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1 Introduction

Consider a vector X = (X!,..., X)) e £O(RYN) of N random variables denoting a
configuration of risky factors at a future time 7T associated to a system of N enti-
ties/banks.

In the framework of Risk Measures, one of the first proposals, see [16], to measure
the systemic risk of X was to consider the map

p(X) :=inf{m e R| A(X) +m € A}, (1)

where
A:RY SR,

is an aggregation rule that aggregates the N-dimensional risk factors into a univariate
risk factor, and

A CL'R),

is a one-dimensional acceptance set. Systemic risk can again be interpreted as the
minimal cash amount that secures the system when it is added to the total aggregated
system loss A(X). The interpretation of is that the systemic risk is the minimal
capital needed to secure the system after aggregating individual risks.

It might be more relevant to measure systemic risk as the minimal capital that
secures the aggregated system by injecting the capital into the single institutions before
aggregating their individual risks. This way of measuring systemic risk can be expressed
by

N
p(X) := inf{Zmi |m=(mi, - ,my) e RV, A(X+ m) € A} . (2)
i=1
Here, the amount m; is added to the financial position X of institution i € {1,--- ,N}

before the corresponding total loss A(X +m) is computed (we refer to [3], [7] and [24]).

The main novelty of our paper [7] was the possibility of adding to X not merely a
vector m = (my, - ,mpy) € RV of cash, but, more generally, a random vector Y € C
in a class C such that

n=1

N
C CCrNL, where Cg:= {YEEO(RN)|ZYnER},

where the subspace £ C £°(RY) will be specified later. Here, the notation Zﬁle Y"e

R means that 22721 Y™ is equal to some deterministic constant in R, even though each
single Y", n=1,--- | N, is a random variable.
Then, the general systemic risk measure considered in [7] can be written as

N
p(X):inf{ZY"|YEC,A(X+Y)EA}7 (3)

n=1

and can still be interpreted as the minimal total cash amount 271:[:1 Y™ € R needed
today to secure the system by distributing the cash at the future time 7" among the
components of the risk vector X. However, contrary to , in general the allocation
y'? (w) to institution ¢ does not need to be decided today but depends on the scenario
w that has been realized at time T'. This corresponds to the situation of a lender of last
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resort who is equipped with a certain amount of cash today and who will allocate it
according to where it serves the most depending on the scenario that has been realized
at T'. Of course, in general, the use of scenario dependent allocation Y as in reduces,
in comparison to the deterministic case in , the minimal amount of capital p(X)
needed to secure the system. Restrictions on the possible distributions of cash are given
by the class C, as shown in the Example [T}

Definition 1 (i) We say that the scenario dependent allocation Yx = (Y¥)n € C is

a systemic optimal allocation for p(X), defined in , if it satisfies A(X +Yx) € A
N

and p(X) = Zn:l Yxn

(ii) We say that a vector (p"(X))n € RY is a systemic risk allocation of p(X) if
S (%) = p(X).

Even though, as mathematicians, we like well defined and sharp definitions, the
analysis of a system of financial institutions suggests that the concept of fairness is a
multi-faceted notion.

The aim of this paper is to analyze in detail the systemic risk measure in . In
addition to several technical aspects regarding such systemic risk measures, we will
answer the following main questions about fairness of risk allocations:

1. When is the systemic valuation p(X) and its optimal allocation Yx fair from the
point of view of the whole system?

2. When is a systemic risk allocation (p™(X))n € RY of p(X) fair from the point of
view of the whole system?

3. When are the systemic optimal allocation Yx € C and the systemic risk allocation
(p"(X))n € RY associated to p(X), fair from the point of view of each individual
bank?

We provide answers to these questions in the following introductory section without
entering in the mathematical details of our analysis which will be provided in the
subsequent sections. The optimal solution to the dual problem of the primal problem
will play a crucial role. It is a vector of probability measures Qx = (Q%(, e QQ ) which
will provide the fair valuation of the optimal random allocations through the formula
p(X) = 25:1 Eqn [Yx]. Existence and uniqueness of Qx is proved in Proposition
|Z| and Corollary El In Section |3| we introduce the setting of the paper and the main
assumptions, and we show that our optimization problems are well posed. The main
results are collected in Section [ where we first present our results in the Orlicz space
setting (introduced in Section and in Section |5, where the existence of the optimal
solution to p(X) (rl’heoremlﬂ)7 as well as other technical existence results, are provided.
To guarantee existence, we need to enlarge the environment and consider appropriate
spaces of integrable random variables. For this reason, we point out, in the course of
the paper, those results that admit an extension to the larger setting. The case with
exponential utilities and grouping of banks will be treated in details in Section [} where
meaningful sensitivity properties will be established as well.

In the rest of the paper, we shall assume that the aggregation function A is of the
form A(x) = Zﬁle un(zn) for utility functions un, n=1,--- , N.

2 Fairness of systemic risk measures and allocations

The main objective of this paper is to discuss various aspects of fairness of the systemic
risk measures p(X), random allocations Y € C, and risk allocations of the total systemic
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risk among individual banks. In this introductory section, we explain and motivate the
various fairness properties, both from the point of view of the society/regulator and
from the individual financial institutions. Precise definitions and statements, as well
as detailed proofs, will be given in the course of the paper. For the remaining of this
section, we assume that the infimum of the systemic risk measure

N
D un (X" +Y™)

n=1

N
X):= inf Y™ |E >B 4
p(X) Yel?ccﬁ{nzl | > } (4)

is attained for an optimal (random) allocation Yx = (Y)I(, e ,Y)J(V) € C, which will
turn out to be unique. Existence of such minimizer is proved in Section [5| Note that
(4) is a particular case of , where the function A is the sum of the utility functions
up, and A is the particular acceptance set A = {Z € L°(R), E[Z] > B} for a given
constant B.

We first introduce the related optimization problem

N
7(X):= sup {IE {Z un (X" +Y")

YeCcCCr

N
|y vn< A} : (5)
n=1

so that, if we interpret 22;1 un(X™ 4+ Y™) as the aggregated utility of the system
after allocating Y, then 7(X) can be interpreted as the maximal expected utility
of the system over all random allocations Y € C such that the aggregated budget
constraint Zﬁzl Y™ < A holds for a given constant A. In the following, we may write
p(X) = pp(X) and 7(X) = 7m4(X) in order to express the dependence on the minimal
level of expected utility B € R and on the maximal budget level A € R, respectively.
We will see in Section [£.2] that

B = m4(X) if and only if A = pp(X), (6)

and, in these cases, the two problems 74 (X) and pp(X) have the same unique optimal
solution Yx. From this, we infer that once a level p(X) of total systemic risk has been
determined, the optimal allocation Yx of p maximizes the expected system utility
among all random allocations of cost less or equal to p(X).

Once the total systemic risk has been identified as p(X), the second essential ques-
tion is how to allocate the total risk to the individual institutions. Recall that a vector
(p(X),---, pM (X)) € RV is called a systemic risk allocation (SRA) of p(X) if
Zﬁle p™(X) = p(X). For deterministic allocation, this property is known as the “Full
Allocation” property, see for example [13].

In the case of deterministic allocations Y € RY ,le. C = RN , the optimal deterministic
Yx represents a canonical risk allocation p™(X) := Yy. For general (random) alloca-
tions Y € C C Cg, we then follow the natural approach to consider risk allocations of
the form

p"(X) :=Egn[Yx] forn=1,--- N, (7)

where Q = (Q,---,Q") is a vector of probability measures with Zgzl Egn[Yx] =
p(X). In that way, p" (X) = Egn [Yy] can be understood as a systemic risk valuation of
Yy . Note that in our setting, besides providing a ranking in terms of systemic riskiness,
a risk allocation p"(X) can be interpreted as a capital requirement for institution n
in order to fund the total amount p(X) of cash needed. In this sense, the vector Q
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allows for the monetary interpretation of a systemic pricing operator to determine the
price (or cost) of (future) random allocations of the individual institutions. Obviously,
it is of high interest to identify fairness criteria, acceptable both by the society and
by the individual financial institutions, for such systemic valuation measures and their
corresponding risk allocations.

Now, consider the situation where a valuation (or cost) operator Q = (Ql, ceey QN )
is given for the system. Then, a natural alternative formulation of the systemic risk
measure and the related utility maximization problem in terms of the valuation pro-

vided by Q is

N
| Eon Y] < A} .9
n=1

Note that in and @ the allocation Y is not required to belong to Cr (that is adding
up to a deterministic quantity) but to a vector space L = M ® of random variables
introduced later. Thus, for the systemic risk measure pQ (X), we look for the mini-

N N
p(X) = pR(X) := inf {Z}EQn YE | un(X"+Y™)
n=1 n=1

YeM?®

N
xQ =9 = su Un (X" "
(X) = 73(X) YeAI}@ {E Lz_:l (X" +Y™)

mal (systemic) cost 25:1 Eg» [Y"] among all Y € M? satisfying the acceptability
(utility) constraint E [Zﬁle un(X™ + Y")} > B. Analogously, for 7?(X) we maxi-

mize the expected systemic utility among all Y € M @ satisfying the budget constraint
25:1 Egn [Y™] < A. Similarly as in (6), we will see in Section that

B= ﬂg(X) if and only if A = pg(X), (10)

and the two problems W? (X) and pg (X) have the same unique optimal solution.
The specific choice of a systemic valuation is the central question of this paper.

It will turn out that the optimizer Qx = (Q%,- Q%) of the dual problem of (4],

presented in detail in Section [f:I]and in Corollary [d] provides a systemic risk allocation

(EQ;{[Y;{]7 o (Bgy [Y']), see , with

N
D Egun YR] = p(X),
n=1
satisfying
pp(X) = pF*(X), (11)
ma(X) = 7 (X). (12)

Furthermore, by Proposition Yx is the unique optimal allocation to pg(X) and
p2X(X) in (TI). Similarly, 74 (X) and 73¥(X) in have the same optimal solution
Yx, see Section [5.3.2]

We now discuss fairness properties of the systemic risk measure p(X), the optimal
allocation Yx, and the systemic probability measure Qx with corresponding risk al-
locations Eq1 [Yx],-- By [Y'], both from the perspective of the society/regulator
and from the individual institutions.

Fairness from the perspective of the society/regulator. Consider the sys-
temic risk measure p(X) with C = R¥. In this case not only the total amount of
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cash p(X) but also the individual cash amounts Y € R™ allocated to the insti-
tutions are already known today (i.e., they are deterministic). Such a risk measure
only depends on the marginal distributions of X as can be seen from the constraint
E [Zﬁ;l un (X" + Y”)} > B in with Y™ deterministic. However, ignoring po-
tential dependencies among the banks might be over-conservative and too costly. By
considering scenario-dependent allocations Y € C D RN (and by that considering the
dependencies among the banks as was shown through examples in [7]), the consequen-
tial reduction of the overall cost of securing the system is beneficial to the society.
Additionally, the requirement Y € C and C C Cgr is important from the society’s
perspective as it guarantees that the cash amount p(X) determined today is suffi-
cient to cover the allocations Y at time 7' in any possible scenario. There might be
cross-subsidization (in the sense of a risk exchange) among the banks at time 7', but
25:1 Y™ = p(X) means that the system clears and no additional external injections
(or withdrawals) are necessary at time 7T'. In that sense, the requirement Y € C C Cg
is fair from the society/regulator’s perspective. Furthermore and most importantly,
by and , the optimal allocation Yx maximizes the expected systemic utility
among all allocations with total cost less or equal to A = pp(X).

Next, consider the systemic risk valuation using Qx. To explain one of the features
of Qx, observe first that p in keeps the classical cash additivity property

N
p(X+m) = p(X) — Z m" for all m € R and all X, (13)

n=1

which is a global property, see Section [£.3] for details. The local version associated to

@ s

N
d%p(X—l—emHg:o =- Z m"  for m eRY. (14)
n=1
The expression %p(X—l—Em)Lg:o represents the sensitivity of the risk of X with respect
to the impact m €R”Y and was named the marginal risk contribution by [3]. However,
such property can not be immediately generalized to the case where m € RN is replaced
by random vectors V, in particular when Zﬁ;l V™ is not a constant.
If the positions change from X to X 4+ ¢V7e;, where e; is the jth unit vector and
V7 is a random variable, then, we show in Section that the riskiness of the entire
system changes linearly by

d . .
£p(X+5V7ej)|E:0 =E [—V]], (15)

Q%
which shows that Qx can be naturally introduced as a systemic risk valuation operator.

Now, given a systemic risk valuation Q, one is naturally led to the specification
for a systemic risk measure. Note, however, that in the clearing condition
Zﬁle Y™ = p(X) is not guaranteed since the optimization is performed over all Y €
M2, Using the valuation with Qx is then fair from the society/regulator’s point of
view since, by Proposition the optimal allocation in fulfills the clearing condition
Y € Cg, and is in fact the same as the optimal allocation of the original systemic risk

measure in . From and we obtain

N
DV = p(X) = p¥(X) = Y Egp [¥K],
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which also shows that the selection of Eg, [] as the valuation functional is as fair
as computing p(X) as the infimum of Zi\;l Y™ , for admissible Y, and supports the
definition of Qx as the systemic probability measure.

Fairness from the perspective of the individual institutions. The essential
question for a financial institution is whether its allocated share of the total systemic

risk determined by the risk allocation (Eq1 Vo], -, (EQ% [YL]) is fair.
For the banks, the clearing condition Y &€ Cp is not relevant. Instead, given a vector
Q=(Q, - ,QN) of valuation measures, the systemic risk measure pg (X) in is

more relevant. Thus, by choosing Q = Qx, the requirements from both the society
and the banks are reconciled as seen from ([11)). Furthermore, with the choice Q = Qx,

we have by

N
TAX) =7 (X)= sup Y sup  Efun(X"+Y")],  (16)
27]:]:1 an=A, n:lEQ’}( [Y"]=an

see Lemma for details. Choosing A = pg(X), we obtain by and the fact that,
then, Yx is the optimal solution of ng (X), that Egy.. [Yx] = an, ZnNzl Eox. [YX] =
A and can be rewritten as

N
ma(X) =7 (X) =Y sup Efun(X"+Y")].
n=1Eqg [Yn]_lEQ§ [Yx]

This means that by using Qx for valuation, the system utility maximization in
@D reduces to individual utility maximization problems for the banks without the
“systemic” constraint Y € C:

Vn, sup {E[un(X" +Y")] | Eqy [Y"] = Eqy [YX]} -
YTL

The optimal allocation Yx and its value Eqy [Y¥] can thus be considered fair by the
nt" bank, as Yy maximizes the individual expected utility of bank n among all random
allocations (not constrained to be in Cr) with value Eqy [Yx|. This finally argues for
the fairness of the risk allocation (Eq1 [YVa],--- Equ [Y']) as fair valuation of the
optimal allocation (Y, ---, Y& ).

Another desirable fairness property is monotonicity. It is clear that if C; C Co C Cg,
then p1(X) > p2(X) for the corresponding systemic risk measures

N
pi(X) ::inf{ZY”|YeCi,A(X+Y) GA}, i=1,2.

n=1

The two extreme cases occur for C; := RY (the deterministic case) and C2 := Cg
(the unconstraint scenario dependent case). Hence we know that when going from
deterministic to scenario-dependent allocations the total systemic risk decreases. It is
then desirable that each institution profits from this decrease in total systemic risk in
the sense that also its individual risk allocation decreases:

pr (X) > p5(X) for each n =1, ..., N. (17)

The opposite would clearly be perceived as unfair. This is discussed in the exponential
setting of Section[6.2] where we show that holds when p7' (X) := Y7" and p5 (X) :=



8 Francesca Biagini et al.

Eqp[Y3'] (where Y)" is the optimal allocation to the systemic risk measure p;(X)
associated to Cj, so that Y7" € R is deterministic, and Q2 is the systemic probability
measure associated to p2(X)). By using a probability measure R different from Q2 to
compute the risk allocation p5 (X) = Egn[Y3'], the property is lost in general.

Additional fairness properties related to the systemic probability measure Qx are
addressed in Section [6.1] Proposition [T§]

We conclude this Section with a literature overview on systemic risk. In [19], [12]
and [I8] one can find empirical studies on banking networks, while interbank lending
has been studied via interacting diffusions and mean field approach in several papers
like [28], [26], [15], [35], [5]. Among the many contributions on systemic risk modeling,
we mention the classical contagion model proposed by [23], the default model of [31],
the illiquidity cascade models of [30], [34] and [37], the asset fire sale cascade model
by [17] and [I4], as well as the model in [42] that additionally includes cross-holdings.
Further works on network modeling are [1], [40], [2], [32], [4], [2I] and [22]. See also
the references therein. For an exhaustive overview on the literature on systemic risk
we refer the reader to the recent volumes of [33] and of [27].

3 The setting

We now introduce the setting and discuss some fundamental properties of systemic
risk measures. Given a probability space (2, F,P), we consider the space of random
vectors

L0 =P RY) = (X =(x',... . xM) | x" e L%, F,P;R), n=1,--- ,N}.

The measurable space (2, F) will be fixed throughout the paper and will not appear in
the notations. Unless we need to specify a different probability, we will also suppress P
from the notations and simply write L° (RN ). In addition, we will sometimes suppress
Rd, d =1,..., N, in the notation of the vector spaces, when the dimension of the random
vector is clear from the context. When Q = (Ql, ...7QN) is a vector of probability
measures on (2, F), we set L}(Q) := {X = (X},...,xN) | X" € LY(Q"), n =

1,---, N}. Unless differently stated, all inequalities between random vectors are meant
to be P-a.s. inequalities.
A vector X = (Xl, ey XN) € LY denotes a configuration of risky factors at a future

time T associated to a system of N entities. We assume that L° (RN ) is a vector lattice
equipped with the order relation

X, =Xy if Xi>XsP—as Vi=1,---,N. (18)

Let Cr be the linear space

N
Cr:={Y e L'RY)| Y YY" eR}. (19)

n=1

Here we use the notation 22]:1 Y™ € R to denote that ZTJLI Y™ is equal to some
deterministic constant in R, even though each single Y™, n = 1,--- | N, is a random
variable.

By following [7], we consider systemic risk measures

p: L= RU{co}U{—00},
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of the form

N

p(X) ::inf{ZY"|Y€C, A(X—i—Y)eA}, (20)
n=1

where the map

A:RY SR,

is an aggregation rule that aggregates the N-dimensional risk factor into a univariate
risk factor, A CL°(R) is a one dimensional acceptance set and the set C of admissible
random elements satisfies C C Cg N L, where

£ C L' (P;RY),
is a vector subspace containing RN , that will be specified in the sequel.

Ezxample 1 We now introduce one relevant example for the set of admissible random
elements, which we denote C(™.

Definition 2 Set ng = 0. For h € {1,--- N}, let n := (n1,--- ,n;) € N, with
Nm—1 < nm forallm =1,---  h and njy := N, represent some partition of {1,---, N}.
We set I, := {nm-1+1,-- ,nm} for each m = 1,---  h. The cardinality of each
group is denoted with Ny, := npm — nm—1. We introduce the following family of allo-

cations C(™ = C(()n) N L, where

C(()">{Y6LO(RN) 3d=(di,--,dp) €R" : > Yi=dpyform=1,- hyCCr.
1€,

(21)
For a given n := (n1,---,ny), the values (d1,--- ,d}) may change, but the number
of elements in each of the h groups I, is fixed by the partition n. It is then easily
seen that C™ is a linear space containing RY and closed with respect to convergence
in probability. Beside the obvious interpretation of the restrictions imposed to the
elements Y EC("), we point out that the family €™ admits two extreme cases:

(i) the strongest restriction occurs when h = N, i.e. we consider exactly N groups,
and in this case ¢™ = RN corresponds to the deterministic case;

(ii) on the opposite side, we have only one group h = 1 and cm = Cr N L is the
largest possible class, corresponding to arbitrary random injection Y €L with the
only constraint Zﬁ:;l Y™ eR.

3.1 Assumptions and properties of p

We now specify further properties of systemic risk measures of the form under
some additional, but still general hypotheses. In the sequel we will always work under
the following

Assumption 1

1. ccrt (P RN); Co C Cr and C = CoN L is a convex cone satisfying RY C C C Cg.
2. A(x) = ZnNzl un(z™) where un : R — R is increasing, concave, and limgz_, o ""T(x) =
+o0.

3. B < A(400), i.e. there exists M € RY such that A(M) > B.
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4- A:={Z e L'(P;R) | E[Z] > B}.

As C is a convex cone containing RN, Y46 eC for every Y € C and any deterministic
5 RN,
Under Assumption |1} a systemic risk measure of the form (20) can be written as

N

p(X) :—inf{ZY"|YeC,]E

n=1

N
> un(X"4Y")
n=1

> B}. (22)

Note that there is no loss of generality in assuming that uy,(0) = 0 (simply replace B
with B — ZnN:1 un(0)), and that a natural selection for B is B := 25:1 un(0). In
this case p(0) < 0. The proof of the following proposition, which exploits the behavior
of un at —oo, is given in Appendix [A1]

Proposition 1 For all X €£ we have p(X) > —oo.

The domain of p is defined by

dom(p) :={X €L | p(X) < +o0}.

Proposition 2 The map p : L — RU{+o0} in is convex, monotone decreasing
and satisfies

{X eL | E[A(X)] > —oo} C dom(p),
and so (L (RN)YN L) c dom(p). If Elun(X™)] > —oco for each n and all X € L, then

N
p(X)=p (X)) := inf{ZY” |YeC E

n=1

N
> un (X" +Y")
n=1

= B} , X € dom(p).

If, in addition, for each n, un : R — R is strictly concave and there exists an optimal
allocation Yx = {Yx},, € Co N L of p(X), then it is unique.

Proof By Proposition [1} we know that p : £ — RU{+o00} and then convexity and
monotonicity are straightforward. Let X €L such that E[A(X)] > —oo, m € R and set
1=(1,---,1). Then X+ml t +oo P-a.s. if m — +o0. As E[A(X)] > —oco, we have that
E[A(X+m1)] > —oo for m > 0, and by monotone convergence it follows that E[A(X+
m1)|1A(+00) > B. Since RY C C, then m1 € C and {Y € C, A(X+Y) € A} #0, so
that p(X) < +oo.

We now claim that if E[A(X 4 Y)] > B then Y € C can not be optimal:

N
Y eCand EAX+Y)]>B= > Y">p~(X). (23)

n=1

Indeed, the continuity of un, and E[un,(Z")] > —oo for all Z € £ imply the exis-
tence of § ERf, § # 0, such that E[A(X +Y —§)] = B and so, as Y—4§ € C,
p~(X) < Zﬁf:l(Y" -6 < ZTILI Y™. This readily implies p(X) = p~(X), other-
wise if p(X) <p~(X), then by definition of p(X), there would exist € > 0 and Y € C
satisfying E[A(X+Y)] > B and nyzl Y™ < p(X)+e<p™ (X), which contradicts .
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We now show uniqueness by contradiction. Suppose that p(X) is attained by two
distinct Y1 € C and Y2 € C, so that P(Y] # Y3) > 0 for some j. Then we have

N N N
pX)=) V'=3 Yy and E [Z un (X" + Y| = B for k=1,2.
n=1 n=1 n=1

For A € [0,1] set Y := AY1 + (1 = A)Y2. Then Y, € C, as C is convex. This implies

N N
IREE
n=1 n

and for A € (0,1)

N
Y+ (=) Y8 =p(X), vA€[0,1],
1 n=1

N N
B=)\E {Z un (X" + Y1) | + (1= NE | Y un(X" +73")| <
n=1 n=1
N N
<E D unAX"AY 4+ (1= )X "+(1 = 0¥ | =E [ > un(X" + YY) |,
n=1 n=1

where we used that u; is strictly concave and IF’(Ylj # Y2j ) > 0. This is a contradiction

with p(X) = p~(X) and (23).

Remark 1 (Extension to L'(Q)) The extension of Proposition [2| to the case where
Y eCon LI(Q) (instead of Y € Cp N L) would a priori require Assumption , as in
this case we can not guarantee E[u,(Z™)] > —oo for all Z € L*(Q), sece Remark
However, we will obtain uniqueness also for Y € Co N Ll( Q), based on the uniqueness
of the solution to p@* (X), see Remark |5, and on Remar

3.2 Orlicz setting

We now study some important properties of systemic risk measures of the form in
a Orlicz space setting, see [38] for further details on Orlicz spaces. This presents several
advantages. From a mathematical point of view, it is a more general setting than L°°,
but at the same time it simplifies the analysis, since the topology is order continuous
and there are no singular elements in the dual space. Furthermore, it has been shown in
[10] that the Orlicz setting is the natural one to embed utility maximization problems,
as the natural integrability condition E[u(X)] > —oo is implied by E[¢(X)] < +o0.
Let u : R — R be a concave and increasing function satisfying limz—s oo M"T(m) =
~+o00. Consider ¢(z) := —u(—|z|) +u(0). Then ¢ : R — [0, +00) is a strict Young func-
d(x) _

X

tion, i.e., it is finite valued, even and convex on R with ¢(0) = 0 and limy—, |
+o00. The Orlicz space L? and Orlicz Heart M? are respectively defined by

L? = {X e L°(R) | E[¢(aX)] < 400 for some a > 0}7 (24)

M? = {X e L°(R) | E[¢(aX)] < +oo for all a > 0}, (25)
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and they are Banach spaces when endowed with the Luxemburg norm. The topological
dual of M? is the Orlicz space L? , where the convex conjugate ¢* of ¢, defined by

¢ (y) :=sup{zy — ¢(2)}, y €R,
zER
is also a strict Young function. Note that
E[u(X)] > —occ if E[¢(X)] < 4o0. (26)

Remark 2 Tt is well known that L (P;R) € M? C L® C L'(PP;R). In addition, from
the Fenchel inequality zy < ¢(z) + ¢*(y) we obtain

(olx)) (353 ) < otalx) +47 (2.

and we immediately deduce that ﬁ—% cL? implies L® C Ll(Q; R).

Given the utility functions ui,---,uny : R — R satisfying Assumption |1} with
associated Young functions ¢1,--- , ¢, we define
M% =M% x o x MOV, L®=L% x ... x L9V (27)

and consider
£=M?,

ie. p: M?® - RU {+00}. Under Assumption M? coincides with the domain of p
and the systemic risk measures of the form have good properties if restricted to
M? . Recall also that

C=ConM?.

Proposition 3 The map p : M? - RU{+o0} defined in is finitely valued,
monotone decreasing, convex, continuous and subdifferentiable on the Orlicz Heart
M? = dom(p).

Proof The equality M® = dom(p), so that p : M® - R, follows from Proposition
the definition of M? in (25), and (26]). The remaining properties are a consequence of
Proposition [2, Theorem [9[in Appendix and the fact that M? is a Banach space.

In the following section we will start presenting our results in the Orlicz space
setting. When the utility functions un, are of the exponential type, the Orlicz Heart M®
is sufficiently large and it contains the optimal allocation Yx to p(X), see Section @
This of course also happens in the case of general utility functions on a finite probability
space. However, for arbitrary utility functions and a general probability space, the
existence technical results established in Section [5| require a larger space of integrable
random variables.
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4 Main results
4.1 Dual representation of p

We now investigate the dual representation of systemlc risk measures of the form

. When Z € M? and ¢ € L', we set E[¢Z] := Z E[¢"Z"] and, for & W €
L% EqlZ] = Zﬁle Egn[Z"]. We will frequently identify the density d—ﬁg with the

associated probability measure Q < P.

Proposition 4 For any X EM(‘b,

p(X —ggg{ZEQn— —aAB(Q)} (28)

where the penalty function is given by

an(Q {ZEQn[ Z"},er, (29)
with A := {z eM® | SN Elun(Z27)] > B} and

N
D := dom(as,g)N {‘f;; €LY |QM(2)=1VYn and Y (Eqn[Y"]—Y™) <0 for all Y € Con M?

n=1

(30)

(i) Suppose that for some i,j € {1,--- ,N}, i # j, we have (e;14 —ej14) € C for
all A e F. Then

N
Ddom(aA,B)m{ﬁ eLl? |QUR)=1Vn, Q' =Q’ and D (Eqn[Y™]—Y™) <0 forall Y € c}.

n=1
(ii) Suppose that £(e;la —ejla) €C for alli,j and all A € F. Then

D= dom(ar )0 { G2 €21 1@ (@ =1, Q" =@ v}

Proof The dual representation is a consequence of Proposition [3|, Theorem El and
of Propositions 3.9 and 3.11 in [29], taking into consideration that C is a convex cone,
the dual space of the Orlicz Heart M? is the Orlicz space L?  and M® = = dom(p).
Note that from Theorem |§| we know that the dual elements € € L+ are posmve but a
priori not normalized. However, we obtain E[¢"] = 1 by taking as Y = +e; € RN

using Zﬁle(f"(Y") —Y™) <0forall Y € C, sothat £&/(1)—1 < 0 and &/ (— 1)+1 S 0
imply Ej (1) = 1. This shows the form of the domain D in . Furthermore:

(i) Take Y :=¢;14 —ejly € C. From Zn 1(@"(Y™) —=Y™) <0 we obtain Qi (14) —
Ig 4+ Qi(=14)+14 <0, ie, Ql(A) @’ (A) < 0 and similarly taking Y :=
—eila+ejly €C, weget Q7(A) —Q'(A) <0.

(ii) From (i), we obtain Q" = Q7. In addition, we get Ziv:l(EQ Y"]-Y") =Eq [Zﬁ;l Y"]-
22;1 Y™) =0, as ZnN:1 Y™ eR.
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Proposition [] guarantees the existence of a maximizer Qx to the dual problem
and that a4, p(Qx) < +00. Uniqueness will be proved in Corollary

Definition 3 Let X e M?. An optimal solution of the dual problem (28) is a vector
of probability measures Qx = (Q%, - - ,QX) verifying QX € D and

N
p(X) =Y Egy[-X"] - as5(Qx): (31)

The probability measures Q having density in D could be viewed, in the systemic
N-dimensional one period setting, as the counterpart of the notion of (P-absolutely
continuous) martingale measures. Indeed, as Y € Cy C Cg, 25:1 Y™ € R is the
total amount to be allocated to the N institutions and then the total cost or value
ijzl Egn [Y"] should at most be equal to 25:1 Y™, for any “fair” valuation operator
Q, that is —Q €D.

There ex1sts a simple relation among ppg, pg and ay B(Q) defined in , . and
, respectively.

Proposition 5 We have

PRX) == Eqn[X"] - a45(Q), (32)

and
*(X) = pp(X), (33)
where Qx 1s an optimal solution of the dual problem @

Proof We have

N N
—ap,5(Q) = inf{z Egn[2"]|Z eM® and Y Efun(2")] > B}

n=1 n=1

N N
= inf { Y E@n[X"+Y" | Y eM? and Y Elun (X" +Y")] > B}

n=1 n=1

= Z Eqn[X"] + PB( )s
which proves (32). Then from and we deduce
Z Eqy [X"] = aa,5(Qx) = pp(X).

Remark 3 If @ € D then 4 Egn[Y"] < N oy forall Y € C, so that
dP Q n=1

N
lnf{ZEQn |YEM and ZEunX +Y" )]>B}

n=1

IA

N N
inf{z Eqr[Y"] | Y €Cand »  Efun(X" +Y")] > B}

n=1 n=1

=

N

inf{z Y'Y eCand Y Efun(X" +Y")] > B} = pp(X).

n=1 n=1

IN
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Then shows that

pp(X) = max PR (X) = pF*(X),

which means that pp is the most conservative among those risk measures pg defined
through fair valuation operators % € D. In this respect, the probability measure Qx
plays, in the theory of systemic risk measure, an analogous role played by the minimax
martingale measure in the theory of contingent claim valuation in incomplete markets,

see [6] for details.

We now turn our attention to the uniqueness of the optimal solution to the problem
(29). The proof employs the same arguments used in the proof of Proposition

Lemma 1 If each un is strictly concave and Oé/LB(Q) < +oo, then there exists at
most one Z eM® satisfying
N

N
aAn(@Q) =Y Equl-2"] and Y Efun(2")] 2 B. (34)

n=1

Proof Set
N

¢ (Q):=inf {

First we show that if E[A(Z)] > B then Z e M? can not be optimal:
N
Z eM® and E[A(Z)] > B==> Y Eq:[2"] > c(Q). (35)
n=1
Indeed, the continuity of un, E[un(Z")] > —oo for all ZeM? and E[A(Z)] > B
imply the existence of § G]Rf, § # 0, such that E[A(Z—6)] = B and therefore
(Q) <30, Egn[2™ = 6" < 0L, Egn[2"]. Then

Egn[2"] | Z eM?®, E[A(Z)] = B} .

n=1

N
c(Q) := — ay 5(Q)=inf { > Eq-[2"]| Z eM?, E[A(Z)] > B} =c(Q)
n=1

Indeed, —o0 < ¢(Q) <c¢™(Q) and assume by contradiction that ¢(Q) < ¢~ (Q). By defi-
nition of ¢(Q), there exist ¢ > 0 and Z € M? such that E[A(Z)] > B and Zﬁle Egn[2"]
c(Q) +e<c™(Q), which contradicts (35)). For the uniqueness, let us suppose that ¢(Q)
is attained by two distinct Z1 € M? and Zs € M?, so that P(Z] # Z3) > 0 for some
j. Then we have

N N N
Q) =) Eqge[27] =Y Eqnl23] and Y Efun(Z})] > B for k=1,2.
n=1 n=1 n=1
For A € [0,1] set Zy := AZ1 + (1 — N)Z2 € M?. Then YN Epn[2}] = ¢(Q),
VA € [0,1], and for A € (0,1)
N

Z un(Z7)

n=1

N
<E Z un(Zy)

n=1

B <)E

)

N
+(1-AE {Z un(Z5)

where we used the strict concavity of u; and ]P’(Z{ # Z%) > 0. This is a contradiction

with ¢(Q) = ¢=(Q) and (35).

<
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Remark 4 (Extension to L'(Q)) It is possible to extend Lemma [1| to the case where
Z e Ll(Q) by applying the simple argument stated in Remark So, if each uy is
strictly concave, there exists at most one Z ELI(Q) satisfying li

Remark 5 (Uniqueness) Suppose that each up is strictly concave. The existence of an
optimizer Y q for the problem pg (X) will be proved in Section The uniqueness of
Z eM? (or Z € L*(Q)) for as,5(Q), shown in Lemma | also implies the uniqueness of
the optimizer YQeM? (or YQeL'(Q)) for p2(X), as p2(X) = — 1N | Egn[X"] -
a,,p(Q), thanks to Proposition With a similar proof to the one of Lemma we may
replace the inequality with an equality sign in the budget constraint in the definition
of p3(X)

5 .

Example 2 Consider the grouping Example As €™ is a linear space containing
RY, the dual representation applies. In addition in each group we have +(e;14 —
ejla) € C¢™ for all i, in the same group and for all A € F. Therefore, in each group
the components Q°, i € I, of the dual elements are all the same, i.c., Q' = @7, for
all 4, j € I, and the representation (28]) becomes

h
( glg% Z keZ] (EQm ]) - aA,B(Q) = glg% {mz_l ]EQm [*Ym} — aAyB(Q)} ,
(36)
with
aQ

D :=dom(a,,p) N {d]P’

€L Qi = Qi) € I, () = 1}

and X, 1= > kel X*_ Indeed,

h
Z(EQn [Y"]-Y™) = Z > (Bgn[Y*]- Z Egn | Y Y| =Y vF| =0,

m=1kel, k€l k€l

asy el Y* € R. If we have only one single group, all components of a dual element
Q € D are the same.

Remark 6 Consider the grouping Example [1] Let Q = (@}, - ,Q")p=1,... N be a
vector of probability measures with the property that in each group the components
Q' i € Im, satisfy Q' = Q™ for all i € Iy,. Then (Eq, [Yx], .., Eqy [Y&']) is a systemic
risk allocation as in Definition , ie.,

N h h
k
pX) = Equ[¥x]= Y > EgulYx]=) d
n=1 m=1kel,, m=1
Indeed, for such a vector (Q',---, Q™) of probability measures we have

> Egn[¥X] =Eqm | Y Y% | =Egm [dn] = dm.
kel kel

Returning to our general setting, from now on, we work under the fol-
lowing two assumptions, with the understanding that Assumptionwill hold with
respect to the probability measures (Q or Qx) involved in the statements of the results.
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Assumption 2 In addition to Assumptions[l, we assume that for anyn=1,--- N,
n : R — R is increasing, strictly concave, differentiable and satisfies the Inada condi-
tions
up(—00) := lm up(x) = +oo, up(+o0) := lim wul,(z) = 0.

T—r—00 Tr—+00

Some useful properties on the convex conjugate function vn (y) := sup,eg {un(z) — zy}
are collected in Lemma The following additional Assumption [3] is related to the
Reasonable Asymptotic Elasticity condition on utility functions, which was introduced
in [41I]. This assumption, even though quite weak (see [§] Section 2.2), is fundamen-
tal to guarantee the existence of the optimal solution to classical utility maximization
problems (see [41] and [g]).

Assumption 3 For anyn=1,--- ,N, vy and Q" < P satisfy
aQ" . aqQn
E[Un <W)] < oo iff E[vn <)‘W < o0, YA>0.

From the Fenchel inequality

n ndQ" Q"
un(X") < X W_‘_Un(dﬁ”) P a.s.

we immediately deduce that if X € L*(Q™) and E [vn (%)} < oo then E [u, (X™)] <
—+00.

Proposition 6 When CY/LB(Q) < +o00, then the penalty function in can be writ-
ten as

anp(Q) = ;gg{i%n[z"]} = juf (il” A ZE [ < dg)D ’

n=1 n=1
and E [wn ( @)} < oo for all n and all X > 0.

Proof In Appendix [A]

Proposition 7 When ay g(Q) < +oo, the infimum is attained in , i.e.,

05 (Q) = ZEVQH i (74| (39)

where \* > 0 is the unique solution of the equatimEI

R S R 9 S

n=1

1 Note that A\* will depend on B, (un)n=1,...,N and (dd]}{") L N
ne=1....

[
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Proof Set &, := % > 0 a.s.. Recall from Lemma [10| that v, is strictly convex with
vn(400) = 400, vn(0+) = un(400), limz— 400 % = 400 because of Assumption
and vy, is continuously differentiable. As uj,(+00) = 0 and uj,(—00) = +o0, we get
v5,(0) = —o00 and v}, (+00) = +o0.

Set n = % € (0,+00) and consider the differentiable function F : (0, +00) — R defined
by

F(n) = —Bny + niE [vn (%gn)} .

Then ay p(§) = infy>o F(n) and can be rewritten as
Fn) = 0 (40)

with
F'(n) = =B+ i:lE [vn <%€n>} - ;,éE {fnvé Gﬁﬂ)} .

Note that if n* > 0 is the solution to (40)), then by replacing such n* into F(n) we
immediately obtain .

Next, thanks to the integrability conditions provided by Lemma [J} we show the exis-
tence of the solution n* > 0 of . First we consider n — 4-00. Since 22[:1 v (0F) =

ZN un(400) > B by Assumption (1} we have that

n=1

o 1
liminf —B + E [vn <f£n>} > 0.
n

7—+00 1
Moreover, v},(0) = —oo shows that
1 1
liminf—= 3 "E [gnv; ({”H > 0.
n—+oo 1 1 n

Hence lim infy— o0 F'(n) > 0. We now look at n — 0:
a 1 1Y 1
lim F'(n) = —B+ lim Y E [vn <—5n)] --) E [fnv; (fsn)]
n—0 =0 £~ n n = n

N N
~B+ lim szl E[vn (t62)] =t Y E [€nvp (tn)]

n=1

N
=-B+) lim B [on (tn) — t€nvn ()]
n=1

The convexity of vy, implies that for any fixed zo > 0 and z > 29

vn(2) —vn(20) < v (2)(2 = 20).

From lim,_ 4 o0 U(ZZ) = +00, vp(2) = +00 as z — +oco and

vn(2) — zop(2) < vn(20) — zovn(2) | —o0 as z — +oo,
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we have by monotone convergence

lim E [vn (tn) — ténvn (tn)] = —oo,

t——+oo

so that liminf, o F'(n) = —co. By the continuity of F’ we obtain the existence of
the solution n* > 0 for . Uniqueness follows from the strict convexity of F.

Example 3 Let A = EnN:1 un with un : R = R up(z) = —e™ %, ay, > 0, for each

n, and let B < 0. Then, vy, (y) = aln In(%). From the ﬁrst order condition (39) we

obtain that the minimizer is \* = ﬁ , Wlth b= Zg 1as . Therefore, from |. we

have

N N
_ Q" s (\»dQ" 1 B
@3 e G () X (e ()

(41)

where H (Q",P) :=E [% In (d Pn )} is the relative entropy.

4.2 Fairness in the details

We now turn to the details of the introductory Section [2] and establish important
relations between primal problems (4]) and ( . and problems (8] and @D

Note that in this section, we do not assume the ex1stence of an optimizer for
problems or . We work under Assumptions [2[ and
Let A € R, B € R. As up, is increasing, in both problems and (5) we may replace the
inequality in the constraints with an equality, and due to strict concavity the solution,
if it exists, is unique (see Proposition and Remark. Recall that under Assumptions
C isN a convex cone and therefore, if Y € C, then Y + § € C for every deterministic
0 € R™.

Proposition 8 B = 74(X) if and only if A = pp(X), and in this case the unique
optimal solution, if it exists, is the same for the two problems w4 (X) and pp(X).

Proof <) Let A = pg(X) and suppose first that 74 (X) > B. Then there must exist
Y € C such that ZN, Y™ < Aand E [ZN, un (X" + f/”)} > B. By continuity of

Un, then, there exists ¢ > 0 and Y := Y — ¢1 such that E [Z un (X" +Y")| > B

n=1

and anl Y™ < A. This is in contradiction with A = pg(X).
Suppose now that w4 (X) < B. Then there exists § > 0 such that

N
D un(X"+Y™)

n=1

SBiéy

for all Y € C such that ZN Y™ < A As A = pp(X), for all € > 0, there exists
Y. € C such that Z 1Y < A4 € and E [Z 1un(X"+Y")} > B. For any
n>e> Zg LY — A, we get Zn L (Y —3F) < Ade—n < A. By continuity of up, we

may select ¢ > 0 and n > € small enough so that E [Z un (X" + Y — —)} > B-$.

n=1

AsY = (Y2 — %)n € C, we obtain a contradiction.
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Suppose that there exists Y € C that is the optimal solution of problem . As
A := pp(X), then Zﬁ;l Y™ = A and the constraint in problem is fulfilled for
Y. Hence, B=m4(X) > E %5_1 un (X™ + Y”)} > B and we deduce that Y is an

optimal solution of problem (5|
=) Let B = m4(X) and suppose first that pg(X) < A. Then, there must exist

Y € C such that E [Zn L un(X™+ Y”)} > B and ZN_ Y™ < A. Then, there exists

e>0and Y :=Y +¢1 € C such that Z Y"<Aand E [Zn L un(X™ + Y”)}
B. This is in contradiction with B = WA(X).

Suppose now that pg(X) > A. Then, there exists § > 0 such that ZTJLI Y™ > A+4
for all Y € C such that E [Z _qun(X" 4+ Y”)} > B. As B=m4(X), foralle >0

there exists Y: € C such that E [Z un(X™ + YE")} > B —¢ and 25:1 Y < A

n=1
Define 7. := inf {a >0:E [anl un (X" + Y+ %)} > B} and note that ne | 0 if
€} 0. Select € > 0 such that ne < d. Then, for any 0 < 8 <  — e we have

N

> un(X" Y+

n=1

ne + B
_ >
N ) B,

and Zﬁle(YE" + #) <A4n+B<A+6 As (Y + #) € C, we obtain a
contradiction.
Suppose that there exists Y € C that is the optimal solution of problem and

set B := m4(X). Then E [Zn L un(X™ + Y")} = B and the constraint in problem

is fulfilled for Y. Hence, A = pg(X) < Zf:;l Y™ < A and we deduce that Y is an
optimal solution of problem (). As pp(X) admits at most one solution by Proposition
the same must be true for m4(X).

Remark 7 (Extens1on to L'(Q)) The extensmn of Proposition I to the case where
Y € Co N LY(Q) requires Assumption (85)), see Remark [14 .

Now consider the situation where a valuation operator Q= (Ql7 e ,QN) such
that dQ € L? is given for the system. Note that PR Q(X) < +o0 and W?(X) > —o0.
Then, 51m11arly as in Proposition |8} we obtain

Proposition 9 B = 77 (X) < oo if and only if A = pg (X) > —oo, and the two
problems have the same optimal solution Y q.

Proof <) Let Y be an optimal solution of problem and set A := pg (X) > —o0.
Then ZnN:1 Egn [Y™] = A and the constraint in problem (9) is fulfilled for Y. Hence,

Q(X) >E {ZN_ un (X™ +Y")] > B. If ﬂ?(X) > B, then there exists Y € M®
such that Z _1Eon [Y”} < A and E [Zn 1 un(X™ +Y”)} > B. Then, there ex-
ist e >0and ¥ := Y —el € M? such that E [Zn 1un(X"—|—Y")} > B and
Zg_l Egn [?"} < A. This is in contradiction with A = p3 Q(X). Hence, A Qx)=nB
and 3 Ax) = E [Zn L un(X™+ Y")}, and therefore, Y is an optimal solution of
problem (9).
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=) Let Y be an optimal solution of problem () and set B := 7, (X) < +oo.
Then we have E [Zn 1 un (X" —|—Y")] = B and the constraint in problem is
fulfilled for Y. Hence, p(X) < N Egn [Y"] < A. If p2(X) < A, then, there
exists Y € M? such that E [25:1 un (X" + 17”)} > B and 25:1 Egn [?"} < A
Then, there exist ¢ > 0 and Y =Y +¢e1 € M?® such that Zgzl Egn» [?"} < A
and E [Z _qun(X" + ?")} > B. This is in contradiction with B = = ; (X) Hence,
pg (X) = A so that pg X) = 25:1 Eg» [Y"] and Y is an optimal solution of problem
(8)-

Remark 8 (Extension to Ll(Q)) By applying the simple argument stated in Remark
Proposition |§| also holds when Y € M? is replaced by Y € L'(Q).

Recall that we denote by Qx = (Q%(, e Q% ) an optimizer of the dual problem of
(4), presented in detail in Section The key relation was shown in Proposition
We now prove the other key relation .

Corollary 1 Let A := pg(X). Then m4(X) = W?X (X).

Proof As A =pp(X) € R,

A=pp(X)= pgx (X), (by Proposition ),
B =m4(X), (by Proposition [g)),
B = ﬂgx (X), (by Proposition [J)),

and therefore, 74 (X) = TI‘A *(X).

4.3 On local cash additivity and marginal risk contribution

We now show when the systemic risk measures of the form (20]) are cash additive and
local cash additive.

Lemma 2 Define
We:={ZeCr|YeEC<—=Y—-Zec(C}INL.
Then the Tisk measure p defined in is cash additive on We, i.e.,

N
p(X+2Z)=p(X) =Y _ Z" for allZ € We and all X € L.

n=1
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Proof Let Z € We. Then W :=Z+Y € CCCp for any Y € C. For any X € L it
holds

N
p(X+2)=inf{) Y"|YeC AX+Z+Y)cAp}

n=1
N N

=inf{d W'=Y Z"|W-ZecC, AX+W)ecAp}
n=1 n=1
N N

=inf{Y W"-> 2" |WeC, AX+W)ecAg}
n=1 n=1

N
=p(X)=> 2"
n=1

Ezxzample 4 In case of the set C (™) in Example|[l} p is cash additive on
Wem =C™, (42)

Note that equality (42) holds since we are assuming no restrictions on the vector
d=(d,---,dm) € R™, which determines the grouping. If for example, we restrict d to
have non negative components, then it is no longer true that Wem) = ¢,

Corollary 2 For the systemic risk measures of the form we have:

N
d
TP(X+eV)lemo == Y V" (43)

n=1

for all V such that eV eWe for all € € (0,1].
Proof Tt follows from Lemmawhich gives p(X+eV) = p(X) —¢ 27]:;1 Ve,

Remark 9 Note that Lemma[2] and Corollary 2] hold for systemic risk measures of the
general form , without Assumption Under Assumptionwe have RN C We and
holds for all V € RY.

The expression %p(X—i—eV) |e=0 represents the sensitivity of the risk X with respect
to the impact V €L°(RY). In the case of a deterministic V := m € R” | it was called
marginal risk contribution in [3]. Such property cannot be immediately generalized to
the case of random vectors V, also because in general 27]2[:1 V7 ¢ R. In the following,
we obtain the general local version of cash additivity, which extends the concept of
marginal risk contribution to a random setting. In particular, shows how the
change in one component affects the change of the systemic risk measure.

Proposition 10 Let V eM?® and X eM?®. Let Qx be the optimal solution to the
dual problem (28) associated to p(X) and assume that p(X+eV) is differentiable with
respect to € at € = 0, and % — d?—ﬂf‘ n U*(LQ*,MQ), as € — 0. Then,

d N
TPXFeV)|e=o = = Y Eqy [V, (44)

n=1
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Proof As the penalty function a4 g does not depend on X, by we deduce

N
P P(X—i—sV le=0 = — {Z Qx+sv X"—eV"] - O‘A,B(QX+5V)} le—o
. N
~de {Z Eop, . [=X"] - aA,B(QX+eV)} le=0
N
T2 (EEQX+EV[ Vn]) |e=0 (45)
n; i
=0+ lmEqgy . [~ Z ], (46)
n=1 —

where the equality between and is justified by the optimality of Qx and the

differentiability of p(X+¢€V), while the last equality is guaranteed by the convergence
of Lﬁ?ﬁ £V,

Remark 10 We emphasize that the generalization of holds because we are
computing the expectation with respect to the systemic probability measure Qx. A
relevant example where the assumptions of Proposition [I0] hold is provided in Section
ol

5 Existence of the optimal solutions

Throughout the entire Section |5, we assume X € M? and that Q = (Ql ,QN)
satisfies Q" < P, & W € L2 and as,B(Q) < 400, or equivalently p3 (X) > —oo0.
Recall from Proposition |§| that this implies E {vn ()‘W)} < 400 for all n and all
A > 0. Set

L'(P;Q) := (L' (B;RY) n L (Q;RY)) 2 L 2 M7, (47)

where the inclusions follows from Remark I and Qo2

In order to prove the existence of the optimal solutlons for p BX(X) and pp(X), we
will proceed in several steps. As shown in Sectlon@ in general, we can not expect to
find the optlmal solution Yq to the problem p3 (X) in the space M® , but only in the
larger space L' (Q). We first prove the existence of Y € L (P), Wthh is the candidate
solution, as specified in Theorem [f] to an extended problem. We already know that
the optimal allocation to pg(X), when it exists, coincides with Yq, € L'(Qx). So in
a second step (see Theorem [7| and Corollary we show that the optimal solution Yx
to the extended problem ﬁgx (X) = pp(X) exists and Yqu = Yx € L'(P; Qx).

W.l.o.g. we may assume that u;(0) =0, 1 <i < N and observe that then

ui(z;) = ul(x:r) + ui(—z; ). (48)
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5.1 On the utility maximization problem
For a™ € R consider the problem:
Un(a™) := sup {E [un(X"+W)] | W € M®n, Egn[W] < a"} . (49)

If we need to emphasize the dependence on Q" we write U¢™ (a™). Note that Elun(X"+
W) < un(E[X™ + W]) < +oo for all X", W € M? C L'(P;R). The condi-
tions X", W € M?" imply that E[u(X™ + W)] > —oo, which in turn implies that
U(a"™) > —o0. As ‘é—g € L?", then W € M?" implies W € L'(Q™) and the problem
is well posed. Due to the monotonicity and concavity of up, Uy is monotone in-
creasing, concave and continuous on R and we may replace, in the definition of U,
the inequality with the equality sign. However, in general the optimal solution to
will only exist on a larger domain, as suggested by the well known result reported in
Proposition [20] This leads to introduce the auxiliary problems:

Un(a™) : = sup {E [un(X™ + W)] | W € LY(Q"), Egn[W] < a”} ,
On(a") : = sup {E [un (X" + W) | W € L'(P,Q"), Egn[W] <"}, (50)
where L'(P, Q™) is defined as in @7).

Proposition 11
Un(a"™) = Un(a") = Un(a™) < +o0. (51)

If Un(a™) < un(400) then

U":R =R is differentiable, Up(—00) = —o0, Us, > 0,U;,(—00) = +o0, Uy, (+00) =0

(52)
and
Un(a”) = inf 42 (Egn[X"] + ") +E |un (122 (53)
A>0 @ P
~E [un(X” + }75)] : (54)
where the optimal solution ?(3 e LY (Q") is given by
~ do™
i —x" ot (2920, (55)
un(X™ + ?6) € LY(P) and \n > 0 is the unique solution of
n n / dQn

Proof From M? C LYP,Q") C L'(Q™) we clearly have: Un(a") < Un(a") <
Un(a™) < un(400), so that

if Uy (a™) = u(+00) then Un(a™) = Un(a") = Un(a™) = un(+00). (57)



On Fairness of Systemic Risk Measures 25

By the Fenchel inequality we get

E[un (X" + W)] < X (Egn [X"] +Eqgn [W]) + E [”" (’\dc%ﬂ ’

and hence

Un(a™) < Un(a™) < Un(a™) < inf {/\ (Egn[X"] +a") +E [vn (Adg)} } < o0,
(58)

as E {vn ()\%)] < +o00. Therefore is a consequence of and . To show

, consider the integral functional I : M?®* — R defined by I(X") = E [un (X™)]. It
is finite valued, monotone increasing and concave on M (as Efu, (X™)] < un(E[X™]) <

+00), and therefore, by the Theorem |9} it is norm-continuous on M ®n . We can then
follow the well known duality approach (see for example [I1]). Consider the convex

cone DY := {W € M% | Egn[W] < 0} which is the polar cone of the one dimen-

sional cone D := {)\% A > 0}, so that the bipolar D° coincide with D. Let

Spo : M — RU {400} be the support functional of D°. By [36], or directly by hand,

the concave conjugate I* : L — RU {—o0} is given by I*(£") = E[—vn(£™)] and so,
by Fenchel duality Theorem,

Un(a™) = V;z;D)O E[un(X" +a™ + W)| = zeDOSil)I?n+ } E [un(2)]
= ZGSUMP% {E[un(2)] = 8poy xn yan(2)} = gnrgiﬁ); {6*DU+X”+a" €M) -E [*vn(ﬁn)]}
= min {E[E"(X" +a")]+8poo(€") +E[vn(€")]}
EneLl%n
: n n n n N n n dQn
= i (IE X + 0]+ Blon(€)]) = i {2 Bon [+ ) + B [on (AE2)]

where we used 8750 = dpoo, D% = D and the fact that the minimizer is obtained
at A > 0, otherwise if A = 0 then Uyn(a™) = E [vp (0)] = un(+00). The statements

, and (56) are immediate consequence of Proposition replacing ¢ with
Egn[X™] 4+ a™ in (107). We conclude the proof by proving . From the inequality
(58), it is clear that Un(—occ) = —oco. Define

V() = E [vn (A%ﬂ +XEo, [X").

When Up(a™) < un(400), from we have that

Un(a™) = Aigfo{vn(x) +Xa"},

which shows that U, and Vi, are conjugate of each other, i.e., Vi (A) = supgnsg {Un(a™) — Xa™}.
From Lemmas [J] and [T0] we know that the convex function V, is differentiable on
(0,400) and therefore Uy, is differentiable on (—oco, +00) and

U(a) = (Vi) (=a) > 0.
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We only need to show the last two conditions. As v, (0") = up(4+00) = 400 then

Vn(0T) = +4o0. Since vj,(0") = —oco we get V;i(0T) = —oo and U}, (4+00) = 0.
Moreover
, Ve 1 dQn N
Va(too) = lim —5= = lm SE v (Agp )| +EQulXT]
Jensen

lim lun (V) +Eg, [X"] = v} (00) + Eq, [X"] = 400

A—+

which implies U}, (—o0) = +oo0.

Define
N N
%ﬁ;’(x) D= Yei?(r])P’;Q) {IE z:;un(X” +Y™)| | ;EQn [Y"] < A},
FUX): = su {E iu (X" +Y™) \i]E n[Y"]<A}
TrA( YeLlp(Q) n=1 ! n=1 N B 7

and similarly for ,Bg(X) and ﬁg(X) As shown in , the extension to L'(Q) does

not increment the optimal value of 7 ; (X) In addition justifies equation in
Section

Lemma 3 Let A:= pg(X) and TI'S(X) < +oo. Then

N
WS(X) = sup {IE {Z un (X" 4+Y™)

YeM?®

N
1Y Egn [Y"] = A} =7 Q¥=(X). (59)
n=1

n=1
and
N
7X) = ms:lﬁl:fl; Un(a™) = 73(X) = 7¢(X), (60)
PR(X) = FR(X) = 5R(X). (61)

Proof Clearly, +c0 > 73 (X) > 7TQ’ (X) By contradiction suppose that 77 (X)
WS’Z(X) and take ¢ > 0 such that 7 ; (X) —e> 7rQ’ (X). By definition of 7 3 (X)

there exists Y € M? satisfying E 1Egn [Y"] < Aand E [Z un (X" + Y”)} >
W?(X) —e. Take Y" = Y™ 46§, § € Ry, such that Z _1Eon [Y”} = A. Then
"¥T(X) = B[S 1un(X”+Y£ > E[Sal un(X"+Y")] > 73(X) -« >

9) holds true. Note that

n=1

W?’i(XL a contradiction. Hence (5

M? = {Y —a+Z|acRY and Z eM? such that Egn[Z"] = 0 for each n}
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Indeed, just take Y eM? and let o™ := Egn[Y"] € Rand Z" :=Y" —a" € MPn,
Then

wg(X): sup {]E

N
> un(X"+Y™)
YeM? n—1

N
| Eon Y] = A}
n=1

N
= sup E Zun(X”+an+Z")
SN _an=A, ZneM9n, Egn[Z"]=0 Vn n=1
N N
= sup Z sup  Efua(X"+Y")]=  sup Un(a™),
YN an=Ap—1 Egn[Yn]=a" SN oian=An—1

(62)

which shows the first equality in . Then Wg (X) = %g X) = %g (X) are conse-
quences of and the decompositions analogous to the one just obtained for 773 (X)
in . From Proposition EI, its extension to L'(Q) in Remark [8] and pg (X) > —oo,
we easily deduce (61)).

Lemma 4 For arbitrary constant A, B € R set

N N
K = {aGRN | Zan < A, ZUn(an) EB}.
n=1 n=1

Then K is a bounded closed set in RY.

Proof For N =1 it is true. Let N > 1. First we prove that, for all j =1,..., N,

Z'Un(A — (N -=1)a)
n#j

Uj(a) ¢ 1+ — —o0 as a | —oo. (63)

Uj(a)

Recall that Up(—o00) = —oco and Up (+00) < upn(400) for all n. Suppose that for some
ke {l,..,N}, up(400) < +o0o. Then Up(+0o0) < +oo and for all j =1,..., N

lim {U’“(A — (N = Da) } =0. (64)

a——00 Uj (a)

Now suppose that for some k € {1,..., N}, uj(4+00) = +o0. Then Propositionshows
that U, (a®) < 400 = uy(+00), Uf, > 0, Up(—00) = 400, U (+00) = 0. By 'Hopital’s
rule, for all j = 1,..., N we obtain again

L (BA-(N-Da))| .~V DULA= (V= Da) _
: { GAE } s UT(a) 0. (65)

a—r—0o0

From and we deduce that holds true.

We conclude that for any constant B there exists a constant R such that for all
j=1,.,Nanda< R

> Un(A—~ (N - 1)a)
n#£j

Uj(a) 1+ < B.

Uj(a)
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Let a € K and let i be such that a' = min{a?, ..., a’ }. Note that ad <A—(N-1)d*
for all j =1,..., N because Z _, 6" < Aholds. Assume that a’ < R. Then

S Un(A = (N = 1)a?)

N .
Z " < U (a') {14+ " e , (66)

which is a contradiction. Thus a’ > R for all j = 1,..., N, and then also a’ < A— (N —
1)R for all j =1,..., N because Z 0" <A holds This proves the claim.

Proposition 12 Let A := p QX) and A Q(X) < +o0. There exists an optimal solution
a* € RN to the problem (@, namely

N N
Wg (X) = sup Z Un(a Z Un(a¥) and Z ay =
n=1 n=1

a€RN s.t. ENlaf,nl
(67)

Proof Let am = (a,ln, e ,a%)meN be the approximating sequence of the supremum
in |D Then 22,:1 Un(am) > 71'22 (X)—6:=C and 22;1 ay, = A for each m. Then
(67)) is a consequence of the continuity of U, and of Lemma {4} which guarantees that

ay, belongs to a bounded closed set in R

Corollary 3 Let A := pg (X) and suppose that for each n, Un(a¥) < un(+00), with
the notation of Proposition[I4 Then

N
B=r¥X)=Y Un(a) =Y E [un(X” n ?5)}

N N
Ax)=4=Y a’ =Y Eqn [?"]

where YQ e LY(Q") is given by (.) Therefore, under the assumptlon Un(a*) <
Un (400), YQ is the optimal solution to both extended problems T 3 (X) and pg (X)
Proof 1t follows directly from Propositions [[2] and [[1] and from the equality

af = Eqn 78]

which can be easily shown from (55)) and ( .

n
ol = ~Egu[X"] -~ Egn |:vn ()\n dQP ﬂ —Egn [Ygl :

where Ay, > 0 is the unique solution of . Proposition |§| concludes the proof, ob-
serving that +o0 > W?(X) =7, Q(X) and —o0 < Jn Ux) = g p2(X), due to and
(61).
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Due to u(—v'(y)) = v(y) — yv' (y) (see Lemma we also deduce from that

5= Lo (v 4 5)] = L e[ (- (4 4F))

n=1
N
dQ" Q"
= Z { ( ﬂ AHZEQ" {vn (An yic
n=1 n=1
so that the vector {An},_; y of positive numbers solves the equation above, that

should be compared with . We will show in Theorem |4 I that all components Ay, are
equal, when in (56) the value a" is replaced by the optimal al.

5.2 On the optimal solution of pQ and comparison of optimal solutions

Theorem 4 Suppose that a g(Q) < +o0o. Then the random vector Y q given by

£dQ"
Yg = —X" -y, ()\ —;QP) ),

where X" is the unique solution to ([B9), satisfies YG € LHQm), un(X"+YqQ) € LY(P),
E [Zﬁ;l un (X" + Y(g)} — B and

N
D un(X"+Y™)

n=1

0} =Y [

Qx) =
pX —Ylenqus{E:EQn "|E b3
(68)

YELl(Q) {ZEQ" YE [Z un (X" +Y")

so that Yq = \A{'Q is the optimal solution to the extended problem ﬁg(X).

} = 53(X), (69)

Proof Note that pg(X) > —00, as a4, g(Q) < 4o00. The integrability conditions hold
thanks to the results stated in Appendix From and the expression for
the penalty, we compute:

N
PRX) ==Y Eqge[X"] —aap(Q) =

N aQn N
;Em {fX" — vy, (A*CTP)] = T;IEQ” va]-

We show that Y(g satisfies the budget constraint:

N

B o= Lol (e ()
L ()] S o ()] -
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due to u(—v'(y)) = v(y) — yv'(y) (see Lemma and | 9). Finally, pB (X) =pg (X)
follows from and the uniqueness shown in Remark proves that Yq = YQ
When both solutions to the problems pg(X) and pgx (X) exist, then they coincide.

Proposition 13 Let Yx € Co N M® be the optimal allocation to pp (X), Qx be an
optimal solution to the dual problem @ Then:

n
Yx =Ygy = -X"—u, (,\* dQX) :

dP

Proof Note that Yx satisfies:

N
E|> un(X"+Y%)| > B, (70)
n=1

N

> ¥R =pp(X), (71)
n=1

N N

> Eqglyx] < Y0 0%, (72)
n=1 n=1

as Yx € C and Qx € D. From the definition of Yx, from , and we
deduce that

N
ZEQ" YOy —PB ZEQ" —as,8(Qx) = pp(X) = ZYX (73)

n=1

As Yx satisfies , by definition of p7* (X) we have

N
Z V¥ = pp(X) = pF*(X) < > Eqp YR,
n=1 n=1
which shows, together with , that
N N
SR =Y Eqr VXK. (74)
n=1 n=1
From and we then deduce
N
aap(Qx) = - Eqy [X"+Y4,], and
n;l N
aap(@x) =—-Y (Bgy [X"]+YR) == Eqy [X" +VX].
n=1 n=1

As both (X + Yx) and (X + Yq, ) satisfy the budget constraints associated to
a4,5(Qx) in equation , this implies that a4, p(Qx) is attained by both (X +Yx)
and (X 4+ Yqy ). The uniqueness shown in Lemma (1| allows us to conclude that
Yx =Yaq,.
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Remark 11 (Extension to L'(Qx)) We will show in Section 5| the existence of an
optimal solution Yx to the problem pp3 (X), namely Yx € Co N L} (P, Qx) satisfies
, and (| . Then the above proof and Remark 4| show that Yx = Yq,
even for Yx € Co N L' (P,Qx). Similarly, the following Corollary holds also for such
Yx €Con L (P, Qx).

We now show that the maximizer of the dual representation is unique.

Corollary 4 Suppose that there exists an optimal allocation Yx to pg(X). Then the
optimal solution Qx = (Q%, - - ,Q%) of the dual problem is unique.

Proof Suppose that Qi1 and Q2 are two optimizers of the dual problem . Then
a4,5(Q1) < +00, ap,B(Q2) < 400 and, by Proposition [13| we have, for each n :

As v}, is invertible, we conclude that \} dgpl =\ dﬁf , [P a.s., which then implies

or —QQ,aS]E[dQl} :E[d%]_l

5.3 On the existence of the optimal allocation to p(X)
5.8.1 A first step

Theorem 5 For C C Cx N M? and for any X € M there exists Y € Ll(IP’; RN) such
that

N N
Y YMER, E|D un(X"4+Y")| > B,
n=1 n=1
N
pp(X) = 1nf{ZZ"Z€C E Zun(xuz” } ZY”
n=1

and a sequence {Y},en C C such that E [Zn L un (XY )} > B and

Y, > Y P-as.

Remark 12 Recall that C := Co N M ? and that Co C Cg represents the effective con-
straint on the admissible injections, except for the integrability restriction expressed by
M?. Assume further that Co is closed in L°(PP), which is a reasonable assumption and
holds true if C = C (“), in which case C; () 55 defined in . Then the random vector
Y in Theoremlwould also belong to Co, but in general not to C (as M? is in general
not closed for P-a.s. convergence). The conclusion is that Y satisfies all the conditions
for being the optimal allocation to pg(X), with the only exception for the integrability
condition Y e M?, which is replaced by Y € L'(P;RY). In the next subsection we
will show when such Y also belongs to Cop N Ll(QX; ]RN).

It is now evident that when the cardinality of 2 is finite and the set C is closed
for P-a.s. convergence, then the random vector Y in Theorem [5| belongs to C and
Y=Yx =Yqy-
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Proof Take a sequence of vectors (Vi )peny € CC Cp N M? C LY(P;RY) such that
RS e =N VP | pp(X) as k — +oo and E [Z un(X”—i—Vk”)] > B. The

sequence (Vy)gen is bounded for the L' (P; RN ) norm if and only if so is the sequence
(X 4 Vi) ken- Given the following decomposition in positive and negative part

n=1

N N N
DOEIX"+V = Y E[(X"+V) T+ Y E[(XT+V) T, (75)

n=1 n=1 n=1

we define the index sets:

Nt = {n e{l,..,N}|lim sup E[(X"+V")]= —|—oo},
k——+o0

N = {n €{1,..,N}|lim sup E[(X"+V)7T]< +oo},

k— 400

and, similarly, N and N;~ for the negative part. We can split the expression as

S B(X"HVO T+ YD Bl(X VO DD Be[(XTHV) T+ Y Ee[(X V)T

neNL neN; nENS neN,

If the sequence (X + V) pey is not L' (P; RN) -bounded, then one of the sets N or
N5 must be nonempty and therefore, because of the constraint Zg_ Vit = cg, both
NI and N5 must be nonempty. From Lemma and from Lemma |8 with M := 24,
by Jensen inequality and we obtain

N N
B <Y Elun(X"+ViIN] < Y un (B[X"+Vi)
n; n=1 N
= un (B(X"+V)T]) + Z ( (X" +Vi)™ ])
<A E(X"+Vi) 1+ >0 El(xX"+viH7]

neNL neN;

> E[(X"+Vi) T4+ Y E(X V)] | + const
neNs neN,”

N
:A(ck—l—ZE[X"]) +eonst— A [ > E(X"+V) T+ > E[(X"+Vi)7]

n=1 neENy neEN,

which is a contradiction, as the second term that multiplies A in not bounded from
above. Hence we exclude that our minimizing sequence (V) en has unbounded L* (P; RN )
norm and we may apply a Komlés compactness argument, as stated below in Theorem

@ with E = RY. Applying this result to the sequence (Vi)gen € C, we can find a
sequence Yy, € conv(V;,i > k) € C, as C is convex, such that

Y, converges P-a.s. to Y € L*(P; RN).
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Observe that by construction 22;1 Y is P-a.s. a real number and, as a consequence,
so is 22[:1 Y™ AsE [ZN Un (X”—I—Vk”)] > B, also the Y}, satisfy such constraint

n=1
and therefore pg(X) < 25:1 Y,
Let Y, = ZieJk )\fVi € conv(Vy,i > k), for some finite convex combination

(AF)ic, such that \¥ > 0 and D ied, A¥ =1, where J}, is a finite subset of {k,k +1,...} .
For any fixed k we compute

N N N
PR DIRUGE IEDIPY (ZW) =Y Mea<a| Y N =a
n=1 n=1 \i€J} j i€ Jy n=1 i€Jy i€ Jy
(76)

and from pg(X) < 25:1 Y < ¢, we then deduce that 25:1 Y™ = pp(X).

We now show that Y also satisfies the budget constraint. In case that all utility
functions are bounded from above, this is an immediate consequence of Fatou Lemma,
since

N N
ST E[un(X"+Y")] = 3 Eflimy o0 (—un (X" 4Y))]
n=1 n=1
N
<limy oo Y E[-un(X"+Y)] < B.
n=1

In the general case, recall first that the sequence Vi, is bounded in Lt (P RN), and the
argument used in shows that

[ X+ Y h<l| X[l +Sllip|| Vil

hence supy, || X + Y |1 < 0.
Now we need to exploit the Inada condition at 4+o0o. Applying the Lemma [T2] to
the utility functions uy, assumed null in 0, we get

—un(z) +ext +be) >0Vz e R.

Replacing X + Y in the expression above, applying Fatou Lemma we have

N
D —un(X"Y") +e(X"HY") T + b(e)

n=1

N
=K |:lirnk—>oo (Z —un (X" +Y¢") + ‘E(‘Xn"‘f_ykn)+ + b(£)):|

n=1

E

N
<limy o0 YO E [—un(X"+Y0) +e(X"+Y) T + b(e)]

n=1

<-B+e¢ (sup | X+Yy H1> + b(e).
k

As the term b(e) simplifies in the above inequality, we conclude that for all € > 0

N
E [Z —un (X" Y™

n=1

N
<-B+¢ (sup I X+Yg | — ZE [(Xn*‘yn)ﬂ) )
k

n=1



34 Francesca Biagini et al.

and since supy, || X 4 Yy, [|1< 0o we obtain

N

> —un(X"+Y™)

n=1

E < B,

so that Y satisfies the constraint.

Theorem 6 (Theorem 1.4 |20]) Let E be a Banach reflezive space and (fi)ren C
LY((2,F,P);E) := L' be a sequence with bounded L' norms. Then there exists a
sequence (gi)wen and go in L' such that g, € conv(fi,i > k) and || g — g |[E— 0
P—a.s., as k — oo.

5.8.2 Second Step: The optimal allocation to p(X) in L'(Qx)
Lemma 5 The random vector Y in Theorem@ satisfies Y~ €L' (Qx)-
Proof Applying and ¢;(z) ;= —u;(—|z|), note that for each fixed 1 < j < N

0<E [qﬁj((xj +Yj)‘)] < iE [%((X" +Y”)_)] - i]E [—un(—(X" Y™

n=1 n=1

N
E [un(X" +Y™") ] = Y Efun(X" +Y")]

n=1

I
e

3
Il
i

M=

un (E[(X"+Y™)"]) - B < o0,

3
Il

where we used Jensen inequality and X +Y € _Ll(]P’;_]RN). This yields _(Xj - Yj)_ €
L% C LYQL). From Y7 = (X7 +Y))* — (X9 +YI)™ = X7 > (X7 +Y7)~ - XJ
we get
0< (YY) < (=(X? +Y9) " = x9)" = (X7 + v~ + x)T.
Since, by assumption, X7 € M% C L'(Q%), then also (X7 +Y7)™ +x7)* € L'(Q%)
and so
(Y~ eL'(Q%), 1<i<N.

Lemma 6 The random vector Y in Theorem@ satisfies YT eLt (Qx)-

Proof We proved in Theorem |5| the existence of Y satisfying pp(X) = 22;1 Y"eR
with Y e LY(P;RY), E {25:1 un(X”—i—Y”)} > B and Y is the P-a.s. limit of
a sequence {Yr}, in C C Cg N M? such that 22;1 Yy — pp(X), as k 1T oo,
25:1 E[un (X" +Y")] > B and 25:1 Eqg [Vy'] < 27]:7:1 Y,'. By passing to a sub-

sequence, w.l.0.g we may assume 25:1 Y | pp(X). Let j € {1,..., N}. By Fatou’s
Lemma we get

IEQ;-([(Yj)+] < limkinfEQ;([(ij)ﬂ < s:pIEQ;-([ij] +s1;pEQg([(y,g)*]. (77)
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First we show that supy, IEQ;( [ij] < oo. Put aj; = Eqy [Y}']. Then 2521 ap < A:=

Sl Y < SN Y and Y0 UK (af) > S0 Elua (X" Y] > B for all
k € N. Thus by Lemma {ax}1en lies in a bounded set in RY and thus

yd
Sl;pEQg( [Y/] < 0. (78)

Next we show supy, E [(Yk])_] < oo. For all k € N it holds that
X

ogE[¢((XJ+YJ )}<ZE[¢n(X”+Yk } i [ (—(X"+ ")~ )}

n=1 1

N N:
= ZE [un (X" + V)] - ZE[UH(XH"'YTL Z E[(X"+Y")"]) - B,
n=1 n=1

2

where we used Jensen inequality and the fact that Y}, satisfies 25:1 E [un(X™ +Y;")] >
B. From the proof of Theorem [5| we know that (X™ + Y}*)ren is L' (P)-bounded for
alln=1,...,N, and thus

N
O<supIE[¢j((XJ+YJ } Z <sup]E (X" + ) })—B<oo.
By ‘Rema‘rk it then fqllows thgt (x7 —I— ij)k_eN is Ll( g()-bounded. From ij =
(X7 +Y)H)T = (X7 4+Y!)” =X > —(X7 4+ Y{)” — X7 we get
0< (V) < (-(XI+Y))" = X))~ = ((xX) +Y])” +x7)*,
and thus

supIEQJ (v < supIE [(X] +Y{)~ ]—I—EQ;{HXjﬂ < 00, (79)

where we recall that by assumption X7 € M% C L* (Q ). From and together
with the claim follows.

For our final result on the existence we need one more assumption.

Definition 4 We say that Cp is closed under truncation if for each Y € Cp there exists
my € Nand cy = (¢}, ...,clY) € RV such that 21]:[:1 cy = Z?Z’Y:I Y" :=cy € Rand
for all m > my

Yo := Yo (yni<myy T Oy o 1y |>m)y € Co- (80)

n=1

In Definition [2| the set C((Jn) is closed under truncation.
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Theorem 7 Let C =CgoN M? and suppose that Co C Cr is closed for the convergence
in probability and closed under truncation. For any X € M? there exists Yx €Con
LY(P; Qx) such that

N N N
Y YRER, E|D un(X"+¥X)| 2B, Y (Eqn [YX] - YX) =0,
n=1 n=1 n=1
N N N
pp(X) = inf {Z Z"ZeCon M E | un(X"+2") B} =Y v
n=1 n=1 n=1
N N
:inf{z | Z € Con L' (P; Qx), Z (X"+Z™)| > B} :=pp(X),
n=1 n=1
(81)

so that Yx 1s the optimal solution to the extended problem pg(X).

Proof The optlmal solution Yx coincides with the vector Y in Theorem [f] which
belongs to L*(P; Qx), by Theoreml Lemmal Lemma@ and to Co, as Cg > Y —
Y P-as. and Cp is closed for the convergence in probability. Comparing Theorem
with Theorem [5| we see that it remains to prove pgp = pp (Proposition and
ij:l (EQ} Y] -Yx) <0 (Proposition, where the truncation assumption on Co
is needed. The opposite inequality

an

=pp(X) = pF(X) < > Equ V¥

holds as Yx fulfills the budget constraints of p3*(X).

Proposition 14 Suppose that Co is closed under truncation. Then

N N
Y Equ[Y" <YY", forall Y €Con L' (Qx;RY).

n=1

Proof Let Y € CoNL*(Qx;RY) and consider Yy, for m € N as defined in (80), where
w.l.o.g. we assume my = 1. Note that 2521 Yo =cy(= 2521 Y™) for all m € N.
By boundedness of Y, and 7 we have Y, € Co N M? for all m € N. Further,
Y — Y Qx-as. for m — oo, and thus, since [Y,| < max{|Y|, ley|} € L}(Qx;RY)
for all m € N, also Y, — Y in Ll(QX; RN) for m — oo by dominated convergence.
We then obtain

N
Z]EQ;([Y"]:%@OOZE@ il < lim Y Vi —cy =) V"

n 1

The map ppg is defined on M ? but the admissible claims Y belongs to the set
Co N L'(P; Qx), not included in M?. As L'(P;Qx) C L'(P;RY) with the same
argument used in the proof of Proposition [1, we can show that pg(X) > —oo for all
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X eMm? . By the same argument in the proof of Proposition |2 I and by we also
deduce that pp(X) < +oo for all X € M?, so that

pBZM - R

is convex and monotone decreasing on its domain dom(p) = M ? From Theorem@ we
then know that the penalty functions of pg and pp are defined as:

as,B(Q) : —SUP{ZEQ" X" -pp(X) | XeM }

ax,B(Q) : —SUP{ZEQn - PB(X)|X€M¢}

In order to prove pp = pp we first show that as p(Q) = as, p(Q). Set
aQ o

D(L) :=d
(L) om(aa,B)N { 7P 2

Lemma 7 IfQ € D(L'(P; Qx)) then aa,5(Q) = aa,5(Q).

Proof In the proof, we will suppress the labels A and B from the penalty functions.
From (29)) and , note that the penalty function can also be written as

N
> un(2™)] = B}
n=1

N
20}

ZeM? | -1

= sup {ZEQn -Z"|E

ZeL1(P;Q)

N
a(Q) = sup {Z Egn [-Z"] | E

Z un(Z™)

n=1

Let Q € D(L'(P; Qx)) and recall that X € M? C L*(P; Qx), so that W := X 4+ Z eL'(P; Qx)

for X € M? and Z €L'(P; Qx). Set E[A(X + Z)] = E {ZL un(X”—I—Z”)} . We then
have that

N
a(Q) = sup { S Egn [-X"] - 5B(X) | X € M¢}

n=1

XeM® n=1

N N
Sup{ZEQn [-X" = > Z"|ZeCon L (P;Qx), X € M?, E[A(X + Z)] >B}

n=1 n=1

IN

n=1 n=1

N N N
= sup{z Egn [-W"] 4+ > Eqn [2"] = > Z"|Z €Con L' (P;Qx), W € L' (P;Qx), E[A(W)] > B

n=1 n=1 n=1

= sup {Zu«:m W™ | E[A(W)] > }+sup{2 Egn | zn]—z")ZEcole(PQx)}

WeLl(P:Qx)

< sup {Z W E[AW)] = B} =a(Q),

WeLl(PQx)

€L |Q"(2)=1and Y (Egn[Y"]—Y")<O0forall Y €CoNL

N N
sup {ZEQH X"]-l—sup{ ZZ"|Z6CoﬁL1(]P’;QX),E[A(X+Z)]ZB}}

N N
sup{z Egn [-X" = 2" |Z€ConL'(P;Qx), X € L' (P;Qx), E[A(X + Z)] > B

} .

|

|
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because Q € D(L'(P;Qx)) implies 25:1 (Egn [2"] = 2") < 0 for all Z € CoN
L'(P; Qx)-

The opposite inequality is trivial, as pg < ppg implies

N
a(Q) = sup {Z Eqn [-X"] - 5p(X) | X € M¢}

n=1

N
> SUP{ZEQ” [-X"] - pp(X) | X € qu} =a(Q).

n=1
Proposition 15 If Cy is closed under truncation, then
N

> un(X"+2")

n=1

X)=pp(X f Z" | Z
pp(X) = pp(X) = ZGL}?]P’Q ){Z |ZeCo, E

- n

Proof We know that pg : M ? _, R is convex and monotone decreasing. By definition,
pB < pp. Under the truncation assumption, in Proposition [14] we proved that Qx €

D(L'(Qx)) € D(L*(P; Qx)) and Lemmashows that then a4 p(Qx) = a4,B(Qx)-
Then, by Theorem [J]

N

N
pB(X) = SUP{ZEQ" [-X"]—ax,8(Q) | - € L } ZEQ" —-X"] —as,B(Qx)

v =1
= Z Eqp [-X"] - a4,8(Qx) = pB(X).

From Lemma Proposition |5} and Corollary [1| we already know that, for A = ppg(X),
the optimal values satisfy
PB(X) = PBX(X) _PBX(X) _PB(X) (82)
Ta(X) = 7P (X) = 7P (X) = 7T (X). (83)

From Theorem m Lemma [3| and by the same arguments applied in Proposition [13]
Corollary [] and Remark [T1] we conclude:

Corollary 5 Let A = pg(X). Under the same assumptions of Theorem @ we have
pB(X) = pp(X). The unique optimal solutions to the extended problems ﬁgx (X),
f)gx (X), pp(X) and ™ ~Qx (X), w AQX (X) exist, coincide with

« dQ%
dP

Yx =Ygy :_x”—v;( ) € Co N L' (P;Qx),

and Qx is the unique optimal solution to the dual problem @)
Remark 13 Under the Assumption and if Cp is closed under truncation then

N
| Z € Co, Zz”gA}.

n=1
(84)
Indeed, (84)) is a consequence of Proposition [15|and of the equivalence B = 74 (X) iff
A = pp(X), that can be shown similarly as in Proposition by using the Assumption

and Remark

N
> un(X"+2")

n=1

m4(X) =74(X):=  sup {IE

ZeL' (P;Qx)
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Remark 14 (i) Let X € M?. If Y € M®, then the function

F(6):=E [22;1 un (X" +Y" — (5)}7 d € R, is finite valued and concave on R, hence
continuous on R. However, when Y € L1(Q) satisfies [25:1 un(X™ + Y”)} > B
(with the understanding that u, (X" +Y™) € L'(P) for each n), it is not any more evi-
dent if F' is continuous on R, as one has to guarantee that E [22[:1 un(X"+Y" — 6)} >

—o0, for § > 0. Set A, ;== {X" +Y" > kn} and let ky € R satisfy P(4n) > 0 and
Q"(An) > 0. For any § >0, (Y™ — 814, )n € L*(Q) and one has

E

N
|

n=1

N N

=E Zun(Xn—l—Yn)lAg +E Zun(X”—i—Y”—&)lAn)}
n=1 n=1
N N

>E Zun(X"—i—Y")lAg +E Zun(kn—é)lAn)} > —00,
n=1 n=1

so that it is possible to find 6 > 0 such that E [22[:1 un(X"+Y" — 61A")} = B and

Egn Y™ =61 4,] < Egn[Y™]. This argument works when (Y™ —d1 4, )n is not required
to belong to Cg.
(ii) Consider the following assumption on the utility function v at —oo:

V6 >0 3IM = M(6), K = K(d) and z¢ = zo(d) < 0 such that u(z —90) > Mu(z)+ K Vz < zo.

() (85)
— b
“u’”(m) <H4ooVi>0.IfXeM

and Y € L' (Q) satisfy E [Zfz\]=1 un (X" + Y")} > B, then, under , F(0) is finite

valued and continuous on R and (Y™ — ), € Cr if sois Y.

Such assumption is clearly satisfied if Timg_ oo

6 The exponential case

In this section, we focus on a relevant case under Assumption |1} i.e., we set C = C(n),
see Examples |l and [2 and we choose un(z) = -~ ", ap > 0, n = 1,--- | N,
as in Example . We select B < 25:1 un(4+00) = 0. Under these assumptions,
() 1= —un(—lal) +un(0) = el 1,

M =M% = {X e L°(R) | ]E[ec‘X‘] < oo for all ¢ > 0},

the Orlicz Hearts M¢", n = 1,--- N, coincide with the single Orlicz Heart M®o
associated to the exponential function ¢o(z) = e/l — 1 and the random variable
X:=>,X"¢€ M® is well defined.
The systemic risk measure becomes
N
p(X):inf{ZY"|YEC(“),E :B},
N
_ Z exp [fan(Xn + Yn)]
n=1

n=1

N

D un (X" Y™

n=1

N
:inf{ZY"|Y€C(“),]E

n=1

= B}. (86)
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For a given partition n and allocations C(n), we can explicitly compute the unique
optimal allocation Y of and the corresponding systemic risk

N ) h
pX)=D Y = dm
=1 m=1

Theorem 8 Form =1,---,h, and for k € I, we have that

dm = Bm log (—%E [exp <—%>]) — Am (87)

vE=-xb o Xttt (A - Al ) e M, (s8)
Bmay, Bmay, Bmoy,

where Xm = Zke]m X* and

1 1
Bm = o 5‘207
kel,, =1
= Liog ( ) Am= Y 4k,
kel,,

Proof In Appendix [A]

Remark 15 Note that if we arbitrarily change the components of the vector X, but
keep fixed the components in one given subgroup, say I, then the risk measure p(X)
will of course change, but dym,, and Ynlfm for k € Iy, remain the same.

From Propositions and Theorem [§] we deduce

Proposition 16 The map p in is finitely valued, monotone decreasing, convex,
continuous and subdifferentiable on the Orlicz Heart M® (M%) , and it has a
unique optimal solution.

Define:

= . m=1,--h. (89)

Proposition 17 The vector Qx of probability measures with densities given by
is the optimal solution of the dual problem @), i.e.,

h
p(X) = Z EqQy [~Xm] — a4,5(Qx),
m=1

and ]EQ;? Y], m=1,---  h, n € I, is a systemic risk allocation, as in Definition .
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Proof First note that

and

dQ’H’L

H(QR.P) = Boy [in (%5 )] = Bog (K] - mE[e

By (1)), ax,5(Qx) can be rewritten as

aA,B<Qx>=i_ZI{% @ P+ (-2 )]
=5 (A @gp) + > g (-=)

3
ﬂ‘

3
l

Il
M=
A~
=
=

-

Il
(]~
VN
=
Q
3
R
=
3
3
o
/|\
SVIRSY
=
o
$
|
~
_|_
N
3
S~

3
l

[
M=
;<)
Q

%3

3
l

Remark [6] concludes the proof.

6.1 Sensitivity analysis

Let X eM?, V eM? and set Vi := Y pc; Vi, form = 1,---,

g [~ Xm] = dm) = Z Eqy [-Xm] = p(X).

(90)

™ [—Ym} — BmInE [e_ﬁfm} — fmIn (‘%) + Am)

h. We consider a

perturbation €V, ¢ € R, and perform a sensitivity analysis in the exponential case.

Consider the optimal allocations Yy +ev and the optimal solution Qx4.v of the dual

problem associated to p(X + V), see (89). By and (87) we have

Yoy = —X"—eV"+ (Xm +eVm)+

1 1
Bmom Bmon

where

Bm

dm (X+5V)+ (

1
Bmom

Am

dm (X +eV) = Bm log <—%E [exp (—M)]) — Am.

Proposition 18 Let p be the systemic risk measure defined in . Then

1. Marginal risk contribution of group m:

:]EQQ[fVm], m = 1,...

h.

n
— Am

(91)

(92)

)
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2. Local causal responsibility:

:EQQ [—Vn], nelm.
e=0

%EQQ+EV [Z] T fﬁCOVQQ [V, Z], for any ZeM?(R),

4. Marginal risk allocation of institution n € Iy :

d
dT_:]EQg}sv [Y;(L-FEV] —o = ]EQX[ Vn] - ﬁfmCOV [VTMY)T(L] (93)
— Bog[-V"] + 2= COViyg [Vin, X"] = —— - L COV,py, [V, Ko,
Bm Qn Pm Pm

(94)

5. Sensitivity of the penalty function:

h
d 1
EQA,B(QX-%EV) Z 67 Vm,Xm]

E=

6. Systemic marginal risk contribution:

h h
Z Z V=Y Eqgl-Vml.
m=14i€el,, m=1

The proof is postponed to the Appendix. The interpretation of these formulas is
not simple because we are dealing with the systemic probability measure Q% and not
with the “physical” measure P. Indeed, Q% is the “artificial” measure that emerges from
the dual optimization (think of the difference between the physical measure P and a
martingale measure). To fix the idea, let us take V with only one component different
from 0, so that we write V =Vjej. From Item 1 (or Item 6), we see that

d
2 (X4eV
e P(X+eV)

e=0

%p(X—i—stej) =Eqy [—Vj] (with j belonging to the group m).
e=0
From this, we can interpret Q% as systemic risk evaluation (systemic probability mea~
sure): i.e. if the position changes from X to X—l—stej then the riskiness of the entire
system changes linearly by ]EQQ [—Vj]. In the following discussion, we have to keep in
mind that Q% already represents the systemic view of the system. If we replace Qx
with P, none of the results of Proposition |18| will hold in general.

Remark 16 We now comment on the results of Proposition

The first term IEQm[ V"] in . or is easy to 1nterpret it is not a systemic
contribution, as it only involves the 1ncrement V” in the (same) bank n. If we sum
over all n in the same group, we obtain from ( or

_ d
=Eqp[-Vml = Zdu(X+eV)| . (95)

e=0 e=0

d n
S Lhog, IRy
nel,
as it should be. So, this first term Egn [~V"] is the contribution to the marginal risk
allocation of bank n regardless of any systemic influence. When summing up we get
the marginal risk allocation of the whole group. Equation is the Local Casual
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Responsibility for the whole group, but not for the single bank inside each group. Note
that the sign of the increment V'™ in the first term of (93)) is here relevant: an increment
(positive) corresponds to a risk reduction, regardless of the dependence structure. If V
is deterministic, the marginal risk allocation to bank n is exactly Eqp[-V"] = V"
and no other correction terms are present

To understand the other terms in or l , take V V]e] with j # n. In this
way, the first term in (93|) disappears (V” =0) and we obtain

d

—Eom
de Qx+evj ej

1 i 1 1 P =
= —COV, [V, X" ———COV V7 Xm].
e=0 Bm X [ ] an Bm Bm [ m]

To fix the ideas, suppose that COV, w [Vj,X”] < 0, and examine for the moment
only the contribution of 1 COV [Vj,X"]. This component does not depend on
the “systemic relevance” of bank n (1.e. it does not depend on the specific ay,) but it
depends on the dependence structure between (Vj , X™). If the systemic risk evaluation
Q% attributes negative correlation to (Vj , X™), then, from the systemic perspective
this is good (independently of the sign of V7): a decrement in bank j is balanced by bank
n, and viceversa. If bank n is negatively correlated (as seen by Q%) with the increment
of bank 7, then the risk allocation of bank n should decrease. Therefore, bank n takes
advantage of this, as its risk allocation is reduced (ﬁCOVQQ [V, X" < 0). Since

the overall marginal risk allocation of the group m is fixed (equal to IEQ;& [~Vm] =
EQ;(L [ij], from )7 someone else has to pay for such advantage to bank n. This is
94)

[Y)T(l+avjej]

the last term in (94
For the third component in , we distinguish between the systemic component
—ﬁ—m 1 COV,r, [V],Ym], which only depends on the aggregate group X, and the

, discussed next.

systemic relevance % of bank n. The systemic quantity is therefore distributed among
the various banks according to a%z,' In addition, this term must compensate for the
possible risk reduction term (the second term in )7 as the overall risk allocation to
group m is determined by Eqp [~Vm]| = Eqp [-V7].

Note that if a, = a then we may rewrite Item 4 as

i]E YR — n Vi n

TEag. DRievl|  =Eogl-V']4aCOVyy | ™ X" [-aCOVyy

Vi Ym]
e=0

N’ Nm
where Np, is the number of banks in group Ip,.

Finally Items 1 and 6 express the same property (which holds in general, as shown in
Proposition respectively for one group or for the entire system.

6.2 Monotonicity

Consider a fixed X eM?. For a given partition n and C = C(n), let Yrk, ke Ir,
r=1,---,h, be the corresponding optimal allocations of the primal problem (86 and
Q%,r=1,---,h, be the optimal solutions of the corresponding dual problem (in
this section we suppress the label X from the optimal allocation Yx to p(X)).
Consider for some m € {1,---,h} a non empty subgroup I}, of the group Ip,. Set
I}, := Im\I},. Then the (h + 1) groups I1,I2, -+ , Ipy, Ith, Imt1, -+ - , I, corresponds
to a new partition n’. The optimal allocations of the primal problem with ¢ = ¢™)
coincide with Y,*, k € I,., for r # m.
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The interpretation of the monotonicity condition was already formulated at
the end of Section [2] Its generalization in the context of h groups is formulated below

in .

For r = m, i € I},,, we have the following.

Proposition 19 Define with Y;L/, i € I}, the optimal allocation to the primal problem
with C = C™) . Then

Eqp | > Ym| <> Yoy i=dm. (96)
=am i€l!,

In particular, if the group I, consists of only one single element {i}, then Ynil, is
deterministic and

Eqp [an] < Y,il/ for each i € Ip,. (97)
If we compare the deterministic optimal allocation Y* (corresponding to C = ]RN) with

the (random) optimal allocations Y associated to one single group (C = Cg N M‘?), we
conclude

Egu[Y"] < (Y™)" for eachn=1,--- ,d, (98)
where Qx is the unique optimal solution of the dual problem associated to C = CrNM?.

Proof Given the subgroup I,,, define

1
Bni= D> oo Ami= ) Am
keI, keI,
1 k Br '
A= Am — Ay, | = 22 A, — A,
p> (5o - 48 ) = 22 a1 -

m

with B = Zke]m o%k' Then the optimal value with respect to c®) s given by

d, =B 1n —%]E exp —ﬁ# > x*k — AL,
™ kerr,

Summing the components of the solutions relative to ¢ over k € I},, we get

1 — 1 1
Z an - Z <5makxm_Xk) * Z 5m04kdm+ Z <5makAm_A§1>

kel!, kel!, kel!, kel!,
B;n* k ﬁén /
= | 22X — X + Zdn + A
Bm m Z Bm m
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Using Jensen inequality we obtain

Eog | 2 Ym

kell,
1 o~ ! X
=B, In{ exp = Eop B—me— Z Xk + = Bm log —E]E exp [ -=2
m Bm vels Bm B Bm
/
m

1 — 1 Xm
<A In EQQ exp | — Xm — —— Z Xk + B!, log <—gIE |:exp <_,3>

m

[ o (5o (%) 0 (5 T, )
o In < E

-8 L
E |:ei Bm Xm]

STNERNE
_ P <7i Zke]ﬁn Xk) B Ym ’
=6,InqE . [exp <7§::)] ;]E {exp (ﬁ)] — A,

8 1
=g, In ~5E e | -2 > oxF —AlL =d,.

m
™ kell,

We have that @ and directly follow by .

A Appendix

A.1 Properties

Lemma 8 Assumption implies:
(a) there exists c € R and b € Ry such that un(z) < ¢+ bz for all z > 0 and all n.
(b) for all n there exists Ay, € R and an € Ry such that un(z) < An + anz for all z € R.
(c¢) the constants b and ayn can be selected so that a := min, an > b.

Proof Note that dom(un) = R for each n. Hereafter the left derivatives of the concave increas-
ing functions u, are denoted by u], and satisfy u},(z) > 0 for all z € R.

(a) The concavity of each up implies that un(z) < ¢n +ul,(0)z for all z € R (for some cy,)
and therefore, setting b := maxy, ul,(0) > 0 and ¢ := maxy, cn, un(z) < c+ bz for all z > 0.

(b) From limg—, o “"T(x) = +o0o we obtain u/,(z) T 400 as z | —oco. Therefore, for each
n there exists n € R such that u),(z) > b for all z < z,. Then, for ¢ := min{z1,--- ,zN},
ul, (z) > bforall z < zg. Set an, := ul, (o). Then the concavity of u, implies: up (z) < An+anz
for all z € R (for some Ay).

(c) Finally the construction above guarantees that min, an, = miny, u/, (zo) > b.

Proof (Proof of Proposition By contradiction, we suppose that p(X) = —oo, for some
X €L C LY(P,RN). Let Yy, € C satisty S30_, Y, | —o0, as m — 400 and A(X +Y,,) € A
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for each m. The condition 3-N_, v;* | —oco, as m — -+oo implies SN E[Y;?] | —oo0, as
m — +o0o. Note also that, by Jensen inequality,

N
BLE[AX+Yn)] <AEX+Y]) = Z E[X"] +E[Y;?]). (99)

We now prove that 22;1 un (E[X™] + E[Y;?]) 4 —o0, as m — +o0o, which is in contradiction
with (99). Set x, := (z)N_, where 27, := E[Y;?]. Since Zg:l x| —oo, there must exist
ng € {1 ,N} and a subsequence x5, such that $ZO l —oco0 as m — 4o00. With an abuse

of notation, denote again such subsequence Xh,, With xp,. Then we have xm 1 —oo. If there
exists another coordinate n1 € {1,---, N} \no such that liminf,, 00 zni = —oo, take the
subsequence xj,,, such that z kl J, —o0. By dlagonal procedure, we obtain one smgle sequence

denoted again by X, such that z5,° | —oo and zp¢ | —o0, as m — +o00. We may adopt this
procedure (at most N times) also in the case limsup,,,_, . ZnZ = +oo for some coordinate ns.
At the end, we will obtain one single sequence x,, and three disjoint sets of coordinate indices
N_, N4, N* such that

oy —oo ifne N_C{l1,---,N},
|zp, |[K K forallmandallne N* ={1,--- ,N}\(N_ UNy),
where K is a constant independent of m. We know that N_ # 0, since ng € N_ (but the

other two sets Nt and N* may be empty). Since Zn 1 Ty, 4 —00, we deduce that, for large
m, SN 27 <0 so that

Z zn < — Z Ty — zy < — Z zy, + NK, for each fixed (large) m. (100)
neN neN_ nenN* nenN_

Now we use the inequalities of Lemma [8] From an > a, we get (for large m) anz?, < az?,

when n € N_ (as z}}, <0); for n € Ny (and large m) we have (E[X™] + 2%) > 0 and we can
use inequality (a) in Lemma Letting d™ := E[X"], we obtain, for each fixed large m, that

Z EX"+EYRD = D un(@ +ap)+ Y ua(d +ap)+ D uald +ap)

n=1 neEN neN_ nenN*
< > (eHbd )+ D (Antan(d +2p))+ Y un(d” +K)
neN neN_ neN*
<C+ Z by, + Z anxly,
neNy neN_
<C+bNK+(a—b) > ap, (101)
neN_

where we use 1) in inequality 1} and C := Zn€N+ (c+bd™) 4+ > en (An +and®) +
> nen= Un(d™ + K) is independent of m. Then (a —b) >, cn_ *h, 4 —00, as m — o0, since
a>b by Lemma@ and zj}, | —oo for each n € N_. This concludes the proof.

Remark 17 Condition p(X) > —oo is essentially a condition on the behavior of A : RV — R

at —oo. Note that if the condition lim, “”T(x) = 400 is not satisfied, there might be a
problem. Take N = 2 and the increasing concave functions

uy(x) = 3z, uz(x) = x.
Take zl, = m, 22, = —2m. As
zl 422 = —m = —oo, but A(zm) = ui(zl,) + u2(22)) = 3m — 2m = m — +oo,

we cannot control A(z) as in (101)).
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A.2 Orlicz setting

We now recall an important result for the characterization of systemic risk measures of the
form (22) on the Orlicz Heart.

Theorem 9 (Theorem 1, [9]) Suppose that L is a Fréchet lattice and p : L — RU {400}
is convex and monotone decreasing. Then

1. p is continuous in the interior of dom(p), with respect to the topology of L,
2. p is subdifferentiable in the interior of dom(p),
3. for all X € int(dom(p))

p(X) = max {Q(—X) —a(Q)},
QeLy
where L£* is the dual of L (for the topology for which L is a Frechet lattice), Ly =
{Q € L£* | Q is positive} and a : L* — RU {400}, defined by
a(Q) = sup {Q(—X) — p(X)},
XeLl

is o(L*, L)-lsc and convex.

A.2.1 Dual representation in the Orlicz setting

Proof (of Proposition [6)

Consider the convex functional @, : M®%n(R) — R defined by 0,(Z) := E[—un(2)]
and let O be its convex conjugate. We have: 6,(Z") > —oo, as M?n(R) LY(P) and
Elun(Z™)] < un(E[Z™]) < +00; On(Z™) < +o00, as Z™ € M?®»(R) implies E[un(Z™)] > —oo.
Then we have O} () = E[vn(—¢)], for £ € L% (R) by [9], Section 5.2. Let f : M® — R be
defined by f(Z) := YN E[~un(2™)] + B = N_, ©,,(Z™) + B, and observe that

N

N
A= {z EM? | > Elun(2™)] > B} = {z eM? | f(Z) < o}.

n=1

We have that f is convex and decreasing with respect to the order relation (18). Let f*(&) be
its convex conjugate, for & € L*" . We assume that &# 0. By the Fenchel inequality

E[Z¢] < f(Z)+£(6),
we obtain for all Z € A and A > 0,
E[-2€] =AB[Z(~ 1 6)] SNf(2) + I (~ 18] SN (- 1), Pas

Hence 1
(€)= sup {EL-ZE]} < fnf A" (-1, (102)

By definition of the convex Fenchel conjugate and the fact that M? is a product space, we
have

(€ + = sup {E[¢Z] - f(Z)}
ZecM?®

N N
—B+ sup {Z El¢nZ™ - @n(Z")}
n=1

zeM?® =

N
B+z( sup {E[snz1@n<z>})

n—1 \ZEM?(R)

N
~B+ ) 65(&n),

n=1
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where we have used , and therefore
1 al 1 al 1
jnf Af* (=16 = inf (—B)\ + A;@n(—)\fn)> = inf (—B)\ + A;E [vn (Agn)D :

We need only to prove that there is no duality gap in (102)), i.e., if as p(£) < 400 then

1
= inf A\f*(—=¢). 1
anp(§) = inf Af* (=16 (103)
Observe that, by the definition of f*, we have for each A > 0

M (—28) = sup {E[-£Z] — \[(Z)}.
A ZeM®

As £ is not identically equal to 0 and M? is a linear space, we have supg e o {E[—EZ]} = +o0
and therefore

. I U .
Inf Af*(=1€) = inf e, {E[-€Z] - A f(2)} = Juf] S, {E[-€Z] — A f(2)}.

We claim that

Aigfo S, {E[-€Z] - A f(Z2)} = S, Airéfo {E[-€Z] - Af(Z)} - (104)

Assuming (104), we may immediately conclude that

. P . e . e
Inf Af*(=4) = S, Algfo{ﬂ*l[ £7) Af(Z)}—zset;Eq} {JE[ £7) ig}g/\f(z)}

= sup {E[-£Z]} := oy, B ()
ZcA

We now prove (104) by showing the equivalent condition (simply multiply each side of (104))
by —1):
sup inf {E[(Z]+ Af(Z)} = inf sup {E[£Z]+ Af(Z)}. (105)
A>0ZEM? ZeM?P x>0
In order to make an easy comparison with the results in [39], let fo(Z) := E[¢Z]. Consider the
function F : M® x R — RU {+o0}, defined by

[ fo(Z)if Z € M? and f(Z) < u,
F(Z,u) = { 400 otherwise,
see (2.8) in [39], and the associated Lagrangian, see (4.4) in [39],

fo(Z)+Mf(Z)if Z e M® \>0,
K(Z,\) = —0 ifZe M? X<,
+oo if Z¢ M?.

Then (105) can be rewritten as

sup inf K(Z,\) = inf sup K(Z,\). (106)
A>0ZeM?® ZeM?P x>0

As f : M® — R is convex decreasing and finite valued, Theorem El guarantees that it is
continuous on M® (for the M®-norm). Therefore, see Example 1 on pages 7 and 22 in [39],
the function F' is closed convex in (Z, u).

Then the absence of duality gap, expressed by follows from Theorems 17 and 18 of
[39], provided that the (convex) optimal value function, defined in (4.7) [39],

nf F(Z,u), u € R,

o(u) = i
ZeM?®



On Fairness of Systemic Risk Measures 49

is bounded from above in a neighborhood of 0. Clearly, it is sufficient to show the existence of an
element Zo € M? such that u — F(Zo,u) is bounded from above in a neighborhood of 0. The
assumption A(+00) > B guarantees the existence of Zg € M? such that 3N, Elun(Z3)] > B
(take Z§' equal to some large enough constant), i.e., f(Zo) := 25:1 E[l—un(Z§)]+ B < 0. Set
0 < 8§ < |f(Zo)|. Hence for all u € R such that |u| < § we have f(Zop) < u and F(Zo,u) =
E[tZ,] < +00, as Zo € M? and €€ L2".

Remark 18 In [25], (103) is deduced, by different means, in a L°°(R) setting and in the one-
dimensional case. In |3], (103]) is obtained, by different means, in the multi-dimensional deter-
ministic case, i.e. in R™.

A.3 Auxiliary results for existence

The following auxiliary results are standard and can be found in many articles on utility
maximization. Recall that we are working under Assumptions @ and @

Lemma 9 Let v : Ry — R be a strictly convex differentiable function with v'(01) = —oo,
v/ (400) = +o0o and let Q K P. Then

(a) V(ALY € L1(Q) VA > 05

(b) F(\) 2 ]E[%v’()\%)} defines a bijection between (0, +00) and (—oo, +00).

Lemma 10 The conver conjugate function v : R — (—oo,+00] of u, given by v(y) =

sup,cp {u(x) — 2y}, is a proper lsc convex function, equal to +oo on (—o0,0), bounded from
below on R, finite valued strictly convex, continuously differentiable on (0,400) and satisfying

v(+00) = +00, v(07) = u(+00), v'(0F) = —o0, v'(+00) = +o0,
W (2) = (V)M (—2), u(—v' (y)) = —y'(y) +o(y), Yy >0,
where the usual rule 0- oo = 0 is applied.

Proposition 20 (Proposition 3.6, [11I]) Let Q < P. For all ¢ € R the optimizer \(c; Q) of

wn e[ (3)]

is the unique positive solution of the first order condition

Eg |:v’ (,\%)] +ec=0. (107)

Ifsup {E[u(g)] | g € L*(Q) and Eg[g] < ¢} < u(+00), the random variable § := —v' (A(c; Q)%)
belongs to the set {g € LY(Q) | Eqlg] = ¢}, satisfies u(g) € L' (P), and

min {]E {y (A%)} + )\c} = sup {E[u(g)] | g € L' (Q) and Eglg] < ¢} = E[u(g)] < u(+00).

A>0

Lemma 11 Iflimg— oo <M"T(I>) = +00, then for every M > 0 there exists a constant d > 0
with un (z) < Mz +d for alln and = < 0.

Proof The assumption implies that there exists K > 0 (which depends on M) such that for
all n un(xz) < Mz for ¢ < —K. Hence Mx —un(z) > 0 for z € (—oo, —K). It is clear now that
since the function Mz — u, () is continuous on [—K, 0] we may add a properly chosen d > 0
so that Mz + d — un(z) > 0 for all z € (—o0, 0] and all n.

Lemma 12 Suppose that for every n € {1,...,N} the function un, : R — R is continuous
increasing and satisfies
lim ——=
T—+o00 x

Then for every € > O there exists b =b(e) > 0 such that up(z) < ex+b for z > 0 and all n.

=0.
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Proof The assumption guarantees the existence of a constant K > 0, which depends on ¢,
such that un(x) < ex for £ > K and all n. Hence

un (z) < ex + Ke + sup <sup un(s)> Yz > 0.
n \[0,K]

A.4 The exponential case

Proof (Proof of Theorem @) For the sake of simplicity we start by choosing h = 1. We note

that
B}

pB(X)

N N N
inf{ZY" |Y € M?:3d cRs.t. ZY"dand]E|:Zun(X"+Y")
n=1

n=1
- B}.

n=1

N N
= inf{d | (d,Y) eRxM? s.t.> Y™ =dand E [Z U (X" +Y™)

n=1

n=1

Let F : RxM?% — R be given by
F(d,Y)=d
and f1 : RxM?® — M%0 and fo : RxM?% — R be defined by

N N
fi(d,Y) = Z Y"—d and f(d,Y)=FE {Z un (X" + Y”)] — B,
n=1

n=1
respectively. Then we can rewrite

(d,Y)ERXM®

with associated Lagrangian L(d,Y,Z,u) : RxM® x (M®0)* x R — R given by
L(d,Y,Z, p) = F(d,Y) + E[Zf1(d, Y)] + pfa(d,Y)

N N
Z<ZY"—d> +M<IE [Zun(x"+yn) —B>.

n=1
The problem boils down to solve the system VL = 0, taking derivatives with respect to each
(d7 Y7 Z: :U‘)
Consider now the general case h > 1. We have

=d+E

h h
L{dm}p_y Y AZ™Y ) =D dm +E | > 2" (Vom — dm)
m=1 m=1
h
FuAE D> D exp(—ap(Xk + Vi) | + B,
m=1k€EI,,

with Yim =Y Yao
We compute the Gateaux derivative in the direction V € M®:

L(Y +€V) — L(Y)

lim
e—0 €
= lim uE h X 4y SREVeaR) — 1) 1 ; Vi, Z™
= tim B | 3 37 exp(-an (X + i) THEE L] i w30 ST v
m=1k€el,, m=1k€el,,
(108)
h h
=—pE | > D exp(—on(Xp + Yi))Veak | +E | D ViZ™| =t ¢y (V),
m=1kel,, m=1
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where in (108]) we can apply the Dominated Convergence Theorem by using estimations similar
to the ones in Remark We now show that ¢y (V) is also the Fréchet derivative of M2 ie.,

that

LY +V) - LY) = ¢v(V)

=0.

IVl 0 —0

We have

h

IVIiare

LY+ V)= L(Y) =y (V) = uE | 3 57 exp(—ap(Xi + Yi)(exp(—vFay) — 1+ vFay) | |

m=1kel,,

and we obtain

Elexp(—ak(Xg + Yi))(exp(—ax Vi) — 1 4+ a Vi)

< Ef| exp(—ag (Xi + Yi)) (exp(—ar Vi) — 1 4+ ax Vi)
< K Elexp(—ag(Xg + Yi, — [Vi)VE]

< KaElexp(—2a5, (X + Yi — [Vi[)]2E[V{]?

< KoE[exp(—4ay, (X + Yi))] Elexp(4|Vi ) T E[V,4] 2

=K3 HVI@”izL@R) )

where we use twice the Holder inequality. Since

K3 ||VillZa gy < KallVill

we have

2
M%k

IL(Y + V) = L(Y) = ¢y (V)| < K4 [[V)|%}s -

To conclude the proof, it is then sufficient to substitute Y of the form in ¢y (V) to verify

that ¢y (V) =0 for all V € M?.

Proof (Proof of Proposition@ The following results hold because X,V € M® and Remark

L9

1. By we get

d o R CTE)] 3 Tue ()
;dm(x—"_EV) €=0 = fm E [exp <_§::>] T E [exp (—gf:)]
— Egy [Vnl (109)
2. By and (109) we deduce
d%EQ;g (Y 4evlle=o = lim é {EQ;? Ykiev — de}
=Eqp Vi) + ﬁﬂaw V] + ﬂ;ai %dm(x +¢€V) »
~ Eqg V] (110)
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3. Note that

d exp ( _XmteViy )

de \ g [exp (_ Xun bV, >]

m

ey () gy (= (2=2))
B B e — 5 7 exp| ————
E[exp< Xm-&-evm)] E[exp(fw)] de B
X

m

1 o exp ( 171;€Vm ) exp (_M) exp (_Wiewn) -
=—<—Vn + S LA E S Vm
Bm E [exp (_ Xm;evm )] E [exp (_ thzvm )] E [exp (_ thzvm )]
1 V dQ%«keV + dQQ«FeV ]E [V }
,Bm m dP dP QY fev LV ml(-

Hence we have by Remark [I9] that

lim L (Eayg, ., 21— Eag(2]) = lim 1 (Ep [(% _ C”ﬁ) Z])

e—0 € 0e€ dP dP
_ d dom
= Ep hm - M _ 4% VA (111)
e—0 € dp dP

T S ()] e (3]

Xm+eVm
d  exp <7 E:L )

dE E [exp (_ Ynzg’Evnl >:| o
e=

m

Z

— B | "oy [Vl 2] - Be [V T2k ]

Bm dP
1 1 _
= ﬁmeQg Wm} ]EQQ Z] - ]EQSEL WmZ:I = 7ﬁ7mCOVQ;{n Vm, Z].
(112)

4. By (109) and we obtain

.1 i i

611_% - (EQTGEV Yxiev]— EQ,’Q+EV [Yx])

) 1 — 1 d

— i 3

— 1 {Bag,., [-V)+ 3o ot [vml} e Laxse)

=Eqp[-V]+ 5m Eqp [V =Eqp[-V]. (113)

By (112) and (113) we have
IEEQQ+EV [Y)i(+ev] le=0

1 ] )
= 1im = (Eqg, ., Vk+ev] — Eag VX))

e—0 g

g 1 i i 1 i i
= 51% z (EQQHV Yxyev] — EQ?&EV [Yx]) + Ehjf(l) z (EQ;’QEV Yx] - Eqm [Yx])
) 1 — )
=Eqp[-V'] - ECOVQS’& [V, Yx]
. 1 — 1 1 —
=Eqp[-Vi]+ /BTYLCOVQg Vi, Xt — ———COV [Vm,Xm},

Bm Bm o

where the last equation follows from .
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5. Set
1 B
Ol o= (BnH@"B)+ 3 L in (-
i€l Qi Bai
By we then have
(52 ()
i dP ™\ dP
Ym, + va Yrn
= 75’"1EQ5Y<L+5V {<5m> + BmEgm ﬁm]

—5m1n(E{a7%ﬂyﬁ+Jaﬂ]+Bmhloae*‘%yﬁ}))

= - (Bag, ., [Xm] ~Eog [Xn]) - Eag, ., [Vm] —Bmln =
E [e_m m
(114)
By De L’Hopital it follows
E {e* e (Y"I“Vm)}
1
lim In = Eom [Vm], 115
e—0 E |:e_ﬁ7ni| Bm Q¥ rm} (115)

Hence by (112)), (114), and (115) we get

o (4B 0 (45)
€ dP dP

1 -
COVo Vim, Xm] = Eqg [Vin] + Eqg [Vim]

m

1 —
= 5-COVop [Vom, Xm)

6. It follows by (109).

Remark 19 In (111]) we can apply the dominated convergence theorem because of the following.
We have

1/dO%, v dQR
dP dP

1o (Fegte) e (-F)
B [oxp (- o )] B [

1 exp (—7X7””ﬁ+€vm ) E [exp (— g:: )] — exp

m

€

N )
e oo (S s e (2]

oo (Fn) oo (-5 [oo ((F)] - Elew (<5u) ew (5]

< EE[exp <7§—:)] E[exp (_W)]
ool 5o o () (52
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where we have set

exp <7 );::) 1

E oxp (~ 52 )] B [exp (- XmglPnl))

f(?m,Vm) =

and used that

v _

exp(—gm=) —1 1 v

— Pm <~ |Vnlexp Vol )
€ Bm Bm

Note that in this case M0 C L2(R), hence

= o, e (*%Z) 1 B (_Xm> )
T e (B ()] ) T
and
Zm < exp <2|;;m|> E [exp <);:> + E |[exp <W):|

m

2V,
= Ks + K3 exp <;f|> € L*(R)

because X, Vi € M%0. We can conclude that f(Xm,Vim)Zm is in L1 (R).
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