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Many quantum statistical models are most conveniently formulated in terms of non-orthonormal
bases. This is the case, for example, when mixtures and superpositions of coherent states are in-
volved. In these instances, we show that the analytical evaluation of the quantum Fisher information
may be greatly simplified by bypassing both the diagonalization of the density matrix and the or-
thogonalization of the basis. The key ingredient in our method is the Gramian matrix (i.e. the
matrix of scalar products between basis elements), which may be interpreted as a metric tensor
for index contraction. As an application, we derive novel analytical results for several estimation
problems involving noisy Schrödinger cat states.

I. INTRODUCTION

The quantum Fisher information (QFI) matrix, and the
associated symmetric logarithmic derivatives (SLDs) are
central theoretical tools in quantum estimation theory
and quantum metrology [1–4]. Under certain regular-
ity assumptions, the QFI matrix encodes the ultimate
precision bounds on the estimation of unknown param-
eters encoded in a density matrix (know as quantum
Cramer-Rao bounds), while the SLDs and their com-
mutators determine whether such bounds may be sat-
urated with physically realizable measurements [5, 6].
The associated applications are plenty, including phase
and frequency estimation [4, 7–17], estimation of noise
parameters [18–23], joint estimation of unitary and/or
noisy parameters [24–31], sub-wavelength resolution of
optical sources [32–38], nano-scale thermometry [39–45],
and estimation of Hamiltonian parameters in the pres-
ence of phase-transitions [46–48]. The most common ap-
proach for calculating the QFI matrix involves the di-
agonalisation of the density matrix ρ [3]. This method
has the tendency to yield tedious calculations, often pre-
venting analytical treatment even in apparently simple
quantum statistical models. In continuous-variable sys-
tems the calculation can be greatly simplified for Gaus-
sian states, in which case all the quantities of interest are
univocally determined by the first and second moments
of an appropriate set of quadrature (or canonical) oper-
ators [49–55]. For the most general scenario, Safranek
has recently pointed out that the diagonalization of ρ is
unnecessary [56], and one may build a formal solution
for the SLDs via vectorization techniques. However, this
approach still assumes the availability of an orthonor-
mal basis spanning the support of ρ and its derivatives.
As can be appreciated from several recent works on sub-
wavelength resolution, however, the construction of such
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orthonormal bases can become extremely tedious even
for rank-2 states, whenever additional basis elements are
needed to span the support of the SLDs — for exam-
ple see Refs. [32, 37] among many others. The purpose
of this work is to show that also the construction of an
orthonormal basis may be safely bypassed in quantum
metrology calculations, by introducing a nontrivial met-
ric tensor for index contraction (the latter is simply the
Gramian matrix of the chosen basis). This approach may
streamline the calculation of the SLDs and QFI matrix in
many cases of interest. We note that a problem-specific
version of the theory presented here, which however was
not formulated in terms of a modified metric, was al-
ready employed by one of the authors in a recent paper
[38]. In the present manuscript, we expand on these ideas
to show a fully general and more elegant construction,
which may be applied to any finite-rank quantum statis-
tical model formulated in terms of non-orthogonal quan-
tum states. To demonstrate the power of the approach,
we provide novel analytical results for several quantum
estimation problems involving noisy superpositions of co-
herent states (or ‘noisy cat states’).

The paper is organised as follows: In Section II we
briefly review the quantum Cramer Rao bound and out-
line the central mathematical problem of quantum esti-
mation theory. i.e. the calculation of the SLDs; In Sec.
III we explain the core of our calculation method relying
on non-orthonormal bases; in Sec. IV we show examples
of novel analytical results that can be obtained with our
method, while in Sec. V we draw our conclusions.

II. QUANTUM CRAMER-RAO BOUNDS:
BRIEF REVIEW

Following standard local quantum estimation theory,
we consider a quantum statistical model of the form

ρ ≡ ρ(λ), (1)
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that is, a family of quantum states depending on a set of
parameters λ = (λ1, ..., λN ). It is assumed that the func-
tional form of ρ is known, but that the the exact values
of the parameters λ are not. The aim of local estimation
theory is to set the ultimate bounds on how precisely
these parameters can be estimated, given M � 1 copies
of the state ρ, and assuming the ability to perform any
measurement allowed by quantum mechanics. For any
unbiased estimator λ, i.e. a function of the measured
data providing the correct guess on average, E[λ] = λ,
the quantum Cramer Rao bound (QCRB) holds

V ≥ 1

M
H−1 , (2)

where V is the covariance matrix of the estimator, with
elements Vµν = E[λµλν ]−E[λµ]E[λν ], while H is the QFI
matrix whose elements are

Hµν =
1

2
Tr [ρ{Lµ, Lν}] . (3)

The operators Lµ appearing above are known as sym-
metric logarithmic derivatives (SLDs), and can be found
by solving the operator Lyapunov equation

2∂µρ = ρLµ + Lµρ, (4)

where the shorthand ∂µ ≡ ∂
∂λµ

shall be used throughout

the manuscript. In the multi-parameter case, the matrix
inequality (2) describing the QCRB is often rewritten in
terms of the scalar QCRB

Tr [GV] ≥ 1

M
Tr
[
GH−1

]
, (5)

where G is a generic positive definite matrix (or weight
matrix). It is known that the scalar QCRB may be satu-
rated by a physical measurement iff the following matrix
elements vanish for all µ 6= ν:

Γµν =
1

2i
Tr [ρ[Lµ, Lν ]] . (6)

It is important to note that, in general, saturating the
QCRB requires global measurements over many copies
of the state ρ [5]. However, if the stronger compatibility
condition [Lµ̄, Lν̄ ] = 0 holds for a given pair of indices
µ̄, ν̄, the common eigenbasis of Lµ̄ and Lν̄ provides a pro-
jective measurement that can be implemented on a single
copy of ρ and is optimal for both λµ̄ and λν̄ . It is worth
pointing out that Eq. (4) does not have a unique solution
whenever the support of ∂µρ is not fully contained in the
support of ρ. However, the quantities in Eqs. (6) and
(13) are uniquely defined.

To conclude this section, we emphasize that solving
Eq. (4) embodies the central mathematical problem of
quantum estimation theory. In what follows, we outline
how Eq. (4) may be converted into a Lyapunov matrix
equation by selecting a suitable (not necessarily orthonor-
mal) set of quantum states spanning the support of ρ and
its derivatives.

III. EXPANDING OPERATORS ON A
NON-ORTHOGONAL BASIS

The observation at the core of our work is that the
density matrix ρ may be expanded as

ρ =
∑
ij

Rij |ψi〉〈ψj |, (7)

where it is not necessary to assume that the set {|ψi〉}i
is orthonormal - the only requirement is that it should
be linearly independent and span the support of ρ and
its derivatives. Note that both the coefficients Rij and
the states |ψi〉 may depend on the unknown parameters
λ. For brevity we shall refer to the set B ≡ {|ψi〉}i as a
basis, keeping in mind that in general it may span only
a subspace of the full Hilbert space. While the quantum
states |ψi〉 may be chosen in whichever way simplifies
the problem at hand, it is worth mentioning at least one
explicit method to construct such a set. This is comprised
of the following steps:

1. Pick a convenient set of quantum states Bρ, span-
ning the support of ρ alone.

2. Compute the set of all the nonzero derivatives
B′ ≡

{
∂µ|ψ〉

∣∣|ψ〉 ∈ Bρ, µ s.t. ∂µ|ψ〉 6= 0
}

3. As a starting point, set B = Bρ.

4. For each |ψ〉 ∈ B′, check whether B ∪ {|ψ〉} is a
linearly independent set. If so, enlarge the set B by
including the state |ψ〉; if not, discard |ψ〉.

We note that the above method returns a basis B that
may be used to expand all the SLDs. In subsection III B,
we discuss how the calculation of each Lµ may be simpli-

fied even further by employing a smaller subset B(µ) ⊆ B,
with explicit examples being given in section IV. In the
next subsection we explain how to convert Eq. (4) into
a set of matrix Lyapunov equations by introducing an
appropriate metric tensor characterizing the set B.

A. Setting up the SLD equations

We shall adopt the following convention: a matrix with
elements Aij will be denoted as A. For example, accord-
ing to Eq. (7) the state ρ is represented by the matrix R.
Our first step towards solving Eq. (4) is to expand the
derivatives of ρ as per

∂µρ =
∑
ij

D
(µ)
ij |ψi〉〈ψj |, (8)

which defines the matrices D(µ), and we do the same for
the (yet unknown) SLDs,

Lµ =
∑
ij

L
(µ)
ij |ψi〉〈ψj |, (9)
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implicitly defining the matrices L(µ). The next ingredient
we need is the matrix S of scalar products between the
chosen basis vectors, also known as Gramian matrix. Its
elements are

Sij ≡ 〈ψi|ψj〉. (10)

In passing, we remark that the set B is linearly indepen-
dent iff det[S] 6= 0; this can provide a useful sanity check
before the start of the procedures outlined below. It can
be checked by direct calculation that the matrix S acts
as a metric tensor for contracting indices. E.g.:

ρLµ =
∑
ij

Rij |ψi〉〈ψj |
∑
kl

L
(µ)
kl |ψk〉〈ψl|

=
∑
i,l

∑
j,k

RijL
(µ)
kl 〈ψj |ψk〉︸ ︷︷ ︸

=Sjk

 |ψi〉〈ψl|
=
∑
i,l

∑
j,k

RijSjkL
(µ)
kl

 |ψi〉〈ψl|, (11)

showing that ρLµ corresponds to the matrix RSL(µ).
With a similar calculation, one can show that for exam-
ple Tr[ρLµ] = Tr[RSL(µ)S], where one of the S matrices
comes from the operator multiplication, the other from
the index contraction implicit in the trace. Putting the
above steps together, Eq. (4) can be recast as the matrix
Lyapunov equation

2D(µ) = L(µ)SR + RSL(µ), (12)

which may be solved with standard linear algebraic meth-
ods to provide the matrices L(µ) and hence the SLDs.
This can be achieved either by ‘brute force’, i.e. inter-
preting Eq. (12) as a linear system of equations for the

variables L
(µ)
ij , or by more sophisticated methods such as

matrix vectorization [56]. Once the SLDs are known, the
QFI matrix Hµν , as well as the matrix of averaged com-
mutators Γµν (both real matrices by construction), may
be calculated via the relation

Hµν + iΓµν = Tr[RSL(µ)SL(ν)S], (13)

which follows directly from Eqs. (3) and (6).
To conclude this section, we explain how the matri-

ces of interest can be in general expressed in terms of
standard quantum brakets and the S matrix. Given a
generic operator A =

∑
ij(A)ij |ψi〉〈ψj |, we indicate as

Ã the matrix with elements (Ã)kl = 〈ψk|A|ψl〉. With
straightforward algebra we get

Ã = SAS, (14)

hence

A = S−1ÃS−1. (15)

B. Constructing different bases for different
parameters

So far we have assumed that the full set B was em-
ployed to calculate each SLD. In practice, to find a par-
ticular SLD Lµ, it is sufficient (and advisable!) to in-
clude in Eq. (7), and in the subsequent derivations, a
subset B(µ) ⊆ B spanning the support of ρ and ∂µρ only.
This in turn defines a reduced Gramian matrix which
we will denote as S(µ), while the state ρ will be repre-
sented by the matrix R(µ). To avoid making our notation
too cumbersome the matrix representation of the SLDs
will be indicated by the symbol L(µ) also in this case.
Furthermore, in many cases it may not be convenient to
construct the set B by following the procedure outlined
at the start of section III, and one may instead begin by
constructing each set B(µ) separately. In the simplest sce-
nario, the union

⋃
µ B(µ) will be linearly independent and

can be identified with the set B — in passing we recall
that the validity of such an assumption can be checked a
posteriori from the condition det[S] 6= 0. If so, the matrix
representations of ρ and Lµ, with respect to the full basis
set B, can be easily found by adding rows and columns
of zeros wherever appropriate — see section IV for an
explicit example. In the most general scenario, however,
some additional manipulations may be needed in order to
construct the set B by discarding enough redundant (lin-
early dependent) vectors from the union set

⋃
µ B(µ). As

a consequence, some additional (but straightforward) al-
gebra will be required to find the matrix representations
of the SLDs Lµ with respect to the full set B.

In the next section, we shall apply the developed ma-
chinery to estimation problems involving coherent states.
The latter embody one of the most common and useful
examples of a non-orthogonal set of states.

IV. APPLICATION: NOISY SCHRÖDINGER
CAT STATES

A Schrödinger cat state is typically defined as the su-
perposition of two coherent states of a single Bosonic
mode (or a single quantum harmonic oscillator), that is

|ψ〉cat =
|α〉+ | − α〉√

2(1 + s)
(16)

where s = 〈α| − α〉 = e−2|α|2 . The coherent states |α〉
are defined as the eigenstates of the annihilation oper-
ator a, i.e. a|α〉 = α|α〉, where the Bosonic commu-
tation relation [a, a†] = 1 is assumed. Since coherent
states are traditionally seen as classical states in quan-
tum optics, the superposition of two coherent states with
opposite amplitude is often considered an example of a
Schrördinger cat state (i.e. the superposition of two dis-
tinct classical configurations). Besides being interesting
from a fundamental point of view, Schrödinger cat states
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are considered a resource for quantum information pro-
cessing [57–62]; in particular we will show in the following
how their non-classicality allows to obtain a quantum en-
hanced precision in the estimation of a displacement in
phase space.
We will apply the methods discussed in the previous sec-
tion to an “imperfect” realisation of Eq. (16), i.e. we
shall consider states of the form

%cat = N [|α〉〈α|+ | − α〉〈−α|+

c
(
|α〉〈−α|+ | − α〉〈α|

)]
, (17)

where we have introduced an additional parameter 0 ≤
c ≤ 1, which loosely speaking quantifies the coherence
of the superposition, and we have defined a normaliza-
tion constant N = 1/(2(1 + sc)). By fixing c = 1 one
obtains the pure Schrödinger cat state previously intro-
duced, while for 0 ≤ c < 1, the quantum states are mixed
and can be interpreted as “noisy” (or more precisely par-
tially decohered) Schrödinger cat states. For example, if
one considers an initial pure cat state with coherent state
amplitude α0, evolving in time according to an amplitude
damping master equation

%̇ = γa%a† − γ
(
a†a%+ %a†a

)
/2 , (18)

one obtains that the evolved quantum state at time t has
the form as in Eq. (17) with parameters

α = α0e
−γt/2 ,

c = exp
{
−2|α0|2(1− e−γt)

}
. (19)

In the following we will first discuss the estimation of the
parameters λ = {c, α} characterizing the quantum state
%cat, and via a simple change of variables, the parame-
ters λ̃ = {γ̄ = γt, α0}, characterizing the evolution of
a pure Schrödinger cat state in a lossy channel (notice
that in the following, for the sake of simplicity, we will
consider α ∈ R and α0 ∈ R). Next, we will consider this
class of states as probes for the estimation of a unitary
displacement in phase space, discussing in detail the ro-
bustness of the estimation precision against decoherence,
and comparing the results with the ones obtainable with
lossy squeezed states as inputs.

A. Estimation of parameters characterizing a noisy
cat state

Following the methods in Sec. III, we will initially dis-
cuss the estimation of the two parameters λ = {c, α}
separately, i.e. we shall calculate the diagonal QFI ma-
trix elements Hcc and Hαα. Then, we will show how to
calculate the remaining element Hcα and hence the full
quantum Fisher information matrix for the two parame-
ters, as well as the quantity Γcα characterizing the joint
estimation properties. Finally, we shall extend the dis-
cussion to the parameters λ̃ = {γ̄ = γt, α0}.

For the decoherence parameter c it is straightforward to
observe that we can describe all the operators in terms of
the two-dimensional basis B(c) = {|α〉, | − α〉} only. We
can immediately identify the matrices of interest:

R(c) = N
(

1 c
c 1

)
, (20)

S(c) =

(
1 s
s 1

)
, (21)

D(c) = N
(

0 1
1 0

)
− (2sN )R(c), (22)

where the last expression follows from

∂c% = N
(
|α〉〈−α|+ | − α〉〈α|

)
− (2sN ) % . (23)

The Lyapunov equation 2D(c) = L(c)S(c)R(c) +
R(c)S(c)L(c) can be solved analytically, yielding

L(c) = N

(
−2 cs2+2s+c

(1−c2)(1−s2) 2 s2+2cs+1
(1−c2)(1−s2)

2 s2+2cs+1
(1−c2)(1−s2) −2 cs2+2s+c

(1−c2)(1−s2)

)
(24)

We can then calculate the QFI via Eq. (13) obtaining

Hc,c = Tr[R(c)S(c)L(c)S(c)L(c)S(c)]

=
1− e−4α2

(1− c2) (e−2α2c+ 1)2
. (25)

The QFI is monotonically increasing with the amplitude
|α|, and in particular in the limit of large coherent
amplitudes |α| → ∞ we have H → (1− c2)−1 (note that
the QFI presents a divergence at c = 1, where the state
changes rank and the quantum Cramer Rao bound does
not hold [63, 64]).

If we now focus on the estimation of the parameter α,
we find that we can expand the operators of interest in
the extended basis B(α) = {|α〉, | − α〉, ∂α|α〉, ∂α| − α〉}.
By observing that ∂α|α〉 = (a† − a)|α〉, one can evaluate
the scalar product matrix as

S(α) =

 1 s 0 −2sα
s 1 −2sα 0
0 −2sα 1 s(4α2 − 1)
−2sα 0 s(4α2 − 1) 1

 . (26)

As anticipated in section III, the state matrix in terms
of the new basis can be trivially found by adding appro-
priate rows and columns of zeros, i.e.

R(α) = N

1 c

c 1
0

0 0

 , (27)

while differentiating %cat with respect to the parameter
α, one obtains

D(α) = N


0 1 c

c 1

1 c

c 1
0

+
4αsc

1 + sc
R(α) . (28)
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Also in this case the Lyapunov equation for L(α) can be
solved analytically; we do not report the full solution
here as the formula is cumbersome and does not give
any particular insight. However it is important to notice
that, as the support of ρcat is smaller than the support
of ∂αρcat, the SLD operator Lα, and as a consequence
the matrix L(α), is not unique. The corresponding QFI
(which is instead uniquely defined) has a much simpler
analytical formula:

Hα,α = Tr[R(α)S(α)L(α)S(α)L(α)S(α)]

=
4
(

1− c2e−4α2

+ 4 c α2e−2α2
)

(1 + c e−2α2)2
. (29)

By inspecting this formula one observes a non trivial
behaviour both in terms of the coherent states amplitude
α and of the coherence parameter c.

In the case we are considering here, the basis B(c) is
a strict subset of the basis B(α). As det[S(α)] 6= 0, one
can simply extend the matrix L(c) with block matrices
filled with zeros, and directly use the matrices R = R(α)

and S = S(α) for all the calculations. In particular one
obtains a non-zero off-diagonal element by using the for-
mula

Hc,α =
1

2

(
Tr[RSL(c)SL(α)S]

+Tr[RSL(α)SL(c)S]
)

= − 4αe−2α2

(1 + ce−2α2)2
, (30)

showing that the estimation of the two parameters is ul-
timately correlated.
The same matrices can be exploited to investigate the
joint estimation properties of the two parameters. In
particular one can calculate the average value of the com-
mutator between the SLD operators,

Tr[%cat[Lc, Lα]] = Tr[RSL(c)SL(α)S]− Tr[RSL(α)SL(c)S]

= 0 . (31)

This weak commutativity condition ensures that the
scalar bound on the variances of the two parameters
can be achieved, but in principle this will require a
joint measurement on an asymptotically large number
of copies of the quantum state %cat [5].

One can apply the same machinery if we want to con-
sider the estimation of the parameters λ̃ = {γ̄ = γt, α0}
characterizing respectively the loss parameter of the mas-
ter equation and the initial amplitude of the pure cat
state. In fact, by a simple change of variables one can
obtain the corresponding SLD operators and QFI matrix

[3] as in the equations

H̃ = BHBT , (32)

L(γ̄) = B11L
(c) +B12L

(α) , (33)

L(α0) = B21L
(c) +B22L

(α) . (34)

where H and H̃ denote respectively the QFI matrix
for the old and new parameters, and where we have
introduced the Jacobian matrix with elements Bµν =

∂λν/∂λ̃µ. As the analytical formula are quite cumber-
some and do not give any particular insight we decided
to not report them here. By using the new SLD opera-
tors we can however prove that the weak-commutativity
condition holds also for the new couple of parameters,
i.e. Tr[%cat[Lγ̄ , Lα0

]] = 0, showing how γ̄ and α0 can in
principle be jointly estimated.

B. Displacement estimation with noisy Schrödinger
cat states

We now consider the (single-parameter) estimation of
displacement in phase-space: an initial probe state %0

undergoes the unitary transformation

%0 → %ε = D(iε)%0D(iε)† , (35)

where D(β) = exp{βa† − β∗a} denotes the displacement
operation in phase space, that, in the case of a purely
immaginary parameter β = iε, describes a displacement
along the p = i(a† − a)/

√
2 quadrature. In the case of

a pure coherent state as probe, %0 = |α〉〈α| the QFI is
constant, equal to H|α〉 = 4. A non-classical scaling in

terms of the average photon number n̄ = Tr[%0a
†a] can

on the other hand be achieved by employing pure non-
classical states such as Schrödinger cat states as the one
in Eq. (16) [57, 59]. In particular, in this case one gets
(α ∈ R)

H|ψ〉cat =
4(4α2 + 1 + e−2α2

)

1 + e−2α2

α�1
≈ 16n̄+ 4 , (36)

where the average photon number reads n̄ =

α2(1 − e−2α2

)/(1 + e−2α2

). A similar linear scaling
for large average photon numbers is achieved for input
squeezed states [57, 65].

We here want to exploit the method discussed in Sec.
III, in order to calculate the QFI for the lossy Schrödinger
cat state in Eq. (17) as input %0. In this case one can
employ the basis set

B(ε) = {D(iε)|α〉, D(iε)|−α〉, ∂εD(iε)|α〉, ∂εD(iε)|−α〉} ,
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leading to the following matrices

S(ε) =


1 s 2iα 0

s 1 0 −2iα

−2iα 0 1 + 4α2 s

0 2iα s 1 + 4α2

 , (37)

R(ε) = N

1 c

c 1
0

0 0

 , (38)

D(ε) = N


0 1 c

c 1

1 c

c 1
0

 . (39)

Remarkably, an analytical solution of the Lyapunov
equation can be obtained for the SLD operator, in terms
of the matrix

L(ε) =


0 − 4iα

s(1+sc) 0 2
s

4iα
s(1+sc) 0 2

s 0

0 2
s 0 i

sα
2
s 0 − i

sα 0

 , (40)

yielding a QFI

H%cat =

4

[
4α2

(
c2 + c e−2α2

)
+
(

1 + c e−2α2
)2
]

(1 + c e−2α2)2
. (41)

As the average photon number of a lossy cat state reads

n̄ = α2

(
1− c e−2α2

1 + c e−2α2

)
, (42)

by fixing the noisy constant c and varying the average
photon number n̄ with the coherent amplitude α, one
gets

H%cat

n̄�1
≈ 16c2n̄+ 4 , (43)

that is a linear scaling in n̄ is observed for any value of
c > 0. A different behaviour is however observed if we
substitute the parameters as in Eqs. (19), and look at
the physically more relevant parameters α0 and γ̄, cor-
responding to a pure Schrödinger cat state evolving in a
lossy channel. In fact in this case, by fixing γ̄ and vary-
ing the photon number with the initial amplitude α0 one
obtains the plot in Fig. 1: the QFI is not even monotoni-
cally increasing with n̄ as soon as γ̄ > 0, and a maximum
n̄max is observed, whose value monotonically decreases
with γ̄.

In order to investigate the robustness of the estima-
tion properties of cat states, we have also looked at how
the QFI varies, at fixed γ̄, varying the average pho-
ton number of the initial pure cate state, characterized

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

10

20

30

40

50

60

n

H
ρ
ca
t

FIG. 1. QFI for displacement estimation with input
Schrödinger cat states %cat evolved in a lossy channel, for
fixed γ̄ = γt, as a function of the average photon number
n̄ = Tr[%cata

†a]. From top to bottom:γ̄ = {0, 0.1, 0.2, 0.3, 0.5}.

by the coherent states amplitude α0, that enters in the
lossy channel. We compare if with the QFI correspond-
ing to a initial pure squeezed state |ψ〉sq = S(r)|0〉,
where S(r) = exp{r(a†2 − a2)} is the squeezing uni-
tary operator, characterized by initial photon number
n̄0 = sq〈ψ|a†a|ψ〉sq = sinh2 r. The corresponding QFI
can be indeed evaluated analytically, by exploiting for-
mulas for single-mode Gaussian states [49], obtaining

H%sq =
4e2r

e2r(1− e−γt) + e−γt
. (44)

In Fig. 2, we plot both QFIs for a fixed value of γ̄ and
as a function of the initial photon number n̄0. In both
cases the linear scaling is lost in the presence of noise,
but while also in this case, as soon as γ > 0, the cat
state’s QFI is not monotonous and presents a maximum
in n̄0, the squeezed state QFI is always monotonically
increasing and reaches a limiting value. In more detail
one finds that, for fixed γ̄ > 0, in the limit of respectively
large α and large r,

lim
α→∞

H%cat = 4 , (45)

lim
r→∞

H%sq =
4

1− e−γt
, (46)

that is, while the cat states eventually yield the coherent
state limit, a constant enhancement can be obtained if
we exploit input squeezed states. This result indeed con-
firms the intuition that Schrödinger cat states are very
fragile under the loss master equation: as one can observe
from Eqs. (19), the decoherence parameter c goes expo-
nentially to zero, with an exponent that increases with
|α0|2, i.e. the larger is the energy of the cat state, the
faster is the decay of the non-classical coherence terms.
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FIG. 2. QFI for displacement estimation with respectively
input Schrödinger cat states %cat (solid lines) and squeezed
states (dashed lines) evolved in a lossy channel, for fixed
γ̄ = γt, as a function of the input pure state average photon
number n̄0 = Tr[%a†a]. From top to bottom:γ̄ = {0, 0.1, 0.5}.

V. CONCLUSIONS

In summary, we presented a general method to per-
form quantum metrology calculations when ρ and its
derivatives are initially expanded on a non-orthonormal
basis. By avoiding two significant computational hur-
dles, i.e. the diagonalization of the density matrix and
the orthogonalization of the basis, our method has the
potential to provide novel analytical results in a variety
of quantum estimations problems. While the method is
naturally suited for quantum statistical models involving
coherent states, we are confident that it will prove useful
for a much wider class of models, for example involving
superpositions and mixtures of general Gaussian states
or spin coherent states among many others.

ACKNOWLEDGMENTS

We thank G. Adesso, F. Albarelli, D. Dorigoni, C.
Napoli, and S. Piano for the useful discussions. MGG
acknowledges support from a Rita Levi-Montalcini fel-
lowship of MIUR. TT acknowledges support from the
University of Nottingham via a Nottingham Research
Fellowship.

[1] C. W. Helstrom, Quantum Detection and Estimation
Theory (Academic Press, New York, 1976).

[2] S. L. Braunstein and C. M. Caves, “Statistical distance
and the geometry of quantum states,” Physical Review
Letters 72, 3439 (1994).

[3] M. G. A. Paris, “Quantum estimation for quantum tech-
nology,” International Journal of Quantum Information
07, 125 (2009).

[4] V. Giovannetti, S. Lloyd, and L. Maccone, “Advances in
quantum metrology,” Nature Photonics 5, 222 (2011).

[5] S. Ragy, M. Jarzyna, and R. Demkowicz-Dobrzański,
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[56] D. Šafránek, “Simple expression for the quantum fisher
information matrix,” Phys. Rev. A 97, 042322 (2018).

[57] W. J. Munro, K. Nemoto, G. J. Milburn, and S. L.
Braunstein, “Weak-force detection with superposed co-
herent states,” Phys. Rev. A 66, 023819 (2002).

[58] T. C. Ralph, A. Gilchrist, G. J. Milburn, W. J. Munro,
and S. Glancy, “Quantum computation with optical co-
herent states,” Phys. Rev. A 68, 042319 (2003).

http://dx.doi.org/ 10.1103/PhysRevA.97.012126
http://dx.doi.org/10.3390/e21050486
http://dx.doi.org/10.3390/e21050486
http://arxiv.org/abs/1901.02497
http://dx.doi.org/10.1103/PhysRevA.87.012107
http://dx.doi.org/10.1103/PhysRevA.87.012107
http://dx.doi.org/10.2478/qmetro-2013-0003
http://dx.doi.org/10.2478/qmetro-2013-0003
https://doi.org/10.1038/ncomms4532
https://doi.org/10.1038/ncomms4532
http://dx.doi.org/ 10.1103/PhysRevA.94.042342
http://dx.doi.org/ 10.1103/PhysRevLett.117.190801
http://dx.doi.org/ 10.1103/PhysRevLett.117.190801
http://dx.doi.org/ 10.1103/PhysRevLett.117.190802
http://dx.doi.org/ 10.1103/PhysRevLett.117.190802
http://dx.doi.org/ 10.1103/PhysRevLett.122.140505
http://dx.doi.org/10.1103/PhysRevA.84.032105
http://dx.doi.org/10.1103/PhysRevA.84.032105
http://dx.doi.org/ 10.1103/PhysRevA.86.012125
http://dx.doi.org/ 10.1088/2058-9565/aaa641
http://dx.doi.org/ 10.1088/2058-9565/aaa641
http://dx.doi.org/ 10.1103/PhysRevA.78.042105
http://dx.doi.org/ 10.1103/PhysRevA.78.042106
http://dx.doi.org/10.1088/2058-9565/aa540a
http://dx.doi.org/10.1088/2058-9565/aa540a
http://dx.doi.org/10.1103/PhysRevA.88.040102
http://arxiv.org/abs/1303.3682
http://dx.doi.org/ 10.1140/epjd/e2014-50560-1
http://dx.doi.org/ 10.1140/epjd/e2014-50560-1
http://dx.doi.org/ 10.1103/PhysRevA.89.032128
http://dx.doi.org/10.1088/1367-2630/17/7/073016
http://dx.doi.org/10.1103/PhysRevA.98.012114
http://dx.doi.org/10.1103/PhysRevA.97.042322
http://dx.doi.org/10.1103/PhysRevA.66.023819
http://dx.doi.org/10.1103/PhysRevA.68.042319


9

[59] A. Gilchrist, K. Nemoto, W. J. Munro, T. C. Ralph,
S. Glancy, S. L. Braunstein, and G. J. Milburn,
“Schrdinger cats and their power for quantum informa-
tion processing,” Journal of Optics B: Quantum and
Semiclassical Optics 6, S828 (2004).

[60] M. Mirrahimi, Z. Leghtas, V. V. Albert, S. Touzard, R. J.
Schoelkopf, L. Jiang, and M. H. Devoret, “Dynamically
protected cat-qubits: a new paradigm for universal quan-
tum computation,” New Journal of Physics 16, 045014
(2014).

[61] B. Vlastakis, G. Kirchmair, Z. Leghtas, S. E. Nigg,
L. Frunzio, S. M. Girvin, M. Mirrahimi, M. H.
Devoret, and R. J. Schoelkopf, “Deterministically
encoding quantum information using 100-photon
schrödinger cat states,” Science 342, 607 (2013),
https://science.sciencemag.org/content/342/6158/607.full.pdf.

[62] Z. Leghtas, S. Touzard, I. M. Pop, A. Kou, B. Vlastakis,
A. Petrenko, K. M. Sliwa, A. Narla, S. Shankar, M. J.
Hatridge, M. Reagor, L. Frunzio, R. J. Schoelkopf,
M. Mirrahimi, and M. H. Devoret, “Confining
the state of light to a quantum manifold by en-
gineered two-photon loss,” Science 347, 853 (2015),
https://science.sciencemag.org/content/347/6224/853.full.pdf.
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