 t’_l].

/ [(x<> P200) T — e e =)

Thus 7(¢) — +oo for t — t,,,.. Considering the inverse function ¢ > #(7), it can be checked

that Eq. (4.3.52) implies the following, for T — +o0:

(=1)/2v; (t-1)/2v]
tar—t(@) = Qe w1 Dy 0V g sy BT (43.53)

Inserting the above relation into Eqs. (4.3.49)-(4.3.51), we find the following for t — +o0:

£+1
a(e) = ( t+1 )”“” L am O(e i /9)> (4.3.54)
(€~ DV2V: 0
-
w?(t)=—1+ O( — T (t/e)) (4.3.55)

QM (x) = n2 QI (2V)) 71 <(z_1)1Q)l - Hﬂ(/euo(*zmwe))' (4.3.56)
+

Thus, for T — +oo the following phenomena occur with exponential speed: the scale factor
diverges, the field behaves like a cosmological constant (w®(z) — —1) and the field energy
density dominates on matter density.

4.3.5. Some numerical examples
Let us now restrict the attention to realistic, 3-dimensional scenarios; to this purpose, we put
(cf. Eq. (4.1.62))

n=3, Q™=0308. (4.3.57)

In the sequel we consider two exemplary configurations corresponding, respectively, to the fol-
lowing choices of the parameters £, V1, V, which characterize the potential V(¢) of Eq. (4.3.2):
=2, Vi=1, Vo =0.1; (4.3.58)
=2, Vi=1, Va=107. (4.3.59)
Making reference to Eq. (4.3.12), we specify the energies of the two Lagrangian subsystems
setting

2 m
F=10, E=TF+

= 11.386. (4.3.60)

Furthermore, keeping in mind the upper bound in Eq. (4.3.21) we choose
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Fig. 16. Plot of x(t), with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and either Eq. (4.3.58) or Eq. (4.3.59).
Recall that #;,4 =2.0782....

Y=0.1. (4.3.61)

Let us remark that on account of Eqgs. (4.3.21)(4.3.22), the above choices (4.3.57)-(4.3.61) com-
pletely determine the initial data:

2(0) = y(0) =Y =0.1, (4.3.62)
3
£(0)= E%J&w Y2 = 1.5906....

V2 1.4907... for V, =0.1,
0(0)= V= /F_v, v =
YO=73 2 1.4832... for Vo =103,

Concerning the final time #,,,, and the inversion time ¢, described, respectively, by Eqgs. (4.3.25)
and (4.3.34)(4.3.37), let us point out that the two cases (4.3.58)(4.3.59) (together with the other
choices specified above) describe qualitatively different scenarios. In fact, 4, = 2.0782... for
Vi =1 (and any V), while t, =2.7140... for V, = 0.1 and ¢, =0.2109... for V, = 103 (inde-
pendently of V7). Thus, we have

fmax < s for Vi=1, V,=0.1, (4.3.63)
fnax > T for Vi=1, V,=10%. (4.3.64)

Figs. 16 and 17 give plots of the Lagrangian coordinates x(¢), y(¢) for ¢ € (0, t,,4x). Especially,
Fig. 17 makes evident that y(¢) is strictly increasing for ¢ € (0, t;,qx) if €, V1, V> are fixed as in
Eq. (4.3.58), while y(¢) oscillates if ¢, Vi, V, are as in Eq. (4.3.59). This fact is in agreement
with the previous considerations related to Egs. (4.3.63)(4.3.64).

Figs. 18-29 represent the observables a(t), w” (t), 2™ (r) as functions of /0. For each
one of these observables we consider the choices (4.3.57)(4.3.60)(4.3.61) and both choices
(4.3.58)(4.3.59) for the involved parameters; in addition, for each one of the previous choices we
consider two possible ranges for t/6, corresponding in terms of the coordinate time ¢ to the inter-
vals (0, tjuqx /2) (figures with an odd numbering) and (0, & #,,,45) (figures with an even number-
ing), with ¥ = 0.999 so that /6 € (0, 12.8673...) in the case (4.3.58) and 7/6 € (0, 14.0804...)
in the case (4.3.59). As a matter of fact, all these figures were obtained plotting the curves
t= (1(0)/0,a(t)), (t(@) /0, w?P @), (t(t)/0, 2™ (1)) for t € (0, t;yax/2) or t € (0, ﬂtmax).
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y(t)

Fig. 17. Plot of y(¢), with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.58) (in red) or (4.3.59) (in blue).
Recall that t,,4, =2.0782....
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Fig. 18. a(t) as a function of 7/6, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.58).
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Fig. 19. a(t) as a function of 7/6, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.58).
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Fig. 20. w® (1) as a function of T/6, with parameters fixed as in Egs. (4.3.57)(4.3.60)(4.3.61) and (4.3.58).
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Fig. 21. w® (1) as a function of /60, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.58).
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Fig. 22. Q) () as a function of t/6, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.58).
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Fig. 23. QM (1) as a function of 7/6, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.58).
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Fig. 24. a(t) as a function of 7/6, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.59).
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Fig. 25. a(t) as a function of 7/6, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.59).



86

D. Fermi et al. / Nuclear Physics B 957 (2020) 115095
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Fig. 26. w® (1) as a function of 7/6, with parameters fixed as in Eqgs. (4.3.57)(4.3.60)(4.3.61) and (4.3.59).
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Fig. 27. w® (1) as a function of /60, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.59).
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Fig. 28. Q" () as a function of t/6, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.59).
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Fig. 29. Q™ (1) as a function of 7/6, with parameters fixed as in Eqs. (4.3.57)(4.3.60)(4.3.61) and (4.3.59).
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Appendix A. On the setting of Section 2

We consider the spacetime metric (2.2.5) and the coordinate system (2.2.6) (recalling that
Greek indexes range from O to n, while Latin indexes range from 1 to n). Moreover, we make all
the assumptions stated in Section 2 about the scalar field and the matter fluid.

The metric g, From Eq. (2.2.5) we infer (fori, j =1, ...,n)

goo=—0%2e?5 goi =8i0=0, gij =" hyj . (A.1)
Recall that A, B are functions of x° = 7, while the coefficients &; ; are functions of the space co-
ordinates (x') = x. For future use, let us mention that g := det(g,,) can be expressed as follows

in terms of & :=det(h;;)>0:

g=—0%>AT8B) (A2)
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Ricci tensor Ry, and scalar curvature R~ Given the metric (A.1), these are (i, j=1, ..., n):

" .. 1 . 1 ” . .. hi;
Roo=—A+AB—— A2, R,-j=[’—leZA/”_ZB(A+A2—AB)+(n—l)k]e—'z’,
6—28 . .. n+1 ) l’l(l’l- 1)k _2A/n
R()i:Ri()ZO; R= 92 2A—2AB+T.A +T€ .
(A.3)

Note that (n — 1) kh;; /92 = (n — 1)kh;; is the Ricci tensor of the Riemannian manifold
(ML, hij).

Stress-energy tensor for the scalar field Eqgs. (2.1.4)(2.2.9) imply

n—1 1 1
T(¢)/w = 2 [3;& vy — E &uv 0@ 0% — 9_2 gp,vv(w):| . (A4)

n

Since ¢ depends only on ¢ as indicated in Eq. (2.2.10) and g, is asin Eq. (A.1),fori, j =1, ...,n
we have

n—1/1.
T%00 = ) (5 2+ V(<P)> , TP =T%=0,
”1 | (A.5)
@, _ "~ .2 2B 2A/n-28 ;.
T j— I’lK,%Qz qu —e V(‘P) e " hl./ .

Comparing this result with Eq. (2.2.8) for U,, and Eq. (A.1) for g, it follows that 7%, can
be written in the fluid-like form

T(¢)/w = (P(¢) + P(¢)) v, U, + p? Euv > (A.6)
with p@, p® asin Eq. (2.2.11).
Stress-energy tensor for the matter fluid This has the form (2.1.5), where the pressure and

density are related by the equation of state p™ = w p™ (see Eq. (2.1.10)). Using Eq. (2.2.8) for
U, and Eq. (A.1) for g;,,, we obtain

T =0%eFp™,  TWu=T"ip=0, T"5=we"p"h;; (AT

recall that, according to (2.2.10), o™ depends only on t.

Conservation law for the stress-energy tensor of the matter fluid ~Let V, be the covariant deriva-
tive associated to the metric (A.1); then, from Eq. (A.7) for T, we get the following:

VI ™y =—e¢", V,T™" =0; ™ :=p"+w+1)Ap™. (A8)

So, the conservation law V,, 7™* =0 is equivalent to €™ =0; clearly, the latter relation holds

if and only if p™ ()= oM = w+DA® for some constant pi™, which can be written in the form

(2.2.13).
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Einstein equations Let us consider the Einstein equations (2.1.3), i.e.,
1
Eu =0, Epwy = Ryv = 5 guvR = KE(T 0y +T™) (A.9)
From Egs. (A.3)(A.5)(A.7) for Ry, R, T, Ty, and (2.2.13) for p™, we infer (i, j =
1,...,n):
n—1 n—1
¢, Eoi = Eio=0, Eijz—m

with 21, € as in Egs. (2.2.14)(2.2.15). Thus, if we assume Eq. (2.2.13) for o™ (in agreement with
the conservation law for 7 wv)s the Einstein equations are equivalent to A =0, € =0.

Ep = 2AM=B o, (A.10)

Evolution equation for the scalar field According to Eq. (2.1.6), this is O¢ — V/(¢) = 0. Let
us recall that O¢ = ﬁ o («/lgl g™ 8U¢) with g := det(g,.). Expressing the metric and the
corresponding determinant as in Egs. (A.1)(A.2), the field ¢ and its potential V as in Eq. (2.2.9)
(involving the dimensionless equivalents ¢, V) and finally recalling that ¢ depends only on ¢, we
obtain

, n—1e28
O¢ —Vi¢) =— ng, (A.11)

with § as in Eq. (2.2.16). Thus, the field equation (2.1.6) is equivalent to § = 0.

Evaluating the action functional on a history as above Let us consider the action functional
S defined by Eq. (2.1.2), and evaluate it on a history of the type considered in the previous
paragraphs, so that: the spacetime metric g, is given by Eq. (A.1) (implying Eqgs. (A.2) (A.3)
for the determinant g and the scalar curvature R); the scalar field ¢ depends only on ¢ and is
represented with the related potential as in Eq. (2.2.9); the matter density is given by Eq. (2.2.13).
In this way we obtain (with 4 := det(h;;))

S L/dtd"x‘/h(x) |:e“4_8 (A'—AB+ ntl e, n-l ¢2>

~«20 2n 2n
(A.12)

(m)
_n—1 AHBY(p) — n(n —21)9* o A+B n(n g Dk e",,—2A+Bi| .
n

It is straightforward to put the above result in the form (2.3.2).
Appendix B. On the explicit solutions of subsection 4.2

This appendix contains some details on the derivation of the explicit expressions reported in
subsection 4.2 for the solutions x(¢), y(¢) of the Lagrange equations (4.2.4)(4.2.5) fulfilling the
condition x(¢), y(t) > O stated in Eq. (4.2.3). Let us recall that —1 <w <1 (see Eq. (4.2.2)) and
treat separately the cases V1 >0, V1 =0, V1 <O.

B.1. The case Vi >0

To begin with, let us recall that in this case Eqs. (4.2.4)(4.2.5) reduce, respectively, to
Egs. (4.2.9) (4.2.10). By elementary arguments one infers that any positive solution of Eq. (4.2.9)
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can be written in one of the following forms, after possibly a time translation ¢t — ¢ + const. and
a time reflection t — —1:

x(t) = A sinh(wt) for A >0 and t € (0, +00) ; (B.1.1)
x(t) = A cosh(wt) for A>0 and r eR; (B.1.2)
x(t)=Ae”! for A>0 and reR. (B.1.3)

Supposing that the time coordinate ¢ has been fixed so that the solution of Eq. (4.2.9) takes
one of the forms (B.1.1)(B.1.2)(B.1.3), we proceed to determine the corresponding solution of
Eq. (4.2.10) (on the intervals mentioned above) starting from the familiar representation

y(t) = C cosh(wt) + D sinh(wt)
t
1 w 1— 20 .
+ —/ds sinh (w (¢ —S))[(l —w) sz(s)ﬁ _wd —wn"2," x(s)_lltfw ] ,
w 2
0

(B.1.4)

where C, D € R are arbitrary constants. This representation is understood to hold for all values of
w € (—1, 1) granting the convergence of the integral over s € (0, ¢); in cases (B.1.2)(B.1.3) there
are no convergence problems, while in case (B.1.1) we must require i;—i > —1 and — 11':_—3;” >
—1, which happens if and only if —1 < w < 0. Nevertheless, we shall see later that even in the
case (B.1.1) the final result can be extended to all values w € (—1, 1) by analytic continuation
(see, especially, the remark at the end of this subsection).

Of course, the evaluation of the integral in Eq. (B.1.4) with x given by one of

Egs. (B.1.1)(B.1.2)(B.1.3) can be reduced to the computation of the following integrals, for

=15y orn=— 450
t t

1 . . 1 .
- / ds sinh(w (t — s)) sinh"(ws) — / ds sinh (w (t — 5)) cosh”(ws) ,
w ®

0 0
1 t
—/ds sinh (a) (t — s)) e®s . (B.1.5)
w

0

On one hand, by basic trigonometric identities, for any w, t > 0 we have the following relations,
holding under the condition n > —1 that ensures the convergence of the forthcoming integrals

)
t
é/ds sinh (a) (t —s)) sinh” (w s)
0

/ t
inh(wi h(wt
= M/ds cosh(ws) sinh” (ws) — M/ds sinh”*! (ws)
@ w
; 0

30 The last equality in (B.1.6) follows making the change of variable s = % arcsinh( sinh(w t)ﬁ) in the second integral
of the preceding expression. The same change of variable is used to derive the last identity in Eq. (B.1.7).
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1
_ sin?"”(wt) _ cosh(wi) sirlzh”+2(a)t) i W . B.16)
w*(n+1) 2w / V1 +sinh*(wi)v
Similarly, for any w, ¢ > 0 and n € R we get
t
1 .
— /ds sinh (a) (t— s)) cosh”(w s)
w
0
h t . h t
t t
_ _ cosh@n) / ds sinh(ws) cosh (ws) + So0@?) / ds cosh’™ ! (ws)
w w
0 0
1
cosh( 1) (1 —cosh”™! (@) sinh?(w?) [ (1 +sinh?(@1)v)"?
= 5 + dv . (B.1.7)
w?(n+1) 2w? Jv
0

The integrals over v € (0, 1) appearing in Egs. (B.1.6)(B.1.7) can be expressed in terms of hy-
pergeometric functions 7 F1(«, B, y; z), recalling the integral identity (see, e.g., [27, Egs. 15.1.2
and 15.6.1])

1
P=1(1—v)y=B=1 B T(y—
/dvv (1—v) _T®ry-p 2Fi(a, B,y;z) for a, B,y,zeR with y>B>0.

(I—zv)* L'(y)
0

(B.1.8)

Using the above identity witha =1/2, 8=141n/2, y =2+ n/2 and z = — sinh?(w 1) (along
with the basic relations I'(1) =1, ’'2 +n/2) = (1 +n/2)T’'(1 + n/2)), from Eq. (B.1.6) we
infer

t

é/ds sinh (a) (t — s)) sinh” (w s)
0

sinh™2(wt) [ 1 cosh(wi) 1 n n
=T [n+1_ p— 2F1(—,1+—,2+§;—s1nh2(a)t)):|. (B.1.9)

2 2

Likewise, using the identity (B.1.8) with @ = —5/2, B =1/2, y =3/2 and z = — sinh*(w1)
(along with the relations I'(1/2)/T'(3/2) = 2 and »F(B8,a,v;2) = 2F1(e, B,y;2)), from
Eq. (B.1.7) we infer

t
é/ds sinh (a) (t— s)) cosh’ (w s)
0
1 |:cosh(a)t) (1 = cosh” ! (wr))

? n+1

1 3
+ sinhz(wt) 2 F1 <§ , —g 15 T = sinhz(a)t)>:| .

(B.1.10)

On the other hand, for any w, # > 0 and n € R, by direct computations we get
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cosh(wt) + nsinh(wt) — !
(1 —n?) w? .

t
1 !
—/ds sinh(a)(t —s)) e’ = (B.1.11)
1)

0

Let us remark that the right-hand sides of Eqs. (B.1.10)(B.1.11) must be intended in a natural
limit sense for n = £1; more precisely, we understand that

1 — cosh™ N (w1) 1 —cosh™ (wr)

= lim —— = — log(cosh(wt)) ,

1+n n=—1 11 l+n g( ( ))
(B.1.12)

cosh(wt) + n sinh(wt) — e"®! cosh(wt) + nsinh(wt) — ™!
1—n? _— . 1 —n?
+wt :
t — sinh(wt

— 4 2 . sih(@1) (B.1.13)

Summing up, Eqs. (B.1.1)(B.1.2)(B.1.3) for x(¢) and the corresponding expressions for y(z)
descending from Eqs. (B.1.4) and (B.1.9) (B.1.10) (B.1.11) give rise to the explicit solutions
(4.2.11) (4.2.12) (4.2.13) reported in the main text. Correspondingly, Eqs. (B.1.12)(B.1.13) ac-
count for Egs. (4.2.16)(4.2.17).

A final remark on the solution (4.2.11) Let us recall that in all the previous manipulations
yielding the expression (4.2.11) for y(¢) to grant the convergence of the involved integrals we
have assumed %jr—;’ > —1land — 111—3”’;’ > —1, which happens if and only if —1 < w < 0. However,
after proving that the expression (4.2.11) for y(¢) gives a solution of Eq. (4.2.10) for —1 < w <0,
by elementary consideration based on analytic continuation we can infer that the same holds on
the entire region of analyticity w.r.t. w. Regarding this region, let us recall that for any fixed

z€ (—o0,1),2F(a, b, c; ) is analytic w.r.t. the parameters @, b € R and c € R\{0, —1, =2, ...}
34w

(see, e.g., [27]). In Eq. (4.2.11) there appear two hypergeometric terms with ¢ = 575 and ¢ =
% = 23:—2“;) + 1, which are both different from 0, —1, —2, ... if and only if
3+4+2h
- forallh €{0,1,2,...}; B.1.14
T+ 2n or a { } ( )

so, Eq. (4.2.11) gives the general solution of Eq. (4.2.10) for all w as in Eq. (B.1.14) and, in
particular, for all -1 <w < 1.

B.2. The case Vi =0

In this case Eqs. (4.2.4)(4.2.5) respectively reduce to Eqgs. (4.2.24) (4.2.25). It appears that,
after a time translation r — ¢ + const. and possibly a time reflection t — —t, any positive solution
of Eq. (4.2.24) can be written in one of the following ways:

x(t)=At for A>0 and ¢ € (0, 4+00) ; (B.2.1)
x(t)=A for A>0 and t € (—o0, +00) . (B.2.2)
The related solutions of Eq. (4.2.25) can be easily derived via the following integral rep-

resentation, evaluating the basic integrals which result upon substitution of the expressions
(B.2.1)(B.2.2) for x(t):
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t Ky
—w 1—w)n? QL w
W(6) = Co+ Dot + /ds/ds’ [(1 —w) Vax(sH T - % x(s/)_%]
to
(B.2.3)

where Cyp, Dy € R are integration constants and 7o € (0, +00) is fixed arbitrarily.
On one hand, from Egs. (B.2.1)(B.2.3) we infer

Vol4+w)l?(1—w) 1w 3w 220 4+w)?Q" 15w 1w
ty=C+ Dt + A l+w thw + ————————— A” THw THw |

Y@ 2G+w) 4

— w tw 2 (m) w l=w
CS=C0+V2(1 w)AH t1+w_n (I +w) w2y A_lltr—3w[0+w,

34w 2

_ 2 w 2 2 — 2 (m) w _ 2w

D:=Dy— M Ai+ to”'” — M A—% o THw (B.2.4)

2 4
On the other hand, Egs. (B.2.2)(B.2.3) imply

2 2
yi)=C+ Dt +— <(1—w)V2A1+w ——(l—w)wQ('”)A 1+w>,

2 2
C:=Co+=2 <(1—w)V2Al+w—n—(l—w)wSZ"”)A n+w>,

143w

—w 2
D:=Do—1o ((1 —w)V, ATH — % (1—w)wQ™ A~ T ) . (B.2.5)

The expressions (B.2.1)(B.2.2) for x(¢) and (B.2.4)(B.2.5) for y(¢) are patently equivalent to the
explicit solutions (4.2.26)(4.2.27) reported in the main text.

B.3. The case Vi <0

In this case Eqgs. (4.2.4)(4.2.5) reduce, respectively, to Egs. (4.2.34)(4.2.35). By direct inspec-
tion it appears that any positive solution of Eq. (4.2.34) can be written as follows, after a time
translation t — t + const.:

x(t) = A sin(wt) for A>0 and r € (0,7/w) . (B.3.1)

For the general solution of Eq. (4.2.35) (on the interval mentioned above), we have the familiar
representation

y(t) = C cos(wt) + D sin(wt)

!
1 ) 1w w(l —w)n? QY _ 143w
+ — [ ds sin (a) (t —s)) Vol —w)x(s)TFw — — x(s)” THw |,
w
0
(B.3.2)

where C, D R are integration constants. This representation is understood to hold for all values
of we(—1, 1) granting the convergence of the integral over s € (0 t). As in a similar situation
occurring in subsection B.1, convergence holds if and only if 5 +$ —Bw g,
which is equivalent to —1 < w < 0; however, as in the cited subsection the final result will be

extendable to all -1 < w < 1.
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The calculation of the integral in Eq (B 3.2) with x as in Eq. (B.3.1) is reduced to the evaluation

of the subsequent integral, for n = 1 +w orn=— llfu’j’ :

t

1 . .
- /ds sin(w (1 — 5)) sin"(ws) . (B.3.3)
0

By arguments similar to those mentioned in subsection B.1, for any w>0,0<t <w/w and n> —1
we have (*1)

t

l/ds sin (o (t — 5)) sin"(ws)

w
0
. t t
p t
_ sin(w )/ds cos(ws) sin’ (ws) — cos(w )/ds sin ™ (ws)
w
0 0
1

B Sin'7+2(w 1)  cos(wt) sin’7+2(a)t) d v/ (B.34)

2 - 2 v — :
w=(n+1) 2w ; V1 —sin*(wt)v

Also in this case, the remaining integral can be expressed in terms of the hypergeometric function
2 F, resorting to the identity (B.1.8). More precisely, employing the cited identity with o =
1/2, B=1+1n/2, y =2+ 1n/2 and z = sin*(w1) (along with the basic relations I'(1) = 1,
re+n/2)=0+n/2)T (1 +n/2)), we obtain

t

l/ds sin (a) (t — s)) sin(ws)

@
0

sin™2(wt 1 cos(wt 1 .
_ s )[n+1_ niz)m(E 1+g,2+g;sm2(wt)>]. (B.3.5)

Eq. (B.3.1) for x(¢) and the corresponding expression for y(¢) deduced from Eqs. (B.3.2)(B.3.5)
give rise to the explicit solution (4.2.36) reported in the main text.

Considerations of analyticity analogous to those reported in the concluding remark of subsec-
tion B.1 allow us to infer that, although in principle the express1on (4.2.36) for y(t) would hold
only for —1 < w < 0, a posteriori it holds for any w # — 1+2h (h 0,1,2,...) (cf. Eq. (B.1.14)),
and in particular forall -1 <w < 1.

w

Appendix C. Upper and lower bounds for the integral (4.2.89)

Let us refer to the framework of subsection 4.2.3 and consider the expression for cosmic time
given in Eq. (4.2.89). With an obvious change of integration variable, this can be written as

t(1)/6 = fds 1 4g NS e 0, 400) . .1
smhs

31 The condition n > —1 is required to ensure the convergence of the integral in Eq. (B.3.3). Correspondingly, let us note

that the last identity in the cited equation can be derived making the change of variable s = % arccos( 1 —sin?(wr) v).
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From here to the end of this Appendix we assume ¢ > 0. Our goal is to derive from Eq. (C.1)
upper and lower bounds Tci (t) for 7(t)/0, expressed via elementary functions. To this purpose
let us introduce the following pair of functions, for z € (0, +00) :

P(z)::,/ﬁ+z<%+ﬁ)—%1og(1+2ﬁ+2,/ﬁ+z>; (C.2)

Vzi+1-1
Q) :=2z+1+1log| — ). (C.3)
& Vz+1+1
To go on, let us fix two real parameters ¢, L such that
0<£<log(l+\/§)<L<oo, (C4)
and set
Iy ma { cosh?  coshL } ©5)
‘= max , . .
or A/sinh¢  +/sinh L
Finally let us define two continuous, piecewise smooth functions T;E on (0, +00), setting:
2
ip(%;) for 0<tr<tl/w,
® ¢
2
14 14
. %P<?>+\/1+;\/§ (r—5> for £/w <t < Ljw,
¢ ) 2
L L—¢
& P<—2> +y1+ev2 —
w ¢ w
2 g § Lp
+ — Q(—e“”/z)—Q<—e / for L/w <t <400;
+[o(5 7 /
(C.6)
¢ cosh?¢ h¢
¢? Lcos P @ sin for 0 <t <{/w,
o sinh ¢ gzﬁcoshzé
2 2
£cosh”¢ h¢ 14
3 c'os 77( sin 5 ) 1+§M€L( ) for {/w<t<L/w,
T+(l‘)'= w sinh £ g‘ cosh“¢ w
¢ ¢2 € cosh?t P sinh £ Y, L—
w sinh ¢ ¢ coshzﬂ ¢Me.L
2 ¢ coshL _ ¢ coshL
+— Q<7e(“” L)/2>—Q<7)] for L/w <t <+00.
w |: +/sinh L +/sinh L /
(C.7)
We now claim that
T, (1) < t(1)/6 < T;(t) for t € (0, +00) . (C.8)

Most of this Appendix is devoted to the proof of this statement. After the end of the proof, in the
last two paragraphs of the Appendix we discuss the asymptotics of TgjE (#) for small and large ¢,
and present a numerical appreciation of these upper and lower bounds.
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Preliminaries to the proof of Eq. (C.8) Let us consider the function appearing under the square
root in Eq. (C.1), namely,

coshs

+/sinh s .

It can be easily checked that J is a convex function, attaining its global minimum at a point
s € (0, 400); more precisely, we have (asinh is the inverse hyperbolic sine function)

s, :=asinh(1) = log (1++2) , J(ss) = {(r)nf )J(s)=ﬁ. (C.10)
s €(0,+00

J (0, 4+00) = (0,4+00),  J(s):=

(C.9)

Let us note that s, appears in the inequalities (C.4) regarding the parameters ¢, L. The following
bounds can be deduced by elementary arguments (*%):

1 £ cosh?¢ 1
() < for 0<s5<£: (C.11)
s sinhf /s
V2 < J(s) < My for £<s<L: (C.12)
L n cosh L )
— I K ————— ¢/ for L <s <+00. (C.13)
V2 eL/2\/sinh L

We now proceed to prove Eq. (C.8), analyzing separately the cases 0 <t <{/w, {/wo<t<L/w
and L/w <t <4o00.

Proof of Eq. (C.8) for 0<t<{/w For the said values of ¢, from Egs. (C.1)(C.11) we infer

¢ cosh?¢ s
sinhe 5

which by obvious changes of the integration variables can be rephrased as

wz/g (wtsinh £) /(2 cosh?€)
{ £ cosh?? / 1
14+ — 1)/6 < d 1+ —. (C.15
V + S0/ o sinhf TR Jo €15

0

wt
¢ 1
1+$ <t1)/6 < ;/ds 1+ (C.14)
0

Then, noting the basic identity

Z
/ 1 1 1
/do 1+ﬁ=\/\/E+Z<§+\/Z>—Zlog<l+2\/§+2‘/\/2+z> forany z >0,
0

(C.16)
and recalling the definition of P given in Eq. (C.2), we obtain

c? w c2 ¢ cosh?? w sinh ¢
- —t)<1()/0 < - t for 0<t<{l/w. (C.17
) P(;Z ) v/  sinh £ P £2 ¢ cosh?¢ orus fo. )

32 Letus give a few more details on the derivation of Egs. (C.11)(C.12)(C.13). To prove Eq. (C.11) it suffices to note
that the map s € (0, +00) — /s J(s) is strictly increasing and further fulfills /s J(s) — 17 for s — 0F. Eq. (C.12)
follows straightforwardly from the features of J(s) mentioned in the main text. Finally, to infer Eq. (C.13) just notice
that the map s € (0, +00) e=S/2 J (s) is strictly decreasing and such that e=s/2 J(s) — (]/«/E)Jr for s — 4o00.
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The upper and lower bounds in Eq. (C.17) are just T{jE (t) (for the specified values of 7).

Proof of Eq. (C.8) for £/w<t<L/w Splitting the integral in the representation (C.1) for 7 (¢)/6
at s = £ and using the bounds (C.11)(C.12), for the values of # under analysis we obtain

4 wt

1
/ds 1+i+—/ds,/1+;ﬁ

w
0 L

1] ¢ cosh?e 1”
cos S
<t@)/0 < — |ds |1 : ds J1+C My .
t( )/ Cl)/ s + sinh ¢ f S +€ ¢,L
0

Now, evaluating the integrals for s € (0, £) with the same methods presented in the previous
paragraph, and computing explicitly the trivial integrals for s € (¢, wt) we readily get

2 [t ¢ ¢% L cosh’¢ sinh £
ZP(C_Z)+m (t B 5) s T/f < w sinh £ P(C%OShZe)
¢
e (i)
w

for (/o <t<Ljw. (C.19)

<

gl

(C.18)

The upper and lower bounds in Eq. (C.19) are just TCjE (1) (for the considered values of 7).

Proof of Eq. (C.8) for L/w<t<+0o Let us separate the integral in Eq. (C.1) at s = £ and at
s = L; then, recalling the bounds (C.11)(C.12)(C.13), for the considered values of ¢ we obtain

£ L
1 [ ¢ 1 [
_ 2 _ 2 p5/2
a)/ds 1+ﬁ+w/ds\/1+§ﬁ+ /ds 1+ e
0 0

< 1()/0 < (C.20)

L wt
/z cosh?¢ g 1 1 cosh L
d ds /1 M —[ds |1 —e%/2,
s sinh ¢ SViFe “‘+w/ S\/ e eL/zx/sinhLe
z L
The mtegrals for s € (0, £) and for s € (£, L) can be treated as described in the previous para-
graph. On the other hand, the integrals for s € (L, wt) can both be recast in the following form,

performing the change of the integration variable o := 5 ¢%/? with n = % and n = %,
respectively:
mt/2
/ Vi+o
/dS 1+ne€/2_ / +o :Z[Q(newf/Z)_Q(neL/Z)] (C21)
o

nel2

where Q is defined as in Eq. (C.3). Summing up, the above arguments allow us to infer that

() o) o)
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ST()/0 < (C.22)
c% 0 cosh?¢ sinh £ Yy L —
w sinh ¢ ;2 cosh?? ¢Me.r w

L E[Q<§ cosh L e(u)t—L)/Z) —Q(Z coshL>]’
w +/sinh L +/sinh L
for L/w <t < 400, where the obtained upper and lower bounds coincide with Tf ().
The arguments described in the previous paragraphs prove Eq. (C.8) for all t € (0, +00).

Asymptotics of TCjE (t) for small and large t  The asymptotic behavior of P(z), Q(z) for z — 0
and z — 400 is readily derived from the definitions (C.2)(C.3). Especially, note that

4
Pz) = 3 el 0(15/4) for z — 0, Q@) =24/7+ 0(2_1/2) for z - 400.
(C.23)
From here and from Eqs. (C.6) (C.7) one infers
4 2\ 1/4
_<i> 44 05 fort — 0F,
T (=13 \ (C.24)
2412
—— i1 0() fort — +o00;
1/4
4 (2 ¢cosh’e
: (f_M AL 0 fort - 0F
T, (1) = @ sm (C.25)
4( ;COShL )1/2 ﬁlth—i-O(l) fOI‘[—) +00
— | = e )
w \el/2 \/sinh L

By comparison with Eq. (4.2.97) for 7(¢)/6, we see that T, (1) has just the same asymptotics as

7(¢)/60 both for small and large ¢; on the other hand, the asymptotics of T;“ (t) and t(¢)/0 are
very similar in both limits.

A numerical test Let us consider the following prescriptions for the parameters of the model,
which are used in the final paragraph of subsection 4.2.3 to get a realistic model of inflation:

22V
t=e10~372008...x107*%, QM=09, V=1, ©=""—00428 ...

(C.26)

To determine the upper and lower bounds Tgi of Egs. (C.6)(C.7), let us fix as follows the param-
eters £, L appearing therein (and in Eq. (C.4)):

¢= % log (14++/2) ~0.4406...,  L=2log(1++2)~1.7627.... (C.27)

Fig. 30 and 31 are plots of the functions T;E over different time intervals (namely: for ¢ €
(0, 1079 and for ¢ € (0, 240), respectively). The graphs of T{jE are very close in Fig. 30, and
practically coincide in Fig. 31. Let us recall that, according to Eq. (C.8), we have T, () <
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Fig. 30. Plot of T[(t) (in red) and T;’ (t) (in blue).
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Fig. 31. Plot of Téf (#) (in red) and T; (t) (in blue).

(1)/0 < T§+ (t) for all + > 0. For ¢ in the ranges of the two figures these bounds, being very
close, determine 7 (¢)/6 up to a very small uncertainty; in particular, t(¢)/6 is approximated with
excellent accuracy by the mean value (1/ 2)(T; + T;“)(t). We have used this approximation of
7(t)/6 (with £, L as in Eq. (C.27)) for all the computations in the final paragraph of subsection
4.2.3 (and in particular, to construct Figs. 8—15). To conclude, let us remark that Fig. 31 exhibits
the approximate linear dependence 7 (¢)/6 > t for positive (not too large) values of the coordinate
time ¢, in accordance with the expansion given in Eq. (4.2.101).

Appendix D. On the model of subsection 4.3

Let us keep all the assumptions and notations of the cited subsection; in particular, we consider
a motion ¢ — x(¢), y(t) with initial conditions as in (4.3.21) (4.3.22). Hereafter we justify some
technical statements appearing without proof in subsection 4.3.

D.1. Proof of Eq. (4.3.39): x(t) > 0 and —x(t) < y(t) < x(¢t) forall t € (0, tiax)

The statement in Eq. (4.3.39) about x(¢) is obvious, since x(0) =Y > 0 and ¢ + x(¢) is a
strictly increasing function. In the rest of this subsection we show how to derive the inequalities
—x(t) < y(t) < x(t) for t € (0, tyqyx). Our arguments also involve the inversion time ¢, of Egs.
(4.3.34) (4.3.37); we will treat separately the cases t;4x <ty and tqx > 1.
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i) fmax <ts. For any € (0,tn.), We have Y < x(1), Y < y(t) < (F/V)V/CY and
Egs. (4.3.29)(4.3.36) give

x(1) y(©)

d 2 d
/ x V2 Y (D.1.1)
J [e+vix2t  £+1 J [F—V, y2t
Clearly, the above chain of identities holds true if and only if
x(1) y(®)
dz
—_— for all t € (0, tyax) - (D.1.2)

z
Y/\/€+V1Z25_Yf\/5"—V212‘3

On the other hand, since 1/v/&+V 220 < 1//F =V 22 for all z€[Y, (F/ Vz)ZLk), the above
identity (D.1.2) is certainly violated if x () < y(¢). This suffices to infer that

x(t)>y@t)>Y for all 1 € (0, tyyax) - (D.1.3)

This also implies y(¢) > Y > 0 > —x(t). Therefore, summing up we have x(¢) > y(t) > —x(¢),
as required.

ii) tpax >t . In this case, the relations written in Eqs. (4.3.29)(4.3.36)(D.1.2) hold true for
t € (0, t,) and, by continuity, even for ¢ = t,. Then, repeating the considerations which led to
Eq. (D.1.3), we deduce

x(t)>y@t)>Y forall r € (0,¢]. (D.14)
The above inequalities also imply y(¢) > Y > 0 > —x(t), which allows us to infer
—x() <y@) <x() forall t € (0, 1] . (D.1.5)

Finally, let ¢ € (¢4, tnmax). Recalling that x(¢) is a strictly increasing function, and using
Eq. (D.1.5) at t = t, we infer x(t) > x(t,) > y(tx) = (?/Vz)l/(w; on the other hand, from
Eq. (4.3.15) we know that in any case —(J/ V)12 y() < (F/ Vy)1/20 Summing up, we
obtain

—x() <y(@) <x(t) forall te (ty, tmax) (D.1.6)

and this fact, along with Eq. (D.1.5), ensures —x(¢) < y(¢) < x(¢) for all t € (0, tyyqx)-
D.2. Proof of Eq. (4.3.52): asymptotic behavior of T(t) fort —t,, .

Let us consider the integral representation of t(¢f) given in Eq. (4.3.7). Due to
Eqgs. (4.3.32)(4.3.38), the integrand function therein has the asymptotic expansion

(xz(t’)—yz(t/))% = ﬁ (tmax_l‘/)_l (1+ 0((tmax_ t/){%)) fort’ — Tmax -
(D.2.1)

We now re-write Eq. (4.3.7) isolating the dominant contribution for t — ¢, ., which gives
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t

7(1)/0 = / dt’ (x*(t) —yz(t’))% (D.2.2)
0

t 0+1
_ /# -1
—Zdt (Z— 1) ,—ZVI (tmax t)

t

/ 2/_2/%_ (41 _/—1]

+b/dt |:(x @) —y(t )) —(E D ,_2V1 (tmax—1) .

Computing the first integral above and splitting the second one in two parts, we obtain

T(1)/0 = el lo< fmax )
T U=V P\l —1

tmax tmax
B PN PN o o S _/—1}
+ Of / dt[(x(t) yo (")) (E_l)m(tmax .
t

(D.2.3)

Let us write [...] for the expression appearing above between square brackets; according to
2

Eq. (D.2.1) we have [...] = O((tmax — t’)_1+m) for t' — ¢, ., thus fot’"‘” dt'[...] is conver-

gent and [ dr'[..] = [ dt' O ((tmax — )" TT) = O((tmar — )77) for t— £, In
conclusion,

o= T <""“) (D2.4)

T8 =T O = -
tmax

2 205 t+1 _,_li| N

+/df |:(x @)—y (t)) —(E—l)m (tmax—1") +O((tmax 1)t ),

0
as stated in Eq. (4.3.52).
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