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Abstract

Given a 2-step stratified group which does not satisfy a slight strengthening of the Moore-Wolf condition, a sub-
Laplacian £ and a family 7 of elements of the derived algebra, we study the convolution kernels associated with
the operators of the form m(L,—i7T). Under suitable conditions, we prove that: i) if the convolution kernel of the
operator m(L, —iT) belongs to L', then m equals almost everywhere a continuous function vanishing at oo (‘Riemann-
Lebesgue lemma’); ii) if the convolution kernel of the operator m(L, —iT) is a Schwartz function, then m equals almost
everywhere a Schwartz function.
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1 Introduction

It is well-known that the Fourier transform on R™ (or the torus T) provides an important tool for the study
of translation-invariant (differential) operators, for instance because it simultaneously ‘diagonalizes’ all these
operators. This tool has been extended in various ways during the twentieth century, enhancing the study of
left- or right-invariant (differential) operators on compact (Lie) groups (cf. [60]), on abelian locally compact
(Lie) groups (cf. [70]), and then on general locally compact (Lie) groups (cf., for instance, [47, 23, 33, 46]
for a comprehensive review of the literature). Nonetheless, the so-extended Fourier transform on a non-
commutative group is operator-valued, so that it is far less manageable than in the abelian case.

In some situations, further commutativity assumptions make it possible to work with an essentially scalar-
valued ‘portion’ of the Fourier transform. This is the case, for instance, in the setting of Gelfand pairs
(cf. [28, 40, 72]). Let us briefly review the basic aspects of this theory, with an eye towards the kind of
calculi we shall consider in the body of this paper. Assume that there is a compact Lie group K which acts
analytically on G by group automorphisms in such a way that the algebra LL-(G) of K-invariant elements of
L'(G) is commutative. Then, (G x K, K) is a Gelfand pair and the associated homogeneous space, that is,
the quotient of G x K by K, can be identified with G. Under these assumptions, the (commutative) algebra
D of left- and K-invariant differential operators has a finite number of generators Lq,...,L,. Then, the
Gelfand spectrum of the Banach x-algebra Lk (G), that is, the space of non-zero continuous multiplicative
linear functionals on L} (G), can be identified in a natural way with the joint spectrum o(Ly,...,L,) of
the commutative family of self-adjoint closures of the operators L1, ..., L, of L?>(G) (with initial domains
C°(@)); in addition, every f € L (G) can be interpreted as the (right) convolution kernel of the operator
m(Ly,...,L,) on L?(G), where m is the Gelfand transform of f and m(Ly,...,L,) is defined by means of
the spectral theorem (cf. [49, Subsection 5.3]). The correspondence between f and m can then be extended to
an isometry of the space of K-invariant endomorphisms of L?(G) onto the space L°°(f3), where 3 is a suitable
measure on o(Ly,...,L,), and also to an isometry between L% (G) (the space of K-invariant elements of
L?(@)) and L*(B).

A classical example of this situation is the additive group R"™ endowed with the action of the special
orthogonal group SO(n), in which case the algebra D g0o(y) is generated by the standard Laplacian A, and
the resulting calculus is essentially related to the analysis of radial functions. Another thoroughly studied
example is that of the Heisenberg group H" endowed with the action of the n-torus T" (by componentwise
multiplication on the component C" of H"® = C" x R), in which case the algebra DT is generated by X7 +
YZ,..., X2+Y2iT, where X1, ..., X,,Y1,...,Y,, T is the standard basis of left-invariant vector fields on H",
while the resulting analysis is essentially related to the study of ‘polyradial’ functions (cf., for instance, [4]).

Nonetheless, the setting of Gelfand pairs can be too narrow for some purposes. For example, for there to
exist a group K as above, the group G must be unimodular (cf. [40, Theorem IV.3.1]); if G is solvable, then
it must have polynomial growth; if G is nilpotent, then it is necessarily of step 2 (cf. [8, Corollary 7.4 and
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Theorem A]). In addition, even when such K exists, dealing with families of (K-invariant) operators which do
not generate the algebra ® g still provides new kinds of issues. For example, when G = H” and K = T" as
above, the study of a Laplacian of the form £ = Z?:l a; (X3 4+Y}?)+0T? with ai,...,a,,b > 0, by means of
the Gelfand calculus is not trivial; for instance, there are no general means to determine whether an element
of L1 is the convolution kernel associated with some bounded function of £ or not.

Besides that, the study of more general operators has proved interesting in its own right, such as the
study of sub-Laplacians (as ‘local’ models of subelliptic operators on sub-Riemannian manifolds, cf., for ex-
ample, [63]), Rockland operators (as higher-order analogues of homogeneus sub-Laplacians on graded groups,
see Section 3), and, more generally, weighted subcoercive operators (as analogues of positive Rockland oper-
ators on general Lie groups, see Section 3). The study of the functional calculi associated with these kinds
of operators can be pursued in various directions, spreading from the proof of multiplier theorems (cf., for
instance, [55, 20, 59, 38, 50, 51, 52, 53]) to the local or microlocal study of pseudo-differential operators (cf.,
for instance, [62, Section 8§]).

In this paper, we shall focus our attention on the functional calculi arising from the spectral theorem for
commutative families of self-adjoint operators on hilbertian spaces. Calculi of this kind have already been
considered, more or less explicitly, in a number of works (cf. [43, 20, 69, 4, 5, 30, 48, 49, 66, 31, 54] to name
only a few).

A very general class of operators for which this kind of analysis can be efficiently carried on is that of
weighted subcoercive systems of differential operators on connected Lie groups (cf. Section 3 for more details),
as the analysis pursued in [48, 49] shows. Then, assume that L1, ..., L form a weighted subcoercive system
of differential operators, and that G is a connected and unimodular Lie group to avoid technicalities. It
follows that these operators are essentially self-adjoint on L?(G) (with initial domain C2°(G)) and that their
self-adjoint extensions commute, so that there is a unique spectral measure p on R such that

Ljp= /R Ajdu(A) ¢

for every p € C®(G). If m: R¥ — C is bounded and p-measurable, we may then associate with m a
distribution IC(m) such that

m(ronLi) = [ m) duN)e = ¢+ K(m)

for every ¢ € C°(G). Thus, K generalizes both the inverse Fourier transform on the classical abelian case,
and an ‘inverse Gelfand transform’ in the case of Gelfand pairs considered above. It is then natural to
investigate which properties /IC shares with the preceding transforms. On the one hand, K in full generality
one may prove that the following hold (cf. [48, 49, 66]):

e there is a positive Radon measure 3 on R¥ such that K extends to an isometry of L?(3) into L*(G)
(‘Plancherel measure’).

e K extends to a continuous linear mapping (of norm 1) from L'(3) into Co(G) (‘Riemann—Lebesgue
lemma’).

e there is an ‘integral kernel’ y € L°°(3 ® vg) such that, for every m € L*(3),
Km)(o) = | m(N)x(n 948

for almost every g € G.!
e if G is a group of polynomial growth, then K maps S(R¥) into S(G) (suitably defined).
On the other hand, some questions are still open in full generality, such as:
(RL) if m € L*(u) and K(m) € L*(G), does m necessarily admit a continuous representative?

(S) if G is a group of polynomial growth and K(m) € S(G) for some m € L>(u), does m necessarily admit
a representative in S(R¥)?

Property (RL) is another analogue of the classical Riemann-Lebesgue lemma, and, to the best of our
knowledge, has only been addressed for sub-Laplacians on stratified groups and the plane motion group [54]

1Here, vg denotes a fixed Haar measure on G.



and for homogeneous sub-Laplacian and invariant derivatives along the centre in M R* groups [19] (cf. Def-
inition 6.1). In addition to that, property (RL) trivially holds when Li,...,L; generates the algebra of
invariant operators on a Gelfand pair, cf. [49, Corollary 5.7] for further details.

Concerning property (.5), it has already been studied for sub-Laplacians on solvable Lie groups [54], on
several Gelfand pairs [4, 5, 30, 31], and for homogeneous sub-Laplacians and invariant derivatives along the
centre in MR groups [19].

The aim of the present paper is to further develop the theory concerning properties (RL) and (S) and to
provide further examples where these properties hold.

Even though some of our main results hold in greater generality, in order to keep the exposition as simple
as possible we shall confine ourselves to a homogeneous setting, making only use of homogeneous differential
operators on homogeneous groups. In this particular setting, the notion of a weighted subcoercive system
reduces to that of a Rockland family (cf. Definition 3.6).

Recall that, if G is a homogeneous group and L is a homogeneous left-invariant differential operator, then
L is said to be Rockland if it is hypoelliptic; by a slight abuse of notation, we shall not consider constant
operators to be Rockland, for technical convenience. Recall that Rockland operators were introduced in [62],
where C. Rockland proved that a homogeneous left-invariant differential operator £ on a Heisenberg group G
is hypoelliptic if and only if d7(L£) is one-to-one on smooth vectors for every non-trivial irreducible continuous
unitary representation 7 of G, and conjectured that the same held for more general groups.? Notice that
this characterization of hypoellipticity by means of the group Fourier transform generalizes in a natural way
the analogous characterization of hypoelliptic homogeneous differential operators with constant coefficients
on the Euclidean spaces. After Rockland’s conjecture was solved in the affirmative by B. Helffer and F.
Nourrigat [39], several mathematicians provided deeper insight into the properties of such operators, studying
the corresponding functional calculi (cf., for instance, [34, 43, 38, 50]) or the properties of the corresponding
heat semi-groups (cf., for instance, [6]), or the associated Sobolev spaces (cf., for instance, [32]).

Observe that, if k = 1 and £; is a Rockland operator, then property (RL) holds trivially (cf. Theorems 3.21
and 3.26), while property (S) can be characterized in a simple way, at least on abelian groups (cf. [19, Theorem
3.2]). We shall therefore concentrate on the case of more operators, which is much more involved; in this
situation, properties (RL) and (S) may fail even in relatively simple contexts like abelian groups or the
Heisenberg groups (cf. [19, Proposition 5.5, Theorem 7.4, Proposition 8.1, and Proposition 8.5]).

In the first part of the paper, we introduce Rockland families on homogeneous groups, and some relevant
objects such as the ‘kernel transform’ K, the ‘Plancherel measure’ 3, the ‘integral kernel’ y, and the ‘multiplier
transform’ M (Section 3). Then, we discuss the possibility of transferring properties (RL) and (S) to products
of groups (Section 4) or to polynomial images of the given families (Section 5). The former case is relatively
simple, and we are able to prove the following result (cf. Theorems 4.4 and 4.6).

Theorem 1.1. Let G1 and Ga be two homogeneous groups, Li1,...,L1 1 a Rockland family of G1, and
Loq,..., Lo a Rockland family on Go, both satisfying property (RL) (resp. (S)). Then the corresponding
Rockland family L4 1, ..., L 1, L5145, Ly, on Gi x Gy satisfies property (RL) (resp. (5)).

For what concerns those families whose elements are polynomial functions in a given family, a wide range
of situations can occur. We shall collect in Section 10 some technical results which can be applied in several
situations.

In the second part of the paper, we focus on the case of sub-Laplacians and bi-invariant vector fields on a
2-step stratified group GG. Even in this specific context, there are two classes of such groups where the families
of the preceding kind behave quite differently:

e the groups G which have a homogeneous subgroup G’ contained in [G, G| such that the quotient of G
by G’ is a Heisenberg group;

e the groups G which have no such quotients.

We call the groups of the first kind MW ™ groups, or groups satisfying the MW ™ condition, since the
condition which defines these groups is a slight strengthening of the Moore-Wolf condition (cf. [57] and
also [58]); in fact, the condition that was actually considered in [57] is related to the centre Z of G instead of
[G, G]. Nevertheless, one may always factor out an abelian group so as to reduce to a group with Z = [G, G]
(cf. Remark 7.12). Since the treatment of these two classes of groups is quite different, we focus here on
groups which do not satisfy the MW condition; MW ™ groups are studied in [19].

Our main results in this direction can be summarized as follows (cf. Theorems 8.5, 8.4, 8.2, and 9.2).

2 Actually, Rockland considered a stronger property, that is, the hypoellipticity of £ and its formal adjoint £*, and proved a
corresponding characterization of these operators.



Theorem 1.2. Let G be a 2-step stratified group which does not satisfy the MW ™ condition. Let L be a
homogeneous sub-Laplacian on G and T4, ..., T, a basis of the the derived algebra of G. Then the following
hold:

e if 0 < n' <n, then (L,iT,...,iT,/) satisfies property (RL);
e if G is a free 2-step stratified group, then (L,iTh,...,iT,) satisfies property (RL);

e if W = {0} (c¢f. Definition 7.1), then (L,iT4,...,iT,s) satisfies properties (RL) and (S) for every
n =0,...,n.

In Section 7, we give an expression for the Plancherel measure and the integral kernel. Sections 8 and 9
are devoted to the proof of Theorem 1.2.

2 Definitions and Notation

2.1 Homogeneous Groups

Here we recall some basic definitions and properties of homogeneous groups. Cf. [34] for a more detailed
exposition.

A homogeneous Lie algebra g is a finite-dimensional Lie algebra over R endowed with a family of au-
tomorphisms (d,),>0 such that 6, = r4 for every r > 0, where A is a diagonalizable endomorphism of the
vector space g with eigenvalues > 0. We shall generally write r - z instead of §,(z) for every r > 0 and for
every © € g. A homogeneous group is a connected and simply-connected Lie group whose Lie algebra is
homogeneous.

Notice that a homogeneous Lie algebra g is necessarily nilpotent (cf. [34, Proposition 1.3]), though not all
nilpotent Lie algebras admit a homogeneous structure (cf. [25]). In addition, the Baker—-Campbell-Hausdorff
formula defines a Lie group structure on g for which the exponential map is the identity. Conversely, if G is a
homogeneous group, then the corresponding exponential map is an analytic diffeomorphism. For this reason,
it is customary to identify G with its Lie algebra as manifolds. In particular, sometimes the identity e of G
is denoted by 0.

Let G be a homogeneous group. Then, we shall denote by v¢ a fixed Haar measure on G; we also denote
by @ the homogeneous dimension of G, that is, the unique real number such that vg(r - B) = r@vg(B) for
every vg-measurable subset B of G and for every r > 0.

Notice that vg is both left- and right-invariant; in addition, it induces the Lebesgue measure on the
Lie algebra of G by means of the exponential map (cf. [34, Proposition 1.2]). Therefore, with the previous
notation, the homogeneous dimension ) of G is the trace of A.

A homogeneous norm on G is a proper mapping |-|: G — Ry = [0, +oo[ which is symmetric® and
homogeneous of degree 1.

Sometimes homogeneous norms are also required to be of class C°° on the complement of the identity;
we shall not generally need this further assumption, but we recall that such homogeneous norms always exist
(cf. [34, p. 8]). Notice that a homogeneous norm |- | is quasi-subadditive; in other words, there is a constant
C > 0 such that |zy| < C(|z| + |y|) for every z,y € G (cf. [34, Proposition 1.6]). A homogeneous group
admits subadditive homogeneous norms if (and only if) all the eigenvalues of A are > 1, with the previous
notation (cf. [37]).

If T is a distribution on G, then we define <T,<p> = (T, (-)"*) and (T*, ) = <T,<p(~—1)> for every
¢ € C2(G). In particular, if f € Ll _(G), then f(z) = f(z~!) and f*(2) = f(z~1) for almost every z € G.

loc

A function f € L*°(G) is of positive type if (¢ * f|p) = 0 for every ¢ € C°(G). In this case, f = f* and
f has a continuous representative fo such that fo(e) = || f|| (cf. [33, Corollaries 3.21 and 3.22]).

Let X a (linear) differential operator (with smooth coefficients) on G. The formal adjoint X™* of X is
the unique differential operator on G such that [(X¢)dvg = [@(X*)dvg for every ¢, € C2°(G). The
operator X is formally self-adjoint if X = X*.

The operator X is homogeneous of degree d € C if X[p(r-)] = r4(X¢)(r-) for every ¢ € C*°(G) and for
every r > 0. We say that X is Rockland if it is homogeneous, left-invariant, hypoelliptic (cf. Definition 3.4
below), and annihilates constants.

Definition 2.1. Let G be a homogeneous group. Then, S(G) is the space of f € C*°(G) such that (1+|-|)* X f
is bounded for every £ € IN and for every homogeneous differential operator X on G, endowed with the
topology induced by the semi-norms f ~ [|(1 + |- [)*X f||... The dual of S(G) is denoted by S'(G).

3That is, |[t~1| = || for every = € G.



Notice that the exponential mapping of G induces an isomorphism of S(G) onto the Schwartz space on
the Lie algebra of G (cf. [34, Section D of Chapter 1]); a similar statement holds for §'(G).

2.2 Representations

We denote by (- |- ), or simply (-|-), the (hermitian) scalar product of a hilbertian space H; the notation
(-, -) will be reserved to bilinear pairings only.

Let G be a homogeneous group, and 7: G — L(H) a unitary representation of G in a (complex) hilbertian
space H. Then, C°°(7) denotes the space of smooth vectors of the representation , that is, the space of
v € H such that the mapping x — m(x)v is of class C°.

If X is a left-invariant differential operator on G, then dm(X) denotes the derived representation of X,
that is, the unique linear mapping C*°(7) — H such that dn(X)v = X (z — 7w(z)v)(e) for every v € C*(n).

For every irreducible unitary representation 7 of G, we denote by [r] its equivalence class with respect to
unitary equivalence. The dual G of G is the set of such equivalence classes.*

The dual of a homogeneous group can be described by means of Kirillov’s theory; see, for example, [21, 46].
The same references also provide the existence of a Plancherel measure on G and a corresponding Plancherel
formula. We shall describe the Plancherel measure more precisely for 2-step stratified groups in Section 7.

2.3 Measures

We shall now recall some general notation concerning measures. First of all, all measures are supposed to be
Radon, with the exception of the Hausdorff measures H* on R™, for k < n, and of the Plancherel measures
on the dual of a homogeneous group (cf. Subsection 2.2). Recall that, denoting by diam(A) the diameter of
a set A,

k/2
HYE)= — " supinf diam(E,)*: EC | | E;, Vj € N diam(E;) < 6
(B) 2T (K 4+ 1) 350 j%l; (E3) jg A (E3)

for every E C R™ (cf., for instance, [2, Definition 2.46]).

For the sake of simplicity, we only deal with Radon measures on Polish spaces, that is, topological spaces
with a countable base whose topology is induced by a complete metric. For example, every locally compact
space with a countable base is a Polish space, but we shall need to deal with some Polish spaces which are
not locally compact (cf. the proof of Theorem 8.5). If X is a Polish space, then a positive Borel measure p
on X is a Radon measure if and only if it is locally finite (cf. [14, Theorem 2 and Proposition 3 of Chapter
IX, § 3]).

If X and Y are Polish spaces, p is a positive Radon measure on X, and 7: X — Y is a y-measurable
mapping, then 7 is called p-proper if 7,(u) is a Radon measure. Observe that, if 7 is proper, then it is
u-proper for every Radon measure p (cf. [14, Remark 2 of Chapter IX, § 2, No. 3]).

Let X and Y be Polish spaces, i a positive Radon measure on X, and 7: X — Y a p-proper mapping;
define v := m, (). Then, a disintegration of u relative to 7 is a family (4, )yey of positive Radon measures
on X such that the following hold:

e X\ m!(y) is py-negligible for v-almost every y € Y;

o if f: X — [0,00] is p-measurable, then f is p,-measurable for v-almost every y € Y, the mapping
Y — fX fduy is v-measurable, and

/X fdu = /Y /X £() dpry (@) du(y);

e 11,(X) =1 for v-almost every y € Y.

Notice that, under the stated assumptions, a disintegration of u relative to m always exists, and is unique
up to modifications on a v-negligible subset of ¥ (cf. [14, Proposition 13 of Chapter IX, § 2, No. 7]).

If p is a Radon measure on a Polish space X, and f € Llloc(u), then we shall denote by f - u the Radon
measure £ — | [ du. We say that two positive Radon measures on a Polish space are equivalent if they

share the same negligible sets; in other words, if they are absolutely continuous with respect to one another.

If X is a locally compact space, then we denote by Co(X) the space of complex-valued continuous functions
on X which vanish at the point at infinity, endowed with the maximum norm. We denote by M*(X) the
dual of Cy(X), that is, the space of bounded (Radon) measures on X.

4Define equivalence classes e.g. as in [12, Chapter II, § 6, No. 9] so as to be able to collect them in a set.



2.4 Distributions

We shall generally adopt Schwartz’s notation for the spaces of distributions. So, D’ will denote the space of
distributions and £’ the space of distributions with compact support. In addition, we shall denote by £ the
space of functions of class C*° endowed with the topology of locally uniform convergence of all derivatives.
When no reference to the topological structure of £ is needed, we shall prefer the symbol C*°. Analogously,
we shall denote by C2° the space of compactly supported functions of class C*°, endowed with no topological
structures.

If 7: R™ — R™ is a mapping of class C*°, T' € D'(R™) and 7 is proper on Supp (T'), then we shall denote
by m.(T) the push-forward of T, defined by (7. (T), ) = (T, om) for every ¢ € C*°(R™). Notice that the
present notation agrees with the the one defined in Subsection 2.3 when T is a measure.

2.5 Topological Tensor Products

In Section 4 we shall make use of the theory of tensor products of locally convex spaces, as well as of the
theory of nuclear spaces. We refer the reader to [36, 67] for a general treatment of these topics; here we shall
only recall some basic facts and notation.

Definition 2.2. Let E and F be two locally convex spaces (over C). We endow the algebraic tensor product
E ® F (over C) with the finest locally convex topology for which the canonical mapping E x FF — E® F is
continuous. We denote by EQF the Hausdorff completion of E ® F.

Sometimes the locally convex space E ® F' defined above is denoted F ®, F and is called the projective
tensor product; since we shall not use other topologies on the vector space E ® F, following [36] we simply
write £ ® F instead of F ®, F.

If Ey, Es, F, Fy are four Hausdorff locally convex spaces, and Ty: By — F; and Ty: E5 — Fy are two
continuous linear mappings, then T) @ Ts: F1 ® Fy — F; ® F5 is a continuous linear mapping and we denote
by Ty RTy: E1QEs — Fi®F, its canonical extension.

Even though the tensor product defined above has several important properties and interacts nicely
with products and strict morphisms (homomorphisms, in the terminology of [67]), it is not compatible with
isomorphisms onto subspaces (cf. [67, Exercise 43.8, Proposition 43.9, and Remark 43.2]). This problem does
not occur if one of the two factors of both tensor products is nuclear (cf. [67, Proposition 43.7 and Theorem
50.1]).

Definition 2.3. Let E be a Hausdorff locally convex space. Then FE is said to be nuclear if, for every
Hausdorff locally convex space F, the space E ® F' carries the topology of uniform convergence on the sets
of the form Bg x Bp, where Br and Bf are equicontinuous subsets of E' and F’, respectively, under the
standard duality between £ ® F and E’ x F’.

Nuclear spaces enjoy several useful properties. For example, their bounded subsets are precompact, so
that every (quasi-)complete nuclear space is semi-reflexive (cf. [67, Proposition 50.2]). In addition, subspaces,
quotients (modulo closed subspaces), products, countable inductive limits, and tensor products of nuclear
spaces are nuclear (cf. [67, Proposition 50.1]).

Several spaces of distributions and test functions are nuclear: for example, £, &', S, &', and D’ (as well
as its dual D, which C2° with a suitable topology); see [67, Corollary to Theorem 51.5].

We end this section with a definition and a few technical results which will be used in Section 4.

Definition 2.4. Take n € IN* and let F' be a Fréchet space. Define S(R™; F') as the subset of p € C°(R"; F)
where the semi-norms
= sup (L4 |z)*[07¢],
zeR"™

are finite for every k € N, for every v € N, and for every continuous semi-norm p on F; endow S(R"; F')
with the corresponding topology.

Let C be a closed subset of R", and let Ny~ ¢ r be the set of ¢ € S(R™; F') which vanish on C. Then,
we define Sgn (C; F') == S(R"; F')/Nrn ¢, r; we shall omit to denote R™ when it is clear from the context. We
shall simply write Sgn(C) or S(C) instead of Sy (C; C).

Proposition 2.5. Let F' be a Fréchet space over C, and take n € IN*.> Then, the bilinear mapping S(R™) x
F 3 (p,0) = [h—= p(h)v] € S(R™; F) induces an isomorphism

S(R")QF — S(R™; F).
5We denote by IN the set of integers > 0, and by IN* the set of integers > 0.




The proof is similar to that of [67, Theorem 51.6] and is omitted.

Proposition 2.6. Take ni,ne € IN*, and let C1, Cy be two closed subspaces of R™ ,R"2, respectively. Then,
Srn1 xRrr2 (C1 X Ca) is canonically isomorphic to Sgni (C1)@SRn2 (C3).

Proof. Define
U0 S(R") 3 ¢ = (p())zec € C°

for every n € IN* and for every closed subspace C' of R". Then, with the notation of Definition 2.4, Nr~ c,c
is the kernel of ¥, o. Throughout these proof, we shall identify S(R™ x R"2) and S(R™)®&S(R™2) by
means of the canonical isomorphism (cf. [67, Theorem 51.6]). Then, Wy, 4, 0y x0s = ¥ny .0, @¥n,.c, (cf. [36,
Proposition 6 of Chapter I, §1, No. 3]). Therefore, [36, Proposition 3 of Chapter I, § 1, No. 2] implies that
NRnixRr2,cy xCy,¢ 15 the closed vector subspace of S (R"1)®S(R”2) generated by the tensors of the form
©1 ® 2, with ¥, o, (p1) = 0 or ¥,,, o, (p2) = 0. By the same reference, we see that Ngri xgrrz,cy xCs,C 1S
the kernel of the canonical projection S(R™)®S(R™) — Sy (C1)@Sgn2 (Cy). The assertion follows. O

3 Rockland Families and the Kernel Transform

We begin this section with a brief description of weighted subcoercive systems of differential operators on
general connected Lie groups; we shall then specialize our discussion to Rockland families on homogeneous
groups.

In Subsection 3.1, G will denote a connected Lie group; in Subsection 3.2, G will denote a homogeneous
group of homogeneous dimension Q.

3.1 Weighted Subcoercive Systems

Weighted subcoercive operators were introduced by A. F. M. ter Elst and D. W. Robinson in [26]. Roughly
speaking, they may be considered as generalizations of (positive) Rockland operators to a non-homogeneous
setting and as analogues of higher-order elliptic operators in a (weighted) sub-Riemannian setting. Weighted
subcoercive operators enjoy several important properties, such as:

e if £ is a weighted subcoercive operator and X is a differential operator of strictly lower (weighted)
order, then £ + X is (weighted subcoercive and) hypoelliptic;

e if £ is a weighted subcoercive operator and X is a differential operator of lower (weighted) order, then
there is a constant C' > 0 such that || X f|l, < C(||fll, + [I£f]l,) for every f € C°(G) (where L?(G) is
relative to a right Haar measure on G);

e if £ is a weighted subcoercive operator, then it generates a holomorphic semigroup of operators on
LP(G) whose kernel is independent of p € [1, 00] and satisfies ‘Gaussian’ bounds.

All the preceding properties are modelled on analogous properties of (positive) Rockland operators; see [39,
6, 26] for a precise statement and the proof of the preceding assertions. Actually, the very notion of a weighted
subcoercive operator is modelled, by a contraction argument, on that of a Rockland operator. With the
purpose of underlining this fact, we re now going to define weighted subcoercive operators in a way which is
slightly different (but equivalent) to the one chosen in [26]. Before passing to that, let us note that weighted
sub-coercive operators lack the properties of Rockland operators which are deeply related to homogeneity,
such as the fact that homogeneous functions of the given operator are homogeneous, which holds for positive
Rockland operators but may not even make sense in a general context. In addition, homogeneity arguments
which refer to large radii may fail for general weighted subcoercive operators, for example when studying
necessary conditions for the LP — L? boundedness of Riesz potentials (when defined); on the contrary, the
homogeneous arguments which refer to small radii might be extended in a suitable way, due to the ‘locality’ of
the contraction procedure used to define weighted subcoercive operators. Further, arguments which require
the use of dyadic decompositions may not be easily extended to weighted subcoercive operators without
further assumptions; for example, to prove multiplier theorems such as [50, Theorem 4.6], ‘local’ estimates
might no longer be sufficient, since they may not be extended by homogeneity.

Let G be a Lie group and let g be its Lie algebra. Let (gx)x>0 be an increasing, right-continuous, separated,
and exhaustive filtration of g; in other words, (g, ) is an increasing sequence of vector subspaces of g such that
ﬂu>>\g“ = g, for every A > 0, gg = 0, U,\>0 gx = g, and [gx,, 0x,] € g 40, fOr every Aj, Ay > 0. For every
X € g, define deg X := min{\ > 0: X € g)}. Define, for every A\ > 0, gy- = U“<A g, and g = gr/0r—,

and set
s = @ G -
A>0



Notice that [-, -] induces bilinear mappings g« x, X g« x, — Gx,A1+1, fOr €very Az, Ag > 0, which then define a
Lie algebra structure on g.. More precisely, g. becomes a homogeneous Lie algebra with dilations defined by
r- X =17r*X for every X € g, and for every A > 0. Denote by G. the corresponding homogeneous group;
G, is then the (local) contraction of G.

Further, let U(g) be the enveloping algebra of g, and define Uy as the vector space generated by the
products (as left-invariant differential operators on G) of the form X; --- X, for £ > 0, X7,..., X} € g and
deg X7 +---+deg X < A. Then, (U)) is an increasing, right-continuous, and exhaustive filtration of U(g) with
Uy = RI, where I denotes the identity operator. For every X € U(g), define deg X := min{A > 0: X € U, }.
Define Uy- :==J,_, U, and U, » == Uy/U,- for every A > 0 (while U, ¢ :== Up), and set

U* = @ U*7,\.

A>0

<A

As for g., we endow U, with an algebra structure, observing that the product of U(g) induces bilinear
mappings Uy x, X Ui a, = Uiy 42, for every Ap, A > 0.

We leave to the reader the proof of the following simple result, which is basically a consequence of the
Poincaré-Birkhoff-Witt theorem (cf. [17, Chapter I, § 2, No. 7, Theorem 1]).

Proposition 3.1. The canonical inclusions gy C Uy, A > 0, induce a linear mapping 7. : g« — U, such that
T ([X,Y]) = [m(X), 7 (Y)] for every X,Y € g.. The canonical extension U(m,): U(g.) — U, of m. is an
isomorphism of algebras.

Definition 3.2. A left-invariant differential operator £ on G is said to be weighted subcoercive (with respect
to the filtration (gy)) if the element £ + L* + U(geg £)- of U, induces a positive Rockland operator on G
through U (), with the notation of Proposition 3.1.

In the preceding definition, £* denotes the formal adjoint of £ with respect to a right Haar measure on
G. Notice that, if we replace £* with the formal adjoint of £ with respect to another (non-zero) relatively
invariant measure on G (for instance, a left Haar measure), then £+4-L£* 4 U(geg £)- is unchanged. In addition,
observe that, if £ is weighted subcoercive, then deg £ € 2AIN* for every A > 0 such that g. x Z [g«, 9+]-

We may now recall the definition of a weighted subcoercive system of differential operators (cf. [49]).

Definition 3.3. A weighted subcoercive system on G (relative to the filtration (ga)) is a finite family
Ly,..., L of formally self-adjoint, commuting, left-invariant differential operators on G such that the differ-
ential operator P(Lq,..., L) is weighted subcoercive for some (real) polynomial P in k indeterminates.

3.2 Rockland Families

We recall that, from now until the end of this section, G denotes a homogeneous group of homogeneous
dimension Q).

Definition 3.4. Let L4 = (L4)aca be a family of differential operators on G. We say that L4 is jointly
hypoelliptic if the following hold: if V is an open subset of G and T is a distribution on V such that
LT € C=(V) for every a € A, then T € C=(V).

The following result enriches [48, Proposition 3.6.3].

Theorem 3.5. Let L4 = (La)aca be a non-empty commutative finite family of formally self-adjoint, homo-
geneous, left-invariant differential operators which annihilate constants on G. Then, the following conditions
are equivalent:

1. L4 is jointly hypoelliptic;

2. for every continuous non-trivial irreducible unitary representation ™ of G in a hilbertian space H, the
family of operators dw(L4) is jointly injective on C*(7);

3. the algebra generated by L4 contains a positive Rockland operator, possibly with respect to a different
family of dilations on G with respect to which the L, are still homogeneous.

4. the Lo are essentially self-adjoint on C°(G), their self-adjoint extensions commute, and for every
m € S(RA) the convolution kernel of the operator m(L4) belongs to S(G);

5. L4 is a weighted subcoercive system.



Proof. 1 = 2. This is a simple adaptation of the proof of [7, Theorem 1].

2 — 3. This is the implication (i) = (i) of [48, Proposition 3.6.3].

3 = 1. Take an open subset V of G and T € D’(V) such that L,T € C=(V) for every o € A. Take
P € C[A] such that P(0) =0 and P(L4) is hypoelliptic. Then, P(L4)T € C*(V), so that T' € C>(V).

3 = 4. This follows from [48, Propositions 1.4.4, 3.1.2, and 4.2.1].

3 <= 5. This follows from [48, Proposition 3.6.3].

4 = 3. Notice first that, by [56, Proposition 1.1], we may reduce to the case in which G is graded.
Hence, there is a positive homogeneous proper polynomial P on R4, e.g. a suitable sum of even powers of
coordinate functions. Now, take ¢ > 0 and let p; be the convolution kernel of the operator e *F(£4) so that
pt € S(G) for t > 0, while pg = .. In addition, denoting by d the degree of P(L4),

pi(g) =t/"py (t‘l/d : g)

for every ¢ > 0 and for every g € G. Arguing as in the proof of [34, Proposition 1.68], we see that, if we define

pe(g) ift>0
t,g) =
p(t9) {0 itt<0

for (t,g) € R x G, then p is a fundamental solution of 9, — P(L4) and is of class C* on (R x G) \ {(0,¢)}.
Consequently, p* is a fundamental solution of the right-invariant differential operator associated with 0; —
P(L4). Arguing as in the proof of [68, Theorem 2.1], we see that d; — P(L4) is hypoelliptic, so that also
P(L4) is hypoelliptic. O

Definition 3.6. A Rockland family is a non-empty finite commuting family of homogeneous left-invariant
differential operators annihilating constants which satisfies the equivalent conditions of Theorem 3.5.

Here we depart slightly from the notion of ‘Rockland system’ as defined in [48]. Indeed, a Rockland system
is a Rockland family, while a Rockland family need not be a Rockland system, since the algebra it generates
need not contain a Rockland operator. Nevertheless, the difference is only illusory: as Theorem 3.5 shows,
given a Rockland family £ 4, one may change the dilations of G in such a way that £4 becomes a Rockland
system. In other words, up to a change of dilations, there is no difference between Rockland families and
Rockland systems.

Notice that, as a consequence of the results of Section 5, the properties we are going to investigate do not
pertain to the chosen family £ 4, but actually to the (non-unital) algebra it generates. As a matter of fact, we
can start with a commutative, finitely generated, formally self-adjoint and dilation-invariant sub-algebra of
the complexification Ug(g) of the universal enveloping algebra of g, and require that it contains a hypoelliptic
operator which annihilate constants. It is not hard to see that such algebras are generated by a Rockland
family (use [61] to prove that dilation-invariant sub-algebras are graded, that is, generated by homogeneous
elements), and that different Rockland families which generate the same algebra are equivalent in a natural
sense.

Definition 3.7. Let £4 be a Rockland family. Then, we denote by u,, the spectral measure associated
with the self-adjoint extensions of the £, and by o(L4) its support, that is, the joint spectrum of £ 4.

We say that a piz,-measurable function m: o(L£L4) — C (or m: R — C) admits a kernel if C°(G) is
contained in the domain of m(L4). In this case, S(G) is contained in the domain of m(L4) and there is a
unique K € §’(G) such that m(La)p = ¢ x K for every ¢ € S(G) (cf. [24, Theorem 7.2]); we shall denote K

by ICﬁA (m)

We shall often need some dilations on (L 4) which reflect the homogeneity of the £,. This leads to the
following definition.

Definition 3.8. Let £4 be a Rockland family. For every r > 0, denote by A + r - A the unique bijection of
o (L) onto itself such that K, (pr,(r-)) = (r-)«Lq for every a € A, where pr,,: R* — R is the projection
onto the a-th component. In other words, 7 - (\y) = (7% \,) for every (\,) € 0(La4), assuming that L, is
homogeneous of degree ¢, for every a € A.

We denote by |- | a proper positive function on o(L4) which is homogeneous of degree 1 with respect to
these dilations.%

Let us now introduce our main objects of study.

6Notice that, by homogeneity, |- | is proper if and only if it is continuous and vanishes only at 0 (argue as in the proof of [34,
Lemma, 1.4]).



Definition 3.9. Let £4 be a Rockland family. We say that £ 4 satisfies property:

(RL) (‘Riemann-Lebesgue’) if every m € L*(u,,) such that Kz, (m) € L*(G) has a continuous representa-
tive;
(S) (‘Schwartz’) if every m € L°(ur,) such that K., (m) € S(G) has a representative in S(o(L4))
(cf. Definition 2.4).

Remark 3.10. Observe that we do not require that m should have a representative in Cy(c(L4)) in the
definition of property (RL). In fact, the general theory shows that m vanishes at the point at infinity (cf. [49,
Proposition 3.14]).

Thanks to Theorem 3.5, we may take advantage of the study of weighted subcoercive systems pursued
in [48, 49]. For the ease of the reader, we shall collect below some basic results from [48, 49, 66] which will be
used repeatedly in the following sections. We shall briefly indicate how to extend such results to the present
setting for completeness.

Lemma 3.11. Let m be a function on o(L4) which admits a kernel in the sense of Definition 3.7. Then,

for every r > 0,
Kea(m) =Ke,(m)* and  Ke,(m(r-)) = (r-)Ke,(m)
If, in addition, m’ is a bounded function on o(L4) and K., (m') € S(G), then

Ke. (mm,) =Kz, (m) S\ (m/) =Kc, (m/) * Ky (m)

Proof. Apply [49, Lemma 3.4 and Proposition 5.1] to myxs, and m’, where S; = {A € 0(La): Im(N)| < j},
and to pass to the limit. O

Proposition 3.12. Let m be a homogeneous homomorphism of G onto a homogeneous group G'. Then, the
following hold:

1. dn(L4) = (A7(La))aca @8 a Rockland family on G’;
2. o(dn(L4)) Co(La);

3. ifm: R* — C is ur , -measurable and continuous on an open set which carries Pdr(ca), and if Kz, (m) €
MY(G) + E'(Q), then
T (K2 s (m)) = Kar(c.,)(m).

Proof. 1. The fact that dn(£4) is Rockland follows from the fact that, if 7 is a continuous unitary repre-
sentation of G’, then 7 o 7 is a continuous unitary representation of G, with C°(7) = C°°(7 o m) since 7
is a submersion, and d7(dn(L4)) = d(7 o 7)(L4); finally, 7 o 7 is irreducible or trivial if and only if 7 is
irreducible or trivial, respectively.

3. Let 7 be the right quasi-regular representation of G in L?*(G"), that is, (7(g)f)(¢') = f(¢'n(g)) for
every g € G, for every f € L?(G'), and for almost every ¢’ € G’. Then [49, Proposition 3.7], applied to
7, implies that our assertion holds if m € Cy(c(La)) and Kz, (m) € L*(G). The general case follows by
approximation.

2. This follows easily from 3. O

The following definition will shorten the notation in the sequel.

Definition 3.13. Let F be a subspace of D'(G). We denote by F., the set of K., (m) as m runs through
the set of u, ,-measurable functions which admit a kernel in F.

Proposition 3.14. Let F be a Fréchet space which is continuously embedded in M*(G). Then, Fr, is closed
m F.

In particular, this applies to L!(G) and S(G).

Proof. Let (m;) be a sequence in L*(uz,) such that the sequence (K. ,(m;)) converges to some f in F.
Then, (m;(L£4)) is a Cauchy sequence in £(L?(G)), so that (m;) converges to some m in L™z, ) by spectral
theory, so that K., (m) = f. O

The following theorem is a particular case of [49, Lemma 3.9, Theorem 3.10, and Proposition 3.12].
Theorem 3.15. Let L4 be a Rockland family. Then, there is a unique positive Radon measure Bz, on o(La)

such that the following hold:
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1. pr, and Br, are equivalent;
2. K, induces an isometry of L*(8¢,) onto L% (G);

3. (r)e(Be,) =1r"9Bc, for everyr > 0.

The following corollary has already been considered in [49, Proposition 3.14] for the case p = 1. The
general case follows by interpolation.

Corollary 3.16. Take p € [1,2]. Then, K., induces a unique continuous linear mapping
Keap: IP(Bea) = 17 (G).

In addition, Kz, 1 maps L* (B¢ ,) into Co(G), has norm 1, and induces an isometry from the set of positive
Br. -integrable functions into the set of continuous functions of positive type on G.

From the preceding corollary we deduce the existence of an ‘integral kernel’ x ., for the ‘kernel transform’
K. ,. This integral kernel was introduced in [66, Theorem 2.11] for a sub-Laplacian on a group of polynomial
growth, but can ne defined in greater generality.

Proposition 3.17. There is a unique xc, € L>®(Bz, @ va) such that
Kealmlo)= [ mxe, ()4, )
o(La

for vg-almost every g € G. In addition, || x| = 1
Proof. Apply the Dunford—Pettis theorem and Corollary 3.16 (cf. also [66, Theorem 2.11]). O

We now pass to show some of the main properties of x.,. In particular, we shall find some representatives
of xz, which are particularly well-behaved. The following simple result generalizes [66, Theorem 2.33], and
translates the second assertion of Lemma 3.11 in terms of x. ,; the proof is elementary and is omitted.

Proposition 3.18. For every r > 0 and for (8c, ® va)-almost every (A, g) € 0(L4) x G,
XLa (7” A g) = XLa (>‘7 . g)'

The following property is reminiscent of an analogous one concerning Gelfand pairs. It extends [66,
Proposition 2.14] to our setting; since the original proof does not seem to extend to our situation, we shall
present an alternative one.

Proposition 3.19. Take a B, -measurable function m: o(La) — C which admits a kernel in MY (G)+E&'(G).
Then

Ke., (m) *XLa O" : ) =Xca(A ) *Key <m> = m()‘)XﬁA ()" ) )
for Br , -almost every X\ € o(L4).

Proof. Notice first that, for every ¢o € C°(G), the linear functional
LOO(G) S fe <K£A(m) * f, 502> = <f’ K:ﬁA(m)v * 902> eC

is continuous with respect to the weak topology o(L>(G), L' (G@)). In addition, for every 1 € C°(a(L4)),
Kealo) = [ erxeaOh ) dde, (V)
o(La)
in L>°(G), endowed with the weak topology o(L>(G), L' (G)). Therefore,

/ o a1, 00 ) ) 1) 482, = (K () + K (). 2
= <’C»CA (m¢1)7@2>
- / (mp1)(A) (Xea (A ), 02) Az (V).
o(La)

whence the assertion by the arbitrariness of ¢,. The other equality is proved similarly. O
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Corollary 3.20. Let P be a polynomial on o(L4). Then
P(L:A)XL'A (>‘a ) = P(‘Cﬁ)XEA (>‘7 ) = P(A)XﬁA ()‘a )

for B, -almost every X € o(L4); here, L denotes the family of right-invariant differential operators which
corresponds to L 4.

The following result shows the existence of well-behaved representatives of x . ,. Its proof follows the lines
of those of [66, Lemmas 2.12 and 2.15, and Propositions 2.17 and 2.18], with minor modifications.

Theorem 3.21. There is a representative xo of xc, such that the following hold:
1. xo(A, +) is a function of positive type of class C™° with mazimum 1 for every A € o(L4);

2. for every homogeneous left- and right-invariant differential operators X andY on G of degrees dx and
dy, respectively, there is a constant Cx y > 0 such that

Y X X0(A, o < Cop AT

for every A € o(L4);
3. xo(A, -) converges to xo(0, -) =11in E(G) as A — 0;
4. xo(+,9) is Br,-measurable for every g € G.

Proof. Observe first that, since K, (m) is a continuous function of positive type with maximum 1 for every
positive function m in L'(B.,) with integral 1, and since L'(G) is separable, x., (X, -) is a continuous
function of positive type with maximum 1 for S ,-almost every A € o(L4).

Now, there is a unique (positive Radon) measure 3 on S := {\ € o(L4): |A\| = 1} (cf. Definition 3.8)
such that fg(ﬁA)mdﬁgA = fooo fs m(r - ) dg(A)rQ—ldr (argue as in the proof of [34, Proposition 1.15],
using 3 of Theorem 3.15). Similarly, by Proposition 3.18 there is a unique X € Loc(g ® vg) such that
Xea(r-Art-g) = X(\ g) for (I/Rjr ®B® va)-almost every (1, A, g) € R xS x G, where vry denotes a Haar
measure on the multiplicative group R% =]0, +ool.

Fix a representative X1 of X, and define

To(hg) = ﬁm (m) * a(A, -) K (m)

for every (), g) € Sx G, where m is a nowhere vanishing Schwartz function on R#. Then, Yy is a representative
of X by Proposition 3.19 and X (2, -) is a function of positive type of class C°° with maximum 1 for g—almost
every A € S; we may assume that this happens for every A € S. Then, define xo(}, g) == §<VO(|)\|71 ‘AN A - 9)
for every (A, g) € o(L4) x G with A # 0, so that 1, 2, and 4 follow. For what concerns 3, observe that the
Xo(A, +), as |A| < 1, stay in a bounded, hence relatively compact, subset of £(G) by 2. In addition, if & is a
cluster point of xg(A\, -) for A — 0, then 2 implies that Xh = 0 for every left-invariant vector field on G, so
that h is constant. By 1, h(e) = 1, whence 3. O

We conclude this section with some remarks concerning the adjoint of X, and the continuity of x.,.

Definition 3.22. We denote by M., : M (G) — L>(B.,) the transpose of the mapping
Ll(ﬁgA) Sme— Kz, 1(m) € Co(G).

Notice that M, coincides with the adjoint of Kz, : L?(8z,) — L?(G) on L*(G)NL?(G). By interpolation
we then deduce that M, extends to a continuous linear mapping of L?(G) into L? (B ,) for every p € [1,2].
In addition, observe that the definition of x,, and routine arguments lead to the following result (cf. [66,
Theorem 2.13]).

Proposition 3.23. Take a representative xo of Xz, as in Theorem 3.21. Then, for every p € MY (G) we
have

Me, (1)) = /G ot 9) du(g)

for Be ,-almost every XA € o(L4).

Thus, from Proposition 3.19 we deduce the following result.
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Corollary 3.24. Take m € L>(B¢,) such that Kz, (m) € MY(G) and u € M*(G). Then
M (Ko, (m)*p) = Me, (pxKey(m)) = mMe, ().
Corollary 3.25. Take a function m € L>=(B.,) such that Kz, (m) € MY(G). Then, m = Mg, (Kz,(m)).

In particular, m is continuous at 0 and

m(0) = / Kz, (m).
G

Proof. The first assertion follows from Corollary 3.24, applied with p = J.. The second assertion follows
from 3 of Theorem 3.21. O
Theorem 3.26. The following conditions are equivalent:

1. Xz, has a representative xo such that xo(-,g) is continuous on (L) for vg-almost every g € G;7

2. My, induces a continuous linear mapping from L*(G) into Co(o(LA));

3. My, induces a continuous linear mapping from M*(G) into Cy(c(LA));

4. Xca has a continuous representative.

In particular, this shows that, if x., has a continuous representative, then £4 satisfies property (RL).
Nevertheless, the converse fails, as Remark 8.3 shows.

Proof. 1 = 2. Take ¢ € L'(G). In order to prove that M, (¢) is continuous, it suffices to show that

Me, ()(N) = /G ot 9) ¢(g) dg

for B ,-almost every A € o(L4), and to apply the dominated convergence theorem. In order to prove that
M, (¢) vanishes at oo, it suffices to observe that, if 7 € C°(0(L4)) and 7(0) = 1, then M., (¢) is the
limit in Cy(0(L4)) of Mg, (¢ * K, (7(277+))), which equals 7(277 - )M, (¢) by Corollary 3.24.

2 = 4. Take 7 € S(o(L4)) such that 7(X) > 0 for every A € 0(L4). Observe that the mapping G >
g+ K, (1)(g-) € LY(Q) is continuous, so that also the mapping G' > g — M, (K., (7)(g-)) € Co(a(La))
is continuous. Therefore, the mapping

o(La) x G2 (A g) = M, (Ke,(r)(g-))(N) € €

is continuous. Now, let x; be a representative of x,., as in Theorem 3.21. Then, Proposition 3.19 implies
that

M, (Kea(m)(g-))(A) = /G/CLA (M99 )1 (X, g' ™) dg’ = [Kea (1) + xa(X, )l(g) = 7(Nxa (A 9)

for (8., ®vg)-almost every (A, g) € 0(L4) X G. In particular, x ., has a representative which is continuous on
0(L4) x G. By [15, Corollary to Theorem 2 of Chapter IX, § 4, No. 2], xz, has a continuous representative.
4 = 1. Obvious.
4 = 3. The proof is similar to that of the implication 1 — 2.
3 = 2. This follows from the proof of the implication 1 = 2. O

4 Products

In this section we deal with the following situation: we have a finite family of homogeneous groups (G 4)aca,
and on each G4 a Rockland family £ 4.8 Then, we shall consider G := [] e G a, endowed with the dilations

7-(ga) = (r-ga),

for r > 0 and (ga) € G. We shall denote by A’ the union of A and, for every a € A’, we shall denote by L],
the operator on G induced by L,. e denote by £y, the family (£] )aca. We shall investigate what we can
say about £/;, on the ground of our knowledge of the families £4.

The following result is a consequence of [49, Theorem 5.4 and Corollary 5.5] except for the last point,
which is an easy consequence of the preceding ones.

"Notice that, in principle, this condition is weaker than separate continuity.
8In order to avoid technical issues, we shall assume that the elements of A are pairwise disjoint.
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Proposition 4.1. The following hold:
1. L'y, is a Rockland family and o(L'y,) =] sca0(La);

2. take a pr,-measurable function ma: 0(La) — C which admits a kernel for every A € A. Then,
®A€A my i pe, -measurable, admits a kernel, and

ICE’A/ <® mA> = ®K¢A(m,4);

AcA AcA
3. Brr, = Qacabras
4. for (ﬂgA/ ® va)-almost every ((Aa), (ga)) € o(Ly) x G,

Xer, (Aa)acars (94)aca) = [] xea((Pa)aca,ga).
AEA

Now we focus on property (RL). See Subsection 2.5 for the notation concerning topological tensor
products.

Lemma 4.2. Assume that A= {A1, As}. Then, for every m € Ll(BL/A/) and for every p € MY(Ga,) there
is my, € L' (B, ) such that

. ICLZ/A,,l(m)( : 792) d:u'(g2) = ’CCAlyl(m#)'
Ag

Proof. Observe first that
L'(Ber,) = LN (Brayi L' (Bea,)) = LN (Bea, )OL (Be.a,)

thanks to Proposition 4.1 and [67, Theorem 46.2]. Therefore, [67, Theorem 45.1] implies that there are
(¢cj) € £ and two bounded sequences (m;1), (m;2) in L*(Bc,,) and L'(Bc,,), respectively, such that

m=>_cj(mj1®m;s)
jeEN

in L'(B,,, ). Hence, it suffices to define

ch/ Keaya(mjz2)dumyg;. O

jeN

Corollary 4.3. Assume that A = {Ay, As}. Take f € LY, (G) and h € L>°(G 4,). Then,
A/

; F(- 92)h(g2) vy, (92) € Li, (Gay)-

In addition, f(-,g2) € LlﬁAl (G a,) for almost every g2 € Ga,.

Proof. 1. Assume first that m := My (K) € L>(o(L'y))) is compactly supported. Let (K;) be an increasing
sequence of compact subsets of G 4, whose union is G4,. Then,

lim f(yg2)h (92)dVGA2 (92) = f(-.92)h (gQ)dVGA2 (92)

j—o0 K; Ga,

in L'(Ga,). The first assertion follows from Lemma 4.2 and Proposition 3.14, while the second assertion
follows directly from Lemma 4.2.

2. Now, take 7 € C2°(c(L4)) such that 7(0) = 1, and define 7; :== 7(277-) for every j € N. Then, 1
above implies that

[ Key, () g2)h(g) v, (92) € L, (Ga,)

and that K/, (m7;)(-,92) € L, (Ga,) for every j € N and for almost every gz € Ga,. Since Kz, (m)) =
f*Kgr ,(7;) converges to f in LY(G a/), both assertions follow from Proposition 3.14. O
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Theorem 4.4. If L4 satisfies property (RL) for every A € A, then L4, satisfies property (RL).

Proof. 1. Proceeding by induction, we may reduce to the case in which A = {41, A>}. In order to simplify the
notation, we shall write G; instead of G4, for j = 1,2. Now, take m € L> (B, ) such that K/ (m) € LY(@G).
Then, Corollary 3.25, Proposition 4.1 and Fubini’s theorem imply that

Mg = Me, [Ker, (m)(gr, -)](A2)](A1) = m(A1, A2)

for B, -almost every Ay € o(La,) and for B, -almost every A» € o0(L4,). Observe that Lemma 4.2
implies that ICL/A/ (m)(g1, -) € L}:AQ (G3) for almost every g1 € G; in addition, observe that, by assumption,
M, induces a continuous linear mapping from L%AQ (G2) into Cy(o(L4,)). Therefore, the mapping g; —
My, [Ker, (m)(g1, )] defines an element of L'(G1; Co(0(La,)))-

2. Let us prove that, for every pu € M!(o(La4,)), the mapping

g1 (pMey,) K, (m)(g1; )]

belongs to L,chl (G1). Indeed, the preceding considerations show that uMy, defines an element of L1£A2 (Gy),

so that it can be represented by an element of L>°(G5); hence, the assertion follows from Corollary 4.3.
Now, let us prove that the mapping

M ((£4,) 3 > (91 (M) Ke, (o, )] € L, (Gh)

is weakly continuous on the bounded subsets of M'(c(L4,)). Indeed, [67, Theorem 46.2] implies that
LY(G1;Co(0(La,))) = LYG1)®Co(a(La,)), so that [67, Theorem 45.1] implies that there are (c;) € ¢!
and two bounded sequences (f;), (¢;) in L'(G1) and Co(c(La4,)), respectively, such that

g1 Me, [Ker, (m)(g1, )] = D ei(f @ 05)
JjeEN
in L1(G1;Co(0(L4,))). Since the series
> e i)

JEN
converges uniformly to g1 — (uMc,,)[Kz,(m)(g1, )] as p stays in a bounded subset of MY(a(La4,)), the

assertion follows.
3. Observe that, by assumption, Mg, induces a continuous linear mapping from L}:Al (G1) into

Co(o(La,)); hence, 2 above implies that the mapping

o(L4,) 3 X > Mey, (917 M, Ko, ()91, )(0) ) € Colo(£a,)

is continuous. Therefore, the mapping
o(Lh) 3 (Anh) = My, (912 Me, e, (m) (g1, )]002)) (M) € €

is continuous, so that it extends to a continuous mapping mg on EyA , by [15, Corollary to Theorem 2 of
Chapter IX, § 4, No. 2]. Now, 1 implies that mg(A1, A2) = m(A1, A2) for Bz, -almost every Ay € o(L4,) and
for B¢ ,,-almost every Ay € 0(La,). Since both m and mg are B, -measurable, Tonelli’s theorem implies
that m = mg B[;/A,-almost everywhere. O]

Now, we focus on property (S5).
Lemma 4.5. Assume that A= {Ay, As}. Take ¢ € Spr (Gar), and take T' € 8'(Ga,). Then,
[91 = (T, ¢(g1, -))] € SﬁAl (Gay)

The proof is similar to that of Corollary 4.3,with the only difference that here one has to approximate T
in §'(G4,) by a sequence of measures with compact support.

Theorem 4.6. If L4 satisfies property (S) for every A € A, then L), satisfies property (S).
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Proof. 1. Proceeding by induction, we may reduce to the case in which A = {A;, As}. In order to simplify the
notation, we shall write G instead of G 4, for j = 1,2. Now, take m € LOO(BL/A,) such that IC[;/A/ (m) € S(G).
Then, Corollary 3.25, Proposition 4.1 and Fubini’s theorem imply that

Mea, g1 = Me, (K, (m) (g1, -)](A2)](Ar) = m(Ar; Ag)

for B, -almost every A1 € o(L4,) and for B¢, -almost every A2 € 0(L4,). Observe that Lemma 4.5 implies
that Kz, (m)(g1, -) € Sca,(Gz) for every g1 € G, and that by assumption Mg, induces a continuous
linear mapping from S ,, (G2) onto S(0(L4,)). Therefore, the map g1 — M, [Kzr, (m)(g1, -)] defines an
element of S(G1;S8(0(La,))). R

2. Let us prove that the mapping g1 — M, [ICLIA/ (m)(g1, -)] induces an element of Sz, (G1)®S(0(La,)).
Take T € S(o(L4,))’; then, Lemma 4.5 implies that

[91 = (TMe,,) e, (m)(91, )] € Sey, (G1)

since T M, defines an element of Sz ,, (Gz2)’, which can be extended to an element of §’(Gz). Next, observe
that [67, Proposition 50.4] implies that

S, (G1)BS(0(La,)) = L(S(0(La,))'s Se, (G1))
since S(o(L4,)) is nuclear thanks to [67, Proposition 50.1]. Now, the mapping
g1 Mg, [Ker  (m)(g1, )]

belongs to S(G1;S8(0(La4,))); arguing as above, we see that this latter space is the canonical image of
S(G1)®S(0(La,)) =2 L(S(c(L4,));S(G1)), so that the preceding arguments imply our claim.

3. Now, by assumption Mg, induces a continuous linear map from Sg, (G1) into S(o(L4,)), so that
we have the continuous linear mapping

My BIs(o(ca,)): Sea, (G1)BS(0(La,)) = S(0(L4,))RS(0(La,));

in addition, for every T € S(0(La4,))" and for every A1 € 0(La,),

(T, (Mea, Blstotea) 91 = Mea, Koy, (m) g1, ) ) = Moy, [g1 = TMe,, [Ker, (m)(g1, I O0)

(reason as in 2). Choosing T' = 4§, for Ay € 0(L4,), and taking into account Proposition 3.12, we see that
the mapping
0(‘614’) el ()‘13 )‘2) = M»CAl (gl = -/\/I»CA2 []C,C;‘, (m)(gla )}(AQ))(Al)

extends to an element mg of S(o(LY,)). Now, 1 implies that mo(A1, A2) = m(A1, A2) for B¢, -almost every
A1 € 0(La4,) and for Bz, -almost every Ay € 0(L4,). Since both m and mg are S,/ -measurable, Tonelli’s
theorem implies that m = my ﬂ[yA/—almost everywhere. The assertion follows. O

5 Image Families

In this section we fix a Rockland family £4 on a homogeneous group G; we consider L4 as ‘known’ and we
study an ‘image family’ P(L,4), where P: R4 — R is a polynomial mapping with homogeneous components,
and T is a finite set. We shall investigate what we can say about P(L4) on the base of our knowledge of L 4.

Proposition 5.1. The following statements are equivalent:
1. P(L4) is a Rockland family;
2. the restriction of P to o(La) is proper;
In addition, if P(L4) is a Rockland family, then:
(i) wpca) = Pulpc,) and o(P(L4)) = P(0(L4));

(ii) a Bp(r ,)-measurable function m: o(P(La)) — C admits a kernel if and only if m o P admits a kernel;
in this case,
Kp(za(m) =Ke,(mo P);

(iii) Bpca) = Pe(Bra)-
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Notice that saying that P is proper on o(L,4) amounts to saying that P(\) # 0 for every non-zero
A € 0(Ly4) (cf. the proof of [34, Lemma 1.4]).

Proof. By spectral theory, upz,) = Pi(pc,) and o(P(La)) = P(0(L4)), without further assumptions on
P(L4). If P(L4) is a Rockland family, then also (ii) holds by spectral theory again; as a consequence,
also (iii) holds in this case. Then, we are reduced to proving the equivalence of 1 and 2.

1 = 2. This follows from [48, Lemma 3.5.1].

2 = 1. Notice first that the union of the families £4 and P(L,4) is clearly Rockland, so that the
P(L,) are essentially self-adjoint on C°(G) with commuting closures. Endow R# with dilations extending
those of (L) and with a homogeneous norm |- |" which is of class C> on G'\ {e}; let S be the corresponding
unit sphere. Take 71 € C°°(S) such that 71 = 1 on a neighbourhood of o(£4) NS and such that 7y is
supported in {z € S: 2|P(x)| > mingny(z)|P|}. Then, extend 71 to a homogeneous function of degree 0.
In addition, take 75 € C2°(R“) so that 7, = 1 on a neighbourhood of 0. Now, if m € S(R'), then clearly
[72 + (1 = T2)71](m o P) € S(R?), so that Kp(,,)(m) € S(G). The assertion follows. O

Proposition 5.2. Assume that P(La) is a Rockland family, and take a disintegration (Bx')xeo(p(c4)) Of
B, relative to P. Then,

xpca) (N, 9) =/(£ )XLA()HQ) dBa (N)
o(La

for (Bp(c,) ® va)-almost every (N, g) € o(P(La)) x G.

See Subsection 2.3 for the definition of a disintegration. Observe that the proof amounts to showing that
both sides of the asserted equality have the same integrals when multiplied by elements of C°(c(L4)) ®
C°(@G), which is clear.

Now, consider property (RL). Assume that £, satisfies property (RL), and take m € L*(8p(,,)) such
that Kp(z,)(m) € L'(G). Then, there is m € Cy(0(L4)) such that m o P = m (. ,-almost everywhere. In
Section 10, we shall study this situation in a general setting, seeking conditions under which m is constant
on the fibres of P in o(L4). Since P is proper, this implies that m is the composite of a continuous function
with P, at least on o(L4). If this happens for every m, then P(L ) satisfies property (RL). Notice, however,
that sometimes it is more convenient to argue on proper subsets of the spectrum.

Property (.5) is studied in a similar way, again making use of the results of Section 10.

6 Quadratic Operators on 2-Step Stratified Groups

A connected Lie group G is called 2-step nilpotent if [g, [g, g]] = 0, where g is the Lie algebra of G. The group
G is 2-step stratified if, in addition, it is simply connected and g = gy @ g2, with [g1,81] = [g, 9] = g2

Notice that, if G is a simply connected 2-step nilpotent group, then it is ‘stratifiable,” that is, for every
algebraic complement g; of go = [g,g|, the decomposition g = g; @ g2 turns G into a stratified group.
Nevertheless, G may be endowed with many different structures of a stratified group; when we speak of a
2-step stratified group, we mean that an algebraic complement of [g, g] is fixed.

A 2-step stratified group is endowed with the canonical dilations, that is 7 (X +Y) = rX +72Y for every
r > 0, for every X € g; and for every Y € go. Thus, G becomes a homogeneous group.

Definition 6.1. Let G be a 2-step stratified group. Then, for every w € g5 we define
B,:g1xg12(X,)Y)— (w,[X,Y]).

We say that G is an MW group if B, is non-degenerate for some non-zero w € g5 (cf. [57] and also [58]).
A Heisenberg group is an MW group with one-dimensional centre.

Definition 6.2. Take d € IN*, and let g be the free Lie algebra on d generators. Then, the quotient g’ of g
by its ideal [g, [g, g]] is the free 2-step nilpotent Lie algebra on d generators. The simply connected Lie group
with Lie algebra g’ is called the free 2-step nilpotent Lie group on d generators.

Now, to every symmetric bilinear form ¢ on g7 we can associate a differential operator on G as follows:

Lo==> q(X;, X}) X X,
0,0

where (X/) is a basis of g; with dual basis (X;). As the reader may verify, £ does not depend on the choice
of (Xy); actually, one may prove that —L is the symmetrization of the quadratic form induced by ¢ on g*
(cf. [40, Theorem 4.3]).
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Lemma 6.3. Let g be a symmetric bilinear form on g7, and let L be the associated operator. Then, L is
formally self-adjoint if and only if q is real. In addition, L is formally self-adjoint and hypoelliptic if and only
if q is non-degenerate and either positive or negative.

Proof. The first assertion follows from the fact that the formal adjoint of £ is associated with g. The last
assertion then follows from [41]. O

Next, we show how to put £ in a particularly convenient form according to the chosen w € g5.

Definition 6.4. Let V be a vector space and ® a bilinear form on V. Then, define
se: Vovum v, -)eV” and de: Vov— o(-,v) e V™

If ® is non-degenerate, that is, if de (or, equivalently, sg) is an isomorphism, then denote by ® the inverse
of @, that is, ® o (s5' x dgz').

Notice that any algebraic complement of the radical of a skew-symmetric bilinear form on a finite-
dimensional vector space is symplectic. Therefore, by [1, Corollary 5.6.3] we deduce the following result.

Proposition 6.5. Let V' be a finite-dimensional vector space over R, let o be a skew-symmetric bilinear
form on V', and let q be a positive, non-degenerate bilinear form on V. Then, there are a q-orthogonal basis
(vj)j=1,...m of V and a positive integer n < % such that the following hold:

o q(vj,v5) = q(Vntj, Unyj) >0 for every j=1,...,n;

o q(vj,vj) =1 forevery j=2n+1,...,m;

o for every j,k=1,...,m,
1 ifje{l,...,n} and k=n+j;
oj,vp) =49 -1 ifje{n+1,....2n} and k=3 —n;
0 otherwise.
Observe that g(v;,v;)~" is the eigenvalue of |d ' o dy| corresponding to v; (j = 1,...,2n), where the

absolute value is computed with respect to q.

7 Plancherel Measure and Integral Kernel

In this section, G denotes a 2-step stratified group of dimension n which does not satisfy the MW T condition,
g a symmetric bilinear form on g3, and (71,...,T;,) a basis of go. We shall denote by £ the sub-Laplacian
induced by ¢ and we shall assume that L4 = (£, (—iT%)k=1,...n,) is a Rockland family, that is, that £ is
a hypoelliptic sub-Laplacian, up to a sign. Indeed, if 7y is the projection of G onto its abelianization, then
dm(L4) is a Rockland family by Proposition 3.12, so that F(dm(L4)) vanishes only at 0. Since dm(T) =0
for every k = 1,...,ns, this implies that ¢ is non-degenerate and either positive or negative; hence, L is a
hypoelliptic sub-Laplacian, up to a sign. We may then assume that ¢ is positive and non-degenerate.

We shall endow g with a scalar product for which g; and go are orthogonal, and which induces ¢ on g;.
Then, we may endow g with the translation-invariant measure H™ (the n-dimensional Hausdorff measure);
up to a normalization, we may then assume that (expq)«(H™) is the chosen Haar measure on G. We shall
endow g5 with the scalar product induced by that of g, and then with the corresponding Lebesgue measure.

Definition 7.1. Define
qu = dq o dBw S0 —

for every w € g3, and define d = min,ey; dimkerdp,, so that d > 0 since G is not an MW group. We
denote by W the set of w € g5 such that dimkerdp, > d. Define n; = %(dim g1 — d), and observe that
ny = 0 if and only if G is abelian.

Lemma 7.2. The set W is an algebraic variety.

Proof. Define p,, so that X9p,(X) is the characteristic polynomial of —Jliw. Then, W is the zero locus of
the polynomial mapping w +— p,,(0), so that it is an algebraic variety. O
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Proposition 7.3. Assume that na > 0. Then, there are a non-empty Zariski open subset  of g5\ W, a
positive integer h, and three continuous mappings

nigs — R P: Q= L(g)" Po: g3\ W — L(g1)
such that the following hold:
e 1 is homogeneous of degree 1, while P and Py are homogeneous of degree 0;

e 1 is analytic on Q and p() C (RY)", while P and Py are analytic on their domains;

pn(w) # pn (W) for every hyh' = 1,..., h such that h # h' and for every w € §;

for every h = 0,...,h and for every w € Q (for every w € g5\ W, if h = 0), P,(w) is a B,- and
q-self-adjoint projector of g1 ;

e ifh=1,...,h, then Tr P, is constant;

. ZZ:O Py(w) =14, and ZZ=1 (W) Pp(w) = |Jqw]| for every w € Q;
o Py(w)(g1) = kerdp, for everyw € g5\ W.

This result is a consequence of [52, Lemmas 4 and 5]. Make use of the arguments of [45, § 1.3-4 and § 5.1
of Chapter II] to prove the analyticity of Pp.

Definition 7.4. We define Q, h, u, P, and P, as in Proposition 7.3. In addition, we define n; = (nl-,h)h:l,“.,ﬁ

so that ny j is the constant value of Tr Py, for every h = 1,...,h. We define 1; as the element of R" whose
components are all equal to 1.
We shall often identify u(w) with the linear mapping

h
R >\ Zuh(w))\h ceR
h=1

for every w € g3.

With the above notation, we have p(w)(ny) = ZZ:1 pr(w)ny p. Observe that the index 1 in nj refers to
the first layer g1, just as the index 2 in ny refers to the second layer go.

Recall that a subset of a (finite-dimensional) affine space V' is semialgebraic if it belongs to the algebra
of subsets of V generated by the sets of the form P~1(]0, oo[), where P is a polynomial on V. A mapping
between two semialgebraic sets is semialgebraic if its graph is semialgebraic. See [22] for a more detailed
exposition of the basic theory of semialgebraic sets and semialgebraic mappings.

Corollary 7.5. The function w — p(w)(n1) is a semialgebraic norm on gs which is analytic on g5 \ W.

Proof. Observe that, denoting by || - ||; the trace-norm,
2u(w)(m1) = [gwlly = [Jgw + Po(w)[l, —d

for every w € g3, and that the linear mapping w +— J,,, is one-to-one since G is stratified. Therefore, all
assertions follow except for semialgebraicity. Now, denote by C' the cone of positive endomorphisms of g;, and
observe that C' is semialgebraic since it is the image of the polynomial mapping £(g1) > T — T*T € L(g1)
(cf. [22, Corollary 2.4]). In addition, the mapping C' 3 T — /T € C is semialgebraic, since its graph is
the set of (T1,73) € C x C which solve the polynomial equation Ty — T2 = 0. Therefore, the function
L(g1) 3T — ||T||; = Tr(VT*T) is semialgebraic, since it is the composite of semialgebraic mappings (cf. [22,
Corollary 2.9]). Hence, the function w — pu(w)(ny) is semialgebraic, since it is the composite of the linear
mapping w +— Jg, and the semialgebraic function || - ||; (cf. [22, Corollary 2.9] again). O

Definition 7.6. By an abuse of notation, we shall denote by (z,t) the elements of G, where x € g; and
t € go, thus identifying (x,t) with expg(z,t). For every x € g; and for every w € g5 \ W, we define

zo(w) = Po(w)(x),
while, for every w € Q and for every h =1,...,h,
10(w) = /(@) P () 2).
By an abuse of notation, we shall write z(w) instead of 22:1 zp(w) = v/|Jgwl(z), so that lz(w)]* =
h 2
Yon=1lzn(W)[* = ([Jgwlz|z).
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Proposition 7.7. The mapping
g1 X 23 (z,w) = z(w)

extends uniquely to a continuous semialgebraic function on g1 X g5 which is analytic on g1 x (g5 \ W).
Proof. Observe that, for every w € g3, —J;w = JywJqw 18 positive, and that
—JZ., + Po(w)

is positive and non-degenerate as long as w ¢ W. Therefore, the mapping

Wi {2y = (T2 + Po(w) = Po(w) € L(g1)

is continuous and semialgebraic on g and analytic on g5 \ W thanks to [18, Proposition 10 of Chapter I, §
4, No. 8] (argue as in the proof of Corollary 7.5).° The conclusion follows, since

h
{I2u@) =) an(w)
h=1

for every w € Q) and for every x € g;. O

Definition 7.8. Define G, for every w € g5, as the quotient of G by its normal subgroup exp (ker w).
Then, Gy is the abelianization of GG, and we identify it with g;. If w # 0, we shall identify G,, with g1 R,
endowed with the product

1
(w1, t1) (w2, t2) = (961 + xo,t1 +t2 + 2Bw(331>$2)>

for every z1,z2 € g1 and for every ¢1,ts € R. Hence,
Tu(z,t) = (z,w(t))
for every (z,t) € G.

Definition 7.9. For every w € g \ W, define |Pf(w)| = HZ:1 wp(w)™r | the Plaffian of w (cf. [3]).

We are now in position to find the Plancherel measure and the integral kernel associated with £ 4. This
is done by means of the explicit knowledge of the Plancherel and inversion formulae of G (cf. [3]).

Let us first describe the Plancherel measure on é; we follow the construction of the Plancherel measure
of [3] as in [48, 4.4.1]. Take w € Q and 7 € Py(w)(g1). Then, Proposition 6.5 shows that there is a basis
(Xwas- s Xoms Yo1,-- o, Yun, Ur, ..., Ug) of g1 such that (Uq,...,Uy) is a basis of the radical Py(w)(g1)
of Bw, such that Bu}(XUJ,}HYUJ,k) = 5h,k and Bw(Xw,me,k) = Bw(Yw,}u Y%k) = 0 for every h, k= 1, ey N,
and such that

ny d
L=-— Zﬁk(w)(Xf},k +Y2) - Z Uy,
k=1 h=1

where [i1(w), ..., fin, (w) are the eigenvalues up(w), h = 1,...,h, each repeated ni ,-times. Define H as the

space of holomorphic functions in L?(C™,v), where v := e=21"1” . 32m  Define Tw,r as the unique continuous
unitary representation of G in the hilbertian space H such that

dﬂw,‘r(Xw,k + iYw,k)f(Z) = 2Zkrf(z) and dﬂw,T(Xw,k - iYw,k)f(z) = _azk f(Z),
for every k =1,...,ny, for every f € C*(m, ), and for every z € C™, while
d?Twﬂ—(Tg) = w(Tg)IH and dﬂ'wﬂ—(Uh) = <T‘Uh> IH

for every £ = 1,...,n9 and for every h = 1,...,d, where Iy is the identity of H. Thus, =, , is a version
of the ‘Bargmann(—Fock)’ representation, cf. [44]; in particular, it is irreducible. Let 3 be the (closed)
subset (J,cq{w} x Po(w)(g1)] of 2 x g1, and let vs; be the (positive Radon) measure m JoPf(w)|de ®

9For what concerns continuity, just observe that /- is continuous on the cone of positive endomorphisms of g1, which is the
closure of the cone of non-degenerate positive endomorphisms of g1, as in [42, p. 85].
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(XPy(w)(g1) - H?) dw on ¥. Then, the mapping p: ¥ 3 (w,7) = [my,7] € @ is one-to-one (but not onto), and
the Plancherel measure vg is p.(vs) (cf. [3, Section 2]). In particular, for every f € L*(G) N L*(G),*

1 2
2 = 7// T (P2 dr[PE(w)] dw.
1915 = g [, mer Dl

Now, fix (w,7) € ¥, and define w,/(z) == 4/ 2t for every z € C™ and for every v/ € IN"1, so that

LA

(wys)yrennt is an orthonormal basis of H (cf. [44]), and
Ao (L)wyr = (J71 + B(w) (Ln, +27"))wy

for every ' € N"'. Therefore, the preceding considerations and the definitions of p(w) and fi(w) show that
there is a commutative family (pwﬁ)vemn of self-adjoint projectors of H such that Iy = Ev Duw,, such that

Tr(puw,y) = (n1+1_1ﬁ), and such that

e (L) = (171 + plw) (1 +27))puy

for every v € NP,
We shall now introduce some notation to simplify the forthcoming formulae.

Definition 7.10. For every m,~ € IN, we denote by AT'(X) = ;7:0 ('Y;:T) (—Ji)'()J the y-th Laguerre polyno-
mial of order m. Define, in addition,

@d:R+9xi—>F(g>w:F<g)zmy

a_
(%)® ' kEN
where Ja_y s the Bessel function (of the first kind) of order % -1

Then,

h
Lz(w)|2—i(r|z0(w)) —iw N1,h— 1
T (008) ) = S lron 0 T AT (G )
h=1

by [44, Proposition 2] and [27, 10.12 (41)], while

d) Tgma (2ol _ o o).

¢—itrlan(@)) qggd-1(r) = T ( il
(age) -
2

]£3(0,1)mpo(w)(gl) 2
The following proposition is a consequence of the preceding considerations and of [49, Proposition 3.7].

Proposition 7.11. For every ¢ € C.(c(La4)),

d
m2

pdBe, =
/g(cA) Y (2m)ymtnetdD ()

z ()

~ENR

x / O3+ (@) (g +29), (TN PEW) [ d(A, ).
R+ xg3

In addition,

1 21 Lig(w)|2—i{r|zo(w)) —iw
e (N w(T)), (2,1) = e Z (A — p(w)(ng + 27))2 e~ Tl —ilrlzo (@) —iw(t)
v 'yE]Nﬁ
p(w)(n1+27) <X

h 1
< [T (Ghont®) @ (VA= i + 2ol
h=1

a_
(Bea ® va)-almost everywhere, where cxw =37 )y +29)<x (A — p(w) (01 +27))2 '

10Here, ||T'||, denotes the Hilbert—Schmidt norm of the endomorphism T of H.
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Remark 7.12. Let 7], ..., T, be n homogeneous elements of the centre 3 of g. Let us show that the study of
the family (£, —iT7, ..., —iT}) can be reduced to that of the families of the form considered above on suitable
2-step stratified groups.

Notice that we may assume that there is n’ € {0,...,n} such that 7] € gz if and only if j < n’; let g” be
the vector subspace of g generated by T}, 1, ..., T}, and observe that g" C g; by homogeneity. Let g} be the
g-orthogonal complement of g’ in g1; define g’ := g} & go. Then, g is the direct sum of its ideals g’ and g”.
Let G’ and G” be the Lie subgroups of G corresponding to g’ and g, and let £’ and £” be the sub-Laplacians
on G’ and G”, respectively, corresponding to the restrictions of g to gi* and g”*, respectively. By an abuse
of notation, then, £ = L' + L”, so that the family (£, —iTy,...,—iT}) is (algebraically) equivalent to the
family (L', —iTy, ..., —iT}). Now, the family (-7}, ,...,—iT},) on G" satisfies property (RL) by classical
Fourier analysis. Therefore, Theorem 4.4 implies that the family (£, —iT7,. .., —T},) satisfies property (RL)
if the family (£',—iTY,...,—4iT’,) does.!'’ Since this latter family is equivalent to a family of the form
(L', —iTy,...,—iTy,) for some nj and for some choice of the basis T1,..., Ty, of g2, our assertion follows.
Notice, however, that G’ may be an MW group; we shall deal with MW groups in a future paper.

Similar arguments apply to property (S) and the continuity of the integral kernel.

8 Property (RL)

In this section we shall present several sufficient conditions for the validity of property (RL); we keep the
notation of Section 7. First of all, we observe that the spectrum of £, is a closed convex semialgebraic
cone, thanks to Corollary 7.5 and [22, Corollary 2.9]. In addition, we can basically ignore the Laguerre
polynomials of higher order which appear in the Fourier inversion formula, thanks to (a suitable extension
of) [54, Proposition 5.4]. Indeed, with reference to the notation of Section 7, the ‘ground state,” that is, the
first eigenvalue of dm, -(L£4), is sufficient to cover the whole of o(L4), as w and 7 vary. This fact leads to
significant simplifications, as the basic Lemma 8.1 shows.

We need to distinguish between the ‘full’ family £ 4, for which we can prove continuity of the multi-
pliers only on a dense subset of the spectrum in full generality (cf. Lemma 8.1), and the ‘partial’ family
(L, (—iTy,..., —iTné)) for nfy < ng, for which by means of a deeper analysis we are able to prove property
(RL) in full generality (cf. Theorem 8.5). This latter result requires to deal with Radon measures defined on
Polish spaces which are not necessarily locally compact.

Concerning the ‘full’ family £ 4, as we observed above, we can prove in full generality that every integrable
kernel corresponds to a multiplier which is continuous on a dense subset of the spectrum. In addition, we can
prove that property (RL) holds in the following cases: when Py extends to a continuous function on g5\ {0},
for example when W = {0} or when G is the product of an MW ™ group and a non-trivial abelian group
(cf. Theorem 8.2); when G is a free 2-step stratified group on an odd number of generators (cf. Theorem 8.4).
In both cases, we make use of the simplified ‘inversion formula’ for K, which is available in this case; in the
second case, we employ the simple structure of free groups to prove that the L' kernels are invariant under
sufficiently many linear transformations in order that the above-mentioned inversion formula give rise to a
continuous multiplier.

Lemma 8.1. Take f € L}, (G). Then, Mr,(f) has a representative which is continuous on
{(1o(n1),0(T)): w € g2} U{(Aw(T)): w € g3 \ W, A = puy (1)}

Proof. Fix a representative m of M., (f), and keep the notation of the last part of Section 7. Arguing as
in [54, Proposition 5.4], we see that there is a negligible subset Ny of g3 such that for every w € g5 \ N; there
is negligible subset Ny, of Py(w)(g1) such that

W:,T(f) = m(dﬁw,T(ﬁA))

for every 7 € Py(w)(g1) \ N2, Notice that we may assume that W C Ny. Therefore, for every w € g \ Ny
and for every 7 € Py(w)(g1) \ Na,w,

m([rf? () (). (T) = 7 — TrCm(dm r(£4))pico)

_ / Fla, e e P O=irG@o@) 4z ).
G

H Actually, it is easily proved that also the converse holds, that is, that the family (£, —iTy, ..., fiTT’L,) satisfies property
(RL) if the family (£, —iT7,...,—T},) does.
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Now, for every w € g5 \ N1 there is negligible subset N3, of R¥ such that, for every A € R% \ N3, we have
HA1 (8Bp0(w)(gl)(0, ﬁ) N N27w) = 0. Therefore, for every w € g5 \ N1 and for every A € RY \ N3,

m(A + p(w)(n1),w(T)) = ][ / Fla, tem Fle@ P —iw®=ir@ol@) 4(z ) dpH= (1)
dB(0,V) JG

B /G fa, et =00, (Vilag(w)]) d(r, ).

Now, the mapping
()\,w)r—>-/f(x,t)e*ﬂw(w)?—m(t)@d (VAlzo(@)]) (o)
G

is continuous on [R4 x (g3 \ W)] U [{0} x g3] by Proposition 7.7, so that by means of Tonelli’s theorem we
see that it induces a representative of m which satisfies the conditions of the statement. O

Theorem 8.2. Assume that Py can be extended to a continuous function on g5\ {0}. Then, L4 satisfies
property (RL).

Notice that, by polarization, Py has a continuous extension to g5\ {0} if and only if | Py(x)| has a continuous
extension to g3 \ {0} for every x € g;.
In addition, observe that the hypotheses of the proposition hold in the following situations:

e when W = {0}, for example when G is the free 2-step nilpotent group on three generators;

e when P, is constant on g} \ W, for example when G = G’ x R? for some MW group G, such as a
product of Heisenberg groups.

Proof. 1. Keep the notation of the proof of Lemma 8.1. Assume first that no = 1, so that W = {0}. In
addition, kerd,, = kerd,__ for every w € g3, so that Py is constant on g5 \ {0}. The computations of the
proof of Lemma 8.1 then lead to the conclusion. _

2. Denote by P, the continuous extension of Py to g3 \ {0}; observe that Py(w) is a self-adjoint projector
of g; of rank d for every non-zero w € g5. Take f € LlﬁA (@) and define, for every non-zero w € g3 and for
every A > 0,

m(p(w)(m) + A, w(T)) = /G [ty 1w, (VAIRy(w)(@)]) d(,b),

so that f = K., (m) as in the proof of Lemma 8.1. Then, m is clearly continuous con o(L£4) \ (R x {0}"*),
and m(u(rw)(ny) + A, rw(T)) converges to

| .00 (VAR (@)(2)]) d(o.)
G

as r — 07, uniformly as w runs through the unit sphere S of g5. Therefore, it will suffice to prove that the
above integrals do not depend on w € S for every A > 0. Indeed, Proposition 3.12 implies that, for every
w € S (cf. Definition 7.8),

(m0)«(f) = Kary(£.4) (M)
Now, 1 above implies that the family dm,, (L) satisfies property (RL). Then, Proposition 3.12 implies that
(70)« () € Ly (.4)(Go);

in addition, dm(L4) is identified with (A,0,...,0), where A is the (positive) Laplacian associated with the
scalar product g on g;. Then,

| @ (VIR @)) d(e.t) = / (). (@)2a (VAR @)) da

whence the assertion since (). (f) is rotationally invariant. O

Remark 8.3. Let G be H' x R, where H' is the three-dimensional Heisenberg group. If £ is the standard
sub-Laplacian on H!, T is a basis of the centre of the Lie algebra of H!, and A is the (positive) Laplacian on
R, then (L + A, {T) satisfies property (RL) by Theorem 8.2, but it is easily seen that its integral kernel does
not admit any continuous representatives (cf. Proposition 7.11).

When G is a free group, we can remove the assumption that Py has a continuous extension.
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Theorem 8.4. Assume that G is a free 2-step stratified group on an odd number of generators. Then, L4
satisfies property (RL).

Proof. Take f € Ly, (G); by Lemma 8.1, My, (f) has a representative m which is continuous on o(£4) \
(R x W). Now, (cf. Definition 7.8)

() (f) (. 8) = / Fla.t)dt

w(t)=t

for almost every (z,t) € G,,. Now, observe that dm,(L4) is invariant under Then, Proposition 3.12 implies
that (m,)«(f) € Lém(ﬁA) for every w € g5 \ W. In particular, observe that, if U is an isometry of g; which

restricts to the identity on (kerdp_ )+, then U x I is an automorphism of the Lie group G, which leaves
dm,(L4) invariant, hence also (). (f).

Now, take w € W and an isometry U of G,, which restricts to the identity on (kerdp_)*. Since dimkerdp,
is odd, there must be some v € kerdp, such that U - v = +v. Let V be the orthogonal complement of Rv in
kerdp,_, so that V is U-invariant. Now, let oy be a standard symplectic form on the hilbertian space V2
and define wy, for every p € IN, so that

B, = B, +27Poy;

this is possible since G is a free 2-step stratified group, so that {B, : w’ € g5} is the set of all skew-symmetric
bilinear forms on g;. Then, w, belongs to g5 \ W and converges to w. In addition, (7, )«(f) is U-invariant
thanks to Proposition 3.12. Now, it is easily seen that (m, ). (f) converges to (m).(f) in L'(g1 ®R), so that
(7w)«(f) is U-invariant.

Then, taking into account the fact that the limit points of Py(w’) as w’ — w are self-adjoint projectors of
g1 onto some subspace of kerdp,, as well as the arbitrariness of w, we see that the continuous mapping

mi: Ry x (g3 \ W) 3 (\w) = /Gf(xat)e_iﬁ(w)\z—m(t)cbl (\/XL%O(W)‘) d(z,1),

extends to a continuous function on g5 x R;. Now, clearly m(\, w(T)) = my(A — pw(ng),w) for every
(A, w(T)) € 0(L4); the assertion follows. O

Theorem 8.5. Take ny < ny. Then, the family (L, (—iT});=1,... ;) satisfies property (RL).

Proof. Define L'y, = (L, (—iT})=1,....n;), and let L: o(La) — o(L/;,) be the unique linear mapping such that

v+ = L(L4). Until the end of the proof, we shall identify g5 with R™ by means of the mapping w — w(T).
In addition, define X = (0(L4) \ W)U do(L4), so that X is a Polish space by [15, Theorem 1 of Chapter
IX, § 6, No. 1]. Let 8 be the (Radon) measure induced by S, on X, so that Supp(8) = X. Let L’ be
the restriction of L to X. Since o(L4) is a convex cone by Corollary 7.5 and since W is (. ,-negligible,
Proposition 10.3 implies that § is L’-connected.

Now, Proposition 10.4 implies that S has a disintegration (5/\’)/\’60(@‘,) such that By is equivalent to
XL-1(\) - H"2=m2 for Ber,,-almost every N € o(L'y,). Observe that L='(N) N o(L4) is a convex set of
dimension ny — nj for B -almost every A € o(L),). In addition, W' N L=1()) is an algebraic variety of
dimension at most ny —nj —1 for B¢/ -almost every A" € o(L)y,), for otherwise H"2 T (W) would be non-zero,
which is absurd. Therefore, Supp (8x/) = L'~(\) for B ,-almost every X' € o(Lly,).

Now, take mg € L>(Bc,) so that K¢/ (mo) € L'(G). Let us prove that mg has a continuous represen-

tative. Indeed, Lemma 8.1 implies that there is a continuous function m; on X such that mgo L' = my
B-almost everywhere. Hence, Proposition 10.2 implies that there is a function ms: o(£’,,) — € such that
mg oL’ = my. Since the mapping L: do(L4) — o(Ly,) is proper and onto, and since do(L4) C X, it follows
that mg is continuous. The assertion follows (cf. [15, Corollary to Theorem 2 of Chapter IX, § 4, No. 2]). O

9 Property (95)

The results of this section are basically a generalization of the techniques employed in [4, 5]; we keep the
notation of Section 7.

Theorem 9.2 applies, for example, to the free 2-step nilpotent group on three generators. Notice that we
need to impose the condition W = {0} since our methods cannot be used to infer any kind of regularity on W'\
{0}; for example, in general our auxiliary functions |z(w)|* and Py are not differentiable on W. Nevertheless,

12That is, choose a symplectic form oy on V so that V admits an orthonormal basis (relative to the scalar product induced
by ) which is also a symplectic basis (relative to oy ).
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this does not mean that property (S) cannot hold when W # {0}; as a matter of fact, Theorem 9.3 shows
that this happens for a product of free 2-step stratified groups on 3 generators and a suitable sub-Laplacian
thereon.

In order to simplify the notation, we define S(G, L4) == Kz, (S(c(L4))).

We begin with a lemma which will allow us to get some ‘Taylor expansions’ of functions whose kernel
transform belong to the Schwartz space, under suitable hypotheses. Its proof is modelled on a technique due
to D. Geller [35, Theorem 4.4]. We state it in a slightly more general context.

Lemma 9.1. Let L), be a Rockland family on a homogeneous group G', and let Ty,..., T}, be a free family
of elements of the centre of the Lie algebra g’ of G'. Let w1 be the canonical projection of G’ onto its quotient
by the normal subgroup expq (RTY), and assume that the following hold:

o (L', iTY,...,iT),) satisfies property (RL);

o dmy (L, 1Ty, ... ,iT!,) satisfies property (S).

n

Take ¢ € S(ﬁfA”iT{w)iT/,)(G’). Then, there are two families (av)welN"’ and (ww)vemn, of elements of
S(G, L) and S(L’A,,iT{,...,iT/,)(G/)’ respectively, such that

o= Z Tg, + Z T,

lvI<h lvI=h
for every h € IN.

Proof. For every k € {1,...,n'}, let G}, be the quotient of G’ by the normal subgroup expq (RT}). Endow
g’ with a scalar product which turns (77,...,7),) into an orthonormal family. Then, Proposition 3.12
implies that (71)«() € San,(c’,, i1y.....i17,)(G1), so that there is my € S(o(dm1 (LY, Ty, ... ,4T),))) such that
(m1) () = del([l;,,iTé,‘..,iTT’L,)(ﬁll)- If we define @p1 = ’C([l’/_‘,,iTz’,...,iT;/)(ml)a then Proposition 3.12 implies

that (71).(p — @o,1) = 0. In other words,

;.
art

/R(‘P — $0,1)(expg (2 + sT7)) ds = 0

for every x € T{*+. Identifying S(G’) with S(RT}; S(T|*)) and applying a simple consequence of the classical
Hadamard’s lemma, we see that there is ¢ € S(G’) such that
¢ = Go1+Tipr

Now, let us prove that @1 € S(ﬁiAI,iT{W_?iT/,)(G’). Indeed,
TiK e, ity,...im yMer,, iy, ) (1) = @ — o1 = Tiep1.

Since clearly K(ﬁfyviTév--»iTé/)M(ﬁ'A/’iTéa-"viTJLI)(901) € L*(G"), and since T] is one-to-one on L*(G’), the
assertion follows. If n’ > 2, then we can apply the same argument to @p; considering the quotient
G4 since we know that $o1 € S(G',(Ly,,iT5,...,iT),)), we do not need to impose the condition that
dmo (L', 1T, ..., iT),) satisfies property (S). Then, we obtain @oo € S(G', (Ly,,iT5,...,iT},)) and ¢ €
S(qu”iTl’,‘..,iTT’l,)(G/) such that

¢ = @02+ Tip1 + Typo.

/

Iterating this procedure, we eventually find ¢y € S(G’, £'y,) and ¢1,...,pn € S(%,JT{)‘_,JT:L,)(G’) such that

’

0=+ > Tipk
k=1

The assertion follows proceeding inductively. O

Notice that, if G is abelian and £ is a Laplacian on G, then L satisfies properties (RL) and (S) (cf. [71]
for property (5)).

Theorem 9.2. Assume that W = {0}. Then, (L, (—iTk)Zlil) satisfies property (S) for every nb, < na.
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Proof. Notice that Theorems 8.2 and 8.5 imply that (£, (—iTk)Z,il) satisfies property (RL). Therefore, by
means of Corollary 10.7 we see that it will suffice to prove the assertion for nf, = ng. In addition, the abelian
case, that is, the case no = 0 has already been considered in the remark preceding the statement. We proceed
by induction on ny > 1.

1. Observe first that the abelian case, Theorem 8.2, and Lemma 9.1 imply that we may find a family
(¢~) of elements of S(G, £), and a family (¢) of elements of Sz, (G) such that

=D (—iT)g,+ Y (—iT)p,
lyI<h lvI=h

for every h € IN.
Define m == Mg(¢y) € S(o(£L)) and my = M, (¢y) € Co(0(La)) for every . Then,

mo(\, w) = Z wimy(A) + Z wimy (A, w)
lv|<h [vl=h

for every h € IN and for every (\,w) € o(L4).
By a vector-valued version of Borel’s lemma (cf. [42, Theorem 1.2.6] for the scalar, one-dimensional case),
we see that there is m € C°(R™;S(R)) such that 97m(0) = m., for every v € IN"2. Interpret m as an
element of S(o(L4)). Reasoning on m — m, we may reduce to the case in which m., = 0 for every ~; then,
we shall simply write m instead of my.
2. Consider the norm N: w — p(w)(ny) on g5 and let S be the associated unit sphere. Define o(w) := ﬁ

for every w € g5 \ {0}. Then, the mapping (cf. Definition 7.8)
S3wr (mw)«(p) € S(g1 ®R)

is of class C*°. Fix wg € S. It is not hard to see that we may find a dilation-invariant open neighbourhood U
of wy and an analytic mapping ¢: U x (g1 ®R) — R?"* x R x R? such that, for every w € U, v, = (w, - ) is an
isometry of g; ®R onto R?"* x R x R? such that 9, (Py(w)(g1)) = {0} x R? and 1,({0} x R) = {0} x R x {0}.
Take w € U. By transport of structure, we may put on R?™ x R a group structure for which R?™ x R is
isomorphic to H™ and which turns 1, into an isomorphism of Lie groups; here, g; & R is endowed with the
structure induced by its identification with G,,.!3 Then, there is a sub-Laplacian £, on R*" x R such that,
if T denotes the derivative along {0} x R C R?™ x R and A is the standard (positive) Laplacian on R?, then

A 0 ma)(La) = (£, + A, w(T)T).
Then, Proposition 3.12 and Lemma 4.5 imply that
(Y 0 1)« (95) (4, 2, ) € Sa(RY)
for every (y,t) € R®™ x R and for every v € IN"2. Define
Gy (UNS) x Ry x (R*™ x R) 3 (w,&, (1,1)) = Ma((w 0 ma)u(9,) (9,1, ))(€),

so that @ (w, -, (y,t)) € S(R4) for every w € UNS and for every (y,t) € R? x R, since A satisfies property
(S). In addition, the mapping

w = [(y,1) = (o 0 Tw)(09) (9,1, -]
belongs to £(S N U;S(R2™" x R;SA(R?))), so that the mapping

W= [(y7t) = @’Y((‘% ) (y7t))]
belongs to £(S NU;S(R?™ x R;S(R.))). Now, observe that the mapping
Uswe— ¢ ' € LR*™ xR x R% g; & R)
is of class C°°, so that also the mapping
iU X R™ 3 (w,9) = (5 (9,0,0) @) = (awl(63 ) (, 0,0)| 7L, (4,0,0))

is of class C'°°, thanks to Proposition 7.7. In addition, as in the proof of Lemma 8.1, we see that

my(§ + N(w),w(T)) = / By (0(w), &, (y,1))e ¥/ m =N 4y 1)
R271 xR

130bviously, this structure depends on w.
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for every v € IN"2, for every w € U, and for every £ > 0. Therefore, the preceding arguments and some
integrations by parts show that, for every ps € IN,

m(E+ Nw),w(T) = 3 ow(T) / (—iT)" 3, (0 (@), &, (y, B))e D=V 4y )

2nq
Ivl=h R

=2

[vI=h

w(T)Y
( P

N (w)rs /R | P B(0(@).€ (g te =N a (g, )
n1 X

for every h € IN, for every w € U, and for every £ > 0. Now, fix p1,p2, p3 € IN, and take h € IN. Apply Faa di
Bruno’s formula and integrate by parts ps times in the ¢ variable. Then, there is a constant C > 0 such that

(07957 m) (€, w(T))| < ON(w)" P2 7P2 (1 + N(w))*# / (1+[(y, ))*P2x

R2"1 xR
X max PP PP (g(w), € — N(w), (y,1))| d(y, 1)
p'=0,...,p2

for every (&, w(T)) € 0(La)°N(R x U), where 0(L4)° denotes the interior of o(L4). Here, |(y,t)| = |y|++/]t|
is a homogeneous norm on R?™ x R.

Now, take a compact subset K of UNS. Then, the properties of the ¢, imply that for every p, € IN there
is a constant C’ such that

C/
(L4 Pe(1+ |(y, )])2r2t2mts

8% (@, &, (v, )] <

for every v with length h, for every p’ =0,...,p1 + p2 + p3, for every w € K, for every £ > 0, and for every
(y,t) € R®™ x R. Therefore, there is a constant C”” > 0 such that

(1+ N(w))>r

P1 P2 w < "N (w h—p2—p3
(07 35 m) €. (T))] < "N )77 T

for every (&, w(T)) € 0(L4)° N (R x U) such that o(w) € K. By the arbitrariness of U and K, and by the
compactness of S, we see that we may take C” so that the preceding estimate holds for every (¢,w(T)) €
o(£4)° N (R x (R \ {0})).

Now, taking h — p3 > po we see that 97" 95*m extends to a continuous function on o(L£4) which vanishes
on Ry x {0}. If N(w) < 3, then observe that

+¢{<14+€—-N(w)

W N

é%—f—!—N(w)g

for every £ > N(w). On the other hand, if N(w) > %, then take p3 = po + ps + h and observe that
14+ Nw) <(1+2Nw))(1+¢§ - N(w)) <5N(W)(1+E& - N(w))
for every £ > N(w). Hence, for every ps € IN we may find a constant C””” > 0 such that

1

@ o m) € (TN < O e wra

for every £ > N(w). Now, extending [65, Theorem 5 of Chapter VI] to the case of Schwartz functions in the
spirit of [5, Theorem 6.1], we see that m € S(o(L4)). O

Theorem 9.3. Assume that G is the product of a finite family (G,).cr of 2-step stratified groups which do
not satisfy the MW condition; endow each G, with a sub-Laplacian L, and assume that (L,,iT,) satisfies
property (RL) (resp. (S)) for some finite family T, of elements of the second layer of the Lie algebra of G,.
Define L =73, ., L, (on G), and let T be a finite family of elements of the vector space generated by the T,.
Then, the family (C,—iT) satisfies property (RL) (resp. (S)).

Proof. Observe first that Theorems 4.4 and 4.6 imply that the family (L, (—i7;).,er) on G satisfies property
(RL) (and also property (S) if each one of the families (£,,77,) does). Therefore, the assertion follows from
Propositions 10.2, 10.3, 10.4, 7.11, and Corollary 10.7, since o(Ly, (—iT,).c1) is a semialgebraic (hence Nash
subanalytic) closed convex cone thanks to the remark at the beginning of Section 8. O
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10 Appendix: Composite Functions

We collect in this appendix a number of technical results used throughout the paper to establish properties
(RL) and (S) of ‘image families.’

10.1 Continuous Functions

In this subsection, we consider the following problem: given three Polish spaces X,Y, Z, a positive measure
pon X, a p-measurable mapping 7: X — Y, and a function m: Y — Z such that m o 7 equals p-almost
everywhere a continuous function, does m equal 7, (u)-almost everywhere a continuous function?

To this end, we introduce the following definition.

Definition 10.1. Let X be a Polish space, Y a set, u a positive Radon measure on X, and 7 a mapping
from X into Y. We say that two points z, 2" of Supp (1) are (u, w)-connected if 7w(z) = w(2’) and there are
T =x,...,05 =2 € 7 ' (m(x)) N Supp (1) such that, for every j = 1,...,k, for every neighbourhood U; of
x; in Supp (i), and for every neighbourhood Uj;; of x;41 in Supp (i), the set 7= (7 (U;) N 7(U;41)) is not
p-negligible. We say that p is m-connected if every pair of elements of Supp (¢) having the same image under
7 are (u, m)-connected.

Observe that (u, 7)-connectedness actually depends only on the equivalence class of i and the equivalence
relation induced by 7 on X. In addition, notice that, if Y is a topological space and 7 is open at some point
of each fibre (in the support of p), then y is m-connected.

We emphasize that, in the definition of (u, 7)-connectedness, the points x1, ...,z are fixed before con-
sidering their neighbourhoods. In other words, if for every neighbourhood U of z in Supp (1) and for every
neighbourhood U’ of 2’ in Supp (p) we found « = 1, ..., 2 = 2’ and neighbourhoods U; of x; in Supp (u)
so that U = Uy, U’ = Uy and, for every j = 1,....k, the set 7~ (m(U;) N w(Uj11)) were not u-negligible,
then we would not be able to conclude that x and z’ are (u, 7)-connected.

Now we can prove our main result. Notice that, even though its hypotheses are quite restrictive, it still
gives rise to important consequences.

Proposition 10.2. Let XY, Z be three Polish spaces, m: X — Y a p-measurable mapping, and p a -
connected positive Radon measure on X. Assume that 7 is p-proper and that there is o disintegration (Ay)yecy
of pu relative to m such that Supp (\,) 2 Supp (1) N7~ (y) for m.(u)-almost every y € Y.

Take a continuous map mo: X — Z such that there is map my:Y — Z such that mo(x) = (mq o 7)(x)
for p-almost every x € X. Then, there is a m.(u)-measurable mapping ma: Y — Z such that mg = mgom
pointwise on Supp (u).

Notice that, if 7 is also proper, then mq is actually continuous on 7(Supp (u)).

Proof. Observe first that there is a 7, ()-negligible subset IV of Y such that mom = mg Ay-almost everywhere
for every y € Y\ N. Notice that we may assume that Supp (¢) = X and that, if y € Y\ N, then the support
of A\, contains 71(y). Since mg is continuous and since mj o 7 is constant on the support of A, it follows
that myg is constant on 7~ (y) for every y € Y \ N.

Now, take y € 7(X) N N and x1,72 € 7~ (y). Let U(x1) and LU(x2) be the filters of neighbourhoods of
x1 and xo, respectively. Assume first that 7(U;) N (Us) is not 7, (u)-negligible for every Uy € 4U(x1) and for
every Uy € (z2). Take Uy € U(x1) and Us € $(z2). Then, there is yy, v, € #(U1) N7(Uz) \ N, and then
Thoy v, € Un N7 yu,0,) for b = 1,2, Now, mo(21,0,,0,) = mo(z2,0,,0,) for every Uy € $(x1) and for
every U € i(z2). In addition, xp 1, v, — 25 in X along the product filter of $(x;) and HU(x2). Since my is
continuous, passing to the limit we see that mg(z1) = mo(z2). Since p is m-connected, this implies that mg
is constant on P~1(y) for every y € m(X). The assertion follows. O

In the following proposition we give sufficient conditions in order that a measure be connected.

Proposition 10.3. Let Ey, Fs be two finite-dimensional vector spaces, L: E1 — Fs a linear mapping, C' a
closed convex subset of E1 and p a positive Radon measure on Ey with support C. Take a Polish subspace X
of E1 such that u(E1 \ X) =0, and assume that either X = C or C is a convex cone. Then, ux, that is, the
measure induced by pr on X, is L|  -connected.

Actually, there is no need that X be a Polish space, but we did not consider Radon measures on more
general Hausdorff spaces.
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Proof. We may assume that C' has non-empty interior. Then, we may find a non-empty bounded convex
open subset U of C' and an convex open neighbourhood V' of 0 in ker L such that U +V C C. Take r €]0, 1]
and x,y € C' N X such that y — x € V; take R, > 0 so that U C B(x, R,). Then, for every u € U we have
y+r(u—=z) € Bly,rRy) N[y,y — x +u] C B(y,rR;) N C; analogously, z + r(U — z) C B(z,rR,) N C. Since
L(z) = L(y), we infer that

L YL(B(z,7R,) NCNX)NL(B(y,7R,)NCNX)) D[z +r{U —2)|NnX.

Now, = + 7(U — z) is a non-empty open subset of C' = Supp (u), so that pux([xt + (U —2)|NX) = p(z +
r(U — )) > 0. The arbitrariness of  then implies that = and y are (u, L)-connected. The assertion then
follows easily if X = C.

Finally, assume that X # C, so that C is a convex cone; we may assume that C' has vertex 0. Then, given
z,y € CNX such that L(z) = L(y), we may find r, , > 0 such that, with the above notation, y —x € 7, ,V.
Then, 754U + 15,V C 15,V C C, so that the above argument shows that « and y are (i, L)-connected. The
arbitrariness of « and y then implies that ux is L| ,-connected. O

Now we present a result on the disintegration of Hausdorff measures, which is particularly useful to check
the assumptions of Proposition 10.2, and is a straightforward consequence of the general coarea formula
(cf. [29, Theorem 3.2.22]). Recall that a subset of R™ is said to be countably HF-rectifiable if it is the union
of an HF-negligible set and a countable family of Lipschitz images of bounded subsets of R¥. For example,
any countable union of k-dimensional submanifolds (of class C') of R™ is H*-measurable and countably
HFE-rectifiable, as well as any countable union of images of C* functions (defined on C'*° manifolds with a
countable base) of maximum rank k, thanks to [64, Theorem 1]. We refer the reader to [29, Theorem 3.2.22]
for the definition of the approximate k-dimensional Jacobian ap J P of a Lipschitz mapping P defined on an
HF-measurable and countably H*-rectifiable subset £ of R™ and taking values in R™. Notice that, if E is a
submanifold (of class C1) of R"™ and P is of class C, then ap J, P(z) is simply || A" T, (P)|| for every = € E,
where T, (P) denotes the differential of f.

Proposition 10.4. Let, for j = 1,2, E; be an H"* -measurable and countably H"i -rectifiable subset of R™ .
Assume that ko < ki1, and let P be a locally Lipschitz mapping of E1 into Es. Take a positive function
f € L _(HF) which vanishes one the complement of E1, and assume that f(x)ap Jy, P(x) # 0 for Hk1-

almost every x € Ey, and that P is (f - H")-proper.*
Then, the following hold:

1. the mapping

f ke —k
:R™ > »—>/ dH "2
g y P—1(y) akaQP

is well-defined H*? -almost everywhere and measurable; in addition,
P.(f-H") =g 1",

2. the measure ) F
By = gy
Y gy ap g, P
is well-defined and Radon for P.(f - H*')-almost every y € R"™; in addition, (B,) is a disintegration of
f - HF relative to P;

3. By is equivalent to X p-1(y) -HE =R for P (f - H*)-almost every y € Es.

10.2 Schwartz Functions

In this subsection we shall extend some results on composite differentiable functions by E. Bierstone, P.
Milman and G. W. Schwarz to the case of Schwartz functions by means of techniques developed by F.
Astengo, B. Di Blasio and F. Ricci.

We shall take advantage of the remarkable works of E. Bierstone, P. Milman and G. W. Schwarz about
the composition of smooth functions on analytic manifolds. Recall that, if M is a (real, finite-dimensional)
analytic manifold, then a subset A of M is called analytic if every x € M has a neighbourhood U such that
U N A is the zero locus of a (real) analytic function on U. The set A is semianalytic if every z € M has
a neighbourhood U such that U N A belongs to the algebra of subsets of U generated by the sets of the
form f71(]0,00[), where f is a (real) analytic function on U. The set A is subanalytic if every x € M has

M Thus, both f-H*1 and Py (f - H*1) are Radon measures.
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a neighbourhood U such that U N A = pry(B) for some analytic manifold N and some relatively compact
semianalytic subset B of M x N. The set A is Nash subanalytic of pure dimension k if it is closed, subanalytic,
and, for every x € A, dim, Y = dim Z, = k, where Z, denotes the smallest germ of an analytic set at x
containing the germ of A at x (cf. [11, 1.5]). A closed subanalytic set is Nash subanalytic if it is the locally
finite union of Nash subanalytic sets of pure dimension. We refer the reader to [9, 10, 11] for an account of
the main properties of semianalytic and (Nash) subanalytic sets. As a matter of fact, in the applications we
shall only need to know that any closed convex subanalytic set is automatically Nash subanalytic, since it is
contained in an affine space of the same dimension, and that closed semianalytic sets are Nash subanalytic
(cf. [9, Proposition 2.3]).

Our starting point is the following result (cf. [9, Theorem 0.2] and [11, Theorem 0.2.1]). If C is a closed
subset of R™, then we denote by £(C) is the quotient of £(R™) by the space of functions of class C*° which
vanish on C.

Theorem 10.5. Let C' be a closed subanalytic subset of R"™ and let P: R™ — R™ be an analytic mapping.
Assume that P is proper on C and that P(C) is Nash subanalytic. Then, the canonical mapping

P:ER™) 29— poPe&(C)

has a closed range, and admits a continuous linear section defined on ®(E(R™)).

In addition, ¢ € £(C) belongs to the image of ® if and only if for every y € P(C) there is ¢, € E(R™)
such that, for every x € C' such that P(x) =y, the Taylor series of ¢, o P and ¢ at = differ by the Taylor
series of a function of class C*° which vanishes on C'.

In order to simplify the notation, we shall simply say that v is a formal composite of P if the second
condition of the statement holds.

We shall now describe how Theorem 10.5 can be extended to the case of Schwartz functions. The strategy
developed in [5] is the following: first, decompose dyadically a given Schwartz function in a sum of dilates of
a family of test functions with a suitable decay; then, apply the section given by Theorem 10.5, truncate the
resulting functions (so that they are still test functions), and finally sum their dilates. In order to do that,
however, we need homogeneity.

Theorem 10.6. Let P: R™ — R™ be a polynomial mapping, and assume that R™ and R™ are endowed with
dilations such that P(r-x) = r - P(x) for every r > 0 and for every x € R™. Let C be a dilation-invariant
subanalytic closed subset of R™, and assume that P is proper on C and that P(C) is Nash subanalytic. Then,
the canonical mapping

O: SR™)>p—>poPeSO)

has a closed range and admits a continuous linear section defined on ®(S(R™)). In addition, v € S(C)
belongs to the image of ® if and only if it is a formal composite of P.

As a matter of fact, in our applications C is (a subset of) o(L4). Then, Theorem 10.6 gives suffi-
cient conditions in order that some f € Sp(,,)(G) which also belongs to K., (S(o(£4))) should belong to
Kp4)(S(a(P(La)))) (cf. Section 5).

Notice, however, that sometimes it is convenient to take C' so as to be a subset of o(L£4) such that
P(C) =0(P(L4)), since o(L4) need not be subanalytic.

Proof. For the first assertion, simply argue as in the proof of [5, Theorem 6.1] replacing the linear section
provided by Schwarz and Mather with that of Theorem 10.5.

As for the second part of the statement, notice first that it follows easily from Theorem 10.5 when 1) is
compactly supported; since the image of ® is closed, it follows by approximation in the general case. O

In the following result, we give a simple but very useful application of Theorem 10.6.

Corollary 10.7. Let V and W be two finite-dimensional vector spaces, C' a subanalytic closed convex cone
inV, and L a linear mapping of V into W which is proper on C. Take my € S(V), and assume that there
is mo: W — C such that my = mgo L on C. Then, there is ms € S(W) such that mqy = mgo L on C.

Proof. Observe first that we may assume that C' has non-empty interior and vertex 0. In addition, observe
that L(C) is subanalytic (cf. [10, Theorem 0.1 and Proposition 3.13]), hence Nash subanalytic. Now, fix
x € C. Since the interior of C' is not empty, it is clear that C' is a total subset of V', so that we may find a
free family (v;);es in C' which generates an algebraic complement V' of ker L in V. In addition, since either
2 =0 or z &ker L, we may assume that z € V’. Let L': W — V be a linear mapping such that L' o L is the
identity on V’ and such that Lo L’ is the identity on L(V).
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Define m’ := my o L', so that m’ € £(W). Next, define C’ := V' N C, so that C’ is a closed convex cone
with non-empty interior in V’, since it contains the non-empty open set ) jeg Riv;. Take z € C’ and any
yeCnN(x+kerL). Then, z+ 2= (L' oL)(x+2)=(L'oL)(y+ z), so that m; =m’ oL on y+ C’. Since
my is constant on the intersections of C' with the translates of ker L, the same holds on C'N (y 4+ C’ + ker L).
Now, denote by C’° the interior of C’ in V'. Then, y+ C’° +ker L is an open convex set and y is adherent to
C N (y+ C" + ker L), which has non-empty interior since it is not empty and C is the closure of its interior
(cf. [16, Corollary 1 to Proposition 16 of Chapter II, § 2, No. 6]). Hence, the Taylor polynomials of every
fixed order of m; and m’ o L about y coincide on C'N (y+ C’® +ker L), hence on V. Since this holds for every
y € C'N[x + ker L], Theorem 10.6 implies that there is mz € S(W) such that m; = mgo L on C. O
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