GREEDY APPROXIMATIONS BY SIGNED HARMONIC SUMS AND THE
THUE-MORSE SEQUENCE

SANDRO BETTIN, GIUSEPPE MOLTENI, AND CARLO SANNA

ABSTRACT. Given a real number 7, we study the approximation of 7 by signed harmonic
sums on(7) := Y, . n Sn(7)/n, where the sequence of signs (sn(7))nen is defined “greedily”
by setting sy11(7) := +1 if on(7) < 7, and sy41(7) := —1 otherwise. More precisely, we
compute the limit points and the decay rate of the sequence (on(7) — 7)nen. Moreover, we
give an accurate description of the behavior of the sequence of signs (sn(7))nven, highlighting
a surprising connection with the Thue-Morse sequence.
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1. INTRODUCTION

Riemann’s rearrangement theorem [23], §1.1] asserts that any conditionally convergent series
can be rearranged to converge to any given 7 € RU{+o00}. The classical proof of this result is
constructive: assuming 7 € R, one first sums the positive values until they exceed 7, then one
sums the first few negatives values until going below 7, and so forth. Much in the same way,
one can show that for all 7 € R there exist sequences (s, )nen With s, € {£1} such that

o
Sn

g = =
n

n=1

A natural question is then to determine whether one can find sequences (s )nen such that the
partial sums o, := > _; = converge to 7 particularly quickly. The rate of convergence of o,

to 7, however, has a clear limitation, since |0, —op,—1| = % for alln € N, and so |oy,—1 — 7| > %
for infinitely many integers n. One can then modify the problem along two different routes.

The first approach is to allow the sequence to change and study the asymptotic behavior of
my(7) :=min{|oy — 7| : s1,...,8n5 € {£1}}.

This approach was considered by the authors [I1], where it is shown that

1
1.1 K ———(logN)?
(1) (7)< Kcoxp( ot — (o N)?)

for every € > 0 and some constant K. > 0. This inequality was obtained by interpreting
the problem probabilistically, studying the rate of convergence in distribution of the random
variable » >, %, where the Z,, are independent uniformly distributed random variables in
{-1,+1}.

The sequence of signs realizing the minimums my (7) and my_1(7) are not related, in general.
In particular, the first one is not a subsequence of the second one, and a universal sequence
(Sn)nen giving the best approximation does not exist. Rather than taking the minimum over

all possible choices for the (s,)nen, the second approach is then to fix a specific sequence
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(Sn)nen and to determine whether |0, — 7| can go to zero extremely quickly with n running
along a subsequence (ny)ren. A natural choice for a sequence (s, (T))n ey With

Un(T) = Z Sm(T)

m

m=1

(and op(7) := 0) converging to 7 is the following:

{1, if 7> o0p-1(7);

(1.2) sn(7) = =1, if 7 <op_1(7).

In other words, analogously to the proof of Riemann’s rearrangement theorem, one chooses
sn(7) = —1 if the partial sum ¢,,_1(7) exceeds 7, and s,(7) = 1 otherwise (see Section [2] below
for other possible choices when o,_1(7) = 7). We call this a greedy approzimation to T by
signed harmonic sums since at every step, given o,_1(7), the value of s,(7) is chosen so that
the distance of 0y, (7) from 7 is minimized.

In this paper we consider the second approach, analyzing the decay of o,(7) — 7. Thus,
we stress that from now on, with s, (7) we mean the deterministic sequence defined by (L.2).
Surprisingly, the behavior of the sequence s, (7) is not chaotic, but is extremely structured and
allows one to prove precise results on the asymptotic behavior of o, (7) — 7.

Our first result determines the set S} (7) of limit points of the sequence

k
Si(7) = ((on(T) = 7) ' )nEN
for all integers k € N (the case k = 0 being trivial, since the sequence tends to 0). Surprisingly,
only a few limit points can arise.

Theorem 1.1. There exist sets X1, Xa, ... which are non-empty, pairwise disjoint, countable
and with X, NQ = 0 for all h, such that for all integers k € Z>o and all T € R one has

{0, £co}, if k=0and 7 ¢ Xy;

{£co/2}, itk=0and 7€ Xy;
(1.3) Si1(7) = {0, £c, £oo}, ifk>1and 7 ¢ Yii;

{xcr/2,£o0}, ifk>1and 7€ Xppq = Vi1 \ Yi;

{£o0}, if k>1andTeY;

where Yy, := Up<p Xy, and ¢y, = Q(Q)k!.

Let Yoo := UpZ, Xp. Notice that Y is countable, and thus in particular has Lebesgue
measure zero. From Theorem one immediately deduces the following corollary.

Corollary 1.2. For all integers k > 0 and all T € R one has S;_ () € {0, £, +cp /2, £o0}.
Moreover, if T ¢ Yoo one has Si (1) = {0, £cy, £oo} for all k > 1.

One can also obtain sharp explicit bounds for o, (7) — 7.

Corollary 1.3. Let k > 0 and let 7 ¢ Y. Then there are infinitely many n such that

(1.4) 0 < (on(1) — T)n**t < ¢,
and infinitely many n such that
(1.5) 0 < (1 —on(r))nft < ¢

In particular, if T ¢ Y, then there is a subsequence of (Un(T) — T)neN that decays faster than
any power of n.

Remark 1.4. Corollary [1.3]is slightly sharper than what follows from Theorem Its proof
also shows that the n satisfying one of (1.4 and (|1.5)) form an arithmetic progression modulo
2% when n is sufficiently large.
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FIGURE 1. The graphs of _loglon(M)=7] g 9 <n<10* for 7 = V2425 ¢ Yoo

logn

(left) and 7 = Usz = £((2v2 — 1)7 + log4) € X3 (right).

For almost all 7 one can even determine exactly how small |7 — 0,(7)| can be. Indeed,
one obtains that, for almost all 7, the distance |7 — 0, (7)| is infinitely often as small as
e—(logn)?/logd(1+o(1)) and that this bound is optimal. It is quite remarkable that the sequence
sp(7) allows one to recover, albeit for a subsequence and only for almost all 7, exactly the
estimate obtainable with probabilistic methods [11].

Theorem 1.5. For almost all 7 € R one has

(1.6) liming 2817 =on(M 1

n—00 (logn)? log 4
Remark 1.6. Equation does not hold for all 7 € R. For example, by Theorem one
has that does not hold for all 7 € Y. Indeed, if 7 € X}, one has that |7 — o, (7)| is
always larger than a constant times n™*. In the opposite direction, in Proposition below
we shall show that for any function f: N — Rs( there exists a real number 7 such that
|7 — on(7)| < f(n) infinitely often.
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FIGURE 2. The plot of 522" for 7 = 0 and 1 < j < 265 (i.c., m; < 10'°),
where m; is the minimal integer such that [0, (7) — 7| < [om(7) — 7| for all
m < m;. Note that the sequence is not far from —1/log4 ~ —0.721... which
Theorem predicts as the liminf for almost every 7.

The proofs of Theorem and Theorem are based on a surprising connection between
the sequence (s,(7))neny and the Thue-Morse sequence (t,)n>0. This is a binary sequence
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whose first few values are
0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,...

and which can be defined in several equivalent ways. For example, it can be defined by setting
t, := 0 (respectively, t, := 1) if the binary expansion of n has an even (respectively, odd)
number of 1s. Alternatively, it can be defined by the recurrence relation

to:=0, to, =1n, topt1 = 1—t,,

or by the L-system which starts with 0 and at each step substitutes the digits 0 and 1 with
0,1 and 1,0, respectively (see [13| 14, (15, [16] and [25, Section 2.2]). Furthermore, the Thue—
Morse sequence is 2-automatic, meaning that ¢, is obtained by feeding a deterministic finite
automaton with an output function with the base-2 representation of n [5, Example 5.1.2].
The Thue—Morse sequence has repeatedly appeared in several fields of mathematics, including
dynamic systems, combinatorics, number theory and approximation theory, and has been
studied extensively in its many aspects. We refer for example to [I1, 12} 18, [19, 24}, 26, 27, 28, [29]
and to the nice survey of Allouche and Shallit [6] for a more extensive discussion of the ubiquity
of the Thue-Morse sequence.

For our purposes, it is more convenient to modify the Thue—Morse sequence so that it takes
its values in {41}, and thus we set &, := (=1)!» for all n > 0.

The first connection between the Thue—Morse and our greedy sequence is apparent from the
following identity [30, [35] (see [4, [T, 32] for some generalizations)

ﬁ <1 _ 1>€n _ L
oot 2n + 2 V2

Shallit observed, and Allouche and Cohen [2] later proved, that for all n one has [[?_(1 —

2n1+2)5" > 1/4/2 if and only if e; = 1. In other words, passing to the logarithms, 7 &, f(n)

is the greedy series for —% log 2 with respect to the weight function f(z) := log(1l — T1+2)

It turns out that the connection between the sequence of signs s, (7) and the Thue-Morse
sequence is much broader than the result of Allouche and Cohen might suggest. Indeed, s, (7)
can be written in terms of the Thue-Morse sequence for all 7. We describe this connection in
the following result, which is the key ingredient in the proof of Theorem
We let B, denote the block (g,,)o<n<2r for all r € Z>o. Also, given two or more vectors v; =
(vi,j)j, with (v1,v2,...) we mean the vector (or infinite sequence) obtained by concatenating
the vectors vy, ve,... Moreover, given a vector v and a scalar x, with x - v we mean the vector
v multiplied by the scalar x; for example, (—1) - B = (—¢&p)o<n<or.

Theorem 1.7. Let 7 € R. Then there exist a non-decreasing sequence (k;)ien, with ki € Z>o
for all i, and a sequence (k;)ien, with k; € {£1}, such that

(1.7) (8n(T))nen = (K1 - By, k2 - By, k3 Blgy - - - )-

Moreover, lim;_,o ki = +00 if T ¢ Yo, whereas if 7 € Xy, for some k, then k; = k and k; = 1
for i large enough.

Since for all r1, 79 € Z>¢ with 71 < r9 the block B,, contains the block B,,, we immediately
deduce the following corollary.

Corollary 1.8. If 7 ¢ Yo, then for all v > 0 the sequence ($,(T))nen contains the block B,
infinitely many times.

We remark that Theorem characterizes the elements of the exceptional sets Xj as the
real numbers such that the expansion ([1.7)) is eventually periodic with repeating block By (in
fact, this will actually be our definition of X}). In particular, the elements in X} can be written
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as a rational number plus Uy, ,, for some m € [0, 2’“), where

+oo
n+m

(1.8) Uk =Y Jiln+m) - ),

n=1
with fi being the 2F-periodic function such that fi.(n) = €, for all n € [0,2F). (Notice that
Ukm = —Ug ior—1 for all m € [0, 2k=1).) For small k one can easily write the values Uy,
explicitly. For example,
(1.9) ULO = —log 2, U270 = —%(W + 10g4), U271 = —i(ﬂ' — 10g4).

and so, in particular,
X, CQ=+log2, X5 C Q= (£ +log4).

In general the constants Uy ,, can be written in terms of logarithms of cyclotomic units in
Q(€), where ¢ is a primitive 2F-root of unity. Baker’s theorem can then be used to show that
Uk,m is transcendental for all choices of £ and m. We refer to Section E| for more details on the
sets X}, and the constants Uy ,.

Since the Thue-Morse sequence plays a special role in our work, we examine the case of the

constant
400

En—1
T0 ‘= s
2~
in more detail. This constant appears as the value at s = 1 of the Thue-Morse Dirichlet series
ooy =5, which was studied in [2, B]. In Section |§| we prove that this series converges, and
that the sequence (e5,),>1 indeed coincides with the sequence of signs produced by the greedy
algorithm (much as in the aforementioned work of Allouche and Cohen [2]). In other words,
€n—1 = Sp(70) for all n € N. We remark that this is not immediate. Since the Thue-Morse
sequence is not eventually periodic, then 79 ¢ Y, and the results in Corollaries [1.2 apply
to 79. However, since we know the sequence (s,(70))nen exactly, we are able to prove these
results in an explicit form.

Theorem 1.9. For all n > 1 we have $p(70) = €n—1. Moreover, let k > 1, and let n = 2kn!
with ' odd. Then |o, — To|n* < cx_1, and (1o — 0 (70))nF T ~p encr as n' goes to infinity.
Finally, (1.6|) holds for T = 1y in the more precise form

log |70 — on(70)| + 15 (logn)? 1
(1.10) lim it B0 (0 ¥ zllosn)” 1
n—00 log nloglogn log 2

The first part of this theorem allows one to compute 7y very quickly. The decimal represen-
tation of 7y with 50 correct digits is:

70 = 0.39876108810841881240743054440027306033680891546719 . . ..

In this paper we focused on the case of signed harmonic sums, but our work could also
be extended with little effort to signed sums of the form ) s5(7)n~ for any o € (0,1]
(and, to some extent, also to more generic weight functions). In particular, Theorems
and [1.7|still hold (removing the statement X, NQ = (), once one replaces Sg(7) with S¢(7) :=
((on(T) = 7) - n’”o‘*l)neN and ¢, with ¢f = 2(5)04(04 +1)-(a+k-1).

One can also generalize the problem to other directions. For example, one can consider
the analogous problems in higher dimensions or can require that s, takes its values in the
k-th roots of unity rather than in {£1}. For k # 2 the greedy algorithm again produces a
representation for every complex 7. The rate of convergence has a similar behavior, but some
new phenomena appear, and it is possible that in this case the role of the Thue-Morse sequence
is played by its analogue for the base-k representations of numbers. We still need to study
these generalizations in depth.
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Notation. For ease of notation, in the following we shall usually omit the dependence of 7
in s,(7) and o, (7). We stress, however, that the sequences (oy,)n, and (s, ), are the sequences
obtained from the greedy algorithm applied to 7. Finally, given a set I C R, we indicate
with x7(z) the characteristic function of I.

2. PRELIMINARY CONSIDERATIONS AND THE PROOF OF THEOREM [ 1]

In the definition (1.2) of the sequence (s;), we defined s, := +1 whenever 0,1 = 7.
Of course, other choices are also possible, and one could even decide to stop the algorithm
whenever such equality is achieved. Another natural choice would be that of defining (s, ), as
in when 7 > 0 and putting instead

5 (7) L, if7>o0,-1(7);
n(T) =
-1, ifr <op_1(1);

when 7 < 0. Notice that this alternative definition would ensure that (s,(7))y is odd in 7 for
all 7 # 0. The conclusions of this paper are essentially independent of the choice made in these
special cases, so we chose the definition since it slightly simplifies some statements. In
any case, independently of the choice made, the equality o, = 7 (which clearly requires 7 € Q)
could only be achieved at most one time.

Proposition 2.1. Let h € Z and k € N with (h,k) = 1. Let (ry), be a sequence taking values

in {£1}. Then there exists at most one N € N such that >._ r,/n = h/k. Moreover, if such
an N > 2 exists, then it satisfies N < 3logk.

Proof. Suppose, to get a contradiction, that there exist N, M € N, with N < M, such that
25:1 Tn/n = 271;4:1 rn/n = 7. In particular,
M

(2.1) > =

n=N-+1

Let 2” be the greatest power of 2 dividing some integer in the range N +1,..., M. Notice that
we can assume that M > N + 2 (otherwise the sum contains a unique term, which cannot be
0), and in particular v > 1. Now there exists a unique m in N 4+ 1,..., M that is divisible by
2¥. Indeed, if there were two such integers m,m’ with m < m’, then, letting m = 2"¢g with ¢
odd, we would have that N +1 <m <m+2Y <m/' < M. But m + 2" = 2”“%, which

contradicts the maximality of v. Writing ¢ := lem(n+1,...,n’), we have that ZﬁiN—f—l rng is
odd and hence non-zero, contradicting .

To prove that NV < 3log k one can proceed in a similar way, observing that if 27]:[:1 "= %,
then k is divisible by all prime powers in (N/2, N]. In fact, let p* be any prime power in
(N/2,N]. Then N < 2p”, so that p” is the unique number in [1, N] that is divisible by p”.
Hence, when we multiply the sum ny:l “m by the least common multiply of the denominators,
we get an integer which is congruent to r,» modulo p”; in particular, it is not divisible by p.
Thus k > e¥(N)=¥(N/2) where 1)(x) is the Chebyshev’s function. By [31, Theorem 8] one easily
deduces that (N) — 1 (N/2) > N/3 for all integers N > 2 and the result follows. O
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The set W := {r € R: oy = 7 for some N € N} does not seem easy to characterize,
similarly to what happens in analogous problems on Egyptian fractions (cf. [21, §D11]). It is
clear, however, that W C Q, that W is nonempty (for example, it contains 1, 1/2 =1 —1/2,
1/6 = 1—1/2 —1/3) and that it is a decidable set of Q, as there is an algorithm that, for
every 7 € Q, is able to determine if 7 € W in a finite number of steps. We shall not consider
the problem of studying W in this paper. However, we remark that by Proposition the
equality oy = 7 can be achieved only once for each 7, and so W does not depend on which
version of the greedy algorithm we use.

2.1. Sequence of signs and the corresponding inequalities. A sequence of inequalities
corresponds to every sequence of signs (sy),; indeed, one has

(2.2) Spr1 =41 = o, <7 and Spt1 = —1 = 7 < o,.
In particular, one has that s,11 = +1 and s,,;1 = —1 with n’ > n if and only if o, < 7 < oy,
whereas the reversed inequality holds if s,+; = —s,741 = —1. In both cases
n/
(2.3) s+ (T = 0n) = [ow 7| < low — o] =' 2. Sm/m"
m=n+1

Thus |o,, — 7| < (n' —n)/(n+1) and stronger conclusions may be drawn if one is able to bound

the sum > _ 41 8m/m more effectively, which in turn amounts to controlling the sequence of
signs (S$m)m. The following proposition gives a first example of this phenomenon.

Proposition 2.2. Let 7 € R. Then after the first change of sign the sequence (sp)n has no
three consecutive equal terms. As a consequence, |op — 7| < 2/(n+ 1) for all n following the
first sign change. In particular, the series > .- | sn/n converges to T.

Proof. The definition of the greedy process and the fact that the harmonic series diverges show
that the sequence (s;), contains infinitely many changes of sign. In particular, to prove the
first assertion of the proposition it suffices to show that one cannot have

—Sp = Sp+l = Sp42 = Spp3 =1 OF  — Sy = Spy1 = Spt2 = Spyg = —1
for n large enough. Indeed, if the former equality is satisfied, then by (12.2)) we have
op < Opt1 < 0Opya <7< 0p_1,

whence
I/n=0p1—0p>0pt2—0n=1/(n+2)+1/(n+1),

and this is impossible for n > 2. Analogously, one excludes the second case. The bound for
on — 7, and thus the convergence of the series, follows immediately from ({2.3]). O
Since |op+1 — on] = n%q for all n, one cannot significantly improve the inequality of
Proposition [2.2] for all large enough n. However, the signs patterns exhibited by Theorem
allows us to draw stronger conclusions for arbitrarily large n. The following lemma allows one

to control the sum Y 7\ sy,/m when s, is given by the 1-valued Thue-Morse sequence
en = (—1)". Before stating it, we define the function gi(z) for k € Z>¢ and z > 0 as

(2.4) @)= 3

0<0<2k

157
x+ 0

This function, which could also be defined as a 2¥~!-th iteration of the operator (A, f)(z) :=
f(z) — f(z + @) on the function go(z) := 1 (cf. Lemma 3.1/ below), will play an important role
in the proofs of our results.
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Lemma 2.3. Letr = Zogqu 2Mi >0 with hg > hy > -+ > hq. Then, as x — 0o, we have

> e
x+4 g+l
0<t<r - z

In particular, for all k € Z>o we have

Ck
(2.5) (@) ~ D

as x — 4o00. Furthermore, for x € Rxg, the function gi(x) is positive, decreasing and satisfies
gr(7) < epr™F L,

We postpone the proof of this lemma to Section [3| (cf. Corollary and Lemma . We
now show how this lemma, in combination with Theorem [I.7, implies Theorem [I.1] Before
moving to the proof, we record the “folding” property of the Thue-Morse sequence in terms
of ep:

(2.6) Entm = Enfm Vn,m >0 with n<2"

where h is the greatest nonnegative integer v such that 2” divides m. In particular,

(2.7) Epgoh = —€n Vn,m >0 with n<2"

(see [13] and [25, Section 2.2]).

Proof of Theorem [1.1. We only deal with the case k > 1, the case k = 0 being very similar.
Also, we postpone the proof that the sets X1, Xo,... are pairwise disjoint, countable and with

X, NQ =0 for all k to Section
First, assume that 7 ¢ Yi1. By Theorem there exist IV, 7 € N such that

(2.8) (Sn)TLZN = (’fj ’ Bkj’ Kjt1 - Bkj+1’ Kjt2 - Bkj+27 )
with k; > k + 2 for all i > j. By (2.6)), for h,k > 0 we have
Bjon = (€0 Br+2,61 Bit2, ... n - Brya).

Hence, (2.8) can be rewritten as

(Sn)n>N = (00 - Bi42,01 - Bry2,02 - Biga,...)

where (,,)m 1s a sequence with values in {£1}.
Now let M = N + 22 with m > 0, so that s, 37 = Sme, for 0 < n < 2842, In particular,

Sprpok+1 = —58)r and so by (2.3)) and (2.5) we have

Omee Cht1
0<l<2k+1
as m — oo (i.e., M — 00). It follows that, writing 0 < r < 2¥*2 as in Lemma, we have
(5 g (—1)(1(5 Ch,
k+1 _ gkt k41 mée m
M* (op—14r —7) = M"" (op—1 —7) + M Z M0 _0(1)+W(1+0(1))
o<i<r
as m — oo, whence
0, if r € {0, 21},
: k
: k42, \k+l ) <k if = 2%
m Om(N 4275 m) T 0N soksam gy — T) = —e, if 7 = 2k 4 ok+1,

(—1)%00, ifr ¢ {0,2F 2k+1 ok 4 ok+1y
The fact that S;_ (1) = {0, £cg, F00} then follows.
Now assume that 7 € X;41. By Theorem there exists N € N such that

(Sn)nzN = (Bk+17 Bk+17 Bk+17 s )
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Since the sets X, are pairwise disjoint, we have that 7 ¢ Y. In particular, the above argument
gives

: kb1, \k+1
%gnoo(N—i- 255 m) (o okt 14 — T) = (=1)%00

for 0 < r < 281 £ 2k We shall now show that the above limit is ¢ /2 when r = 0. Similarly
one shows that the limit is —c/2 when r = 2F,
By grouping the sums in the By, blocks, one sees that

0 s oo 2k+1_7 c 0
n ¢ k+1
S oy 4 Y oy 4+ D geaa (N 4 R2HY),
T 2 ON-1 2y 2 N+ hok+l g ON-1 h_09k+1( )

It follows that

o
(29) T — O-N+2k+1’m—1 = Z gk+1(N =+ h2k+l).

h=m

By Lemma gk+1 is positive and decreasing. Thus by (2.5 as z — +o00 one has

+0o0
> gesix + h28Y) = /0 gh1 (z + u2"Y) du + O(z7+2)
h>0
o 1 +o0 Cpo
= 351 grr1(u) du + O(z™"7)

1 T ek k-2 k-2
:2’““/3; (uk+2 + o(u )) du+ O(z )

- Ck+1 —k—1y _ _ Ck —k—1
= SEFI(k 4 D)kl + o(x )= oy +o(x ),

since (k + 1)2¥cy = cp41. Thus, by (2.9) we obtain

lim (N + 2" m) Y (o opsy g — 7) = ek /2,
m—0o0

as claimed. Collecting the above results one obtains Sj (1) = {£cx/2, +00} for 7 € Xpy1.
Finally, the case 7 € Y} of (1.3)) can be proven easily along the same lines. O

Proof of the Corollary[I.3. Since T ¢ Y}, then by Theorem one has that there exists N €
N such that the sequence (sj),>n can be written as a concatenation of blocks £Bjy; =
+(By, —By). It follows that the sequence (s;), contains infinitely many blocks (Bj, —Bj) and
infinitely many blocks (—By, B). Now if (s,),,<p<miyor+1 = (Bg, —By) then applying
with n =m — 1 and n’ = m + 2¥ — 1, we obtain

m+2F—1
OS(T_O'm—l)S' Z Er/T
r=m
where in the third inequality we used Lemma Also, by Proposition the first inequality
is strict if m is large enough. It follows that is satisfied for infinitely many m and one
proves in the same way that the same holds for . O

k

= gr(m) < ¢pym™ -1 < ckp(m — 1)7]“71,

3. THUE-MORSE SUMS AND THE PROOF OF THEOREM

3.1. The function g;(z) and other Thue-Morse sums. We recall that the function g (x)
was defined in (2.4)) as a certain logarithmic average of the Thue-Morse sequence, and that we
defined the operator A, f as (A, f)(x) = f(x) — f(x + ).

Lemma 3.1. For all k € N and x > 0 we have
(3-1) gk(ff) = (A2k71 o---0lgo0 A1)go($)
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or, equivalently,

(3.2) gr(x) = (~1)* /

Proof. Since gy admits derivatives of any order for x > 0, Equation follows immediately
from . Now we prove by induction on k. For k = 1, the equality is immediate. Now
let k > 2 and suppose the claim is true for k£ — 1. Then we split the range of summation [0, 2¥)
in the definition of g into [0,2%~1) U [2¥~1,2%) and shift the variable in the second range by
2F=1 We get

9x(w) = Z xg—iE: Z

0<e<2k 0<¢<2k—1 0<e<2k=1

2k72

20
/ o (@ +ur + -+ ug) dug -+ dug duy.
0

5£+2k 1
x4+ 2814/

= gr-1(z) — ge—1(z +2871),

since £y, 9n—1 = —¢&¢ by the folding property (2 . Thus, by the inductive hypothesis we have
k(1) = Age1gk—1(2) = (Age-10-+- 0 Ay o Ay)go(x),
as claimed. O

The following lemma shows that any logarithmic average of the Thue-Morse sequence can
be expressed as a combination of the functions g (z).

Lemma 3.2. Letr:=} ., 2hi > 0 with hg > hy > -+ > hy, and let rj == >icy 2hi. Then

S = Y W),

0<t<r 0<j<q

Proof. The proof is by induction on q. The case ¢ = 0 holds true by definition. Let ¢ > 1,
and suppose the claim is true for ¢ — 1. The definition of r shows that r = r, + 2Ma | 5o that,
splitting the range of summation [0,7) into [0,7,) U [ry, 7y + 27) and shifting the variable in
the second range by r,, we get
€ Y Eltrg
Z T+l Z x+€+ Z THrg+ L

0<e<r 0<t<rqy 0<0<2hq

The dyadic representation of r, contains ¢ — 1 nonzero digits, hence the inductive hypothesis
may be applied to the first term. Moreover, in the second sum ¢ < 2P < 2ha-1 < rq, thus
€t4r, = €0Er, = (—1)%ey, s0 that

D D DI S SR G D Dl

0<t<r 0<j<q-1 0<t<2ha

By definition the second sum on the right is g, (z + r,) and the proof is complete. O
We now describe the asymptotic behavior of gx(x).

Lemma 3.3. Let k > 0. Then, as x — oo, we have gi(z) = 4t + Oy(z7%=2), where ¢y, is as
in Theorem [l

Proof. We show that gi(z) = ¢ /2" + ¢1.(1/2) with ¢, analytic in a neighborhood of 0 and
with a zero of order at least k + 2 at x = 0. This is obvious for kK = 0. Suppose it is true for
k > 0. We have

C C kC
eer(0) = s 0u(1/0) = s — an1/w o+ 29) = O 1)

with
D1 () = dr(x) — dp(x(1 + 2%2) 1) — cpa® ((1 +26) R 1 (k+ 1)2k$> :

Clearly ¢p11(x) is analytic in a neighborhood of 0 and has a zero of order at least k + 3 at
—1)
x = 0. Moreover, by definition, (k + 1)2F¢; = 9™ 7 TRk +1)! = ¢4p1, as desired. O
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Corollary 3.4. With the same notation as in Lemma|3.4, as x — oo we have

€e Ch,
> ~ (FD)
0y r+/ zha

3.2. Inequalities for gj(z).
Lemma 3.5. For allm,k >0 and all x > 0 we have

. m - k)! m Ky (m 4+ k)!
2(2)(11(_'_2’;1;”11}€+1 (71)mg,(C )(33) < 2(2)(:17m::€+)1.

In particular, for all k > 0, gi(x) is positive and decreasing for x > 0.

Proof. The claim is clear for k = 0. Suppose k£ > 1. The operator A, commutes with the
differentiation. Thus (3.1]) and (3.2) applied to g,(cm) show that

Come e - [ /

The measure of the domain of integration is 2(5) and so the claim follows, since for z < u <
421 4. 420 =2 4+ 25 — 1 one has

ok—2

20
- / (_1)m+kg(()m+k) (x +uy + -+ + ug) dug - - - dug duy.
0

% < (c1)mHEg T () = <$l j;f.)l! (Zln jk_]i)l' -
Corollary 3.6. For all k > 0 and all x > 0 we have
9i(x) < gr-1(z).
Proof. We have gp(z) = gr—1(2) — gp_1(z + 251 < gp_1 (). O

Lemma 3.7. Let k > 0. Then for all x > (k + 1)2572 we have gi(z) < %gk(:c + 2K).
Proof. For a,k > 0, let
hi(, a) := 4gk(z + a) — 3gk(z).
The operator A, is linear, and thus for all £ > 1 we have
hi(z,a) = hy_1(2,a) — hy_1 (z + 2871, a).

In particular, the analogues of the identities (3.1) and (3.2) also hold for hj. Moreover, for
m >0 and a/x < ™R/4/3 — 1 we have

(=1)"h§"™ (z,a) = m! <($ +i)m“ - xil) > 0.
Reasoning as in the proof of Lemma we get that
hi(z,a) >0
for a/z < **{/4/3 — 1. Now for # > 0 and 0 < p < 1 we have (1 +z)? — 1 zpa?—i—p(p—l)%
and so */4/3 — 1> 18?@1%2 > 4(k1+1). The lemma then follows by taking a = 2F. O

Lemma 3.8. For z > 2"k and 0 < h < k we have gi(z) < 3gn(x + 2F).

Proof. By Corollar it suffices to prove the claim when h = k — 1.
Applying Lemma [3.7| twice, for x > 2Tk we have

9k(®) — 2gr_1(x +2F) = g1 (2) — gr—1(z + 2571 — Jgp_q1(z + 2F)
< 2gk-1(z + ok=1y Tok-1(x + 2k < —gk-1(z + 2F) <0,
as desired. ]
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Lemma 3.9. Let r = Zogquzhj > 0 with hg > hy > -+ > hy. Then, if r < 2k and
x> 28 (K 4+ 1), we have

S
(17 D0 > okl =24 > (@) > 0.
o<t<r

Proof. First we observe that the inequality gp(z — 2¥) > gi(z) > 0 follows by Lemma

Write 7; = Zi<j 2hi: by Lemma W we have
€¢ ky _ i+ ] k
(11 Y g =2 = 3 (1 g () — gulo — 29,
0<t<r 0<j<q

If ¢ is odd this is
(9hy (@ +7¢) = gny_y (T +1g-1)) + -+ + (gns (T +73) — gny (z +12))
+ (gny (x +711) = gho(x +710) — gi(x — 2)).
For all £ > 1 we have 7y = ry_; + 2"-1 and thus, by Lemma for all > 281k we have
Gh, (@ + 1) — gn,_, (X +10-1) > %ghl (x+17) > 0.
Moreover, since rog = 0 and hg < k, by Lemma for x > 281k 4- 1) > 281k 4 2% we have
i (@ +71) = gno (2 + 70) = g = 2%) > gn, (z +711) = 3gne (@ +19) > 0.
The case ¢q even is analogous and slightly simpler. O
Corollary 3.10. Let 0 < r < 2F and x > 21 (k +1). Then

€
sgn< Z xfﬁ) = —¢&p.

o<t<r

Proof. Lemma shows that the sign is (—1)9, which is —e, because ¢ + 1 is the number of
times the digit 1 appears in the dyadic expansion of r. O

3.3. Proof of Theorem The following lemma provides the crucial step in the proof of
Theorem It shows, for large enough n, that if the distance of o,,—1 to 7 is less than gi(n)
then either this distance is also less than gj1(n) or 0,1, ox has distance from 7 which is less
than gi(n + 2F).

Lemma 3.11. Let k > 0 and assume that n > 2*1(k + 1) is such that
(3.3) On—1 <7< 0p-1+ gk(n)
Then for 0 < r < 281 one has s,y = &, and one of the following inequalities holds:

(34) op1 <7<0op-1+ gk-i—l(n)a
(3.5) Tporpor — ge(n+2%) <7 <o,k

Similarly, if n > 281 (k + 1) is such that
(36) On—1— gk’(n) <7< 0p-1,
then for 0 < r < 281 one has spir = —¢, and one of the following inequalities holds:

Op—1 — gk—l—l(n) <7<op-1,

Un_1+2k S T < Un_1+2k + gk(n + 2k>
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Proof. We shall consider only the case where (3.3]) holds, the other case being analogous.
Assuming (3.3]), by Lemma and Corollary we have

R

0<t<r 0<e<r

for all r € (0,2%). Moreover, if o,,_; # 7, then the claim holds also for 7 = 0, since sgn(o,_1 —
7) = —1 = —g(. The equalities in (3.7]) and the definition of the greedy algorithm then imply
that, in any case,

(3'8) Opn—1+4r = Op—1+ Z
o<ei<r

€y
n+/f

for all r € [0, 2"].

This relation with » = 2¥ and the equality > o<t<or nig = 9k(n) in Lemma 3.2 show that

&y
0,149k = Op—1+ E =0p-1+ n
n—1+2 n I n gk( ),
0<4<2k

which is part of what we have to prove in this case. Further, this equality and (3.3 imply that

(3.9) Op—142k — Gk(n) ST < 0y g0k
In particular, this implies that

1 i S0}
ng 2k = Onee T R

By (3.9) and appealing once again to Lemma and Corollary we have
. Ey . &y .
T D S e i =) B
o<e<r o<t<r

for all r € (0,2%). Thus, since we have also (3.10)) we must have

&
(311) O-n71+2k+1“ = O-n71+2k — ng m fOI' all r e [0, 2k]
S '

(3.10) Opt2ok = Op_142k —

By (3.8)), (3.10) and (3.11]) we have

On14r = Opn_1+ Z % for all r € [0, 2"1].

o<t<r "
This proves that s, = &, for r = 0,...,2F!1 — 1. Moreover, the case r = 251 yields
2,
(3.12) Optyohit =0On 1+ 3 o1t Ger1(n).
0<p<2k+1

Then we have two possibilities: either o, 1,0c4+1 > 7 or 0, 1, 9k+1 < 7. In the first case,
by (3.3) we have (3.4). In the second case, we observe that since 7 < o,,_1,9x by (3.9)), then

comparing ([3.8) with r» = 2¥ and (3.12)), we get
Op—142t — gr(n + Qk) = Oy qyoktl ST < 0y g0k,
so (3.5)) holds. O

Corollary 3.12. Let k > 0 and let n > 2871 (k4-1). Suppose that we have (8m)n<me<n+tar = B
or (8n)n<mentok = — Bk with By, as in Theorem . Then there exists a sequence (0;)i>o0 with
0; € {£1} for all i such that

(Sm)mzn = (50 : Bka61 : Bk752 : Bkza cee )
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Proof. Suppose (Sm),<meniot = Bi, the other case is proved in a similar way. Notice that it
suffices to show that (sp,),, 1ok <yeniok+1 = £By, since one can then iterate the same argument.
Since s, = g9 = 1, we have 0,1 < 7. Moreover, since s, ,ok-1 = €9c-1 = —1, by and the
definition of gx—1 (which is positive by Lemma , we deduce that

On—1 < T < 0p-1+ gr—1(n) = 0,4 0k—1_1,

where the second inequality is strict by . Thus the hypothesis in Lemma is
satisfied with k — 1 in place of k, whence either or holds with & in place of k£ + 1.
In the first case, we have that is satisfied; hence, applying Lemma once again,
we obtain s,i, = &, for 0 < r < 281 ie. (sm)p<mentortt = Bry1 = (Bg, —By), and in
particular (sm,), ok<meniob+t = —Bg. In the second case, we notice that , with £ — 1 in
place of k, is actually hypothesis with k& — 1 in place of k and n + 2¥ in place of n. Thus,
applying Lemma we obtain (sy), 4ok <menyor+1 = B, as desired. O

We are now in a position to prove Theorem First, we define the exceptional sets Xj.
Also we recall that Yy, := Up<,p X, with Yy := 0.

Definition 3.13. For all k € N the set Xy s defined as
(3.13) Xp = {TER: IN >0and 0 <m < 2% s. t. s, = fe(n+m) ‘v’nZN},

where we recall that fi denotes the 2F-periodic function such that fi.(n) = e, for alln € [0,2F).

Proof of Theorem [I.7] First, we observe that the result is tautological for 7 € Xj. Indeed, by
the definition of X}, there exists IV such that

(sn)nZN = (817527-” 75N717Bk7BkaBka"°) = (81 : B0752 : BOa" -y SN—-1" BOaBkaBkaBka" )

Thus, let us assume that 7 ¢ Y.

By Proposition (sn)n has infinitely many changes of signs. Equivalently, it contains
infinitely many blocks Bi. In particular, we can find N; such that Ny > o1+, (1+1)=8and
(Sm) Ny <m<nN,+2 = Bi. Thus, by Corollary there exists a sequence (d;,1);>0 with values in
{£1} such that

(314) (sn)nZJ\h = ((5071 . Bl, (51,1 . Bl, (5271 . Bl, e )

The sequence (;,1);>0 contains infinitely many changes of signs. Indeed, it cannot be equal
to 1 for all ¢ large enough, since otherwise we would have 7 € X7, and for the same reason it
cannot be equal to —1 for all n large, since

(-By,—B1,—Bi,...)=(—By,B1,B1,By,...).

Thus, we can find ¢ such that §; = —d;+1 = 1 and such that the corresponding index n on
the left hand side of is Ny > 2271 . (2 +1) = 24 (and Ny > Nj). We then have
(8m) Ny<m<Ny+22 = (B1, —B1) = By and so by Corollary there exists a sequence (J;2)i>0
with values in {£1} such that

(8n)n>No = (d0,2 - Ba2,012 - B2,0292 - Bo,...).

As before, one sees that (;2);>0 contains infinitely many changes of signs. We can then keep
iterating this process, whence obtaining sequences (k;); and (k;); with the desired properties.

0

4. THE EXCEPTIONAL SETS X}

In this section we study the exceptional sets Xy, defined in (3.13)).
As observed in the introduction, the elements in X; can be written as a rational number
plus Uy, for some m € [0, 2F), where the constant Uk,m is as defined in (1.8). We also recall
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that Ugm = —Uy, pyor—1 for all m € [0,2571). The values of Uy, for k = 1,2 have been given

in (1.9). For k = 3 we have
44/2log(2 — V2) — 1 — (V2 +1)log4

Uso = 3 ; Usy = 3 ;
I 4v/2log(2 —V2) + 7 — (V2 + 1) log4 U (2v2 — 1)1 + log 4
33 = ; 32 =
’ 8 ' 8

We now show that Uy, can be written as a linear combination of logarithms. Baker’s theorem
will then yield the transcendence of Uy, p,.

Proposition 4.1. For every k > 1, m € Z, we have

2k—1 k
; k . k . . k . ma
Ukm = 21 c(a)e*™em/? og (1- e2mia/? ) c(a) = iFemal? l:Ilsm (2—]>
aac;id J=

Proof. We write fi(n) in terms of additive characters:

2k 1 /2F—1 . .
(41) k Tl 2k Z ( Z ) 6727”@0,/2 > 27r7,an/2
a=0 /=0

The sum in brackets is equal to Py (e=2™/ 2k), where Py(z) := Ze 0 Yey2’. The uniqueness of

the base-2 expansion gives the factorization Py(x) = H?;&(l — 2?"), so that

2k_1 k—1

1 —2mila/2k I —27ria ok—i -k —mia2d /2F
g D e 7H ) = (Lo Hsm< )
£=0 7=0 7=0
. k k k ma
— ikefwza(Z -1)/2 Hsin (27) — —c(a),

Jj=1

where in the last step we used that the product on the second line is 0 unless a is odd.
Inserting (4.1) in the definition (1.8 of Uy, and exchanging the order of summation of the
two sums, a step which can be easily justified, we obtain

2k 1 +oo p2mian/2¢ 2k 1
Uk,m — _ § : C(a)€27rmm/2 § : _ § : C(a)€27rmm/2 log(l o 62772(1/2 )’
a=1 n=1 n a=1
aodd a odd
as claimed. O

Proposition 4.2. The number Uy, is transcendental, for every k > 1 and every m € |0, 2.

Proof. The formula in Proposition shows that Uy, ., is a non-zero linear combination with
algebraic coefficients of logarithms of the numbers 1 — ¢%, where ¢ := exp(2mi/2F) for a =
1,...,2" —1 odd. For any odd a, let w, := ¢(*=®/2(1 — ¢*)/(1 — ¢), which is well defined
because (1 —a)/2 is an integer. Notice that w, is a positive real number for 1 < a < 2F~1,
and that wqr_, = —w,; also, wy = 1. It follows that the sum of the log(1 — (%) is also a linear
combination with algebraic coefficients of numbers
. 2]{371

(4.2) log(1 — (), i, (log(wa))a:?)’odd.

The formula also shows that at least one of the coefficients is not zero; for example, the
coefficient of log(1 — () is 221;_11 c(a)e?mam/2* — _c By Baker’s theorem on linear forms in
logarithms, the transcendence of Uy, then follows if we can prove that the numbers are
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Q-linearly independent. Thus suppose we have a linear combination with integer coefficients
producing zero:

2k—1_1

(4.3) alog(l —¢) + Bim + Z Ya log(wg) = 0.
dodd
We need to show that all the coefficients are zero. Exponentiating this identity yields

2k 11

(4.4) (1—-¢)%(— H wle =

aodd

In the cyclotomic field K := Q[(] of 2 roots of unity, the norm of 1 — ¢ is equal to 2, whereas
the norm of each of the w, is equal to 1. Thus the previous identity implies that o = 0. Taking
the imaginary part of (4.3]) then gives § = 0. As a consequence (4.4) becomes

2k—1_1
(4.5) H wle = 1.
aodd

fo—
It is known that the numbers (wa)iz;;idd are cyclotomic units generating a subgroup having

finite index in the free part of the group of units Ux in Ok [34, Lemma 8.1]. By Dirichlet’s
theorem the dimension (as Z-module) of Ug is 2¥72 — 1, and this is also the number of w,
appearing in . Hence they are multiplicatively independent and so all the ~, have to be
equal to zero, as desired. O

We will now show that Uy, € X}, for all £, m. First, we need the following lemma.

Lemma 4.3. For k,m > 0 and x > 0, let

(@) : Z fkn—i—m

n-+x
0<n<2k

Then fr(m)gem(x) > gro(x) = gr(x) for x > 0. In particular, fi,(m)grm(z) >0 for x > 0.
Proof. For k <1 the result is obvious by definition, so assume that £ > 2. Let

l@;nl jg: fk n/+—7n

0<n<r

and notice that since Vi, (28 — 1) = 0, one has that Vi, (r + 2%) = Vi, (r) for all r > 0.
Moreover, one easily verifies that

f , T even;
Vio(r) = {ok( " r odd:

(cf. Proposition below). Thus, for all odd m we have
Sem)WVem(r) = fo(m)(Vio(r +m) = Vio(m — 1)) = fr(m)Veo(r + m) +1

)1 r even
| fe(m) fr(r +m) +1, 7 odd;

where in the second step we used that fx(m — 1) fx(m) = —1 for m odd. In particular if m is
odd, then

(4.6) Je(m) Ve (1) — Vio(r) > 0.
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To conclude, we observe that, if m = 2¥m/ < 2¥ with m/ odd (or if m = m’ = 0, v < k), then

2k_1 2v—12k— ok—v_1
fe(n+m) fk€+2 (r+m’)
gkm Z n+zx _Z Z (+ % +x TZO fk l,r+m)g,,(2r+x)

since (2:6) implies that fi,(¢ +2”s) = e(€) fu(2"s) = £(£) fi—(s) for 0 < £ < 2 < 2%, Thus, by

Abel’s summation formula,

(M) grm(x) — gro(x) = Z (fe—v (M) frmo (r +m) = frms(r)) 90 (277 + @)

0<r<2k—v

2k—v_1
=2 [ (s Waso () ~ Ve )12y + 2) dy
0
and the result follows by (4.6) and Lemma O

Corollary 4.4. For allk > 1 and m € [1,2F) the identity Uy m = > o | fr(n+m)/n gives the
greedy representation for Uy, i.€., $n(Ukm) = fr(n+m) for all n. In particular, Uy m € Xj.

Proof. By the definition of Uy ,,, for all N > 0 we have

Ukm—szn+m Z fkn+m ZerngerNH(NJrlJrszk)

n=N-+1
Lemma [£.3] then shows that
Je(n+m)
(4.7) felm+ N +1) (U,m -y T> >0

1<n<N
for every N. This fact gives the claim by induction. Indeed, this inequality with N = 0 shows
that
fk(m—l- 1) >0 <— Uk,m >0 <— 81(Uk,m) > 0,
proving that fp(m + 1) = s1(Ugm). Moreover, if the claim holds for all n < N, then
Zf:[ 1 fk(n+m) = on(Uk,m) and gives
fum + N +1)(Ugm — on(Uk,m)) 20,
and s0 sn11(Uk,m) = fr(N + 1+ m), as desired. O

We record some properties of the sets Xy in the following proposition.

Proposition 4.5. For all k > 1 we have X;; NQ = (. Moreover, the sets X1, Xo,... are
non-empty, countable and pairwise disjoint.

Proof. Since Upp € X, C Q+ {Um:0<m < 2’“}, the set Xy is non-empty, countable and,
thanks to Proposition we have X, NQ = (). Now we show that X3 N X}, = 0 for all h # k.
Assume that 7 € X N X, with A < k. Thus, by definition, there exists mi, ms such that
sp = fr(n +m1) = fa(n + mg) for all sufficiently large n. In particular, fx(n) is periodic
modulo 2. Since f;(0) =1 = —f(2""1), one has h > k and so h = k. O

4.1. Verifying whether 7 € X}, in a finite number of steps. For each k > 1, the set X},
is defined as the set of all 7 € R whose greedy sequence is eventually periodic with repeating
block Bj. Since there is no effective bound on when the sequence starts being periodic, one
might then expect that there is no algorithm which verifies whether a given number 7 is in By.
Surprisingly, however, such an algorithm can be constructed. We assume that 7 ¢ Q, since
otherwise we already know 7 ¢ X for all k. Also, we assume that we know 7 to arbitrary
precision and that we can tell whether two real numbers coincide (actually, this is not needed
if we already know that 7 = r 4 Uy, for some k,m and some r € Q).
The algorithm is rather simple and proceeds as follows.
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(1) Determine whether 7 € Xj. In order to determine if 7 € Xj, one starts by
finding the first N1 > 24 such that (s,,)n,<m<n,+21 = B1. By Proposition we
know that such V; exists and by the upper bound for the harmonic sum we also know
that N, < max(24, el 4+ 2). Then we claim that one has 7 € X; (and thus 7 ¢ X}, for
all k£ > 1) if and only if

1(n+mq
U+ Y )
1<n<N1
where 0 < my < 2!, m; = —Nj (mod 2). In particular, the algorithm stops if this

equality is satisfied and otherwise it moves to the next step. To prove this equivalence,
we first observe that by Corollary we have

(Sn)n>N, = (B1,01 - By,02- By, ...)

with §; € {£1}. Also, we have 7 € X if and only if §; = 1 for all 7. Indeed, if §; =1
for all ¢ then by definition 7 € X;. Conversely, if §; = —1 for some i then (s,)n>n,
contains the block (Bj, —Bj1) and so, by Corollary

/ /
n)n>N' = s : R . NE
(S )n>N (B2 (51 B2 52 BQ )

for some N’ > Nj. In particular, the tail of (s;), cannot be periodic with repeating
block By, i.e., 7 ¢ X;. Finally, one easily sees that ¢; = 1 for all ¢, i.e.,

(Sn)n>N, = (B1,B1, By, ...),
if and only if

L Z Zz+zf1(nzm1): Z Sn_fl(Tln+m1)+U1,m1-

1<n<N; n>Ny 1<n< Ny

One then proceeds inductively. Assuming 7 ¢ Xj_1 with k£ > 2, to verify whether 7 € X},
one proceeds as follows.

(2) Determine the first N, > 2872(k + 2) such that (sim)y, <pen,sor = Br. Since
T ¢ X1 we know that such an N}, exists. We can also provide an explicit bound for
it in terms of 7 and (s, )n<n,_,; we shall give the details at the end of the algorithm.

(3) Determine whether 7 € X;. In the same way as in step (1), one has that 7 € X
if and only if

A Z fkn+mk)

1<n<Ng
where 0 < my, < 2¥, my, = =N, (mod 2F).

As anticipated, given 7 ¢ X}, and the first Nj_q > 2" (k+1) such that (spm) ny<menypor—1 =
By._1, one can give an upper bound on Nj. Indeed, since 7 ¢ X1 we know that

k—1n+mr_1)—s
Grvey =T = Uty + Y fie-1( - )= 4y,

n<Ng_1

Then we have Ny, < max (Ng_1,2""2(k + 2),2% + 4/|Grn,_,|). To see this, we observe that,
by definition, for any M > Nj_; we have

GrN, , = Z sp — fr—1(n +my) i Z %1 _ Z fk_l(n:l_mk_l).

n
Np_1<n<M n>M n>M

In particular,

n - — + —
(4.8) Z |S fk 15? UL 1)| > ’GT,Nk71| -

Ni_1<n<M

Sn fr—1(n+my_1)

n>M

n>M
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By Proposition and Corollary both sums on the right are bounded by 2/M. Thus, (4.8)
implies

|sn — fr—1(n 4+ mg_1)| 4
E . " > |GrNa | = e
Nk,1§n<M
Taking M to be the largest integer such that M = Nj_; (mod 2*~1) and M < 28+4/|G, N, _,|,

we have that the right hand side is greater than zero. Thus, with this choice we obtain

>0

Z |5 — fr—1(n+my_1)|

n
Ni_1<n<M

and so s, # fr—1(n+my_1) for some n € [Ny_1, M). Since (s, )n>n,_, can be written in terms
of blocks +By,_; it follows that (s,)n,_,<n<nm has to contain a block (Bjy_1, —Bj—1) = Bj.

Remark 4.6. To give some examples, using the above algorithm we verified that Us g+7r € Xo
ifr=1,2,3and Usp+1r ¢ X if r=4,...,10.

5. PROOF OF THEOREM

Definition 5.1. For 7 ¢ Y, and h > 1, let ny be the minimum integer such that |t —
Ony—1(T)| < gn_1(np) and ny, > 2"h. Notice that by C’omllary and (2.3) we know that such

an integer exists.

The following lemma gives some information on the sequence (np);, and in particular it put
a rather sharp limit for the possible sign patterns in (s,) for np < n < npyq.

Lemma 5.2. Assume that T ¢ (Yoo UQ). The sequence (ny)p is non-decreasing and such that
nhe1 = np (mod 27) for all h > 1; also, ny < 4el™l. Moreover, if nj, < np+1 we have

(Sn)nh§n<nh+1 = (nO,h : Bha M,h Bha s ey b Bh)a

where 1y, == (npt1 —np) /2" — 1 and m;p, € {1} is such that m;p = sn,,, for all i € [0,ry] if
np > 2" (h+ 1) and for all i € [h+ 2,74 in any case.

Proof. The fact that ny, is non-decreasing follows immediately from Corollary [3.6] whereas the
inequality n; < max(e|T| +1,4) < 4el™! follows from bounding the harmonic sum.

By Lemma and Corollary we have
(8n)n>ny, = (Mo,n - Bhymip - Bhy- ),

for some (n;p)i>0 with n;, € {£1}. By Lemma we have (sn)p, . <n<ny, +2n+1 = Brt
and so it must be np11 = ny, + 2y, for some rj, > 0.

We claim that if 7; , # 041, for some j € [0,7] (with 9., 11,4 := 10a41), then nj, + 2hj <
2h+1(h + 1). Indeed, if 15 # nj+1.n, then Equation implies that |o,_1 — 7| < gn(n)
with n’ := ny, + 2"j (the inequality is strict since 7 ¢ Q). Since n’ < nj,1 it then follows
that it must be n’ = nj, + 2"j < 2"*1(h 4 1), as claimed. This implies in particular that if
ny > 2h+1(h + 1) then n;, = 141, for 0 <@ < rp, or, equivalently, 7; , = Sppyy for 0 <i <y
since 1y, 4-1,h = Sy, - Similarly, if h+2 < i < rj, then np+2M > 2"h 4 (h+2)2h = 21 (h+1)
and so one concludes as before. O

Thanks to the above lemma we have a good control on the sequence (ny,),. We now need
two combinatorial lemmas. The first one is a well known upper bound for the number of lattice
point in a simplex [10]. We give a simple proof for completeness.

Lemma 5.3. Let k,m > 1 and by,...,by € N. Then

(m + by + -+ by)F !

S = {(ai,...,a;) € ZE,: biay + boas + - - - + bpay = m}| <
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Proof. Clearly,

S < ‘{ as,...,a Ziol boas + - - - + brag < m}|

bQSCz—I- + by
d cordo.
/ / X[0,1] m—l—b2—|—~--—{—bk) T2 Tk

By a change of variables this is

(m + by + - +bk’“1/ / (m 4 by + -+ b))kt
d cdz =

b b Nz et dom e doe =0 T S

as desired. 0

Lemma 5.4. For k > 3, £ > 0 we have

= hX(g gy (@1 +202 4220y 1) o2 qge 07 R
Z(k, ) == > [] 2™een <273 T 2)!+2z k!,

apyap—120  2<h<k -

Proof. First, we observe that Z(k,¢) < 4Z'(k,¢/2), where

Z/(k,f) = Z H 2hX[0’2h—1h>(a2+'“+2h73ah_1)'

ag,..,ap_120 3<h<k
We shall prove that for all £ > 3,4 > 0 one has
(5.1) Z'(k,0) < o' +ok—2 e Lol k-2
. 2 T 2 .
T (k—2)! ’

from which the claimed inequality for Z follows immediately. We prove this by induction
over k. The result is obvious if & = 3. Now assume that the claimed inequality holds for
k—12>3. Wesplit Z' into Z' = Z_ + Z%, where Z_ is the contribution of the terms with

ag + -+ Qk_3ak_1 < 2k=1L. We have

Z/<(k7€) S 2k Z H 2hX[072h71h)((l2+"'+2h_3ah,1)

ag,..aj_1>0, ap_q <4k 3<h<k—1
a2+~-+2k_4ak 2<2k_3(4k—ak 1)

=28 > Z/(k—1,2"3(4k — a)).

0<a<4k

Thus, by the inductive hypothesis,

2 4k — q)k—3 2
Zg(k,f) S Z Zk +§k+3M +2k +6k 112k4k(k )

_ |
0<a<4k <k 3)'
k2+§k+3 Ak
<Z 4k — 2)F3 d 4k:k3} 9T
K2ien—g k3 4k k2 4+8k—7
=2 7[7 1} 2 k!
R EE e R
k24+9k—9 k24+8k—7

(5.2) <22 42 2 k|
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. k-3
since h[lf—_@ + 1] < 23%/2 for all k > 4. In order to bound ZL , we first observe we can

assume that £ > 281k, since otherwise Z’2 is just the empty sum. Now

Z,Z(k’ f) < Z Z H 2hX[0,2h*1h>(“2+"'+2h_3ah71)

0<ap_1<€/2k—3 ag,.-,ak 220 3<h<k—-1
a2+“A+2k74ak72§2_2k73ak71

Z Z’(k— 1,€—2k_3ak_1).
0<ap_1<e/2k=3

IN

Thus, by the inductive hypothesis we have

_ 9k—3 \k—3 2 2 _
Zns Y SR gt ks sy 1y
N 0<a<t/2k—3 (k= 3)!
_k2-12k415 £/2k=3
2 /2 g e
< (k3)'</ (60— 253y dx+£’“‘3> T2 T (k1))
— 31 0
_K2o1oky1s fFT2

Qk(k —2) k244k—5 k2 4+6k—11
= _ |
: (k_2)![8+ e B I St e g TUE]

K2 10ks1s  PF2 k2 44k—5 E246k—11

5.3 <10-27 2 — 04+2 2 k—1)!
(53) < DN + )(k =1,
since ¢ > 281k, Now if £ > 225~1L then

k2 +ak—5 E2+4k—5 9—2k(k=3) L.| E2—10k+5 2 K2_10k4s  PF2

T k-1 <2 2 g2 k2T RSk c o

(k—1I'< U = (k—2)!
since k! < 6kF=3 and 6(k — 2)! < ok? =3k for [ > 4. Thus, in any case
k2 44k—5 W2_1okts  PR2 E248k—7
2 fk-1I<20 2  —— +2 2 k!
(k=Dis =

2, on 2 6 2 g

and so (5.1) follows from (5.2) and (5.3) since 22— +2" 2 (k- 1)l <22 k. O
The following two propositions give the crucial steps in proving Theorem The first one

essentially shows that, for almost all 7, the size of ny, is about 2¥k for infinitely many k. The

second one shows that for almost all 7 there are no n = 2¥ with |7 — 0,,_1(7)| much smaller

than gi(n).

Proposition 5.5. Let f: Rsg — Rsg be a function such that f(x) — oo as x — oo and let

Xy = {T cR: there are at most finitely many k such that }

|7 — 0n_1(7)| < gr(n) for some n € [2Fk, f(k)2FK]
Then meas(Xy) = 0.

Proof. Let X} := Xy N R’ where R := R\ (Y UQ). By Proposition we have that
meas(Xy) = meas(X;). Then we observe that

X]'c - U {7’ ER: |7 —0,-1(7)| > gr(n) for all k € N and for all n € [2kk:,f(k:)2kk:/m]}
meN
= U U m Xm,q,kv
meN geN keN

where ‘ - . .
= "N— T =0on-1(7)| > gn(n) for all h € [1,k
Xm,ch = {7‘ eR'N [ QvQ]- and for all n € [2hh,f(h)2hh/m]
In particular, in order to prove that meas(Xy) = 0 it is sufficient to show that meas(X,, 4x) — 0
as k — oo.
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Let 7 € &, 4k and let nq,n9,... as in Lemma in particular, n; < 4e?. Also, let
C be such that f(xz) > 4m for > C so that if h > C then, by the definition of X, 4,
np > 2N (h 4 1).

We split &}, 1 depending on the value of ny:

Xngre= U Vimaks  Vemgh = {1 € Xpgp: e = 6.
> f(k)2kk/m
If 7 € Vimgk, then, by definition, |7 — 0y—1(7)| < gr—1(¢) and so 7 has distance less than
gk—1(£) from one of the elements of the set
Rymgk = {00-1(7): 7 € Vimgk}-

This set has cardinality bounded by the number of possible choices of signs (s,)n<¢. By
Lemma if h > C then the signs in (5, )n,<n<n,,, are completely determined (depending
on the sign of s,,,, and thus eventually on s,, = s¢), whereas for each h < C the first
h +2 < C + 1 signs in (sp)n,<n<n,,, are free and the other ones are determined. Also,
there are at most 2™ < 2% possibilities for (s,)n<n, and 2 for s;. Finally, we recall that
ny < ng < --- < ni = ¢ and that ny41 = ny (mod 2h) for all h > 1. We then obtain that
|Rpm.q.k| is bounded by 2¢(CHDHAIHL timeq

{(ma, ... mp_1):my < - <my =40, my <4ed, mpy =my  (mod 2" for 1 < h < k}|

= |{(a0, e ,ak,l) € ZZO: ag + 2a1 + 22(12 + -+ 2k_1ak,1 =4, ag < 4€q}|
(0427 4. 42k 1)k2 (0 4 2F)k—2 <ol k=2
6 )

(2%--- 21 (k - 2)! 2() (k — 2)! 2(3) (k — 2)!

by Lemma where in the last inequality we used that £ = nj, > 2Fk. It follows that

> =2 o)k — 1)

< 4ef < 4e92

meas(Xpm,q,x) < 2 Z | Remq.klgk—1(6) <gm

k ' %
0> (k) 2%k m > F(k)2*k fm 2(2) (k — 2)! ¢
S Eo1 1
- k—1p2 SG™ 92k )
£>f(k)2*k/m 2t 21 (k)
by Lemma 3.5 (and for k& > C). Thus, meas(Xp qx) — 0 as k — 0o, as desired. O

Proposition 5.6. Let f: R>o — Rsg be a function such that f(x) > 2°%x% for x large enough
and let

V= cR: there exist infinitely many k such that
U C = o1 (1) < ge(n)/f(k) for some n € [2F71(k — 1),2Fk) (-

Then meas(Yy) = 0.
Proof. Let Y} := Yy NR’, with R":= R\ (Yoo UQ), so that meas(Y}) = meas()Vy). We have
=UNU U e
qEN KEN k> K 2k—1(k—1)<t<2*k

where
Vogo =T €R'N[=q,q]: |7 — 0p-1(7)| < gi(0)/ f(K)}.

It suffices to show that
meas < U U yq,k,g> — 0

k>K 2k=1(k—1)<t<2Fk
as K — oo. Also, we can assume f(z) > 1 for z > K.
Let 7 € Vg ke and let ny, ng, ... beas in Lemmal[5.2} By Corollary[3.6)we have nj_y < £ < ny.
Notice also that Lemma implies that £ = ny_; (mod 2F1).
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(0)

The number 7 belongs to V, 1 ¢, so it has distance less than gjf(k) from one of the elements
of the set

Rq,k,g = {0471(7'): T E yq’k,g}.
This set has cardinality bounded by the number of possible choices of signs (s,)p<s. By
Lemma for each h € [1,k — 1] we have only one choice for the signs in (s, )n,<n<nyy, if
np > 2" (h 4+ 1) and at most 272 in any case. Also, we have at most 2**’ for the signs in
(8n)n<n,. Thus, writing £ = ng_; + 28" ap_1, np = np—1 + 2" Lap_y for 2 < h < k—1 and
ny = ag for some ag, ...ay € Z>o, we see that

| Ryl <q Z H o(h+2)X(g pht1 (4 1) (@0 F201+2%ag+-+2" " Lay, 1)
q7 Y
aQ,aq,..., ap_12>0 2<h<k
ag+2a1+22ag+-+2k—lay =¢
<, 2F Z H ZhX[O,zhh)(bl+2b2+'"+2h_2bh71)
. .
by,..,bp >0 3<h<k

by+2bg+-2k—1b, =

Applying Lemma we then obtain

g O K 5k 2okt 2 e B 5k kel
|Rg kel <q27 2 W+22 (k+1) <2%F T2 (E+1)! < 22"k

for ¢ < 25k and k > 3 since k! < k2%, In particular, for K > 3 we have

¢
meas ( U U yq,k,g> Z Z |Rq’k’f|i‘"k((k:))

k> K 2k=1(k—1)<t<2kk k> K 2k=1(k—1)<t<k2F

k
k2 2(2)k!
45k k41

<q Z Z 22 k f(k)gkﬂ

k>K 2k=1(k—1)<f<k2k

| 99k/2 .k
< Z 211k/2 k k‘ < 27Tk 7
= Vfk) & FR)
by Lemma The sum goes to zero if f(x) > 252 and so the proof is complete. n

The following lemmas put a lower and an upper limit to how small |7 — 0,,—1(7)| can be
when 7 is in R\ V¢ and R\ X} respectively.

Lemma 5.7. Let f: R>o — Rsq be an increasing function with log(f(z)) < zlogx + O(z) as
x — o0o. Then for all T ¢ Yy we have

(o m)
|T—O’m_1(7')’ >e lg 17— TOr(logm)

as m — Q.

Proof. If 7 ¢ Yy then there exists a sufficiently small 6 > 0 such that |7 —op,—1(7)| > 59’“(( )) for

all k> 1 and all n € [2871(k — 1), 2%). Now take any m > 2 and let k € N be such that m €
[2FE, 21 (k+1)). Clearly such a k exists and satisfies k+logy k < logym < (k+41)+logy(k+1);
in particular it follows that

log m — loglog m

k = logy m — logy logom + O(1) = Iog 2 +0(1)
as m — 0o. The result then follows, since by Lemma we have
k log2 .2
5 k1 2(2) “BEZR2LON(K)  (ogm?
= om(7)] > NIGD) e 2 o o~ BB +0- (logm)

f&) ~ FR) @k + )R f(k)
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Lemma 5.8. Let f: Rug — R be an increasing function with f(x) > 3 for x large enough.
Then for all T & Xy there exist arbitrary large n such that

_(10gm)27210gm10g10gm 0-(1 ] 1
|T — O‘?TL71(7-)| < e log4 + T(Ogm Og(f( Ogn)))

as m — Q.

Proof. Let T ¢ Xy. Then there exists arbitrarily large k,n € N such that |7 —o,—1(7)| < gi(n)
and 2Fk < n < f(k)2Fk. In particular, k& < logn and we have

b logn — loglogn

log 2 + O(log(f(log n))).

One then concludes as for Lemma [5.71 O
Proof of Theorem|[I.5 Let Y := R\ (X UY,) with f(z) = logz and g(z) = 2°%2%. By

Propositions and [5.6| we have meas(XyUY,) = 0, whereas from Lemma |5.7|and Lemma
we deduce that, for all 7 € ),

log |7 — opm_1(7)| + = (log m)? 1
0 < liminf | m=1(7)| 1°g4( ) < ,
m—00 log m loglogm log 2
which is Theorem [1.5] in a stronger form. O

We conclude the section with the following proposition, which implies, in particular, that
the conclusion of Theorem does not hold for all 7 € R.

Proposition 5.9. Given f: N — Rsg we can construct 74 € R such that |7y — o, (7¢)| < f(n)
for infinitely many n. Moreover, the set of T having this property is dense in R.

Proof. For simplicity we will only prove that there exists a 7¢ with the required property.
Along the same lines one can show that the set of 7 with this property is dense in R.

We first observe that we can assume f(n+1) < 1 f(n) for all n > 1 and that f(1) < 1. Next
we observe that it suffices to construct a sequence of irrational numbers (7;); and an increasing
sequence of integers (m;); such that, for all ¢ > 1,

(54)  on(Tit1) = on(m) Vn < my, o, (15) — 7] < & f(m), |Tiv1 — 7i < 3£ (my).
Indeed, this implies that for all j > ¢

75— 7l < 3(F(ma) + -+ f(mj-1)) < 3f(mi)
and thus

17j = om (Ti)| < |76 = O, (Ti)| + |75 — 7l < f(mi)
for all ¢ < j. It follows that the limit 77 := lim;_,o 7; exists and satisfies |7p — o, (77)| < f(my)
for all 4, as desired.

We thus just have to see that such sequences exist. To construct the two sequences one

proceed as follows. For 7 one takes m; = 1 and any irrational 71 in (1 — 1 f(1),1+ 3 f(1)).
Clearly, one has |7 — o1(m1)| < f(1). Now assume that we have two sequences (7,),<; and

(my)r<; satisfying (5.4)); we need to construct 7,41 and m;41. For any 7 € R and m € N the
set

I,(7) i ={a € R: op(a) = 0(7), Vn < m}

is an interval of non-zero measure containing 7. Since 0,,(7;) — 7, as m — oo we can find
q > m; such that o4(7;) is in the interior of I, (1), |oq(Ti) — 7| < %f(mi) and such that
log(7i) — 7| < |on () — 7| for all n < ¢ (notice that o, (7;) # 7; for all n since 7; ¢ Q). Notice
that this last inequality implies that o4(7;) € I,(7;). It follows that I, (7;) N1,(7;) is an interval

of non-zero measure containing o,(7;), and so we can find an irrational 711 € Iy, (1) N Iy(7;)
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with |71 — 04(7i)| < 3f(q). Then, defining m;41 := g, we have that 7,41 and m;41 have the
required properties since one has 7,41, 7; € Iy, (7;) and

Tir1 = Omppr (Tig1)| = |Tig1 = Oy (1) < 5f (Mig1)
ITir1 = 7il < log(m) = 7| +log(r) = Tiva| < gf(mi) + 3£ (miga) < 3f(my),
where the equality on the first line follows since 7,1 € I, (7;). O
6. THE THUE-MORSE CONSTANT

Let the family of sequences & := (Ek(n))n>0 be defined recursively by
S(n):=e, and Eryi(n Z Ek(m) for k,n >0,

m<n

so that the k-th sequence is the sequence of partial sums of the (k — 1)-th sequence, the first
one being the Thue-Morse sequence. The next lemma gives a description of the sequences &.

Proposition 6.1. For every k > 0 there exists a finite sequence Wy, := (wg(n ))ik_o , with
wg(n) € Zso, such that:
(6.1) gkz(80-Wk,€1-Wk,€2-Wk,...).

Moreover, one has:

(i) Y25 wi(n) = 2@;

(ii) wi(2¥ — 1) = - = wg(2F — k) = 0;
(iii) wi(2¥ — k — 1 —n) = wi(n) for all n, with 0 <n < 2F —k — 1.
(iv) wi(n) < 2(*2") for all n € [0,2%) and the equality holds if and only if 251 —k—1<n <

k=1 _ 1,

Proof. We give a proof using generating functions. Given a sequence of integers (ay)n>0 with
generating function F(z), the generating function of (Y, an)n>0 is equal to F'(z)/(1 — x).
Now, letting Ej(z) denote the generating function of & for k& > 0, we have

Z Enx” ﬁ 1-— x2j)
7=0

and thus
k-1 j 00
Ey(x 1—z? : K
(62 Bule) = o = [T = TT0 - #) = Q) Bl
=0 j=k
where
k-1 ‘ 2k—1
(6.3) Qr(x) == [JA+z+2++277) =) wi(n)a",
=0 n=0
for some sequence of integers (wk(n))ii_ol with
(6.4) wi(n) == #{(ao,...,ax-1) € Zgoz ap+ - +ap_1=n, aj <2/ —1Vj}.

At this point, follows immediately from . Also, Qg(1) = 2(5) implies (i), and
deg Qi = 2¥ — k — 1 implies (ii). Furthermore, we have Qp(z) = Qx(1/z)2z2 ~*=1 and so (i)
follows. Finally, if n satisfies

k—2

@ -n=2—k-1<n<2M o

§=0
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then for any aq,...,ar_2 as in there exists a unique aj_1 such that ag+---+ap_1 = n.
Thus, for all such n one has wg(n) = Hf;g 29 = 2("2") and the same reasoning gives wg(n) <
2(*2") for all the other possible values of n, so that (iv) follows. O
Corollary 6.2. For n > 1 let n = 2tn' with n' odd. Then E(n — 1) = &(n—-1) = =
Eun—1)=0and E1(n—1) = —Q(g)an.

Proof. By we have |&,(n — 1)| = |Ex(m — 1)] if m = n (mod 2F). In particular, if u < k,

then |&(n — 1)| = |&,(2F — 1)| = 0 by Proposition (#4). Moreover writing n’ = 2n” + 1 we
have n — 1 = 2¢F1p” 4-2# — 1. Thus, by (6.1)) and Proposition (iv), we have E,41(n—1) =

2(5)%// = —2(5)%/ = —2(3)571 (because the multiplication by 2 does not modify the number
of non-zero digits in the binary representation). O

The first few sequences W, are as follows:
Wo = (1), Wy = (1,0), W =(1,1,0,0),
W3 =(1,2,2,2,1,0,0,0), wy=(1,3,5,7,8,8,8,8,7,5,3,1,0,0,0,0),
W5 = (1,4,9,16, 24, 32,40, 48, 55, 60, 63, 64, 64, 64, 64, 64,63, ...,1,0,...,0).

Remark 6.3. The sequence arising from the Wj, also appeared and was studied in the recent
work [33, Section 5]. In this paper Vignat and Wakhare defined the numbers o} such that

2t -1 2N 1 9N_N_1
SN gt Amy) =Y alg(m).
mi1=0 myn=0 m=0

for any function g. It is not difficult to see (cf. (6.3) and [33, (5.1)]) that the two sequences
coincide, i.e., wx_1(n) = af for k>1,0<n < 2~

Remark 6.4. The vectors W}, are related to the Fabius function. This can be defined as the
unique solution F : [0,1] — R of the following functional differential equation problem
F(0) =0;
Fl—-z)=1-F(z), z€][0,1];
F'(z) =2F(2z), z€][0,1/2].
It can also be defined as the cumulative distribution function of > > | X, /2", where X1, X, ...

are independent and uniformly distributed random variables on the unit interval [0,1]. It is
an example of an infinitely differentiable function that is nowhere analytic [17, 20]. Setting

F(n/2k) = 2Bk=k*)/24,, (n), for all integers k > 0 and n € [0,2), we have the identities

2k_1

1
ok > Fl(n/2") =1;
n=0
k+1
F,g<1—7“r2k+>_F,g(;), nelo,.. 28—k —1j;

i ! m k—1
F’g<27«‘>:2'WZFIQ—1(F>, nel0,..,2 " —1];
m<n
which are discrete versions of

1
/F’(x)dac:l;
0
F'(1—x)=F'(z), x¢€][0,1];

Fl(z) = Q/OM F'(t)dt, z€[0,1/2].
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Indeed, F(x) approximates F'(z) = 2F(2x) as k — +oo (see Figure[3). See [8, 9, 22] for more
information about the values of the Fabius function at dyadic fractions.

2 —

[ QL AN,
0 0.25 0.5 0.75 1

FIGURE 3. The graphs of the derivative of the Fabius function (solid lines) and
of the vectors Wy (left, dotted) and Wy (right, dotted). The vectors are scaled
to fit in [0,2].

Proposition shows that the sequence of partial sums &; is bounded. In particular, by
partial summation the series

KReno1 | =X 11
(6.5) To:znz::l - :;51(n1)<nn+1>

converges. Applying partial summation repeatedly, one also obtains the identity

n

(6.6) TO—ZE”;;l_ZETZ;l_—;gM—DGE1n+ )+ Y E(m —1)Gr(m),

m=1 m>n m>n

for all k> 0 and n > 1, where G, is defined by the recurrence relation
1
Go(x) = = and Gpi1(z) := Gr(x) — Gr(z + 1) for k > 1.

Notice that the definition is similar to the one of g, but the shift in the second argument is
different. The following lemma shows that G can be written also as a simple rational function.

Lemma 6.5. For every k we have
k!
Gr(z) = ——.
[Tz +0)
In particular, 0 < Gi(x) < k!/z**1 when > 0 and Gy (z)z**1 = k(1 + O(1/z)) as z — co.
Proof. We proceed by induction on k. The formula is trivial for k¥ = 0. Using the recursive
definition of GG} and the inductive hypothesis we get:
k! k!
Moz +6)  Tlizole +£+1)
B k! _ k! (k1)
Moz +0 T E+0 T+
We now give the following lemma which implies that the series defining 7y gives its greedy
representation.

Gk+1($) = Gk(x) — Gk(CC + 1) =

O

Lemma 6.6. We have 19 > 0. Moreover, for n > 1 let n = 2Mn' with n' odd. Then

(6.7) en Y. 5”;;1 > 205)G 1 (n + 2071) > 0.

m>n
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Proof. Since |€1(n)| <1 for all n and & (0) =1, &1(1) =0, by (6.5) we have

+oo
1 1
2y (o) 6

n=

In particular 7y > 0.
Applying with k= p+ 1 gives

(6.8) > = (= DG+ D)+ Y i (m = DG (m),

m>n m>n
since by Corollary one has &(n — 1) = 0 for all £ < u. By Proposition (iv), and

the periodicity of (|€u+1(n)|)n, we have |€,11(m)| < 2(5) and Euv1(c — 1) = 0 where c is the
smallest multiple of 2“1 such that ¢ > n; in particular, ¢ < n + 2#*+1. Thus,

|2 Euralm = )G (m)] <28 (3 Grusn(m) = Gura(€)) =2 (Guln + 1) = G (0),

m>n m>n

where in the last two steps we have used the positivity and the telescoping property of G41.
Also, by Corollary . 2| we have £,11(n—1) = —€, 2 2(4). Thus, gives

2@, n+1) =2, 3 g’zn—l < ‘ S e (m - I)Gk(m)‘ <20 (Gu(n +1) — Cuia(0)

m>n m>n

and the claimed inequality follows since G,11(c) > Gpp1(n + 2#71). O

We are now in position to prove the claims in Theorem
Proof of Theorem[1.9 The fact that s, = s,,(70) = en—1 for all n > 1 follows from Lemma
by proceeding as in the proof of Corollary [£.4]

Let £ > 1 and let n = 2Fn/ with n’ odd. Corollary shows that & (n — 1) = -+ =
Ek(n —1) = 0. Also, Proposition gives that |Ex(m)| < 2( 2') for all m. Hence, gives

|To—an\_lzgk — 1)Gi(m ) 23" Gi(m)
m>n m>n

since Gi(m) is positive. Recalling the telescoping definition of Gy and the bound for Gj_;
given in Lemma we get
(6.9) o — o] < 202G (n+ 1) <202 ) (k — 1)1/nk,

which is the first claim, since Q(kgl)(k — 1)! = ¢x_1. Moreover, applying with k& 4 2 in
place of k, gives

T0 — Op — — €k+1(n — 1)Gk(n + 1) — Ek+2(n — 1)Gk+1(n + 1) + Z 5k+2(m — 1)Gk+2(m).

m>n

k
Corollary shows that Ey1(n—1) = —2(2)6n, whereas, telescoping, again, we have

]Zem —D)Grio(m)] < 230G (0 +1) = Op(n72)
m>n
Thus,

EnCk EnClk
T = 0w = (14 Ox(1/n)) ~ s

Finally, by (6.7) we have

(5)-2—2 (k +1)!

10— ou| > 2E)Gpa(n +21) > 26) Gy (3n) > 2 Y
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since n > 2F > (k 4 1). Thus, after a quick computation with Stirling’s formula one obtains

log |79 — op| > min

1 — logl 2
(k* — 5k) +log(k!) — 2 — klogn) = _{logn logi ogm) + O(logn).

<log 2
kER

Equation ([1.10)) then follows since with n = 2F gives

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

_k’+3k _ (logn—loglogn)?
|TO_Un| §2 2 +1(k—1)' = e log 4 +O(10gn) D
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