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STRONG KAC’S CHAOS IN THE MEAN-FIELD
BOSE-EINSTEIN CONDENSATION

SERGIO ALBEVERIO, FRANCESCO C. DE VECCHI, ANDREA ROMANO,
AND STEFANIA UGOLINI

ABSTRACT. A stochastic approach to the (generic) mean-field limit in Bose-
Einstein Condensation is described and the convergence of the ground state
energy as well as of its components are established. For the one-particle pro-
cess on the path space a total variation convergence result is proved. A strong
form of Kac’s chaos on path-space for the k-particles probability measures are
derived from the previous energy convergence by purely probabilistic tech-
niques notably using a simple chain-rule of the relative entropy. The Fisher’s
information chaos of the fixed-time marginal probability density under the
generic mean-field scaling limit and the related entropy chaos result are also
deduced.

1. Introduction

We consider the problem of justifying the general mean-field approach to Bose-
Einstein Condensation in the ground state framework, starting from the N body
Hamiltonian for N Bose particles and by performing a suitable limit of infinitely
many particles. We say general because we include the cases corresponding to
0 < B < 1, where 3 is the parameter that allows to model the N-dependence of
the range of the interacting potential. The case 8 = 0 corresponds properly to the
mean-field approximation where the potential range is fixed and the intensity of
the interacting potential decreases as 1/N. Differently the regime corresponding
to 0 < B < 1 is more difficult since the interaction potential goes to a delta func-
tion in the sense of the measures convergence. This case is not very well studied
and it is usually denoted as the non linear Schroedinger limit (see [33]). There are
many results and some quantitative estimates of the convergence rate for small
values of 3 (see [33] [60] and references therein). We face the general mean-field
convergence problem by using the hard results for the case 8 = 1, known as Gross-
Pitaevskii scaling limit, obtained in [34) [35] and, recently, in [43]. We prove the
convergence of the one-particle ground-state energy to the ground-state energy of
the non-linear Schroedinger functional for the case of purely repulsive interacting
potential (Theorem[2:2]). After this, we are also able to discriminate how the single
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terms of the energy converge (Theorem [Z7]).

Nelson’s Stochastic Mechanics ([44) [45] [10]) allows to rigorously associate a sys-
tem of N interacting diffusions to the N body Hamiltonian ([7]) and consequently
to consider the convergence problem of the one-particle probability measure on the
path-space to the limit measure of McKean-Vlasov type. In this paper we prove
that the convergence holds in total variation (Theorem [.6]), which is stronger with
respect to the weak convergence recently obtained in [4] for the Gross-Pitaevskii
scaling limit. Successively we establish both the usual Kac’s chaos and a strong
form of Kac’s chaos for the law of the N interacting Nelson diffusions (Theorem
BA). It is well-known indeed that Kac’s chaos is usually expressed as the week con-
vergence of the law of any k-components diffusions to the asymptotic k-product
measure. In our paper we state that the cited convergence on path space is in
total variation sense (Theorem [5.1] and Theorem [5.4). The proof, based on Gir-
sanov Theorem and on the relative entropy between the two involved probability
measures, is essentially a probabilistic one. The relevant analytic result used in
both the proofs is the L?-convergence of the difference of the drifts which can be
deduced from Theorem 2.4 without the usual assumptions of bounded or Lipschitz
drifts (that are not satisfied in our quantum mathematical setting).

The plan of the present paper is the following. In Section 2] we introduce the
quantum framework of the derivation of the non-linear Schroedinger model from
the initial N body Hamiltonian describing the IV Bose particles through a suitable
scaling limit of general mean-field type and we prove the weak-L!' convergence
of the ground-state energies to the asymptotic non linear energy as well as the
convergence of the single terms of the associated energy functional.

In Section [B] we briefly introduce the Nelson-Carlen scheme of Stochastic Me-
chanics. The total variation convergence of the one-particle measure on path-space
is proved in Section @l In Section [ both the usual and the strong Kac’s chaos is
established and in the Section [fl we derive the entropy chaos from Fisher chaos for
the fixed time symmetric probability law on the product space R3¥.

2. Convergence of the mean-field quantum energy functional

We want to study a thermodynamic limit of a system of Bosons in R3. For this
reason we consider the following N-body quantum Hamiltonian

N 52
Hy = <——AZ—+V ri >—|— UN(Ti — T; 2.1

Y (cambrv)« ¥ ontri-m) (21)
where V' is a confining potential, vy a pair-wise repulsive interaction potential
(depending on the number of particles for obtaining a meaningful thermodynamic
limit) and r; € R3,i = 1,..., N. It operates on symmetric wave functions ¥ in the
complex L2(R3N)-space in order to satisfy the symmetry permutation prescription
for Bose particles.

We consider the mean quantum mechanical energy

En(U) =< U HyU >, Ue H' (R¥) (2.2)
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If there exists a minimizing function ¥y of Ey it is called a ground state and the
corresponding energy En|[¥ ] given by

EN[\I/N] = 1nf{5(\11) : / |\I/|2d1‘1...dr2 = 1}
R3N

is known as ground state energy.

Under suitable assumptions on the potentials V' and vy one can prove the exis-
tence of the ground state ¥y for (ZI). Uniqueness of the ground state is to be
understood as uniqueness apart from an overall phase.

The Bose-Einstein condensate is obtained as the thermodynamic limit of the
previous N-body problem and it is usually described by a wave ¢ € H*(R3), also
called wave function of the condensate, which is the minimizer of the Hartree or
of the non-linear Schroedinger (energy) functional (depending on the dependence
of vy from N)

6] = [ (g ITo? + VO ) v
[ [ 160t = eioten) v, (23)

£ = [ (IVO0R + VOl +alo®) ) ar, (24)

under the L2-normalization condition

[ 1oty =1

g= /vo(:zz)d:z.

Here vy denotes the potential of the interaction between two particles before
the thermodynamic limit is taken and its relation with vy is given by the following
equation

and where

N38
N -1

From now on we consider the more difficult case given by £ which implies
B8 >0.

We denote by E,;s the minimum of the energy (2.4) and by ¢,;s the min-
imizer which solves the stationary cubic non-linear equation (called non-linear
Schroedinger equation, nlS, or Gross-Pitaevskii equation, GP) ([33], or [26] [47])

un(r) vo(NPr), 0<Bg<1 (2.5)

h2
— 300+ Vo429 = Ao (2:6)

A, the real-valued Lagrange multiplier of the normalization constraint, is usually
called chemical potential. For the GP case one can prove that ¢ is continuously
differentiable and strictly positive ([34]).

A stochastic quantization approach for the system of N interacting Bose parti-
cles has been faced for the first time in [38].
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In [41] it has been proved that to the N-body problem associated to Hy there
correspond a well defined diffusion process describing the motion of the single
particle in the condensate, under the Gross-Pitaevskii scaling limit as introduced
in [34], which allows to prove the existence of an exact Bose-Einstein condensation
for the ground state of HY (see [34,[35]). For the time-dependent derivation of the
Gross-Pitaevskii equation see [I] and [21I]. For the non linear Schroedinger case
see [22].

For simplicity of notations, let us put A = 2m = 1.

We consider the mean energy (2.2))

N
En[UN] = /Z(WMF FVEDONP+ D on(r — )| Wy|Pdry ey
i=1 1<i<j<N

We assume

h1) V(|ri]) is locally bounded, continuous, strictly positive and going to infinity
when |rj| goes to infinity.

h2) vy is smooth, compactly supported, non negative, spherically symmetric.

Remark 2.1. The scaling case with 5 = 1 does not belong to the mean-field regime.
It is known as Gross-Pitaevskii scaling limit and it involves the scattering length
of the interaction potential. The convergence of the ground state energy in this
setting is difficult and has been provided by [34, [35] 43].

In this paper we propose a proof of the above convergence result in the thermo-
dynamic limit for a generic mean-field case (i.e. with 0 < 8 < 1), but only under
the assumption h2) corresponding to a positive-definite interaction, by taking ad-
vantage of the hard results of the GP regime.

Theorem 2.2. Under the previous hypothesis h1), h2) we have that
En[YN]

lim ——— = En (25" 2.7
NIT N lS[ lS] ( )
and
1 2 ... = 2
llTIIl /|\I/N| dI‘2 ry |¢nlS| (28)

where ¢nis is the minimizer of the non-linear Schroedinger functional (Z4) and
the convergence is in the weak L*(R3) sense.

Remark 2.3. The one-particle marginal density pg\}) converges weakly to p,;s in

the sense that the probability measures pg\})dr weakly converge as N — oo towards

the probability measure p,;sdr on R3.

Proof. First of all we note that the following estimate

_ E
EnlS+CN ﬁZWN

is proved in ([33], Proposition 2.3 or Theorem 2.4). This means that lim ntoo Ex <

N
EnlS-
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In order to prove that limyqeo ETN > F,5 let us introduce the functions u%
such that
N m’
ull (1) =~ ) (2.9)
and
udl (r) = N38 73y (NP~ 1(r)) (2.10)
By using the previous equations we obtain
N N3P 8
un(r) =oun(r) = N 1U0(N (r)), 0<p8<1 (2.11)

By relevant results on the convergence of ground-state energies in the GP scaling
limit (see [34] B2] which corresponds to considering vy as in equation (Z3))) if we
denote by EX the ground-state energy associated to the potential ul} we have
that, for all fixed N,

1
lim —EY = EY 2.12
ml%go mom GpP ( )

where EYp is the minimum energy of

eplé) = [(Voe)P + VOO + dmanlo@ldr  (213)

where ay is the scattering length of the potential ul’ (see [34} 36] for the definition
of scattering length).

First of all we prove that limyjsc 4may = ¢g. We note that by (ZI0) and by
changing integration variables

/uév(r)dr = /vo(r)dr =g (2.14)

By the upper bound for the scattering length (see [36] Appendix B) we have

g= /uév(r)dr > drman

We look for an estimate from below for 4may converging to ¢g. Let us recall how
the scattering length is defined. Denoting by R is the maximum radius of the
support of vy, let

Ry = N'"PR,
be the maximum radius of the support of uj)’. Setting
X0l = [ (90w + o (1) jolo) ) (215)
R

and denoting by EN the minimum energy with respect to ¢ in L?>(Bg) (with Bg
the ball of radius R) subject to the constrain ||¢||g, = 1, we have for all R > Ry:

~ 47TCLNR
Ef = ——— 2.16
R (R . aN) ( )
We observe that for R > N'=# R, we can rewrite (Z.I5) as
ER ¢l = /BR (N'PIVo(x)? + vo(r)|d(x)[*)dr (2.17)

N1=8
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Denoting by £ the minimum energy with respect to ¢ in L#(55) subject to the
constrain ||@| 5, = 1, we want to give a lower bound for E%.

R

If (bg denotes the minimizer of the previous functional we have that

BY = [, wlof P
-~
So it is sufficient to give a lower bound for |¢%|. To this aim let us introduce
the potential:
vy (r) = min(vy(r), k), k>0
If Eg’k denotes the minimum energy when the interaction potential is vlg(r),
then we note that

BY =By = [, obwley mPar (218)

N1-B

where the function ng’k satisfies the equation L’fv(qbg’k) = 0 with L%, given by
LY (¢) = N'"PA¢ + v5o
By the maximum principle if

Lk(p) <0,  ¢>0, =1

191l _za_
then ¢ < ¢N".
We choose (bg’k’e = C + ¢€||7?|| where € is such that:

—3N'Pe 4+ (C+ Rk <0
When N 1 co we can choose € | 0 and C such that

R3
(C+6N15) = 1

Nk Nk,
R Zd)R 621_5

Therefore from (2I8) we get

R2
Eg 2 Eg’k 2 (/Ué(r)dr) (1 — EW)
Sending € [ 0, N 1 0o, k1 0o and R 1 oo we obtain

4 R
lim 47way > lim ( TaN ) >
Ntoo NtooRtoo \ R — an

In particular we have:
2

N1-8

> %le vf (r)dr = /vo(r)dr.
Therefore
]%1%130 dray = /vo(r)dr.
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Let us now consider the following functional
el = [(VowP + Vo) + draylowlar  (219)

and let Eg]’DR = Eg]’gR[gb] where ¢ is in H!(Bg) subject to the constrain ||¢|| = 1
and with Neumann boundary conditions.
In [34] it has be proven that

Ep > BYpH (1= C(R, égp )m™ 1) (2.20)

where C(R, qﬁg}pR) is a continuous, locally bounded function of R and of the mini-
mizer ¢y’ with respect to the norm [|¢gp| L= + | Véap| L. Indeed in the proof
of Theorem 4.1 in [34] we can see that gbg};R depends from both
. N.R N,R .| N,R
min [¢op |2, max|dgp > — min |y |?
AL AL Ar
where Ay, is the box of length L and that the two previous quantities are contin-
N,R .. . .
uous when ¢ " varies in a continuous way with respect to the norm [|¢gp| -~ +
|[Véep| L. Consequently if we are able to prove that C(R, ¢yp) is bounded with
respect to N then we obtain
i EY i EN S (BN - c(r ol f)N-1)] = lm BYE. (221)
Nfse N Ntce N — Nico LGP Al Npoo GFP 7
On the other hand, since 4may — g, we have that limy1oo Egl’pR = Eﬁs, where

EI . is the minimum of the functional

elislél = [ (Vo + VI +glotw))ar 2:22)

with respect to ¢ in H'(Bg) subject to the constraint ||¢|| = 1 with Neumann
boundary conditions.
Since EX 4 converges to E,;s when N 1 oo we finally have

En
lim — > F, 2.23
Nioo N =08 (2:23)

It remains to prove that C(R, gbg}gR) is bounded with respect to N. We provide
this by showing that

. N,R R
]\1}%20 bcp = Puis (2.24)
with respect to the norm || - ||pe + ||V - || e
Let us first note that ¢g}3R satisfies the equation
N,R N,R N,R2 (N,R N,R
— DNogp +Vogp +8man|dgp [*dgp = nép(an)dgp (2.25)

from which we obtain that Agnp’ € L3/27¢(Bg) with the bounds

3/2

ay” +1
||A¢g}DRHL3/2+€(BR) <4 (G%Q + 1)/3 (¢g}3R(r))4dr <4 Nq-(TNEéV])DR7
R
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where C] is pos1t1ve constant mdependent of N. Using a bootstrap argument we
obtain that ||¢) Blloa-e < F(E %) where F is a continuous increasing function
from R, into 1tself and C?7¢ is the space of 2 — ¢ Holder functions with 0 <
€ < 1. Since ay — ¢ and Egl’DR depends continuously on ap, we have that
Sup ||¢g}3RH0276 < 400, and so gbg})R stays in a compact set of C! with respect
I ze= 4+ ||V - ]|L~ norm. Since equation (Z25) has a unique solution and by Berge
Maximum Theorem (see [I3] Theorem 17.31) the map ay — (bgPR is continuous
with respect to || - || g + ||V - || L norm, we have that limyjee dgp = ¢fg in O
and so C(R, ¢gPR) is bounded with respect to N. O

We aim at characterizing the limit of the single components of the ground state
energy En[Uy].
Let us introduce the following energy functionals, for any A > 0:

5 \I/Nv /Z |V \I/N|2 + )\V(rz))|‘IJN|2 Z U(ri — rj)|\IJN|2dI'1 TN,
1<i<j<N

(2.26)

E W, A /ZW UnP+VE) NP+ > Mo — 1)Uy dry -1y,
1<i<j<N
(2.27)

2
EnsloN] = [ (VO + AVEOMR +glo(el ar, 550, (228)

2
516 = [ (5 VOOP + VIO + o) ar, 50 (220

We denote by Ey()), EX(N), ELg(N), E2,¢()\) the minimum of the four above
energy functionals respectively.

We introduce the following hypothesis.

Hypothesis A. For A in an neighbour of 1

1
aim B (2:30)
E2 ()
Jim ZA gz ) (231)

If Theorem holds, then Hypothesis A is true when v(r) € L*(R?), positive
and with compact support. Indeed g\ = fRS Av(r)dr = Ag.

Theorem 2.4 (Energy Components). Under the same hypothesis hi1),h2) as in
Theorem [2.3, and the Hypothesis A, let us suppose that E},s[p, N and E2,5[¢, N]
admit a unique minimizer in a neighbour of A = 1. Then

1im/ / ViU N (r1,..,ry)|?dry - - - dry = / Vs (r)|dr  (2.32)
R3 JR3N-3 R3

N*Too
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and, moreover,

im [ Ve )P de = [ V@ous)Pdr (233

N1too

1 —1j|)|¥ ) Pdry - d :/ nis (r)]*d
#MZ&AM|HMNWMMNH e =g [ [6us(r)l'dr

(2.34)
where U and ¢p1s are the unique minimizers of Ex and Enys Tespectively.

Proof of Theorem [2.) Since EY WU n, A, E2[Un, A, EL,5[h, A, E2,51¢, A] depend lin-
early by A we have that E}()\), E%(\), E} g(\), E?,4()\) are concave in A (as
minimizers of functionals which are linear in \).

Thanks to Hypothesis A and using the fact that EN()), EX(A), ELg(N),
E2,4()\) are concave we have

.1
},1%{)10 Na/\E}v(A) = O\Epis(N) (2.35)
]%fle _aAEN( ) = aAEle(A) (2.36)

whenever O\E} o(\) and 0yE? 4(\) are well defined. By using the Hellman-
Feynman Principle we obtain

E
HEN(N / ZV r |\I/ (r1,...,rn)[2dry - - dry (2.37)
R3
O\E3
; N / > (e - My, oo ry)|dry - - - dry (2.38)
1<J

where \Ilé(,)‘ is the minimizer of [y, \] with i = 1, 2.

For calculating the derivatives of (for example) EZ,¢(\) we recall that

A(bnlS + V(bizi\s + 2/\9|¢nls| ¢nls MnlS(AW%ﬂ\Sv (2.39)

where fin15(A) = E2;g(A\) + Ag [gs |¢nls|4dr It is simple to see that the function
pnis(N) is continuous with respect to A and it is differentiable whenever EZ ¢())
is differentiable.

Since 572ﬂ 5[] has only one minimum, using a reasoning similar to the one of
the proof of Theorem and by Berge Maximum Theorem (see [13]) the map
A ¢iﬁ9 is a continuous function in A and also differentiable whenever 9y E2,4(\)
is well defined.

By differentiating (I?:{QI) with respect to A, when E? () is differentiable, and
by multiplying for ¢ S and finally by integrating we obtain
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/¢nls nls+/V¢iz/\sax\¢nls+2)‘9/|¢nls 36/\¢nls =

= finis (A /%zs&\%zs + OE s /|¢nls (2.40)
Since equation (2:39) holds, we deduce that
a/\Enzs —9/|¢nls (2.41)

Now, (b S is continuous with respect to A and since E2,4()) is concave it is almost
everywhere differentiable. Then E? () is continuously differentiable VA. By the
concavity of the previous functions we finally obtain

N*Too

N
lim / ZV(T1)|\I/}\}>\(I-1, "'7rN)|2dr1 e drN = / (r1)|¢nl5( )|2dr (242)
RSN T

N —o00

lim /3N Z (Jr; — |\1;2 (r1,...,ry)[2dry - - dry = /9|¢nls( Y dr (2.43)
R3N 52
O
3. Stochastic mechanics and Bose-Einstein condensation

Nelson’s Stochastic Mechanics allows to study quantum phenomena using a well
determined class of diffusion processes ([44] [45] [7, [§]). See [10] for a more recent
review on Stochastic Mechanics.

We will briefly introduce the class of Nelson diffusions which are associated to
a solution of a Schrodinger equation.

Let the complex-valued function (wave function) ¥ (x,t) be a solution of the
equation:

i0pp(x,t) = Hp(z,t), teR, zeRY, (3.1)
with ¢ (x,0) = ¢o(x), corresponding to the Hamiltonian operator:
h2
H= —2—A + V(x),
where A denotes the reduced Planck constant, m denotes the mass of a particle,
and V is some scalar potential such that H is realized as a self-adjoint lower
semibounded operator on a dense domain D(H) C L%(R?).

Let us set: v
u(z,t) == Re [%} (3.2)
o(z,t) i= Tm {%] (3.3)

when ¢ (z,t) # 0 and, otherwise, set both u(x,t) and v(x,t) to be equal to zero.
Let us put
b(x,t) := u(z,t) + v(x,t) (3.4)



STRONG KAC’S CHAOS IN THE MEAN-FIELD BEC 11

Let (Q,F,F:, X;), t > 0, with Q = C(R,,R?), be the evaluation stochastic
process X¢(w) = w(t), with 7y = 0(X,, s < t) the natural filtration.

Carlen ([7, 8, [9]) proved that if |[V¥||3 < co then there exists a unique Borel
probability measure P on 2 such that

i) (Q,F,F:, X¢,P) is a Markov process;
ii) the image of P under X; has a density p(t,z) := pi(x), for every t > 0;
iil) Wy := X3 — Xo — fot b(Xs, s)ds is a (P, F;)-Brownian Motion.

The continuity problem for the above Nelson-Carlen map (from solutions of
Schrédinger equations to probability measures on the path space given by the
laws of the corresponding Nelson-Carlen diffusions X;) is investigated in [I7]. For
a generalization to the case of Hamiltonian operators with magnetic potential see
[48].

From now on we will mainly consider the case where d = 3.

We adopt the following notations: capital letters for stochastic processes or,
otherwise, we will explicitly specify them, ¥ = (Y1, ...,Yn) to denote arrays in
R3N, N € N, and bold letters for vectors in R3.

Here we precisely identify the interacting diffusions system rigorously associated
to the ground state solution ¥, of the Hamiltonian (2.1]).

Introducing the probability space (QN,FN, FN|V;), with Y;(w) = w(t) the
evaluation stochastic process, with F}¥ = o(Y;, s < t) the natural filtration, since
||V n|[? < oo, then by Carlen’s Theorem there exists an unique Borel probability
measure Py such that

i) (QN, FN, FN, Y, Py) is a Markov process;
ii) the image of Py under Y; has density py(r);
i) Wy =Y, — Yy — fot b (Ys)ds where

N (M) g9 (N)
b (F2) o= L - LV
vy 2 pN

The stationary probability measure Py with density py can be alternatively
defined as the one of the Markov diffusion process (properly) associated to the
Dirichlet form ([3] 24 25|, 39]):

onll9)i=5 [ VIO Vepnds™  fgeCEEY) ()

4. A total variation convergence of the one-particle measure on the
path space

In the present section we focus on a convergence problem for the probability
measure on the path space corresponding to the one-particle process.

We consider the measurable space (QV, V) where Q is C(RT — R?), N € N
and F is its Borel sigma-algebra as introduced in Section 3. We denote by Y=
(Y1,...,Yn) the coordinate process and by F;¥ the natural filtration.
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Let us introduce a process X™° with invariant density p,;s, that is we assume
that X" is a weak solution of the SDE

h 2
dXT = s (X)) dt + (—) dW; (4.1)
m
where,
_ 1Vpus
Unls 1= z——
2 PnlS

The vector field u,;s is well defined since pp;s is continuously differentiable
and strictly positive under hypothesis h1) and h2) (see [34} [36]). We denote again
by Pn the measure corresponding to the weak solution of the 3N- dimensional
stochastic differential equation

t
V- Y, = / WY (V.)ds + W, (4.2)
0

where Yj is a random variable with probability density equal to py, while Wy is a
3N-dimensional Py standard Brownian motion.

In this section we use the shorthand notation b =: bV (V).

We denote by IP’f:fl ¢ the measure corresponding to the weak solution of the 3./V-
dimensional stochastic differential equation

t
Y, —-Yy = / Unis (Ys)ds + W, (4.3)
0
where
Unis(re, -, rN) = (Upis(r1), -+, unis(ra)),
Yy is a random variable with probability density equal to py and th is a 3N-
dimensional ]P’f:[l g standard Brownian motion.

Following [41], the next lemma computes the one-particle relative entropy be-
tween the three-dimensional one-particle non markovian diffusions Y; and X™5.

Lemma 4.1. Under hypothesis h1) and h2) we have
~ AVA'/] 2
B [ (7) = S I = [ e — s+

+/V(r1)|\1/N|2dr1...drN+2g/¢ils(r1)|\1/N|2dr1...drN. (4.4)
Proof. By simple computation and recalling that ¢,;s is strictly positive and C?
and hypothesis hl) we have

. 1 v

ey 0 (%) - Sl =5 [ ]9 (5)
2 Jgn Pris
where Wy is the ground state of the N body Hamiltonian (2.1).
2

V1 ( Yy )} ¢ilsdr1...drN is finite and equal to

Pnis

the right hand side of equation ([@4). In order to prove this, let Up n be the
ground state of Hamiltonian (2.1]) restricted on the ball By, with radius R and

2
2
¢nlsdr1...drN

We now want to prove that [,
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centre in 0, with Dirichlet boundary condition. Using integration by parts, the
fact that Un rlop, = 0 and the nlS equation (2.6) we obtain

1 WNR)
_ \V4 ’
2/BR ! < Onis
ViUy gl Vn,r|?
:/ Vvl o (ﬂ).vlws dry...drn
B 2 Onis

_ [V&n,r|? 2
= fdrl...dr]v"f' V(I‘l)|\I/N)R| drl...dI‘N+
BR BR

2
2
nlsdrl drN

—Mnls+29/¢,2lls(r1)|\IfN7R|2dr1...drN. (4.5)

2
Using the fact that |¥y g|> — |¥n|? weakly and that IBR %drl...dr]\; —

2
Sron IV\I;NI dri...dry as R — +o0o the lemma is proved. O

Remark 4.2. Lemma 1] has two important consequences. First of all, since ¥%;
is the minimizer of EN[¥], the following finite energy conditions hold:

t
IEPN/ 16Y|%ds < oo (4.6)
0

t
EPN/ | a5 |2ds < oo. (4.7)
0
Furthermore, by Theorem [2.4] we obtain

Ep [[1b3" (V) — u"¥ (Yi(s))[*] —

as N — oo.

Lemma 4.3. The one-particle (or normalized) relative entropy is given by

APy o)l = 3B [ V() - S mi)Ias (49

Proof. The proof is similar to the one proposed for GP limit in [4I]. For this
reason we report here only a sketch.

The inequalities (6) and (1) are finite entropy conditions (see, e.g. [23]) which
imply that Vt > 0

Pylr, < Wiz, Plglr < Wiz

(where < stands for absolute continuity) By Girsanov’s theorem, we have, for all
t>0,

dP N ' PN _ ~nlS i 1t IN _ anlS|2
e =expq — ; (by —a2*) - dWS+§ ; Iy — a2 ||*ds ¢ , (4.9)
nlS | F,

where |.| denotes the Euclidean norm in R3*Y. The relative entropy restricted to
Fi reads
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dP
H(Pn,PYs)l7 =t Epy |log ——-
dPnlS

1 Lo
= lg, / 1B — anS|2ds  (4.10)
Fe 2 0

Since under Py the 3N-dimensional process Y is a solution of {2 with in-
variant probability density py , we can write, recalling also ([{8]) and (@1, and
by using the symmetry of b and py

H(]P)Na P%S”]“t =

N
1
= Et/ Z ||bfv(r17 ce IN) — unls(ri)||2der1 Lodry =
RSN

1
= —Nt/ 167 (r1, - TN = s (1) | Ppndry . dey =
2 R3N

1 ! ;
= 5Nty [ ()~ wus(Vi(o)|Pds, (412
0

By defining the one-particle relative entropy as the normalized relative entropy
we obtain

_ 1
H(PN, PNl F = NH(PNvP%S”E =

= 3B [ 00 —w S s (412)
(I

By Theorem 2.4] we deduce that for any ¢ > 0 the one particle relative entropy
converges to zero in the scaling limit.

Remark 4.4. In the more complicated GP scaling limit the one-particle relative
entropy does not converge to zero but to a finite constant. This fact has important
consequences for the convergence of the one-particle probability measure. See
[19] for the proof of the existence of the limit probability measure, [4] for the
proof of weak convergence of the one-particle process and [42] for the localization
phenomenon of the relative entropy.

The proof the theorem takes advantage of the following lemma, which represents
a useful chain-rule of the relative entropy when the reference measure is a product
one.

Lemma 4.5. We consider M = X xY, where X and Y are Polish spaces. Let P
be a measure on M and Q1 and Qo probability measures on X and Y respectively.
We denote by Q = Q1 ® Q2 the product measure on M of the measures Q1 and
Q2 and we suppose that P < Q. Then we have

H(PIQ) = H(P1|Q1) + H(P2|Q2), (4.13)

where Py and P are the marginal probabilities of P.
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Proof. The proof can be found in Lemma 5.1 of [19]. O

Theorem 4.6 (Total variation convergence on the path space). Under the same
hypothesis hi1),h2) as in Theorem [Z3, the one-particle measure PY; converges
in total variation to Png, the latter being uniquely associate to the non linear
Schroedinger functional.

Proof. By Lemma the one-particle relative entropy reads
_ 1 ¢ . N
H(PN, Bois)lF = gEPN/O 1627 (Y) — ™' (Ya(s)) | *ds (4.14)
and by Remark we obtain
o t .. 5 n
Jim HPN, Pz = 5 Jim Epy [0 (Ys) — u™ (Ya(s))[*] = 0 (4.15)

Let us introduce the total variation distance between the one-particle measure

]P)}V and ]P)nlS:
dPY, )
—-1)dP,
/A (dPnlS s

(4.16)
By the well-known Csiszar-Kullback inequality ([I6],[30]), which is valid in ar-
bitrary Polish spaces,

drv (Py, Puis))|7, = sup [Py(A) — Pus(A)| = sup
AeF; AeF;

dry (P, Puis) |7, < /2H(Py, Pus)| 7 (4.17)
By using Lemma we can write

HPY[PYs) > H(PNIPLs) + HPN T PNSY, (4.18)

and by repeating this procedure we obtain

H(P}VapnlS”}} < Q(PMP%S”E- (419)
From equation (£I8) and inequalities (£19), (5.12) we deduce that the sequence

]P’}V converges in total variation to P,;g.
O

5. Strong Kac’s chaos on path space

It is well known that the (usual) Kac’s chaos is implied by statements of the
kind given in the following theorem:

Theorem 5.1 (Kac’s chaos on path space). VT > 0 fized,Vi = 1,2, ..., N we have
. 1y 2] —
m Epy [f;lg Y; =Y/l =0 (5.1)
Proof. Let T be a fixed time. For all t < T, by exploiting (2] and @3], with Y;!
and Y; the first components of Y; in [@2]) and (@3] respectively, we have
2

T
sup V- Vi < | [0 (52) — ws(v))ds 5:2)
t<T 0
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and by taking the expectation with respect to the measure Py we obtain
2

T
Beyloup Y = Vi) < Bey || [ 08 (72) = wnis(v)ds
t< 0

T 2
— Ep, |T? (% / (bﬁm—ums(mds) <

< Epy

T
T2%/0 (b (V2) —unzS(Ysl))2dS] =

= T%Ep,, [(bY (Ys) — ums(Y))?)]  (5.3)

where we have applied Jensen’s inequality and we have taken into account the
stationarity of both our systems. By Remark we deduce the statement of the
theorem. ]

Remark 5.2. The Kac’s chaos on path space implies the Kac’s chaos for the fixed
time marginal probability densities, that is for any fixed k& € N, the measures
pk(r1,...,rNn)dry ... dry converges weakly to p®*(r)dr. The latter can be derived
by the complete Bose-Einstein Condensation (see [53]).

Let us denote by ]P’fv the measure Py restricted with respect to the o-algebra
generated by (any) k particles (due to the symmetry).

We prove a result which states that when the normalized relative entropy goes
to zero, also the relative entropy between any k£ marginal probability measures
goes to zero.

Lemma 5.3. If for all fired t > 0, when N 1 400

H(Pw, Pris)|z =0 (5-4)
then, for every fized k € N,
li Pk, Pk = :
N%Eloofﬂ( N Pris))lF =0 (5.5)

Proof. We prove the statement by induction on k. By simplicity of notations we
do not write the restriction to F;. The assertion is true for k = 1 as we have shown
in (@I19).

Let us write N = kNy + r, and suppose that the statement is true for any
rg < k. Applying Lemma we have

H(Pn|Pris) > NeH(PK[Pris) + H (PR Pris), (5.6)
which implies:
k k (k + 1) N - r T
HPY|Prs) < TN H(PwN|Pps) + ZH(PMPMS)
r=1
k—1

(k+1)

— (k+ 1)%#(PN|P£¥[S> + S HER[PLs)  (5.7)

r=1
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Since N 1 400 if and only if Ny T 400, by induction hypothesis we obtain the

result.
O

Theorem 5.4 (A strong form of Kac’s chaos on path space). Under the same
hypothesis hi), h2) as in Theorem[2.2, for all fized t > 0,vk € N we have

Jim dry (By, Pryg)lz =0 (5:8)
Proof. Since by Lemma
APy o)l = 3Be [ V)~ S miDlas 69
by Remark we obtain that
Nhgloo H(PK,PFg) =0 (5.10)
By Lemma 5.3l it follows that for every fixed k,
hm H(Ph, PE o) = (5.11)

Since by the Csiszar-Kullback 1nequa11ty we have:

dry (Py, PR o) 7 < o 2H (PR, PR 7., (5.12)

we obtain the result. O

6. Fisher information chaos in Bose-Einstein Condensation

In this section we consider the symmetric probability law GV of our N inter-
acting diffusions on the product space R*Y, which are absolutely continuous with
density py = ||

First we define the Fisher information associated to a probability measure G
on a space R3".

Definition 6.1. For G € W1(S™) we put

IVG|?
I, =
@=[, "

otherwise equal to +00. We consider the normalized Fisher information I := %In

The Fisher information has the following important properties:

(1) I is proper, convex, l.s.c. (in the sense of the weak convergence of mea-
sures) on P(R3") (the space of probability measures on S™).
(2) (a) For1<1<n, IL(G) <I(G) where G € P(R3")
(b) The (non normalized) Fisher information is super-additive, i.e.
I,(G) > LI(Gy) + In—i1(Gn—1)
with (in the case I;}(G) + I,—;(Gn—i) < +00) equality if and only if
G =GGny
(¢) If I(G1) < +o0, the equality I(Gy1) = I(G) holds if and only if
G = (G1)%
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Proof. For 1) see, e.g., [27], Lemma 3.5. For 2) see [12] or [27], Lemma 3.7. O

Proposition 6.2 (Fisher’s chaos in mean-field BEC). There is Fisher’s chaos in
the generic mean-field Bose-Einstein Condensation.

Proof. The Fisher information associated to the symmetric law Py is:

1 Von |2 4 Von |?
I(GNn) == —_— dri...dry = — —_— dry...d
(Gn) N Jesv | pn PNGY] ry N Josn | 20w pNaTry rN
1
== VUy|%dr,...d
N Jpon |V UNI L doN

By Theorem 2.4 in particular by (2.32), we get
]1}1%20 I(GN) = I(Gnls)

Moreover, by Theorem 2.4 we also have that ps\}) converges to pnis weakly in

P(S) as N — 400 and so we have that Fisher’s chaos holds. O

Proposition 6.3 (Entropy chaos in mean-field BEC). Entropy chaos holds in the
generic mean-field Bose-FEinstein Condensation.

Proof. The proof of the fact that the Fisher’s information chaos implies entropy
chaos and Kac’s chaos can be found in [27]. O
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