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Abstract

A well-known diffuse interface model for incompressible isothermal mixtures of two
immiscible fluids consists of the Navier-Stokes system coupled with a convective
Cahn-Hilliard equation. In some recent contributions the standard Cahn-Hilliard
equation has been replaced by its nonlocal version. The corresponding system is
physically more relevant and mathematically more challenging. Indeed, the only
known results are essentially the existence of a global weak solution and the exis-
tence of a suitable notion of global attractor for the corresponding dynamical system

defined without uniqueness. In fact, even in the two-dimensional case, uniqueness



of weak solutions is still an open problem. Here we take a step forward in the case
of regular potentials. First we prove the existence of a (unique) strong solution in
two dimensions. Then we show that any weak solution regularizes in finite time
uniformly with respect to bounded sets of initial data. This result allows us to de-
duce that the global attractor is the union of all the bounded complete trajectories
which are strong solutions. We also demonstrate that each trajectory converges to
a single equilibrium, provided that the potential is real analytic and the external

forces vanish.
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1 Introduction

The evolution of an incompressible mixture of two immiscible fluids can be described
through a diffuse interface model (cf., e.g., [18, 20, 22, 25] and their references). Assuming
that the temperature variations are negligible, taking the density is equal to one, and
suppose the viscosity v to be constant, the model H (see [21]) reduces to the so-called
Cahn-Hilliard-Navier-Stokes system

or+u-Vo=V-(kVpu),
p=—Ap+F(p),

ur — vAu+ (u- V)u+ V= puVe + h(t),
div(u) = 0,

in Q x (0, 00), where Q C R?, d = 2,3, is a bounded domain. Here u denotes the (average)
velocity and ¢ is the difference of the two fluid concentrations. Moreover, x > 0 is the
mobility coefficient, F' is a suitable double well potential density, = the pressure and h a
given external (non-gradient) force.

The existing theoretical literature (see, for instance, [1, 2, 5, 12, 13, 14, 26, 29]) can
be summarized by saying that all the results known for the Navier-Stokes system can be
extended to the Cahn-Hilliard-Navier-Stokes one, with some additional technical difficul-
ties when, for instance, F' is a singular (i.e. logarithmic) potential and/or the mobility &
depends on ¢ and vanishes at pure phases (cf. [1, 5]). However, we recall that the Cahn-

Hilliard equation has a phenomenological nature (cf. [6]). Instead, a rigorous derivation



from a microscopic model yields a nonlocal equation (see [16, 17]). In this case the chem-

ical potential p has the following form

p=ap—Jxp+F(p),
where * denotes the convolution product over 2, J : R — R is a sufficiently smooth

interaction kernel such that J(z) = J(—z) and a(x) = / k(x — y)dy. Motivated by this

0
fact, in [7] we have introduced and analyzed the following nonlocal Cahn-Hilliard-Navier-

Stokes system

e+ u- Vo= Ay, (1.1)
p=ap—Jx*xp+ F(p), (1.2)
u — vAu+ (u- V)u+ Vi = uVeo + h(t), (1.3)
div(u) =0, (1.4)
endowed with boundary and initial conditions
0_,u_0 u=0 ondQx(0,T) (1.5)
an - Y - ) .
u(0) =ug, ¢(0)=¢o in Q. (1.6)

For such a problem we have proven first the existence of a global weak solution satisfying
an energy inequality (equality in dimension two) for a regular potential F (see [7]). Then
in [9] we have established the existence of a global attractor for the generalized semiflow
(d = 2) and a trajectory attractor (d = 3). Similar results have recently been extended
to singular potentials of logarithmic type (cf. [10]). However, an important issue has
been left open: the uniqueness of weak solutions in dimension two. This is well known
for the standard local models and it suggests that the present model is more difficult
to handle. The main reason seems to be the poorer regularity of ¢ which makes the
capillarity term (i.e. the Korteweg force) uV difficult to handle (see [7]). Here we are
not able to address this issue but we come close. More precisely, we prove the existence of
a (unique) strong solution and the regularization in finite time of any weak solution. The
latter is uniform with respect to bounded set of initial data so that, as a by-product, we
deduce that the global attractor we found in [9] is smooth. More precisely, it is the union
of all the bounded complete trajectories which are strong solutions to (1.1)-(1.6). Finally,
taking advantage of the regularization property, we show that any weak trajectory does

converge to a unique equilibrium (cf. [15, 23, 24] for nonlocal Cahn-Hilliard equations).



2 Notation and known results

We set H := L*(Q) and V := H'(Q). For every f € V' we denote by f the average of f
over Q; i.e., f:=|Q|7H{f,1). Here || is the Lebesgue measure of 2. We assume that 9
is smooth enough.

Then we introduce the Hilbert spaces
Vo= {oeV:io=0}, Vi={feV:F=0}
and the operator A: V — V' A € L(V, V"), defined by
(Au, v) ZZ/QVU'VU Yu,v € V.

We recall that A maps V onto Vj and the restriction of A to Vj maps V; onto Vj isomor-
phically. Further, we denote by N : Vj — Vj the inverse map defined by

ANf=f, VfeV and NAu=u, Yuelj.

As is well known, for every f € Vj, N f is the unique solution with zero mean value of

the Neumann problem

—Au = f, in
% =0, on 0f).
In addition, we have
(AuNT) = (fu),  YueV, VfeVy, (2.1)
(FNa) =0 N5) = [ YNNI W) g el (22)

We consider the canonical Hilbert spaces for the Navier-Stokes equations with no-slip
boundary condition (see, e.g., [28])

Gan = {u € C2 ()7 div(n) =01 V") Vi = {u € HY(Q)®: div(u) = 0).

We denote by || - || and (-,-) the norm and the scalar product on both H and G,

respectively. Instead, Vy;, is endowed with the scalar product
(u,v)y,,, = (Vu, Vv), Yu, v € V.

We shall also need to introduce the Stokes operator S with no-slip boundary condition.
More precisely, S : D(S) C Ggiv — Gaip is defined as S := —PA with domain D(S) =
H?(Q)4 N Vg, where P : L2(Q)? — G, is the Leray projector. Notice that we have

(Su,v) = (u,v)y,,, = (Vu, Vv), Vu € D(S), Vv € Vg,
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and S7! : Gy — Gaiv is a self-adjoint compact operator in Gyg;,,. Thus, according with
classical results, S possesses a sequence of eigenvalues {\;} with 0 < A\; < Xy <--- and
A;j — 00, and a family {w;} C D(S) of eigenfunctions which is orthonormal in Gg;,. Let

us also recall Poincaré’s inequality
Ml < Vaull?, V€ Vo

The trilinear form b which appears in the weak formulation of the Navier-Stokes equa-

tions is defined as follows
b(u,v,w) = /(u -V)v - w, Yu, v, w € Vi,
Q
and the associated bilinear operator B from Vy;,, x Vi, into VJ, is defined by
(B(u,v),w) := b(u,v,w), Yu, v, w € V.

We shall set B(u,u) := Bu, for all u € Vj;,,. We recall that we have

b(u, w,v) = —b(u, v, w), Yu,v,w € Vg, (2.3)
and that the following estimates hold in dimension two
[b(u, v, )| < ellul V[ Vull Vol [[w] V2 Vw| Y, Vv, w € Vi, (2.4)
[b(u, v, )| < ellul [ Vull [Vl 2Su 2w, Yu € Vi, v € D(S), w € G-
(2.5)

If X is a Banach space and 7 € R, we shall denote by L% (7,00; X), 1 < p < o0, the
space of functions f € L} ([r,00); X) that are translation bounded in L ([, 00); X), i.e.
such that

t+1
190 ey =500 [ 17(6) s < o (2.6)
2T Jit

We shall use the following lemma. Its simple proof is given below for the reader’s

convenience.

Lemma 1. Let f € LP'(7,00; X) with f; € LY (1,00; X), where 1 < p; < 00, 1 < py < 00,
T € R and X is a reflexive Banach space. Then f(t) — 0 in X ast — oc.

Proof. We argue by contradiction. Suppose there exist a sequence {t,} with ¢, — oo
and a constant o > 0 such that || f(¢,)||x > o, for all n. Set 7, := ¢, + 1/n. Since
f € LP(1,00; X) with 1 < p; < oo, then, by possibly extracting a subsequence, for every
n there exists ¢, € [t,, T, such that ||f(¢,)||x < /2. We therefore get a contradiction,
since, denoting by pf, € [1,00) the conjugate of po,

t/
o n 1
0 <3 < ft) = fta)llx < / [fi(s)l|xds < ||ftHLfg(T,oo;x>—np/2 — 0.
tn



We also report the uniform Gronwall lemma which will be useful in the sequel (see,
e.g., [27]).

Lemma 2. Let ® be an absolutely continuous nonnegative function on |[1,00) and wy,ws

two nonnegative locally summable functions on [T,00) satisfying

d
E@(t) < w(t)D(t) 4 wo(t), for a.e. t € [1,00), (2.7)
and such that
t+1 t+1
/ wi(s)ds < a;, i=1,2, / O (s)ds < ag, (2.8)
¢ ¢

for all t > T, where ay, as, a3 are some nonnegative constants. Then
O(t+1) < (az + az)e™, Vi > 1. (2.9)

We now summarize the main results of [7]. They are concerned with the existence
of dissipative weak solutions and the validity of the energy identity and of a dissipative
estimate in dimension two.

The assumptions on J and F' are listed below
(H1) J e WHY(RY), J(z)=J(-z), a>0 ae. inQ.

(H2) F e C>!(R) and there exists ¢, > 0 such that

loc

F"(s) + a(z) > co, Vs eR, ae. z€q.

(H3) F € C*(R) and there exist ¢; > 0, ¢z > 0 and ¢ > 0 such that

F"(s) + a(x) > c1]s]* — c, Vs eR, a.e. x €.

(H4) There exist ¢z > 0, ¢4, > 0 and r € (1, 2] such that

F/(s)] < ol F(s)| + s, Vs€R.

Remark 1. Assumption J € WH(R?) can be weakened. Indeed, it can be replaced by
J € WH(B;), where Bs := {z € R?: |z| < §} with ¢ := diam(), or also by (see, e.g.,
[4])

Sup/Q (17 — )| + VI (@ - y)[)dy < oo

e

The above assumptions allow to prove the following result (see [7])



Theorem 1. Let h € L7 ([0,00); Vi}.), uo € Gaiw, 0o € H such that F(py) € L*(Q2) and

loc

suppose that (H1)-(H4) are satisfied. Then, for every given T > 0, there exists a weak
solution [u, @] to (1.1)~(1.6) such that
u € L®(0,T; Gain) N L*(0,T; Vai), ¢ € L=(0,T; L*79(Q)) N L*(0,T; V),  (
u € LY3(0,T; V), @€ LY3(0, 75V, d=3, (2.11
u, € L*(0,T; V), d=2, (
o € L*(0,T;V"), d=2 or d=3andq>1/2, (

and satisfying the energy inequality

St o) + [ (vIVall+ [TlR) i < Elann) + [ (h(rhwpar, (214)

for every t > 0, where we have set

ult)plt) = 51O+ [ [ I = )etet) = plv.)dudy+ [ Feo),

If d = 2, then any weak solution satisfies the energy identity

d
€ 9) + V[ Vul® + [Vil* = (h(t), u), (2.15)

In particular we have u € C([0,00); Gaiv), ¢ € C([0,00); H) and [, F(p) € C([0,00)).
Furthermore, if d = 2 and h € L%(0,00;V}. ), then any weak solution satisfies also the

dissipative estimate
E(u(t), p(t)) < E(uo, po)e ™ + F(mo)|Q| + K, vVt >0, (2.16)

where mg = (o, 1) and k, K are two positive constants which are independent of the

initial data, with K depending on Q, v, J, F and HhHLfb(o,oo;Vd’. ).

Remark 2. All the previous results hold for a viscosity v depending on ¢ which is
sufficiently smooth and bounded from above and from below (see [7], cf. also [9, 10]).

Here we assume v to be constant just to avoid further technicalities in the sequel.

3 Strong solutions in two dimensions

In this section we state and prove our main result, namely the existence of a (global)

strong solution to (1.1)—(1.6) and its uniqueness. More precisely, we have



Theorem 2. Let h € L _([0,00); Gain), o € Viaiw, 0o € VN L¥(Q) and suppose that
(H1)-(H4) are satisfied. Then, for every given T' > 0, there exists a weak solution [u, ]
such that

u € L®(0,T; Vaw) N L20,T; H*(Q)?), € L™ x (0,7))NL>0,T;V), (3.1
Uy € L2(07T7 Gdiv)a Pt € LQ(Oa T? H) (32)

Furthermore, suppose in addition that F € C3(R) and that oy € H*(Q). Then, system
(1.1)~(1.4) admits a unique strong solution on [0,T] satisfying (3.1), (3.2) and also

0 € L0, T;WH(Q)), 2<p< oo,
@; € L°(0,T; H) N L*(0,T; V).
If J € W2Y(R?), we have in addition
o € L®(0,T; HX(Q)). (3.5)

Moreover, let [uo;, poi, i) € Vain X H*(2) x L2 ([0,00); Gai), © = 1,2, be two sets of data
and denote by [u;, p;] the corresponding solutions. Then, there exists a positive constant
A which is a continuous and increasing function of the norms of the data of two solutions
and which also depends on T, F', J, , v, such that the following continuous dependence

estimate holds

lua(t) — ws(B)I* + llp2(t) — o1 ()3
+ [ 1906) - Vuear + [ o) - enlPar
< A<I|U02 — ot + llpo2 = Pl + 1B = Bl 06 ) (3.6)
for every t € [0,T.
Remark 3. The regularity properties (3.1)—(3.5) imply that
u € O([0,00); Vi), ¢ € C([0,T]; V) N Cy([0,TT; H*(2))

Actually, we have also ¢ € C([0, T]; H*(Q2)) for every § € [0,2). Recall that the time con-
tinuity of the velocity field into Vg, is a consequence of the fact that u € C, ([0, 00); Vi)
and of the following differential identity

1d

2dt”qu2 + v||Sul|* + (Bu, Su) = (uVy, Su) + (h, Su), (3.7)

which is deduced by testing equation (1.3) by Su.



Remark 4. If the condition ¢y € L>*(Q2) in the first part of Theorem 2 is removed, a
boundedness estimate for the order parameter ¢ can still be recovered. In particular,
it can be proved (see [15, Lemma 2.10]) that for every ¢, > 0 there exists a constant

Cmi, > 0, where m is such that [y| < m, such that

sup || (t)[|z (@) < Crto-

t>2tg

Moreover, (3.1)—(3.4) still hold provided the time interval (0,7T) is replaced by (2to,T),
for every T' > 2.

Remark 5. In Theorem 2 condition J € W?!(R?) is actually needed to ensure the
regularity property ¢ € L>(0,T; H*(2)) only.

Proof. We shall carry out the proof by providing some formal regularization estimates.
The argument can be made rigorous by means, e.g., of a Faedo-Galerkin approximation
technique (see [7] for details).

We first observe that the property ¢ € L>(£2 x (0,7")) can be obtained by exploiting
the same argument used in [4, Theorem 2.1]. Indeed, by multiplying (1.1) by ¢|¢|P~! and
integrating on €2 the resulting equation, the contribution of the convective term vanishes
due to the incompressibility condition (1.4) and the proof of [4, Theorem 2.1] entails

sup [lo(t)| o) < C, (3.8)
te(0,T)
where the constant C' depends on the initial conditions, in particular on ||ug||, on ||¢ol| ()
and on T (see [4, Estimate (2.28)]). Furthermore, if h € L% (0, 00; Gg;,) then, thanks to
the dissipative estimate (2.16), we have sup,s [|¢(t)||r2+20() < C, the constant C' being
dependent on the initial data and on h only. Hence, due to [4, Estimate (2.28)], the
constant C'in (3.8) does not depend on 7.

As far as the regularity of the velocity u is concerned, notice that, since the Korteweg-
force term uVyp € L*(0,T; L?(Q)?), then by applying [28, Theorem 3.10], we immediately
obtain (3.1); and (3.2).

Henceforth we shall denote by ¢ a positive constant which depends only on J, F' and
), while ¢ will denote a positive constant depending on J, F', €2 and also on the initial
conditions uy and o (in particular on ||Vug|| and on ||¢o||ze(q)). The values of both ¢
and ¢ may possibly vary from line to line, even within the same estimate. We shall divide
the proof into three main steps.

Step 1. Estimate of o, in L?(0,T; H)

We multiply (1.1) by u in H and get

1d )
et [ v+ 55190l



1d

= [@+ PN = (o T w0 + [ (0 Vol + 3 5 IVAIF 0. (39)

Now, we have
| [ o] = | [ @ Torag = T+ P

Co _
< ZH%H? +lull3: Vel (3.10)

and

(01, J * @) = [(—u- Vo4 Ap, J x @)
< |(u-Veo,J x o)+ |[(Vi, VJ x @)

Co
< ZH%HQ + cllull IVl + [ Vul . (3.11)

Plugging (3.10) and (3.11) into (3.9), using assumption (H2) and integrating the re-

sulting estimate in time between 0 and ¢, we obtain

1 c t 1 t_ t
IVul? + 2 [ ledPar < 5190l + [ el Vel +c [ ValPar, (312)
0 0 0
and on account of the following
2
C
IVl > L9l ~ cllol?, (313)

from (3.12) we are led to the differential inequality
¢
IVl < IV holl* +ox +/ m(T)IVu(r)|Pdr, ¥t e [0,T], (3.14)
0

where m := ¢ (|Jul|%. + 1) € L*(0,T), for all T > 0. Thus the standard Gronwall lemma

gives
Ve L>0,T;H), VT >0, (3.15)
so that, using also (3.12), we infer
p € L>™(0,T;V), o € L*(0,T; H), VT >0. (3.16)

This concludes the proof of (3.1) and (3.2).

Step 2. Estimate of ¢; in L>(0,7; H)
We differentiate (1.1) with respect to time and multiply the resulting identity in H by .
This yields

/¢ttﬂt+/ﬂtut'v¢+/ﬂtu'v¢t+||V,ut||2:07 (3.17)
Q Q Q

10



and, due to (1.4), we obtain

/ ut + | Vie|* = / oru - Vi + / ouy - Vg, (3.18)
Q Q Q
which entails
1
[ eane+ SNVl < [ (o + ). (3.19)
Q Q
Observe now that

/ Prefby = / ou(aps — J x or + F"(p)pr)
Q Q

1d

=57 ap; — (J % @, —up - Vo — - Voo + Apy) + / F'(¢)ovpr
t Q Q

1d

= o2 (@t P06 — (VT 5 ) — (VT 5 o1, )
Q
1
+ (VI xo, Vin) = 5 / F" ()¢}, (3.20)
Q

On the other hand we have

1 _
(VT 5, w)| < IV ullllelles ol < Sllullllod” +2,
(VT % o, uge)| < IV Tl| e llullzolleell* < ellull 2 llel®,

1
(VT 1, V)| < 2Vl + IV T [alloon]

Therefore from (3.19) we get

1d 1
531 @+ F e + 1Vl < el + e + el + Dol
1 .
Fllellul +3 [ P +e @2

The integral term containing 3 can be estimated by means of Gagliardo-Nirenberg in-

equality in dimension two, that is,

1
\§/Fww@
Q

We now need to estimate Vi, in terms of V. In order to do that, let us first control

2
_ _ & _ _
<elediis <ellied® + led’IVed) < 51Vl +eled’ +2 (3.22)

Vi in terms of Vi in LP| for every 2 < p < oo. We then take the gradient of p =
ap — J * p + F'(¢), multiply it by V|Vp[P~2 and integrate the resulting identity on Q.
We get

/W\W)I”‘Q-Vuz /(a+F”(s&))|V<plp+/(<pVa—VJ*@)-VsOIVsOI”‘2,
Q Q Q

11



and so, by (H2), we find

IN

IVl IV allr + (IVallze + IV Tl @l Vel 72"
Co
S IVelze + el Vallz, + c(IVallze + IVl )l ]2

col[VepllZs

IA

We therefore obtain
Vel < ¢Vl +¢, (3.23)

with ¢ depending also on p. We now see that the LP—norm of Vu can be estimated in
terms of the L?2—norm of ¢;. Indeed, using once more the two dimensional Gagliardo-

Nirenberg inequality, we infer

IValle < cllVulPIVpll "

< VPRI < TP (Al 4 [l 2)
< (|l 4 Ju - V[P 4 1)

< el 27 + ||U||qu/p||Vgp||1 2p 1),

where p~! +¢~! = 1/2 and where we have taken into account (3.15) and the fact that the
H?—norm of yu is equivalent to the L?— norm of —Ap + u, due to (1.5). By (3.23) we

therefore deduce the desired estimate
IV plle <21+ [l 27). (3.24)
We now take the gradient of y, and multiply it in L? by V,. We get
/Vﬂt Vi = /(a—l— F" (@) |V
Q Q
+ /(Vagot —VJ*x¢) - Vi + / F" () Vi - V. (3.25)
Q Q

Observe that we have

‘/F’”(gp)gptvtp-th < clledll s IVl s | Vi
Q

<(lleell + eVl ) (1 + el ) 1960l
<2 (el IVl + el ¥ IV + e Ve + eIVl

C
< JIVed® +eled +e, (3.26)

Thus from (3.25) and (3.26) and using also (H2), we deduce
1 2, % 2 2 % 2 - 2
a”vﬂt” + ZHV%” 2 [IVil[[[Veel| = col[Veor|” = ZHV%H — |t

12



Co _ _
- ZHV%!V —tlled* =7,
so that
4 2 2 - 4 =
g”vﬂtn > [V —¢llee]|” — . (3.27)
0

We now go back to (3.21). By combining (3.22) and (3.27) we obtain

1d 1 _ _

ST Q(a + F'(@)¢; + g IViul” < a@®lled® +ellanll* + B() + 7 (3.28)
where a := c(|Jull32 + [|ull 2 + Juel|* +1) and 3 := ||| 1< |ue]|*. We have o, § € L1(0,T).
From (3.28) we can easily infer the desired estimate. Indeed, let us multiply (3.28) by

(14 [ola+ F"(¢))e;)~" and get

%%log (1+ / (a+F"(9)e}) < %a@) e fzgafiii’?(sa))sof

+8(t) +¢
< ~alt) + B(t) + elladl? + 2

Integrating this last inequality between 0 and ¢ € (0,7") and using the second of (3.16)
and the fact that ¢,(0) € H (since ¢y € H?*(2)) we therefore deduce that

o, € L®(0,T; H), YT > 0. (3.29)
In particular, on account of (3.23) and (3.24), we also have
Vu, Vo e L=(0,T; LP()), vT > 0, 2 <p< 0. (3.30)

Furthermore, by integrating (3.28) between 0 and ¢ € [0,7] and using (3.27) and (3.29),

we also get
@, € L*(0,T;V). (3.31)

By comparison in (1.1) we can finally obtain estimates for x and ¢ in L>(0,T; H*(Q)).

Indeed, we have
[Aull < lleell + el Vull Vel e, (3.32)

which implies that Ay € L>(0,T; L*(2)), thanks to (3.29) and (3.30). Recalling (1.5)

and the smoothness of 9€), we also have

p € L=(0,T; H*(Q)). (3.33)

13



Apply now the second derivative operator 82 = to (1.2), multiply the resulting

8&: Bw
identity by 0;;¢ and integrate on Q. Using the assumption J € W*!(R?), we get

[ Oie = [ @+ Pt + [ ©avso+ 000010t
+ [ (wOa- e+ [ PUoRR0te
From this identity, by means of (H2) and (3.30) it is easy to obtain

105011 > OHa ll* -2 (3.34)
Such estimate together with (3.33) entail
0 € L>(0,T; H*()). (3.35)

Step 3. Continuous dependence and uniqueness of strong solutions
Let us consider two strong solutions 21 := [uy, 1] and 25 := [usg, 3] corresponding to initial
data zp1 1= [u1, po1] and zg2 = [uge, Yo2] and to external forces hy and hg, respectively.
Taking the difference between the variational formulation of (1.1) and (1.2) written for
each solution and setting u := us — uy, @ := @Yo — 1, = o — 1 and h := hy — hy, we

have

(ug, v) + v(Vu, Vo) + b(ug, ug, v) — b(uy, ui,v) = —(p2Vus,v) + (91 Vi, v) + (h,v)
(3.36)

(06, V) + (Vu, V) = (uzpa, V) — (ur01, V), (3.37)

for every v € Vy, and every ¥ € V. Let us choose v = u and ¢ = Ny and sum the first
resulting identity to the second one multiplied by v, where the positive constant v will be

suitably chosen. After some easy calculations we obtain

1d L1l + (e, 1)

—(pVuz,u) = (1 Vi, u) +y(uz, VN @) +v(u, 01 VN@) + (b, u). (3.38)

Notice that

||u||2 + VHVU”2 + b(U27 U2, U ) - b(Uh U, U )

V(1) = v(p,ap — J * o+ F'(p2) — F'(¢1)) > colloll* = (0, J * )

> covllell® = vllelvgllTIvllell > corllel® = llell* = e el (3.39)
Furthermore, as far as the first two terms on the right hand side of (3.38) are concerned,
we have

v
(V2 W) < MlellllVaallallullze < IVl + el Valzallell, (3.40)
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v
(o1 Vi, u)| = [(uVer, u)| < |plll[Verllpallulle < ZHVUH2 + V| Zallel?,  (3.41)
where we have used the bound

el = llap = J 5 o+ F'(02) = F'(@1)[| < 2]l o]l + cllell < clll.

The last two terms on the right hand side of (3.38) can be estimated as follows

Y (u2, VN @) < Alluall < 2 [IVN el < exlluslla: el ellvg
< llell* + ev*lluzllzlle T, (3.42)
(o1 VAQ)] < Sull® + Sl llF= Il (3.43)
Consider the trilinear forms on the left hand side of (3.38). By (2.4) we have
b(ug, uz, u) = bu, ur, u) = bu, ur, u) < cflul[[[Vu ||| Vull
< S Vull? + el T 2 (3.44)

Plugging (3.39)—(3.44) into (3.38) we get

1d v
37 <||U||2 + 7||90||V/> + S IVull® +vcollell® < e(t+ [VenllZa + [Vl el
2 2 2 212 0 2 2
+er(lluallie + llealle +llellig + ety + 1Vu w4+ 1R (3.45)
Thanks to (3.30), we can now choose v = 7, such that
L= cove — c(1+ HV<P1||%O<>(0,T;L4(Q)) + HVMZHiOO(O,T;L“(Q))) > 0.

Hence from (3.45) we deduce

1d
2dt

where

v 2
(Il + 3l ) + g9l + Tullol® < n(e) (lull® + el ) + S5 lIP. (3.46)

0= c([Vur|l* + vlluallzz + l@1llTe +7) € LY(0,T), VT > 0.

The standard Gronwall lemma then yields

¢ 4
lu@)I + 3l Ol < 570 (Juoll> + lloolly + 3= hlEo0sean): (347

for every t € [0, T, where we have set ug := ug2 — g1 and ¢g := @2 — po1. By integrating
(3.46) between 0 and ¢ and taking (3.47) into account, we also get

t t
v / |Vul?dr + 2T, / lolPdr
4 /o 0

4 t s)as !
< (Mol +llgolly + 520 ) (1426 570 / nis)ds),  (3.48)

for every ¢t € [0,T]. Finally, by combining (3.47) and (3.48), we obtain (3.6). O
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Remark 6. It is not difficult to see that the ¢ component of the strong solution to system
(1.1)-(1.5) satisfies

@ € C([0,00); H*()). (3.49)

Indeed, by combining (3.17)—(3.20) and taking into account the regularity properties
of the strong solution, we can see that [, (a + F”(¢))¢? is absolutely continuous on
[0,00). Using (H2) and the fact that » € C([0,00); C(Q)) (see Remark 3) we get ||¢¢|* €
C([0,00)). Now, (3.33) and p; € L2 .([0,00); V) imply that u € C([0,00); V) and, by
using (3.33) again, we also have u € C,([0,00); H*(Q2)) so that Au € C,([0,00); H).
Moreover, since u € C([0,00); L*(Q)) and Vo € C,([0,00); L*(Q)) (cf. Remark 3), then
we have u - Vo € C([0,00); H). Thus from (1.1) we deduce that ¢, € C,([0,00); H)
and, on account of the continuity of ¢ — ||¢;(t)||, then ¢, € C([0,00); H). Recall now
that Vo € C([0,00); H(2)?), for every ¢ € [0,1) (cf. Remark 3). Then, choosing
€ € [1/2,1), we have Vi € C([0,00); L*(©)?). Thus u - Ve € C([0,00); H) and so (1.1)
vields Ap € C(]0,00); H) which entails u € C([0,00); H*(€)). This and the assumption
J € W21(R?) allow us to deduce (3.49).

4 Uniform estimates and the global attractor

In this section we establish some uniform in time regularization estimates by exploiting the
results proved in the previous section. As a consequence we deduce a regularity property
for the global attractor of the dynamical system generated by (1.1)—(1.5) whose existence

has been shown in [9].

Proposition 1. Let h € L?%(0,00; Gai), o € Vaiw, 0o € V N L¥(Q) and suppose that
(H1)-(H}) are satisfied. Then, the weak solution [u, ] of Theorem 2 satisfies

u € L0, 00; Vi) N L7 (0,00; H*(2)?), o € L™(2 x (0,00)) N L>(0,00; V), (4.1)
up € L2(0,00; Gai), @1 € L2 (0,00; H). (4.2)

Furthermore, suppose in addition that F € C3(R) and that ¢y € H*(Q). Then, the unique
strong solution of Theorem 2 satisfies (4.1), (4.2) and, in addition,

@ € L>(0, 00; WHP(Q)), 2 <p< oo, (4.3)
¢r € L®(0,00; H) N L7(0, 00; V). (4.4)

If J € W2Y(R?), we also have

@ € L>(0,00; H*(Q)). (4.5)
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Moreover, there exists a constant Ay = Ay(m), depending on m (and on F, J, Q, v), such
that, for every initial data zy := [ug, o] € Vai X H*(R), with |gy| < m, there exists a

time t* :=t*(E(29)) > 0 such that the strong solution corresponding to zy satisfies

t+1
HVU(t)H+H¢(t)I\H2<n>+/ [u(s)[[ 22 < Ai(m), — VE= " (4.6)
t

Proof. Let us first notice that, setting z(¢) := [u(t), p(t)] and 2o := [ug, o], by integrating
the energy identity (2.15) between ¢ and ¢ 4+ 1 we have

t+1 v t+1
e+ [ (SIVall+ IVul)dr < €GO+ 5 [ InlPan 40
Therefore, using also the dissipative estimate (2.16), we get
t+1 v
/t (5170l + IVpl?)dr < Ezo)e™ + Fm)|Ql + K (48)

where the constant K depends on ||h[12 (0,00:6,,,) 20d on F, J, Q, v. Notice that the

initial energy £(zp) can be estimated as

1
&) < glulP + Mllgoll + [ oo, Mi=sup [ |1 =pay

e

From (4.8), setting Ag(m) := F(m)|Q] + K + 1, we deduce that there exists a time
to =t0(E(20)) > 0, given e.g. by to = 1 log(£(z) + ¢), where €(z9) + ¢ > 1, such that

t+1 v
/ (GIvull? + IVal?)dr < Aom), ¥t =t (4.9)
t

We now establish the uniform in time version of estimates (3.1); and (3.2); for the
velocity field. To this aim, notice first that (2.5) implies (see also [28, Lemma 3.8])

1Bull < cllull 2 Vull[[Sull'?,  Vue D(S) = H*(Q)* N V.

Therefore, by splitting the term (Bu, Su) on the left hand side of (3.7) and using the

estimate above, we get the following differential inequality
d 2 2 _ 3 2 B2 2
HIVull® +vSull” < “llpvel” + “|IAl° + ol Vull, (4.10)

where o(t) := ¢, ||ul]?||Vu||?>. Now, recalling Remark 4 (see also the proof of [15, Lemma
2.10]), the assumption h € L?(0,00; G4;,) and the dissipative estimate (2.16), we know
that there exists a constant Cy(m) > 0 depending on m, and a time t; = #;(E(z))
depending on &(zp) such that

sup ()l Loe() < Co(m). (4.11)
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Therefore we have sup,, ||(t)|| @) < Ci(m). Then, using also (4.9) and (3.13), we get

/t |u(r)Vp(r)|Pdr < Ca(m), / o(r)dr < Cy(m), (4.12)

for all t > to := max{to,t1}. Therefore, (4.8) and (4.12) allow us to apply Lemma 2 to
the differential inequality (4.10) and we deduce that

2 (m
[Vu(®)? < Calm) = = (2C20m) + 20135 (g i) + Aolm) )@, (4.13)

for all t > t3 := to + 1. Furthermore, by integrating (4.10) between t and ¢+ 1, for ¢ > t3,

we obtain

t+1 4
v [ ) s < Colm) = (1 4+ Calm))Cam) + 5 (Calm) + A1)
t
(4.14)
for all t > t3, where we have also used [28, Lemma 3.7]. Estimates (4.13) and (4.14) in
particular imply (4.1);.

Now, let us write (1.3) in the form u; = —Bu — vSu + uV¢ + h and observe that,
owing to [28, Lemma 3.8] (or (2.5)), we have

/t [Bu(s)||"ds < /t lu(s)|[2Vu(s) || Sus)[2ds < Co(m) == ——C5(m)C5(m),

V)\l 4

for all ¢ > t3, and hence
t+1 ”»
| (s < Catm) = o(C2m) +0Caim) +Calm) + Wl )+ (415)

for all ¢ > t3. Note that (4.15) entails (4.2);.

We are now in a position to get uniform in time regularization estimates for ¢, first
in L% (1,00; H) and then in L>(7, 00; H), for some 7 > 0.

Let us note first that, by combining (3.9)—(3.11) and taking (4.11) into account, we
obtain the following differential inequality, for all ¢ > ¢,

d
ZIVuP + colled” < (Csm)llulliyz + VI + Colm) ez llell” (4.16)

Observe that (cf. (4.14))

t+1
| (Cutm)u(s) s + s < Cualm) = —-Colm)Cam) +-c. (4.17)
| Colmluls) Ballo(o) s < Custon) = ElcimiCsmculm), (418)
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for all t > t3. Then, using (4.9) and (4.17), (4.18), we can apply the uniform Gronwall
lemma to (4.16) in [t3, 00) and get

IVu®)|? < Cra(m) := (Ciy(m) + Ag(m))eC0™ Yt >t =t +1. (4.19)

Now, by integrating (4.16) between ¢ and ¢ + 1, for ¢t > ¢4, we also deduce

CO/t lei(s)|[?ds < Cis(m) := (1 + C1o(m))Cra(m) + C1a(m), VYt >ty (4.20)

Estimates (4.19) and (4.20) imply, in particular, (4.1)s and (4.2),, respectively.

Let us now consider estimate (3.28). Set

B(t) = 3 [ (a+ Pt 0

and notice that, on account of (4.11), we have
¢
Slec®® < @) < Culm)lle I, ¥t 2t (4.21)

Then, by arguing as in the previous section and taking (4.11) into account, we easily see

that (3.28) can be rewritten as follows

C(1) + LIVl < w(R(0) 4 50) + Cuslm), V> 1, (4.22)

where w(t) := a(t) + Ci(m)P(t), and «, B the same as in (3.28). Then, by using (4.21),
(4.20), (4.14) and (4.15), we have

/ B(s)ds < Cya(m) = Cloclg(m)cM(m), (4.23)
tt+1 1

/t W(S)dS S Clg(m) = C(;Cg,(m) + 07(7’11) + ClG(m)Cn(m) + 1), (424)
/t B(s)ds < Cro(m) 1= C2(m)Cy(m), (4.25)

for all t > t4. By applying once more the uniform Gronwall lemma to (4.22) in the interval

[t4,00), we deduce
2
lee()]* < Cao(m) = =(Cis(m) + Cre(m) + Caglm) )™, (4.26)
0

for all t > t5 := t4 + 1. Then, by integrating (4.22) between ¢ and t + 1, for ¢ > t5, and
using (4.21), (4.26) and (3.27) (written with a constant Cy(m) in place of ¢, for t > t;,
due to (4.11)), we also find

t+1 32
/ ’|Vg0t<S)H2dS S Ogg(m) = C_ (014020018 + 019 + Om) + (1 + 0220)021, (427)
t 0
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for all t > t5, where all C; depend on m. Observe that estimates (4.26) and (4.27) yield
(4.4).
Furthermore, owing to (3.23) and (3.24), we also have

[Vo(t)|| ey < Cas(m), Yt > ts, 2<p<oo (4.28)
Finally, on account of (3.32), (4.26) and (4.13), we obtain

(@) la2 < cll = Au(t) + p(B)]| < Cos(m) = c(Ci(m) + C*(m) + C3"*(m)Caz(m)),

(4.29)

for all ¢ > t5, and recalling (3.34), provided that J € W*1(R?), we get
lp®llz < Cos(m), Yt > ts. (4.30)
Estimates (4.28) and (4.30) yield (4.3). O

Let us now recall the main result about the existence of the global attractor for weak
solutions to system (1.1)—(1.5) in the autonomous case (cf. [9]). Since the weak solutions
to system (1.1)—(1.5) are not known to be unique but the energy identity holds, the
existence of the global attractor is achieved by using J.M. Ball’s approach based on the
notion of generalized semiflows (cf. [3], to which we refer for the main definitions and
results).

We assume that h is time independent, i.e., h € Gg;,, and, for m > 0 fixed, we

introduce the metric space

X = Gaiv X Vi, (4.31)
where
Y ={p € H : F(p) € L'(Q), |(¢,1)] <m}, (4.32)
The space &, is endowed with the metric
1/2
d(ea,2) = o = wll + llea =l + | [ Flew) = [ Flen)| " ¥onm €

where z1 1= [ug, ¢1] and 2z := [ug, pa].

Suppose that (H1)—(H4) are satisfied and that h € Gy;,. Let G,, be the set of all weak
solutions to system (1.1)—(1.6) from [0, 00) to X, given by Theorem 1 and corresponding
to all initial data zy € X,,. Then, in [9, Prop. 3 and Thm. 3] it is proved that G,, is a
generalized semiflow on X, (i.e., G, satisfies conditions (H1)-(H4) from [3] in the space
X,,) which possesses a (unique) global attractor A,,.

Take zy € X, and consider a weak solution z := [u, ¢] € C([0, 00); &;,) corresponding

to zg. From (2.14), written with ¢ = 7, we know that for every 7 > 0 there exists ¢, € (0, 7]
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such that z(t,) € Vg, x V. Thanks to Remark 4, we can also assume that ¢(t.) € L>(9).
We can therefore write the differential inequality (4.16) in [t.,00) and, by integrating
(4.16) between t, and t > ¢, we can see that there exists s, € (t,,t] such that ¢,(s,) € H

and hence (s,) € H*(2). Summing up, introducing the (complete) metric space
Xy = Vo X Yy Y= {p € H(Q): [(p, )] <m}, (4.33)
endowed with the metric
di(z2, 21) = |Vuz — Vur || + lo2 — o1l m2), V21,22 € &y,

then, for every 7 > 0, there exists s, € (0,7] such that z(s,) € X} and starting from
the time s, the weak solution corresponding to z; becomes a (unique) strong solution
z € C([sy,00); XL) (cf. Remarks 3 and 6). Such a solution satisfies the dissipative
estimate (4.6) in [s,,00). Let us consider a bounded in X, subset B C A,,. Choosing
T = 1 for every zy € B, then every weak solution z starting from zy € B becomes (at a
certain time s; € (0, 1] depending on zy and on the weak solution considered from zy) a
strong solution satisfying (4.6) in [1,00). We therefore deduce that there exists a time
t* = t*(B) > 1 such that

z(t) € Bi(Ai(m)),  Vt>t", (4.34)
where B;(A;(m)) is the closed ball in X given by
Bi(A(m)) :=={w € X} : dy(w,0) < Ay(m)}.

This fact immediately implies that A, C Bi. Indeed, we have distx: (T'(t)Anm, B1) =
distx1 (A, B1) = 0, which implies A, C B_le = B;. We recall that the multivalued
evolution map 7'(t) is defined, for every ¢ > 0 and every subset £ C &,,, as (cf. [3])

THE ={z(t): z€ G, 2(0) € E}. (4.35)
Summing up we have just proven the following regularity result for the global attractor

Theorem 3. Let (H1)-(H4) be satisfied and assume that h € Gg;, is independent of
time. Then the global attractor A,, of the generalized semiflow G, associated with system
(1.1)~(1.5) is such that

A, C Bi(Ar(m)).

Thus the global attractor is the union of all the bounded complete trajectories which

are strong solutions to (1.1)-(1.6).
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5 Convergence to equilibria

In this section we shall prove that every weak solution to system (1.1)—(1.6) converges to
a stationary solution as t — oo, provided that F' is real analytic and h = 0.

Let us first consider the set of all stationary solutions z., to system (1.1)—(1.5), namely
the set of pairs zo, = [0, 0] € A (for some m > 0), where ¢, solves the integral

equation

Ao — J x Poo T+ Fl(‘POO) = Moo, (5'1>

with some constant jio, € R given necessarily by fieo = F'(¢oo). Therefore we introduce

En = {re=100n]: vu€H, Flox) €L'(Q), [pxl<m,
AP0 — J * Yoo + F'(poo) — F' (o) =0 ae. in Q} (5.2)

We point out that, by using an easy iteration argument from (5.1), on account that F” has
polynomial growth, we can deduce that ¢o, € L>®(€2). The structure of the stationary set
is rather complicated. In particular, such a set may be a continuum (see [8] for an example
and [19] where the author proves the existence of solutions ¢, to (5.7) with ., = 0 in

cylindrical bounded domains). It is also worth observing that to every stationary solution

Zoo = [0, o] there corresponds a stationary pressure 7y, given by 7o = F'(¢s0)@oo + €,
where ¢ € R is an arbitrary constant (cf. (1.3)).

We begin with the following preliminary but crucial result.

Lemma 3. Assume that (H1)-(H}) are satisfied. Take zy € X,,, and let z € C ([0, 00); X))

be a weak solution corresponding to zy. Then, we have

0 #w(z) Cén (5.3)

and
u(t) =0 in G, as t— oo. (5.4)
Furthermore, there exists a time t* = t*(zy) depending on zy such that the trajectory

Uiz 12(t)} is precompact in X,,.
Proof. From (2.14), by letting t — oo, we obtain that

u € L*(0, 00; Vyiy). (5.5)
On the other hand, from (1.3), written as u; = —Bu — vSu + uVp, we get

lullvy,, < vIVull + cllulllVull + llll Lo o) I Vall
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Now, (2.14) also implies that v € L>°(0, 00; Gg;,) and that Vi € L?(0,00; H). Hence, on

account of (4.11) as well, from the previous estimate we infer that
u € L2700 Vg, (5.6)

for some 7 > 0. From (5.5) and (5.6) we deduce (5.4). Let us now take z € w(z) arbitrary,
with Z := [u, ¢]. Then, there exists a sequence {t,} with t,, — 0o such that u(¢,) — u in
Gaiv and @(t,) — @ in H. We get u = 0 and, up to a subsequence,

w(tn) — I, a.e. in (5.7)

where i := ap — Jxp+ F'(¢). By integrating (4.22) between ¢ and ¢+ 1 we easily deduce
that Vy, € L?(7,00; H) for some 7 > 0. Since we also have Vu € L*(0,00; H), then

Lemma 1 yields
Vu(t) =0 in H, as t— 00. (5.8)

From (5.7) and (5.8) we easily deduce that p=const almost everywhere in 2, where

the constant is necessarily given by F’(@). Therefore 2 = [u, @] = [0,¢] € &, (note
that F(¢) € L'(Q) is ensured by Fatou’s lemma), and (5.3) is proven. Finally, the

precompactness of the trajectory is an immediate consequence of (4.34). ]
Remark 7. Lemma 3 yields in particular an existence result for equation (5.1).

We now recall the generalized Lojasiewicz-Simon inequality established in [11] which
is the main tool for proving our convergence result.

Let V and W be Banach spaces embedded into a Hilbert space H and its dual H’,
respectively, with dense and continuous injections. Assume that the restriction of the
Riesz map R € L(H, H') to V is an isomorphism from V onto W = R(V'). Moreover, let
H = Hy+ Hy, where H; C V is a finite-dimensional subspace and Hj is its orthogonal

complement in H. Introduce the subspace of H’
Hy:={g€H: (9,0) =0 for all ¢ € Hp}.

Then let
-F = gl + g27

where the functionals G; and G, satisfy the following conditions

e G, : U CV — R is Fréchet differentiable on an open set U such that the Fréchet

derivative DG, : U — W is a real analytic operator which satisfies

(DGi(p2) — DGi(p1), 02 — 1) = a2 — 1|71, (5.9)
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1DG1(p2) — DGi(p1) | < zlla — il a, (5.10)

for all 1,92 € U and for some constants oy, > 0. Furthermore, the second
Fréchet derivative D?Gy(p) € L(V,W) is assumed to be an isomorphism for all
pel.

e G, : H — R is assumed to be in the form

1
92(90):§<’C90a90>+<l790>+p7 VSOEHa

where IC € L(H, H') is a self-adjoint compact operator such that its restriction to

V is a compact operator in L(V,W) and | € W, p € R are given.
The inequality we need is given by

Lemma 4 ([11]). Let the previous assumptions be satisfied for the spaces V,W, H, H' and
for the functional F. Let [poo, floo] € U X HY satisfy DF (¢oo) = poo- Then, there exist
g, A >0 and 6 € (0,1/2] such that the following inequality holds

[F () = Floo)'™" < Xinf {| DF (@) — pllar, 1€ Hy}, (5.11)
for all p € U satisfying ¢ — voo € Hy and || — ool < 0.

We can now state the main result of this section.

Theorem 4. Assume that (H1)-(H4) are satisfied with F' real analytic. Take zy € X,
and let z € C([0,00); X)) be a weak solution corresponding to zy. Then, there exists

Zoo = [0, o] € Em with Doy =P, such that
2(t) = 200 In Xy, as t— o0. (5.12)

Moreover, there exist some constants 57 > 0, 6 € [0,1/2) and a time t > 0 which depend

on zy and zs (and on the weak solution z originated from zy) such that
__0_ _
[u)llvy, + () = poollv <FE T2, VE>1. (5.13)

Proof. Our aim is to prove that p; € L*(7,00; V"), for some 7 > 0. This, together with
(5.4) and with the precompactness of the trajectory in Gy, x H, will allow to deduce
the convergence in Gg;,, X H of a whole trajectory z = [u, ¢| originating from an initial
datum zy = [ug, o] € X, to a stationary solution z,, € &, with p,, = p,. Observe that
if z : [0,00) = A, is a weak solution, then the convergence condition z(t) — 2z in &, is
equivalent to the condition z(t) = 2z in Gg; X H, since the convergence [, F(¢(t)) —

Jo F(¢so) is ensured by (4.11) and Lebesgue’s dominated convergence theorem.
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The key point is the application of Lemma 4 to a suitable functional F which is, in our

case, the energy functional E associated with the ¢ component of the solution, namely,

Be) = 5 IVasl = 56,7 +9) + [ Fle) (5.14)

More precisely, we set (cf. Lemma 4)

H:=H = L[*(Q), Hy:={y € H:¢ =0}, HY = {¢) = const},

V=L*Q), W:=RV), |flw:=IIR"flv,
Gi(1) = /Q (F(w) + %az/ﬂ), U=U,:={eV:[x)<Com), aec zecQ}
K(Y) := —J 1, l=p=0, (5.15)

where the positive constant Cy(m) is the same as in (4.11).
All the assumptions of Lemma 4 are fulfilled. Indeed, G; is Fréchet differentiable on
the whole V' with DG, (p) € W, for all ¢ € V given by

(DG (), ) = /Q (F'(¢)+ag)h,  VYheV.

Furthermore, DG, is a real analytic operator, since F' is assumed real analytic, and we

have

(DG1(p2) — DGi(p1), 02 — 1) = /Q (F"(ng2 + (1 = n)p1) + a) |2 — 1|
> collg2 — @1“27 Voi,02 €V,

thanks to (H2), where n = n(x) € (0,1). Hence (5.9) is satisfied (with a; = ¢y). As far as
(5.10) is concerned, observe that DG, is locally Lipschitz from V' to H'. Indeed, we have

1DG1(p2) — DGi(p1)|lmr < |F'(92) — F'(¢1)]| + acollpz — @1l < Tinllipz — 17,

for all @1,y € U, which yields (5.10) (with ap = I',). Moreover, the second Fréchet

derivative is given by
<D2g1(¢)h17 h2> = / (F//(QD) + a)hth, Vhl, hy € ‘/,
Q

for all ¢ € V. Hence D*G(p) € L(V,W) is an isomorphism for all ¢ € U,,. Finally,
thanks to (H1), the convolution operator K is compact from H to H and also from V
to W (due to the compact embedding W>=(Q) << C(Q)). The Fréchet derivative of
F = FE is given by

DE(p) = F'(¢) + ap — J xp = p, (5.16)
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and we have that [Qeo, floo] € Upm X HY satisfy DE(¢s) = poo iff 200 := [0, 05] € Enm

with ¢oo € Uy, and piee = F'(¢s). Therefore, taking (¢, fioo] € U, x HY such that
DE(¢s) = oo, Lemma 4 entails the existence of o, A > 0 and 6 € (0,1/2] such that

|B(p) — Blao)'™ < Ninf {ls — ill, Ji = const} = My —7all < Ae,|Vull,  (5.17)

for all ¢ € U, satisfying @ = @ (i.e. ¢ — 9o € Hyp) and || — pollp < 0, where ¢, is
the Poincaré-Wirtinger constant.
Now, let zy € &,,, and z be a weak solution corresponding to zy. Take z,, € w(z) and

let {t,,} be a sequence such that ¢, — oo and 2(t,) = 2z in A;,. Consider the function
O(t) :=E(2(t)) — E(200)-
We have
'(t) = —v|Vul]* = [Vul]* < e (|Vull + [|Vul)* <0, foraa. t>0, (518

where ¢, = min{1,v}/2. Since ®(¢,) — 0 and ® is non-increasing in (0, 00), then ®(t) —
0, as t — oo and & > 0. Now, due to (5.4) and to (5.17) (notice that 2(1 — 6) > 1), we
have
1 1-6
@1 (1) = (Sl + E(p() - Elpx))
< lu(@)P* + [ B(p(t) - Blpso)["*

<a(Ivull + 1val), (5.19)

for all t > ¢, for some t, > 0, provided that ||¢(t)—p|| < o, where ¢y = max{1/v/ A1, Ac, }.

Therefore, by combining (5.18) and (5.19) we get
d fc,

- ¥ =" ) (1) =

(Ivu@l + 191, (5:20)

provided that ¢(t) € U, with ||¢(t) — ¢l < 0 and P(t) = B, = P,. By means of
a classical argument, together with equations (1.1) and (1.2), we can now deduce that
¢y € L'(1,00;V’). Indeed, for every § € (0,1) there exists N = N; such that for all
n > Ns we have |lu(t,)] < 0 and [|¢(t,) — @ool| < 0. Set

t=t"(8) ==sup {t > tn : uls)|| <1, [le(s) — el <o, Vs € [tn,1]}. (5.21)

Then, estimate (5.20) holds for all ¢ € [ty,t*]. By integrating it between ¢y and t* and

possibly choosing a larger N we have

C

/t; <||Vu(7)|| + ||V[L(T)||>d7— < y

2 (ty) < 0. (5.22)
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We now claim that there exists J, > 0 such that t*(d,) = oo. Indeed, suppose this is not
true, i.e. t*(0) < oo for all § > 0. Then, we have

| g, dr < [ (I9a(o] + @ NIVa@l + 160 =0 1)) dr

tn tn

<bu [ (I9u) + [Vl )dr < bis (5.2)

tn

where b; = max {v + c¢A1(m)/v/A1, Co(m)}, and where Nj is assumed large enough, i.e.,
such that ty, > t1(E(20)) (see (4.11)). Furthermore, we have

[ le@vdr < [ (19500 + el a1 ar

tN tN

< by / (IVa()ll + V(o)) dr < bss, (5.24)

tn

where by = max {1, Co(m)//A1 }. Therefore, we deduce

t*
@) vy, < lluln)llvy, +/ [[we(7)[lvy,, dT < b3, (5.25)
tn
t*
[o(t7) = poollv < [le(tn) — @oollv +/ loe(T)[lvrd7 < bad, (5.26)
tN

where by = 1/v/A;+b; and by = 1+by. Let us now take a sequence {4, } such that &, — 0.

Then, from definition (5.21), for every n at least one of the following two conditions holds

[u@ (@)l =1, et (0n)) — @ucll = 0. (5.27)

By possibly extracting a subsequence we have, e.g., ||o(t*(d,)) — oo || = 0. Writing (5.26)
with 6 = ¢,, and taking into account the precompactness of the trajectory in Gy, x H we

get a contradiction. Thus, for some ¢, > 0 we have (setting t := ty; )

/too (IVu() | + IVa()] ) dr < 8. < oo, (5.28)
so that

u € L'(t,00; Vain), Vi€ L't 00; H). (5.29)
This implies that ¢; € L'(t,00; V'), due (4.1), and to the estimate

lpellv: < IVall + cllellv([Vull
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By using the precompactness of the trajectory in Gg;, X H again, we deduce that ¢(t) —
Yoo in H as t — oo. Therefore we have z(t) — 2o, in X, as t — oo. We now provide an

estimate for the convergence rate in Vj,, x V’. Indeed, from (5.18) and (5.19) we deduce

Cv z2(1-0 "
@’(t)g—gqﬂ (),  Vt>1

which yields by integration
(1) < BO){1+bBX(0)) T, Vi1, (5.30)

where b5 = ¢, (1 —260)/c5. On the other hand, by integrating (5.20) from ¢ > ¢ to co we
get

/too(||vu<7)y|+||w(7)||)dfz gquﬁ(t), vt > 1. (5.31)

Finally, we obtain
o0l < [ g, dr <00 [ (19a)+ 1900 o (5.52)
le®) = ol < [ lledDllvdr <t [ (I9a@ + [Va)dr. (533

By combining (5.30)—(5.33) we deduce the convergence rate estimate (5.13) with 7 =
(bl + b2)c/\9_1c;1b;9/(1729)' ]

Remark 8. By using standard interpolation inequalities one can deduce from (5.13)
convergence rate estimates in stronger norms. Of course, the convergence exponent dete-

riorates.
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