
Restoration of the Natural E(1/2+
1 ) - E(3/2+

1 ) Energy Splitting
in Odd-K Isotopes Towards N = 40

Y. L. Suna,b,∗, A. Obertellia,b,c, P. Doornenbalc, C. Barbierid, Y. Chazonoe, T. Duguetb,f, H. N. Liua,b,g, P. Navrátilh, F. Nowackii,j,
K. Ogatae,k, T. Otsukal,m, F. Raimondid,n, V. Somàb, Y. Utsunoo, K. Yoshidao, N. Achourip, H. Babac, F. Brownec, D. Calvetb,

F. Châteaub, S. Chenq,c,r, N. Chigac, A. Corsib, M. L. Cortésc, A. Delbartb, J.-M. Ghellerb, A. Giganonb, A. Gillibertb, C. Hilaireb,
T. Isobec, T. Kobayashis, Y. Kubotac,m, V. Lapouxb, T. Motobayashic, I. Murrayc, H. Otsuc, V. Paninc, N. Paulb, W. Rodriguezt,c,

H. Sakuraic,l, M. Sasanoc, D. Steppenbeckc, L. Stuhlm, Y. Toganou, T. Uesakac, K. Wimmerl, K. Yonedac, O. Aktasg,
T. Aumanna,v, L. X. Chungw, F. Flavignyp, S. Franchoop, I. Gašparićx,c, R.-B. Gersty, J. Gibelinz, K. I. Hahnaa, D. Kimaa,c,
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Abstract

We report on the first γ-ray spectroscopy of 51,53K produced via the 52,54Ca(p,2p) reactions at ∼250 MeV/nucleon. Unambiguous
final-state angular-momentum assignments were achieved for beam intensities down to few particles per second by using a new
technique based on reaction vertex tracking combined with a thick liquid-hydrogen target. Through γ-ray spectroscopy and
exclusive parallel momentum distribution analysis, 3/2+ ground states and 1/2+ first excited states in 51,53K were established
quantifying the natural ordering of the 1d3/2 and 2s1/2 proton-hole states that are restored at N = 32 and 34. State-of-the-art
ab initio calculations and shell-model calculations with improved phenomenological effective interactions reproduce the present
data and predict consistently the increase of the E(1/2+

1 ) - E(3/2+
1 ) energy differences towards N = 40.
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The atomic nucleus is a strongly interacting many-body
system that, however, shows features of independent nucleon
motion near the Fermi surface [1]. The first predictive realiza-
tion of the independent-particle model was achieved by Mayer
and Jensen [2, 3], who established the conventional nuclear
shell structure by introducing a strong spin-orbit coupling to
explain the “magic numbers” and the ground-state spins of
stable odd-mass-number nuclei. In the modern shell-model
approach, the variation of the nuclear structure is mainly driven
by the monopole component of the interaction, which is re-
sponsible for the single-particle behaviour, and further modified
by multiple correlations [4, 5]. The correlation effects vanish
in nuclei with a one-particle or one-hole configuration with
respect to closed shells, resulting in the so-called monopole
energy shift along the corresponding isotopic or isotonic chains
[6, 7]. In this situation the single-particle energies of the odd
nucleon are solely determined by the monopole interaction and
change as linear functions of the nucleon number of the other
type.

Recently, significant experimental and theoretical efforts
have focused on the monopole shift of proton-hole states in
the neutron-rich odd-K isotopes [8–14], where Z = 20 remains
a shell closure away from stability [15, 16]. From 39K (N =

20) to 47K (N = 28), the energy level splitting between the
1/2+

1 and 3/2+
1 states drops rapidly and the 1/2+

1 state becomes
lower in energy than the 3/2+

1 state in 47K [17–19], which is
interpreted as an energy inversion of the π1d3/2 and π2s1/2
orbitals at N = 28 [9–11, 18]. The energy splitting decreases
almost in proportion to the number of valence neutrons in
the f 7/2 orbital, reflecting the robust feature of the monopole
interaction [20]. For K isotopes beyond N = 28 where the
valence neutrons start filling the p3/2 and p1/2 orbitals, data are
scarce. The only known energy splitting is for 49K (N = 30), in
which the 1/2+ ground state and the 3/2+

1 excited state become
nearly degenerate [13, 21]. Predictions from phenomenological
shell-model calculations using different effective interactions
reproduce well the energy splittings from 39K to 49K but differ
significantly at N = 32 and 34 [14]. A ground-state spin
I = 3/2 has been recently established in 51K [13] using laser
spectroscopy, indicating that the π1d3/2 and π2s1/2 orbitals
restore natural order at N = 32. However, the energy splitting in
51K was still unknown, since the 1/2+

1 excitation energy in 51K
has not been measured. For 53K and beyond, no spectroscopic
information was known. The measurements towards 59K
(N = 40) are essential to understand the development of
collectivity towards the potentially doubly magic nucleus 60Ca
discovered newly [22]. More recently, the proton structure
of K and Ca isotopes beyond N = 28 has attracted particular
interest with a steep raise of charge radii up to 51K [23] and
52Ca [24], which can be understood as due to the halo-like
nature of the ν2p3/2 orbital [25]. In this Letter, we report on
the first measurement of low-lying states in 51,53K populated by
one-proton removal from doubly magic nuclei 52,54Ca and the
unambiguous angular-momentum assignments of the populated
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Figure 1: (Color online) Doppler-corrected γ-ray spectra of 51K (upper panel)
and 53K (lower panel). The black solid lines show the fit results of the simulated
response functions for the observed transitions (red dotted lines) and double
exponential backgrounds (blue dashed lines). The insets show the spectra up
to 5 MeV. The deduced experimental level schemes are shown to the right of
the spectra. The experimental neutron separation energies (Sn) are taken from
Refs. [28, 29].

1/2+
1 and 3/2+

1 states.
The experiment was performed at the Radioactive Isotope

Beam Factory operated by the RIKEN Nishina Center and the
Center for Nuclear Study of the University of Tokyo. The
radioactive isotopes were produced by fragmentation of a 345
MeV/nucleon 70Zn primary beam on a Be target with an average
beam intensity of 240 pnA. The secondary cocktail beam was
identified using the magnetic rigidity (Bρ), energy loss (∆E)
and time-of-flight (TOF) information in the BigRIPS two-stage
fragment separator [26, 27]. The mean intensities of the 52Ca
and 54Ca secondary beams were 4.4 and 7.3 particles per
second, respectively.

The 52Ca and 54Ca secondary beams with average kinetic
energies of 266 and 251 MeV/nucleon, respectively, impinged
on a 151(1)-mm-thick liquid hydrogen (LH2) target [30] to
induce one-proton knockout reactions. The incident angle
and position of the projectiles were determined by two multi-
wire drift chambers (MWDCs). The heavy fragments were
measured by the SAMURAI spectrometer [31] with a central
magnetic field of 2.7 Tesla. Trajectories of the charged
fragments were determined by two MWDCs located at the
entrance and exit of the SAMURAI magnet. The ∆E and TOF
of the fragments were measured by a 24-element 10-mm-thick
plastic scintillator hodoscope. 51,53K from the 52,54Ca(p,2p)
reactions could be clearly identified using the Bρ-∆E-TOF
method [32] and were fully within the acceptance of the
spectrometer.

The LH2 target was surrounded by the MINOS time projec-
tion chamber [33] to track the outgoing protons for reaction
vertex reconstruction. The estimated vertex resolution was ∼4
mm (FWHM) [34]. Velocities of the projectiles and residues
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Table 1: The measured excitation energies (Eexp), spin-parity (Jπ) and cross sections (σexp) from the 52,54Ca(p,2p)51,53K reactions. Only the 1/2+
1 and 3/2+

1 states
are listed. Theoretical excitation energies (Eth), Jπ, and spectroscopic factors (SFth) are obtained from ab initio SCGF calculations with the NN+3N(lnl) interaction
(Th.1) or shell-model calculations with the SDPF-Umod interaction (Th.2) or the SDPF-MUs interaction (Th.3). Theoretical partial cross sections (σth) are the
products of the SFth and the single-particle cross sections (σsp) calculated using the DWIA model. See text for details.

Eexp (keV) Jπ σexp (mb)
Eth (keV)

Jπ
SFth σsp (mb)

σth (mb)
Th.1 Th.2 Th.3 Th.1 Th.2 Th.3 Th.1 Th.2 Th.3

51K
0 3/2+ 5.2(4) 0 0 0 3/2+ 2.76 3.65 3.53 1.73 4.77 6.31 6.11

737(5) 1/2+ 1.7(2) 883 747 846 1/2+ 1.27 1.68 1.59 1.88 2.39 3.16 2.99

53K
0 3/2+ 3.8(3) 0 0 0 3/2+ 2.90 3.80 3.71 1.49 4.32 5.66 5.53

837(5) 1/2+ 1.5(2) 717 560 794 1/2+ 1.36 1.74 1.66 1.64 2.23 2.85 2.72

at the reaction vertex were deduced by taking into account
the energy loss in the materials along their trajectories. The
efficiencies of detecting at least one proton for 52Ca(p,2p)51K
and 54Ca(p,2p)53K reactions were determined to be 90(6)% and
88(5)%, respectively.

De-excitation γ-rays from the reaction residues were mea-
sured by the upgraded DALI2+ array [32, 35] ,which consisted
of 226 NaI(Tl) detectors with an average threshold set to
around 50 keV. The gain of the NaI(Tl) detectors was set to
measure γ-rays with energies up to ∼6 MeV after Doppler
correction. The whole array was calibrated with 60Co, 137Cs,
88Y, and 133Ba sources, yielding a calibration uncertainty of
4 keV. The measured energy resolution for the 662 keV γ-
ray peak of 137Cs was 9.1% (FWHM). To increase the full
energy peak efficiency, add-back analysis was adopted for
γ-ray hits in detectors located within 12 cm of each other.
For 1-MeV γ-rays emitted from nuclei with a velocity of
0.6c, the simulated photopeak efficiency and energy resolution
were 30% and 11% (FWHM), respectively. The Doppler-
corrected γ-ray spectra of 51K(53K) from one-proton removal of
52Ca(54Ca) are displayed in Fig. 1. The spectra were fitted with
GEANT4 [36] simulated response functions on top of a double-
exponential background to determine the transition energies
and intensities. For 51K, three transitions at 737(5), 1950(16),
2249(25) keV were clearly observed and one structure at
4281(47) keV was observed with a significance level of 3.0
standard deviations (σ). In the case of 53K, only one clear γ-
ray transition at 837(5) keV was observed. All the transitions
were attributed to direct decays to the ground states as no γ-
γ coincidences were observed. In this work, we focus on
the first two low-lying states in 51,53K, whose extracted cross
sections are listed in Table 1. The quoted uncertainties for
the excited states include contributions from statistics, MINOS
efficiency (7%) and γ-ray detection efficiency (5%). The
reaction losses of 52,54Ca and 51,53K in the materials along their
trajectories were determined by measuring the corresponding
unreacted beam and were taken into account in the cross-
section deduction. The measured inclusive cross sections of
52Ca(p,2p)51K and 54Ca(p,2p)53K reactions were 9.0(6) mb and
5.3(3) mb, respectively. Only one gamma-ray transition was
observed in 53K. While three other transitions were observed
in 51K in addition to the transition from its first excited state,
amounting to a cross section of 2.1(3) mb to the corresponding
excited states. The ground-state population cross sections were
deduced after subtracting the excited-state contributions from

the inclusive yields assuming that there are no higher excited
states decaying by emitting γ-rays beyond 5 MeV, since the
neutron separation energies of 51K(53K) is 4.86 MeV [28] (3.23
MeV [29]).

The measured partial cross sections are compared to the
products of the single-particle cross sections (σsp) obtained us-
ing the distorted-wave impulse-approximation (DWIA) model
of Refs. [37, 38] and the spectroscopic factors (SFs) obtained
using either the self-consistent Green’s function (SCGF) ap-
proach in the third-order algebraic diagrammatic construc-
tion [ADC(3)] approximation [39] with the chiral interaction
NN+3N(lnl) [40] or large-scale shell-model (LSSM) calcula-
tions with phenomenological effective interactions discussed
later in the text. The DWIA model has been applied to
calculateσsp for (p,2p) reactions in recent works [41–43]. Here,
the proton single-particle wave functions were determined
by a mean-field Hartree-Fock-Bogoliubov approach with the
SLy4 interaction [44]. The energy dependence of the cross
sections was considered by taking the σsp averaged over the
beam energy along the thick target. The SCGF SFs are
systematically smaller than the shell-model SFs because of
the particle-vibration coupling effects that cannot be accounted
even in LSSM valence spaces [45]. As shown in Table 1,
the experimental cross sections to the ground states are 3.1(4)
and 2.5(4) times of the cross sections to the first excited states
for 51K and 53K, respectively, while the theoretical ratios of
these two states are around 2.0 due to the fact that theoretical
calculations overestimate the cross sections for the 1/2+

1 states.
Nevertheless, the experimental ground-state population cross
sections are higher than those of the first excited states,
consistent with the removal of proton in 1d3/2 and 2s1/2
orbitals with occupancy of 2j+1 = 4 and 2, respectively. In
addition to this first indication, the spin-parity assignments
are determined unambiguously using the parallel momentum
distribution (PMD) of the residual nuclei, which links its shape
directly to the orbital angular momentum of the knocked-out
proton [46].

Figure 2 displays the PMDs of 51,53K from the 52,54Ca(p,2p)
reactions which were obtained by transforming the measured
momentum of the residues to the beam-at-rest frame to
eliminate the momentum spread of the incident beam. Parallel
momentum resolutions of σ = 37 MeV/c and 43 MeV/c were
achieved for the 52Ca(p,2p)51K and 54Ca(p,2p)53K reactions,
respectively, by taking into account the measured momentum
resolution using the unreacted beam and the momentum
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Figure 2: (Color online) Individual parallel momentum distributions of the 51,53K residues from the 52,54Ca(p,2p) reactions compared to the DWIA calculated
momentum distributions assuming removal of a 2s1/2 or 1d3/2 proton. Theoretical curves have been convoluted with the experimental resolutions and normalized
to the experimental cross sections. The right most panel shows the momentum distribution of 53K without vertex and the momentum distribution from unreacted
54Ca beam.

spread due to the vertex resolution. The angular-momentum
assignments were determined by comparing the measured
PMDs to DWIA predictions [37] assuming removal of the
proton from different single-particle orbitals and folded with
the experimental momentum resolutions. The PMDs of the
737-keV state in 51K and the 837-keV state in 53K can be well
reproduced by the theoretical curves assuming removal of an s-
wave proton from 52Ca and 54Ca, respectively. The assignments
are strongly supported by the log10 scaled Bayes factors [47]
of s-wave over d-wave which are 3 and 7 for 51K and 53K,
respectively. 1 Thereby, the spins and parities of the first
excited states of 51,53K are assigned as 1/2+. To pin down the
angular momenta of the ground states, we subtracted the first-
excited-state PMDs from the inclusive spectra. The resulting
distributions are dominated by the ground-state contribution
(71% in 51K and 100% in 53K), and can be well reproduced
by the DWIA calculation assuming removal of d-wave protons.
For the ground states the log10 scaled Bayes factors of d-wave
over s-wave are 100 and 77 for 51K and 53K, respectively. Spins
and parities of 3/2+ are therefore established for the ground
states of 51,53K. No bound fp-shell states in 51,53K could be
populated via (p,2p) reactions based on the ab initio SCGF
calculations, which is in line with the doubly magic nature
of 52,54Ca. Note that the momentum resolution without using
the vertex information would not be sufficient to disentangle
the s- and d-wave contributions as illustrated in the rightmost
panel of Fig. 2. This is the first time the PMDs are extracted
with enough resolving power to disentangle proton removal
from different ` orbitals when using thick targets, pushing the
sensitivity frontiers for the spectroscopy of very exotic nuclei
produced at only few particles per second.

We now discuss the E(1/2+
1 ) - E(3/2+

1 ) systematics in odd-
K isotopes. As displayed in Fig. 3, the reinversion of the
3/2+

1 and 1/2+
1 proton-hole states in 51K is confirmed and its

continuation to 53K is established for the first time. We compare
the experimental energy splittings to 0~ω LSSM calculations
performed in the sd-pf valence space employing the SDPF-U
interaction [9] and effective interactions based on the SDPF-
MU Hamiltonian [11]. The shell-model calculations show
excellent agreement with the experimental results from 39K

1One hypothesis has decisive evidence against the other one if their log10
scaled Bayes factor is larger than 2.

to 49K and start to differ significantly at 51K. The SDPF-U
calculation underestimates the energy splitting by ∼0.3 MeV
in 51K and by ∼0.7 MeV in 53K. To improve the SDPF-U inter-
action in the N > 30 region, the π1d3/2-ν2p3/2p1/2 and π2s1/2-
ν2p3/2p1/2 monopoles need to be tuned by +37.5 keV and -
75 keV, respectively, leading to the SDPF-Umod interaction.
The predicted energy splittings in 51,53K using the SDPF-Umod
interaction are much closer to the data, increasing by 277 keV
and 410 keV, respectively, demonstrating a strong sensitivity
to these specific proton-neutron cross-shell interactions. Note
that the modified SDPF-U interaction can well reproduce the
measured 2+

1 systematics in Ca isotopes and the single particle
spectra in N = 21 isotones [9]. Regarding the SDPF-MU
Hamiltonian [11], it has been successfully applied to the present
mass region. It was derived based on the VMU interaction
which is suitable for a global description as its six parameters
of Gaussian central force were determined from G-matrix and
effective interactions in the sd- and p f -shells [48]. The SDPF-
MUr [49] is a revision made for 49K [13, 21] and 54Ca [16].
51,53K provide a precious opportunity to further tune certain
two-body matrix elements beyond the global determination.
In order to describe the measured energy splittings, a modi-
fication is required to shift the original T = 0 central force
monopole strength between π2s1/2 and ν2p1/2 (-1.27 MeV) and
between π2s1/2 and ν2p3/2 (-1.29 MeV) by -0.2 MeV, meaning
strengthening the attraction. In addition, the ν1f 2

5/2 pairing
matrix element is shifted by -0.4 MeV to better describe the
2+ in Ca isotopes, which has no direct relevance to the present
case. The derived SDPF-MUs interaction with the above
modifications can reproduce the observed splittings from 39K
to 53K. The original SDPF-MU interaction produces the T = 0
monopole strength between π2s1/2 and ν2p1/2 and that between
π2s1/2 and ν2p3/2, both larger in magnitude compared to other
cases because that the relative wave functions contains more
components with lower relative orbital angular momentum,
such as the relative s-wave, and the employed Gaussian central
force produces a flat contribution at short distances [48]. This
short-range behaviour of the effective NN interaction does not
show up in most other monopole strengths. Such information
is a unique outcome of the present experiment and will be very
useful in obtaining more insight of the effective NN interaction,
including global ones like SDPF-MU’s. Note that the above-
discussed modifications of interactions have negligible impact

4



18 20 22 24 26 28 30 32 34 36 38 40 42
Neutron Number

2−

1−

0

1

2

3

)[
M

eV
]

+ 1
) 

- 
E

(3
/2

+ 1
E

(1
/2

37 39 41 43 45 47 49 51 53 55 57 59 61
Mass Number

K(Z=19)

Data, literature
Data, this work

SDPF-U
SDPF-Umod
SDPF-MU
SDPF-MUr
SDPF-MUs

satNNLO
(lnl)N+3NN

Figure 3: (Color online) Energy splitting between the 1/2+
1 and 3/2+

1 states
in the odd-K isotopes compared to shell-model calculations using the the
SDPF-U [9], the SDPF-Umod, the SDPF-MU [11], the SDPF-MUr [49], the
SDPF-MUs effective interactions and the ab initio SCGF calculation employing
the NNLOsat [54] and the NN+3N(lnl) [40] interactions. The rectangular
regions for 51,53K represent estimated theoretical uncertainties due to many-
body truncations. Experimental data are taken from Ref. [21] and this work.

on the total binding energy, which in the shell-model approach
involves all monopole interactions and depends on the sum of
their absolute values, as illustrated in the parameterization of
the Duflo-Zuker shell-model mass formula [50, 51].

In the shell-model calculations, the increased energy splitting
from 49K to 51,53K is a consequence of the restoration of a
sizeable Z = 16 sub-shell gap in 51K and 53K, which are
calculated to be 0.95 MeV and 1.38 MeV, respectively, when
the SDPF-MUs interaction is employed. The near degeneracy
of the π1d3/2 and π2s1/2 orbitals around N = 28 has been
suggested to play a key role in the development of collectivity
in neutron-rich silicon, sulfur and argon isotopes [11, 52, 53].
The restoration of the Z = 16 sub-shell gap would therefore
have the profound consequence of supressing the collectivity
induced by proton excitations for Z = 14, 16, 18 nuclei lying
beyond N = 30. Indeed, a narrowed shell gap will free nucleons
to participate in collective motions, while a large shell gap will
quench correlations by enlarging the energy cost for excitations
across the gaps.

The energy splittings along the odd-K isotopic chain also
provide a testing ground to validate the chiral effective field
theory (EFT) interactions in the ab initio many-body calcu-
lations, which have extended their reach to entire medium-
mass isotopic chains very recently. In particular, we compare
the experimental data to the initial ADC(2) Gorkov-SCGF
calculations [55, 56] performed in a model space of up to
14 harmonic oscillator shells including three-nucleon (3N)
interactions limited to basis states with N1 + N2 + N3 ≤ 16
where N = 2n + l. We employed two sets of state-of-the-art
EFT interactions: the NNLOsat [54] and the newly developed
NN+3N(lnl) [40]. Uncertainties associated with the ap-
proximated many-body scheme were estimated by differences
between ADC(2) and available ADC(3) results. With the most

recent NN+3N(lnl) interaction, SCGF total binding energies in
this mass region are within 3% (1%) from experiment when
computed in the ADC(2) [ADC(3)] scheme [57]. As shown in
Fig. 3, the NNLOsat calculations systematically underestimate
the splittings in odd-K isotopes by ∼1 MeV, although the
same interaction successfully reproduces charge radii, binding
energies and spectroscopic properties of lighter medium-mass
nuclei [54, 58]. In contrast, the NN+3N(lnl) calculations show
better overall agreement with the experimental data, consistent
with its application on the mass prediction of 48−56Ti [40].

So far, state-of-the-art shell-model and ab initio calcula-
tions reproduce experimental energy splittings at all the shell
closures including N = 20, 28, 32, 34. The ab initio
NN+3N(lnl) calculations predict that the energy splitting in-
creases linearly from 0.59 MeV in 53K to 1.35 MeV in 59K. The
two modified phenomenological effective interactions SDPF-
Umod and SDPF-MUs anticipate similar trends as shown in
Fig. 3, reaching 1.88 MeV and 1.38 MeV at 59K, respectively,
equivalent to the corresponding effective single-particle energy
differences between the π1d3/2 and π2s1/2 orbitals. Since the
valence neutrons in the shell-model calculations are restricted
to pf -shells below N = 40, the consistent energy-splitting
increase towards 59K, still to be proven experimentally, supports
the N = 40 shell closure assumed in all the above shell-model
calculations.

In summary, we have reported on the first measurement of
the low-lying states in 51,53K populated from the 52,54Ca(p,2p)
reactions at ∼250 MeV/nucleon. We implemented a new tech-
nique based on reaction vertex tracking to achieve momentum
resolutions of ∼40 MeV/c when using a thick liquid-hydrogen
target. The 1/2+

1 → 3/2+
1 transitions of 51,53K were measured

for the first time and the spins-parities were unambiguously
assigned based on the measured cross sections and parallel
momentum distributions. The measured E(1/2+

1 ) - E(3/2+
1 )

energy splittings in 51,53K provide a stringent constraint on
the π2s1/21d3/2-ν2p1/2p3/2 matrix elements. The restoration of
the natural ordering of the 1/2+

1 and 3/2+
1 proton-hole states

in 51,53K is interpreted as a restoration of a sizeable Z = 16
sub-shell gap beyond N = 30, having as a consequence the
suppression of proton-induced collectivity in the region. State-
of-the-art shell model calculations and ab initio calculations all
predict consistently the continuation and enhancement of the
restoration towards N = 40.
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