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1 Introduction

Estimates at infinity for the heat kernel on the Heisenberg group or, more generally, H-type
groups have attracted a lot of interest in the last decades (see, e.g., [2,/7,/10,/12,(16L(17]). In the
context of H-type groups, in particular, some results were recently obtained by Eldredge [7] and
Li [17] independently. In 7], Eldredge provides precise upper and lower bounds for the heat kernel
ps and its horizontal gradient Vcps. In [17], Li provides asymptotic estimates for the heat kernel
ps, as well as upper bounds for all its derivatives. Nevertheless, to the best of our knowledge,
sharp asymptotic estimates at infinity for the derivatives of ps are still missing. In this paper we
address this problem by providing asymptotic expansions at infinity of the heat kernel and of all
its derivatives.

Let G be an H-type group identified with R®>™ x R™ via the exponential map, and denote by
(z,t) its generic element, where z € R*" and ¢ € R™. It is well known that the heat kernel p; is
a function of R = |z|*/4 and |t|. Outside the region {(z,t) € G: t = 0}, any derivative of ps(z,t)
can thus be written as a finite linear combination with smooth coefficients of the functions

ky ko
Ps,k1,k2 (.Z‘, t) = %%lkz,ps ($7 t)a
for suitable k1,k2 € N. We call these functions radial partial derivatives of ps. Thus, everything
can be reduced to finding asymptotic estimates at infinity of ps i, r, for every ki,k2 € N; these
will yield asymptotic estimates of every desired derivative of ps.

We divide the paper in five sections. In the next section we fix the notation and recall some
preliminary facts on H-type groups and the method of stationary phase. In the central Sections
and [] the functions p; , x, are studied. In Section [3] we provide asymptotic estimates for ps k, &,
in the case m = 1, namely when G is a Heisenberg group; in Section [ we extend the results of
Section [3] to the more general class of H-type groups. This is done via a reduction to the case
m = 1 when m is odd; a descent method is then applied in order to cover the case m even. The
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preliminary study of the case m = 1 is necessary except in a single case, for which the general
case could be treated directly; nevertheless, we include both proofs for the sake of clarity. As the
reader may see, our Theorem and Corollary cover the cases of |17, Theorems 1.4 and 1.5]
and |7, Theorem 4.2] as particular instances, and imply |17, Theorems 1.1 and 1.2] and |7, Theorem
4.4] as easy corollaries, by means of formula . In Section |5| we show an interesting application
of our estimates, providing a different proof of a theorem due to Inglis |14] which concerns the
discreteness of the spectrum of some Ornstein-Uhlenbeck operators on G.

We emphasize that our methods are strongly related to those employed by Gaveau [10] and
then Hueber and Miiller [12]| in the case of the Heisenberg group H!; some ideas are also taken
from the work of Eldredge |7]. In particular, we borrow from [10] and [12] the use of the method
of stationary phase, though in a stronger form provided by Hérmander [11].

2 Preliminaries
2.1 H-type Groups

An H-type group G is a 2-step stratified group whose Lie algebra g is endowed with an inner
product (-, -) such that

1. if 3 is the centre of g and h = 3%, then [p, ] = 3;
2. for every Z € 3, the map Jz: h — b,

(JzX,Y)=(Z,[X,Y]) vX,Y eb,

is an isometry whenever (Z,7) = 1.

In particular, g stratifies as h @ 3. It is very convenient, however, to realize an H-type group G as
R2™ x R™, for some n,m € N, via the exponential map. More precisely, we shall denote by (z,t)
the elements of G, where z € R?*" and t € R™. We denote by (e1,...,ean) and (u1,...,un,) the
standard bases of R?" and R™ respectively. Under this identification, the Haar measure dy is the
Lebesgue measure. The maps {Jz: Z € 3} are identified with 2n x 2n skew symmetric matrices
{J:: t € R™} which are orthogonal whenever |t| = 1. This identification endows R?*™ x R™ with
the group law

(z,t) - (2, 1) = <:z+:c',t+t Z Jupz, ") ) .

A basis of left-invariant vector fields for g is
1« ,
= 52 Jup®,€5)0, j=1,...,2n; T =0, k=1,...,m.

In particular, (X;)1<;<2n is a basis for the first layer h = R2™_If f is a sufficiently smooth function
on @, its horizontal gradient will be the vector field Vg f := Z?Zl(Xj f)X;, and its sub-Laplacian

= 22" X7 f. We refer the reader to [3] for further details.

2.2 The Heat Kernel

On an H-type group G ~ R?™ x R™ the heat kernel (ps)s>o has the form

1 Lot — 22 yfeotn(a) (AL )"
pe(@:1) = Gomamymantm /me snnpy) W (2.1)

for every s > 0 and every (z,t) € G (see [10] or [13]| for the Heisenberg groups, [20] or [24] for
H-type groups). For the sake of clarity, we shall sometimes stress the dependence of ps on the

dimension m of the centre of G by writing pgm) instead of ps.
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We begin by writing the heat kernel (2.1) in a more convenient form. Let R be an isometry such
that Rt = |t|u1, where uy is the first element of the canonical basi&ﬂ of the centre of GG, namely
R™. Then make the change of variables A — R\ in (2.1]), which gives

1 L Ovun) el =22 coth(n) (AL )"
s(z,t) = v : : . 2.2
ps(@,1) (4m)™(2m)mgntm /me ’ sinh || (2:2)

It is now more evident that ps depends only on |x| and |¢|. This leads us to the following definition.

Definition 2.1 Let R = %. For all s > 0 and for all k1, k2 € N, define

akl 81(:2 (—l)kl’l,kz

Pskr ke (1) = ARk |t|k2 Pol:) = (dm)" (2m)mgnmrkiThs

(2.3)

B n+k; k1
el =22 3 cotn 3] AT cosh(IAD™ ks oy
X /m c ’ SRR w) T dx

Notice that ps is a smooth function of R and [¢| by formula (2.2), so that the definition of
Ds,k1,k, is meaningful on the whole of G. Moreover, consider a differential operator on G of the
form

P> 1l

- ox V1OtV

for some v = (71,72) € N*" x N™. By means of Faa di Bruno’s formula, the function X”7ps can be
written on {t # 0} as a finite linear combination with smooth coefficients of the functions ps k, k.,
for suitable k1 and k2. Since X7ps is uniformly continuous, the value of X7ps(x,0) can then be
recovered by continuity uniformly in z € R?™. Therefore, one can obtain asymptotic estimates for
X7ps by combining appropriately some given estimates of ps , k, (see also Remark . We shall
see an application of this in Section [5]

Observe that it will be sufficient to study p1,,,k,, since

X’Y

o — 1 z t
ps,kl,kz(xv ) - Sn+m+k1+kgp1’k1’k2 %a ;

for every s > 0, k1, k2 € N and (z,t) € G. Hence, we shall focus only on p; k, x,. Moreover, from
now on we shall fix the integers ki,k2 > 0. Of course, the choice k1 = k2 = 0 gives the heat
kernel ps.

Remark 2.2 Tt is well known (see [6] or [3, Remark 3.6.7]) that there exist n and m for which
R?™ x R™ cannot represent any H-type group. Nevertheless, (2.1)) and hence (2.3)) make sense for
every positive n,m € N, and for such n and m we shall then study ps k, &,

Definition 2.3 (cf. [12]) For every (z,t) € G, deﬁneﬁ

[t] R
= = = —_— =2 .
W= 5 mrE K Vrlt|R

We shall split the asymptotic condition (z,¢) — oo into four cases, some of which depend on an
arbitrary constant C' > 1. In particular, the first one covers the case |t|/|z|*> bounded, while the
other three are a suitable splitting of the case |t|/|z]* — oco.

1. (2,1) — oo while w = 4|¢|/|2|? < C: 1t

II. 6 —» 0" and k — +o0 ;
III. § — 0% and k € [1/C, C]; 111

IV. kK —» 01 and [t] = +oo. v
» |z

1 The choice of uj is actually irrelevant.
2 Actually, w is defined for x # 0 and § for ¢ # 0, but we shall not recall it again in the following.



4 Tommaso Bruno, Mattia Calzi

We shall describe the asymptotic behaviour of p; i, .k, in each of these four cases. The first two
will both need the method of stationary phase (Theorem below), while the other two can be
treated through Taylor expansions.

In order to simplify the notation, we give some definitions.

Definition 2.4 Define the function 6: (—m,7) — R by

2X—sin(2X) .
o) = | 2wy 0 HAZD,
0, if A= 0.

Lemma 2.5 |10, § 3, Lemma 3] 6 is an odd, strictly increasing analytic diffeomorphism between
(—m,m) and R.

Definition 2.6 For every w € R, set 3, = 0~ '(w). For every (z,t) € G define

zl5igy fz#0andt#0,
d(z,t) == < |z] if t =0,
4rt| if z =0.

It is worth observing that d(z,t) is the Carnot-Carathéodory distance between (x,t) and the
origin with respect to the horizontal distribution generated by the vector fields X1, ..., Xop. See [15]
but also [2,|7,[21] for a proof and further details.

2.3 The Method of Stationary Phase

The main tool that we shall use is an easy corollary of Hormander’s theorem of stationary
phase |11, Theorem 7.7.5], stated in a form convenient for our needs. We include a proof for the
sake of clarity. Given an open set V. C R™, we write £(V) for the space of C* complex-valued
functions on V, endowed with the topology of locally uniform convergence of all the derivatives. If
f is a twice differentiable function on an open neighbourhood of 0, we write P2 f for the Taylor
polynomial of order 2 about 0 of f.

Theorem 2.7 Let V' be an open neighbourhood of 0 in R™, and let .7, 4 be bounded subsets of
&(V) such that

1. Imf(X) > 0 for every A € V and every f € F. Moreover, there exist n > 0 and c¢1 > 0 such
that B(0,2n) CV and Imf(X\) > c1|\| whenever |A\| > n and f € F;

2. Imf(0) = £'(0) = 0 and det f”'(0) # 0 for all f € F;

3. there exists ca > 0 such that |f'(N\)| > c2|)| for all M| < 2n and for all f € F;

4. there exists cg > 0 such that |g(\)| < e3¢ whenever A € V, for every g € 9.

Then, for every k € N,

@ri)m < Ljsg 1
PRI o(0) d) = B0 3. f 9.4
/Ve g dr=e R det /7(0) 2=~ Ri +O<R%+k+1) (2.4)

Jj=

as R — 400, uniformly as f € # and g € 4, where

Lig—i7y" 10,001 — Puof)"g])
= pH(pe 4 9)!
In particular, Lo g = g(0).
Proof Take some 7 € CZ°(R™) such that x g, <7 < XB(0,2r)- Then split the integral as

/ein(A)g()\)dA:/ ein()‘)g(/\)T()\)d)\—i—/ BTN g\ (1 = 7(0)) dA
\% v v

and apply |11, Theorem 7.7.5] to the first term, thanks to the first assumption in 1 and the
assumptions 2 and 3: this represents the main contribution to the integral, and gives the right
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hand side of (2.4). The second term is instead negligible, since by the second assumption in 1 and
by 4 we get, if R is large enough,

/ ein()‘>g()\)(1 —7(\) d)\’ < / e~ BImf(N)Feal Al gy < /Oo 67R61P+03ppm71 dp
\4 [A[=n n

_ /°° (@R (tes)p)—p ym=1 g,
n

< e~ (e1R—(1+c3))n /Oo e—ppm—l dp,
0

which is O (e_RC”’). The proof is complete. a

Remark 2.8 Theorem [2.7] covers more cases than only oscillatory integrals. Indeed, assume we have

an integral of the form
/ e Mg da
\%

where f is real. Under suitable assumptions, such integrals are usually treated via Laplace’s method
(see, e.g., [8] and |25]). In this case, one can use directly Theorem by substituting Imf by f
in the assumptions 1-4, thus getting

o)) (2m)™ " Ljtg 1
~Rf(A _ 3 L
/Ve NN Frda ) & w0 7O (R%+k+1)’ 29

with the obvious modifications on L; rg. Coherently, in such cases Theorem @ will be referred to
as Laplace’s method.

3 The Heisenberg Group

In this section we deal with the case m = 1, namely when G = H" is the Heisenberg group.
The function pi g, k, of Definition here reads

2(=Mit / A== 5 cotn () A" TR cosh(A)M
(4m)n+1 - Jp sinh(\)ntk

Indeed, the absolute values of A in the integral can be removed by parity reasons. We begin

by introducing some functions which greatly simplify the notation.

Definition 3.1 Define

dA.

D1,k ks (X, 1) =

N2 — Akt cosh(/\)k1 ;
h £) = (—1 ki ko / i\|t|—RX coth(X) d)\ = / iRy, (X) A) dA
k1,k2 (R7 ) ( ) ? & e Sinh()\)nJrkl = € akl,kz( ) ’
where
. n+ky+kg cos k1 . .
gy (A) = (1)t SRR i A ¢ iz,
1,R2 (71)k1ik25k2,0 lfA:O7 (3 1)
) = wA +idcoth(A) if X & wiZ, .
P =0 it A= 0.
Notice that 5
P1,k1,kso (:Jj,t) = thlykz (Ra t)

for all (z,t) € H"™; hence we can reduce matters to studying hx, ,(R,t). Observe moreover that
Yo = 071 (w) € [0, ), since w > 0.

It will be convenient to reverse the dependence relation between (R,w) and (z,t): hence, we
shall no longer consider R and w as functions of (z,t), but rather as “independent variables”. In
this order of ideas, the formula || = Rw should sound as a definition.

Our intent will be to apply Theorem to a function closely related to hg, k,; hence we shall
find some stationary points of the phase of hy, i,, namely ¢.. The lemma below is of fundamental
importance.

Lemma 3.2 |10, § 3, Lemma 6] ¢,,(\) = w + é(zx\) for all X & miZ*, where 0 is the analytic
continuation of 8 to Dom(py,). In particular, iy, s a stationary point of @ .
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3.1 I. Estimates for (x,t) — oo while 4]t|/|z|> < C.

Theorem 3.3 Fiz C > 0. If (x,t) — oo while 0 <w < C, then

1 _1 2 ntkitks oog wkl 1
P (.0 = e () [(—1)’“*‘“2?“ (1) +0<—>} (3.2)

sin(yw)n+k1 ‘I|2
where
1 m sin(y,)? . 0
!P(w) = 4npgn+1 sin(Yo ) —Yuw cos(Yw) ’ zf w 7é ,
1/2 '
4(1::,‘7;7)”“7 wa —0.

It is worthwhile to stress that the above estimates may mot be sharp when w — 0 and k2 > 0, as
well as when w — 5 and k1 > 0. In these cases indeed y, — 0 and y., — 7, respectively, and
the first term of the asymptotic expansion may be smaller than the remainder. Since the
sharp asymptotic behaviour of pq x,,k, When w remains bounded is rather involved, we avoid to
outline the complete picture for the moment. The statement above is just a simplified version of
Theorem [£:2] of Section [£I] where the general case of H-type groups is completely described.

In this section we then limit ourselves to consider Theorem [3.3] in the stated form. Its proof
mostly consists in a straightforward generalization of |10, Theorem 2 of § 3], but it can also be seen
as Proposition [£:4] of Section in the current setting of Heisenberg groups. Nevertheless, for the
sake of completeness we give a brief sketch of the proof.

The main idea is to change the contour of integration in the integral defining hg, x, in order
to meet a stationary point of ¢.,. Since Im ¢y, (A) = wIm A + Re [A coth(A)] for every A & wiZ, to
make this change we need to deepen our knowledge of Re [Acoth(A)] and |ag, k,|; this is done in
the following lemma, which we state without proof.

Lemma 3.4 For all \,y € R such that |\| > |y|,

Asinh(2)) + ysin(2y)
2(sinh(A)? + sin(y)?)

Re[(M + iy) coth(A + iy)] = > 0.

Moreover, for all A,y € R such that either y € wZ or A # 0,

k1
\ak k ()\+Zy)| _ ‘>\+’Ly| +k1+k2(51nh()\)2+COS(y)2)T
(sinh(N)2 + sin(y)2) "

In the following lemma we perform the change of the contour of integration in the definition of
hi, k- Its proof is a simple adaptation of that of |12, Lemma 1.4].

Lemma 3.5 For all y € [0, +00) \ 7N*

Py ks (R, 1) = /

POty ig)dh+2mi 3 Res (€%, i, ki)
R

keN*
kme(0,y]

Proof of Theorem [3.3 Define
Yo = pu( +iYw) — Puwliye)
and observe that
Y2
w ; w) = ] w ) w t(Yw) = ’-70‘)7
i) = i i o) = i
since w = O(y. ). Therefore, by Lemma (recall that 0 < y,, < 7, so that there are no residues)

hiey sy (R 1) = e~ 74®0° / e Mgy (N +iyw) dA.
R

Our intent is to apply Theorem to the bounded subsets F = {¢: w € [0,C]} and ¥ =
{aky k(- +iyw): w € [0,C]} of E(R). Therefore we first verify that the four conditions of its
statement hold.



Asymptotics for the Heat Kernel on H-type Groups 7

2. Lemmata[3.2]and 2.5 imply that ¢} (iyw) = —60'(—yw) < 0 for all w € Ry. From the definition
of 1, we then get

b (0) =¥, (0) =0,  w((0) <0. (33)

3. Consider the mapping ¢: R x (—=m,m) > (\,y) = ) (N). By , 01¢¥(0,y) = 0 and
i0%1(0,y) < 0 for all y € [0,7); moreover, v is analytic thanks to Lemma Therefore,
by Taylor’s formula we may find two constants > 0 and C’ > 0 such that |91 (A, y)| > C'|)\|
for all A € [~2n,2n] and for all y € [0,07(C)].

1. Lemma [3-4) implies that

~ Acosh()) sinh(\) — y cot(y) sinh(\)?
my(y) = sinh(\)?2 + sin(y)2

for all A € R and for all y € (—m,7), y # 0; moreover, the mapping (0,7) > y — ycot(y) is
strictly decreasing and tends to 1 as y — 0. Therefore, if A # 0 and y € [0, 7), then

Acoth(N) — 1

=250
I+ sz

Im (N, y) >

Acoth(\)—1

1
1+sinh(%)2

since Acoth(A) — 1 > 0. Observe finally that, since ~ |A] for A — oo, the second

condition is also satisfied.
4. Just observe that ¢ is bounded in L (R).

By Theorem we then get

(27)(4m)"
||

i . . 1
/ € wao\)akl»kz (>‘ + lyw) dA = l*p(w)aklwkz (Zyw) + O ( 3)
R

Ed
for R — 400, uniformly as w runs through [0, C]. O

From now on, we shall consider the case w — +o00. The method of stationary phase cannot be
applied directly in this case, since y., — 7, and i7 is a pole of the phase (as well as of the amplitude).
Although it seems possible to adapt the techniques developed by Li [17] to this situation, our proof
follows the idea presented by Hueber and Miiller |12, Theorem 1.3 (i)] for the Heisenberg group
H!. We shall take advantage of this singularity to get the correct behaviour of Ry, ks, Dy means of
the residues obtained by Lemma [3.5]

3.2 II. Estimates for § — 01 and x — +o0.
We state below the main result of this section.

Theorem 3.6 Ford — 07 and k = +o0

(—1)k271'k1+k2 —1ld(z,t)> 1
0 = 1 ’ 1 o - 4 :
P1,ky ko (x’ ) 4n(ﬂ-5)n+k1—1 271'&6 " K "

The proof of Theorem will be prepared by several lemmata. The first step will be to invoke
Lemma[3.5] of which we keep the notation, to move the contour of integration beyond the singularity
at mi; since at 2m¢ there is another one, it seems convenient to stop at % We first notice that the
integral on R + % may be neglected in some circumstances, as the following lemma shows. It is

essentially |12, Lemma 1.4], so we omit the proof.

Lemma 3.7 There exists a constant C' > 0 such that

. 3mi ) 37|t|
/GZR“’“(A*ST)Q,CMM ()\+ ?) d)\’ < C’/e*SQt .
R
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Hence, matters are reduced to the computation of the residue. First of all, define

) = L4 5 —m(1+ A)cot(mA), if A¢Z,
o, if A=0,

and observe that r is holomorphic on its domain. It will be useful to define also

Rr(—¢) (m&)" k1 cos(n€)*1 (1—g)ntrrthka .
Py ks (R, §) = ¢ sin(m&)m TR , if&Ee7,
; 1, ifE=0,
and | |
Pokiky () = e TR Gy, (0, 8¢) (3.4)

whenever de'® ¢ Z*. The following lemma may be proved again on the lines of |12, Lemma 1.4].
Lemma 3.8 For every 6 < 1

. —1)k2 gkt ™ e
27i Res (eZR‘P“ak],kQ,m') = %e R 7r‘tl/ R s FRN(=0eT) o ka(s)ds.  (3.5)

Therefore, it remains only to estimate the integral in (3.5)), namely

Hy, k, (R, 1) 3:/ e CosIHRI (=0T o kea (5) dS:/ ") s oy ks (5) ds, (3.6)

where

q(8,¢) = ¢s(¢) = cosh(¢) + gr(—&a_c). (3.7)

Notice that we may apply Theorem [2.7] only when s — +o0, and this is why we confined ourselves
to the case where § — 07 (and we shall assume 0 < § < 1) and xk — +o0.

Again for technical convenience, we shall reverse the dependence relation between (4, x) and
(R, |t]), thus assuming that ¢ and & are “independent variables”. Indeed, § and k completely describe
our problem, since 5

K K
|t| - %7 R= 77
and |t| + R — +oo if § — 07 and k — +o0o. We shall sometimes let § assume complex values. The
following lemma is essentially [12, Lemma 1.2]. We present a slightly shorter proof.

Lemma 3.9 q is holomorphic on the set {(5,¢) € C x C|de™° ¢ Z*}. Moreover there exist two
constants 61 € (0,1) and n1 > 0 such that for all § € Bc(0,01) there is a unique o5 € Bc(0,71)
such that g5(cs) = 0. Then the mapping Bc(0,01) D § — o5 is holomorphic and real on (—d1,61).
Finally, o5 = O(6%) and qs5(cs) = 14+ O(62) for § — 0.

Proof q is holomorphic since r is. Furthermore, d2¢(0,0) = 0 and 83¢(0,0) = 1. Therefore, the
implicit function theorem (cf. |5, Proposition 6.1 of IV.5.6]) implies the existence of some ¢1 and
71 as in the statement, the holomorphy of the mapping § — os, and that d%a(;|5:0 = 0. Notice
also that oo = 0, so that o5 = O(6?) for § — 0 by Taylor’s formula.

Since g5 is real on real numbers, ¢5(c5) = ¢5(c5) = 0; thus o5 = 75 for the uniqueness of os,
and hence o5 € R for all § € (—d1,61).

The last assertion follows from Taylor’s formula, since go(co) = ¢go(0) = 1 and %q5(05)|g=0 =

914(0,0) + 02¢(0,0) 4505|5—0 = 0. O

The contour of integration can now be changed in order to apply the method of stationary phase.
For the remainder of this section, we keep 1 and 71 of Lemma fixed.

Lemma 3.10 Let 7 € CZ°(R) such that x|—
path vs(s) == s + ios 7(s), and

z.2] <7 < Xir,a]- Define, for all § € (—61,01), the
Fs(s) = —igs(—ivs(s)) +iqs(0s)  and Y5k, ks = (96 ks ks ©V5) Vs
Then .
Hp, i, (R, 1) :eﬁqé(aé)/ s ey iy () ds.

—T
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Proof of Theorem We shall apply Theorem to the bounded subsets # = {Fs5: § € (0,d2)}
and ¢ = {Ys5,5,,k,: 0 € (0,92)} of E((—m, 7)), depending on some J2 to be fixed later. Hence we
check that the four conditions of the statement are satisfied.

1. The mapping F': (—=61,01) X R 3 (8,5) — Fs(s) is of class C°°, and 93 F(0,0) = i; thus we may
find 62 € (0,61), m2 € (0, %) and C” > 0 such that Im95F (3, s) > 2C” for all § € [z, d2] and
for all s € [—2n2, 212]. From Taylor’s formula then

Im F'(,8) = / 93 Im F(6,7)(s — 7)dr > C"'s*

for all s € [—272,2n2] and for all § € [—d2, d2]. Since Im F'(0, s) = 1 — cos(s) for all s € [—m, 7],
by reducing d2 and C” if necessary one may assume that Im F(8,s) > C”x? > C”s? for all
s € R such that 2 < |s| < 7 and for all § € [—d2, d2].

2. Tt is immediately seen that F5(0) = F3(0) = 0 by definition.

3. For every § € [—d2,d2] and s € [—2n2, 2n2]

102 (5, 5)| > |02 Tm F (5, 5)| = ’/ 92 Tm F(5,7) dr| > 20" |s|.
0

4. Just observe that ¢ is bounded in L ((—m,7)).

By Theorem [2.7] then,

[W eszg(s) ( )wé ks, kz( )ds* ng2”( )'w(; ki, k2(0)+0( 31/2)

It is then easily seen that F§' (0) = ig§ (05) = i(1+O(3)) and s g, k, (0) = sk, k, (i0s) = 1+O(6)
for § — 0%,
Now, by construction,

—R — 7|t| + Kqs5(s) = iR pu, (mi(1 — de™ %))

for s in a neighbourhood of o5. Take d3 € (0, d2] so that (1 —de™?%) € (—1,1) for all § € [0, d3],
and fix 0 € (0,d3) and ¢t # 0. We shall prove that

Yo = m(1 — de”7°).

Indeed, y., is the unique element of (—m, ) such that ¢, (iy.) = 0; furthermore, m(1 — de™%°) €
(—m,7) for the choice of J5, and —Rmwde 7%, (mi(l — de~ %)) = kqs(os) = 0. Therefore, y, =
m(1—de”7?%). Finally, equality holds by analyticity whenever both sides are defined. It then follows
that

. . 1
= R —alt| + g5 (05) = iRpu (i) = —d(z, t)?. (3.8)
Finally observe that, by definition of x and ¢, and by Lemma

_3mlt
2

+ R+ lt] - rqs (o) + log i < — 5 F —76” + 276 (140 (87)) ~2r 51°g“}

which tends to —oo as § — 01 and k — +o00. This means that

_smlt] e~ Bmltl+ras(os)
e 2 =0 B
K

for kK — 00, uniformly as ¢ runs through (0, d2]. Our assertion is then a consequence of Lem-

mata [3.5] and O
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3.3 III and IV. Estimates for § — 07 and x bounded.

Strictly speaking, cases III and IV have already been considered together by Hueber and
Miiller [12, Theorem 1.3 (ii)] on the Heisenberg group H', i.e. when n = 1. Since their method
does not apply when n > 1, we shall follow a different approach similar to that of Li [16].

We first recall that, for all v € Z and { € C, the modified Bessel function I, of order v is

defined as
CQk-l—l/

1,(¢) = .
(©) I;N 22k+vEl Dk +v+1)

If s > 0, then also
1 T iy
Lu(s) = 5 /77r e* O g,

s

as one can verify from [9, 7.3.1 (2)] by applying the change of variables ¥ = 7 — ¢ and by taking
into account the relationship |9, 7.2.2 (12)] between I, = I_, and J,, and also the periodicity of
the integrand. Notice that for s > 0 and v € Z, I, (s) is strictly positive unless s = 0 and v # 0.
The main result of this section is the following.

Theorem 3.11 Fiz C > 1. If § — 07 while 1/C <k < C, then

(_1)k27rk1+k2

D1k ko (2, 1) = We*zd(w) e "Lnir, —1(k) [14+0(9)]. (3.9)

When k — 07 and |t| — +o0
(_1)k2ﬂ.k1+k2

Pk ks (T, 1) = 4k — 1)

|t|n+k17167id($,t)2 |:1 + O <ﬁ + K/):| . (3.10)

Lemma 3.12 For every N € N

0%y 0,0)x™!
Hkl,k2 (1_27 t) =2 Z In+k1—1—a2 (K}) Sok1,2/;21(a' ) 5\a| + O (5N+1)
la] <N ’

for 6 — 0T, uniformly as k runs through [0, C].

Proof By substituting (3.4)) in (3.5) and by Taylor’s formula applied to ¢, k.,

Hhkaxr:/je“”“”aﬂ”Mf*”¢kaRﬁaﬂds

Z 0 Sokléﬁg(oyo) Raléaz/ encos(s)e—i(n-‘rkl—l—az)s dS+:RN+1((;, Ii)
lal<N ' o

=27 Z In+k1—1—a2 (K’)

la|<N

aa(ﬁkl,kz (07 O)Hal
210

31+ Ry 41 (8, ),

where the last equality holds since R = %”“. Moreover, Ry11(d, k) is easily seen to be O (6N+1) for
§ — 01 uniformly as & runs through [0, C]. This completes the proof. O

Proof of Theorem Lemmata and imply that

(—1)k227hk2—n

_R— _ 3wt
pl,kl,kg(%t)zme f W‘tlHkl,lQ(R,t)'f'O(e 2 )

Moreover, recall that 6|t| = 5= and R = %5; therefore, for every N € N,

|t]
L (6N+2—n7k167R77r\t|) (3.11)

as 0 — 0T, uniformly as s runs through [1/C,C]. By (3.8) and Lemma the first assertion
follows from Lemma [3.12] for N = 0.
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As for (3.10)), observe first that x — 0 and |t| — 400 is equivalent to saying §,x — 07 and
0 = o(k). Then Lemma with N =n + k1 — 1 and an easy development of the Bessel function
in a neighbourhood of 0 imply that

k1+kg -1 ko I(n+k1_1) 0
Pk k() = (=1) e TIt-R [n"*’“ll nik =1 (0)

n+kq
= A (mo)nthi—1 itk -1 O=™™)

D DRl (AT (O i ERe Gt

1<la|<n+ki—1

_ 3|t
+0 (e 2 ) .
Since § = o(k), one has §*2T*1~1 = O(k*2T*1 1) for every a # 0. Therefore,

Y o (1n+k1_1_a2(n)na15‘a') - Y o (n”“ﬁ*”?ala)

1<|a|<n+k;—1 1<|a|<n+k;—1

=0 (nn+k1_25) .

Since 5% = [t and I(nJrkl*l)(O) = Sort=T, We get

n+k,—1
ki+ko ko
™ -1 —nltl—Ry ., in+ky — 1 _ 37t
pl,kl,kz(wvt):W+—,(€l_)1)!€ T 1[1+O<m+n+5)]+0(6 2 )

Finally, § = o (ﬁ) since 6|t| = 5%; moreover

_ 37t _ _ _
e ) :0<6 7|t R|t|n+k1 2)

since R — 0" and [t| — +00. The assertion follows. O

The estimates in cases II, ITI, and IV can be put together. This is done in the following corollary,
which will turn out to be fundamental later on. Define first, for ( € C and v € Z,

B o CQ’C
1,(Q) = l;) 22k VI (k+v+ 1)

From now on we shall use the following abbreviation. We keep the notation of Lemma [3.9]
Definition 3.13 For § € Bc(0, 61), define p(d) := gs(os).

By Lemma p is a holomorphic function such that p(0) = 1 and p’(0) = 0, so that p(§) =
1+0(5%) as 6 — 0.

Corollary 3.14 When (x,t) — oo and § — 0T

-1 k27Tkl+k2 ntky—1 —Ld(z,t)? —kp(8)F
P, 1) = T e oo O (s (3)) 1+ g, )],

where
0(64—%) if 6 — 0% and k — +o0,
g(|zl, |t]) = { O) if 6 — 0% and k € [1/C,C], (3.12)
O(ﬁ-FK) if 6 - 07 and k — 0T

for every C > 1.
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s

Proof 1. Assume first that kK — 4o00. Since I, (s) = \/;? [1+0(2)] for s & +o0, v € Z (cf. |9,
7.13.1 (5)]),

I(s) = sveﬁ [1 +0 GH for s — +00. (3.13)

Therefore, Theorem [3.6] implies that

ot o iy (L 4s)]
ke (T, 1) = e 4T 1+40(—+9
P1,ks ko (T5 1) 4 (o)1 o re .

_ (71)k2ﬂ'kl+k2fn+k1—1 (Hp((s)) |t|n+k1—1e—id(m,t)26—np(6)
on—ki+1

<[eo(m)| o ()]

_ (=DReabitReg (5(0)) yntha =1~ a(a.0)* —wo(®) {1 40 (1 +5)} ’
2n—k1+1 K

since p(d) = 1+ O(6?) and % =L
2. Assume now that x € [1/C, C] for some C' > 1. Then, by Theorem [3.11]

-1 kz,]rkl‘f‘kz 14 2

pl,kl,k2($,t) = W@ 2d(=@:t) e " n+k:1—1(/43) [1 ‘I’O((g)]

(_1)k2ﬂ.k1+k2
= 2n7k1+1

(71)k2ﬂ.k1+k2

R e D O (kp(8) [14 0 (87) | 1+ 0 (9)

1 —la(zt)? —rp(8) 7
o T T e T O (5p(8) 140 (9]
where the second equality holds since I yr, —1(5p(8)) — Inik,—1(k) = O(k(p(6) — 1)) = O(5%)
uniformly as k runs through [1/C, C] by Taylor’s formula.
3. Finally, if k — 0" then

1
T oontki—l(n 4k —1)!

Ttts—1 (%) = Lty —1(0) + O(w) +0(x)

by the definition of fn+k1_1. Combining this estimate with Theorem yields the assertion. O

4 H-type Groups

In this section we deal with the general case m > 1. In particular, we prove a refined version
of Theorem [3.3] and extend Theorems [3.6] and [3-11} this is done through Theorems [£:2} [£13] and
respectively. Theorem treats the case I and is still inspired by |10, Theorem 2 of § 3]. The
asymptotic estimates in the other three cases are first obtained in the case m odd, “reducing” to
the case m = 1; the case m even is then achieved through a descent method.

The first step in order to apply the method of stationary phase is to extend the integrand to a
meromorphic function on C™. If m > 1, such extension is no longer automatic as when m = 1. A
natural way consists in taking advantage of the parity of the functions that appear, as in [7]. Indeed,
any continuous branch of X — v/A2 is a holomorphic function which coincides with X — || on
R™; therefore, whenever g is an even holomorphic function defined on a symmetric open subset of
C, the function A — g(v/A2) is well-defined, holomorphic, and coincides with A\ — g(|A|) on R™.
Hence, we are led to the following definition, which is the analogue of Definition We shall use
the same notation as before, without stressing the (new) dependence on m.

Definition 4.1 Define

e, ey (R, 1) :/ PN g (V) dA

m
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where
_1\k1 k2 Vazth cosh(VA2)k1 ko s 3 . *
gy ky (A) = ( Uk Zk b () VA i
(=1)%1i"20p, 0 1 0, (@1)
w (N u1) +ivVAZ coth(VA2)  if VAZ & inZ*,
Puw(A) =1 . .
) if A=0.
Define also
akl,kzaw ()\) = ak1 ko ()‘ + iywul)' (42)

Observe again that

1
P1,ky ks (x7t) = thl,kz (Ra t)

for all (z,t) € R®*" x R™, and that 3, = 6~ '(w) € [0, ), since w > 0.

4.1 1. Estimates for (z,t) — oo while 4[t|/|z|* < C.

The main result of this section is Theorem [.2] below. As already said, the main ingredient
of its proof is the method of stationary phase (cf. Proposition , which is already employed
in |10, Theorem 2 of § 3] to treat the case n =m =1 and k1 = k2 = 0.

The novelty of considering all the derivatives of the heat kernel p; (in other words, all the
cases k1 > 0 and k2 > 0) introduces additional complexity to the developments, since the choice
k=0in may not give the sharp asymptotic behaviour of py i, k, at infinity, while w remains
bounded. In particular, this happens in the cases w — 0 and k2 > 0, or w — 5 and k1 > 0. If w
remains bounded and away from 0 and 7, the first term is instead enough.

Theorem 4.2 Fixe,C > 0. If (z,t) — 0o while 0 < w < C, then

1 _1 2
D1,k ko (T, 1) = W@ Ld(w,t) (W)Y (, t)

where
1 (27r)myfd”_1 sin(y,)3 .
W(w) = { T VoG ey Y0, (4.3)
4nqgntm Zf w = 0,
and

Life<w<F-ecorg+esw<C,

n+ki+ko
Y(z,t) = (~1)Fthe e

sin(ywj?j(i/:u "o <%) : (4.4)

2. if w — 0 and k2 is even,

ka/2 ko—2j k2/2 g, _2ji41
w w 1
T(w,t) =3 Chuokad T2 +0 |2 ]2 + |z[k22 | (4.5)
j=0 j=0
3. if w— 0, k2 is odd and |t| — oo,
(k2—1)/2 ko—2j (k241)/2  po_2j11
w w
T(x,t) = Z Chonshand 2y +0 Z e | (4.6)
j=0 j=0

4. if w—0, ka is odd and 0 < |t| < C

2] t]
T(x,t) = Chrhat 1,k 1) /2 [T T +0 [o]Fe78 ) (4.7)
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5. ifw— 5 and k1 is even,

ki/2 ( n)k1—2j ki/2 ( m\k1—2j+1
_ w— 3 w—7%) 1 ,
T(:v?t) - Z bkl,kzij + 0 Z |£I,'|2j + |$|k1+2 ’ (48)
§=0 3=0
6. if w— 5 and k1 is odd,
(k1—1)/2 ( w)k1*2j
_ w—3 bk kg, (ka41) /2
Y(x,t) = Z bk, ko, 2|2 4 |;|k11+1
=0
(k1—1)/2 ( 7r)k71—2j+1 ™
W=7 w— 3 1
+0 Z |x|2j + |:E|k1+1 |33|k]+3 (4'9)

=0

The coefficients Ci, k,,; and by, i, ; are explicitly given by (4.15), (4.17) and (4.18]).

The remainder of this section is devoted to the proof of Theorem [4:2] Since it is quite involved, we
split this section into two parts: in the first one we apply the method of stationary phase, while
in the second one we find the asymptotics of the development given by Theorem which are
required to get the sharp developments 7. These proofs go through several lemmata.

Remark 4.3 Notice that any pair of terms in the sums appearing in the developments , ,
, and are not comparable with each other under the stated asymptotic condition. There-
fore, these developments cannot be simplified. Observe moreover that for k1 and ko fixed the
coefficients by, k,.; (resp. ¢k, k,,;) have the same sign; thus, no cancellation can occur, and our
developments are indeed sharp. A more detailed description will be given in Section
Finally, notice that it is possible to obtain even more precise expansions if one does not develop
the terms L; G, k,, Which appear in Propositionbelow. In particular, in the cases when w —
0" and k2 = 0, or w — Z and k1 = 0, the explicit computation of Loy, 0k, kyw = Gk ks (1Y)

2
leads to better remainders than those in (4.5) and (4.8]) respectively.

4.1.1 Application of the Method of Stationary Phase

As already said, Proposition below is essentially an easy generalization of Theorem [3.3
Proposition 4.4 Fiz C > 0 and let k € N. Then, if (x,t) = oo while 0 < w < C,

k

L —tde,0)? Y Lj g, ey oy 0 1
P b (,8) = e AU () | 5T SR 4 0 s (4.10)
=0

where ¥ is defined by (4.3).

In the same way as in Section we begin by finding some stationary points of the phase of
Ry by, Namely @, .

Lemma 4.5 |7, Formula (5.7)] For all A such that V2 & inZ",

) = wu 0(iv/\2)
P (A) = wur + /\7\//\72

where 0 is the analytic continuation of 0 to Dom(pw). In particular, iy,u1 is a stationary point of
Pw-

We then change the contour of integration in the integral defining hx, k, in order to meet a
stationary point of ¢.,. This is done in the following lemma, which is the analogue of Lemma [3.5]

Lemma 4.6 For every y € [0,7)

hk11k2 (Ra t) = / eiRLPw()\—Hyul)akl,kz ()\ + iyu1) d)\

m
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Proof The theorem is proved in a similar fashion to |7, Lemma 5.4]. It may be useful to observe
that for every A € C™ such that either Imv/ A2 ¢ 7Z or RevV A2 # 0, we have

Rl <sinh (Re\/)?)Q 4 cos (Im\/?f)km

k
|ak1;k2(>‘)| = (n+k1)/2 |()\,U1)| %

2 2
(sinh (Rev?)” + sin (1mv/3?) )
by Lemma since |V A2| = |\|. Moreover, ag, k, is bounded on the set {A + iyui: A € R™,y €
[0,C"]} for every C’ € (0, ). O
Proof of Proposition [{.4] Define
Yo = @ul- +iyour) = poliyour)

and observe that, since /(iywu1)? = tiyw and w = 0(yw), Yu(tYuul) = W Therefore, by
Lemma [4.6]
hkl,kz (R, t) = e_id(m’t)2 / eiwa (A)akl,l@ ()\ + iywul) dA.
R
We shall apply Theorem [2.7] - to the bounded subsets .F = {Yo,: w € [0,C]} and ¥ = {ak, ky,w: W €
[0,C]} of E(R™).

2. Elementary computations show that

— i (0) = 0’ (yw)ur © ur + v Z“J ® uj, (4.11)
Jj=2

m—1
so that det(—iy)(0)) = 6 (yw) (%w)) > 0. The conditions .,(0) = ¥/, (0) = 0 hold by

construction.

3. Consider the mapping 1: R™ x (=, ) > (A, y) = ¥g(y)(A). Then, by the preceding arguments,
there is ¢ > 0 such that 919(0,y) = 0 and —id7¢(0,y) > ¢(-, -) for all y € [0, 7); moreover, 1
is analytic by Lemma [2.5] Therefore, by Taylor’s formula we may find two constants > 0 and
C’ > 0 such that |919(\, y)| > C’|A| for all A € Brm(0,2n) and for all y € [0,0*(C)).

1. Combining |7, Lemmata 5.3 and 5.7], we infer that there is a constant C” > 0 such that

2
(A, y) = y9(y) + Re [/(\+ iy )2 coth /(0 + iy )2 | = <1 > O

whenever [A\| > 7 and 0 <y < 60~ (0).
4. Just observe that ¢ is bounded in L (R™).

By Theorem [2.7] then,

| 4L
/ ezqu)w(A)akl’kQ(A+iywu1)d>\: L )ZM—FO <|1>

|| ™ || | 2RE2
for R — 400, uniformly as w runs through [0, C]. O

4.1.2 Further Developments and Completion of the Proof of Theorem[].2

We begin by recalling that, for every j € N,

2 4 1 putg _
L, 0k, kyw =1 7 Z( w(0)770,0)" (Yo = Po.0ve)" s ks, ) (0)

209l (p + 5)! (4.12)

Thus, the point 1 of Theorem [£:2] follows immediately by taking k¥ = 0 in Proposition [{-4] since

Lo, Ay ky o = Aoy kw0 (0) = @y b, (1Ywu1).
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As for the other developments, observe that by (4.11])
(W5(0)710,0)" (v — Paothe) @k, ks 0] (0)
N o lal—ar o
= U ()T e - Pt a0 (413)

ol @ @) Rw
where
(Y — Pa,0%w) a1y w](0) = & /3;(%)_!5);8’3[(% — P,0%w)"](0) 9 Pag, i, (iywur).
181>31

(4.14)

The sum above is restricted to |3 > 3u since 1o (A) — P2,0% () is infinitesimal of order at least
3 for A — 0. Observe moreover that, since [2a — 8| = 2|a| — |8| < 2§ — pu, we have [2a — 8] < 25
and |2a — 3| = 27 if and only if p = 0 and 8 = 0. We first consider the case w — 0.

Lemma 4.7 For every j € N such that 2j < ko, define

k2—j |
o Ykithe 3% kol
ck17k21] T ( 1) 2k2_2j(k2 7 2])']| . (4.15)
Then ) ) .
P L bz = Oz 7 + 0 (W27
for w — 0.
Proof Recall that ag, ., is an analytic function on its domain, and observe thatﬂ
G () = (P8 1 0 (1A++2)
for A — 0. Therefore, for every h =0, ..., k2 we have
ka! - -
A () = (<1118 A 4 O (N (4.16)
as A — 0.

We now consider (4.14)). If |2« — 5| < 24, then by (4.16)
0° (1 = Pae) 00, i (i) = O (s~ ~71) = 0 (27>

for w — 0. Otherwise, let [2a — ] = 2j, so that u =0 and § = 0. If & # jui, then [IG) implies
that

82aak1,k2 (iywul) =0 <y52*2j+2) -0 <y5272j+1) ’
Whﬂe, lf o = jul’

(—1)kithe;—2s ka! ky—2j

afjaklykZ (iywul) = (k/‘Q — 2])'yw

From this and the fact that 9
0'(0) = lim ~ = =
w—0 Yy 3
we get the asserted estimate. a
Lemma [£.7] above gives the expansions 2 and 3 of Theorem Indeed, it allows us to choose k in
Proposition 4] as

2. k = ka/2 if ko is even, since in this case the last term of the sum in (4.10]) is

Cky ko, ko /2 0 w
RN

which is bigger than the remainder.

3 Here and in the following, A1 stands for (X, u1).
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3. k= (ka—1)/2if k2 is odd and |t| — oo, since in this case the last term of the sum in (4.10) is

w 0 w? O\ _ I 0 |t
Ckl,k2,<k2—1)/2|x|k2_1+ EEE —Ckl,kz,(kz—l)mWJr 2 [FaT3

which is bigger than the remainder, since |t| — oo.

The case 4 of Theorem . that is the case when k2 is odd, w — 0 and [¢| is bounded, has to
be treated in a different way, since w/|z|*>~! may be comparable with the remainder 1/|:c|k2+1
even smaller. Thus, the development given above may not be sharp in this case. To overcome this
difficulty, we make use of the following lemma. For the reader’s convenience, we also consider k2
even and a stronger statement than that we need (see Remark .

Lemma 4.8 Let N € N. Then, when w — 0,

N

1
Pk ks (T, 1) = Z m|t|2h+lpl,k1,kz+2h+1($a 0)+ 0O (\t\2N+3p1,k1,k2+2N+3($70))
h=0

if ko odd; if ko is even

N
D1,k ks (T, 1) :Z

Proof Assume that k2 is odd. Then

D1k eat2n (2, 0) + O (|t|2N+2P1 ke ko +2N+2 (T, 0))

N

1 2h+1
P1ks ks (T,8) = Y m\ﬂ P1ky kst2h+1(2, 0)
h=0 ’

e I[P cosh(|A|)* : il (A, )]
‘= |\] coth [A| ko ) ilt|(Aur) _ LR L
/m ¢ Sh( R )T e }; CIES

< ‘t|2N+3 / 67#“' coth || |)‘|n+k1 COSh(|A|)k1 ()\ ul)k2+2N+3 da
= 2N +3)! Jpm sinh(A[)rhe

_ (@m)"(2m)™  on+s
N +3)

(4m)" (2m)™

|p1,k1,k2+2N+3($7 0)|

The first assertion is then proved. The proof in the case k2 even is analogous. a

Thus, the case w — 0 while || remains bounded when k2 is odd can be related to the same
case when k2 is even, which is completely described by Lemma [£.7} Observe that the expansion
appearing in Theorem [£.2] 4, is obtained with the choice N = 0 in Lemma 48]

We finally consider the case w — I, which as above provides the expansions 5 and 6 of

2
Theorem
Lemma 4.9 Define, for j € N such that 25 < k1,

._ ko kq! 7\ ntkitka
bk1’]€27j = (_1) 2k172j(k1 — 2_])'_]' (5) 5 (417)

and, when ki is odd,

2

Oky ks (ky 1) /2 = (—Ukzﬁ (g)wkﬁkrl (n + k1 + k2 + (k1 +2)+ - (m - 1))
(4.18)

Then, for w — 5, if 2§ < k1

j T\ k1—27 T\ k1—2j+1
4]Lj’¢wakl,k2,w = bkl,k%j (w - 5) + O <(w B 5) )

while if k1 is odd, then

™

DL 1) 2,6, @0 o = Dy (k1) /2 T O (‘” N 5) '
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Proof By elementary computations,

Ky ko — m\ntkitks k
b O) = (1) (2T

ko—m (- ntki+ka—1 k _
(Mt (i) ((n+k1+k2))\’f1+1+ A 1(A2—A?>>+O(|M’“+2)‘

2 2
(4.19)
Therefore, since ay, i, /2 is analytic on its domain, we infer that, for every h =0, ..., k1 we have
h by cko—n (T\PTRIR ky ki—h_ ®h ki—htl
Ay V) = (F)RET (i) o o (W) o)

as A — 0.
Consider first j such that 2j < k1. Then, arguing as in the proof of Lemma[4.7 and taking into
account (4.20) and the fact that
s 2
(w-3)+0 {(“*5) }

Yo —

N =

™
2
when w — /2, the first assertion follows.

Let now k1 be odd, so that (ki1 + 1)/2 is an integer. We shall prove that

ki+1 _
27 T Lkey 41) /2,00y B oy /2 = Oy ko, (e 1) /2-

The estimate in the statement is then a consequence of this by Taylor expansion.

Since (¥ 5 (0)719,a)#T(F1+1/2 ig 4 differential operator of degree 2u + k1 + 1 while [(th, —
P> otw)ag, k,,w] is infinitesimal of degree 3y + k1 at 0, the only terms in the sum (with
j = (k1 + 1)/2) which are not zero are clearly those for which

2u+ki+123u+k,
namely 1 < 1. Consider first 4 = 0. Then, since 6’ (y./2) = 2, by (4.13)

_ 1 . ky +1)/2)! o0
(1 /2(0) 19,0)* +1)/2ak1,k2,ﬂ/2(0) = (t1)/2 Z %82 Aky kg, /2(0)-
lo|=(k141)/2 '

Observe that, by (4.19)), 82°‘ak1’k2,,,/2(0) # 0onlyif @« = ((k1—1)/2)ui+up forsome h =1,...,m.
For the choice h =1,

7T)n+lcl+kr1

N g, i j2(0) = (~D)PM 7 (i

5 (k1 + D)I(n + k1 + k2)

while, for h=2,...,m,

W)n+k1+k2—1
1!

T () e G A e (5

2
so that
(W 12(0)710,0) 1T 2y 1 (0)
ko —n— L ntki+ko—1
= ()P (1) D R+ R m— 1),
273

Consider now p = 1. Then by (4.13)

(1 /2(0) 718, )k t3)/2 (V2 — P2,0Wr j2) @k, oy, x 2] (0)

_ = (k1+3)/2 [(kl + 3)/2]! 2a
=1 ( )/ Z Wa [W)w/z - P2,01/’7r/2)ak1,k2,7r/2] (0)
la]=(k1+3)/2
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Since

2 m
1/1;///2(0) =7mu1 @ u1 @ u1 +;Z(U1®Uh®uh+uh®ul ® up + up @ up Q u1),
h=2

we deduce that the only « for which we get a non-zero term in the above sum are w1 (k1 +1)/2+up,
for h=1,...,m. Now,

O3 [(Wr )2 — P2,0%r /2)ky ky. /2] (0)

while, for h=2,...,m,

2 ko—m [T n+ki+ko
OO (W j2 — Po,0¥nj2)ak, kym/a) (0) = ;(‘Uklzkz (25) (k1 + 1)L
Therefore,

(1 12(0)7 8, )kit3)/2 (V2 — P2,0Wr/2) 0k, oy, x 2] (0)

PPN k2l (ki +1)! ., (-E)”+kl+k2_1
=(=1)" 2 ok 13)/2" kD)

from which one gets the asserted estimate. a

)

(A3 ok ke [\ PR
=g (DT ”(’5)

2
(k1 +3) {%(lﬂ-l-?)—&-m—l

Theorem [£:2] is now completely proved. In the following table we summarize the asymptotic be-
haviour, without remainders, of 7(x,t).

Asymptotic behaviour of 7'(x, ) in case I: principal part

e<w<7n/2—¢
B _OI' / (_1)k1+k2 yg+k1+k2 Cos(yw)kl
sin(y., )" te
m/24+e<w<C
ko /2 k2 —2i
k2 even Z Ckukz’jw
Jj=0 *
(k2—1)/2 h2—2i
w0 1] — oo D ke
i=0
ko odd -
|t]
o<t <C Chi ka1, (ko 1) /2 [ R T
%1/2 7\ k1—2)
w_T
k1 even Z bkl,kz,j(glj
w3 (k1—1)/2 (w Tr)kl_2j b ( )/
-5 ki,ka,(ki+1)/2
k1 odd Z bklkaJ ‘;le : |;|k11+1
j3=0

The Other Cases

We now consider the case w — +00. We begin by showing that, when m is odd, matters can
be reduced to the case m = 1.

Lemma 4.10 When m is odd, m > 3,

m—1
2 k ko ™

(m) _ cm,k(=1) k2 (=1)"(m =1 —=k)r (1)

Py ey (T51) = Z m—1 Z [f[m—T=k+r Pk k- (5 [E]), (4.21)

k=1 27T) 2 r=0 T

where
(m—k—2)!

275 Tk (I _ k) I(k — 1))
and (m—1—k)r=(m—-1—k)---(m—1—k+r—1) is the Pochhammer symboﬁ.

Cm,k =

4 See, e.g., |9].
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Proof Let m be odd, m > 3. We first pass to polar coordinates in (2.3) for k2 = 0, and get

t R h
/ /SM (iPIHl@w) 4o g~ ROCOMG) g g

where do is the (m — 1)-dimensional (Hausdorff) measure on S™ ' and ay, m—1 is the function
defined in (|3.1)). Since the Bessel function is an elementary function when m is odd, one can prove
that (see e.g. |7, equation (6.5)] and references thereinﬂ

(m)
PRl =

etrltl

/ epltl(ou) g, — Q(QW)W%1 ( i1 Z Cm,k(— Z|t|P) :
Sm—l

This yields

m—1
2
Cm,k(— 1) 1 (1)
pl kl,O( t) = Z []m—1- w Pk k(T [E])
k=1 (27r) T
which gives (4.21]), since pgfr,z)l)b (z,t) = a?tk\iz pYZ)h (z,t) by definition. |

Corollary 4.11 Let m be odd. Then, when (z,t) — oo and § — 0T

)kz rkitke

_q_m-—-1 _ 1 2 _ ~
PR e @ e O T 1 (p(8)) [1 + g2, [¢])]

(4.22)

(m)
pﬁcl,kz(icvt) WH

where g satisfies the estimates (3.12)]).

Proof If m = 1, the statement reduces to Corollary Suppose then m > 3. Since pf,lhr =

pg ,)Cl 2 for every 0 < r < ko by Corollary , the principal term in (4.21)) corresponds to r = 0,
k= T’ Hence

m—1
(m) _ D eme ) 1
Py kl,kQ( t) - (27‘(’) 'm2—1 |t| 2 pl Ky, ko +m 1( ) 1+ 0 |t‘ (423)
Now substitute the estimate given by Corollary into (4.23). The remainder g in (4.22) still
satisfies (3.12)), since (3.12) is satisfied by 1/|¢|. O

Let now m be even, m > 2. We start by a descent method, in the same spirit of |7]: indeed, observe
that the Fourier inversion formula yields

P ola,t) = / P (@, (6 b)) A,

so that, by differentiating under the integral sign,

m 6k2 m
) () = / P (@, (1) 1
) Ra|t| 2 7

Observe now that |(¢, tm+1)| = |t[1/1+ \WtTEl Therefore, if we define 3%2 := {h € N*2: 252:1 jhj =

k2}, Faa di Bruno’s formula applied tw1ceE| leads to

5 This is why we had to restrict to the case ko = 0; otherwise, we would get the additional term (o, ul)k2 in
the integral on the sphere.

6 Applied once, it yields

h.
akz (m+1) (m+1) ’
Bl Pl .0 @ (Etme1)) = > h' Py ey iy (@ ( tms )H '6|t\7 \/I P+, ,

hegk2

and then

4! 1 1_
VP = 5 e () G e

£1+262=7j
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1
pgni)l kz(mat) = Z / ;(an—f“)l‘ t tm+1)) Fh(tatm+1)dtm+1
heJk2

where

ks 20 e (1 1—j tint S
Fultytmsn) = [[ 3 (=D (75) It] J(1+ TZP) .

Jj=1 \L1+2L2=j

—k2/2 —1/2
Since Fi,0,....0) = (1—1— "thl) while F;, = O (‘% (1+ "Zrzl) ) otherwise, we have

proved the following lemma.

Lemma 4.12 When m is even, m > 2,

ko

T2
m m+41
W = [ (14 5258) T B0 ) dtni

1

1 trmi1) 2
T o Max /(1+ m?) P (@ 7(t7tm+1))dtm+1:|'
R

@)
+ [t] 0<r<k, It|

As a consequence of Lemma matters can be reduced to finding the asymptotic expansions of
the integrals

t2 “
(145250 bl ety e (120

when @ € R and 0 < r < ka. From these, it will also be proved that the remainder in Lemma [4.12
is indeed smaller than the principal part, which a prior: is not obvious.

With this aim, we define the function o: R 3 s +— /1 + s2, and write t’ = (t,tm+1) € R™TL
It is straightforward to check that |[t'| = |t|o ( ’”“). Thus, define

a(s) == 0 , k(8) == ky/o(s) = 2x|t|d+/(s).

Obviously, §(0) = ¢ and k(0) = k. If we put a prime on the quantities introduced in Definition

relative to t’, moreover,
t t
5/:6<m+1)’ K/:Ii<m+l).
|t] 2]

In cases II, III and IV, [t| — oo and 6 — 0T. By substituting ([#.22) into (#.24)) and by the change

of variable "‘*‘1 — s in the integral

r_r+kq
@20 = (=) " " PR R SRS GO

- §
o=k 1T O Sranini-1-3,

where
I = /Ro(s)ﬁe—\tlw(o(s)—l)fn+k1—1 (k(8)p (8(5))) [1 + g(|z|, |t|o(s))] ds, (4.25)

and g satisfies the estimates (3.12]). Therefore, matters can be reduced to finding some asymptotic
estimates of the integrals .#3.
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4.2 II. Estimates for § — 07 and x — +o0.

Theorem 4.13 For § — 07 and k = +o0

-1 ka _kitko (e 1
Pk s () = L) e Hdln {1+O<6+7)]-
gn(r)m =TT 2rm K

Proof When m is odd, the theorem is obtained by combining Theorem with (4.23). Therefore,
we only consider m even. By the preceding arguments, it will be sufficient to study .73 in (4.25)).
Since the argument of the modified Bessel function tends to +oco, we use the development

(3.13]), which gives

—n—Kk1 K —i_nthiol
gy 2" Fe "(6)1 /e—|tw<s>°'(8)5“21
N R p(3(s))" iz
1
X [140 | ——= || [L+g(z],|t|lo(s))] ds
(M@)
where

ps(s) = wlo(s) = 1]+ 275 [p(8) — /o (s)p (3(5))] -

We first study the principal part of the integral, to which we apply Laplace’s method (see Remark
2.8) with

o()P-i— T
p ()T

for some &2, smaller than the §1 of Lemma [3.9} to be determined.

y:{cpg:(SE[O,(SQ]}, %:{ :66[0,52}}

2. It is easily seen that ¢5(0) = 0. Moreover
Phls) =TS [1 —d(s)p (3(s)) + Jf)p <6<s>>} , (4.26)

so that %5(0) = 0 and ¢} (0) = 7(1 — 5p(8) + 6%p’(8)). Observe that there is d2 > 0, which we
may choose smaller than §1, such that

5° 1
L= 3(8)p (0() + ——' (8() > 5 (.27)
o(s)?
for every s and every § € [0, d2]. Therefore, ¢j (0) > % for every 6 € [0, 62].
3. By (4.26) and (4.27), for s € R and § € (0, d2),
5(s)) > ——1s]. 4.2
[h(o)] 2 5l (1.28)

In particular, |p5(s)] > 3503 Is] for every s € [-2,2].

1. Observe that j(s) = sign(s)|e5(s)| by (4.26); then, by (4.28)),

78>
40(s)

20(s)

> >

es(s) = [ sten(eigaoldu = | [(leiu)au

S
/ |u| du
0
ntky—1

4. By definition of o and since p is continuous in zero, we get g(s) < |s|’8*%* 2z for s — oo,
uniformly in g € 4.

for every s € R, since o is even and increasing on [0, 00).
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By Theorem [2.7} then,

1 ntkp—1
2

/'”W wo= s O ()]

o)

The remainder can be treated similarly, and with the same arguments as above one gets

1 ntk;—1
2

/Re—wxs)ff;?;;;*wkl_é [0 (5“\}@) +0 <% +5>
:\/E{HO(HIZ)]O(éIltIJFiH) :ﬁo(iw)

since ﬁ =2 =0 (1) and 1/1/o(s) < 1 for every s € R. The proof is complete. O

| K

ds

4.3 IIT and IV. Estimates for § — 07 and s bounded.

These two cases can be treated together and the principal part of pgfr,z)h k, is easy to get. The
remainders are more tricky, since when passing from the m-dimensional variable ¢ to the (m + 1)-
dimensional variable ¢’ the asymptotic conditions in II, IIT and I'V do not correspond to those in
I, IID’, IV’ (these symbols standing for the cases relative to m + 1); on the contrary, they mix
together according to the values of the additional variable ., 41.

Theorem 4.14 Fiz C > 1. If 6 — 07 while 1/C < k < C, then
(_1)k2,n.7€1+k2

-1 2
Tyt e (D L+ O ()
n (7 2 K 2

P1,ky ko (33, t) =

When k — 0" and |t| — +oco

(71)k27rk1+k2

P1,kq ks (IE, t) =

= o e {1 +0 (n+ i)} '
220t (n 4 kg — 1)) lt]

Proof The theorem holds when m is odd by Theorem combined with (4.23)). When m is even,
we shall apply Laplace’s method to .#g. We first deal with the principal part. Define first

p(s) =ma(s) =,
so that Theorem [2.7] will be applied to
Z={¢}, 9 ={0() Tngr,—1 (K()p(8(-))) : 6 €]0,81), K € [0,C}
where 6 is that of Lemma [3.9]

2. Notice that ¢(0) = 0, that ¢'(s) =7
52 S

Observe that ¢(s) = T 2 T o4 s]

It is easily seen that |p’(s)| > >(nIsl for every s € [-1,1].

Recall that by (3.13)

5(sy» and that ©”(0) = 7.
2

for every s € R.

- oW

Lty —1(k(8)p(8(s))) < e (8)p(8(s)) < AVZIO)

as s — 0o, uniformly as x € [0,C] and § € [0,41). Hence, there is a constant c1 > 0 such that
10(8)2 Ty —1 (K (8)p (8(5)))] < crecrlsl.
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Therefore, by Theorem [2.7]

/Ref|t|99(5)a-(3)ﬂin+kl_1 (1(s)p (6(s))) ds = \/aj"“l‘l(ﬁp(&)) {1 o (%)]

uniformly in & and 8. Since I, —1(kp(8)) = Inik,—1(k) = O(kp(8) — k) = O(6?) uniformly
as k € [0,C] by Taylor’s formula, we are done with the principal part. We now deal with the
remainders, namely

I = / e 119 ()P Lryiy -1 (K(s)p (8(5))) gl [tlo(s)) ds

where
(@] (6(3) + ﬁ) if 6(s) — 0T and K(s) — +oo,

g(|z], |tlo(s)) = ¢ O(8(s)) if 6(s) — 0T and w(s)€ [1/C’,C7],
(@] (m + n(s)) if 6(s) — 0T and x(s) — 0T

for every C’ > 1. Since §(s) < 6 for every s € R, we may find some positive constants C”', d2 < &1,
where 4 is that of Lemma [3.9] and x2 < k1 such that

c” (6(8) + ﬁ) when § < 02, k(8) > ki1,
lg(|zl, [t|o(s))] < 3 C"é(s) when § < 02, k2 < K(s) < k1,
c” (m + n(s)) when 6 < 02, k(s) < ka.

We shall split the integrals accordingly. Notice first that we may assume also that k2 < 1/(2C) <
2C' < kK1, and, up to taking a smaller 2, that

ol5) — 2m0\/o ()0 (5(s)) > 3]s

whenever |s| > 2 and § € [0, d2).
Consider first case III, where k € [1/C, C]. We split

A= v =i+
r(s)<r1 r(8) 2k
Observe that x(s) > k1 if and only if |s| > 4/ :—;11 —1 =81, > 2. Since

Tosrs 1 (5(s)p(3(s))e 119 = 0 (em[2w6\/a<s>p<5<s>>—w<s>}) 0 (e—émm)

as s — oo, and since § = O (1) = O(1) in case III, we get

ol < (5+ 1) / o(s)°
K |s]>s1,,

which is negligible relative to It\%/‘ By Laplace’s method, moreover,

D=

~n+k1_1 (K/(S)p (5(8))) e*‘thp(s) ds=0O (675143@ ‘t\) ’

o(5) " gy 1 (5(s)p (8(s))) €199 ds = O (wt')

| 75.1] < 0’5/
|

5|S51,~

with the same arguments as above. This concludes the study of case III.
Consider now case IV, where x — 07. We split

Ip = +/ +/ =S+ Th2 + Ips.
r(s)<kg ro<k(s)<ki1 Kk(s)>k1

Observe that k(s) > k2 if and only if s > 4/ :—;21 —1=:524, and s1,x > S2,, > 2 if k is sufficiently
small. Exactly as above, we get

73,3 < C (5 + l) / ‘ o(8)7 " 2 Ingr,—1 (w(s)p (8(5)) e ¥ ds = O (%e_ﬂf ‘”)
[s|>s1,,

K
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which is negligible relative to It‘%h Then

0(5)5—% [nik,—1 (5(s)p (5(s5))) e 1te(®) 45 = O (66_

52,k
3 It\)7

hal <€ [

s2,x<[s|<s1,x

1

which is negligible relative to Ta

in case I'V. Finally,

Sl < C 7(6) T2 (600 (06 ¢ (Voo L) s

<o ()l
ol
‘O[W<t|+ )

by Laplace’s method as above. The proof is complete. a

)

We can finally state the following corollary, which is the natural extension of Corollary [3.14]
Corollary 4.15 For (z,t) — oo and § — 07

-1 kzﬂ.lirkz
D1k ko (T,1) = (=1)

k _ m+1 7ld , 2 8 F
e A @ e PO ey 1 (kp(8)) [1 + g(ll, [t))]
2

where
O(+21) ifé—0" and k — +oo,
g(lz|, |t]) = § O(6) if§ =0T and k € [1/C,C),
O(Wl‘-l—fi) if 6§ 07 and k — 0T

for every C > 0.

We have not been able to find a single function which displays the asymptotic behaviour of
D1,k ko (T, 1) as (z,t) — oo, though we showed that the exponential decrease is the same in the
four cases. This is also the same decrease found by Eldredge |7, Theorems 4.2 and 4.4], when
k1 = k2 = 0 and for the horizontal gradient, and Li |17, Theorems 1.4 and 1.5], when k1 = k2 = 0.
Notice that in |17, Theorem 1.5 and the following Remark (1)] the remainders for k1 = k2 = 0
seem to be better than the one we put in Corollary but they reduce to ours when developing
the estimates in a more convenient form in cases IT and IV, as we did in Theorems [£.13] and [£.14]

Remark 4.16 Our sharp estimates for pq 1, k, can be used to obtain asymptotic estimates of all
the derivatives of the heat kernel p;. Indeed, Faa di Bruno’s formula leads to

- || 1 Bn

o1kl |12l =1l (3) ) B

gogm @ =mhet 3 S \TL {5 ) | 2™ sien@® 1t b 0122 0),
2 s | U

(4.29)
where the sum is extended to all n = (n1,72) € N>" x N?", i = (p1, pu2) € N™ x N™ and 3 € NI#|
such that

[

M=mA2,  ye=pi+2p2, > hBy=ul
h=1

However, the sharp asymptotic expansions we explicitly provided in Theorems and
may not be enough to get directly sharp asymptotic estimates of any desired derivative of pi: some
cancellations among the principal terms may indeed occur in . Nevertheless, by inspecting case
by case, the interested reader could consider as many terms of the expansions given by Theorem [2.7]
or Lemma [3.12] as necessary. In the case when ¢ — 0, one may also make use of Lemma before
expanding each term: a suitable choice for N gets rid of the negative powers of |t| appearing
in . Despite this, our estimates for py x, x, lead to the sharp behaviour at infinity of Vycps
and Lps, as we shall see in the next section.
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5 Sub-Riemannian Ornstein Uhlenbeck Operators

For every s > 0 consider the operator on L?(ps) given by

_ V?{ps
Ps

LP = ¢ - Vae: O — L2 (ps)

which arises from the Dirichlet form ¢ +— fG|V;Cga(y)|2ps (y) dy. For a fixed time s > 0, LP* can be
considered as a sub-Riemannian version of the classical Ornstein-Uhlenbeck operator (see [1,|18]).
Arguing as Strichartz (|23, Theorem 2.4]) it is not hard to see that L£P¢ with domain Cg°(G) is

essentially self-adjoint on L?(ps), for every s > 0. Let us then consider its closure, which we still
denote by LPs.

Theorem 5.1 LP° has purely discrete spectrum for all s > 0.

Theorem is indeed due to Inglis |14], whose proof relies on super Poincaré inequalities.
Instead, we reduce matters to studying a Schrodinger-type operator by conjugating £P¢ with the
isometry Us: L?(ps) — L? defined by Usf = fy/Ps (see e.g. |4,|19]). More precisely, we consider
the operator Us LPs US_1 (L2 L2 Simple computations then lead to UsLP* US_1 = L+ Vs, where
Vs is the multiplication operatoﬂ given by the function

2 2
v LV 1Lps 1 Zjil(Xsz)2+1 >ty X7ps
T4 p? 2 ps 4 p? 2 ps

The main ingredient of the proof is due to Simon |22, Theorem 2]. Given a potential V and M > 0,
we define 2,7 :== {g € G: V(g9) < M}. For a subset E of G, we write |E| to denote its measure
with respect to dy.

Theorem 5.2 Let V be a potential bounded from below such that || < oo for every M > 0.
Then there exists a self-adjoint extension of L + V with purely discrete spectrum.

In order to apply Proposition [5.2] some estimates of the potential are needed; this is done in the
following proposition.

Proposition 5.3 When (x,t) — oo, Vs(z,t) < s~ 2d(x,t)? for every s > 0.

Proof Since Vi(z,t) = %Vl ( z %), it will be sufficient to consider Vi only. For every (z,t) € G

%7
|Vj—(p1|2($,t) = Rp1,1,0(33,t)2 + Rp1,o,1(1‘,t)2, (51)
while
R
Lpi(z,t) = —Rpi2,0(z,t) —np1i0(z,t) — Rp1,0,2($»t)+m(m — Dp10,1(z,1).
Hence

- Rpiio+pion N RP1,2,0 +P1,0,2 + $P1,1,0 — W?TT;DLOJ
1=—— - .
4 pioo 2 P1,0,0

In order to find the asymptotics for the potential, it turns out that only the principal term of p1 x, &,
is necessary, and therefore, for the sake of simplicity, we shall avoid an explicit treatment of the
remainders. If one is interested in a more detailed description of the behaviour of the potential,
however, it is enough to use the remainders that we found in the previous sections.

L If w runs through [0, C] for some C' > 0, then both %~ and ¥~ are positive and bounded
both from above and from below. Hence,

Ry R 42 R
4 sin(y,)? 2 sin(yw)? 4 sin(yw)?

Vi(z,t) ~ = d(x,t)?

7 With a slight abuse of notation, we do not distinguish between a multiplication operator by a function and
the function itself.
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thanks to Theorem

II. Let § — 07 and k — +oc. Then 45 = 0(%), and Kk + % = o(]t]). Therefore, by
Theorem [£.13]
R1 R 1 o ’/T - 2
V1($,t) ~ 72572 + 5572 = 4|t| =~ d(w,t) .

ITI. Let § — 0T and « € [1/C, C] for some C' > 1. Then § < R. Elementary computations yield

L—1(¢) + Iv+1(Q)

1) = : :

so that
2L —1lvs1 = 1) () = To—2(O)Tv+1(0) + L—1(O) u42(Q)

for all v € Z and for all ¢ € C. Thus, 2I,,—11,+1 — I2 is strictly increasing on [0, c0), hence strictly
positive on (0, 00). Therefore, by Theorem

REL(5)? | R ETni(s) + f5Ta(x)

t) ~
Vi@t ~ = 2 In_1(r)
7lt] 22 Lo (k) In—1(k) + 2In—1(K) Int1(k) — In(k)? 2
=— = d(x,t)".
4 In—1(K)?
IV. Finally, let k — 07 and |t| — +oco. Then [t| = o (%), so that
2 2 2 2 —
Vi, 1) ~ R i |t* + (=D n g (n:—l)!|t|2 + ey 1+ Fnrltl+ ((:L—S%
[(n—=1)1]2 (n—1)!
~ Sl = de, 0,
thanks to Theorem again. O

Remark 5.4 The estimates provided by Eldredge |7] are not sufficient to prove Proposition not
even with some precise estimates of Lp1/pi1. Indeed, as the proof above shows, in cases I, IT and
III one has Lp1/p1 = |Vacpi|?/p?, so that no lower control of Vi can be inferred. On the other
hand, the upper bounds of the derivatives of ps explicitly provided by Li [17] are not enough to
describe the behaviour at infinity of V5.

Proof of Theorem Since V; is continuous and diverges at infinity by Proposition [5.3] the as-
sumptions of Theorem [5.2] are fulfilled and this ensures the existence of a self-adjoint extension
(Ts, Ds) of (L+ Vs, C) with purely discrete spectrum. Since the multiplication by the square root
of ps, which we called Us, preserves C2°, Ug '2s D C2°; therefore, (Ug *TsUs,Us ' Ds) is a self-
adjoint extension — with purely discrete spectrum — of (LP¢, CS°), which is essentially self-adjoint.
The result follows. a
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